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Z/m-GRADED LIE ALGEBRAS AND PERVERSE SHEAVES, IV

GEORGE LUSZTIG AND ZHIWEI YUN

ABSTRACT. Let G be a reductive group over C. Assume that the Lie algebra
g of G has a given grading (g;) indexed by a cyclic group Z/m such that go
contains a Cartan subalgebra of g. The subgroup Go of G corresponding to go
acts on the variety of nilpotent elements in g; with finitely many orbits. We
are interested in computing the local intersection cohomology of closures of
these orbits with coefficients in irreducible Gg-equivariant local systems in the
case of the principal block. We show that these can be computed by a purely
combinatorial algorithm.
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INTRODUCTION

0.1. Let G be a connected reductive group over an algebraically closed field k of
characteristic p > 0 and let g be the Lie algebra of G. (In the case where p > 0 we
shall assume that p is a large prime number so that we can operate with Lie algebras
as if we were in characteristic 0.) Let g be the variety of nilpotent elements of g.
We consider the adjoint action of G on g"¥; let G'\g"" be the set of orbits.

The classification of G-orbits on g™ was completed in the 1959 paper of Kostant
[K]. Here is some history of this classification. We can assume that G is adjoint
simple. In the case where G is of type A, the classification was done by Weier-
strass (1868) and Jordan (1870). In the case where G is of type B,C, or D the
classification was done by J. Williamson (1937). Let J be the set of Lie algebra
homomorphisms sl — g. Now G acts naturally on J; let G\J be the set of G-orbits
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on J. In 1942, Morozov [M] showed that the map J — g"® given by ¢+ ¢ (J3) is
surjective, hence it induces a surjective map 0 : G\J — G\g™"'. (A gap in Moro-
zov’s proof was filled by Jacobson [J] in 1951.) In 1944, Malcev [Mal] showed that
G\J is finite; using this and [M], [J], it follows that G'\g"¥ is finite. In 1952, Dynkin
[D] gave a classification of the G-orbits on J. Finally, in 1959, Kostant [K] showed
that 0 : G\J — G\g"" is injective (hence bijective). This implies a classification
of G-orbits on g (it is the same as the classification of G-orbits on J which was
known from [D]).

0.2. Let T be a maximal torus of G; let t be the Lie algebra of T. Throughout this
paper we assume that m € Zsq U {oo} is given. If m < oo we assume that we are
given a Z/m-grading g = @jez/m g; of g (see B2)) such that t C go. If m = o0
we assume that we are given a Z-grading g = @ 5 9~ of g (see B.2) such that
t C go. Let Gg be a closed connected subgroup of G whose Lie algebra is go. Let
gt = g1 N g™, a closed subvariety of g; stable under the adjoint Gg-action. (If
m = oo we have g7 = g;.) The (adjoint) Go-action on g} has only finitely many
orbits. (For m = 2 this is a result of Kostant and Rallis[KR]; this was extended
to the case m < oo by Vinberg [V].) Let Go\g}" be the set of Go-orbits in g7.
Let Z = Z(g1) be the (finite) set of pairs (O,&) where O € Go\g}! and & is an
irreducible Gp-equivariant local system on O (up to isomorphism). For (O0,€) € T
we denote by £F the intersection cohomology complex of the closure O of O with
coefficients in &, extended by 0 on g} — O. For (0,€),(0,€) in T we define
Po g0 € N[v™'] by

P@,E;O,E = Z Pa;@,“j;@,é’via’

a€N

where P .5 5. ¢ € N is the number of times I3 appears in a decomposition of the

ath cohomology sheaf of £F restricted to O as a direct sum of irreducible local
systems and v is an indeterminate. The study of the polynomials Pg 7., ¢ is of
considerable interest. In the case where m = 1 they appear in the repfeéeﬁtation
theory of finite reductive groups as certain character values at unipotent elements;
an algorithm for computing them was given in [L6], generalizing earlier work of
the first author [L2], Shoji [Sh2], and Beynon-Spaltenstein [BS]. In the case where
m = oo they appear in multiplicity formulas for standard modules of affine Hecke
algebras with possibly unequal parameters; an algorithm for computing them was
given in [L8], [L9]. In the case where m < oo they seem to play a role in the
character formulas for double affine Hecke algebras [Val, [LY3]; an algorithm for
computing them (except for an indexing issue) was given in [LYT], [LY2]. (In these
references G is assumed to be semisimple, simply connected, but for the purposes
of this paper these assumptions are not essential.)

In this paper we focus for simplicity on a certain subset Zy = Zo(g1) (see B3)
which we call the principal block. In the case where m = 1 so that g is ungraded
and Go = G,g1 = g, Zp is the set of all (O,€) which appear in the Springer
correspondence [Sp]; see §5. We shall consider the square matrix M indexed by
Ty x Ty whose ((O, &), (0, €)) entry is the polynomial

(_v)dim O—dim @P@7£;075 c Z[’U]

We have the following result (in the case m = oo this is contained in [L9]).
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Theorem 0.3. One can define in a purely combinatorial way a finite set B and
a matrix M of polynomials in Z[v] indexed by B x B so that the following holds.
There is an explicit bijection h : B = Ty under which M’ becomes M.

0.4. Here “purely combinatorial” means that the definition is purely in terms of the
root system R of G with respect to T with its Z/m-grading (or Z-grading) induced
from that of G; the group G itself is not used in the definition of B and M’. This is
reminiscent of the main result of [KL2], where the polynomials describing the local
intersection cohomology of a Schubert variety are identified with the polynomials
of [KLI] which are defined purely in terms of the root system (or more precisely
the Weyl group). The analogy goes further: in both cases “semilinear algebra” (in
the form of a bar operator f — b(f), that is, the Q-algebra involution of Q(v)
such that b(v"™) = v~ for n € Z) plays a key role. In our case the set B appears
as a canonical basis of a Q(v)-vector space V attached to the root system with its
grading. Following an idea from [L9] we see that V has also another basis Z (which
we call the PBW basis, in analogy with the theory of canonical bases arising from
quantum groups [L7]) and which is in natural bijection with B. Note that both B
and Z are defined purely combinatorially, but the proof that these are well defined
is not purely combinatorial, it relies on the geometry of G. (In this respect our
results are less satisfactory than those in [KLI], [KL2].) The matrix M’ appears as
the transition matrix between the bases B and Z.
Let X' : Ty — Go\g}" be the map (O, &) — O. We have the following result.

Theorem 0.5. One can define in a purely combinatorial way a finite set © and a
surjective map x : B = O so that the following holds. There is an explicit bijection
B’ © =5 Go\g! such that x'h = h'x : B — Go\g}™.

In fact © appears as a certain finite set of facets (which we call rigid) of an affine
hyperplane arrangement associated to R (with its grading) modulo the action of
a certain subgroup of the Weyl group. In the case where m = 1, this hyperplane
arrangement is the standard one associated to the affine Weyl group coming from
R. If m = oo the hyperplanes in the arrangement all pass through O.

We now state two results about the fibres of the map x : B — O.

Theorem 0.6. For any w € © one can define in a purely combinatorial way a
certain set W) of irreducible representations of a certain Weyl group (depending
on w) and a canonical bijection x ' (w) < Wl

Theorem 0.7. Assume that m = 1. Let W be the set of isomorphism classes of
irreducible representations (over Q) of the Weyl group of our root system. One
can define in a purely combinatorial way a partition W = | |,.o W* and, for any

w € O, a canonical bijection x (w) & W¥.

This is essentially the same as the Springer correspondence [Sp] except that,
unlike our bijection, the Springer correspondence is not purely combinatorial; its
definition is based on geometry. Note also that Wl in Theorem (withm =1)
is not necessarily the same as W* in Theorem [I6 although the two are in canonical
bijection; see BTl

We expect that results similar to those of these papers hold with similar proofs
for the nonprincipal blocks.
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0.8. The proof of each of the Theorems [0.3] [0.5] [0.6] and [0.7 relies in part on
the semilinear algebra computations in the Z-graded case given in [L9]. But this
goes also in the opposite direction: the proof of Theorem for m = oo requires
arguments in the case m = 1.

0.9. The paper has two appendices. In Appendix A we give a definition of B and
Z when m < oo which does not rely on the results in [L9]; the definition of B is a
simplification of one in [LY2]. This gives another proof of Theorem [0.3] which is not
relying on [L9] (it still relies on [L8]). But this approach is not capable of proving
[0-4, and Theorems [0.5],

In Appendix B we reformulate the results in [L9] in a form that can be used in
this paper.

0.10. Notation. If A is a subset of a vector space V we denote by (A) the subspace
of V' generated by A.

Let A= Z[v,v™1].

If V, V' are Q(v)-vector spaces, a Q-linear map : V — V' is said to be semi-
linear if 5(fx) =b(f)B(x) for any x € V, f € Q(v).

If x € Q— {0} we set sgn(z) =1if x > 0, sgn(z) = —1if z < 0.

For any linear algebraic group G let £G be the Lie algebra of G.

All algebraic varieties are assumed to be over k. For an algebraic variety X
we denote by D(X) the bounded derived category of Q;-sheaves on X; here [ is a
fixed prime number invertible in k. For K € D(X) let PH7K be the jth perverse
cohomology sheaf of K and let H? K be the jth cohomology sheaf of K.

If F: X — X is a map of sets, we write X' = {z € X; F(z) = z}.

If m € Z-o we denote by N the image of N € Z in Z/m; for j € Z/m let
j={NeZ;N=jlcZ

1. Z/m-GRADED ROOT SYSTEMS

1.1. In this section we state our main results purely combinatorially in terms of
Z /m-graded root systems (with m < oo). Let

(a) (Y. X, (,), R  R)
be a root system. (We often write R instead of (a).) Thus, Y, X are Q-vector spaces
of finite dimension, (,) : Y x X — Q is a perfect pairing, and 'R C Y, R C X. Let
W be the Weyl group of R viewed as a subgroup of GL(Y) and as a subgroup of
GL(X).

We view Y and its subsets with the topology induced from the standard topology
of R®Rq Y.

1.2. In this section, until the end of [[12] we assume that m < oco. A Z/m-grading
for R is a collection (R;);cz,/m where R; are subsets of R such that R = |_|jez/m R;
and such that for « € R;,o/ € Rj we have a+ o’ € R = a+d' € Rj;;» and
at+a’ =0 = j+j' = 0. We assume that a Z/m-grading for R is fixed. Let Ry be
the image of Ry under R «+ R; then (Y, X, (,),Ro <> Rp) is a root system. Its Weyl
group Wy is the subgroup of W generated by the reflections with respect to roots
in Ry. The obvious Wy-action on R leaves stable each of the subsets R;,j € Z/m.

Let ew, = > uew, vl where w — |w| is the length function on W for a
Coxeter group structure on Wy determined by any choice of simple roots for Ry.
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Let S be the collection of affine hyperplanes
{{fyeY;(ya) =N} NeZ,ac Ry}
Let
Y=Y-|JH=Y- |J {veY:a)ej}
HES JEZ/m,a€ER;

The facets determined by S are called m-facets. They can be described as follows.
For y1,y2 in Y we write 3 ~, y2 if for any j € Z/m, any a € R;, and any N 65
we have (y1,a) > N & (y2,a) > N. If y; ~p, ypand j € Z/m, a € R;, N € J, then
(y1,0) > N & (y2,a) > N. (Indeed, assume that (y1,a) > N, (y2,a) # N. We
must have (y2,a) = N. We have —a € R_;, (y2, —a) = —N hence (y1, —a) > —N
and (y1,a) < N, contradicting (yi,«) > N.) We deduce that, if y; ~,, y2 and
j € Z/m, a € Rj, N € j, then (y1,0) = N < (y2,a) = N. Now ~,, is an
equivalence relation; the equivalence classes are the m-facets.

An m-facet is said to be an m-alcove if it is contained in Y’. Let Y’ be the set

of m-alcoves.
For y,y’ in Y’ we define

7(y,9) =7, y)
=t{a € Ri;((y,a) = 1)((¢;a) = 1) < 0} — t{a € Ro; (y,a)(y', ) < 0} € Z,

(y:y) =ew, Z oW W)) e 4.
weWy

Let V' = V; be the Q(v)-vector space with basis {I,;7 € X’} We define a Q(v)-
bilinear form (:) : V' x V' = Q(v) by (I, : I/) = (y : ') where y € Y,/ €Y',
y € v,y € 7; this is independent of the choice of y,y’. This form is symmetric
since 7(y,w(y’)) = 7(y,w (y)) for w € Wy, y € Y,y € Y. Let R = {€ €
V5(€:V') =0}, V=Vg=V'/R; now (:) induces a nondegenerate symmetric
bilinear form V x V — Q(v) denoted again by (:).

For v € Y’, the image in V of I, € V' is denoted again by I,. One can show
(see B):

(a) There is a unique semilinear map 8 : V — V such that §(I,) = I, for any
yeY'

1.3. For any m-facet p and any N € Z we set R(p)y = {a € Ry;(y,a) = N}
where y € p; this is independent of the choice of y. We set

R(p)= || Ro)xn = |J {a€Rsi(y,0) €}
NeZ JEZ/m

where y € p. Let R(p) be the image of R(p) under R <+ R. Then (Y, X, (,),R(p) +
R(p)) is a root system with a Z-grading (in the sense of B.2) R(p). = (R(p)N)Nez-
As in B.2, there is a unique element yg(,), € (R(p)) C Y such that for any N € Z,
a € Ry(p), we have (yr(p),,®) = N. We say that p is rigid if yr(,), € p and if
R(p)« is rigid in the sense of B.7. Let Y* be the set of rigid m-facets. Now the
obvious Wy-action on the set of m-facets preserves the set Y*. Let Y* be the set
of Wy-orbits on Y*°.

