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GRADED DOUBLE AFFINE HECKE ALGEBRA
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Abstract. In this paper we construct representations of certain graded dou-
ble affine Hecke algebras (DAHA) with possibly unequal parameters from ge-
ometry. More precisely, starting with a simple Lie algebra g together with a
Z/mZ-grading

⊕
i∈Z/mZ gi and a block of DG0 (gi) as introduced in [J. Repre-

sent. Theory 21 (2017), pp. 277-321], we attach a graded DAHA and construct
its action on the direct sum of spiral inductions in that block. This generalizes
results of Vasserot [Duke Math J. 126 (2005), pp. 251-323] and Oblomkov-
Yun [Adv. Math 292 (2016), pp. 601-706] which correspond to the case of the
principal block.
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1. Introduction

1.1. Background.

1.1.1. Let G be a simply-connected almost simple group over an algebraically closed
field k with char(k) = 0. Let g = Lie G. Let m ≥ 1 be an integer and let

g =
⊕

i∈Z/mZ

gi

be a Z/mZ-grading on g. For an integer n ∈ Z, let n be its image in Z/mZ.
For the rest of the paper, we fix η ∈ Z − {0}. Let G0 ⊂ G be the connected

reductive subgroup with Lie algebra g0. Let g
nil
η be the cone of nilpotent elements

in gη.
1 In the series of papers starting with [9] and [10], we are interested in the

structure of the equivariant derived category DG0
(gnilη ). This paper mainly relies
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on [9, §1-4] and [10, §10]. We will use notation from [9], part of which will be
reviewed in §1.5.

1.1.2. Block decomposition and admissible systems. The main result of [9] is a direct
sum decomposition of DG0

(gnilη ) into blocks in the style of the generalized Springer

correspondence:

(1.1) DG0
(gnilη ) =

⊕
ξ∈Tη

DG0
(gnilη )ξ.

The blocks are in bijection with the set Tη of G0-conjugacy classes of admissible

systems. Roughly speaking, an admissible system is a tuple ξ̇ = (M,M0,m,m∗,L),
where M is a reductive subgroup of G which is the fixed point subgroup of a finite-
order automorphism of G (a pseudo-Levi subgroup, see §2.2), m =

⊕
n∈Z mn is a

Z-grading on the Lie algebra m of M such that mn ⊂ gn, M0 is the connected
reductive subgroup of M with Lie algebra m0, and L is an irreducible cuspidal
M0-equivariant local system (with Q�-coefficients) on the open M0-orbit m̊η of mη.
For the precise definition of an admissible system, see [9, §3.1] or §3.4.8.

There is a unique G0-conjugacy class of admissible systems (M,M0,m,m∗,L) in
which M is a torus. In this case, M is a maximal torus in G0, the Z-grading on m is
concentrated in degree 0, and the local system L is the skyscraper sheaf supported
on mη = {0}. Let ξ0 ∈ Tη be the G0-conjugacy class of such admissible systems. We

callDG0
(gnilη )ξ0 the principal block. This block contains the intersection cohomology

sheaves IC(O) of all G0-orbits O ⊂ gnilη with constant local systems.

1.1.3. Spiral induction. Let ε = η/|η| ∈ {1,−1} be the sign of η. In [9, §2] we
defined the notion of ε-spirals for the Z/mZ-graded g. The definitions of spirals
and its splittings will be recalled in §3.3.

Fix a G0-conjugacy class ξ of admissible systems, and let (M,M0,m,m∗,L) ∈ ξ.

Let Pξ be the set of ε-spirals p∗ of the Z/mZ-graded g such that some (equivalently
any) splitting of it is G0-conjugate to (M,M0,m,m∗). For each p∗ ∈ Pξ with split-
ting (L,L0, l, l∗) which is G0-conjugate to (M,M0,m,m∗), there is a canonical L0-

equivariant cuspidal local system on l̊η (the open L0-orbit on lη) which corresponds
to L under any element g ∈ G0 that conjugates (L,L0,m,m∗) to (M,M0,m,m∗) (see

§4.1.3). We denote this local system on l̊η still by L. We have the (unnormalized)
spiral induction (see §4.1.3)

Ip∗ = εInd
gη

pη
(L�) ∈ DG0

(gnilη ).

By definition, the full triangulated subcategory DG0
(gnilη )ξ ⊂ DG0

(gnilη ) that

appears in the decomposition (1.1) is generated by those simple perverse sheaves
that appear as direct summands (up to shifts) of Ip∗ for various p∗ ∈ Pξ.

The graded dimensions of Ext∗(Ip∗ , Ip′
∗) are computed in [9, Prop. 6.4]. In this

paper, we will exhibit a large symmetry on the direct sum of all spiral inductions
Ip∗ belonging to the fixed block DG0

(gnilη )ξ.
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1.2. Main results.

1.2.1. We fix a G0-conjugacy class of admissible systems ξ ∈ Tη and let ξ̇ =
(M,M0,m,m∗,L) be an admissible system in ξ. Attached to ξ we will introduce

an affine Coxeter group W ξ
aff with simple reflections Iξ and a reflection representa-

tion on a Q-vector space E
ξ
♦. We will also introduce a graded double affine Hecke

algebra (DAHA) Hc(W
ξ
aff) with parameters {ci}i∈Iξ . The underlying vector space

of Hc(W
ξ
aff) is

Hc(W
ξ
aff) = Q[u]⊗ Sym(Eξ,∗

♦ )⊗Q[W ξ
aff].

Finally, for ν ∈ Q, let Hc,ν(W
ξ
aff) be the specialization of Hc(W

ξ
aff) by sending

u �→ −ν and E
ξ,∗
♦ � δ �→ 1. For more details see §2.5.

The affine Dynkin graphs of W ξ
aff are exactly those appearing as the “� − �-

diagrams” in the tables of [6, §7] and [8, §11]. The parameters c that appear in the
graded DAHA are also specified in loc. cit. as the first label of each node of the
�− �-diagrams. From these tables one can list exactly which graded DAHAs appear

as our Hc(W
ξ
aff).

1.2.2. LetPξ = G0\Pξ. It can be shown that Ip∗ depends only on theG0-conjugacy

class of the ε-spiral p∗ (see §4.1.4). Let [p∗] ∈ P
ξ; then I[p∗] is well-defined. The

set Pξ admits a combinatorial description in terms of alcoves in an affine space E

modulo a finite group action (see Corollary 3.4.10). In the notation of [10, §10],
P

ξ is in bijection with the W-orbits of alcoves in E (alcoves are defined using the
hyperplanes {Hα,n,N} introduced in loc. cit.; for precise statements, see §3.4.11
and Lemma 3.4.12).

The main theorem of this paper is the following.

1.2.3. Theorem. Let ξ ∈ Tη. Consider the infinite direct sum of perverse sheaves

in DG0
(gnilη )ξ

Iξ :=
⊕

[p∗]∈Pξ

pHI[p∗].

The notation pH(−) means the direct sum of perverse cohomology sheaves; see

§1.5.5. Then there is a Z/2Z-graded action of Hc,η/m(W ξ
aff) on Iξ.

A Z/2Z-graded action of Hc,η/m(W ξ
aff) on the infinite direct sum Iξ means the

following. For every element h ∈ Hc,η/m(W ξ
aff) and [p∗], [p

′
∗] ∈ P

ξ, there is a map
of perverse sheaves h[p∗],[p′

∗]
: pHI[p∗] →

pHI[p′
∗]

preserving the Z/2Z-gradings such
that

(1) For fixed [p∗], we have h[p∗],[p′
∗]
= 0 for all but finitely many [p′∗].

(2) The assignment Hc,η/m(W ξ
aff)→Hom(pHI[p∗],

pHI[p′
∗]
) given by h �→h[p∗],[p′

∗]

is Q-linear.
(3) Let 1 ∈ Hc,η/m(W ξ

aff) be the identity element; then 1[p∗],[p′
∗]

is the identity
if [p∗] = [p′∗] and zero otherwise.

(4) For h, h′ ∈ Hc,η/m(W ξ
aff) and [p∗], [p

′
∗], [p

′′
∗ ] ∈ P

ξ, we have h′
[p′

∗],[p
′′
∗ ]
◦h[p∗],[p′

∗]

= (h′h)[p∗],[p′′
∗ ]
.
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1.2.4. By the decomposition theorem, we know that each pHI[p∗] is a semisimple

perverse sheaf. For any simple perverse sheaf S in DG0
(gnilη )ξ, let [pHI[p∗] : S] =

Hom(S, pHI[p∗]) be the multiplicity space of S in pHI[p∗]. A priori [pHI[p∗] : S] is
Z/2Z-graded; however, by [10, Theorem 14.10(d)], [pHI[p∗] : S] is concentrated in
degrees of the same parity as dimSupp(S).

1.2.5. Corollary (of Theorem 1.2.3). For any simple perverse sheaf S in the block

DG0
(gnilη )ξ, there is an action of Hc,η/m(W ξ

aff) on the vector space

(1.2) [Iξ : S] :=
⊕

[p∗]∈Pξ

[pHI[p∗] : S].

In the decomposition (1.2), each direct summand [pHI[p∗] : S] is in fact a gener-

alized eigenspace for the polynomial part of Hc,η/m(W ξ
aff), and the eigenvalue can

be described explicitly as a point in Eξ; see Proposition 4.3.4.

We make some conjectures about the Hc,η/m(W ξ
aff)-modules we construct.

1.2.6. Conjecture. In the notation of Corollary 1.2.5, the multiplicity space [Iξ : S]
is a simple Hc,η/m(W ξ

aff)⊗Q Q�-module.

This conjecture is true when ξ = ξ0 (corresponding to the principal block), by
the result of Vasserot [13].

1.2.7. Fix a homomorphism σ : μe ↪→ Out(G), a positive integer m, and a tuple

ξ̇ = (M,M0,m,m∗,L) where (M,M0,m,m∗) is a graded pseudo-Levi subgroup of
(G, σ) (see Definition 2.2.1), and L is an M0-equivariant cuspidal local system on

m̊η. Then the graded DAHA Hc,η/m(W ξ
aff) is defined independent of the choice of

the Z/mZ-grading on g. An Hc,η/m(W ξ
aff)⊗Q�-module V is called integrable if the

polynomial part Sym(Eξ,∗
♦ )⊗Q� acts on V locally finitely.

For a Z/mZ-grading θ on g whose outer class is σ (in the sense of §3.1.1), the
tuple ξ̇ may or may not be an admissible system for (G, θ). If it is, Iξ is defined. To
emphasize its dependence on θ, we denote it by Iξ,θ. We expect that all integrable

simple Hc,η/m(W ξ
aff) ⊗ Q�-modules are of the form [Iξ,θ : S] for various Z/mZ-

gradings θ on g such that ξ̇ is admissible with respect to θ and various simple
perverse sheaves S in DG0

(gnilη )ξ.

1.2.8. Mimicking the construction of standard modules for the graded affine Hecke

algebra in [5], one can define standard modules for the graded DAHA Hc,η/m(W ξ
aff)

by taking stalks of Iξ. Now if Conjecture 1.2.6 holds, we would get a formula for
the multiplicities of the simple modules in the standard modules in terms of the
stalks of the simple perverse sheaves in the block DG0

(gnilη )ξ, which are computable

algorithmically as shown in [10].

1.3. Organization of the paper. In §2, the discussion is independent of the
Z/mZ-grading on g. We introduce the notion of a pseudo-Levi subgroup M of
(G, σ) (where σ : μe ↪→ Out(G)) and describe its relation with building theory. For
such an M that admits a cuspidal local system, with the extra choice of a facet in
the building, we will introduce an affine Coxeter group and a graded DAHA with
possibly unequal parameters. In particular, the graded DAHA attached to M is
independent of the Z/mZ-grading on g.
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In §3, the Z/mZ-grading on g starts to play a role. We review the notion of
spirals and describe them again in terms of building theory. In particular, we get a
combinatorial description of Pξ in Corollary 3.4.10. This section is closely related
to [10, §10].

In §4 we prove Theorem 1.2.3. In §4.3 we first construct the action of the polyno-

mial part of Hc,η/m(W ξ
aff) on each Ip∗using Chern classes coming from equivariant

parameters. Then, in §4.5, for each finite subgroup WJ ⊂ W ξ
aff generated by a

proper subset J of simple reflections, we construct actions of the corresponding
subalgebra Hc,η/m(WJ) on Iξ (in fact on a finite direct sum of the pHI[p∗]). This
construction is essentially the construction in [5], which we review in §4.4. Equi-
variant localization with respect to a torus action is used in the passage from the

results in [5] to our setting. Finally the action of Hc,η/m(W ξ
aff) is obtained by gluing

the actions of Hc,η/m(WJ) for various J (the WJ ’s generate W ξ
aff).

1.4. Variant and related work.

1.4.1. The Z-graded case. The construction in this paper can be applied to the
situation of a Z-graded Lie algebra g. In this case, for each G0-conjugacy class
ξ = (M,M0,m,m∗,L) of admissible systems, we have a finite Coxeter group W ξ

and a graded affine Hecke algebra Hc(W
ξ) as introduced in [5] for the cuspidal

pair (M,L) for G (independent of the Z-grading on g). There exists an action of
Hc(W

ξ)/(u− 1) on the direct sum of parabolic inductions from (M,M0,m,m∗,L).
This is essentially done in §4.5, and it follows directly from the results in [5] by
equivariant localization.

