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Abstract

We define and study cocycles on a Coxeter group in each degree generalizing the
sign function. When the Coxeter group is a Weyl group, we explain how the degree
three cocycle arises naturally from geometric representation theory.
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1 Introduction

Throughout these notes, we fix a Coxeter group (W, S) with length function
|- | : W— Zy,. The group homomorphism e : W — {1} given by w — (=) is
called the sign for W. The sign of W can be viewed as a 1-cocycle of W valued in the
group {+1} = [,. In these notes, for every positive integer n, we define and study a
canonical n-cocycle of W valued in Z or [, depending on the parity of n.

The main result is the following:

1.1 Theorem Let (W, S) be a Coxeter group. For any even (resp. odd) integer n > 1,
there is a unique n-cocycle er‘;v e Z" (W, Z) (resp. er‘;v € Z'"(W, ) satisfying two
conditions

(1) If n>2 and (x|,x,,...,x,) € W" satisfy |xxi | = |x;| + |xiy | for some
1<i<n-1,thene?(x,...,x,) =0.
(2) Foranyse€S,e"(s,s,...,s) =1
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286 Z.Yun

We will construct a cocycle universal among those satisfying the first condition
above (called collapsing) (see §2.9). We will give formulas for computing these
cocycles in §3.

We will study e3W in more detail and explain how €§V shows up naturally in geo-
metric representation theory when W is a finite Weyl group (see §4). It is natural to
ask the following:

1.2 Question Do the higher cocycles e,‘:‘/ (n > 4) show up in geometric representa-
tion theory (e.g., Hecke categories)?

1.3 Notation For a set X, Z[X] denotes the free abelian group with basis {[x] | x € X}.
For an integer n, we denote

+, if n is even;
e(n) = e
—, if n is odd.

When W is a Weyl group, we adopt the following notation: Let G be a semisimple
group over an algebraically closed field k£ with a Borel subgroup B and a maximal
torus T C B such that the corresponding Weyl group is W with simple reflections §
given by B.

2 Universal Collapsing Cocycle

2.1 Definition Let A be a Z[W]module and n>2 be an integer. A cocy-
cle {€Z"(W,A) is called collapsing if, for any x,...,x, €W, whenever
lx;x;, 1| = |x;| + |x;, | for some 1 < i <n—1, wehave {(x,...,x,) =0.

2.2 Example (Tits section) Suppose (W, S) is a Weyl group (see §1.3 for nota-
tion). Tits defines a section to # : N;(T) = W as follows: For any s € S, let
@, : SL, - G be the unique homomorphism that restricts to a¥ : G, > T on
the diagonal torus G, of SL,. Let 7(s) = ¢,(( % })). For w € W with reduced
expression w = s, ++-s,,, Tits proved that 7(w) := 7(s;) -+ 7(s,,) is independent of
the reduced expression. The map 7 : w — 7(w) defines a section to z. The map
A W23 (x,y) = t(x)r(y)r(xy)~! € T[2] defines a collapsing 2-cocycle on W val-
ued in the two-torsion points 712] of 7.

The goal of this section is to describe the universal object among pairs (A, {)
where A is a Z[W}module and ¢ is a collapsing n-cocycle of W valued in A.

2.3 Walls, Chambers, etc. We recall the geometric realization of a Coxeter group
(W, S) following [2, Ch. V, §4].

Let E = RS equipped with basis {e, } s and let E* be its dual. There is a faithful
representation of W on E* such that s € § acts by a reflection. Let H, C E* be the
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Higher Signs for Coxeter Groups 287

hyperplane fixed by s (equivalently H, is the kernel of e;). A wall is a hyperplane in
E* of the form w - H for some w € W,s € S. Let H be the set of walls; it is in bijec-
tion with reflections in W (the W-conjugates of S).

For H € 'H, E* — H has two connected components called reflecting half-spaces.
Let D be the set of reflecting half-spaces. Let C, C E* be an open cone defined by
Cy={x € E*|(x,e,) > 0,Vs € S}. The W-translates of C, are called chambers. Let
C be the set of chambers.

There is an involution ¢ : D — D sending D to E* —D. For each H € H, let
{D?, D7, } be the two connected components of E* — H, where D; contains C,,. For
H = H_, we denote D;—;Y by DZ.

2.4 ForeachD € Dand C € C, let

© 1, ifccDh;
v =
b 0, if Cco(D).

The free abelian group Z[D] carries an action of the involution . Let Z[D]* (resp.
Z[D]") be the subgroup of Z[D] consisting of those elements such that o(a) = a
(resp. o(a) = —a). Then Z[D]* is the free abelian group with basis [D;[I] + [Dy] for
H € 'H. Both Z[D]* are Z[ W]-modules.

2.5 Definition Letn € Z. Let Z be the function
zV : W" >Z[D]
n—1
2.1)
X=(0, ) = ) <H(VD(C,.) - vD(c,.+1))>[D].
DeD \ i=0
Here C; = x; ---x;Cyforl <i < n.
From the definition, we see that [D] appears in ZXV()_C) if and only if the sequence
of chambers (Cy, ..., C,) is H-alternating in the sense that C; and C,, lie on different

sides of H, for all 0 < i < n — 1. The following alternative formula for ZZV is imme-
diate from the definition:

2.6 Lemma For(x,,...,x,) € W", let C; = x; --- x;C,. Then

Z:V(xl’ X)) = Z (_1)[n/2][D2—I] + (_1)[(n+l)/2] [D;l]
HeH;(C,....,C,) is H-alternating

2.2)

2.7 Proposition The function ZV is an n-cocycle valued in Z[D)*", ie., ZV €
ZMW, Z[D]e™).
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288 Z.Yun

Proof By (2.2), Z, (x|, ...,x,) is a linear combination of [D;;] + [D] if n is even (so
that [n/2] = [(n + 1)/2]) and otherwise a linear combination of [D;}] — [Dy]. This
shows that Z" takes values in Z[D]<".

Now we show Z" is a cocycle. Write Z simply as Z,. Let x|, ..., X,,x,,, € W.
Then

0L, (X1, .o s X)) =X 2, (X oo s Xy y)
n
+ Y DZ, 00 X2 X))
=1

+(=1)"™Z (x, ... x,).