'In §3, the elements I, are interpreted as spiral inductions.
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1.4. We now return to a general m-facet p. Let
Y'(p)={y €Y;(y,a) #0 VYa € R(p)}.

On Y’(p) we have an equivalence relation where y1, yo are equivalent if (y1, @) (y2, @)
> 0 for any o € R(p); let Y’'(p) be the set of equivalence classes, that is, the set of
oo-alcoves of (Y, X, (,),R(p) <> R(p)) (asin B.1). We define amap f, : Y'(p) > Y’
as follows. Let y € p and let r € Z~ be such that (y,a) € (1/r)Z for any o € R.
Let v € Y'(p) and let y; € v. We can assume that —1 < (y1,«) < 1 for any a € R.
We show:

(a) y+rly; €Y.

Assume that j € Z/m, o € R; and (y+7"y1,a) € j. Since (y,a) € (1/r)Z, we
have (r~'y;,a) = (y +r7ty1, ) — (y,«) € (1/r)Z. Combining this with —1/r <
(r~Yyi,a) < 1/r, we see that (r~'y;,a) = 0 hence (y1,a) = 0 and (y,a) € j. But
(y1,a) = 0 implies o ¢ R(p) hence (y, ) ¢ j. This is a contradiction; (a) is proved.

Now let y' € p and let ' € Z~¢ be such that (v, a) € (1/r")Z for any « € R; let
Yy € v be such that —1 < (34, ) < 1 for any a € R. By (a) we have y/ + (r') "1y, €
Y’. We show:

(b) y+ 7y~ oy + () 1y

Assume that for some N € Z and some a € Ry,

(y+r'y,a) =N,y + (") 'yl,a) - N

have different signs. If « € R(p), then (y,a) = M, (y',«a) = M’ for some M €
N +mZ, M' € N +mZ; since y ~,, 3y, we have M = M’, so that

M- N+ (T71y17a)aM - N+ ((Tl)ilyllaa)
have different signs; since
—1/r < (r ty,a) < 1/r,—1/r" < ((r") " ), ) < 1)1,

it follows that M = N and that (r~ly;, ), ((7") "'y}, «) have different signs and
(y1, @), (y], @) have different signs, contradicting that y; € v,y] € 7.

If « ¢ R(p), then (y,a) € (1/7)Z, (y,o0) ¢ N + mZ hence |(y,a) — N| >
1/r; since —1/r < (r~ly;,a) < 1/r, we see that (y,«) — N has the same sign as
(y+r~ty;,a) — N. Similarly (3, a) — N has the same sign as (y' + (') "'y}, a) — N.
Thus, (y,«) — N, (y',a) — N have different signs. This contradicts the fact that
Yy ~m ¥’ and proves (b).

We see that v +— y + 7'y, induces a well defined map

fo:Y'(p) > Y.

1.5. Let p be an m-facet. Let Vi, V), (:) be the analogues of V', V, (:) in B.3

when R, is replaced by the Z-graded root system R(p).. We define a Q(v)-linear
map V’R(p) — V' by sending the basis element indexed by v € Y'(p) to Iy, (). One

can show (see [B3)):
(a) this maps the radical of (:) on V;%(p) into the radical of (:) on V' hence it
induces a linear map Vg(,) — V denoted again by f,.
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1.6. We now assume that p is a rigid m-facet. Let ' Z(p)g(,) be the PBW basis of
V r(p) defined as in B.6 in terms of R(p). with 6 = 1. Let

0, ={y€Y;(y,a) =0 Vaec R(p)}.

Then the subset lZ(p)[Rg)](’;) of ' Z(p) r(p) defined as in B.6 is nonempty. Let Z# =

z = fp(lZ(p)Eg](‘;)) C V; it depends only on the Wy-orbit (p) of p; we shall write

Zp) = Zl(%p) instead of Z%. One can show (see[B3)):
. . . 0 P ~
(a) f, is a bijection lZ(p)[R](p) = Zl(%p).
(b) The union Z = Zg := ey« £ is disjoint.
(c) Zg is a basis of the vector space V (called a PBW basis). Let £ be the
Z[v]-submodule of V generated by Zg.
(d) For each { € Zg there is a unique element £ € £ such that £ — £ € v£ and

BE) =&

(e) The map & — ¢ is a bijection of Zr onto a Z[v]-basis B = B of £ which
is also a Q(v)-basis of V called the canonical basis of V. Under this bijection,
the subset Z% of Zr (where w € ¥Y*) corresponds to a subset B* of B; we have

B = ||,y B*.

Let w € Y*. We set

d(w) =t{a € Ro; (¥, ) < 0} +#{a € Ry; (v, ) > 1}

where p € w and 3’ € p. One can show (see B3)):

(f) For any £ € Z§, £ — £ is a linear combination with coefficients in vZ[v] of
clements ¢ € Z¥ where w’ € Y* satisfies d(w’) < d(w).

(g) Let £ € Z¥,¢ € 7% with w,w’ in Y*. If € = ¢, then (£: &) € 1+ vZ[v]. If
E#£E then (€:¢') € vZ[v]. Moreover, if w # ', then (£: &) =0.

(h) For n € B we have (n : ) € 1+vZ[v]. For n # 1 in B we have (n : ') € vZ[v].

1.7. Until the end of [[12 we assume that m = 1. In this case we have Z/m = {0}
and R = Ry, W = W,. We now have

Y =Y - JlyeYi(pa) e 2).
a€ER
For y1,y2 in Y we have y; ~1 yo if for any « € R and any N € Z we have
(y1,a) > N & (y2, ) > N. For y,y’ in Y’ we have
T(y.y) =7y y)
=o€ Ri((y,0) = (¢, ) = 1) <0} = f{ar € R; (y, ) (¥, @) < 0} € Z,
(y:y) =ew Z ") e A
weWw

For any 1-facet p and any N € Z we have R(p)ny = {a € R;(y,a) = N} where
y € p. We have

R(p) = || Bn(p) ={a € R;(y,a) € Z}
NezZ
where y € p. In this case, for w € l’ we have

d(w) =t{a € R;(y, ) <0} + H{a € R; (y,a) = 1}
where p € w and y € p.
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1.8. Examples. Recall that m = 1.

Assume first that Y = X = Q, (,) is given by the product in Q, R = {—1,1},
R = {—2,2}. The l-alcoves are the subsets {x € Q;n < z < n + 1} for various
neZ letc={reQr<—-1}U{reQz>1}, ={reQ;-1 <z <1}. For
two l-alcoves 7,~" we have in V:

(Iy : Iy) = (1+v*)(1+07?) if y C % v C ¢,

(I’Y : I’Y') = (]' + U2)(,U_1 + U) lf 7 C C077/ C Ca

(I, : Iy) =21+ v} ifyCe, v Ce

The canonical basis of V is {A, B — A} where A = HU —L I withycc, B=1I,
with v Cc. Wehave (A: A)=1,(B-A:B-A)=1,(A:B-A) = v2. The
PBW basis is {A, —v?A + (B — A)}.

Next we assume that Y has basis @, as, X has basis aq, as, (,) is given by
(v, 0) =2 for i = 1,2, (04, ;) = —1if ¢ # j; R consists of Lo, £ag, (a1 +aa);
R consists of taj,tag, £(a; + az). Let v,71,72 be the l-alcoves containing
(a1 +a2)/3, 2(a1 +a2)/3, 4(ar + @2)/3, respectively. Then {I,;k = 0,1,2}
is a Q(v)-basis of V. We have (I, : I,,) = v led,, (I, : I,,) = v e}, (L,O :
I’Yz) =v BEW’ (I’Yl : I’Yl) = ( - + 21}72 +3)6W7 (I’Yl : I’Yz) = (U72 —|—4—|—’U )6W7
(I, : I,,) = 6ew. The canonical basis {bg, b1,b2} of V satisfies Iy = (ewv~3)b,
I = by + (v! +v)%bg, Iy = by + 2b; + by. The PBW basis zg, 21, 22 of V satisfies
bo = 20, by = 21 + (v +v?)z0, by = 22 + v%21 + 052.

1.9. Recall that m = 1. Let p be an oo-facet (asin B.1). Let R’ = {a € R; (v, a) =
0} where y’ € p. Let’R’ be the image of R under R +» R. Then (Y, X, (,),R < R')
is a root system. Let W’ be the Weyl group of R’, viewed as a subgroup of W. Let
¢ be a subset of W such that W = W'e, e = {W/4W'. For € € ¢ we set

(a) fl=- > sgn(y’, a).
a€R;(y,)#0,(e(y"),0) <0 or (e(y’),0)>1

For any 1-alcove v relative to R and any € € ¢, () is contained in a unique 1-alcove
e(y) relative to R’. We define Vg in terms of R’ in the same way as V was defined
in terms of R.

For any 1-alcove 7' relative to R’ we define I, € Vs in the same way as I, € V
was defined in terms of R. One can show (see [R3):

(b) There is a unique Q(v)-linear map Res, : V. — V g/ such that for any 1-alcove

7 relative to R we have
iy
Res, (I, E vlel o)

ece

1.10. We preserve the setup of [[9l Let Zg/ (resp., Br/) be the PBW basis (resp.,
canonical basis) of Vg (with m = 1). Let Lgr be the Z[v]-submodule of Vg
spanned by Zg/. One can show (see B3):

(a) Let £ € Z. We have Res,(§) = > ez, cer &’ mod vLp where ce ¢ € Z.

From (a) and [[L6(d),(e) we deduce:

(b) Let n € B. We have Res,(n) =3_,.cp,, ¢y 0 mod vLg where ¢y, € Z.

1.11. Recall that m = 1. Note that for w € ¥* we have d(w) < f(R). One can
show (see B3)):

(a) There is a unique wy € Y° such that d(wp) = §(R); moreover, B*® consists
of a single element 7.
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1.12. Recall that m = 1. Let W be the set of isomorphism classes of irreducible
representations of W (over Q).

For any F € W we denote by bg the smallest integer n such that E appears in
the nth symmetric power of the reflection representation of W. One can show (see
B.3): )

(a) There is a unique bijection B = W, n — E,, such that (i), (ii), (iii) below
hold.

(i) If R = 0, then B = W is the unique bijection between two sets with one
element.

(ii) If p, R', W' are as in[[L9and R’ # R, then for any n € B, 7’ € Bg/, the integer
¢y in [LI0(b) is equal to the multiplicity of E,/ in E,|w-. (Here we assume that
the bijection Bpr = W', 1/ — E, is already established for R’ instead of R when
R'#R.)

(iii) For any n € B we have (1 : m9) = cv®® mod v**™?Z[v?] where b = bp, and
c € Z~y.

For any w € Y* we denote by W* the subset of W corresponding under (a) to
the subset B of B. From (a) we deduce:

(b) We have W = Loeye W* and for any w € Y* n— E, in (a) restricts to a

bijection B¥ = We.

1.13. We now drop the assumption that m < oco; in the case where m = oo we shall
use notation and results in Appendix B but we will omit the symbol § which we
assume to be 1. Let w € Y*. Let p be an m-facet in w. Then the (rigid) Z-graded
root system R(p). and the element YR(p). €Y are defined.

Let W (p) be the Weyl group of R(p); we have W(p) C W. Let W(p)o be the
subgroup of W(p) generated by reflections with respect to roots in R(p)o; this is
equal to the stabilizer of p in Wj.

We now disregard for a moment the Z-grading of R(p) and view R(p) with the
obvious 1-grading; then the 1-facets relative to R(p) are defined and we denote by
p the 1-facet relative to R(p) that contains ygr(,),. Note that p is 1-rigid. Let (p)
be the W(p)o-orbit of 4.

. ——(p)
We set Wl = W (p) ”. This is well defined (independent of the choice of p).
We now consider the bijections

-1
fp 1

_ —— )
B ¢ 22 0y 1g(p) 0 T !

D . g
) 77 Zi(p)  Briy) © Wip)

[0},
R(p
where:
the first bijection is as in [[6l(e) (for p, m < c0) or as in B.6(c) (for p, m = c0);
the second bijection is as in[[.6)(a) (for p, m < o) or as in B.6(c) (for p, m = 00);
the third bijection is as in [[L6[a) (for g, m = 1);
the fourth bijection is as in [[6|(e) (for p, m = 1);
the fifth bijection is as in [[I2(b) with R replaced by R(p).

——

p
The composition of these bijections is a bijection B +» W (p) . This can be
viewed as a canonical bijection

() B o /4.
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Taking disjoint union over all w we obtain a bijection

(b) Bo || i,
weys*

2. WEYL GROUP REPRESENTATIONS

2.1. Let W be a Weyl group (not necessarily the one in [[IT]); we denote by S a set
of simple reflections for W. Let W be the set of isomorphism classes of irreducible
representations (over Q) of W. For any E € W let bg be as in[[I2 For any J C S
let W; be the subgroup of W generated by J.