1.4.2. Relation with loop algebras. A natural way to study the Z/mZ-graded Lie
algebra g is to turn the Z/mZ-grading into a Z-grading on its loop algebra Lg =
g((z)) (or its twisted form if σ is non-trivial). Under such a translation, spirals
can be interpreted using parahoric subalgebras of Lg, and spiral induction can be
understood using parahoric induction. We discuss this relationship in §3.4.13, but
otherwise we avoid mentioning loop algebras or parahoric induction in this paper in
order to make our approach as elementary as possible. However, we are implicitly
taking the loop algebra point of view: for example we make a choice of a lifting of
the element x ∈ X∗(T

ad) ⊗ Z/mZ giving rise to the Z/mZ-grading to an element
x ∈ X∗(T

ad) giving rise to a Z-grading on Lg.

1.4.3. Relation with [13] and [11]. In [13], when the grading on g is inner, a similar
action of Hc(Waff) for the principal block DG0

(gnilη )ξ0 was constructed from the

point of view of the loop algebra. Moreover, [13] gives a complete classification of
integrable simple Hc,η/m(Waff)-modules: they are in bijection with simple perverse

sheaves in the principal block DG0
(gnilη )ξ0 .

In [11], an action of Hc(Waff) on the cohomology of homogeneous affine Springer
fibers was constructed. Spirals did not explicitly appear in these works but the

relevant varieties XA = G0

PA
0× pAη (Hessenberg varieties) showed up as torus fixed

points on homogeneous affine Springer fibers in the affine flag variety (see [11, §5.4]).
The action of Hc(Waff) on the cohomology of homogeneous affine Springer fibers
constructed in [11] is related to the one constructed in this paper via a Fourier
transform (between DG0

(gη) and DG0
(g−η)) and equivariant localization.
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1.5. Notation.

1.5.1. Throughout the paper, k is an algebraically closed field of characteristic zero.
All schemes are schemes of finite type over k in this paper unless otherwise claimed.

1.5.2. Let G be an almost simple, simply-connected algebraic group over k. Let
g = Lie G.

1.5.3. Let � be a prime different from char(k). When we talk about complexes of
sheaves on a scheme X, we always mean Q�-complexes on X for the étale topol-
ogy. Let D(X) be the bounded derived category of Q�-complexes on X. If an
algebraic group H acts on X, let DH(X) be the derived category of H-equivariant
Q�-complexes on X as developed in [1]. We will use the notion of complexes of
sheaves on algebraic stacks X but only for quotient stacks of the form X = [X/H],
in which case D(X) = DH(X) by definition. All sheaf-theoretic functors are derived.

1.5.4. Let X be a scheme. For a local system L on some locally closed, equidimen-
sional smooth subscheme j : Y ↪→ X, we let L� = j!∗(L[dimY ])[− dimY ] ∈ D(X).
Note that L�|Y = L.

1.5.5. For a scheme X of finite type over k with an action of an algebraic group H,
and any object K ∈ DH(X), we define the perverse sheaves

pHevK :=
⊕

n even

pHnK; pHoddK :=
⊕
n odd

pHnK;

pHK := pHevK ⊕ pHoddK =
⊕
n∈Z

pHnK.

We consider pHK as a Z/2Z-graded perverse sheaf.

1.5.6. For a subalgebra h ⊂ g, we denote by eh the (smooth) connected subgroup
of G with Lie algebra h, whenever it exists.

1.5.7. For an algebraic group H and a subgroup H ′ of it which acts on a scheme

X, we denote by H
H′

× X the (stack) quotient of H ×X under the H ′-action given
by h′ · (h, x) = (hh′−1, h′x) for h′ ∈ H ′, h ∈ H and x ∈ X. In the examples we

consider, the quotient H
H′

× X is always representable by a scheme.

1.5.8. For a Z-graded Lie algebra h =
⊕

n∈Z hn, we often abbreviate the collection
of the graded pieces {hn|n ∈ Z} by h∗.

1.5.9. For a positive integer n, μn denotes the diagonalizable group over k of nth
roots of unity.

2. Relative affine Weyl group and graded DAHA

In this section, for a pseudo-Levi subgroup M of (G, σ) which admits a cuspidal
local system supported on a nilpotent orbit, we will introduce an affine Coxeter
group and a graded DAHA with possibly unequal parameters. The results in this
section are essentially contained in [6] and [5].
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2.1. Affine root system.

2.1.1. We fix a pinning E = (B0, T0, · · · ) of G, where B0 is a Borel subgroup and
T0 a maximal torus of G contained in B0. We identify Out(G) with the pinned
automorphism group of G. Fix an injective homomorphism

(2.1) σ : μe ↪→ Out(G).

Then e ∈ {1, 2, 3}. Let μe act on G via pinned automorphisms through σ. Let Gσ

be the fixed point subgroup of σ(μe).

2.1.2. Let T = Tσ
0 be the fixed points of σ(μe); then T is a maximal torus of Gσ,

and T0 = CG(T ). Let t = Lie T . Let Φ(G, T ) ⊂ X∗(T ) be the root system of G with
respect to T . Note that Φ(G, T ) is not necessarily reduced, and it is non-reduced
precisely when G = SL2n+1 and e = 2.

2.1.3. Let WG be the Weyl group of G with respect to T0. Let W be the Weyl
group of the root system Φ(G, T ). Then W is also the Weyl group of Gσ with
respect to T . We have W = W σ

G, the fixed point subgroup of σ(μe).

2.1.4. The pinned action of σ(μe) gives a decomposition g =
⊕

i∈Z/eZ g
i. For each

α ∈ Φ(G, T ) and i ∈ Z/eZ, the root space gi(α) is either zero or one dimensional.
Let

Φ̃(G, T ) = {(α, i) ∈ Φ(G, T )× Z/eZ|gi(α) �= 0}.

2.1.5. Let a = X∗(T ) ⊗Z Q. The Killing form on g gives aR = a ⊗ R a Euclidean
structure. Let Φaff be the set of affine functions α̃ = α + n

e on a, for (α, n) ∈
Φ(G, T )× Z such that (α, n mod e) ∈ Φ̃(G, T ). This is the set of real affine roots
attached to the pair (G, σ). The vanishing locus of each element α̃ ∈ Φaff gives
an affine hyperplane Hα̃ ⊂ a. Let H be the collection of such affine hyperplanes.
These hyperplanes give a stratification of a into facets. Let F be the set of facets
in a.

2.1.6. Definition. A relevant affine subspace E of a is the affine subspace spanned
by some facet F . Let E be the set of relevant affine subspaces of a.

2.1.7. The affine Weyl group Waff attached to (G, σ) is the group of affine isometries
of a generated by the orthogonal reflections across affine hyperplanes H ∈ H. For
any facet F ⊂ a, let WF ⊂ Waff be the stabilizer of the facet F under Waff. Then
WF fixes F pointwise, and it is a finite Weyl group generated by the reflections
across those hyperplanes H ∈ H that contain F . Note that WF only depends on
the affine subspace spanned by F . Therefore, if E ∈ E, we may define WE to be
WF for any facet F that spans E.

2.1.8. Let a♦ = a ⊕ Qd with dual space a♦,∗ = Qδ ⊕ a∗, such that 〈δ, d〉 = 1. We
think of δ as the generator of the imaginary roots in Φaff. The affine action of Waff

on a extends canonically to a linear action of Waff on a♦:
w(v+ zd) := w(zv) + zd,

where v ∈ a, z ∈ Q, w ∈ Waff and w(−) denotes the action of w on a.
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2.1.9. Let T ad = T/Zσ
G, where Zσ

G = ZG ∩ Gσ is also the center of Gσ. The
embedding X∗(T

ad) ⊂ a gives a lattice in a. We have

X∗(T
ad) = {λ ∈ a|〈α, λ〉 ∈ Z, ∀α ∈ Φ(G, T )}.

The extended affine Weyl group W̃ is the group of affine isometries of a that stabilize

the stratification set H of affine hyperplanes. The translation part of W̃ is X∗(T
ad)

and W̃/X∗(T
ad) ∼= W .

2.2. Pseudo-Levi subgroups. Let Autσ(G) ⊂ Aut(G) be the preimage of σ(μe)
under the projection πOut : Aut(G) → Out(G). Let μ∗

e ⊂ μe be the primitive eth
roots of unity (so μ∗

1 = μ1 = {1}). Let Aut∗σ(G) be the preimage of σ(μ∗
e) under

πOut.

2.2.1. Definition. A pseudo-Levi subgroup of (G, σ) is the fixed point subgroup of
G of the form M = Gτ for some semisimple automorphism τ ∈ Aut∗σ(G).

In the case e = 3, we may restrict τ to be in a fixed non-neutral component
of Aut∗σ(G) (among the two choices), and they give the same notion of pseudo-
Levi subgroups, because inversion on Aut(G) interchanges the two choices. By
Steinberg’s theorem, a pseudo-Levi subgroup M is a connected reductive group.

2.2.2. Lemma.

(1) Any semisimple element τ ∈ Aut∗σ(G) = Gad � σ(μ∗
e) may be conjugated to

T ad × σ(μ∗
e) under G.

(2) If M = Gτ for some τ ∈ T ad × σ(μ∗
e), then T is a maximal torus of M .

Proof. (1) Recall the fixed pinning E = (B0, T0, · · · ) of G and T = Tσ
0 . By [12, 7.5,

7.6], there exists a Borel subgroup B1 of G and a maximal torus T1 of G with T1 ⊂
B1 such that τ normalizes B1 and T1. Let g ∈ Gad be such that Ad(g)(B1, T1) =
(B0, T0); then gτg−1 normalizes (B0, T0). Replacing τ by gτg−1, we may assume
that τ normalizes (B0, T0). Then there is an element s ∈ T ad

0 such that s−1τ fixed
the pinning E, i.e., s−1τ = σ(ζ), where ζ ∈ μ∗

e such that σ(ζ) is the image of τ in
Out(G). We then have τ = sσ(ζ) for some s ∈ T ad

0 . Let T ad
0,σ(ζ) be the coinvariants

of the σ(ζ)-action on T ad
0 ; then the natural map T ad = T

ad,σ(ζ)
0 ↪→ T ad

0 � T ad
0,σ(ζ)

is surjective. Let s′ ∈ T ad have the same image as s in T ad
0,σ(ζ); then there exists

s1 ∈ T ad
0 such that s′s−1 = s1 · σ(ζ)s−1

1 (we denote the action of σ(ζ) on Gad by

g �→ σ(ζ)g). Then we have s1τs
−1
1 = s1sσ(ζ)s

−1
1 = s1 · σ(ζ)s−1

1 · sσ(ζ) = s′σ(ζ) ∈
T ad × σ(μ∗

e), as desired.
(2) We have CM (T ) = CG(T ) ∩M = T0 ∩M = T τ

0 . Since τ = sσ(ζ) for some

s ∈ T ad and ζ ∈ μ∗
e , we have T τ

0 = T
σ(ζ)
0 = Tσ

0 = T , therefore CM (T ) = T and T
is a maximal torus in M . �
2.2.3. Let M be the set of pseudo-Levi subgroups of (G, σ). Let M = G\M be the
G-conjugacy classes of pseudo-Levi subgroups. Let MT be the set of pseudo-Levi
subgroups of (G, σ) of the form Gτ for some τ ∈ T ad × σ(μ∗

e). Then MT → M is
surjective by Lemma 2.2.2(1). The Weyl group W acts on MT by conjugation.

2.2.4. Root system of a pseudo-Levi. When M ∈ MT , we have the root system
Φ(M,T ). For each α ∈ Φ(M,T ), the one-dimensional root space m(α) lies in
some gi for a unique i ∈ Z/eZ (for if M is the centralizer of (t, σ(ζe)) ∈ T ad ×
σ(μe), then m(α) �= 0 if and only if α(t)σ(ζe) acts on g with eigenvalue 1, in
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which case there is a unique i ∈ Z/eZ such that α(t) ∈ ζ−i
e and gi(α) = m(α) �=

0). Therefore each α ∈ Φ(M,T ) determines some i ∈ Z/eZ. In other words
the inclusion Φ(M,T ) ⊂ Φ(G, T ) can be canonically lifted to an injective map

Φ(M,T ) ↪→ Φ̃(G, T ) ⊂ Φ(G, T ) × Z/eZ, and we denote its image by Φ̃(M,T ) ⊂
Φ̃(G, T ).

2.2.5. Relevant affine subspaces and pseudo-Levi subgroups. Let E ∈ E be a relevant

affine subspace of a. Let RE ⊂ Φ̃(G, T ) be the set of pairs (α, i) such that 〈α, y〉+
i/e ∈ Z for all y ∈ E. If (α, i) ∈ RE, then α determined i ∈ Z/eZ, hence the
projection RE → Φ(G, T ) is injective. In particular, RE is a reduced root system.
There is a unique reductive subgroup GE ⊂ G containing T as a maximal torus
with Lie algebra

gE = t⊕ (
⊕

(α,i)∈RE

gi(α)).

In other words Φ̃(GE, T ) = RE.
We claim that GE ∈ MT . In fact, we pick any y ∈ E that does not lie in any

facet with dimension strictly smaller than that of E, and write y = λ/n for some

λ ∈ X∗(T ) and n ∈ eZ>0. Then RE = {(α, i) ∈ Φ̃(G, T )|〈α, y〉 + i/e ∈ Z}. Let

τ = λ(ζn) · σ(ζn/en ) ∈ T × σ(μ∗
e) for some primitive nth root of unity ζn. Then one

can check by examining root spaces that GE = Gτ , and therefore GE ∈ MT . This
way we have defined a map

(2.2) Γ : E → MT

given by E �→ GE. Since all elements τ ∈ T × σ(μ∗
e) can be obtained from an

element y = λ/n ∈ a as above, Γ is surjective. It is also easy to see that Γ is
X∗(T

ad)-invariant with respect to its translation action on E.