Fix D€D, let h;=vp(C). For 1 <j<n, the coefficient of [D] in Z,(x,
s XXt s Xyp1) is (hg—hy) - ~(hi_y = hjyy) -+ (b, — h,yy). The  coefficient
of [D] in the last term Z,(x,...,x,) is by definition (hy — hy) -+ (h,_; — h,,).

The coefficient of [D] in x,Z,(x,,...,x,,;) is the same as the coefficient of
[xl‘lD] =: [D'] in Z,(x,,...,x,,;), Which is the product of v (Cy) — vy (x,Cy),
VD/(XZCO) - VD/(.X2X3CO), ey VD/(x2 "‘xnCO) - VD/(xZ A x,H_lCO). SlnCC VD!(x2 A

x;Cy) = vp(x; - x;,Cy) =vp(C;)) = h;, we see that the coefficient of [D] in
X Z,(Xy, ..., X,py) 18 (B — hy) =+ (h, — h, ;). Therefore, the coefficient of [D] in
0Z, (X1, ... Xpp) 1S

(hy — hy) -+ (h, n+1)+2( 1)’(ho hy) - ( hj+1)"'(hn_hn+1)

j=1

+ (=1 by = hy) - (hy_y — hy).

(2.3)
Write d; = h; — hy,,, then h;_, — h;, = d;_, + d;. Expanding the RHS into the d;’s,
we get each m0n0m1a1 doa’1 d --d, appearing twice with opposite signs, for all
0 <j < n. Therefore, (2.3) is zero, hence 6Z, = 0. O

2.8Lemma The cocycle Z,‘:V satisfies the following two properties:

(1) Ifn>2then Z" is collapsing.
(2) Foranys€S,ZY(s,s,....s) = (=D)"A[DF] + (-Dl+D2A[D],

Proof

(1) If |xx; | =|x|+ |xy,|, then for any H € H, the three chambers
Ci_y = x; - x;,_1Cy, C; and C,, either lie on the same side of H, or H separates
C,_, with C; and C,, or H separates C;_;, C; with C;, ;. In any case H is not
(Ci_y, C;, Cyyp-alternating. Therefore Z (xy, ..., x,) = 0 in this case.

(2) Fors €S, H is the only wall separating C;, and sC, so only [D¥] appear in
ZV(s,s, ...,s). The coefficients follow from (2.2). O
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Higher Signs for Coxeter Groups 289

The main result of this section is that ZXV is the universal collapsing n-cocycle
on W.

2.9 Theorem Let n > 2 be an integer. Let A be a Z[Wl-module and { € Z"(W,A)
be a collapsing cocycle. Then there exists a unique W-equivariant homomorphism
a : Z[D)"™ — A such that{ = a(ZV).

To prove the theorem, we need two lemmas:

2.10 Lemma Suppose n>2 and { € Z'(W,A) is collapsing. For s €S let
a; :=¢(s,5,...,5) EA. Lets,s' € Sand letw € W be such that wsw™' = §', then

ay, l‘f WD+ :D-';s
wa, =< ° s s
s (=D'ay, if wDf =Dg.

Proof We have ws = s'w. Consider the case wD! = D7; then wC, and C,, lie on the
same side of H,,, which implies |ws| = |s'w| > |w].

Since |ws| = |w| + |s]|, the cocycle condition (6{)(w, s, ...,s) = 0 together with
the collapsing of ¢ implies that in the expansion of (6{)(w, s, ..., s), the only nonzero
terms are w((s,...,s) =wa, and —={(ws,s,...,s) (here we use n>2). There-
fore, wa, = {(ws, s, ...,s) = {(s'w,s, ...,s). Then we apply the cocycle condition
SO, w,s,...,5) =0to get £(s'w, s, ...,5) = E(s", ws,s,...,5) =L(, s'w,s, ..., 9).
Then we apply (6£)(s’, s, w, s, ...,s) = 0, etc. In this way we get

wa, =¢(s'w, s, ...,8) =8, s'wys, 8 = =8, L s w).

Finally, we apply the cocycle condition (8¢)(s',...,s",w)=0 to conclude
(.., s'w)y=¢(, ... ,8') =a,. Combined with the above equality we get
was; = dyg.

When wD? = D7, we write w = w's; then w'sw'~! = s’ and W'D} = wD_ = D},
From the case already proven, we get w’ a, = ay. It remains to show that sa, = (—1)"‘Cl‘y
for then wa, = w'sa, = (—1y"w'a, = (—1)"a,. For this we apply (6{)(s, s, ...,s) =0
and using collapsing we see (5£)(s, s, ..., s) = sC(s, ..., 8) + (=1)"1¢(s, ..., 5) = 0;
hence sa, = (—1)"a, holds. O

2.11 Lemma Let & € Z"(W,A) be a collapsing n-cocycle if n>?2 or satisfying
E)=0ifn=1.1If&Gs,...,s) =0foralls € S, then & = 0.

Proof We prove &(x) is identically zero by induction on the total length
L) =Y Ixl

If L(x) < n, then some x; = 1and hence £(x) = 0 since it is collapsing. If L(x) = n,
then either some |x;| > 2, or all x; are simple reflections. In the latter case, if all
x; are the same simple reflection, then £(x) = 0 by assumption; otherwise &(x) =0
since it is collapsing.

