
SURVEY ON GEOMETRIC REPRESENTATION THEORY

ZHIWEI YUN

Abstract. We give an overview of some fundamental results in geometric representation theory, empha-

sizing aspects related to the Langlands program.

1. Introduction

Representation theory aims to classify different ways a given group (or a ring) can act on mathematical
objects. A large part of the existing theory is about linear representations, namely the actions of groups
or rings on vector spaces as linear transformations.

In many cases, representations of groups are constructed by geometric methods, typically by first
considering manifolds or algebraic varieties related to the group, and then studying sheaves on them and
their cohomology. Early successes of the geometric methods include the construction of discrete series
representations of real Lie groups, and the construction of general representations of finite groups of Lie
type. Since then, geometric representation theory became an active branch of representation theory,
and is now intimately connected to many other subjects such as algebraic geometry (derived category
of coherent sheaves, moduli spaces, mirror symmetry), number theory (representations of p-adic groups
and automorphic representations, Langlands program), topology (knot theory, generalized cohomology
theories), combinatorics and mathematical physics.

Due to the limitation of my expertise, I will focus on those topics in geometric representation theory
that are directly related to the Langlands program. As a result, there are obvious omissions of important
topics such as modular representations, quantum groups, affine and general Kac-Moody Lie algebras, etc.
We also try to illustrate fundamental constructions by using SL2 or GL2 as examples.

2. Finite-dimensional representations of reductive groups

In this article, k always denotes an algebraically closed field. By reductive groups we shall always mean
connected reductive groups.

2.1. Reductive groups. Reductive groups G over k are classified by quadruples called root data

(2.1) (X,Φ, X∨,Φ∨)

where X is a free abelian groups of finite rank, X∨ = Hom(X,Z), Φ ⊂ X is a finite subset forming a root
system with coroots Φ∨ ⊂ X∨ in bijection with Φ. See [56, Theorem 9.6.2]. From G, such a root datum
is obtained by choosing a maximal torus T ⊂ G, taking X = Hom(T,Gm) to be the character lattice of T
and Φ (resp. Φ∨) to be the roots (resp. coroots) of G with respect to T .

Semisimple algebraic groups G over k correspond to root data where Φ span X⊗Q as a rational vector
space. Among such, simple algebraic groups correspond to those with irreducible root systems. Up to
central isogeny, simple algebraic groups fall into 4 infinite series and 5 exceptional types:

SLn, SO2n+1, Sp2n, SO2n, E6, E7, E8, F4, G2.

Chevalley showed that, reductive groups over fields of various characteristics with the same root datum
can be glued together to give a group scheme G defined over Z, the Chevalley group attached to a root
datum. It allows us to obtain a reductive group GR over any commutative ring R by base change, and talk
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about the group of R-points G(R). Not all reductive groups over R are obtained from Chevalley groups
by base change: we only get split groups. In this article we mostly discuss split groups.

Below we shall talk about the representation theory of groups of the kind G(R) starting from a root
datum as in (2.1) (or equivalently, a Chevalley group G over Z), where R can be a finite field Fq, a p-adic
field Qp or Fq((t)), real or complex numbers R or C, or the ring of adèles AF of a global field F .

2.2. Flag variety. Flag varieties are the basic geometric avatar for constructing representations in various
settings.

First let G be a reductive group over an algebraically closed field k. The flag variety B of G is the
moduli space of Borel subgroups of G. It is a projective variety over k with a transitive action of G. If we
choose a Borel subgroup B ⊂ G defined over k, we have a G-equivariant isomorphism B ∼= G/B.

If G is of classical type, B can be described in linear algebra terms. For example, if G = Sp(V ) is the
symplectic group attached to a symplectic vector space V over k of dimension 2n, then B(k) is the set of
complete isotropic flags in V

0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn = V ⊥
n ⊂ V ⊥

n−1 ⊂ · · · ⊂ V ⊥
1 ⊂ V

where dimk Vi = i for all i.
One can define the flag scheme for a Chevalley group as well, which will be a smooth projective scheme

over Z, whose base change to an algebraically closed field k recovers the flag variety over k discussed above.