Proposition 2.2. Let E, E' in W be such that (i), (ii) below hold.
(1) bE = bE/ 5
(ii) for any J G S, the restrictions Elw,, E'|w, are isomorphic.
Then E = E'.

Assume first that W = W' x W2, S = S! 14 S? where (W1, S1), (W2 52) are
Weyl groups such that S* # (), S? # @) and that the result is known when (W, S)
is replaced by (W1, S1) or by (W2, S82). We can write E = E'X E? E' = E'' K
E’? with E', E'* in W' and E?, E’? in W2, Taking in (i) J = S! we see that
(EN@dmE* o (pry@dimE” 59 W1 modules, hence E' = E'! as W'-modules.
Similarly, E? =2 E’? as W2-modules. It follows that F = E’. Thus we are reduced
to the case where W is an irreducible Weyl group, hence |S| > 1, which we assume
in the remainder of the proof.

For any n € N let P, be the set of sequences [\ > Ay > ...] of integers > 0 with
A = 0 for large k and with >, Ay = n. Let (P,) be the group of formal Z-linear
combinations of elements in P,; let v, : (P,) — Z be the function given by the sum
of coefficients of an element in (P,). When n > 1 we define f, : P, — (P,—1) by

M > > ] Z M>X>->2 N2 —12>2 0>
21N> A4
For n = 0 we define (P_1) = 0 and f; to be the 0O-map. For n > 1 let BP, =
U eNens gmimn Prnr X Porr. Let (BP,) be the group of formal Z-linear combina-
tions of elements in BP,; we identify (BP,) = ®n/,vL"eN;vL'+n”=n(P"’) ® (Pyr) in
an obvious way. When n > 2 we define f, : BP, — (BP,_1) by
(A/,AH) — fn/ ()\/) ® )\I/ + )\/ ® fn” ()\//)
where ()\/, )\/,) € Py x Py,
Let ¢ : BP, — BP, be the involution (X, \”) — (A\’,X). This induces an
involution of (BP,) denoted again by o.
If W is of type Aq, then W consists of two objects, one with b = 0 and one with
b =1; hence in this case the desired statement follows from the assumption (i).
Next we assume that W is of type A,_; with n > 3. We show that in this
case the desired statement follows from assumption (ii) where J is such that W;
has type A,_o. We identify W with P, in the standard way; in particular, E, E’
correspond to [A; > Ao > ...], [\ = A, >...]in P, and from (ii) with J as above
we have f,([A1 > A2 > ...]) = fu([N) > Ay > ...]) in (P,—1). It is enough to show
that [A\; > A2 > ...] can be recovered from f,,([A\1 > A2 > ...]). Let

Cc = anl(fn([)\l 2 )\2 Z . D)
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Now f,([A1 > A2 > ...]) is a sum of terms [u1 > uo > ...]| where for any 4, yu; is
either \; or \; — 1. If ¢ > 2, then ); is the maximum of all y; for the various terms
as above. If ¢ =1, then

M >X>...]=]a,a,...,a,0,...]
for some a > 0 and
w1 > po >...]=1a,a,...,a,a—1,0,...]

(a sequence with k£ > 1 nonzero terms); if this sequence contains some entry > 2,
then \; = p; for i # k and \; = u; + 1 for i = k; if this sequence contains only
entries 1 and 0, then k > 2 (since n > 3) and A\; = pu; fori Zk+1and \; = p; + 1
for ¢ = k+ 1. This proves our claim and completes the proof of the proposition for
type A.

Now we assume that W is of type By. In this case the desired statement follows
easily from assumption (ii) (we must use both J with §(J) = 1).

Next we assume that W is of type B,, or C}, with n > 3. We show that in this case
the desired statement follows from assumption (ii) where J is such that W has type
B,_1 or Cp_1. The proof borrows some arguments of Shoji [Shi]. We identify W
with BP, in the standard way; in particular, E corresponds to (X, \’) € P,/ X Py
and E’ corresponds to (u', u") € Py X Py where n' +n” = k' +k” = n. Then from
(ii) with J as above we have (as in [Shi]) f,(N, \") = f.(w/, ). If n/,n” are both
# 0, it follows immediately that n’ = &', n” = k", and N =/, ' = pu". If ' =0,
then we have ¥’ = 0, n”” = k" = n, and f,(\’) = f,(1”); using the argument in
the proof for type A we deduce that A\ = p”” hence (N, \’) = (i, ). Similarly,
if n” =0 we have (X', \") = (¢, ’"). This completes the proof of the proposition
for type B, C.

Next we assume that W is of type D, with n > 4. We can regard W as a
subgroup of index 2 in a Weyl group W of type B,, with set S of simple reflections.
More precisely, we can find s # s’ in S such that ss’ has order 4,

S ={s1 €8;s1 #s}U{s'ss'}.

Let J C S be such that the subgroup W ; generated by J is a Weyl group of type
B,_1. Let J C S be such that s € J, s’ss’ € J and W has type D,,_1. Note that
W7 has index 2 in W ;.

Let By € W, Ej € W be such that E (resp., E') is contained in the restriction
of Ey (resp., E}) to W. Then E; (resp., Ef) corresponds as above to an element
(N, N7 (resp., (1, 1")) of BP,. We have X' € P,/,\' € Py, p/ € Py,p'" € Pyn
where n/ +n" =k + k' =n. Let E; € W, Ej € W be such that Ey (resp., Ej)
corresponds as above to (A, X) (resp., (p”’, u)).

Assume first that A # X', u/ # /. Then E = Fi|w, E' = E{|w. We have

W W
indy(Elw,) = (B1 © B2)lw,, indy7(E'\w,) = (B © E3)lw,.-
Since E|w, = E'|w,, we have
(E1 & E2)lw, = (B & E3)lw,,

hence

fn (NN + F N N) = (i 1) + Fu(” s 1)
If n/,n” are both # 0, it follows immediately that either n’ = k', n”/ = k", N =1/,
N =porn =k" n'" =K, \N=u" N =y in both cases we have £ = E’.
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If n” = 0, then we have either ¥ = 0, n” = k" = n, f,(\") = fu(p") (hence
N=por k" =0,k =n" =n, fu(t/) = frn(\) (hence u/ = X'); thus we have
E = E'. Similarly, if n” = 0 we have F' = E'.

Next we assume that A # A\, A = X hence F} = FE). In this case we have
indj-(E') = E;. We have

. ﬂ] . EJ / !/
indy > (Elw,) = (E1 @ Ep)|w,, indy(E'lw,) = Eilw,-
Since E|w, =& E'|w,, we have
(B1 @ Ea)lw, = Ei|w,,
hence
fr (A A) + Fu(A,A) = fn(X’ >‘,)'
This is impossible. Similarly if A = X, M # X we have a contradiction.

We now assume that A = A\, A = X hence E; = Fs, Ej] = E}. We have

. W W
indy " (Elw,) = Eilw,, indy?(E'lw,) = Bilw,.

R

Since Elw, = E'lw,, we have Ei|w

fn(>‘7 )‘) = fn()‘/> >‘/)‘

It follows that n’ =n” = k' = k" =n/2, A\ = X. Hence E; = F{. Now E|w splits
as a direct sum of two nonisomorphic irreducible W-modules £, £’; E is isomorphic
to £ or to &’; similarly E’ is isomorphic to € or to £'. Assume that F # E’; then
{E,E"} ={&,&'}. Let J; = S—{s}; then W, has type 4,,_1. We can find Jy C J;
such that £|w,, contains the sign representation of W, but £'|w,, does not contain
the sign representation of Wy,. (This can be deduced from [L3] (4.6.2)].) If E # E’,
then it follows that &|w, % &'|lw,, hence Elw, % E'lw,,; this contradicts the
assumption (ii). We see that F = E’. This completes the proof of the proposition
for type D.

We now assume that W is of type Gy. Note that dimF = dim E’. A one
dimensional representation of W is determined by its restrictions to the two W
with #(J) = 1. Thus if E, E’ are one dimensional, then E = E’ follows from the
assumption (ii). If E, E’ are two dimensional and nonisomorphic, then their b-
function is 1 for one of them and 2 for the other, contradicting the assumption (i).
This completes the proof of the proposition for type Gs.

In the remaining cases we shall use the induction/restriction tables of Alvis [A].

Assume that W is of type Fy. From the tables in [A] we see that E is determined
by its restriction to Wy of type C3 or Bs. Hence using assumption (ii) we must
have ¥ = E’. This completes the proof of the proposition for type Fj.

We now assume that W is of type Eg. From the tables in [A] we see that F is
determined by its restriction to W of type As. Hence using assumption (ii) we
must have £ = E’. This completes the proof of the proposition for type Eg.

We now assume that W is of type E7. From the tables in [A] we see that F is
determined by its restriction to W of type Eg except when dim E = 512. Hence
using the assumption (ii) we must have £ = E’ provided that E, E’ have dimension
# 512. Assume now that E, E’ have dimension 512 and are nonisomorphic. Then
their b-function is 11 for one of them and 12 for the other, contradicting assumption
(i). This completes the proof of the proposition for type E7.

Ei|w,, hence
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We now assume that W is of type Eg. From the tables in [A] we see that E is
determined by its restriction to W of type E;. Hence using assumption (ii) we
must have E = E’. This completes the proof of the proposition for type Es. The
proposition is proved.

3. CYCLICALLY GRADED LIE ALGEBRAS

3.1. In the rest of this paper we assume that k is an algebraic closure of the finite
prime field F,, with p elements where p is a large prime number. For any ¢, a power
of p, we denote by F, the subfield of k with #(F,) = q.

If X is an algebraic variety and K € D(X), n € Z we write (as in [L9, 3.1])
K][[n/2]] instead of K[n] ® Q;(n/2).

Let Y = Hom(k*,T), X = Hom(T,k*) viewed as abelian groups with operation
written as addition; let (,) : ¥ x X — Z be the obvious pairing. This extends to
a perfect bilinear pairing (,) : Y x X - Q where Y = Q®Y, X = Q® X are
viewed as Q-vector spaces. Let R C X (resp., R C Y) be the set of roots (resp.,
coroots) of G with respect to T' and let R <> R be the standard bijection. Then
(Y,X,(,), R« R) is a root system as in [LT(a). Let R = RU{0}. For any o € X
we set g% = {z € g; Ad(t)x = a(t)z Vt € T}; we have g° =t, dimg* =1ifa € R,
g*=0ifa¢ R, g=0@D,c9"

Let NgT be the normalizer of T in G. Let W = NgT'/T be the Weyl group; it
can be identified with W in [Tl For any w € W we denote by w a representative
of win NgT.

3.2. We assume that

(i) if m = oo, we are given a Z-grading R, = (Ry)nez of R as in B.2;

(ii) if m < oo, we are given a Z/m-grading (R;);jcz/m of R as in[L2
Ifm:oowesetf%o:ROU{O} and Ry = Ry if N # 0. For N € Z we set
v = Daciy 9¢ Then g = Pyeyon is a Z-grading of g. If m < oo, we set
Ry = RyU{0}, R; = R; if j € Z/m — {0}. For j € Z/m we set g; = @aeﬁtj g%
Then g = @jez/m g; is a Z/m-grading of g.

For m < oo we have gy = £G where G is a closed connected reductive subgroup
of G. If m = oo we have Ad(g)gny = gn for g € Gy, N € Z. If m < oo we have
Ad(g)g; =g, for g € Go, j € Z/m.

The m-facets and m-alcoves in Y are defined as in B.1 (when m = co0) and
(when m < c0).

3.3. We assume that we are given gy € {p,p?,...} and a rational F -structure on
G with Frobenius map Fy : G — G such that T is defined and split over Fy, and
Fo(w) =  for any w € W; then Gy, gt inherit F, -structures with Frobenius
map Fy. We shall assume, as we may, that each Go-orbit O in g} is Fy-stable and
for each (O,&) € T (see0.2)), we are given an isomorphism Ff€ = £ which makes
& pure of weight 0. Various other varieties associated to G will be considered with
the induced F 4, -structure.

Let p be an m-facet in Y. If m = oo, for N € Z we set pi, = DBocin:(y,0)>0 9
where y € p, so that @, p/ is a parabolic subalgebra of g, and pfj = £P? where
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Pr is a parabolic subgroup of Gy containing T'; for N € Z we set

ull = @ g%

a€RN;(y,a)>0

We have p) C gt

If m < oo, for N € Z we set py = Docipiy0)
(pR) Nez is a spiral (see [LYT] 2.5]), and pj; = £P? where P? is a parabolic subgroup
of Gy containing T'; for N € Z we set

w= B o L= D ¢
a€Ry;i(y,0)>N a€Ryg;(y,0)=N

so that pR, = ul, @I for all N and ¥ := @ I}, = £L”, [ = £L§ where L*, L}
are connected reductive subgroups of G containing 7. For N € Z let 7§, : pi, — 1%,
be the linear map which is 1 on [%, and is 0 on u},. We have p; C g7

For m < oo we have Ad(g)p] = p/ for any g € P”. We have a diagram

>n 8% where y € p, so that

(a) < B L R gt
where
E'={(g9,2) € Go x g1;Ad(g™ ")z € pi},
E" = {(gP*,z) € Go/P’ x gi;Ad(g™ ")z € pi},
c(g,2) = 7} (Ad(g™")2),b(g,2) = (9P”,2),a(gP?, 2) = z.