Now assume L(x) > n+ 1, and assume &(x') =0 whenever L(x') < L(x). Let
u(x) =min{l <i < n;|x;| > 2}. We prove £(x) = 0 by downward induction on p(x).
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290 Z.Yun

If u(x) = n, then x,...,x,_; € SU {1}. Since & is collapsing, £(x) = O unless all

x; are equal to the same s € § for1 <i<n—1. In the case x;, = - =x,_; =5, if
|sx,| > |x,|, we still have £(x) = 0 by collapsing. If [sx,| < |x,|, we write x, = sx;l,
then the cocycle condition (65)(s Sy ey S, S, x’ ) = 0 together with the collapsing con-
dition implies &(x) = &(s, .. =0 by assumptlon

Now assume &(x') =0 for those x' such that either L(x") < L(x) or L(x") = L(x)
and p(x’) > p(x). Let u = p(x). By the same argument as in the previous paragraph,
(x) =0Ounless x; = =x, ;, =s€S,and x, = sx where |x,| > |x |. Now apply
the cocycle condition (65)(s Sy eans S, x X X ) =0 (the ﬁrst U entrles are ).
Expanding, we get the terms

ST

s&(s, s, ... ,s,x:l,x“l, ...,Xx,) (first u —1 entries are s); (2.4)
E(s,..., 1, ... ,s,x;,xlﬁl, ...,Xx,) (there are y —1such terms); (2.5)
EGs, ..., s, sx;, s Xy) = E); (2.6)
EGs, ..., s,x;xwl,x””, ...,Xx,) (first u entries are s); 2.7)

E(s, ... ,s,x;, s XiXip1s ... >X,) (first p entries are s, u < i< n), (2.8)

EGs, ... ,s,x;,xyH, s Xy ) 2.9)

Now (2.4) has total length less than L(x) and hence vanishes by inductive hypothe-
sis; (2.5) is zero by collapsing, (2.7), (2.8) and (2.9) have total length < L(x) and the
p-invariant strictly larger than u(x), hence they also vanish by inductive hypothesis.
Since the sum of all terms is zero, the only remaining term &(x) must also be zero.
This finishes the induction step. a

2.12 Proof of Theorem in §2.9 For s € S let a, :={(s,s, ... ,s) € A. Define a linear
map a : Z[D]*™ — A by sending Dy, := (—=D"/A[D}] + (=1)I"*V2I[D-] to wa,
if we W and s € S are such that wDJr = D+ (such (w, s) always exists). To show
a is well defined we need to show that if (w s') also satisfies w'DY, = D}, then
wa, = w'ay. Now v = W)~ lw satisfies vD+ = DJr By Lemma in §2 10 va, = ay
hence wa, = w'a,. Therefore, a is well deﬁned

To see a is W—equivariant, we need to show that for any He H and w e W,
a(wDy) = wa(Dy). Let (W', s) € W X S be such that w'DF = D7,. Then a(Dy) = w'a,
by definition. Now wD}, is either D, or D . If wD}, = D7, then wDH =D,;;
hence a(wDy,) = a(DwH) Since D+H = ww’D*’, we have a(DwH) =ww'a, by defi-
nition. Therefore, a(wDy,;) = a(D, ;) = ww'a, = wa(Dy) holds. If wD}, = D_,., then
wDy, = (=1)"D, ; hence a(wDy) = (- 1)”a(DwH) Since D, = wD+ = ww'D?,
we have D' =ww'sD?Y; hence a(D,) = ww'sa, by definition. By Lemma in
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Higher Signs for Coxeter Groups 291

§2.10, sa;, = (=1)"a,; hence a(D, ) = (—=1)"ww'a,. Combining these facts we get
awDy) = (=1)"aD,,;;) = ww'a, = wa(Dy). This verifies that a is W-equivariant.

Now leté = ¢ — aoZr‘l’V € Z"(W,A), which is again collapsing. From the construc-
tion of ¢ and Lemma in §2.8, we have

E(s,s....,8)=a,—aDd,) =0, VseSs. (2.10)

By Lemma in §2.11, £ is identically zero; hence { = aoZr‘:V.

Finally, we prove the uniqueness of a. Suppose another W-equivariant map
d : Z[D)™ — A satisfies §{ =a’oZ"; then b=a—d satisfies boZ" = 0. Now
boZr‘:V(s, S,...,8) =b(D,) =0 for all s €S. By W-equivariance, b(Dy) = 0 for all
H € 'H; hence b = 0. The proof is complete.

2.13 Remark The analogue of the collapsing condition for a 1-cocycle & € Z!(W, A)
is the normalization £(1) = 0. However, ZIW is not in general the universal normal-
ized 1-cocycle for W.

2.14 Example When n =2, the universal collapsing 2-cocycle Z;V defines an
extension

1 = Z[H] - W > W - 1. (2.11)

Here W#=Z[H]xW as a set, with multiplication (a,x)(b,y) = (a+ xb+
Z;V(x, v),xy), where a,b € Z[H] = Z[D]*, x,y € W.

When Wis a Weyl group, let Py, C By, be the pure braid group and the braid group
associated with W. Leta = X_(T)¢ and a™ C a be the complement of the root hyper-
planes. Then Py, = z;(a™, ). Each root a gives a map a™ — C*; hence a homo-
morphism v, : Py, — 7,(C*) = Z. The homomorphism v, only depends on the root
hyperplane H,; hence they together define a homomorphism v : Py, — Z[H]. It is
easy to see using the characterization of 22W that the extension (2.11) is the pushout
of the extension 1 — Py, — By, — W — 1 via the homomorphism v.

2.15 Cup Product Equip Z[D] with the (not necessarily unital) ring struc-
ture such that [D]-[D]=[D] for all D€ D and [D]-[D']1=0 if D#D’ (ie.,
the basis elements [D] are orthogonal idempotents). Then Z[D]t @ Z[D]™ is a
Z/27Z-graded subalgebra of Z[D]. In particular, we have the multiplication map
H, : (Z[D]7)®" — Z[D]".

From the definition of Zr‘fl, the following proposition is easily verified:

2.16 Proposition The cocycle Zr‘f’ is the image of the n-th cup power of Z}V under p,;

Z\(W, Z[D)®" = Z'(W,(Z[D]")®") 5 Z"(W, Z[D]™).

Here U means the cup product on the level of cochains, see [1, §7].
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292 Z.Yun

Proof Let Z! = u,((Z}))""). Then we have Z'(x,,...,x,) =Z"(x) xZ(xy)
Xy e xn_lZfV(xn) (where - is the multiplication in Z[D]). For H € 'H, [D},] appear in
#,(Z}")P" if and only if [D%] appear in each term x, - x,_;Z{"(x,), 1 <i < n, which
happens if and only if (C,, C}, ..., C,) is H-alternating. Moreover, [D;}] appears in
X, ~~-x,»_lZ}”(x,-) with coefficient (—1)""; therefore it appears in Z with coefficient

(—1)["/21, Comparing with (2.2) we conclude that Z! = ZV. O

2.17 We have short exact sequences of Z[W]-modules

0 - Z[DI* - Z[D1X> Z[DI- = 0 (2.12)
0 = Z[DI— Z[D]1X> Z[D)* = 0 (2.13)

where i* are the natural inclusions, and p*([D]) = [D] + [o(D)] for all D € D.