2.3. Borel-Weil-Bott. Algebraic representations of a reductive group G over k are finite-dimensional
k-vector spaces V together with a morphism of algebraic groups ρ : G→ GL(V ). Let Rep(G) denote the
category of algebraic representations of G.

In this subsection, all algebraic groups are defined over k = C.
Let T be a maximal torus in G, so that we have a root datum as in (2.1), with X = Hom(T,Gm), etc.

Let B be a Borel subgroup containing T , which defines the subset of positive roots Φ+ ⊂ Φ and positive
coroots Φ∨,+ ⊂ Φ∨. An element λ ∈ X is called dominant if ⟨λ, α∨⟩ ≥ 0 for any α∨ ∈ Φ∨,+. Let X+

denote the set of dominant weights.
By Cartan-Weyl theory, isomorphism classes of irreducible algebraic representations of G are classi-

fied by their highest weights λ ∈ X+: for λ ∈ X+, the corresponding irreducible representation Vλ is
characterized by having a unique eigenline ℓλ ⊂ Vλ under B, on which B acts through the character

B → T
λ−→ Gm.

The Borel-Weil construction [54] gives a geometric realization of irreducible algebraic representations
of G as (holomorphic, or equivalently algebraic) sections of line bundles over the flag variety B. For each
λ ∈ X, consider the line bundle Lλ on B whose total space is the quotient of G× A1 by the right action
of B by

(g, a) · b = (gb, λ(b
−1

)a)

for g ∈ G, a ∈ A1, b ∈ B, and b ∈ T denotes the image of b under the projection B → T . For λ ∈ X+,
consider the line bundle L−λ on B constructed above. Then its global sections carries a natural action of
G, and is isomorphic to the irreducible algebraic representation dual to Vλ:

H0(B,L−λ) ∼= V ∗
λ .

2.3.1. Example. For G = SL2. The flag variety in this case is P1 with homogeneous coordinates [x, y],
and the action of g ∈ SL2 on [x, y] is by matrix multiplication

(
x
y

)
7→ g

(
x
y

)
. It is well-known that line

bundles on P1
C are of the form O(n) = O(1)⊗n for integers n ∈ Z. Here O(1) is the universal quotient

bundle whose fiber at [x, y] is the quotient line C2/C
(
x
y

)
.

When n ≥ 0, Vn := H0(P1
C,O(n)) can be identified with homogeneous degree n polynomials in two

variables x and y, on which SL2(C) acts by linear change of variables. This is the familiar realization
of the (n + 1)-dimensional irreducible representation of SL2, and as n varies in Z≥0, they exhaust all
irreducible algebraic representations of SL2.
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How about line bundles Lλ for general λ ∈ X? Bott [13] proved that the cohomology groups H∗(B,Lλ)
is non-vanishing in at most one degree, which can be determined by the combinatorial data of the W -action
on X. In that non-vanishing degree, the cohomology group of Lλ again gives an irreducible representation
of G. In the SL2-example, it is easily seen by Serre duality that when n ≤ −2, H1(P1,O(n)) is dual to
H0(P1,O(−n− 2)) ∼= V−n−2.

2.4. Geometric Satake equivalence. A totally different way of realizing algebraic representations of G
is by considering geometric objects attached to another group G∨, the Langlands dual group of G. Let
us work over k = C. The root datum of G∨ is obtained from that of G by swapping roots and coroots: if
(2.1) is the root datum of G, then the root datum of G∨ is

(X∨,Φ∨, X,Φ).

For example, if G = GLn, then G∨ is also isomorphic to GLn; if G = Sp2n, then G∨ ∼= SO2n+1.
Let G∨((t)) be the loop group of G∨: its C-points are G∨(C((t))); similarly, let G∨[[t]] be the arc group

whose C-points are G∨(C[[t]]).
The affine Grassmannian GrG∨ of G∨ is an infinite dimensional version of the (partial) flag variety of

G∨. Its C-points is the coset space G(C((t)))/G(C[[t]]). For G∨ = GLn, we can identify GrG∨(C) with the
space of C[[t]]-lattices in C((t))n (rank n C[[t]]-submodules of C((t))n). One can write GrG∨ as an increasing
union of projective schemes, each inside a Grassmannian variety of growing size. The loop group G∨((t))
acts transitively on GrG∨ with stabilize at the base point equal to G[[t]].