We now assume that p is an m-alcove. Then P? is a Borel subgroup of Gy and
E" is smooth, connected of dimension

dim Gy — dim p§ + dim pf = dim uf + dimu.
We set
K? = Qi € DI, B = K*[[(dimf + dimuf) /2] € D(g}™).

Since a is proper, the decomposition theorem [BBD] shows that KP? is a direct sum
of shifts of simple perverse sheaves of the form £*[[dim O /2]] for various (O, £) € T.
Let Zy = Zo(g1) be the set of all (O,€) € T such that some shift of £ is a direct
summand of K* for some m-alcove p.

For (0,&) € Ty, (0,€) € Ty we write (0,&) < (0,€) if dimO < dim O; we
write (O, ) < (O, €) if either (O,€) < (O,€) or (O,€) = (O, ). Note that < is a
partial order on Zg.

Let Dy = Dy(g7) be the subcategory of D(g7?) consisting of complexes M such
that for any j, any composition factor of P HI(M) is isomorphic to £[[dim O/2]]
for some (O, &) € Zy. Let Ky = Ko(g1) be the free A-module with basis

{tou g; (Ou 8) € IO}
If M € Dy has a given mixed structure relative to the F, -structure of g7, we set
gr(M)

= > (—1)7 (mult. of £4[[dim ©/2]] in PHI (M),)v~ "0, € € K.
(0,£)€Z0,j€Z,heZ

Here the subscript i denotes the subquotient of pure weight A of a mixed perverse
sheaf.
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If v is an m-~alcove, then (by Deligne’s theorem) K7 is a pure complex of weight
0 (with the mixed structure induced by the obvious mixed structure on Q; which
is pure of weight 0). We set

I, =gr(K")

= Y (mult. of E¥[dim O/2]] in PHI (K"))v7t0, € € K.
(0,€)ELy,jEZ

3.4. For (0,€),(0,€) in T we define Pséoe € N[v~!] as in @2 From [LY2,
13.7(c)] we have

(a) (0,8) €Ty, Pogpe#0 = (0,8) €1p,(0,€) < (0,€).

For (0,€&) € Iy we denote by £ the extension of £ to g7 by 0 on gf — 0. We
show:

(b) If (0,5) € 1y, then £ € Dy.

We argue by induction on dim O@. If dim @ = 0, we have £ = £* and the result
follows. Assume now that dim © > 0. We have a distinguished triangle (&, &*, M)
where M € D(g}") is such that for any j € Z, the support of H7 (M) is contained in
O — O. Moreover, from (a) it follows that for any Gg-orbit O’ in O — O, HI(M)|o
is a local system with all composition factors of the form &’ with (O0’,&") € I.
Using the induction hypothesis, we see that H7 (M) € Dy. Since this holds for any
j, it follows that M € Dy. Using now the distinguished triangle above we deduce
that £ € Dy. This proves (b).

We show:

(c) If M € Dy, then for any j € Z and any Go-orbit O in g}, any composition
factor of H7(M)|o is of the form & with (O, &) € Zy.

We can assume that M = &% where (O, ') € Zo. In this case the result follows
from (a).

3.5. For any ((’N)7 8~) € Zy we define an element s g € Ko by the equations
() (—v)” 1m0, € = > Po g.0.e50.¢
(évé)GIOv(évé)S(o>5)

for any (O,€) € Zy.. (The definition is by induction on dim O using the fact that
P soe=11(0,8) =(0,€).) Note that
(b) {s0,6;(0,&) € Iy} is an A-basis of Ky.

If M € Dy has a given mixed structure relative to the F, -structure of g7, we set

gr' (M)

= Z (—=1)7 (mult. of € in the local system (H’ (M)|@)h)v_hs(§’5 ek
(0.€)€T0,j€Z,hEZ

Here the subscript h denotes the subquotient of pure weight h of a mixed local
system on O. Note that gr'(M][r/2]]) = (—v)"gr' (M) for r € Z. We show:
(c) For M as above we have gr(M) = gr'(M).
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We can assume that M = & with (0,&) € Ty and M is viewed as a mixed
complex of pure weight 0. Using the purity result [LY2] 12.2], we see that

gr'(M) = > P5 £.0.656 ¢
(0,6)€10;(0,£)<(0,8)

that is, gr' (M) = (—v)~ 9mOt0 & = gr(M). This proves (c).

3.6. For any (O, €) € I, we set

(_U)dim o

S0, = so.e-

Let i : O — g} be the inclusion. Now #/&[[dim O/2]] is naturally a mixed
complex (since & is pure of weight 0) and from the definition we have Sp ¢ =
gr' (1 €][dim O/2]]). Hence

So.e = gr(i€[[dim O/2]]).

Note that

(a) {80.6;(0,&) € Iy} is an A-basis of Ky.

From B5a) we have

(b) 60, = D (omOImOPs s s86
(0.6)€T0;(0,6)<(0.€)

where

(_v)dimo—dimOP@7g~;O7g =1 if ((575) = (075)7

(—o)limO—dmOp, - o e vZ] if (O,€) < (0,€)

(we use the definition of an intersection cohomology complex).

3.7. The following result can be deduced from [L8| 17.3] (for m = oo) and from
[LYT, 8.4(a)] (for m < c0):
(a) The elements I, where v € Y’, generate the Q(v)-vector space Q(v) ®4 Ko.

3.8. We define a semilinear involution™: Q(v) ®.4 Ko — Q(v) ® 4 Ko by
(a) t0, € =t0,¢&

for all (O, €&) € Zy. This involution preserves the A-submodule Ky. We show:

(b) If y €Y', then I, = .

An equivalent statement is as follows: for any j € Z we have PHJ (f(“*) =
PH~J(K7). This follows from Deligne’s relative hard Lefschetz theorem; see [BBD)
5.4.10].

3.9. Let O be a Gy-orbit in gf!. By a graded analogue of a theorem of Morozov-
Jacobson-Kostant (see [L§| for m = oo and [LY1l 2.3] for m < o), we can find
elements e, h, f in g such that h € t, e € O (hence e € g;), f € g_1, [e, f] = h;
moreover, the Wy-orbit of h is uniquely determined. Now h is the differential of an
element y € Y. We can view y as an element of Y. Let Cp be the Wy-orbit of y
in Y. This is an invariant of ©@ and O can be reconstructed from Cp. If m < oo
let p, be the m-facet in Y that contains y/2. If m = oo let p, be the co-facet (see
B.1) in Y that contains —yg, + y/2 (with yg, as in B.2).
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4. PARABOLIC RESTRICTION

4.1. In this section we assume that m = 1. Let p be an co-facet in Y (as in B.1).

We set
p= P u= pH = P

a€R;(y,a)>0 a€R;(y’,a)>0 a€R;(y,a)=0
where 3y’ € p. Then p = £P,u = £U,l = £L where P is a parabolic subgroup of
G containing T, U is the unipotent radical of P, and L is the Levi subgroup of P
that contains 7. Let R’ = {a € R;g® C [}. Let p™ = g nyp, " = gnil 1.
Let 7 : P — L, 7™ : p™ — ["! be the obvious maps. We define a functor
Res, : D(g"") — D(I"") by Res,(M ) = 7 (M| gnir).

Let v € Y'. We have
= D ¢ w= P =cB
a€R;(y,a)>1 a€R;(y,a)>0

where B := P7 is a Borel subgroup of G containing 7" and y € v. As in B3]
"={(9B,2) € G/B x g;Ad(g™ ")z € p{} = gi",
where a(gB, z) + z is a well defined proper morphism and we have K7 = a,Q; €
D(gnZl), ) -
K7 = K7[[(dimu] + dimu])/2]] € D(g"").
Then Res,(K7) = a}(Q;) where
{(9B,2) € G/B x p; Ad(g™")z € p]} < 1

is given by a/(gB, z) = 7" (z).
Let W' = NT/T C W. Let ¢ be a subset of W such that W = W'e, fe =
W /W', We have G = | | ., PéB. Let € € e. Let

€ece
8.:={(9B,2) € (PeB)/B x p; Ad(g™")z € p]} =5 1",
be the restriction of a’; we set K! = a/,Q; € D(I"). Let

S" = {(h(P N Ad(¢)B), z) € P/(PNAd(¢)B) x p; Ad(h ")z € q} == ",
where ¢ = Ad(é)(p]) = p) and o’ (h(P N Ad(é)B),z) = 7"(z). We have an
isomorphism S” = S, (h(P N Ad( )B), z) + (héB, z). Under this isomorphism,
a! corresponds to al hence K!=a/Q,. Let

'S, = {(W(L N Ad(€)B), 2) € P/(LNAd(&)B) x p; Ad(h™1)z € g} -2 i,

where ‘a.(h(L N Ad(¢)B), z) = 7"%(2). The map 'S, — S”, (h(L N Ad(é)B), 2)
(h(P N Ad(é)B),z) is an affine space bundle with fibres of dimension
dim(U N Ad(¢)B) = dim(un pi™). (Note that e(7) € Y’ hence pi™ is defined.)
We deduce:

(a) Ko = K{[[~ dim(unpy )],
where 'K, ="aaQ;.
Now €(7y) is contained in a unique l-alcove e( ) of Y defined in terms of R’

instead of R; this 1-alcove defines a spiral pg(”’) of [ and complexes K 6(7)

K = KO[(dimu™ + dim ™) /2])
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on [" in the same way as vy defined the spiral p” of g and complexes K", K7 on
g™, We have

p;(v) _ @ go = pi(v) Nl

acR;(e(y),a)=1
pg(v) _ @ g% = £B, = pg("’) NI=INAd(e) LB,
€ R'U{0};(e(y),) >0

where B, = L N Ad(e)B is a Borel subgroup of L containing 7" and KS(AVJ) = aaQ;
where

Se :={(uBe,2) € L/Be x [Ad(u™ 1)z € pi} Loy il
is given by a.(uBe,z) = z. Since Ad(u~1)z € I and pim = pih) N[, we have
S :={(uB.,2) € L/B. x ; Ad(u™ ")z € q}.

We define ¢ : 'S, — S, by (hB., 2) = (7(h)B., 7! (2)). We show:
(b) ¢ is an affine space bundle with fibres of dimension dimu + dim(u N p{™).
For (dBe, z) € S, the fibre ¢ 1(dB,, 2) is the set of all (hB,,?) € P/B, x p such
that the image of hB, under P/B. — L/B. is dB, 7" (Z) = z and Ad(h™1)Z € q.
We have P/B. = L/B. x U and p = [&u. Hence ¢~ 1(dB,, z) can be identified with

(c) {(u,21) € U x w; Ad(u™1)Ad(d™ ) (2 + 21) € q}.

It suffices to show that (c) is an affine space of dimension dimu + dim(ung). We
set Ad(d 1)z =d €Ing, Ad(u=1)Ad(d™1)z; = 23 € u; then (c) becomes

{(u,22) € U x w; Ad(u™1)d' + 2z € q}.

Using the root decomposition g = P, 9% we see that pNg = (INq) P (uNq); since
Ad(u=1)d' + 29 € pNq, we have Ad(u™1)d' + 20 = v+ p where v € [N g, u Eung
are uniquely determined. Setting z3 = u — 22 we see that (c) becomes

{(u, z3,v,p) € U xux (INg) x (uNq); Ad(u=)d = v + 23}.