2.18 Proposition For n > 1, the cohomology class [—ZXI] e H"Y (W, Z[D]e™+D) is
the image of [Z:V] under the connecting homomorphism

Hn(W, Z[D]E(n)) N Hn+l(W, Z[D]E(n+1))

attached to (2.12) when n is odd and to (2.13) when n is even.

Proof Let Z be the lifting of ZW to a function W"” — Z[D] defined by
Z (X} X,) = Y (=DIA[DH] where H runs over those walls such that
(Cy, C1 ..., Cy)is H—alternating (as usual C; = x, --- x;C,). To prove the proposition,
it suffices to check that

6Z,=-2" .
Expanding 57, (X1, o, x,,1) as we did for 6ZW in the proof of Proposition in §2.7.
Note that all the terms except for the first one le (%, ..., X,,1) only involve [D ] for
various HeH. Let &= vD;(Cl) The  coefficient of [D:I] in
8ZV (X, ... Xy1) —xlin(xz, ...»X,41) is the sum of all but the first term in (2.3).
Since the sum in (2.3) is zero, the coefficient of [D;;] in
8ZV(xy, ... Xy1) = X Z,(Xp, .. s X,y 1) i8 —(hy — hy) -+ (h, — h,,,,), which is nonzero
if and only if (Cy,...,C,,,) is H-alternating, in which case the coefficient is +1.
Since we know 6Z, =0, §Z, must take values in Z[D]*"*D; therefore, if
(C, TRy o C,.1) is H-alternating, and that [D+] both appear with nonzero coefficients
in6Z,(xy, ..., %,41), [Dy;] must appear with nonzero coefficient in x1Z (X, ov s Xppy)
This means xl"D;I = DH for some H' = x['H; hence C, C x;'Dy,, or C, C D[‘i, ie
(Cy,Cy, ..., Cyyy) is H-alternating. In this case, the coefﬁcient of [D}] in
8Z,(xy, ... Xy)is =(hy = hy) -+ (b, — ) = = []_o(h; — hy;y), which is the nega-
tive of the coefficient of [D;;] in Z:Kl. This completes the proof. a
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3 Higher Signs
3.1 Definition

(1) Forn >2even, let y, : Z[D]" = Z[H] — Z be the linear map sending each
basis element [D;] + [Dy]to (=1)"/2 (where H € H).

(2) Forn > lodd,let y, : Z[D]~ — [, be the linear map sending each [D;] - [D;]
tol € F,. (Of course all the y, are the same for n odd )

(3) Forn > 1, define e € Z"(W, Z) for n even and e € Z"(W,F,) for n odd to be
the image of Z,‘,V under the W-invariant map y,,.

Concretely, when n is even and x = (x,...,x,) € W", ¢€,(x) is the number
of walls H € H such that (C,,C,...,C,) is alternating with respect to H. Here
C;,=x, - x;Cyforl <i<n. Whennisodd,e,(x) €F, is the parity of the number of
such walls.

3.2 Proof of Theorem in §1.1 Since € is the homomorphic image of a collapsing
cocycle, it is also collapsing. By Lemma (2) in §2.8 and the definition of y,, we have
elfV(s, ...,8) = 1. By Lemma in §2.11, these two properties (collapsing and values at
(s, ...,s)) also characterize er‘?’ as Z-valued or F,-valued cocycles.

3.3 Remark (Lusztig) One can define e without using the notion of chambers
and walls. Indeed, for w € W there is a well-defined set of reflections T, in W as
in [2, Ch. IV, §1.4, Lemmas 1 and 2] (and #T,, = |w|). For (x,,...,x,) € W", let
T(x,, ..., x,) be the intersection

n
T(x,...,x,) 1= ﬂxl Xy
i=1

where the i = 1term is T, . Then

eW(xl, LX) = #T(xy, ..., x,), if n is even;
’ ’ #T(x,....x,) mod2, if nis odd.

To see this, we only need to observe that two chambers xC,, and xyC lie on different
sides of the wall H, given by some reflection r € W if and only if r € xT,.

3.4 Remark One can refine the cocycles e slightly as follows: Let S be the set of
W-orbits on H; the map S — S sending s to the W-orbit of H, is surjective. For n
even, we have the W-invariant map y, : Z[D]* — Z[S] sending [D+] + [Dy] to
(-D?[H H], where H is the W-orbit of H € H. For n odd, we also have the W-invar-
1ant map ¥, : Z[D] - [F2 [S] sending [D+] - [D ] to [H]. The image of ZW under

7., defines an n-cocycle € e’ € Z"(W,Z[S]) 1f nis even and €¥ € Z/(W, F[S ]) if nis
odd.
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294 Z.Yun

3.5 Proposition Ifn > 1is odd, then the cohomology class [—exl] e H'(W,2) is
the image of [e}‘;v] under the Bockstein homomorphism

g : H'(W,F,) - H'"\(W, 2).

Proof Let 0,.,, : Z[D] — Z be the linear map sending all [D] to (—1)"+D/2. We
have a commutative diagram of Z[W]-modules where the rows are exact sequences

0 Z[p)* —~ 7/p] X~ 7[D]- 0
anJrl leywl an
0 7z—> -7 7.)27. 0

This gives a commutative diagram of connecting homomorphisms

H"(W, Z[D]~) — H""H(W, Z[D]*)

H"(W,Fy) — 2~ H™L (W, Z)

The equality [—er‘x l] =4 [Zl‘f/] then follows from Proposition in §2.18. O
w w
The cocycles €] and €, are easy to compute.
3.6 Proposition

(1) The cocycle GYV is the sign homomorphism W 3 x — |x| mod 2.
(2) Forx,y € W,e)(x,y) = 3(1x| + |yl = o) € Z.