Let T∨ be a maximal torus of G∨ whose cocharacter lattice Hom(Gm, T∨) is identified with the character
lattice X of T . For λ ∈ X, let tλ ∈ T∨(C((t))) denote the image of t ∈ C((t))× = Gm(C((t))) under the
cocharacter λ : Gm → T∨. We may view tλ as a C-point of GrG∨ . For λ ∈ X+, let Grλ ⊂ GrG∨ be the
orbit of tλ under G∨[[t]]. Then {Grλ}λ∈X+ are exactly the G∨[[t]]-orbits on GrG∨ . Let Gr≤λ be the closure
of Grλ in GrG∨ , which is a projective variety, often singular. The varieties Gr≤λ should be thought of as
analogs of the Schubert varieties (in the usual Grassmannian) for the loop group G∨((t)).

Let K ⊂ G∨(C) be a maximal compact subgroup. As a topological space, GrG∨(C) is homeomorphic
to the space of polynomial loops f : S1 → K such that f(1) = 1 (polynomial means that any matrix
coefficient of K pulls back to a finite Fourier series on S1).

Now consider the intersection homology IH∗(Gr≤λ) of Gr≤λ in C-coefficients. A deep theorem of Lusztig
[39], Drinfeld, Ginzburg [26], and Mirković-Vilonen [48] says that there is a canonical action of G (not
G∨) on the total intersection homology IH∗(Gr≤λ), realizing an isomorphism of G-representations

(2.2) IH∗(Gr≤λ) ∼= Vλ.

2.4.1. Example. Consider the case G = PGL2, hence G∨ = SL2. In this case, GrG∨ has a complex
cell decomposition with one cell in each complex dimension 0, 1, 2, · · · . It is homotopy equivalent to the
based loop space ΩSU2

∼= Ω(S3). Identify X+ with Z≥0 in an obvious way, then Gr≤n is the union of
complex cells of dimension 0, 1, 2, · · · , 2n. In this case, Gr≤n happens to be rationally smooth, so that its
intersection homology coincides with the usual cohomology H∗(Gr≤n), which has total dimension 2n+ 1.

There is a canonical action of G = PGL2 on H∗(Gr≤n): the diagonal torus acts on H2i(Gr≤n) with

weight −2n+2i; the action of

(
0 1
0 0

)
∈ Lie G is by cup product with the Chern class of an ample line

bundle on GrG∨ , the determinant line bundle.

The full statement of the geometric Satake equivalence also includes geometric realizations of tensor
product of algebraic representations of G, as well as all linear algebraic relations among such tensor
products. For example, the tensor product Vλ⊗Vµ of two irreducible representations with highest weights

λ and µ is realized as the intersection homology of the convolution Schubert variety G̃r≤λ,≤µ inside
(GrG∨)2. The G-isomorphisms V ⊗W ∼= W ⊗ V for V,W ∈ Rep(G) also has a geometric interpretation
via the “fusion” construction [48]. All these structures are packaged into an equivalence of abelian tensor
(symmetric monoidal) categories

(2.3) PG∨[[t]](GrG∨)
∼→ Rep(G)
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where the left side is the category of G∨[[t]]-equivariant perverse sheaves on GrG∨ (supported on finitely
many G∨[[t]]-orbits), equipped with the tensor structure given by convolution. The equivalence (2.3) is
called the geometric Satake equivalence. A comprehensive reference is [65].

Another feature of the equivalence (2.3) is that it works for general coefficients. Namely for any
commutative ring R, if one considers perverse sheaves with R-coefficients on the left side of (2.3), then the
resulting R-linear tensor category is canonically equivalent to Rep(GR), the tensor category of algebraic
representations of the split group G over R whose root datum is the same as that of G. This equivalence
has been used to study modular representations of reductive groups.

2.5. Quiver varieties. Let g be a simple, simply-laced Lie algebra over C. Nakajima [49] gave a construc-
tion of finite-dimensional simple modules of g in terms of certain moduli space of quiver representations.