2.2.6. Suppose y ∈ a; then y lies in a unique facet F which spans a relevant affine
subspace E. We define Gy and GF to be GE. We denote the Lie algebra of Gy and
GF by gy and gF . Consider the composition

ΓF : F → E
Γ−→ MT → M

sending a facet F to GE where E = Span(F ). For [M ] ∈ M (the G-conjugacy class
of a pseudo-Levi M), let F[M ] ⊂ F denote the preimage of [M ] under the map ΓF.

2.2.7. Let E be a relevant affine subspace of a, and letM = GE be the corresponding
pseudo-Levi subgroup. Let ZM be the center of M , and let Z0

M be the neutral
component of ZM . Let aM = X∗(Z

0
M )⊗Z Q ⊂ a. Then E is a torsor under aM .

Let aM = X∗(T/ZM )⊗ZQ = a/aM . Let πM : a → aM be the natural projection.
The subgroup WE of Waff fixes E pointwise and induces an affine action on aM

fixing the point πM (E). Shifting by −πM (E), we may identify WE with the Weyl
group of M with respect to T , which acts linearly on aM .

2.2.8. The Killing form on a restricts to a Euclidean structure on ER = E⊗R. For
each H ∈ H, the intersection H ∩E is either empty, or the whole E, or a hyperplane
in E. Let H(E) be the set of hyperplanes in E of the form H ∩ E, where H ∈ H.
These hyperplanes give a stratification of E into E-facets. This stratification is
simply the restriction to E of the stratification of a by facets, and an E-facet is
simply a facet of a that is contained in E. Let F(E) denote the set of E-facets.
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We call the open E-facets E-alcoves. These are in natural bijection with connected
components of E′

R = ER −
⋃

H∈H(E) HR. The set of E-alcoves is denoted Alc(E).

2.3. Action of Grot
m .

2.3.1. Let Grot
m be a one-dimensional torus. For each relevant affine subspace E ⊂ a,

we define an action of Grot
m on the corresponding pseudo-Levi subgroup GE as

follows. It acts trivially on T . For each (α, i) ∈ RE, we let Grot
m act on the root

space gi(α) of gE with weight −e〈α, y〉 for any y ∈ E (note here that −e〈α, y〉 ∈ Z

is independent of the choice of y ∈ E).
If H is a subgroup of GE stable under the action of Grot

m , we denote H♦ =
H �Grot

m .

2.3.2. We denote the canonical generator of X∗(G
rot
m ) by ed; dually the canonical

generator of X∗(Grot
m ) is δ/e. We then identify a♦ = a ⊕ Qd (see §2.1.8) with

X∗(T♦)Q, where T♦ = T ×Grot
m .

2.3.3. For a relevant affine subspace E ⊂ a, let E♦ be the Q-linear span of the affine
subspace E + d ⊂ a♦. Let M = GE. Then δ ∈ a∗♦ restricts to a linear function
δ : E♦ → Q, and we have

E = δ−1(1); aM = δ−1(0).

The center ZM♦ of M♦ = M �Grot
m fits into an exact sequence

1 → ZM → ZM♦ → Grot
m → 1.

The neutral component Z0
M♦

is a subtorus of T♦ = T ×Grot
m . Therefore X∗(Z

0
M♦

)Q
is a linear subspace of X∗(T♦)Q = a♦. The following lemma is a direct calculation.

2.3.4. Lemma. We have X∗(Z
0
M♦

)Q = E♦ as subspaces of a♦.

2.4. Relative affine Weyl group.

2.4.1. We fix a G-conjugacy class [M ] of pseudo-Levi subgroups of (G, σ), i.e.,
[M ] ∈ M. We assume that m = Lie M carries an M -equivariant cuspidal local
system L supported on some nilpotent orbit O. This means that the perverse sheaf
L�[dimO] is cuspidal for the semisimple Lie algebra mder = [m,m] in the sense of
[4, 2(a)]. By the classification of cuspidal local systems in [3], such a nilpotent orbit
O, if it exists, is unique (i.e., independent of the cuspidal local system L).

The possible conjugacy classes of pseudo-Levi subgroups M supporting cuspidal
local systems on a nilpotent orbit are classified in [6, §7] in the case e = 1 and in
[8, §11] in the case e = 2 or 3. If we choose a standard alcove A0 in a, one can find
a standard facet F ⊂ A0 such that F ∈ F[M ] (which may not be unique). Then F
corresponds to a subdiagram of the (twisted) extended Dynkin diagram of (G, σ).
In loc. cit., all such subdiagrams arising from M supporting cuspidal local systems
are shown in the boxes inside the ambient affine Dynkin diagrams.

2.4.2. Let A ∈ F[M ] and E = Span(A). Recall this means that GE is in the G-
conjugacy class [M ]. For notational convenience we may assume GE = M .

For each H ∈ H(E), there is a unique orthogonal reflection rH across H. Let
Waff(E) be the group of affine isometries of E generated by the reflections rH for all
H ∈ H(E). Let I(A) be the set of hyperplanes H ∈ H(E) spanned by codimension
one facets on the boundary of A.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

Z/mZ-GRADED LIE ALGEBRAS AND PERVERSE SHEAVES, III 97

2.4.3. Proposition ([6]).

(1) The group Waff(E) acts simply transitively on Alc(E).
(2) If dimE > 0, then Waff(E) is an affine Coxeter group with simple reflections

{rH}H∈I(A).

Proof. Let I be any system of simple generators ofWaff containing I(A). By [6, §5.6]
(which uses the classification of cuspidal local systems given in [5]), in the case e = 1,
I(A) is an excellent subset of I in the sense of [6, §2.4]. In the case e = 2 or 3, I(A)
is again an excellent subset of I. This follows by examining the tables in [8, §11]
case by case. Then the desired statements follow from [6, §2.9, §2.11(a)]. �

2.4.4. For A ∈ F[M ] which spans E, let

WA
aff := (Waff(E), I(A))

be the resulting Coxeter group.
For each H ∈ I(A), we have its stabilizer WH under Waff. For a pair H �= H ′ ∈

I(A), the intersection H∩H ′ is also a relevant affine subspace, henceWH∩H′ ⊂ Waff

is also defined. For any of the finite Weyl groups WE,WH , and WH∩H′ , under any
system of Coxeter generators, the length of the longest element is well-defined, and
we denote it by �(WE), �(WH) and �(WH∩H′).

By [6, §2.28(a)], for H,H ′ ∈ I(A), the order mH,H′ of rHrH′ in Waff(E) is given
by

mH,H′ =
2(�(WH∩H′)− �(WE))

�(WH) + �(WH′)− 2�(WE)
.

Let NWaff
(WE) be the normalizer of WE in Waff. Since WE is the pointwise

stabilizer of E and E is the fixed point locus of WE, NWaff
(WE) is also the stabilizer

of E under Waff. The quotient NWaff
(WE)/WE acts on E by affine isometries.

2.4.5. Proposition ([6, Lemma 2.29(a)]). The natural homomorphism

NWaff
(WE)/WE → Aut(E)

is injective, and its image is Waff(E). In particular, we have a canonical isomor-
phism

NWaff
(WE)/WE

∼= Waff(E).

2.4.6. The linear action of Waff on a♦ (see §2.1.8) restricts to a linear action of
Waff(E) ∼= NWaff

(WE)/WE on E♦. We denote the action of w ∈ Waff(E) on E♦ and
its dual space E∗

♦ by ξ �→ wξ.

2.4.7. For each hyperplane H ∈ H(E), we shall introduce a root αH ∈ aM,∗ and a
coroot α∨

H ∈ aM . Since H itself is a relevant affine subspace, we have a pseudo-Levi
subgroup L := GH ⊂ G containing M . The connected component of ER − HR

containing A gives a parabolic subgroup Q ⊂ L containing M as a Levi subgroup.
This gives a triangular decomposition of l = Lie L,

(2.3) l = n+ ⊕m⊕ n−,

where n+ is the nilradical of Lie Q. Then m acts on n± by the adjoint action.
The Z0

M -weights on n+ are multiples of each other (because their vanishing loci
are parallel to H). Let αH ∈ X∗(Z0

M ) be the shortest weight that appears in n+.
This defines an assignment H(E) → X∗(Z0

M ) given by H �→ αH . The vanishing
locus of αH (as a hyperplane in aM ) is parallel to H. There is a unique affine
function α̃H on E whose linear part is αH and whose vanishing locus is H.
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Recall we have the reflection rH across H. We define α∨
H ∈ aM to be the unique

element such that

rH(x) = x− α̃H(x)α∨
H ∀x ∈ E.

2.4.8. For each H ∈ H(E), we introduce a positive integer cH following [5, 2.10].
We use the same notation as §2.4.7. Recall that O ⊂ m is the nilpotent orbit that
supports a cuspidal local system. Pick any e ∈ O, and denote its adjoint action
on n+ (see (2.3)) by ad(e). We define cH to be the largest integer c such that
ad(e)c−2 �= 0 as an endomorphism of n+. In other words, cH − 1 is the largest size
of a Jordan block of n+ under ad(e). Clearly cH is independent of the choice of
e ∈ O. The assignment H �→ cH defines a function

c : H(E) → Z>0.

It is also clear that the function c is invariant under the permutation action of
Waff(E) on H(E).

2.4.9. Canonicity of (E,Waff(E), I(A)). So far we have used the choice of A ∈ F[M ]

to define the affine Coxeter group WA
aff = (Waff(E), I(A)). If A1 ∈ F[M ] is another

facet with E1 = Span(A1), then the affine Coxeter group WA1

aff (Waff(E1), I(A1)) is
also defined and it acts on E1. Suppose A1 and A are in the same Waff-orbit; we
claim that there is a canonical affine isometry E ∼= E1 and a canonical isomorphism
of Coxeter groups WA

aff
∼= WA1

aff under which the action of Waff(E) on E and the
action of Waff(E1) on E1 are intertwined.

In fact, let w ∈ Waff be such that A1 = wA. Then w is well-defined in the
coset Waff/WA = Waff/WE. The element w defines an affine isometry ew : E ∼= E1.

Conjugation by w gives an isomorphism Ad(w) : Waff(E) ∼= NWaff
(WE)/WE

∼→
NWaff

(WE1
)/WE1

∼= Waff(E1), sending I(A) bijectively to I(A1). The isomorphisms
ew and Ad(w) clearly intertwine the action of Waff(E) on E and the action of
Waff(E1) on E1. Changing w into ww1 for some w1 ∈ WE, we have eww1

= ew ◦
ew1

and Ad(ww1) = Ad(w)Ad(w1). Since w1 ∈ WE fixes E pointwise, both ew1

and Ad(w1) are the identity isomorphisms. Therefore both ew and Ad(w) are
independent of the choice of w ∈ Waff sending A to A1.

Under the canonical isomorphism (E,Waff(E), I(A)) ∼= (E1,Waff(E1), I(A1)) de-
scribed above, the set of hyperplanes H(E) maps bijectively to H(E1), and the
assignments H �→ αH , α∨

H and cH are compatible with such bijections. Moreover,
the isomorphism E ∼= E1 extends uniquely to a linear isomorphism E♦ ∼= E1,♦ pre-
serving the linear function δ, under which the linear actions of Waff(E) and Waff(E1)
are intertwined.

2.5. The graded DAHA attached to WA
aff. We retain the setup as in the be-

ginning of §2.4.

2.5.1. Fix A ∈ F[M ] and let E = Span(A), M = GE. For each i ∈ I(A) (which is
a subset of H(E)) indexing a simple reflection si ∈ Waff(E), we have defined the
simple root αi ∈ aM,∗, simple coroot α∨

i ∈ aM , and a positive integer ci in §2.4.7
and §2.4.8.

We define a graded Q-algebra Hc(W
A
aff) as follows. As a Q-vector space it is a

tensor product

(2.4) Hc(W
A
aff) = Q[u]⊗ Sym(E∗

♦)⊗Q[Waff(E)].
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The grading on Hc(W
A
aff) is determined by assigning u and E∗

♦ degree 2, and as-

signing Waff(E) degree 0. The algebra structure on Hc(W
A
aff) is determined by:

• Each of the tensor factors in (2.4) is a subalgebra.
• u is central in Hc(W

A
aff).

• For each simple reflection si ∈ Waff(E) (i ∈ I(A)), we have

(2.5) (1⊗1⊗si)·(1⊗v⊗1)−(1⊗siv⊗1)·(1⊗1⊗si) = ci〈v, α∨
i 〉u⊗1⊗1 ∀v ∈ E∗

♦.

Here the pairing 〈v, α∨
i 〉 makes sense because aM is a subspace of E♦.

2.5.2. Specialization. The element δ ∈ E∗
♦ is invariant under the action of Waff(E),

therefore it is central in Hc(W
A
aff) by the relation (2.5). For ν ∈ Q, we define a

quotient of Hc(W
A
aff) given by

Hc,ν(W
A
aff) = Hc(W

A
aff)/(u+ ν, δ − 1).