The following properties of er‘f’ follow directly from the uniqueness in Theorem
in §1.1:

3.7 Lemma

(D) eXV is invariant under any automorphism of (W, S).

(2) Foranyx,...,x, €W, we have ervlv(xl, ceaXy) = el‘:v(x;l, ,xl_l).

(3) Suppose (W',S") c (W,S) is a standard parabolic subgroup, then 6,‘:V|w/ = er‘ly'.
(4) Let (W,,S,) and (W,,S,) be Coxeter groups and (W,S) = (W; X W,, S, [ S,)-

x Wa

Let p; : W — W, be the projection fori = 1,2. Then er‘;v = p’i‘e,?/‘ +pre, .

3.8Lemma

(1) Suppose W = Z /27, then the cohomology class [er‘:V] is the nonzero element in
H'W,2Z) =F, ifnis even orin H'(W,F,) = F, if n is odd.

(2) If we W is conjugate to a product of m commuting simple reflections (so w
is itself an involution), then the class [eZV|<W)] =m mod 2 as an element in
H'((w),Z) =F, ifnis even or H'(W,F,) = F, if n is odd.
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3.9 Remark The maps y,, are not compatible with the ring structure on Z[D] in gen-
eral (besides the case W = Z/27). Therefore, in general there is no reason to expect
that e:V be related to cup powers of the sign elw in any obvious way.

In the rest of the section we collect some useful formulas for computing er‘:" and
more generally collapsing cocycles.

3.10 Lemma Let x|,...,x, € W and let £ > 1 be odd. Suppose there is a partial
product of ¢ consecutive entries x; -+ X; oy = 1, then {(x,, ..., x,) = 0 for any col-
lapsing n-cocycle § € Z"(W,A).

Proof By Theorem in §2.9 it suffices to treat the case ¢ = Z;V. If XX =1,

consider the sequence of # + 1 chambers (Cj_l,Cj,...,CHf_l). The condition

Xj - Xjppy = Limplies C;, oy = C;_;. For any H € 'H, this even number of cham-

bers cannot be H-alternating if the first one is the same as the last one. Therefore

ZV(xy,...,x,) =0by (2.2). O
3.11Lemma Letx,,...,x, € Wandlet? > 2 be even. If x| -+ x, = 1, then
er‘:v(xl,xz,x3, R €Kl(x2sx3, ...,X,) mod 2. 3.1)

Similarly, if x,_; 1 -+ x, = 1, then
2 )=e,) ) d2
€ (X1, %, o0 X1, X,) =€, (X, %, ...,X,_;) mod 2. 3.2)

Proof We prove (3.1). Since x, ---x, = 1, the corresponding chain of chambers
(Cy, Cy, ..., C,) satisfies C, = C,. For any H € 'H, (Cy, Cy, ..., C,) is H-alternating
if and only if (Cy, ..., C,) is H-alternating, if and only if (Cy, x,Cy, -+, x, -+ x,,Cp) 1s
x,H-alternating. This implies (3.1). The proof of (3.2) is similar. O

3.12Lemma Let x,...,x, € Wandl <i < n.Letx; = s, - s,, be a reduced expres-
sion. Then for any collapsing n-cocycle { € Z"(W,A), we have

m
C(xys.oohx,) = Z GO e s Xy ST e Sjps Sj it " SXig 1o +oe 5 Xy)-
=1

Here, ifi = 1, the first term should be S5 ifi = n, the last term should be 8

Proof We prove this by induction on m. For m =0 the statement is vacuous.
Now assume the statement is proved for m — 1. Applying the cocycle condition
(O0) (x5 oo s X5 81,80 = Sy Xjp1s -+ »X,) = 0 we get a sum of terms most of which
contain two consecutive entries s; and s, --- 5,,, which vanishes since { is collapsing.
The remaining terms are
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Oy e s X815 80 Sy Xiy 15 ---»X,)  (if 1 =1, the first entry is s, -+ 5,,);
OOy oo s Xy 5 Xy X g5 o e e 2 X)5
SO0y oo s X5 81580 S Xip 15 Xiqas -+, X,)  (f i =n, the last entry is s,).

The sum of the three terms above is zero. We then apply inductive hypothesis to the
first term above to conclude. O

4 Geometric Origin of e!’

When W is a Weyl group, the cocycle €§V naturally shows up in the study of convolu-
tions in certain Hecke categories. In fact this was our motivation to study collapsing
cocycles for general Coxeter groups. Below we recall the geometric context.

4.1 Monodromic Hecke Category In [3] we studied monodromic Hecke categories
for reductive groups. Let G be a connected reductive group over an algebraically
closed field k, B a Borel subgroup of G with unipotent radical U and T C B a maxi-
mal torus. Let £ and £’ be two rank one character sheaves on 7. In [3] we studied the
derived category D, of complexes on U\G/U equivariant under the left and right
translation by 7 with respect to £ and £’, respectively. These categories appear natu-
rally in the study of representations of finite groups of Lie type.

Now fix a W-orbit o of rank one character sheaves on 7. The direct sum
D, := @D r'es(r D) carries a monoidal structure under convolution

* . L//Dﬁf X ﬁ/Dﬁ g ﬁ”DC' (41)

In [3, §4], we gave a decomposition of D, into blocks. For L, L eo, let
oWe={weW|wl =L Let W7 be the subgroup of W generated by reflections
with respect to the roots a such that a¥*L is the trivial local system on G,,. Then
the blocks in D are indexed by the set /W . = W./W; = W\ W, (see [3,
§4.1]). Moreover, each coset f € W, contains a unique element w/” € W . of
minimal length ([3, Lemma 4.2]).

In [3, §4.4] we introduced a groupoid E whose objects set is 0 and its morphism
set Homg(L, L) is W ., the set of blocks in »D,. The multiplication on the
groupoid E is compatible with convolution on D,. In [3, §5.8] we have defined a
3-cocycle o on the groupoid E that captures certain signs that appear in the associa-
tivity constraint of the convolution, which we now recall.