We have Ad(u=1)d'—d’ € u (since d’ € INp). Hence v = d" and 23 = Ad(u~1)d' —d'.
Thus (c) can be identified with {(u, ) € U x (unq)}. This proves (b).
Since 'a. = acc, from (b) we deduce that

'K, = KD[[— dimu — dim(u N pS™)]).
Combining this with (a) we deduce
K. = KO
where
fe = —dimu — dim(u N p$?) + dim(u N pi™)

=—t{a € R;(¢¥,a) > 0} —t{a € R;(¢v/,a) > 0, (e(y), @) > 1}
+t{a e R; (¥, a) > 0, (e(y), ) > 0},

where y' € p,y € 7.
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4.2. For any ¢, we can view K<) (hence also K<[[f.]]) as a pure complex of
weight 0, by Deligne’s theorem applied to the proper map a.. Using an argument
in the proof of 3.7] for the partition G = | |_.,(P¢éB), we deduce that Res,(K"”)
is pure of weight 0, that

Res,(K7) = @D KD|[£.] in D(I"),

ece

ece
that Res,(K") is pure of weight 0, and that
(a) Res, (K7) @KGW) [£!/2]] in D("),
ece
where —
£ =2f. + dimu) + dimu] — dimu — dimu.
We show:

fi=—tla e Ri(y,a) > 0,(e(y), ) > 1) + (e € Ry (¥, ) <0, (e(y), @) > 1)
—fae B (y,a) > 0,(e(y),a) <0)+#ae€ R;(y,a) <0,(e(y),a) <0)
(b) =- > sen(y’, a).
a€R;(y’,0)#0,(e(y),a) <0 or (e(y),a)>1
We have
fi=-2{a € R;(y', ) > 0} = 28{a € R; (v, @) > 0, (e(y),a) > 1}
+28{a € R; (v, a) > 0, (e(y), @) > 0} + #{a € R; (y,a) > 1}
+#{a € R; (y,a) > 0} —#{a € R; (v, ) = 0, (e(y), a) > 1}
- ﬂ{a € R; (?/7 04) =0, (E(y), O‘) > O}'
Here we substitute
H{a € R;(y,a) > 1} + #{a € R; (y, ) > 0}
=t{a € Ri(y,a) <0,(e(y), ) > 1} +#{a € R; (¢, @) > 0, (e(y), @) > 1}
+#{ae R (y,a) <0, (e(y),a) >0} + #{a € B; (v, a) > 0, (e(y), ) > 0}.
We obtain
fi=-2{a € R;(y,a) > 0} —28{a € R; (v, ) > 0, (e(y), @) > 1}

(
+#{a € Ri(y,a) <0,(e(y),a) > 1} + #{a € R; (v, a) > 0, (e(y), a) > 1}
—tH{aeRi(y,a) =0,(e(y), @) > 1} +28{a € R (v, a) > 0, (e(y), @) > 0}
+H#{a € Ri(y,a) <0,(e(y),a) > 0} + #{a € R; (v, a) > 0, (e(y), a) > 0}
—#Ha e R;(y,a) =0,(e(y),a) > 0}

fi=-2{a e R;(y',a) > 0} —t{a € Ri(y',a) > 0, (e(y),a) > 1}

+H{a € R (y,a) <0,(e(y),a) > 1} + 24{a € R; (v, a) > 0, (e(y), @) > 0}
+#{a € R;(v',a) <0,(e(y), @) > 0} +#{a € R; (v, @) > 0, (e(y), @) > 0}
=—t{a € R;(y,a) > 0,(e(y), @) > 1} + #{a € R; (v, a) <0, (e(y), @) > 1}
—2t{a € R; (¢, ) > 0, (e(y), @) < 0}

+#{a € R;(¥',a) <0,(e(y), @) > 0} +#{a € R; (v, a) > 0, (e(y), @) > 0},
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=-tla€ Ri(y,a) > 0,(e(y),a) > 1} + #{a € R; (¥, a) <0, (e(y), ) > 1}

—2{a € R;(y',a) > 0,(e(y), @) < 0}

+#{a e R; (v, ) >0, (e(y), ) < 0} + #{a € R; (v, @) > 0, (e(y), ) > 0}

= —ta € R;(y,a) > 0,(e(y),0) > 1} + Ha € RB; (', ) <0, (e(y), ) > 1}

—Ha € B (Y, a) > 0,(e(y), 0) <0} +#{a € R; (¥, a) > 0, (e(y), a) > 0}
and (b) follows.

We define Zyp(I;1) in the same way as Zp(g1) but in terms of L instead of G. (We
have [; = [.) We show:

(c) If (0, &) € Tp, then Res,&* is a direct sum of shifts of complexes of the form
&' for various (O, ") € Ty(1y). )

We can find v € Y' and d € Z such that &% is a direct summand of K”[[d]] so
that Res,&? is a direct summand of Res,K*[[d]]. Using (a) we deduce that Res,&*

is a direct sum of shifts of simple perverse sheaves which appear in K<) for some
¢ € e. This proves (c).

4.3. We define Dy (17, Ko(l;) in terms of L,Zo(l1) in the same way as Dy, Ko
were defined in terms of G,Zy(g1). From E2(c) we see that Res, restricts to a
functor Dy — Do(I1") denoted again by Res,. There is a well defined A-linear
map grRes, : Ko — Ko(l1) such that the following holds: if (O,€) € Zy and
E[dim O/2]] is viewed as a pure complex of weight 0, then (grRes,)(tO,€) =
gr(Res,&[[dim O/2]]) where Res,&%[[dim O/2]] is viewed as a mixed complex with
the mixed structure induced from that of &*.
From the results in we see that for any v € Y’ we have

(a) (grRes,)(I,) = > vlI .

ece

4.4. Let (0,€) € Iy, (0,&") € Tp(lh). Let d = dim O, d' = dimO’'. We view
& as a pure local system of weight 0 on O. From [BBD] 5.1.14] we deduce that
(Res,(€))|or is mixed of weight < 0; hence for any i € Z, H'(Res,(£))|os is mixed
of weight < 4. By [L4l 1.2], we have dim(O N (7")~ ((’) )) < (d —d')/2 hence
Hi(Res,(E))|or = 0if i > d —d and H?~ ¥ (Res,(£))|o is pure of weight d — d'.
We denote by mg ¢ the multiplicity of £ in the local system H9~% (Res,(E))|or.
Let j : O" — ™ be the inclusion.
Let @ € A be the coeflicient of spr ¢/ in
gr'(Resy(£)) = gr(Resy(£)) = (grRes))(so.e) € Ko(lh)
with gr, gr’ defined in terms of [ instead of g. We have
Q = coefl. of spr ¢ in gr' (517 Res,(E[[d]]))

= (mult. of & in j*(Hd_d/Resp(é))v—(d—d’) te

c= Z (—=1)¥(mult. of & in j*(H'Res,(E))n)v " € Z Zo~ "
i<d—d',h<i h<d—d’

(We use that d, d’ are even.) Thus, Q = mgs v~ %% mod > hed—a Zv™" and

(a) Qui—? = mg e mod vZv)].
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4.5. Let Q" € A be the coefficient of 8¢/ ¢ in (grRes,)(80,¢) € Ko(l1) in the basis
B6(a) for [ instead of g. We have Q" = v% % Q with notation of @4l Hence from
[£4(a) we deduce

(a) Q" =mg ¢ mod vZv).

5. THE SET Z

5.1. In this section we assume that m < oco. For any Borel subalgebra b of g
containing t we denote by u the nilradical of b and we consider the proper morphism

{(9Bo, ) € Go/Bo x gi; Ad(g™")z € w} & g7,

where By is the Borel subgroup of Gy such that £By = b N gy, u3 = un gy, and
a(gBog,z) = z. Let K'® = a/Q;. Let I}, be the set of all (O,€) € T such that £
is a direct summand of H!(K’")|o for some i € Z and some b as above. (In the
case where m = 1 this condition on (O, £) appears in Springer’s work [Sp].) In this
section we prove the following result.

Proposition 5.2. We have Iy = Zj).

5.3. Let (O,€) € Z). Then € is a direct summand of H!(K'")|o for some i € Z
where b is as in 5.1l Let u be the nilradical of b. We can find y € Y such that

b= P ¢u= P una= H "

a€R;(y,a)>0 a€R;(y,a)>0 a€Ry;(y,a)>0

Since (y, @) € Z for any «, we must have uNg; = EBaeRl;(y,a)>1 g“. Let v be the
m-facet containing y; it is an m-alcove. We have

pl = @ g% =ung.

a€R1;(y,a)>1

From the definitions we see that K7 = K’®. Hence &£ is a direct summand of

H(K")|o for some i € Z. Using this and [LY2] 13.7(a)], we deduce that some shift

of £ is a direct summand of K7 for some m-alcove 4/ hence (0,€&) € Zy. Thus,
(a) I(/) C Ip.

5.4. Let O be a Go-orbit in g7, Let y € Cp and let p = p, (see BA). Let
L =L°, Ly = L§; see 33l We note the following results.

(i) Let O’ be the open Lg-orbit in . Then O’ C O. There is a unique open
Pr-orbit O” in pf. We have O’ C 0" hence 0" C O.

(See [LY1, 2.9(b),(e)].)

(ii) The map €& — &|o- is a one-to-one correspondence between the set of ir-
reducible Gy-equivariant local systems on O (up to isomorphism) and the set of
irreducible Lg-equivariant local systems on O’ (up to isomorphism).

(See [LYT] 2.9(c).]

(iii) If g € Go,x € O’ and Ad(g~')(x) € pf, then g € P?.

(See [LYT] 2.9(d).]

From [LY1l 7.1(e)] we see that the bijection in (ii) restricts to a bijection

(a) {€;(0,€) € Ty} = {&';(O, &) € Tp (1)}
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5.5. We preserve the setup of B4l Let x € O'. Let £ be such that (O,&) € I,
and let & = €|o. Let E be the irreducible representation of Zg,(x)/Zg,(x)
corresponding to £. Let E’ be the irreducible representation of Z,(x)/ZL,(x)
corresponding to £'. By [LY1), 2.9(c)] we can identify

Za, (x)/ZGo (x)O =Zr, (‘T)/ZLO (x)O

and then E becomes E’. By E.4(a) we have (O',&’) € Zy(17). It follows that there
exists a Borel subalgebra b’ of [? that contains t such that £ = E’ appears in the
natural representation of Zr,(z)/Zr,(x)" in @, H:(X’, Q;) where

X' = {gB; € Lo/By; Ad(g™ ")z € b}

here By is the Borel subgroup of Ly such that £B; = b’ N [j. Using [L8, 21.1] we
see that H: (X', Q) = 0 for i odd hence

(a) E = E' appears in the virtual representation of Zr,(z)/Zr,(x)° in

Y (1) HUX, Q).

Let b be a Borel subalgebra of G such that b’ C b. Let By be the Borel subgroup
of Gy such that £By = bNgg. We define e : Ly/Bj — Go/Bo by gB{ — gBy. This
is well defined since Ly C Gy hence B} C By; moreover, e is an imbedding since

By N Ly = Bj,. For ¢t € k* we have y(t) € T; we define a k*-action on Go/By by
t: gBo — y(t)gBy. The fixed point set of this action is

(Go/Bo)* = {gBy € Go/Bo; Ad(g™")h € b}.

Note that the image of e is contained in (Go/Bo)* . (We use that h is contained in
the centre of I hence Ad(g~')h = h for g € Ly.) Thus e restricts to an imbedding
¢ : Lo/Bl — (Go/Bo)¥ . This identifies Ly/Bj, with a connected component of
(Go/By)¥ . (We use that Lg is the centralizer of h in Gy.) Now €’ restricts to an
imbedding X' — X where

X = {gBo € (Go/Bo)¥ ; Ad(g ")z € b}.

(Note that X is well defined since Ad(y(t)~!)ax = ¢t 2z for t € k*.) This imbedding
identifies X’ with ¢/(Lo/B}) N X, intersection in (Go/By)¥ . (We use that g €
Lo, Ad(g7Y)z € b = Ad(g 1)z € b’ which follows from I’ Nb = b’".) Now X’/ =
¢/'(Lo/B}) N X is the intersection of X with a connected component of (Go/Bg)%’
hence A’ is a union of connected components of X'. Using this and (a) we deduce
that

(b) E = E’ appears in the virtual representation of Z,(z)/Zr,(x)" in

Y (CL)THI(X,Qu).

Let X = {yBy € Go/Bo;Ad(g~ ')z € b}. Now X is the fixed point set of the
k*-action on X (the restriction of the k*-action on Go/By). Using (b) and the fact
that the (equivariant) Euler characteristic is preserved by passage to the fixed point
set of a k*-action we deduce that E = E’ appears in the virtual Zg,(7)/Zg,(x)° =
Z1o(x)/Z1, ()%-module 3°,(—1)"H(X,Q;). Hence, for some i, E = E’ appears
in the Zg,(2)/Za,(2)° = Z1,(x)/Z1, (x)°-module H:(X,Q;). In other words, we
have (O, &) € Z. Thus we have proved:

(C) Iy C I(l)

o oo
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5.6. Proposition follows from E3|(a) and B.5l(c).

6. INNER PRODUCT

6.1. In this section we assume that m < co. Let v, be two m-alcoves in Y. Let
g =q§ where s > landlet I'=Fj: G — G, F = Fj : g — g. We fix a square root

V4o of qo in Q;. Let /g = (/q0)*.

We associate p),u) (N € Z) and B = P7 to v as in B3} we associate in a
similar way py\;, u;’\; (N€Z)and B = P to +'. We define functions
X1 (@17 = Quxy (01 = Qi
by
X+(2) = H{gB" € Gy /B Ad(g™ ")z € p1},
X (@) = t{gB'" € G /B": Ad(g™ )z € p] ).

Let U (resp., U’) be the unipotent radical of B (resp., B’). Let Wy = Ng,T/T C W;
this is the same as Wy in Let y € v,y € +'. We show:

> xy(@)xy ()
QUE(QI”Z)F
(a) — ﬁ(Gg/TF) Z qﬁ(QERl7(y,a)Z17(w(y'),a)Z1)—H(O¢ER0»(y7a)207(W(y/)7a)20).
weWy
Let A be the left hand side of (a). We set

G0 = b a1 = Pl ah = g 4 =] -
We have
A
=#{(gB",g'B'",x) € G{/B" x G{/B'" x g1 : Ad(g™")x € a1, Ad(g'" )z € 4}
=a"'t{(g.9',2) € G§ x G§ x g1 ;Ad(g™ ")z € a1, Ad(g' "z € d1},
where a = §(BT)#(B'F). Setting 21 = Ad(g~ ')z, h = ¢’ "1g, we have
A=a""{(g,h,x1) € G x G§ x qf; Ad(h)x; € ¢} ).
We have G& = | B'FwBF. Hence

weWy
A=4(Gy)a
x > 80V, 1) € BY x BT xqf s Ad(W/ib)zy € q) (BT N B )
weWy
Setting Ad(b)x; = z2, we see that
A
_ ﬂ(GF) / F I1F F. . / c—1p/F . Fy—1
= > 80V, 22) € BY x BT x qf; Ad(ib)x € o) J(b ' BT n BF) 7,
a weWy
A=4(GE/TT) Y el nAd@ et IO N U i)

weWy

and (a) follows (after changing w to w™1).
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6.2. In the setup of 6.1 we set for z € (g7)*":
o —dim ug —dim
Xv(x) _ (\/a) dim ug —dimu

N CdimuY —dim Y
X () = (Vg)~ o —dm oy (z).