Now Hc,ν(W
A
aff) is no longer graded but only filtered: if we let F≤i = F≤iHc,ν(W

A
aff)

be the image of degree ≤ i elements in Hc(W
A
aff) for i ∈ Z≥0, then F≤i ·F≤j ⊂ F≤i+j

for all i, j ∈ Z≥0.

2.5.3. By the discussion in §2.4.9, if A,A1 ∈ F[M ] are in the same Waff-orbit, then
there is a canonical isomorphism of Q[u, δ]-algebras Hc(W

A
aff)

∼= Hc(W
A1

aff ), and a

canonical isomorphism of algebras Hc,ν(W
A
aff)

∼= Hc,ν(W
A1

aff ) for any ν ∈ Q.

3. Facets and spirals

In this section we describe how to obtain spirals for the Z/mZ-graded Lie algebra
g from facets in a. The results in this section are closely related to, and sometimes
reformulations of results in [10, §10] (see §3.4.11 for comparison with the notation
in [10]).

3.1. Z/mZ-gradings on g.

3.1.1. Let G, g and the Z/mZ-grading on g be given as in the Introduction. Such
a Z/mZ-grading on g is the same datum as a homomorphism θ : μm → Aut(G).
Given such a θ, the graded piece gi is the subspace of g where θ(ζ) acts by ζi, for
all ζ ∈ μm.

Consider the composition θOut : μm
θ−→ Aut(G) → Out(G). Since elements

in Out(G) have order 1, 2, or 3, there is a unique e ∈ {1, 2, 3} and an injective
homomorphism σ : μe ↪→ Out(G) such that θOut factors as

θOut : μm
[m/e]−−−→ μe

σ−→ Out(G),

where [m/e] is the map ζ �→ ζm/e. We call σ the outer class of the Z/mZ-grading
θ. The discussions in §2 are then applicable to the pair (G, σ). In particular, we
fix a maximal torus T ⊂ Gσ as in §2.1.2.
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3.1.2. By Lemma 2.2.2(1), for a primitive element ζ ∈ μm, the element θ(ζ) is
G-conjugate to an element in T ad × σ(ζm/e). Therefore, θ is G-conjugate to a
homomorphism

(3.1) θx = (x, [m/e]) : μm → T ad × μe,

where the first factor is given by an element x ∈ X∗(T
ad) ⊗ Z/mZ. Therefore,

without loss of generality, we may assume that θ takes the form (3.1) for some
element x ∈ X∗(T

ad)⊗ Z/mZ.

3.1.3. For the rest of the section, we fix an element x ∈ X∗(T
ad) with image x ∈

X∗(T
ad)⊗ Z/mZ. In other words, x is a cocharacter Gm → T ad whose restriction

to μm gives the first factor of θx.

3.1.4. Lemma. The point x/m ∈ X∗(T
ad)Q = a defines a pseudo-Levi subgroup

Gx/m as in §2.2.6 and §2.2.5. We have G0 = Gx/m, and T is a maximal torus of
G0.

Proof. Let ζ be a primitive mth root of unity. By definition G0 = Gτ for τ =

x(ζ)σ(ζm/e). The calculation in §2.2.5 shows that Gτ = Gx/m. By Lemma 2.2.2(2),
T is a maximal torus of Gτ = G0. �

The proof above shows that

(3.2) gn =
⊕

(α,i)∈˜Φ(G,T );〈α,x〉/m+i/e∈n/m+Z
g
i(α).

The Weyl group WG0
of G0 can be identified with Wx/m, the stabilizer of x/m

under the affine Weyl group Waff.

3.2. Graded pseudo-Levi subgroups.

3.2.1. Let m ⊂ g be a subalgebra. A Z-grading m∗ on m is said to be compatible
with the given Z/mZ-grading on g if for any i ∈ Z/mZ we have

gi ∩m =
⊕

n≡i(m)

mn.

3.2.2. Let MZ−gr be the set of quadruples (M,M0,m,m∗) where M is a pseudo-
Levi subgroup of (G, σ) with Lie algebra m, m =

⊕
n∈Z mn is a Z-grading on m

compatible with the Z/mZ-grading on g, andM0 = em0 . The adjoint representation
of G0 on g induces an action of G0 onMZ−gr, and we denote the quotient G0\MZ−gr

by M
Z−gr. Let M

Z−gr
T ⊂ MZ−gr be the subset of quadruples (M,M0,m,m∗) such

that M ∈ MT and T ⊂ M0.
If (M,M0,m,m∗) ∈ M

Z−gr
T , then T ⊂ M0, hence the Z-grading on m is given by

a unique element j ∈ X∗(T/ZM ). Hence we get a bijection

M
Z−gr
T

∼= {(M, j)|M ∈ MT , j ∈ X∗(T/ZM )}.

The Weyl group WG0
of G0 acts on M

Z−gr
T .

3.2.3. Lemma. The natural map M
Z−gr
T → M

Z−gr induces an injective map

WG0
\MZ−gr

T ↪→ M
Z−gr.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

Z/mZ-GRADED LIE ALGEBRAS AND PERVERSE SHEAVES, III 101

Proof. Suppose (M,M0,m,m∗) and (M ′,M ′
0,m

′,m′
∗) are both in M

Z−gr
T , and g ∈

G0 is such that Ad(g)(M,M0,m,m∗) = (M ′,M ′
0,m

′,m′
∗). Since Ad(g)M0 = M ′

0,
Ad(g)T and T are both maximal tori of M ′

0, there exists m′ ∈ M ′
0 such that

Ad(m′)Ad(g)T = T . Replacing g by m′g, we have Ad(g)T = T , hence g ∈ NG0
(T ).

Since T acts trivially on M
Z−gr
T , letting w ∈ WG0

be the image of g, then w ·
(M,M0,m,m∗) = (M ′,M ′

0,m
′,m′

∗). This shows that the fibers of MZ−gr
T → M

Z−gr

are WG0
-orbits. �

3.3. Spirals and splittings.

3.3.1. We recall from [9] some basic definitions about spirals. Recall ε ∈ {±1} is
the sign of η. An element λ ∈ YG0,Q (see [9, §0.11], it means λ is a formal expression

λ′/N where λ′ : Gm → G0 and N ∈ Z>0) induces a Q-grading g =
⊕

r∈Q(
λ
r g) on g

such that each gi is the direct sum of λ
r gi =

λ
r g ∩ gi for various r ∈ Q. Using λ we

define

(3.3) ε
p
λ
n := λ

≥εngn =
⊕

r∈Q,r≥εn

(λrgn) ∀n ∈ Z.

Recall from [9, §2.5] that an ε-spiral for the Z/mZ-graded g is a collection of
subspaces p∗ = {pn|n ∈ Z} of the form εpλ∗ for some λ ∈ YG0,Q.

We also recall
εlλn := λ

εngn.

Since ε is fixed throughout, we shall omit the left superscript ε from the notation
such as εpλn and εlλn.

The direct sum lλ =
⊕

n∈Z l
λ
n is a reductive subalgebra of g, and we let Lλ = el

λ

,

Lλ
0 = el

λ
0 . Note that in [9], lλn was denoted l̃λn, L

λ was denoted Λ̃λ, etc.; in this
paper we omit the tildes.

Recall from [9, §2.6] that a splitting of the spiral p∗ is a system of the form
(Lλ, Lλ

0 , l
λ, lλ∗ ) for some λ ∈ YG0,Q such that p∗ = pλ∗ . The following statement is

proved in [9, 2.6(c)].

3.3.2. Lemma. For λ ∈ YG0,Q, the group Lλ is a pseudo-Levi subgroup of (G, σ).

3.3.3. Let P be the set of G0-conjugacy classes of ε-spirals for the Z/mZ-graded
g. By Lemma 3.3.2, assigning to an ε-spiral p∗ any of its splittings (which are
conjugate under P0 = ep0 by [9, §2.7(a)]), we get a map

Λ : P → M
Z−gr.

3.4. Spirals and facets. In this subsection we discuss the relationship between
spirals and facets in a. The key ingredients are summarized in the diagram (3.6).
Some results here are reformulations of results in [10, §10]. We also point out the
relationship between spirals and parahoric subalgebras in the loop Lie algebra in
§3.4.13.

3.4.1. Let PT be the set of ε-spirals p∗ of the form pλ∗ for some λ ∈ a (note that
a = YT,Q is naturally a subset of YG0,Q). The Weyl group WG0

acts on PT by
conjugation.

3.4.2. Lemma. The natural map PT → P induces a bijection

WG0
\PT

∼→ P.
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Proof. First, the map PT → P is surjective because every λ ∈ YG0,Q is G0-
conjugate to one in a.

Now suppose for λ, λ′ ∈ a, pλ∗ and pλ
′

∗ are G0-conjugate to each other. Let

g ∈ G0 be such that Ad(g)pλ
′

∗ = pλ∗ , i.e., p
Ad(g)λ′

∗ = pλ∗ . Let P0 = ep
λ
0 , L0 = el

λ
0

and P ′
0 = ep

λ′
0 , L′

0 = el
λ′
0 . Then P0 is a parabolic subgroup of G0 with Levi

subgroup L0; P
′
0 is a parabolic subgroup of G0 with Levi subgroup L′

0. We have
Ad(g)P ′

0 = P0, hence both Ad(g)L′
0 and L0 are Levi subgroups of P0. Therefore,

there exists p ∈ P0 such that Ad(p)Ad(g)L′
0 = L0. Replacing g by pg, we have

Ad(g)(P ′
0, L

′
0) = (P0, L0). Since l0 = Ad(g)l′0 =

Ad(g)λ′

0 g0 contains t, then for any
integer N such that Nλ′ defines a homomorphism Nλ′ : Gm → G0, the image of
Ad(g)(Nλ′) commutes with T . Therefore Ad(g)(Nλ′) has image in T because T is
a maximal torus in G0, hence Ad(g)λ′ ∈ a. Since λ′ and Ad(g)λ′ are both in a and
are conjugate under G0, they are in the same WG0

-orbit. Therefore there exists

w ∈ WG0
such that Ad(g)λ′ = wλ′, hence pλ∗ = p

Ad(g)λ′

∗ = pwλ′

∗ = wpλ
′

∗ , i.e., the

spirals pλ∗ and pλ
′

∗ are in the same WG0
-orbit. �

3.4.3. By (3.2), we have

lλ =
⊕

(α,i)∈˜Φ(G,T );〈α,x−ελ〉/m+i/e∈Z
gi(α).

Comparing with the root system of G(x−ελ)/m (see §2.2.5), we see that

(3.4) l
λ = g(x−ελ)/m; Lλ = G(x−ελ)/m.

For y ∈ a, we let

λy := ε(x−my);

then we have Lλy = Gy.

3.4.4. Lemma. Let y, y′ ∈ a; then p
λy
∗ = p

λy′
∗ if and only if y and y′ are in the

same facet of a.

Proof. We argue for the case ε = 1 and the case ε = −1 is similar. From (3.2)

and (3.3) we see that p
λy
n is the sum of gi(α) where (α, i) ∈ Φ̃(G, T ) such that

(〈α, x〉 − n)/m + i/e ∈ Z and that (〈α, x〉 − n)/m ≥ 〈α, y〉. In other words the

condition for gi(α) to appear in p
λy
n is that for some � ∈ Z with residue class i mod

e, we have (〈α, x〉−n)/m+ �/e = 0 ≥ 〈α, y〉+ �/e. I.e., gi(α) appears in p
λy
n if and

only if there exists an affine root α̃ = α+ �/e with image (α, i) ∈ Φ̃(G, T ) such that

(3.5) α̃(x/m)− n/m = 0 ≥ α̃(y).

Suppose y and y′ are in the same facet; then for any affine real root α̃, α̃(y)
and α̃(y′) are either both positive or both negative or both zero. Therefore the

condition (3.5) holds for y if and only if it holds for y′. Hence p
λy
∗ = p

λy′
∗ .

Conversely, suppose y and y′ do not lie in the same facet; then there exists a real

affine root α̃ ∈ Φaff such that α̃(y) ≤ 0 but α̃(y′) > 0. Let (α, i) ∈ Φ̃(G, T ) be the
image of α̃. Let n = mα̃(x/m) ∈ Z; then by (3.5) we see that gi(α) is contained in

p
λy
n but not in p

λy′
n . Therefore p

λy
∗ is not equal to p

λy′
∗ in this case. �
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3.4.5. Let F ∈ F. We define the ε-spiral pF∗ as p
λy
∗ for any y ∈ F . This is well-

defined by Lemma 3.4.4. The map F �→ pF∗ then gives a bijection

Δx : F
∼→ PT .

The notation Δx suggests that it depends on x and not just on x.

We define a splitting (LF , LF
0 , l

F , lF∗ ) of p
F
∗ as (Lλy , L

λy

0 , lλy , l
λy
∗ ) for any y ∈ F .

Then the assignment F �→ (LF , LF
0 , l

F , lF∗ ) ∈ MT gives a map

ΛT : PT
Δ−1

x−−−→ F → M
Z−gr
T .

Alternatively, for p∗ ∈ PT , the element ΛT (p∗) may be characterized as the unique
splitting (L,L0, l, l∗) of p∗ such that T ⊂ L0, but we shall not need this statement.

3.4.6. Lemma. For any E ∈ E, denoting GE by M , we define jx ∈ aM by

jx = m(πM (x/m)− πM (E)),

where we recall πM : a → aM = a/aM is the projection. Then jx ∈ X∗(T/ZM ) ⊂
aM , and therefore jx defines a Z-grading m∗ on m = Lie M .