LetQ be an oriented graph (or quiver) whose underlying graph is the Dynkin diagram of g. In particular,
the vertex set I of Q is in bijection with simple roots {αi}i∈I of g. The orientation of Q is arbitrary. Let
Q□ be the oriented graph obtained from Q by adding one vertex i□ for each i ∈ I, with an arrow i→ i□

for each i ∈ I. The added vertices {i□}i∈I are called framing vertices. Let
←→
Q□ be the quiver obtained

from Q□ by adding an opposite arrow to each existing arrow.
Let v = (vi)i∈I and w = (wi)i∈I ∈ ZI

≥0. Let R
(
w
v

)
be the moduli space of representations of the

doubled quiver
←→
Q□ where the vector space at i is Cvi , and the vector space at i□ is Cwi , for all i ∈ I.

The group GL(v) =
∏

i∈I GL(vi) acts on R
(
w
v

)
by acting on the vector spaces Cvi . Viewing R

(
w
v

)
as the

cotangent bundle of the representation space of Q□ with the same dimension vectors, we have a moment
map µ : R

(
w
v

)
→ gl(v)∗. Let M0

(
w
v

)
be the Hamiltonian reduction µ−1(0) //GL(v); it is an affine scheme.

On the other hand, for a character θ : GL(v) → Gm, one can form the GIT version of the Hamiltonian
reduction Mθ

(
w
v

)
= (µ−1(0) ∩ Rθ−st

(
w
v

)
)/GL(v) using the θ-stable locus. Under a genericity condition

on θ, Mθ

(
w
v

)
is a smooth symplectic variety equipped with a projective morphism π : Mθ

(
w
v

)
→ M0

(
w
v

)
which sometimes turns out to be a symplectic resolution. The reduced zero fiber Λ

(
w
v

)
= π−1(0)red is a

projective Lagrangian subscheme of Mθ

(
w
v

)
.

Nakajima constructed an action of g on the following vector space

(2.4) Lw =
⊕

v∈ZI
≥0

Htop

(
Λ

(
w

v

))
.

Here Htop denotes top degree homology. The sum turns out to be finite in this case. The action of g
is constructed by specifying the actions of the raising and lowering operators ei, fi for each simple root
αi. The action of ei is defined using a certain Lagrangian correspondence between Mθ

(
w
v

)
and Mθ

(
w

v+ϵi

)
,

where ϵi is the dimension vector whose i-coordinate is 1 and zero elsewhere. Nakajima proves that Lw is a
simple g-module with highest weight λ =

∑
i∈I wiϖi, where {ϖi} are the fundamental weights dual to the

simple coroots {α∨
i }. The summand in (2.4) indexed by v is the weight space with weight λ−

∑
i∈I viαi.

2.5.1. Example. In type A, Nakajima’s construction essentially recovers the earlier construction by
Ginzburg [25]. Consider the case g = sl2, where the quiver Q reduces to a single vertex without edge. The
doubled and framed quiver Q□ has shape

◦
j // □
i

oo

where □ denotes the framing vertex. Fix any 0 ≤ m ≤ n, the corresponding moduli space M
(
n
m

)
is the

cotangent bundle of the Grassmannain Gr
(
n
m

)
of m-planes in Cn, and Λ

(
n
m

)
= Gr

(
n
m

)
is the zero section.

Therefore, the simple sl2-module with highest weight n is realized on the (n+ 1)-dimensional space

Vn =
⊕

0≤m≤n

Htop

(
Gr

(
n

m

))
.

The summands above are weight spaces of the Cartan subalgebra of sl2. The raising operator e =(
0 1
0 0

)
∈ sl2 acts by a map em,m+1 : Htop

(
Gr

(
n
m

))
→ Htop

(
Gr

(
n

m+1

))
for each m. Consider the
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2-step partial flag variety Gr
(

n
m,m+1

)
⊂ Gr

(
n
m

)
×Gr

(
n

m+1

)
classifying linear subspaces Fm ⊂ Fm+1 ⊂ Cn.

Let Zm,m+1 ⊂ T ∗Gr
(
n
m

)
× T ∗Gr

(
n

m+1

)
be the conormal bundle of Gr

(
n

m,m+1

)
, viewed as a Lagrangian

correspondence

Zm,m+1

yysss
sss

sss
s

&&MM
MMM

MMM
MM

T ∗Gr
(
n
m

)
T ∗Gr

(
n

m+1

)
Then em,m+1 is the pull-push operation on homology given by the correspondence Z(m,m + 1, n). The
construction of the action of the lowering operator uses the same corresponce Zm,m+1 but read from right
to left.