~

"X~ (2),

‘We show:
(a) Y (@)X (@) = 4G /T (V) TR S ()T W),
z€(gp)F weWo

where 7(,) is as in [[2
Using [6.1l(a), we see that it is enough to show that for any w € Wy we have

2{a € Ry, (y,0) = 1, (w(y),a) = 1} = 28{a € R, (y, ) = 0, (w(y'), ) = 0}
—#{a € Ro, (y,0) 2 0} = t{a € Ry, (y,0) =2 1} — #{a € Ro, (¥, ) = 0}
— o e Ry, (v, o) 2 1} + 28(Ro) = —t#{a € Ri; ((y,0) — D)((w(y'),a) — 1) < 0}
+ #{a € Ro; (y, o) (w(y'), o) < O}
Using the equalities
tla € Ry, (¥, 0) 2 1} =t{a € Ry, (w(y), @) > 1},

B(Ro) — #{a € Ro, (¥, a) = 0} = t{a € Ro, (v, ) < 0}
= t{a € Ro, (', a) > 0} = t{er € Ro, (w(y), @) > 0},
#(Ro) — #H{a € Ry, (y,) > 0} = t{a € Ry, (y, ) < 0} = t{a € Ry, (y,a) > 0},
and setting w(y’) = y”, we see that it is enough to show:
28{a € Ry, (y,@) 2 1,(y",a) 2 1} — 28{a € R, (y,a) 2 0,(y", ) = 0}
+H{a € Ro,(y,0) 20} —tH{a € Ry, (y, ) > 1}
+#{a € Ro, (v, 0) 20} —t{a € By, (y',0) 2 1}
= —#H{a € Ri; ((y,0) = (", ) = 1) <0} + H{er € Ro; (y, ) (", ) < 0}.
It is enough to show that for N € {0,1} we have
2t{a € Ry, (y,0) 2 N, (y",a) > N} — #{a € Ry, (y,2) = N}
—#Ha € Ry, (v, 0) = N} = —#{a € Ry; ((y,0) = N)((v",a) — N) < 0},
This is immediate since (y,a) # N, (v, ) # N for any « € Rp.

6.3. For any mixed complex M over a point we define

grM) = S (~1) dim(H (M) " € A
JEZ,heZ

Here the subscript h denotes the subquotient of pure weight A of a mixed Q;-vector
space. Let

ingi = gl x gl
be the diagonal and let r : g7 — point be the obvious map. We define an A-bilinear
pairing (:) : Ko x Ko — A by the requirement that if (O, ) € Iy, (0’,&’) € Iy and

M = &4[dim O]], M’ = £"*{[dim O']]
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are regarded as pure complexes of weight 0 so that ryi* (M X M’) is a mixed complex
over the point, then

(tO,€ : 10", &) = gr(rni* (M X M")).

From [6.2(a) we deduce by an argument entirely similar to that in the proof of

[L9, 3.11(b)] that

(2) (Ly i L) = ew, D o7 0w,
weWo

with ey, as in Alternatively, one can prove (a) using arguments in the proof

of [LYT] 6.4].

6.4. Let (O,€) € To, (O, &) € Ty. We regard &,E as mixed complexes such that
Elo and &'|o/ are pure of weight 0; then £ ® £’ is a mixed complex and from the
definitions we have

(so.e :sore) =gr(n(E®E).
Hence if O # O’ we have
(a) (so.e :s0,e) =0,
while if O = O’ we have

(b) (sos:soe)= Y (1) dim((HI(O,£@ &))" € Zv™"].
JEZ,heZ

Here the subscript h denotes the subquotient of pure weight A of a mixed Q;-vector
space. Let d = dim O and let £* be the local system dual to £. Let dg+ ¢/ be 1 if
E =& and 0if & # £*. We have

(HI(O,€@ENn#0 = h < j < 2d;
moreover,
It follows that
() (so.£ :80.e) = dg= gv™ 2 mod v 2T Z[v],

so that
(80,6 :80,67) = dg+,er mod vVZ[v].

From (a), (c) we see that the square matrix (sp ¢ : So7,¢) has nonzero determinant
hence is invertible over Q(v). We deduce that

(d) the Q(v)-bilinear form (:) : (Q(v) ®4 Ko) X (Q(v) ® 4 Ko) — Q(v) deduced
from (:) : Ko x K9 — A by extension of scalars is nonsingular.

6.5. Let i1 = (O,€&) € Iy, ia = (0',&') € Iy. From B.E(a) we deduce

(a)  (—v)” dmO—dimO (g i) = > Py iy Py iy (801t S1,).

i Y PR P<
i1 €ZLo315€ Lo ;1 <i1,i5 iz
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6.6. In the remainder of this section we assume that m = 1. For 7,7 in Zy let
Q. € Q[q] be as in [L6, p. 145] and let A; ;s € Q[q], IL;;» € Q[q] be as in
L6l p. 146]. (Here q is an indeterminate.) We shall regard €Q;,/,A; 7, IL; ;» as
elements of Q(v) via q = v2.

If v is specialized to —\/6_1 where ¢ = ¢, s > 1, then q becomes ¢°, A; ;
becomes an integer \; ; (depending on s) as in the proof in [L6, p. 146]. From
the definition, that integer is equal to the specialization of (sy :sy) € Zv=1] at
v= \/6_1 (we use Grothendieck’s trace formula to evaluate [64(b) and we use that
the relevant eigenvalues of Frobenius are integer powers of ¢). It follows that

(a) (Si : S;) = Ai,i/'
Moreover, from the definitions we have
(b) P =14,

where P; ;7 is as in[34]
Now let iy = (O,€) € Iy, ia = (O',&') € Zyp. Using (a), (b), from G5(a) we

deduce:

(C) ,U—dim O—dim O/(th . tiz) = Z Hill,ilﬂ

i1 €031} €T0;1) <in il <io

A iy = Qiy i

o
13,12

where the last equality follows from equation (b) in [L6l p. 146]; we have used that
dim O, dim O’ are even.

6.7. Let W be as in Let i — E;, ) = W be the Springer correspondence
(we use the normalization in [L4]). Using the equality Z) = Zy in we can view
this as a bijection Zg = W. Let Eg € W be the reflection representation and let v
be the dimension of the flag manifold of G. Let ey = ew, € A be as in From
the definition in [L6l 24.7], for 7,4’ in Zg we have

Qi =1(W) ™" Y tr(w, By)tr(w, Ey)
weW
(a) (’U_2 . 1)dim Eo det(v_2 o w7E0)_1b(eW)v_ dim O—dim O/+2V'
Combining this with [6:6l(c) we obtain
(b) (ti:ti) =g(W)* Z tr(w, B; @ Ey)(1 — v?)3mEo det(1 — v?w, Ey) ew.
weW

Let ig € Zy be the elgment such that E;, is the unit representation of W. It is
known that ig = (O, Q;) where O’ is the regular nilpotent orbit. Hence for i’ = iy,
(b) becomes

(c)  (ti:tig) =H(W)* Z tr(w, B;)(1 — v?)4m Eo det(1 — v2w, Fy) tew.
weW
The right hand side of (¢) is the fake degree FD(E;) of E; (see [L1), 3.17]). Thus

we have

(d) (ti : ti()) = FD(EZ)
We have
(e) FD(E;) = cv®® mod v®**+2Z[v?],
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where b =bg, € N is as in and ¢ € Z-q is well defined. From (d) we deduce
() (ti : tig) = cv®® mod v**+2Z[v?],
where b = bg, and c € Z.

6.8. We show:

(a) There exists a unique bijection Zy — W, i — E/, such that (i), (i), (ii)
below hold.

(i) If R = (), then Zy = W is the unique bijection between two sets with one
element.

(ii) Let p,p,l, P,L,W’' R be as in @Il with R # R, and let i = (O,€) € I,
i =(0,&") € Zy(l). Let Q" € Abe as inlH Let m;;; € N be the multiplicity
of E, in Ef|w/. Then Q" = m;; mod vZ[v]. (Here we assume that the bijection
To(ly) = W', i’ — E!, is already established for R’ instead of R when R’ # R.)

(iii) For any i € Zy we have (ti : tig) = cv®® mod v?**?Z[v?] where b = b and
cE Z>Q.

If we take E] = E; (see[61), then (i) is obvious, (ii) follows from [L5la) together
with [L4l 8.3(b)], and (iii) follows from B.7(f). Thus, a bijection as in (a) exists.
The uniqueness of a bijection as in (a) follows from Thus, (a) holds.

7. INDUCTION

7.1. In this section we assume that m < co. Let p be an m-facet. Let

R ul, I, P LP LG, PP E  E" a,b, ¢
be as in[B3l Let R(p) be the set of roots of L” with respect to T. This is the same
as R(p) in[[3l It has a Z-grading as in B.4 and the corresponding Z-grading of [°
is given by @, %

For any oo-alcove v of Y with respect to R(p) we can consider the parabolic
subalgebra @ y o b} of [” defined as inB3 with g replaced by [*. (We have p}, C I,
for any N.) There is a well defined m-alcove 7 of Y such that p?\, =p} ®uf for
any N. This follows from the analysis in [LY1], 2.8] which shows also that ¥ = f,(v)
with f, as in[[L4l Now the complex K" on [7 (analogous to K* in[B3) is defined in
terms of the Z-grading of [”. Similarly, the group Ko(I7) is defined in terms of this

Z-grading and its elements I, = gr(K") € Ko(l}) are defined for any ~ as above.
Moreover, Ko(I]) has an A-basis

{0, &5 (0, &) € Tp (1))}
and an A-basis

{80,613 (0",&") € To(17)}
defined as in B3] (with g replaced by [ with its Z-grading). Here Zo(f) is the
set of pairs consisting of an L{-orbit O’ on [{ and an irreducible Lf-equivariant
local system &’ on O’ (up to isomorphism), defined like Zy (in the Z-graded case)
but with G replaced by L”.

Let 2 be a direct sum of shifts of Lj-equivariant simple perverse sheaves on [{. In
the diagram[33(a), ¢ is smooth with connected fibres of dimension dim Go+dim uf, b
is a principal P?-bundle. Hence there is a well defined (up to isomorphism) complex
2A” on E” which is a direct sum of shifts of simple perverse sheaves such that

AA[(dim Gy + dimuf) /2]] = b*A”[[dim P? /2]].
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We set 2 = a”. Since a is proper, A is a direct sum of shifts of (necessarily
Go-equivariant) simple perverse sheaves on g7". By [LYT] 4.2], if 7 is an co-facet
of Y with respect to R(p) and 7 is the m-facet in Y defined by ¥ = f,(7) (see
[L4)), then applying the previous construction to 2 = K7 gives us A’ = K7. As in
[L9, 3.5], it follows that there is a well defined A-linear map i, : Ko(If) — Ko such
that the following holds: if (O, L") € Zy(I{) and A = L#[[dim O’/2]], viewed as a
pure complex of weight 0, then 2 is canonically defined and i,(t0, &) = gr(ﬁ()
where 2 is viewed as a pure complex of weight 0 with mixed structure induced by
that of 2. Moreover, if 7,5 = f,(v) are as above, we have

(a) ip(ly) = I5.

7.2. In this subsection we fix a Gg-orbit O in gi’. Let y € Co,p,0’,O” be as in
B4l Let

E} ={(gP?,2) € Go/P" x g1;Ad(g ')z € 0"},

an open subvariety of E” in B3|(a). We show:

(a) The map E{ — O, (gP?,z) — z is a well defined isomorphism.
This map is well defined since, by B4(i), if (¢P”,z) € EY, then z € O. We shall
only prove that our map is bijective. Let z € O. Since O” C O (by E4(i)) and the
Go-action on O is transitive, we have Ad(g)~1z € O” for some g € Go; this proves
surjectivity of our map. Assume now that (gP”,z) € EY, (¢'PP,z) € Ey. Setting
g = gg1 with g1 € Go and 2/ = Ad(g~")z, we have 2’ € 0", Ad(g; ')z’ € O". From
B54(1) we have 2’ = Ad(ge)x where go € PP,z € O'. We have Ad(g; *g2)z € O”;
hence using [5.4(iii) we have g, 'g; € P?, that is, g, € P?. Thus, gP? = ¢’ P?. This
proves that our map is injective hence bijective.

Let € be such that (O,€&) € Zy and let & = E|or so that (O, &) € Zy(17); see
E4(a). Then the element §p ¢ € Ky is well defined and the analogously defined
element Spr g € Ko(I]) is well defined. We have

(b) ip(80r.e) =80.¢.

The proof is entirely similar to that of [L9, 3.15(d)] (a Z-graded analogue of (b)),
using (a) instead of [L9, 3.15(c)].