Proof. For F ∈ Alc(E), we denote (LF , LF
0 , l

F , lF∗ ) by (M,M0,m,m∗) ∈ M
Z−gr
T .

Let y ∈ F , and λy = ε(x −my). Then by §3.4.5 and (3.4), we have M = Gy. By
definition, the Z-grading on m = lF is the restriction of the Q-grading ελy = x−my
of g. Therefore, the Z-grading on m is given by the image πM (λy) = πM (x−my) =
m(πM (x/m) − πM (E)) = jx. This shows that jx has integral weights on m and
hence jx ∈ X∗(T/ZM ). �

3.4.7. By Lemma 3.4.6, the assignment E �→ (M = GE, jx) defines a map

Γx : E → M
Z−gr
T .

We claim that this map is injective. In fact, if both E and E′ ∈ E give the same

(M,M0,m,m∗) ∈ M
Z−gr
T , then E is parallel to E′ because they are both paral-

lel to aM . Moreover, the gradings on m induced by m(πM (x/m) − πM (E)) and
m(πM (x/m)− πM (E′)) are the same, hence πM (E) = πM (E′). Therefore E = E′.

3.4.8. Recall that an admissible system is (M,M0,m,m∗,L), where (M,M0,m,m∗)
∈ MZ−gr which lies in the image of Λ : P → MZ−gr (see [9, §3.1(c)]), and L is
an M0-equivariant cuspidal local system on the open M0-orbit m̊η of mη in the
sense of [7, §4.4]. Our notation is slightly different from that in [9, §3.1], where
(M,M0,m,m∗,L�) is called an admissible system. Let Tη be the set of admissible
systems, and let Tη = G0\Tη. Forgetting the local system L gives a map Tη →
MZ−gr, and passes to the G0-quotients Tη → M

Z−gr.

3.4.9. The constructions of the maps Δx,Γx and ΛT gives a commutative diagram

(3.6) Wx/m\F Δx

∼
��

��

WG0
\PT

ΛT

��

∼
�� P

Λ

��

Wx/m\E �
� Γx �� WG0

\MZ−gr
T

� � �� M
Z−gr

Here we have used the isomorphism Wx/m
∼= WG0

, the injectivity of Γx shown in
§3.4.7, Lemma 3.2.3, and the isomorphism proved in Lemma 3.4.2. The composition
of the first row is given by [F ] �→ [pF∗ ].
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For ξ ∈ Tη, let ξ ∈ M
Z−gr be its image. Let M

Z−gr,ξ
T ,Pξ

T ,F
ξ, and Eξ be the

subsets of M
Z−gr
T ,PT ,F, and E which is the preimage of ξ (these subsets only

depend on ξ, but we use the superscripts ξ for simplicity of notation). The diagram
(3.6) restricts to a diagram

(3.7) Wx/m\Fξ Δx

∼
��

��

WG0
\Pξ

T

ΛT

��

∼
�� P

ξ

Λ

��

Wx/m\Eξ Γx

∼
�� WG0

\MZ−gr,ξ
T ∼

�� {ξ}

3.4.10. Corollary. Let ξ ∈ Tη.

(1) All elements in Fξ are in the same Waff-orbit.
(2) Let E ∈ Eξ. Then the inclusion Alc(E) ⊂ Fξ induces a bijection

Wx/m(E)\Alc(E)
∼→ Wx/m\Fξ ∼= P

ξ,

where Wx/m(E) is the image of Wx/m ∩NWaff
(WE) in

Waff(E) ∼= NWaff
(WE)/WE.

Proof. By the diagram (3.7), Wx/m\Eξ is a singleton, i.e., the action of Wx/m on

Eξ is transitive. Let E ∈ Eξ and F ∈ Fξ. Then Span(F ) is in the Wx/m-orbit of
E, therefore, the facet F is in the Wx/m-orbit of an alcove of E. In other words,

the map Alc(E) → Wx/m\Fξ is surjective. Since NWaff
(WE) is the stabilizer of E

under Waff (see the discussion before Proposition 2.4.5), two facets in Alc(E) are in
the same Wx/m-orbit if and only if they are in the same Wx/m ∩NWaff

(WE)-orbit,
which implies (2).

If A,A1 ∈ Fξ, then E = Span(A) and E1 = Span(A1) are both in Eξ. Hence
there exists w ∈ Wx/m such that wE = E1. Now both A1 and wA are E1-alcoves.
By Proposition 2.4.3(1), there exists w1 ∈ Waff(E1) such that w1wA = A1. Hence
A1 is in the same Waff-orbit as A, which proves (1). �

3.4.11. Comparison with [10, §10]. We explain the relation between the notation
used here and that in [10, §10]. Let E ∈ Eξ and Γx(E) = (M,M0,m,m∗). In
[10, §10.1], the vector space aM was denoted by E, and we introduced a set of
affine hyperplanes (denoted by Hα,n,N ) in it. To each � ∈ E we attached an ε-
spiral denoted by p

�
∗ in [10, §10.2]. We claim that there is an affine isomorphism

τ : E ∼= E, sending the set of hyperplanes {Hα,n,N} bijectively to H(E), such that

if � ∈ E corresponds to y ∈ E; then p
�
∗ = p

λy
∗ .

First note that in the notation of [10], the grading on m is induced by ηι/2 ∈
X∗(T )Q, which lies in X∗(T ∩Mder)Q because ι comes from a homomorphism φ :
SL2 → M . Therefore πM (ηι/2) = j. In particular, πM (x − ηι/2)/m = (πM (x) −
j)/m therefore (x− ηι/2)/m ∈ E. Therefore the map � �→ y = (x− η

2 (ι+�))/m

gives an affine isomorphism τ : E = aM
∼→ E. If � �→ y under this map, then

λy = εη
2 (ι+�) = |η|

2 (ι+�) = �, therefore p
�
∗ = p

λy
∗ .

Under the isomorphism τ , the open subset E′ introduced in [10, §10.1] (which
is the complement of the hyperplanes Hα,n,N ) is characterized by the following
property: for � ∈ E, l

�
∗ = m∗ if and only if � ∈ E′ (see [10, 10.2(b)]). On the

other hand, the argument of Lemma 3.4.4 shows that for y ∈ E, l
λy
∗ = m∗ if and
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only if Gy = M , i.e., y ∈ E′. Therefore τ (E′) = E′ := E −
⋃

H∈H(E) H, hence the

set of hyperplanes {Hα,n,N} in E′ corresponds to H(E) under τ .
The following statement will not be used in the rest of the paper.

3.4.12. Lemma. Let E ∈ Eξ and (M,M0,m,m∗) = Γx(E). Let W be the finite
Weyl group introduced in [10, §10.11] which acts faithfully on E. Then under the
isomorphism τ : E ∼= E in §3.4.11, W corresponds to the group Wx/m(E) introduced
in Corollary 3.4.10.

Proof. Recall the group H ′ introduced in [10, §10.9]: it is the normalizer of
(M,M0,m,m∗) in G0. By [10, §10.9(e)], the group M0 is the identity compo-
nent of H ′, and H ′/M0

∼= W . Since T is a maximal torus of M0, we have
NH′(T )/NM0

(T ) ∼= H ′/M0
∼= W . Since Wx/m(E) = (Wx/m ∩NWaff

(WE))/(Wx/m ∩
WE), the desired isomorphism W ∼= Wx/m(E) follows from two canonical isomor-
phisms

NH′(T )/T ∼= Wx/m ∩NWaff
(WE);(3.8)

NM0
(T )/T ∼= Wx/m ∩WE.(3.9)

Since H ′,M0 are subgroups of G0 containing T , both NH′(T )/T and NM0
(T )/T

are subgroups of WG0
, which is identified with Wx/m. The above isomorphisms will

in fact be equalities of subgroups of Wx/m.
We show (3.9). Since M0 is the subgroup of M that fixes the grading element

jx ∈ aM , NM0
(T )/T is the subgroup of NM (T )/T = WE that fixes jx in aM . Now

suppose w ∈ WE. By the definition of jx in Lemma 3.4.6, it is fixed by w if and only
if w(x/m) and x/m have the same image under πM . Since w fixes E pointwise,
the points w(x/m) and x/m have the same orthogonal projection to E as well.
Therefore w ∈ NM0

(T )/T ⊂ WE if and only if w(x/m) = x/m.
We show (3.8). Let w ∈ NH′(T )/T ⊂ Wx/m. Now we view x/m as the origin of

a, so that w acts linearly on a. Let E′ be the affine subspace parallel to aM that
passes through x/m. Since w normalizes M , it normalizes Z◦

M , hence stabilizes E′.
Since w normalizes each graded piece of m, it fixes the grading element jx ∈ aM , and
therefore fixes 〈x/m〉E (the projection of x/m to E). These imply that w stabilizes
E (which is characterized as the affine subspace parallel to E′ and passing through
〈x/m〉E). Therefore NH′(T )/T ⊂ Wx/m ∩NWaff

(WE).
Conversely, if w ∈ Wx/m also lies in NWaff

(WE), then w stabilizes E. Again let

E′ be the affine subspace parallel to aM that passes through x/m; then w stabilizes
E′, hence induces an action w on the quotient aM = a/E′. Let M ′ = CG(Z

0
M );

then M ′ is the smallest Levi subgroup of G containing M . Now w fixes both
πM (E′) = πM (x/m) and πM (E) in aM . Note that aM has a set of affine hyperplanes
H(aM ) given by πM (H) for those H ∈ H (whenver πM (H) is an affine hyperplane
in aM ). The root system Φ(M,T ) up to ±1 can be identified with the linear parts
of those H ∈ H(aM ) passing through πM (E). Since w preserves H(aM ) and fixes
πM (E), it stabilizes Φ(M,T ), hence any lift of w to NG0

(T ) stabilizes M . Since w
fixes the grading element jx ∈ aM (because it fixes πM (x/m)) for m, it normalizes
(M,M0,m,m∗). This finishes the proof of (3.8). �

The combination of Corollary 3.4.10, §3.4.11, and Lemma 3.4.12 implies that
P

ξ is in natural bijection with W\Alc(E) (where Alc(E) as the set of alcoves in E
defined by the hyperplanes {Hα,n,N} in [10, §10]). This is essentially a restatement
of [10, §10.11(a)].
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3.4.13. Spirals and parahoric subalgebras. We clarify the relationship between spi-
rals and parahoric subalgebras in the loop algebra of g. This discussion is indepen-
dent of the rest of the paper. From (g, σ), we may form the σ-twisted loop algebra
g̃ as in [2, §8.2]: g̃ = L(g, σ, e) is the fixed point subalgebra of g ⊗k k�t1/e� under
the diagonal action μe � ζ : X ⊗ tn/e �→ σ(ζ)ζ−nX ⊗ tn/e. We can then talk about
affine roots of g̃ as in [2], which includes the real affine roots Φaff as in §2.1.5 and
imaginary roots {nδ|n ∈ Z− {0}}. Then g̃ is the Lie algebra of a quasi-split form
G of G over F = k�t�, and a is the apartment attached to the maximal split torus
TF of G. By Bruhat-Tits theory, each point y ∈ a defines a parahoric subalgebra
g̃y,≥0 of g̃ which is the t-adic completion of the span of the affine root spaces g̃(α̃)
such that α̃(y) ≥ 0 (including imaginary roots). For any r ∈ Q we define g̃y,r to be
the direct sum of those affine root spaces g̃(α̃) such that α̃(y) = r.

With the choice of x ∈ X∗(T
ad) lifting x, the equality (3.2) gives a canonical

isomorphism

(3.10) gn
∼= g̃x/m,n/m for n ∈ Z.

We may reinterpret (−1)-spirals −1pλ∗ for the Z/mZ-graded Lie algebra g using
parahoric subalgebras of g̃ as follows. Under the isomorphism (3.10), we have for
any y ∈ a

−1pmy−x
n = g̃x/m,n/m ∩ g̃y,≥0,

1lx−my
n = −1lmy−x

n = g̃x/m,n/m ∩ g̃y,0 for n ∈ Z.

4. The graded DAHA action on spiral inductions

In this section we give the proof of Theorem 1.2.3.

4.1. Some preparation.

4.1.1. We keep the setup of §3.1. In particular, we fix a maximal torus T ⊂ G0; the

Z/mZ-grading on g is given by θx as in (3.1) for an element x ∈ X∗(T
ad)⊗ Z/mZ.

We also fix a lifting x ∈ X∗(T
ad) of x.

4.1.2. Canonical graded DAHA. For any A ∈ Fξ, we have defined an affine Coxeter
group WA

aff and a graded DAHA Hc(W
A
aff) in §2.4 and §2.5. By Corollary 3.4.10,

all facets A ∈ Fξ are in the same Waff-orbit. By the discussion in §2.4.9 and
§2.5.3, we may canonically identify the various WA

aff, E = Span(A) and Hc(W
A
aff) for

A ∈ Fξ. We denote the resulting affine Coxeter group byW ξ
aff with simple reflections

indexed by Iξ and reflection representation on a canonical Q-vector space E
ξ
♦. We

have a canonical linear function δ : Eξ
♦ → Q and define Eξ = δ−1(1) ⊂ E

ξ
♦. The

corresponding graded DAHA is denoted by Hc(W
ξ
aff). We define the specialization

Hc,ν(W
ξ
aff) = Hc(W

ξ
aff)/(u+ ν, δ − 1).