3. Real and complex groups

In this section we are concerned with infinite-dimensional representations of Lie groups.

3.1. Category O, Kazhdan-Lusztig conjecture and the Beilinson-Bernstein localization. Let
G be a complex reductive group, and g be its Lie algebra. The category O for g, introduced by Bernstein,
I.Gelfand and S.Gelfand [7], can be viewed as a model for studying infinite-dimensional representations
of the complex Lie group G(C). For simplicity, we restrict our attention to the principal block O0. Fix
a maximal torus T and a Borel subgroup B ⊂ G containing T with Lie algebra b. Let W = W (G,T ) be
the Weyl group. A finitely generated g-modules M is in the category O0 if the following conditions are
satisfied:

• The center Z(U(g)) of the universal enveloping algebra U(g) acts on M via the same character as
its action on the trivial g-module C;

• The action of b on M is locally finite.

For w ∈W , the category O0 contains the Verma module Mw freely generated under U(n−) (n− is the span
of negative root spaces) by a highest weight vector with weight w · 0 = wρ− ρ (as usual, 2ρ is the sum of
positive roots). Each Mw has a unique simple quotient Lw, and the collection {Lw}w∈W is the complete
list of irreducible U(g)-modules in O0.

A basic question is to compute how many times a simple module Lw appears in the composition series
of My, for w, y ∈ W . Such knowledge can be used to compute the weight multiplicities of the simple
modules, because the weight multiplicities of a Verma module is trivially expressible by the Kostant
partition function. Kazhdan and Lusztig [31] proposed a conjectural formula for the multiplicity of Lw

in My in terms of what are now called the Kazhdan-Lusztig polynomials Py,w(q). These polynomials are
defined for any pair of elements in any Coxeter group, and Kazhdan and Lusztig give a recursive algorithm
to compute them. They conjecture that the multiplicity [My : Lw] of Lw in any composition series of My

is equal to
[My : Lw] = Pyw0,ww0(1).

Moreover, they show that these polynomials Py,w(q) measure the singularities of Schubert varieties in the
flag variety B. We will discuss this aspect in more detail in §4.3.

The Kazhdan-Lusztig conjecture was proved independently by Beilinson–Bernstein [4] and by Brylinski–
Kashiwara [14] through a series of profound reinterpretations:

(3.1) g-modules
Localization // D-modules on B Riemann-Hilbert // Perverse sheaves on B

The first step in the above diagram, the Beilinson-Bernstein localization, is the inverse of the following
equivalence of categories. For any D-modules on the flag variety B, taking global sections of the underlying
quasi-coherent sheaf gives an equivalence of abelian categories

Γ : D−mod(B) ∼→ U(g)0−mod.

Here U(g)0 is the quotient of U(g) by the ideal generated by the kernel of the homomorphism χ0 :
Z(U(g))→ C through which Z(U(g)) acts on the trivial g-module C.
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The second step in the (3.1) is the Riemann-Hilbert correspondence that sends a holonomic D-module
on B to its solution complex, which is a perverse sheaf on the complex manifold B. When starting with
an object M ∈ O0, the composition of the two steps in (3.1) will produce a perverse sheaf on B that is
constant along Schubert cells (B-orbits).

3.1.1. Example. In the case g = sl2, under the functors in (3.1), the one-dimensional simple module C
in the category O0 corresponds to the constant perverse sheaf C[1] on P1. The two Verma modules Me

(for the identity element e ∈ W , with highest weight 0) and Ms (with highest weight −2, which is also a
simple module) correspond respectively to the perverse sheaves j!C[1] and i∗C, where j : A1 ↪→ P1 and
i : {∞} ↪→ P1 are open and closed embeddings.

The usefulness of the functors in (3.1) is not restricted to the study of category O, but also to the
category of (g,K)-modules, where K ⊂ G is the fixed point of some involution θ. By Harish-Chandra’s
theory, (g,K)-modules are algebraic incarnations of infinite-dimensional representations of real forms of
G corresponding to the Cartan involution θ. See [5] for more details.