8. PROOFS

8.1. In this section we finish the proofs of the theorems stated in the introduction.
We can identify Q(v) ® 4 Ko with V' (in B.3, if m = oo or in[[2if m < oo) in such
a way that for any m-alcove 7, the element I, of Q(v) ®4 Ko corresponds to the
element I, of V (if m = oo, see B.3) or to the element I, of V (if m < oo, see
[L2). (If m = oo, this follows from the results in [LI]. If m < oo, this follows from
B1(a),[63(a), 6.4(d).) Then (:) on Q(v) ® 4 Ko corresponds to (:) on V. Moreover,
Q) ®4 Ky = Q(v) ®4 Ko inB8 corresponds to §: V — V (asin B.3 if m = oo
or as in [[L2(a) if m < oo). This verifies the assertion in [[2)(a).

8.2. Now assume that m = oo. The statements in this subsection are proved in
[L9]. Under the identification in B1] the basis {8p.¢; (O, &) € Iy} of Q(v) ®.4 Ko in
corresponds to the basis ! Zg (see B.6) of V and the basis {tO,&;(0,€) € Iy}
of Q(v) ® 4 Ko in[B3] corresponds to the basis B (see B.6) of V.
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From the results in [L9] we see that the following holds:

(a) Let O be the open Gy-orbit in gy and let y € Co; seeBAl Then R, is rigid
(see B.3) if and only if y/2 = yg, (with yg, as in B.2).

(Note that the condition that y/2 = yg, is independent of the choice of y in Cp
since ygr, is fixed by Wy.)

It follows that, by associating to R. the G-orbit of e in (a), we get a well defined
bijection between the set of rigid Z-gradings of R (up to W-action) and the set of
even nilpotent G-orbits in g.

Assume now that R, is rigid. Let O’ be the G-orbit in g corresponding to
R.. Let O be the open Ggp-orbit in g;, so that @ C (O’. Then the subset
{80.£; & such that (O,€) € Iy} of Q(v) ®4 Ko corresponds to the subset 121[;)]
(see B.6) of V.

We show:

(b) An oco-facet p is 1-rigid if and only if for some Gp-orbit O on g; we have
p = py where y € Cp. Moreover, O — p, is a bijection between the set of Gp-orbits
on g; and the set of Wy-orbits of 1-rigid oco-facets in Y.

Assume that p is a 1-rigid oo-facet (see B.7). Then yg(,), — yr, € p and
R(p). is rigid (here R(p). is as in B.4). Let g(p) = Dacr(puioy 8% 8Pl =
Bacrimouor 8% 80N = Bacr(pyy 8% if N € Z—{0}. Let G(p)o be the closed
connected subgroup of G such that £G(p)o = g(p)o. Then G(p)o acts on g(p)1
by Ad. Let Oy be the open orbit for this action and let y € Cp, (defined as in
in terms of g(p) instead of g). Let O be the Gy-orbit on g; that contains Oy.
Note that we have also y € Co (defined as in in terms of g). By (a) we have
YR(p). = Y/2. Since yr(,), — yr. € p it follows that y/2 — yr, € p hence p = p,
(see B0).

Conversely, assume that O is a Gp-orbit on g;. We associate e, h, f,y, py to O
as in[B9l Let p = p,. Let R(p). be as in B.4. Since y/2 — yg, € p, for N € Z we
have R(p)y = {a € Rn;(y/2 —yr.,a) =0} = {a € Ry; (y/2,a) = N}. We define
9(p),9(p)n, G(p)o as above. We have g(p)ny = {z € gn;[h/2,2] = Nz}. Hence
e € g(p)1, f €9(p)—1. It follows that e is in the open G(p)o-orbit on g(p); and the
element y associated as in to this open orbit is the same as y above. From the
definitions we have y/2 = yg(,),. Using (a) we deduce that R(p). is rigid. We have
YR(p). — YR. = Y/2 —yr, € p. We see that p is 1-rigid. Now (b) follows.

8.3. We now assume that m < oo. Now [[H(a) follows from [[I(a); [L6l(a) follows
from [C.2(b). We show:

(a) An m-facet p is rigid if and only if for some Gg-orbit O on g7 we have
p = py where y € Cp. Moreover O — p, is a bijection between the set of Gp-orbits
on g7 and the set of Wy-orbits of rigid m-facets in Y.

The proof is almost a repetition of that of B2(b). Assume that p is a rigid
m-facet. Then ygr,y. € p and R(p). is rigid in the sense of B.7. Let g(p) =
Dacripuior 8% 8(0)o = Dacr(pyouior 8% 8(P)IN = Bacr(p), 87 i N € Z - {0}.
Let G(p)o be the closed connected subgroup of G such that £G(p)o = g(p)o. Then
G(p)o acts on g(p)1 by Ad. Let Op be the open orbit for this action and let y € Co,
(defined as inB0in terms of g(p) instead of g). Let O be the Go-orbit on g7 that
contains Op. Note that we have also y € Cp (defined as in in terms of g). By
B2(a) we have yg(,), = y/2. Since yg(,. € p it follows that y/2 € p hence p = p,

(see B0).
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Conversely, assume that O is a G%-orbit on g7'. We associate e, h, f,y, p, to O
as in B9 Let p = p,. Let R(p). be as in[[3l Since y/2 € p, for N € Z we have
R(p)n ={a € Ry;(y/2,a) = N}. We define g(p), g(p)n, G(p)o as above. We have
9(p)n = {z € g5;[h/2,2] = Nz}. Hence e € g(p)1, f € g(p)—1. It follows that e is
in the open G(p)g-orbit on g(p); and the element y associated as in B9 to this open
orbit is the same as y above. From the definitions we have y/2 = yp(,),. Using
B2(a) we deduce that R(p). is rigid. We have ygr(,). = y/2 € p. We see that p is
rigid. Now (a) follows.

Let O be a Gy-orbit in g}, Let w be the Wy-orbit on the set of rigid m-facets
associated to O in (a); then the subset 'Z% of V is defined (see [[6]). Using [T.2(b)
we deduce:

(b) Under the identification V = Q(v) ® 4 Ko, ' Z* = 1Z% becomes the subset

{80.¢; € such that (0,€) € Iy}

Of Q(’U) ®_A IC().

Now [L6l(b) follows immediately from (b) and [[L6l(c) follows from (a) and B6{(a).
We show that [[L6(d) holds for any £ € Z. Now ¢ is of the form Sp ¢ for some
(0,€) € Ip. Then ¢ in [[T(d) exists: we can take { = tO,& (we use B.6(b) and
BR(b)). The uniqueness in[[.6(d) is immediate. Now [LG(e) follows.

Let O,w be as above. We show:

(¢) d(w) in LA is equal to dim O.

By [[2)(a) it is enough to show that d(w) is equal to dim E{ (in [[2 with p € w),
that is, to

dim(Gp) — dim pfj + dim p.

This is clear.

Using (c), we see that [[6(f) holds. Now the proof of [6l(g) (in the geometric
version) is entirely similar to the proof of the corresponding statement in the Z-
graded case; see [L9, 3.14(c), 3.17]. Also, [L6[h) follows immediately from [[6(g).

We now assume that m = 1. In this case [[L9(b) follows from [£3)a) and [[10(a)
follows from [4.5)(a). Using (b) we see that [[.IT}(a) follows from the following state-
ment: if (O,€) € Zy and dim O = §(R), then O is the regular nilpotent orbit and
& = Qy; this is immediate. The statement [12)(a) follows from B.8(b).

8.4. In the remainder of this section when m = co we write B, Z, Y* instead of
'BY, 1 Zr,'Y"* (see B.6); note that B¥, Z, Y* are also defined when m < oo.

We prove Theorem For n € B we denote by n' the image of 7 under the
canonical bijection B <> Z (see [0l for m < oo, B.6 for m = o0). For 1,7 in B we

define M; , € Z[v] by
= Z M1

neB
Let B + 7y be the bijection such that n € B is mapped to (O, ) if n corresponds
to tO, & under the identification V = Q(v) ® 4 Ky. By B.6b), this bijection has
the property stated in the theorem.

8.5. We prove Theorem Let © =Y*. We define x : B — O by n — w where
n € B¥ (see [L8 when m < oo and B.6 when m = o).

We define 1/ : © = Go\gi® as in B3(a) if m < oo and as in B2(b) if m = oco.
With these definitions, the theorem holds.
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8.6. We prove Theorem The set W« and the bijection X Hw) < Wkl are
defined in This proves the theorem.

8.7. The proof of Theorem is contained in (see [LIZ(b)).

In the case where w € O corresponds to a nilpotent orbit in g which is not
even, the set W in Theorem (with m = 1) consists of certain irreducible
representations of a proper subgroup of W, hence it is not the same as W« in
Theorem which consists of certain irreducible representations of W itself.

APPENDIX A. AN ALTERNATIVE DEFINITION OF THE PBW BASIS

A.1. In this appendix we assume that we are in the setup of [L.2} in particular we
have m < oo. Let

S2Y=Y- J{weY;@ya) =1}
a€ERy
Y'=Y - U {y € Y;(y,a) = N}.
NeZ—{0},aeRy
We have Y/ C Y C5 Y.
For y,y €> Y we say that y ~ ¢/ if for any o € R; we have

((y,0) = )((y', ) = 1) > 0.

This is an equivalence relation on — Y. Let — Y be the set of equivalence
classes (a finite set). The following holds:

(a) Let ¢1 € 3Y, coe>Yandlety; € ;. NY, Y e€aanNY, ys €caNY’,
yh € coNY'. Then (y1 : y2) = (Y} : yb)-

This can be deduced from the arguments in the proof of [LY2], 10.7(a)]; it can

be also proved directly from the definitions. It follows that for any ¢ € — Y there
is a well defined element 7. € V such that 7. = I, for any vy € Y’ such that v C c.

We note that the definition of V' in [LYZ2, §10] is different from the one in this
paper (it is defined as a vector space with basis indexed by >Y ); however, the
vector space V in [LY2] §10] is the same as the one we use in this paper. The inner
product on V used in [LY2] is of the form z,2’ — s(x : B(a’)) where (:) is as in
this paper and s € Q(v) satisfies s € 1 + vZ[v].

A.2. Note that if w € Wy and ¢ € =Y, then w(c) € Y. Thus W, acts
naturally on 2 Y. For c € 3 Y we denote by Ry,. the set of roots in Ry such that
the corresponding reflection keeps c stable. Let 'Ry . be the image of Ry . under
R <» R. Then (Y,X,(,),Roc > Ro.) is a root system. Let Wy . be the Weyl
group of this root system viewed as a subgroup of Wy. Note that any w € Wy .
keeps c stable. Let ew, , = ZwGWo,c 02"l where w — |w| is the length function
on Wy . for a Coxeter group structure on Wy . determined by any choice of simple
roots for Ry .. Let V 4 be the A-submodule of V generated by {erjvt,ch ce ﬂ}
We have the following result:

(a) V4 is equal to the A-submodule of V generated by the canonical basis.

Let ce > Y. Forany y € Y/ Nelet Wo,y be the subgroup of Wy generated by
reflections in the roots in Ry which are zero on y. We define e, € Z[v?] in the same
way as ey, , above but replacing Wy . by Wo . Let

Yo={zeY;w(z)=x Ywe Wy}
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From the definition of = Y we see that ¢ has the following “convexity” property:
if y1,y2,...,yr are elements of ¢, then (y; +y2 + -+ yx)/k € c. Hence if ¢ € ¢,
then 3 -, ey, w(y')/8(Wo,c) € c. We see that YoNc # (). Note that c is open in Y
and Yy Ncis open in Y. Also the affine hyperplanes in Y — Y” do not contain 0
hence their intersection with Y (which does contain 0) is a union of a discrete set
of affine hyperplanes in Yy. Hence Y’ NYy is dense in Y. Since Yy N c is open
and nonempty in Y it follows that Y/ NYyoNec# 0. Let y. € Y/ NYyNe Then
Yy is fixed by the reflection with respect to any root in Ry . hence any such root is
zero at y. so that Wy, = Wy . and
(b) ewy e = €y,
From [LY2, §11] we see that the A-submodule of V generated by

{e,'Te;ce 2 Y, yeY'Ne}

is equal to the A-submodule of V generated by the canonical basis of V. Hence
to prove (a) it is enough to show that for any ¢ € > Y, the A-submodule M, of
Q(v) generated by {e,';y € Y" N ¢} is equal to e;[,t JA. For y € Y" Nc we have
Wo,y C Wo,c. It follows that ey, /e, € Z[v?] so that M. C e;[,t,c.A. From (b) we
see that e;VLC.A C M, hence M, = e;[% .A. This completes the proof of (a).

A.3. Let B’ be the set of all 7 € V 4 such that (77 : ) € 1+vZ[v]. Asin [LY2] 11.11]
we see that the following holds:

(a) B’ is a signed basis of the A-module V4 (that is, the union of a basis with
(—1) times that basis; it is also a signed basis of the Q(v)-vector space V. There is
a unique A-basis B of V4 such that for any ¢ € — Y, the element e‘jvlchc € Vy
is a N-linear combination of elements in B.

Under the identification V = Q(v) ®4 Ko (in BI)), V4 corresponds to Ko and B
corresponds to {tO, &; (O, ) € Ip}. It follows that

(b) B is the same as B in [L6le).