4.1.3. Spiral induction. Let A ∈ Fξ. We have two maps from the twisted product

XA = G0

PA
0× pAη (see §1.5.7)

(4.1) gη XA = G0

PA
0× pAη

αA
��

βA

�� [lAη /L
A
0 ] .

Here αA(g, v) = Ad(g)v for g ∈ G0, v ∈ pAη ; βA(g, v) is the image of v under

pAη → lAη → [lAη /L
A
0 ].
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By definition, there exists g∈ G0 such that Ad(g)(LA, LA
0 , l

A, lA∗ )=(M,M0,m,m∗).

Then Ad(g) induces an isomorphism of stacks Ad(g) : [lAη /L
A
0 ]

∼= [mη/M0], and the

LA
0 -equivariant local system Ad(g)∗L on the open LA

0 -orbit l̊
A
η is defined. We claim

that the isomorphism class of Ad(g)∗L is independent of the choice of g. In fact,
for a different choice of g′ ∈ G0 such that Ad(g′)(LA, LA

0 , l
A, lA∗ ) = (M,M0,m,m∗),

g′g−1 ∈ G0 normalizes (M,M0,m,m∗), i.e., h = g′g−1 ∈ H ′ in the notation in-
troduced in [10, §10.9]. By [10, §10.10(a)], Ad(h)∗L ∼= L, therefore Ad(g′)∗L ∼=
Ad(g)∗L.

The above discussion shows that there is a canonical cuspidal local system LA on

the open l̊Aη of lAη that corresponds to L under any isomorphism (LA, LA
0 , l

A, lA∗ )
∼=

(M,M0,m,m∗) induced by an element in G0. The spiral induction from pA∗ and L
is

IA := IpA
∗
= αA

! β
A,∗LA,� ∈ DG0

(gnilη )ξ.

4.1.4. If p∗, p
′
∗ ∈ Pξ are conjugate by an element g ∈ G0, then g induces an

isomorphism Ip∗
∼= Ip′

∗ . This isomorphism is independent of the choice of g because
when p∗ = p′∗, g must lie in P0 = ep0 which then induces the identity automorphisms

on Ip∗ . Therefore, for a G0-orbit [p∗] ∈ P
ξ, we have a canonical object I[p∗] ∈

DG0
(gnilη )ξ.

Since Wx/m\Fξ ∼= P
ξ, we see that IA = IpA

∗
only depends on the Wx/m-orbit of

A ∈ Fξ. For [A] ∈ Wx/m\Fξ, we define I[A] to be IA for any A ∈ [A].

4.1.5. Action of the torus Grot
m . For any F ∈ F, we define an action of Grot

m on the
ε-spiral pF∗ in the following way. For any root space gi(α) ⊂ pFn , let G

rot
m act on it

by weight e(n−〈α, x〉)/m. Under this definition, the Grot
m -action on lF is consistent

with the definition in §2.3.
We also define the action of Grot

m on g0 (resp., gη) in a similar way: it acts on

a root space gi(α) by weight −e〈α, x/m〉 (resp., e(η − 〈α, x〉)/m). Note that the
Grot

m -action on gη depends on η, and not just η.

4.1.6. Action of the torus G�
m. Consider the homomorphism

s : Gm → T ad ×Grot
m ×Gdil

m

t �→ (x(t), tm/e, t−η).

We denote its image by G�
m.

For each facet F ∈ F, the group T ad ×Grot
m ×Gdil

m acts on PF
0 , LF , and LF

0 with
the trivial action of Gdil

m ; it also acts on the vector spaces pF∗ and lF∗ where Gdil
m

acts by scaling. Therefore G�
m acts on PF

0 , LF , pF∗ , and lF∗ . Note that the adjoint
action of LF on lF is still G�

m-equivariant. Similarly, the group T ad × Grot
m × Gdil

m

acts on G0 and gη (with the action of Grot
m defined in §4.1.5), hence G�

m also acts
on G0 and gη.

A direct calculation shows the following.

4.1.7. Lemma.

(1) The torus G�
m acts trivially on G0, gη, P

F
0 , and LF

0 .

(2) For any n ∈ Z, the torus G�
m acts on pFn and lFn by weight n− η.
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4.1.8. Enhanced spiral induction. Let A ∈ Fξ. The diagram (4.1) defining the
spiral induction consists of Grot

m × Gdil
m -equivariant maps. Therefore we have an

enhancement of the spiral induction IA into a G0,♦ × Gdil
m = (G0 � Grot

m ) × Gdil
m -

equivariant object

JA = αA
! β

A,∗LA,� ∈ DG0,♦×Gdil
m
(gη).

4.2. Localization to Gm-fixed points.

4.2.1. Let X be a k-scheme of finite type with an action of Gm. Let Y be another
k-scheme of finite type and let f : X → Y be a Gm-invariant morphism. Let
f : [X/Gm] → Y be the induced map. Let i : XGm ↪→ X be the closed embedding
of the fixed points, and let f0 : XGm → Y be the restriction of f to the fixed point
locus XGm .

Let K ∈ DGm
(X) be a constructible Gm-equivariant Q�-complex on X, also

viewed as a complex on [X/Gm]. The direct image complex f∗K is bounded from
below on Y . Let K0 = i∗K.

4.2.2. The equivariant parameter v ∈ H2
Gm

(pt) induces a map v : f∗K → f∗K[2].

Passing to perverse cohomology sheaves we get a map v : pHnf∗K → pHn+2f∗K.
Restricting to fixed points gives a map

i∗ : f∗K → f0,∗K0 ⊗H∗
Gm

(pt) =
⊕

�∈Z≥0

f0,∗K0[−2�]v�.

Passing to perverse cohomology sheaves we get a map

pHn(i∗) : pHnf∗K →
⊕

�∈Z≥0

pHn−2�f0,∗K0v
�.

Specializing v to a non-zero value v0 ∈ Q
×
� , we get

pHn(i∗)v=v0 : pHnf∗K →
⊕

�∈Z≥0

pHn−2�f0,∗K0 ⊂
{

pHoddf0,∗K0, n odd;
pHevf0,∗K0, n even.

4.2.3. Lemma. Suppose f is proper. Let v0 ∈ Q
×
� . If n ∈ Z is sufficiently large

(depending on f and K), the map v : pHnf∗K → pHn+2f∗K is an isomorphism,
and the map pHn(i∗)v=v0 gives an isomorphism

pHnf∗K
∼→

{
pHoddf0,∗K0, n odd;
pHevf0,∗K0, n even.

Proof. Let U = X − XGm and let g : [U/Gm] → Y be the restriction of f . Let
KU be the restriction of K to [U/Gm]. Since Gm has no fixed point on U , it acts
on U with finite stabilizers, hence g!KU is a constructible complex on Y bounded
both in cohomological degrees and perverse cohomological degrees. In particular,
there exists N1 ∈ Z such that pHng!KU = 0 for n ≥ N1. The exact triangle
g!KU → f∗K → f0,∗K0 → (using that f is proper) gives a long exact sequence
on the level perverse cohomology sheaves, which implies that for n ≥ N1, the
restriction map pHn(i∗) is an isomorphism.

On the other hand, the complex f0,∗K0 also has bounded perverse cohomological
degrees. Let N2 ∈ Z be such that pHnf0,∗K0 = 0 for n ≥ N2. Then for n ≥
N2, the perverse sheaf

⊕
�∈Z≥0

pHn−2�f0,∗K0v
� is equal to either pHoddf0,∗K0 or
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pHevf0,∗K0 according to the parity of n. In conclusion, when n ≥ max{N1, N2},
the map pHn(i∗) gives the desired isomorphism between pHnf∗K and pHoddf0,∗K0

or pHevf0,∗K0 according to the parity of n.
Multiplication by v gives a commutative diagram

pHnf∗K
pHn(i∗)

��

v

��

⊕
�∈Z≥0

pHn−2�f0,∗K0v
�

v

��
pHn+2f∗K

pHn+2(i∗)
��
⊕

�∈Z≥0

pHn+2−2�f0,∗K0v
�.

For n ≥ N2, the right vertical map is obviously an isomorphism. Therefore for
n ≥ max{N1, N2}, the left vertical map is also an isomorphism. �

4.3. Action of the polynomial part. In this subsection we construct an action
of the polynomial part

S
ξ
η/m := Q[u]⊗ Sym(Eξ,∗

♦ )/(u+ η/m, δ − 1)

of Hc,η/m(W ξ
aff) on

pHIA for each A ∈ Fξ.

In the rest of the subsection, we fix A ∈ Fξ and let E = Span(A). We identify

E
ξ
♦ with E♦, hence S

ξ
η/m

∼= Q[u]⊗ Sym(E∗
♦)/(u+ η/m, δ − 1).

4.3.1. We first construct an action of Q[u] ⊗ Sym(E∗
♦) on the enhanced spiral in-

duction JA defined in §4.1.8.
Let CA be the cuspidal LA-equivariant local system on the nilpotent orbit OlA

of lA containing l̊Aη whose restriction to l̊Aη gives LA (this is well-defined by [7, Prop

4.2(c)]). Clearly CA is LA
♦ × Gdil

m -equivariant. We view the middle extension CA,�

as an object in DLA
♦×Gdil

m
(lA), therefore it carries an action of H∗

LA
♦×Gdil

m
(pt).

Let LA,ab = LA/LA,der. Let LA,ab
♦ = LA

♦/L
A,der; then we have an exact sequence

1 → LA,ab → LA,ab
♦ → Grot

m → 1. Lemma 2.3.4 implies a canonical isomorphism

X∗(L
A,ab
♦ )Q ∼= X∗(Z

0
LA

♦
)Q = E♦.

Hence, CA,� carries an action of

H∗
LA,ab

♦ ×Gdil
m
(pt) ∼= Q�[u]⊗ Sym(E∗

♦ ⊗Q�).

Here we denote by u the canonical generator of X∗(Gdil
m ), which gives a basis for

H2
Gdil

m
(pt).

Consider the Grot
m ×Gdil

m -equivariant map

ηA : G0

PA
0× p

A
η → [lAη /L

A
0 ] → [lA/LA].

We have JA = αA
! β

A,∗LA,� ∼= αA
! η

A,∗CA,� ∈ DG0,♦×Gdil
m
(gη). Therefore, JA also

carries an action of Q[u] ⊗ Sym(E∗
♦). By construction, u acts on JA by cupping

with the equivariant parameter of Gdil
m , and δ/e ∈ E∗

♦ acts on JA by cupping with

the equivariant parameter of Grot
m .
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4.3.2. Now we construct an action of Sξη/m on pHIA.

Choose r ≥ 1 such that rx ∈ X∗(T ). We denote by G̃�
m the one-dimensional

torus equipped with the map

s̃ : G̃�
m → T ×Grot

m ×Gdil
m(4.2)

t �→ ((rx)(t), tmr/e, t−rη),

i.e., s̃ is the composition of the embedding s of G�
m (see §4.1.6) with the rth power

map. We have a homomorphism

G0 × G̃�
m → G0,♦ ×Gdil

m

which is the natural embedding G0 ↪→ G0,♦ on G0 and the homomorphism G̃�
m

s̃−→
T ×Grot

m ×Gdil
m ⊂ G0,♦ ×Gdil

m . This map is well-defined because the images of G0

and G̃�
m in G0,♦ ×Gdil

m commute with each other by Lemma 4.1.7(1).
We have the forgetful functor for equivariant derived categories

DG0,♦×Gdil
m
(gη) → DG0×˜G�

m
(gη).

Let J�
A ∈ DG0×˜G�

m
(gη) be the image of JA. Let

Sv = (Q[u]⊗ Sym(E∗
♦))/(u+ ηδ/m).

We denote the image of −u and ηδ/m in Sv by v. Since Q[u] ⊗ Sym(E∗
♦) acts on

JA, it follows that Sv acts on J�
A with v acting as a non-zero element in H2

˜G�
m
(pt).

Consider the morphism

ω : [gη/(G0 × G̃�
m)] ∼= [gη/G0]× [pt/G̃�

m] → [gη/G0].

The first isomorphism follows from the fact that G̃�
m acts trivially on gη (Lemma

4.1.7(1)). We then have the direct image functor

ω∗ : DG0×˜G�
m
(gη) → DG0

(gη)

and its left adjoint ω∗. By Lemma 4.1.7, the torus G�
m acts trivially on gη, G0

PA
0× pAη

and [lAη /L
A
0 ], therefore J�

A
∼= ω∗IA. Hence

ω∗J
�
A
∼= ω∗ω

∗IA ∼= IA ⊗H∗
˜G�
m
(pt) ∼= IA ⊗Q�[v].

Therefore, the algebra Sv acts on IA ⊗ Q�[v] in a Q[v]-linear way. The degree 2
element v = −u = ηδ/m ∈ Sv induces a map

pHn(v) : pHn(IA ⊗Q�[v]) → pHn+2(IA ⊗Q�[v]).

For n even and sufficiently large, the map defined by specializing v to η/m

pHn(IA ⊗Q�[v]) =
⊕
i≥0

pHn−2iIA · vi v �→η/m−−−−−→
⊕
i≥0

pHn−2iIA ⊂ pHevIA

is an isomorphism. Therefore pHn(v) defines an endomorphism of pHevIA, under
which v = −u = ηδ/m acts as η/m. Similarly, for n odd and sufficiently large,
pHn(v) defines an endomorphism of pHoddIA under which v = −u = ηδ/m acts

as η/m. We have thus constructed an action of Sv/(v − η/m) ∼= S
ξ
η/m on pHIA

preserving its Z/2Z-grading.
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The above construction uses an auxiliary number r (to define a lifting of x to
a cocharacter of T ), but the resulting action is clearly independent of this choice.