Let £,L',L" €o,andlet p € oW .andy € oW . be blocks. Let WP, W be lift-
ings of w#, w” to N(T). Let A(GW?) - be the standard perverse sheaf obtained from a
shifted local system on BWw”B by extension by zero (equipped with a trivialization
of its stalk at w”, see [3, §2.11]). By [3, §5.5], there is a canonical isomorphism in
c'De
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can AW gk AW, = AP,

wr wh
For another £ € o, and block & € ;W ., consider the following diagram of
isomorphisms:

(W) g x A

can ;s ,~xid cdnwguﬂ w8

A(’U}J)LN *A(M’y L/*A (w uﬂw )[' (4 2)

W) e % AP

However, this diagram is not necessarily commutative. Let o(Wo, wr, wh) r € @; be
the ratio of the upper composition over the lower. It is easy to see that c(W?, w?, w#) »
is independent of the choices of liftings of w”, w” and w?; therefore, we may denote
it by 6(8, v, ). From the pentagon axiom for the associativity of the convolutlon
functor, we get that ¢ is a 3-cocycle on the groupoid Z, i.e., ¢ € Z*(E, @ o)

4.2 Our next goal is to relate the cocycle o EZ3(E,@:) to the cocycle
G;V € Z3(W, ). By definition, there is a map of groupoids

7 E - [pt/W] 4.3)

sending a morphism f € Homg(L, L") = oW tow” e W.

We generalize the notion of a collapsing cocycle to the groupoid E. Let
n>?2 and A be an abelian group. A cocycle C € Z"(E,A) is collapsing if, when-
ever fi,..., [, are composable morphisms in Z (so that f, --- §, is defined), and
[wPiwPiet| = |whi| + |wPi+1| for some 1 <i<n—1, we have {(B,...,5,) =0. We
have the following generalization of Lemma in §2.11:

43 Lemma Let n>2 and {€Z'(E,A) be a collapsing cocycle. Sup-

pose for any morphism f in E containing a simple reflection s € S, we have

BT LB B) = 0. Then ¢ = 0.

Proof Sketch The proof is almost identical as that of Lemma in §2.11. For composa-
ble morphisms f = (f,,...,f,) in E, we prove the vanishing of {(f,,...,f,) by
induction on L(f) := Y, [wfi|. The only nontrivial point is to make sense of
reduced word dEcomposition of a morphism in E. Let f € Homg(L, £, and
wh = st,N , - s; a reduced expression in W. Let £; = 5 «+-s; L. Then for any
1 <£j<j <N, the partial product sl}-/ S is the minimal length element in its coset

ﬂ[iJ’] S L]_,W , e, whin = Siy o . This follows from [3, Lemma 4.6 (3)(4)]. 1

particular we may write B= ﬁ[N MOBy-1y and wh =5 whia-iso  that
|[whv| = N = 1 4+ |wPiwv-11|. This decomposition is used in the 1nduct10n step. O
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4.4Theorem The cocycle o takes values in {+1}. If we identify {+1} with F,, we have
* W

c=n"e.
Proof We first check that o is collapsing. For this we look more closely into the
geometry behind the cocycle o. Let X be the flag variety of G, and O(w) C X X X be
the G-orbit containing (B, Ad(w)B). For any sequence of elements w,, ... ,w; € W,
let X(w,,...,w;) C X" be the variety classifying sequences of Borel subgroups
(By,...,B,) such that (B,B|) € O(w,), and (B;,B;,;) € O(w;,;) for 1 <i<n-1
For composable morphisms &,y and f in Z, let X(wo#w?”, w#) € X(w®, w”, w”) be the
closed subvariety where (B}, B;) € O(W?w?); let X(w?, w'#wf) C X(w®, w”, w?) be
the closed subvariety where (B, B,) € O(w'w?). We have a diagram

X (wl#w?, w?) 2 X (wlw”, w?)

X (w?, w?, w?) X

X (W, w#w?) -2 X (wd, wiwh)

The maps are the obvious inclusion and forgetful maps. We take the fiber of all
spaces in the above diagram over the point B; = Ad(w®w’w’)B € X, and name them
Y(?) instead of X(?). Then the stalk of A(W®)» x AW) x* AWP), at wowwh is
HA(Y(WP, w? ,wP), FT|w?| + |w”| + [wP|]) for some rank one local system F con-
structed from £, £" and L. The restriction of F to Y (w’#w”, w#) and Y (w®, w"#wP)
are canonically isomorphic to Q,. By [3, §5.3], the maps q,p, and g,p, are affine
space bundles of dimension d = %(Iw‘sl + |w”| + |w#| — [w?w’w#|) when restricted
to the point Adw?w"w#)B. Therefore, Y(w?#w”, w’?) and Y(W®, w’#w#) are isomor-
phic to A?. The fact that canys ;, and cany, ;, are isomorphisms implies that the
restriction maps

~

T HZ"“6’”yWﬂ|(Y(w5,w’,wﬂ),ﬂ|W5| + W] + W) > Hfd(Y(w‘s#wy,wﬂ),@,g) ~Q,,
iy 2 H O w P, FTI |+ w7+ [P () — B, wi i), @) 2 @,

~

are isomorphisms. The number o(6, ¥, f) is the ratio of these two isomorphisms.

Suppose |[wW?| + [w”| = |[wPw’|; then Y(WP#w’, w#) = Y(w?, w",w?); therefore
YW, wi#wP) = Y(w®, w”,wP) as well for dimension reasons. In this case, both i¥
and i} are the identity maps; hence 6(3,7, f) = 1. The case [w”| + |w”| = [w'w’| is
proved similarly. This proves that ¢ is collapsing.