A.4. For any m-facet p we set
dp = #(a € Ro; (y,) <0) +#(a € Ry; (y, ) > 1)

where y € p. Let [p] be the set of all v/ € Y’ such that p is contained in the closure
of 7. For any 7' € Y' we write I, = >nes Nnyn € V where N, v € Z[v, vl

For € B let D(n) € N be the minimum of all integers d, where p runs through
the m-facets such that N, ., # 0 for some 7' € [p]. For any n € N let B, =
{n € B;D(n) = n}, Bc, = {n € B;D(n) < n}. Let V, (resp., V<,) be the
Q(v)-subspace of V spanned by B, (resp., Egn) When n = —1 we set V<, = 0.
We have the following result.

(a) Let n € N. There is a unique subspace V), of V<, such that V<, =
Va1 @ Vil and (V<p_1 : V! ) = 0. Hence for any n € Bn there is a unique

n

element n' € V!, such that n —n' € V<,,_1.

A.5. The proof of A.4(a) is based on geometry. Let n € B and let tO, € be the
corresponding basis element of Ky. Let p be an m-facet such that IV, ., # 0 for
some 7' € [p]. Then v =4 = f,(v) (notation of [4 [1]) for some oo-facet v of Y
with respect to R(p). Now some shift of £ is a direct summand of the complex K7
which (as in[ZT)) is obtained from K7 on [£ by the induction procedure in [LYT] §4]
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or [[1l The support of K7 has dimension < dim E” where E” is as in 3.3 Hence
dimO < dim E” = dimp) + dim Gy — dim P? = d, (notation of B3). Now let
y € Co, p = py be as in[54l Then by the results in[5.4] we have N, ., # 0 for some
v € [p]. Moreover, by B3|(b) we have d, = dim O. We see that dimO = D(n).
Hence under the identification V = Q(v)® 4Ky (in[1), for n € N, V,, becomes the
subspace of Q(v) ® 4 Ko spanned by {tO0',&’; (0", &) € Zp,dim O’ = n} and V<,
becomes the subspace of Q(v) ® 4 Ko spanned by {tO’,&’; (O, &) € Iy, dim O’ <
n}. In terms of the basis B and its partition | | .ye B“ in [L6(e) we have that
V,, is the subspace of V spanned by Uw;d(w):n B¥ and V<, is the subspace of V
spanned by [ |, 4..)<, B*. (We use B3(c).) From [LE(f), (g) we see that V! is the
subspace of V<, spanned by Uw;d(w):n Z% and that if n € B with d(w) = n, then
n' is the unique element of Z'g such that n — n' e V<,—1. This completes the proof
of A.4(a).

A.6. Let Z be the subset of V consisting of the elements n' for various n € N and
various 7 € B,,.. Then Z is an A-basis of V4 and an Q(v)-basis of V. It is in fact
equal to the basis Zg in The present definition does not rely on the results in
§1, although the proof of its correctness does.

APPENDIX B. Z-GRADED ROOT SYSTEMS BY G. LuUszTIG

B.1. In this appendix we reformulate the results in [L9] in a form which can be
used in this paper.
Let (Y, X, (,),R > R) be as in[[L1l Let S be the collection of linear hyperplanes

Hy € Y;(y,a) =0};a € R},

Now S determines a set of facets called co-facets as follows. For yi,y2 in Y we
write y1 ~ yo if for any o € R we have (y1,a) > 0 < (y2,a) > 0. If y; ~ yo, then
for any oo € R we have (y1, ) > 0 < (ya2, @) > 0. (Indeed, assume that (y;,a) >0
and (y2,) # 0. We have (y2,a) = 0 = (y2, —«) = 0 hence (y1,—a) > 0 and
(y1,a) < 0, contradicting (y1,a) > 0.) We deduce that if y; ~ ys, then for any
a € R we have (y1,0) = 0 & (y2,0) = 0. Now ~ is an equivalence relation; the
equivalence classes are the co-facets. For example,

0] :={y €Y;(%,a) =0 VYae R}
is an oo-facet of R and

Y =Y - [ J{yeY;(y,a)=0}
aER

is a union of oco-facets called co-alcoves. Let Y be the set of co-facets. Let Y’ be
the set of co-alcoves. The W-action on Y induces a W-action on Y preserving Y'.

For any p € Y let R(p) = {o € R;(y,) = 0} where y € p; this is indepen-
dent of the choice of y. Let R(p) be the image of R(p) under R <> R. Then
(Y, X, (,),R(p) > R(p)) is a root system.

B.2. A Z-grading of R is a collection R, = (Ry)nvez where Ry are subsets of
R such that R = | |yc, Ry and such that for some y € Y we have Ry = {a €
R;(y,a) = N} for all N € Z; we can assume that y € (R); then y is uniquely
determined and is denoted by yg, .

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Z/m-GRADED LIE ALGEBRAS AND PERVERSE SHEAVES, IV 393

B.3. We now fix a Z-grading R, of R. We also fix § € {1,—1}.

Let W be the subgroup of W generated by the reflections with respect to roots
in Rg. The obvious Wy-action on R leaves stable each of the subsets Ry, N € Z.
Let ew, = > wew, v?1*! where w — |w] is the length function on Wy for a Coxeter
group structure on Wy determined by any choice of simple roots for Ry. We have
b(ew,) = v Eoey, .

For v,y in Y’ we define

T(yay,) = T(ylvy) = ﬂ{a € RJ; (ya Q)(y/, a) < O} - ﬂ{a € RO; (yv a)(ylv a) < O} €Z.

This is independent of ¢ (we use that « — —a« is a bijection Rs <> R_s); this
justifies our notation. For y,3" in Y’ we define

(y:y') = ew, Z W) ¢ 4,
weWy

Let V! = V%, be the Q(v)-vector space with basis {I,;v € Y'}. We define a
bilinear form (:) : V! x V' = Q(v) by (I, : I)) = (y : y') where y € 7, y' € 7; this
is independent of the choice of y,y’. This form is symmetric since 7(y, w(y’)) =
(v, w(y)) for w € Wy. Let R = {z € V/;(z: V') =0}, V=Vi =V'/R.
Then (:) induces a symmetric nondegenerate bilinear form on V denoted again by
(:). For v € Y', the image in V of I, € V' is denoted again by I,.

Define a semilinear involution 3 : V' — V' by B(I,) = I, for all v € Y'. Define
a Q(v)-linear involution ¢ : V' — V' by o(I,) = I_ for all v € Y’'. We show:

() For £,¢/ in V' we have b((3(€) : B(€))) = v HF) (& : o(€')).
We can assume that £ = I,,&' = I, with ,7" in Y’'. We must show:

T LGRS CR P S ECO)
weWy weW)y

Let w € Wy and let y € v,y’ € w(y). It is enough to show:

8(Ro) — #(Rs) + #(e € Rs; (y, ) (y', ) < 0) — (e € Ro; (y, ) (¢, ) < 0)
+ (e € Rs; (y, ) (y', ) > 0) — (e € Ro; (y, ) (¢, ) > 0) = 0;

this is clear. This proves (a).
From (a) we see that S(R) C R hence f induces a semilinear involution V.— 'V
denoted again by .

B.4. Let p € Y. Then R(p) has a Z-grading R(p). where R(p)y = R(p) N Ry
for all N. Hence yg(,), € (R(p)) C Y is defined. We denote by Y/, Y/, [0], the
analogues of Y’, Y', [0] when R is replaced by R(p).

We define a map f, : X; — Y’ as follows. Let v € X/p and let y; € v, y € p. We
have (y1,a) # 0 for any o € R(p). We can assume that (y,a) € Z, -1 < (y1, ) < 1
for any a € R. We show:

(a) y+1 €Y.

If @ € R(p), then (y,a) = 0 and (y1,a) # 0 hence (y + y1, ) # 0. If o ¢ R(p),
then (y,a) € Z—{0} and —1 < (y1, @) < 1 so that (y +y1,«) # 0. This proves (a).

Now let ¢} € v, ¥’ € p be such that (y,«) € Z, -1 < (y},a) < 1 for any « € R.
By (a) we have ' + y} € Y'. We show:

b) y+y1 ~y + v
Assume that for some a € R, (y+y1,a), (v +y}, «) have different signs. If & € R(p),
then (y, @) = (v, @) = 0, so that (y1, a), (v}, @) have different signs; this contradicts
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y1 € 7,91 € v. If a ¢ R(p), then |(y,a)| > 1; since —1 < (y1,a) < 1, we see that
(y, ) has the same sign as (y + y1,«). Similarly (y',«) has the same sign as
(¥ + yi,a). Thus (y,«), (v, @) have different signs. This contradicts y ~ ¢’ and
proves (b).

We see that v — y + 31 is a well-defined map f, : X'p =Y.

!
B.5. Let Vi,

)» VR(p): () be the analogues of V',V (:) where R, is replaced by
R(p)«. We define a linear map [ V;%(p) — V' by sending the basis element indexed
b}}lf o= X'p to Iy (). By an argument using geometry in [L9] (see alsoB.2)) one can
show

(a) this maps the radical of (:), on V% into the radical of (:) on V' hence it

induces a linear map Vg(,) — V denoted again by f,.

B.6. Using induction on #(R) we define a subset °Y*® of Y and for each p € °Y*
we define a nonempty subset 5Z§ of V. Assume first that R = (). Then V' =V is
one dimensional with basis {Ijo}. We define °Y* = {[0]}, 5Z1[g] = {I[g}. Next we
assume that R # . Let p € Y. Assume first that p # [0]. We have #(R(p)) < §(R).
We say that p € °Y* if (YRr(p). — Yr.)0 € p and [0], € 5X; (which is already
defined); we set °Zf, = fp(‘SZI[gg;)). It remains to decide whether [0] is in °Y* or
not and, if it is, to define 5Z1[g]. Let °Z' = Upe‘*X';p;ﬁ[o} 37Z% C V. Let L be the
Z[v]-submodule of V generated by 'Z' U 712’ let 7 : £L — L/vL be the obvious
map, and let ¢’ = n(*2"), 71’ = n(712"), ¢ = ¢’ U 7', By an argument using
geometry in [LI] (see also B2]) one can show:

(a)  is a Z-basis of £/vL. For any b € ¢ there is a unique element b € £ such
that w(b) = b and B(b) = b. Moreover, {b;b € ¢} is a Z[v]-basis B of £ and a
Q(v)-basis of V.

If ¢ = ¢, then we declare [0] ¢ °Y*. If ¢ # °(’, then we declare [0] € °Y*. By
an argument using geometry in [L9] (see also B2)) one can show:

(b) Assume that ¢ # °C’; let °L’ be the Q(v)-vector subspace of V spanned by
37'. Then for any b € ¢ — ¢’ there is a unique element b € V such that b— b € L/,
(b:°L/) = 0. The map b — b is a bijection of ¢ —9¢’ onto a subset of £ denoted
by 47101,

This completes the inductive definition of °Y* and of the subsets °Z%, (for p € °Y*).

Note that if p = [0] is in °Y®, then it is again true that (yp(,. — yr.)d € p.
Indeed, in this case we have R(p) = R so that (yr(,), — yr,)d = 0.

Now the Wy-action on Y restricts to a Wy-action on °Y*®. Let 5;’ be the set
of orbits of this last action] Note that if p,p in °Y* are in the same Wy-orbit,
then 220, = 5Z1p3:. Hence for any w € °Y* we can define °Z% = 9Zf, where p is any
oo-facet in w. Let 9 Zp = Uscsye 97%. By an argument using geometry in [L9] one
can show: a

(c) We have °Zp = |_|w€5§. 07%. fw € °Y®, p € w, then f, : 521[222) — 074

is a bijection independent of the choice of p. Moreover, °Zp is a Z[v]-basis of £
and a Q(v)-basis of V which we call a PBW basis. The map & — m(&) defines a

bijection °Zr = ¢. Hence there is a unique bijection °Zr — B, & — § defined by

2This corresponds to Z-graded parabolic induction.
3This is a combinatorial version of the set of Go-orbits on g1; see
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the requirement that 7(¢) = 7(£) for any £ € °Zg. For w € °Y* let °B* be the
subset of B corresponding to °Zr under this bijection. We have B = Uwegz. SBw

Thus V has two PBW bases: 'Zg and ~'Zr and one basis B which we call
canonical basis.

B.7. We say that R, in B.3 is rigid if lZI[g] # () or equivalently if ’1Z£] # (. (The
equivalence follows by an argument using geometry in [L9].)

Let p € Y. We say that p is §-rigid if p € °Y*°.

Errata to [LY1].

page 277, line 3 of Contents. Replace Z/ — by Z/m.

page 280, line 5. Replace “...for large m, a Z/m-grading is the same as a Z-
grading, so that in this case ...results of [L4].” by: “...a Z-grading can be viewed
as a Z/m-grading for large m. (The converse does not hold.)”

page 287. Title of Section 2. Replace Z/ — by Z/m.

page 303, line 3 of 5.1l Replace p” by p”.

page 304, line 7. Replace g5 = ...”” by g5 = {(9P,2) € Go/Py X go; Ad(g7 1)z €
wfl([g)}.

page 305, lines 11-15. Replace  xg5 by w17 95-
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