Moreover, if A1 is in the same Wx/m-orbit of A, the action of Sξη/m on IA1
and

on IA are the same, under the canonical isomorphism IA1
∼= IA. Therefore, for

[A] ∈ Wx/m\Fξ, we have a well-defined action of Sξη/m on I[A].

4.3.3. Spectra of the polynomial ring action. Recall A ∈ Fξ and E = Span(A). The
orthogonal projection of x/m onto E gives a point 〈x/m〉E ∈ E. Under the canonical
isomorphism ιA : E ∼= Eξ (depending on A), we denote the image of 〈x/m〉E by
〈x/m〉A. Note that 〈x/m〉A ∈ Eξ depends only on the Wx/m-orbit of A, therefore
we may denote it by 〈x/m〉[A].

We have constructed an action of Sξη/m on pHI[A]. Then the subscheme Spec Sξη/m
⊂ A1

u × E
ξ
♦ is defined by the equations u = −η/m and δ = 1. Therefore the

projection Spec S
ξ
η/m → E

ξ
♦ gives an isomorphism of affine spaces over Q

Spec S
ξ
η/m

∼→ Eξ.

4.3.4. Proposition. The action of Sξη/m on pHI[A] has a single eigenvalue given by

〈x/m〉[A] ∈ Eξ ∼= Spec S
ξ
η/m.

Proof. We use the notation from §4.3.2. We write XA = G0

PA
0× pAη as X, and

let X = [G0\X]. Let p : LA,ab
♦ × Gdil

m → Grot
m × Gdil

m be the projection, let μ :

Gm = G♥
m → Grot

m × Gdil
m be given by t �→ (trm/e, t−rη), and let H → LA,ab

♦ × Gdil
m

be the base change of p along μ. Then we have an exact sequence 1 → LA,ab →
H → G♥

m → 1. The map ρ : G̃�
m

s̃−→ T × Grot
m × Gdil

m → LA,ab
♦ × Gdil

m (for s̃ see

(4.2)) has image in H and gives a section to the projection H → G♥
m. Therefore we

may identify H with LA,ab × G̃�
m. The projection H → LA,ab

♦ is an isogeny, which
induces an isomorphism X∗(H)Q ∼= E♦.

Let π : X̃ → X be the LA,ab-torsor corresponding to the map η : X → [lA/LA] →
[pt/LA,ab]. Then the G0-action lifts to X̃ canonically, and we form the stack X̃ =

[G0\X̃]. Also H acts on X̃ extending the LA,ab-action, hence G̃�
m also acts on

X̃ via ρ : G̃�
m → H. A direct calculation shows that the G̃�

m-action via ρ on X̃

coincides with the action λ given by G̃�
m

rx−→ T → G0 and the action of G0 on X̃.

In particular, the action of ρ(G̃�
m) on X̃ is trivial.

Let χ : LA,ab → Gm be a character, and we extend it to H by requiring it to

be trivial on G̃�
m. Let Xχ = X̃

LA,ab,χ
× Gm be the Gm-torsor over X using χ1. Let

Xχ = X̃
H
× Gm be the Gm-torsor over [X̃/H] = [X/ρ(G̃�

m)] given by χ. Then we

have Xχ
∼= [Xχ/ρ(G̃

�
m)]. The action of ρ(G̃�

m) on Xχ is the same as the action λ
given as the restriction of the left G0-action.

Let Xχ = [G0\Xχ] and Xχ = [G0\Xχ] be the Gm-torsors over X and X/ρ(G̃�
m),

respectively. By the above discussion, the ρ-actions of G̃�
m on Xχ and X are trivial

because they are the same as the λ-actions (hence part of the G0-actions on Xχ

and X) which we quotient out. Therefore Xχ
∼= [Xχ/G̃

�
m] ∼= Xχ × [pt/G̃�

m].
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The Gm-torsor Xχ → X defines a Chern class c1(χ) ∈ H2
G0

(X, βA,∗LA,�) =

H2(X , βA,∗LA,�). Similarly the Gm-torsor Xχ → X defines a Chern class c
˜G�
m

1 (χ) ∈
H2

G0×˜G�
m
(X, βA,∗LA,�) = H2

˜G�
m
(X , βA,∗LA,�). By the above discussion, we have

(4.3) c
˜G�
m

1 (χ) = c1(χ)⊗ 1

under the factorization H∗
˜G�
m
(X , βA,∗LA,�) ∼= H∗(X , βA,∗LA,�) ⊗ Q�[v] (where v ∈

H2
˜G�
m
(pt) is an equivariant parameter).

By construction, the action of χ ∈ Sv on pHIA is induced from the map IA ⊗
Q�[v] → IA[2]⊗Q�[v] given by

⋃
c

˜G�
m

1 (χ). By (4.3), this map is
⋃
c1(χ) on IA and

the identity on Q�[v]. Since
⋃
c1(χ) is a nilpotent operator on IA, the action of

χ on pHIA is nilpotent. This being true for all χ ∈ X∗(LA,ab), it implies that the

eigenvalues of the Sη/m-action on pHIA are in the image of the map � : X∗(G̃
�
m)Q

ρ∗−→
X∗(H)Q ∼= E♦. However, the image of � intersects E in the unique point 〈x/m〉E,
therefore the eigenvalue of the Sη/m-action on pHIA is given by 〈x/m〉E if we identify

Sη/m with O(E). In other words, under the canonical isomorphism E ∼= Eξ, the
eigenvalue of the Sη/m-action on pHIA is given by 〈x/m〉A. �

4.4. Recollections from [5].

4.4.1. Let J ⊂ Iξ be a proper subset of simple reflections. Let WJ ⊂ W ξ
aff be

the finite subgroup generated by J . For any A ∈ Fξ, we may identify W ξ
aff with

WA
aff = (Waff(E), I(A)) for E = Span(A) (see §2.4.9); then J gives a unique facet

FA
J ⊂ ∂A so that WJ is the stabilizer of FA

J under Waff(E). Let F
ξ
J ⊂ F be the

facets of the form FA
J for various A ∈ Fξ. By definition we have a surjective map

ΠJ : Fξ → F
ξ
J

sending A to the facet FA
J ⊂ ∂A. This map is equivariant under Wx/m, and it

induces a maps

ΠJ : Wx/m\Fξ → Wx/m\Fξ
J .

4.4.2. We define a subalgebra Hc(WJ ) of Hc(W
ξ
aff) by taking the subspace

Hc(WJ) = Q[u]⊗ Sym(Eξ,∗
♦ )⊗Q[WJ ]

and the same relations, except that the commutation relation (2.5) is only required
to hold for i ∈ J . For ν ∈ Q, let

Hc,ν(WJ) = Hc(WJ)/(u+ ν, δ − 1).

4.4.3. Fix F ∈ F
ξ
J . Let p∗ = pF∗ , P0 = ep0 and (L,L0, l, l∗) = (LF , LF

0 , l
F , lF∗ ). We

may identify WF = StabWaff
(F ) with the Weyl group WL of L.

Let ΞF ⊂ F be the set of facets A in the same Waff-orbit as those in Fξ such that
F ⊂ ∂A. Then ΞF carries a transitive action of WF = WL. Any A ∈ ΞF gives a
parabolic subgroup QA ⊂ L whose Lie algebra is qA =

⊕
n∈Z q

A
n where qAn = pAn ∩ l.

Then LA is a Levi subgroup of QA. For different A ∈ ΞF , the parabolics Q
A of L are

in the same L-conjugacy class, therefore the quotient stacks [lA/LA] are canonically
identified for various A ∈ ΞF . We denote these identical stacks by [m/M ].

The Weyl group WJ can be identified with the relative Weyl group WA
F :=

NWF
(WA)/WA.
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4.4.4. Choose A ∈ ΞF and define l̇ = L
QA

× qA. Note that l̇ is the partial
Grothendieck alteration for l of type QA, and therefore is independent of the choice
of A ∈ ΞF . We have a diagram (which is independent of the choice of A ∈ ΞF )

l l̇
a�� b �� [m/M ] ,

where a is the partial Grothendieck alteration and b is the composition of natural
maps l̇ → [qA/QA] → [lA/LA] ∼= [m/M ]. Let LM be the cuspidal M -equivariant
local system on the nilpotent orbit O of m whose restriction to m̊η is L.

The one-dimensional torus Gdil
m acts on l, q and m by dilation, making the maps

a and b Gdil
m -equivariant. Recall the action of Grot

m on L,Q, and LA introduced in
§2.3, and the notation L♦ = L � Grot

m , etc. By viewing LA
♦ as Levi subgroups of

L♦, we see that the canonical isomorphisms between [lA/LA] for A ∈ ΞF induce
canonical isomorphisms between [lA/LA

♦], and we denote these identical stacks by
[m/M♦]. The maps a and b induce maps of stacks

[l/(L♦ ×Gdil
m )] [l̇/(L♦ ×Gdil

m )]
a�� b �� [m/(M♦ ×Gdil

m )] .

We then have the parabolic induction

indlm(L
�
M ) := a!b

∗L�
M ∈ DL♦×Gdil

m
(l).

Here we write indlm instead of indlqA to indicate that it is independent of the choice
of A ∈ ΞF .

Let l̇O be the preimage of O under the projection l̇ → [m/M ]. Let å : l̇O → l

and b̊ : l̇O → [O/M ] be the restrictions of a and b. Since the local system LM is
clean and a is proper, we have

(4.4) indlm(L
�
M ) ∼= å!̊b

∗LM
∼= å∗̊b

∗LM ∈ DL♦×Gdil
m
(l).

We recall the following theorem from [5].

4.4.5. Theorem ([5]). There is a natural action of Hc(WJ) on

indlm(L
�
M ) ∈ DL♦×Gdil

m
(l).

Proof. Let l̈O = l̇O ×l l̇O with two projections pr1, pr2 : l̈O → l̇O. Let L̈M =

pr∗1b̊
∗LM ⊗ pr∗2b̊

∗L∗
M (L∗

M is the dual local system of LM ), a local system on l̈O.

LetN = dim l̇O. By (4.4) and proper base change, we have a graded isomorphism

Ext∗L♦×Gdil
m
(indlm(L

�
M ), indlm(L

�
M )) ∼= Ext∗L♦×Gdil

m
(̊a!̊b

∗LM , å∗̊b
∗LM )(4.5)

∼= Ext∗L♦×Gdil
m
(̊b∗LM , pr2,∗pr

!
1b̊

∗LM ) ∼= H
L♦×Gdil

m

2N−∗ (̈lO, L̈M ).

Under (4.5), H
L♦×Gdil

m

2N−∗ (̈lO, L̈M ) carries a graded ring structure induced from the ring

structure of Ext∗L♦×Gdil
m
(indlm(L

�
M ), indlm(L

�
M )). We have a diagonal embedding

Δ : l̇O ↪→ l̈O and a canonical copy of the trivial local system inside Δ∗L̈M
∼=

b∗LM ⊗ b∗L∗
M . Then the unit element 1 in the ring structure of H

L♦×Gdil
m

2N−∗ (̈lO, L̈M )

is given by the image of the fundamental class of l̇O under the map

H
L♦×Gdil

m

2N (l̇O,Q�) ↪→ H
L♦×Gdil

m

2N (l̇O,Δ
∗L̈M )

Δ∗−−→ H
L♦×Gdil

m

2N (̈lO, L̈M ).

This is consistent with the definition of 1 in [5, §6.1].
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For A ∈ ΞF , the group LA
♦ is a Levi subgroup of L♦ carrying a cuspidal local

system CA which corresponds to LM . Moreover, WJ
∼= WA

F is the Weyl group
of L♦ relative to LA

♦. A graded affine Hecke algebra H = Hc(WJ) was intro-

duced in [5, §0.1] for the triple (L♦, L
A
♦,LM ). It takes the form Hc(WJ) =

Q[u] ⊗ Sym(X∗(Z0
LA

♦
)Q) ⊗ Q[WJ ]. By Lemma 2.3.4, we have a canonical WJ -

equivariant isomorphism X∗(Z0
LA

♦
)Q ∼= E

ξ,∗
♦ . Moreover, our definitions of the co-

roots αj and the numbers cj for j ∈ J are the same as their counterparts in [5]:
we simply copied the definitions in loc. cit. We conclude that there is a canonical
isomorphism Hc(WJ) ∼= Hc(WJ ).

In [5, Corollary 6.4], a graded action of Hc(WJ) on H
L♦×Gdil

m

2N−∗ (̈lO, L̈M ) was con-
structed (we use the action that was denoted by Δ in [5]) and it was proved there

that H
L♦×Gdil

m

2N−∗ (̈lO, L̈M ) is a free Hc(WJ)-module of rank one with basis given by 1.
Therefore we have a graded isomorphism

Hc(WJ) ∼= H
L♦×Gdil

m

2N−∗ (̈lO, L̈M )

sending 1 to 1. It is also easy to check that the above isomorphism is indeed a ring

isomorphism. Since H
L♦×Gdil

m

2N−∗ (̈lO, L̈M ) acts on indlm(L
�
M ) by the isomorphism (4.5),

so does Hc(WJ). �

4.4.6. Under the action of Hc(WJ) on indlm(L
�
M ), the action of the polynomial

part Q[u]⊗ Sym(Eξ,∗
♦ ) has a similar description as in §4.3.1. This follows from the

construction in [5, §4]. In particular, u acts via the equivariant parameter of Gdil
m

and δ/e acts via the equivariant parameter of Grot
m .