In [3, Example 5.7], we have shown for G = SL,, and a block f containing the
nontrivial element in the Weyl group W =S,, we have o(f, !, f) = —1. This
implies for general G, and any block f containing a simple reflection s € S, we have
o(B, ', B) = —1 since the calculation in this case reduces to the SL, example by
the homomorphism SL, — G corresponding to s. Now we identify {+1} with [,. We
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have seen that { = o — z*¢} is collapsing in Z*(E, F,) and satisfies {(8, 5=, ) = 0
for any morphism f in E containing a simple reflection. By Lemma in §4.3, { van-

ishes identically; hence o = 7*¢;’ . |

4.5 Remark A similar sign is observed by Bezrukavnikov and Rich_e1 in the usual
Hecke category. Let A(s) and V(s) be the ! and * extensions of Q,[1] from the
Schubert cell X(s) C X = G/B. Let 6 be the skyscraper sheaf at the point stratum
X(1) = {B}. There are canonical isomorphisms A(s) % V(s) = 6 = V(s) x A(s).
However, the resulting two isomorphisms

(A(s) * V(5)) * A(s) = 6 x A(s) = A(s), 4.4)

A(s) * (V(s) % A(s)) = A(s) * 6 = A(s) 4.5)

differ by a sign. Indeed, the stalk of A(s) x V(s) x A(s) along X(s) can be identified
with

H(A2,,Q,[3]),

where j: A2 - C < A? and C = {(x,y) € A?|xy = 1}. The two isomorphisms
(4.4) and (4.5) correspond to the two restrictions which are isomorphisms

res, : H'(A2,j,Q,[3)—H:(AL,Q,[3]) = Q,[1](-1),

res, ! H:(Az,j*@f[S])eHj(A;,@;[3]) = Q[11(=D).
Here A}C and A! are the coordinate lines y=0 and x=0. The involution

o (x,y) = (y,x) then interchanges res, and res,. To see the sign, it suffices to show
thata acts on H (Az,]*@f)by —1. Using the trlangle @f -7.Q, =i @f[ 11(-1),
where i : C & Az we get HZ(AZ,]*@K)NH (C,Q.)(— 1) Now C=G,, and o
restricts to the inversion map on C, which acts by —1 on H'(C) and H! (C) This is
the source of the sign.

5 Restriction of egv toQ

In this section, for W an irreducible Weyl group, we calculate the restriction of eW to
certain abelian subgroups. Such restriction naturally shows up in [3] as the tw1st1ng
data for the monoidal structure of monodromic Hecke categories, and our calcula-
tion here shows that the twisting is often nontrivial.

Below we write e;’V simply as e;. We first collect some useful properties of e;.

! Private communication.
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5.1 Proposition Let (W, S) be any Coxeter group and x,y,z € W.
(1) Ify=s€S,then

( ) 1, if |xs| < |x|and |sz| < |zl;
e (x,5,2) = .
3 0, otherwise.

(2) Lety=s; s, beareduced expression; then

€3(x,y,2) = Z€3(xsl S Sp Sigt 7t Spp2)-
i=1
(3) We have e5(x,y,z) =0ifxyz = 1.
(4) We have e;(y™',y,2) = %(Iyl + |zl = lyzl) mod 2 and e;(x,y,y™") = %(|x|+
[yl = lxy]) mod 2.
(5) We have ey(x,x~!,x) = |x| mod 2.
(6) We have e5(x,y,2) = €5(y,2, (xy2)™") = €3(z, (xy2) ™1, %) = e5((xy2) ™!, x, y).

Proof (1) follows from definition. (2) is a special case of Lemma in §3.12.

(3) follows from Lemma in §3.10. (4) follows from Lemma in §3.11 and (5) is a
special case of (4).

(6) Apply the cocycle condition (6€5)(x, y, 2, (xyz)~") = 0, and using (3) to get the
first equality; the others are obtained by iterating the first one. O

5.2 The Group Q For the rest of the notes, let W be a Weyl group. Let G, T, B be as
in §1.3, with the extra assumption that G is simple of adjoint type. Let W = A X W
be the extended affine Weyl group attached to G, where A = X, (T). Let A be the
corresponding fundamental alcove in X, (T)g, and let Q C W be the stabilizer of A.
The mapi : Q C W — W is injective, and the conjugacy class of i is independent of
the choice of B (it will depend on G and not just W, as we shall see by comparing
type B and type C).

The finite abelian group Q, = W, /W in [3, §2.4] is a subgroup of €. We would
like to compute the cohomology classes of the pullback of €5 to Q as well as to sub-
groups of Q, which play a role in the statement of [3, Theorem 10.12]. This question
is non-vacuous only when #Q is even, which happens for types A, (n odd), B,, C,,
D, and E,.

5.3 Method To compute [e;]q] we need to compute i. Let D be the Dynkin dia-
gram of G, and D be the extended Dynkin diagram of G. It is well-known that
Q =~ Aut(D)/Aut(D). Also Aut(D) = Aut(D, a,). We shall compute the pro-
jection i Aut(B) - W. Let 7€ Aut(B); then it is a permutation of aff-
ine simple roots. It is then easy to write down the matrix for the action of 7 on
V =X*(T)g = Spang{a,|s € S}. If 7(a,) = ap, then its action on V should read
(o) = —0 =— ), na,.
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Another general principle: if X ¢ W, let ®(X) = {a € ®(G,T) | «LV*}, and let
W(X) C W be the subgroup generated by reflections attached to a € ®(X). Then
X C W(X) and W(X) is a parabolic subgroup of W. This allows us to reduce the cal-
culation to smaller Coxeter groups.

In the next subsections we compute [e3]] case by case.

5.4 Type A,_;, n Even We have Q =~ Z/nZ C S, generated by the cyclic permuta-
tion C = s,s, - 5,_;. We claim that [e;]q] is the nontrivial class in H*(Q, F,) = F,.
Letn = 2m.

Suppose in the contrary that e;|g is a cobounbary, i.e., e; =64 for some
function A:QXQ — F,; then the fact that e; is normalized shows that
Ax, 1) = A(1,1) = A(1,x) for all x € Q. We may assume A(1, 1) = 0; for otherwise
we can change A to A+ 1 and its coboundary is still ;. Therefore, we assume 4 is
also normalized, i.e., A(1,x) = A(x, 1) = O for all x € Q.

We have e;(C™, C™, C) = e;(C, C™, C™) by Proposition (4) in §5.1. Since e; = 64,
we get

e3(C™, C™,C) = A(C™,C) + AC™, C™ 1y + AC™, C™),
e3(C, C™,C™) = AC,C™) + AC™', C™) + AC™,C™).