4.4.7. We also need a compatibility of the construction in Theorem 1.2.3 with re-
striction from WJ to parabolic subgroups. Let J ′ ⊂ J be a subset. Choose A ∈ ΞF ,
and let F ′ = ΠJ′(A). Then F ⊂ ∂F ′, hence F ′ gives a parabolic subgroup QF ′

of

L containing QA, and L′ = LF ′
is a Levi subgroup of QF ′

. Let QA
F ′ be the image

QA ⊂ QF ′ → L′; then QA
F ′ is a parabolic subgroup of L′ with Levi LA ∼= M . We

have the transitivity of the induction

indlm(L
�
M ) ∼= indll′ ◦ indl

′

m(L
�
M ) ∈ DL♦×Gdil

m
(l).

Theorem 4.4.5 gives an action of Hc(WJ′) on indl
′

m(L
�
M ), which induces an action of

Hc(WJ′) on indlm(L
�
M ) by the above isomorphism. The following statement follows

from the construction in [5].

4.4.8. Proposition. The action of Hc(WJ′) on indlm(L
�
M ) induced from its action

on indl
′

m(L
�
M ) coincides with the restriction of the action of Hc(WJ) on indlm(L

�
M )

constructed from Theorem 4.4.5.

4.5. Action of parabolic subalgebras. The goal of this subsection is to prove
the following result.

4.5.1. Proposition. Let J ⊂ Iξ be a proper subset and [F ] ∈ Wx/m\Fξ
J . Then

there is a canonical action of Hc,η/m(WJ ) on the perverse sheaf

I[F ] :=
⊕

[A]∈Π−1
J [F ]

pHI[A].

The proof occupies the rest of this subsection. We use the notation in §4.4.3.
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4.5.2. We have a morphism d : G0

P0× pη → [pη/P0] → [lη/L0] → [l/L]. We define
X by the following Cartesian diagram:

X ��

��

[l̇/L]

a

��

G0

P0× pη
d �� [l/L]

In other words, if we choose A ∈ ΞF and let U0 = ker(P0 → L0), then X = X̃/L0,

where X̃ consists of triples (v, gU0, hQ
A) ∈ gη×G0/U0×L/QA such that Ad(g−1)v

lies in the preimage of lη ∩Ad(h)qA ⊂ lη under the projection pη � lη, and � ∈ L0

acts on X̃ diagonally by right translation by �−1 on G0/U0 and left translation by

� on L/QA. There is a G0-action on X̃ by diagonally acting on gη and G0/U0, and

this action descends to one on X .

There is an action of G�
m on X induced from the trivial action on G0

P0× pη and

the G�
m-action on [l̇/L] = [qA/QA].

4.5.3. Lemma. The G�
m-fixed point locus of X has a decomposition

XG�
m =

⊔
[A]∈WL0

\ΞF

G0

PA
0× pAη =

⊔
[A]∈WL0

\ΞF

XA.

Proof. Fix A ∈ ΞF which defines a parabolic subgroup Q = QA of L whose Levi
subgroup LA ∼= M . Then the set ΞF

∼= WF /WA = WL/WA. Therefore we reduce
to showing that

(4.6) XG�
m =

⊔
[w]∈WL0

\WL/WA

XwA.

The action of G�
m on X lifts to X̃ . Suppose (v, gU0, hQ) ∈ X̃ maps to a point in

X fixed by G�
m; then for t ∈ G�

m, there is an �0 ∈ L0 such that t · (v, gU0, hQ) =
(v, g�−1

0 U0, �0hQ). This implies that g�−1
0 U0 = gU0 hence �0 = 1, i.e., (v, gU0, hQ) ∈

X̃G�
m . Therefore XG�

m = X̃G�
m/L0.

If (v, gU0, hQ) ∈ X̃G�
m , then hQ ∈ L/Q is fixed under G�

m, i.e., there is a unique
double coset [w] ∈ WL0

\WL/WA such that hQ ∈ L0wQ/Q ∼= L0/(L0 ∩ wQ0).
If we fix a representative w of [w] in WL, then we may write hQ = �0wQ for a

well-defined �0 ∈ L0/(L0 ∩ wQ0). The condition for (v, gU0, �0wQ) to be in X̃
is that Ad(g−1)v lies in the preimage of lη ∩ �0wq = Ad(�0)(lη ∩ wq) under the
projection pη → lη. Note that for the ε-spiral pwA

∗ , pwA
η is exactly the preimage of

lη ∩ wq under the projection pη → lη. Therefore the condition for (v, gU0, �0wQ)

to be in X̃G�
m becomes Ad(g−1)v ∈ Ad(�0)p

wA
η , or that v ∈ Ad(g�0)p

wA
η . Since

g is well-defined up to right translation by U0, and �0 is well-defined up to right
translation by L0 ∩ wQ0, the element g�0 gives a well-defined coset in G0/P

wA
0 ,

because PwA
0 = U0(L0 ∩ wQ). Therefore for fixed [w], the corresponding part of

XG�
m consists of pairs (v, gPwA

0 ) ∈ gη × G0/P
wA
0 such that v ∈ Ad(g)pwA

η , hence

the description (4.6). �
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To summarize we have a diagram in which the rhombus in the middle is Cartesian

(4.7)
⊔

[A]∈WL0
\ΞF

XA

f0

��

XG�
m
� � i �� X

����
��
��
��
�

���
��

��
��

��
�

f

��

p

��

G0

P0× pη

c

		���
���

���
���

��
d



�
��

��
��

��
�

[l̇/L]

a
����
��
��
��
�

b
���

��
��

��
��

gη [l/L] [m/M ]

4.5.4. Lemma. There is a canonical isomorphism in DG0,♦×Gdil
m
(gη)

f0,!i
∗p∗(L�

M ) ∼=
⊕

[A]∈Π−1
J [F ]

I[A].

In particular, we have an isomorphism of perverse sheaves
pHf0,!i

∗p∗(L�
M ) ∼= I[F ].

Proof. The map ΠJ : Fξ → F
ξ
J is Wx/m-equivariant, therefore we have a bijection

Π−1([F ]) ∼= Wx/m,F \Π−1
J (F ) = WL0

\Π−1
J (F ). For A ∈ ΞF we have the maps

gη XA γA

��αA
�� [lA/LA] ∼= [m/M ] ,

where γA is the restriction of p ◦ i in diagram (4.7) to XA. From the diagram

(4.7) we see that the contribution of [A] ∈ WL0
\ΞF to the complex f0,!i

∗p∗(L�
M ) is

αA
! γ

A,∗L�
M . Therefore we reduce to showing the following two statements:

(1) If A ∈ Fξ∩ΞF = Π−1
J (F ), then there is a canonical isomorphism αA

! γ
A,∗L�

M∼= IA.
(2) If A /∈ Fξ, then αA

! γ
A,∗L�

M = 0.

The morphism γA is the composition

γA : XA βA

−−→ [lAη /L
A
0 ]

ι−→ [lA/LA] ∼= [m/M ].

When A ∈ Fξ, we have ι∗L�
M

∼= LA,�, and statement (1) follows from the definition
of spiral induction IA.

Now suppose A ∈ ΞF but A /∈ Fξ. Let j ∈ X∗(T/ZLA) be the element giving the
Z-grading lA∗ of lA. Let OA ⊂ lA be the nilpotent orbit corresponding to O under
the canonical isomorphism [lA/LA] ∼= [m/M ]. For any isomorphism LA ∼= M , the
grading m∗ induces a Z-grading on lA. Since the grading m∗ is induced by ηh0/2
for an sl2-triple (e0, h0, f0) in m with e0 ∈ O, the induced grading on lA is induced
by ηh/2 for an sl2-triple (e, h, f) in lA with e ∈ OA. Since A /∈ Fξ, the gradings
ηh/2 and j are not conjugate under LA.

We claim that lAη ∩ OA = ∅, hence the vanishing of ι∗L�
M by the cleanness of

LM , and statement (2) follows. We show the claim by contradiction. Suppose
e′ ∈ lAη ∩ OA, we may complete it into an sl2-triple (e′, h′, f ′) where h′ ∈ lA0 and

f ′ ∈ lA−η. Then the adjoint action of h′/2 gives another Z-grading lA =
⊕

n∈Z(
h′

2nl
A),

compatible with the original Z-grading lA∗ (i.e., lA is the direct sum of lAn ∩ h′

2n′ l
A

for n, n′ ∈ Z) because h′ ∈ lA0 . We then have a third Z-grading lA =
⊕

n∈Z l
A(n)
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given by the difference j−ηh′/2: lA(n) :=
⊕

n′∈Z(l
A
ηn′+n∩h′

2n′ l
A). Then e lies in the

Levi subalgebra lA(0) of lA. Since OA is a distinguished nilpotent class of LA (as
it supports a cuspidal local system), we must have lA(0) = lA, hence j and ηh′/2
induce the same grading on lA. However, this contradicts the assumption that j is
not conjugate to any such grading. This completes the proof of statement (2) and
hence of the corollary. �

4.5.5. Finish of the proof of Proposition 4.5.1. By the diagram (4.7) and proper
base change, we have

c!d
∗indlm(L

�
M ) = c!d

∗a!b
∗(L�

M ) ∼= f!p
∗(L�

M ) ∈ DG0,♦×Gdil
m
(gη).

By Theorem 4.4.5, the complex indlm(L
�
M ) carries an action of Hc(WJ) under which

the actions of u and δ/e are given by the equivariant parameters of Gdil
m and Grot

m , re-

spectively (see §4.4.6). Therefore, f!p∗(L�
M ), as an object in DG0,♦×Gdil

m
(gη), carries

an action of Hc(WJ).

Let f : [X/G�
m] → gη be the induced map from f . Then f !p

∗(L�
M ) ∈ DG0

(gη)

carries an action ofHc(WJ). By the definition ofG�
m and direct calculation, the map

p : X → [lA/LA] ∼= [m/M ] is equivariant under the G�
m action on X and its action

on [lA/LA] through the embedding G�
m ↪→ Grot

m × Gdil
m given by t �→ (tm/e, t−η).

Therefore, both −u/η and δ/m act as the equivariant parameter for G�
m, i.e., the

Hc(WJ)-action on f !p
∗(L�

M ) ∈ DG0
(gη) factors through the quotient

Hv := Hc(WJ)/(u+ ηδ/m).

We denote the image of −u and ηδ/m in Hv by v. In particular, the algebra Hv

acts on the Z-graded G0-equivariant perverse sheaf
⊕

n∈Z
pHnf !p

∗(L�
M ) on gη, with

v acting as multiplication by η times the equivariant parameter of G�
m.

Let K = p∗(L�
M ) ∈ DG0×G�

m
(X ). Let K0 = i∗K. Applying Lemma 4.2.3 to the

G�
m-equivariant morphism f : X → gη, using the specialization at v = η/m, we get

the following isomorphism for n even and sufficiently large

(4.8) pHn(i∗)v=η/m : pHnf !K
∼→ pHevf0,!K0.

We define an action of Hv on pHevf0,!K0 as follows. For a2s ∈ Hv homogeneous of
degree 2s ≥ 0, choose large even n such that (4.8) holds. Then a2s gives an action
map

a2s :
pHevf0,!K0

pHn(i∗)v=η/m←−−−−−−−−− pHnf !K
a2s−−→ pHn+2sf !K

pHn+2s(i∗)v=η/m−−−−−−−−−−−→ pHevf0,!K0.

It is easy to check that this map is independent of the choice of n and it defines an
action of Hv on pHevf0,!K0. Under this action v acts by η/m, therefore it descends
to an action of Hv/(v − η/m) ∼= Hc,η/m(WJ) on pHevf0,!K0. A similar argument

gives an action of Hv/(v − η/m) ∼= Hc,η/m(WJ ) on
pHoddf0,!K0.

By Lemma 4.5.4, pHf0,!K0 = pHevf0,!K0⊕ pHoddf0,!K0
∼= I[F ], therefore we have

constructed an action of Hc,η/m(WJ) on I[F ]. The action of the polynomial part
of Hc,η/m(WJ) is the same as the one defined in §4.3.2. This finishes the proof of
Proposition 4.5.1.
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4.6. Finish of the proof of Theorem 1.2.3.

4.6.1. Changing J . Suppose J ′ ⊂ J ; then we have a map

ΠJ′

J : Fξ
J′ → F

ξ
J

sending F ′ ∈ F
ξ
J′ to the unique facet F ∈ F

ξ
J on its boundary. We have ΠJ =

ΠJ′

J ◦ΠJ′ . Let F ′ ∈ F
ξ
J′ and F = ΠJ′

J (F ′) ∈ F
ξ
J . Then I[F ′] is a direct summand of

I[F ] since ΠJ′([A]) = [F ′] implies ΠJ ([A]) = [F ]. On the other hand, Hc,η/m(WJ′)
is a subalgebra of Hc,η/m(WJ).

4.6.2. Proof of Theorem 1.2.3. For J ′ ⊂ J � Iξ, Proposition 4.4.8 implies that the
inclusion I[F ′] ↪→ I[F ] is a map of Hc,η/m(WJ′)-modules (with the Hc,η/m(WJ′)-

action on I[F ] coming from its Hc,η/m(WJ)-action by restriction). Since W ξ
aff is

generated by the subgroups WJ for various proper subsets J ⊂ Iξ, Theorem 1.2.3
now follows from Propositions 4.5.1.
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