The equality of the LHS of the above two equations implies
MC™,C)+ AC,C™) + AC™,C™ Ny + ACc™, c™y = 0. 5.1

However, the above is equal to e;(C™, C, C™), which we now show is nonzero.

The element C is the cyclic permutation: 1 = 2+~ --- = n+— 1. The involu-
tion C™ interchanges i and i + m for 1 <i < m, and hence |C"| = m>. The permu-
tation C"s; -5, is jrm+j+1lfor 1 <j<m—-1, m—>m+1, m+j—j for
0<j<m. We see that |C"s; -5, ;| =m>+m—1=|C"|+m— 1. Similarly,
[Ssq = 8,1 C"'| = m — 14 |C™|. By Proposition (1)(2) in §5.1, we see

n—1

€3(Cm, C’ Cm) = Z €3(Cms1 o sj—l’ Sj’ Sj+1 sn_lcm)- (52)

j=1

The automorphism of (W, S) sending s; to s,_; sends the triple (C™s; ---s,_;,
Sis Sy Sy C"IO(C™ sy o Sy_i 1y Sy Sp_jyy = 8,—1 C™), Which have the same value
under e; by Lemma (1) in §3.7. Therefore, the RHS of (5.2) reduces to one term
€3(CS |+ Spu_ s Sps Sus +* Spe1 €™ Now  |C™sy o5, | =m*> +m—2=|C"s, -
Sp_1| =1, and similarly |s,, --- 5,_;C"| = |$,,41 - 5,_;C"| — 1. By Proposition (1) in
§5.1, €3(C™sy =+ 810138 Sipa1 - S C™) = 1; therefore, €;(C™, C,C™) # 0, which
contradicts (5.1). Therefore, [e;]|g]is the nontrivial element in H? (Q,F).

For any subgroup Q' C Q, the restriction [e5], ] € H3(Q’, [F,) is nontrivial if and
only if [Q : Q']is odd.
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5.5Type B,, In this case, Q = Z /27, with nontrivial element conjugate to the simple
reflection s,, : (X, X, ...,X,) = (X}, %,, ..., —x,). Therefore, [e;]q] € H*(Q,F,) = F,
is always the nontrivial element.

5.6 Type C, In this case, Q = Z/2Z, the nontrivial element is the involution
T (X, .,x,) P (=x,,...,—x;). We have ®(7) = {e, +¢€,,6, +¢,_,...} (if n is
odd, 2€,,1), € P(7)) consisting of orthogonal roots. Therefore, W(7) is of type

A[l("H)/ 2 and 7 is the product of nontrivial elements from each factor. By Lemma
(2)in §3.8,[€63]0] =[] mod 2 € H*(Q, F,) = F,. Therefore,

2
[ |] =0, n=0,3 mod4;
€
Y £0, n=1,2 mod 4.

5.7 Type D,, n Odd In this case Q= Z/4Z. The three nontrivial elements in
i(Q) C W are 0, 02, »™:

o(xy, ..., x,) = (X, =X,_1, ..., =Xy, —X1),
2

07Xy, .o, X,) = (=X, X0, 0o X1 —Xy,),

@ (X(s o1 X)) = (=X =Xy s =Xy, X)),

Write n = 2m + 1. We see that W(Q) is of type D3 x A" ! = A; x A"!, and w is
(C,s,...,s) where C € S, is a Coxeter element, and s € S, is the nontrivial element.
Let p : Q — Z /27 be the projection; then by Lemma in §3.7,

w8 s
€3lq ~ (m—1Dp*e’ + €'|q.
Note that p* induces zero on cohomology in degrees > 1, therefore,

S4|

€lq ~ € la

which we know is nontrivial by §5.4.

The unique nontrivial subgroup of Q is (w?). Since the restriction map
H*(z/42,F,) —» H*(Z2/22,F,) s trivial, €3] (2) is cohomologically trivial.

5.8 Type D, nEven In this case Q = Z /27 x Z /2Z. The three nontrivial elements
in i(Q) C W are as follows:

@y, ., X,) = (X, =X,_q,s .0, =X, X)),
Wy (Xy, .o, X,) = (=X, Xg0 en s Xy —X,,)
W3(Xp, .., X,) = (=X, =X,_gs oo s =X, —X)).

We identify Q with Z/2Z X Z/2Z by w, — (1,0),w, = (1,1) and w; — (0, 1).
Let p,,p, : Q = Z/27Z be the projection to the first and second factors and let
P3=p +p, Q- Z/27.
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Write n = 2m. We see that W() is of type D, ><A’1"‘1 = A’l"“. We write D, for
the first two factors of A,. Then

o, =(@1,5...) o0,=(s51,...); w3=(lss5,...),

where s denotes the nontrivial element in each A -factor of W(Q). Each factor of

A, corresponds to a projection z; : Q > S, =Z/2Z,i=1,...,m+ 1; then &g is
m+l 4 S Q: _ _ _ _ _
cohomologous to Y\ z7'€;*. Since 7, = py, 7y = py, 3 = *+ = X, = p3, We thus
get
w0 S s Sy sy Sy
€lq ~ pi(€;’) + pi(e;?) + (m — 1)p5(e?). (5.3)

Let n € H'(Z/2Z,F,) be the nontrivial element; then {#* ® n°~%| 0 < a < 3} gives
a basis for H*(Q, [F,). Then (5.3) implies

[es10) =m0’ @ D+ (m— D> @ n)+ (m— D @ n*) + m(1 @ n*) € H(Q. ).

In particular, [e5|q] is always nontrivial.
We have three nontrivial subgroups in €, generated by w;, i = 1,2, 3. We see that

le3liwp] =mn’.  [eslwy] =0, [esliay] = mn’.

5.9 Type E; In this case, Q =2Z/27Z, and the nontrivial element 7 € Q has
dim V* = 4. Therefore, W(r) is a rank 3 parabolic subgroup of W and 7 is the long-
est element in W(z) that acts by —1 on the 3-dimensional reflection representation
of W(z). Now W(z) is simply-laced since W is, therefore W(z) is of type A?. This
implies that 7 is conjugate to a product of three commuting simple reflections in W.
By Lemma (2) in §3.8, [e3]o] € H3(Q, [,) = [, is the nontrivial element.
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