The Kazhdan-Lusztig conjecture and its proof is a milestone in the development of geometric represen-
tation theory. Since then, D-modules and perverse sheaves became standard techniques in the subject.

3.2. Geometric realization of discrete series representations. Let G be a connected reductive
group over the reals R. Harish-Chandra [29] showed that a discrete series representation of G(R) (di-
rect summands of L2(G(R))) exists if and only if G has a compact maximal torus H. Let X∗(H) =
HomR(H,U(1)) = HomC(HC,Gm) be the character lattice of H, and W = W (G,H) be the Weyl group
scheme NG(H)/H defined over R. In this case, the isomorphism classes of discrete series representations πλ

of G(R) are in bijection with W (R)-orbits on {λ ∈ X∗(H)|⟨λ+ ρ, α∨⟩ ̸= 0 for all coroots α∨ of (GC, HC)}.
The following geometric realization of the discrete series representations πλ was conjectured by Lang-

lands [37] and proved by Schmid [53]. The homogeneous space D = G(R)/H(R) can be identified with
an open G(R)-orbit in the flag variety B of GC. Recall the line bundle Lλ on B from §2.3. When λ + ρ
is regular, πλ appears as the unique non-vanishing L2-cohomology group of the line bundle Lλ|D. The
non-vanishing degree follows a similar pattern as in the Borel-Weil-Bott theorem.

3.2.1. Example. For G = SL2,R, it is well-known that for each integer n ≥ 2, G(R) has a discrete series
representation D+

n with weights n, n + 2, n + 4, · · · under its maximal compact K = H ∼= U(1), and also
a discrete series D−

n with weights −n,−(n + 2),−(n + 4), · · · . In Harish-Chandra’s parametrization, D+
n

corresponds to λ = n− 2 ∈ X∗(H) and D−
n corresponds to λ = −n. In the above realization, we identify

the complex disc D = G(R)/H(R) with the upper half of P1(C) − P1(R). Then D−
n can be realized as

square-integrable holomorphic sections of O(−n)|D, while D+
n is realized as the degree 1 L2-cohomology

of O(n− 2)|D.

4. Finite groups of Lie type

4.1. Deligne-Lusztig varieties. Let G be a split reductive group over a finite field Fq. In this section
we are concerned with complex representations of the finite group G(Fq). For G = GLn, the irreducible
characters of GLn(Fq) were determined by Green [28], while the actual representations had to wait until
the famous work of Deligne and Lusztig [15] to be constructed. The Deligne–Lusztig construction is via
algebraic geometry, and it works for any reductive group G.

Recall that the abstract Weyl group W of G is defined to be the set of G-orbits on B × B. For w ∈W,
we denote the corresponding G-orbit by O(w) ⊂ B×B. We say two Borel subgroups (B,B′) are in relative
position w if (B,B′) ∈ O(w). If T is a split maximal torus of G and B is a Borel subgroup containing T ,
then sending any n ∈ NG(T ) to the relative position of (B,nBn−1) defines a homomorphism NG(T )→W
that factors through an isomorphism W (G,T )

∼→W.
Let F : B → B be the Frobenius map that raises locally defined regular functions to the qth power.

For w ∈ W, let X(w) ⊂ B be the locally closed subscheme classifying those Borel subgroups B such
that (B,F (B)) are in relative position w. The schemes X(w) are smooth over Fq, and they are called the
Deligne-Lusztig varieties. The finite group G(Fq) acts on X(w) by conjugating Borel subgroups. Therefore
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the étale cohomology groups H∗
c(X(w),Qℓ) are Qℓ-representations of G(Fq). Here, H∗

c(X(w),Qℓ) denotes

the compactly supported étale cohomoloy of the base change X(w)Fq
with coefficients in Qℓ; in particular,

it also carries an action of Gal(Fq/Fq).

4.1.1. Example. For G = SL2, W = {1, s}. We have X(1) = P1(Fq) and X(s) is the complement

P1 − P1(Fq). We see that dimH1
c(X(s),Qℓ) = q. The action of SL2(Fq) on H1

c(X(s),Qℓ) is the Steinberg
representation.

More generally, there is a G(Fq)-equivariant finite étale cover X̃(w) → X(w) that is a torsor under
Tw(Fq). Here Tw, although can be defined intrinsically, is isomorphic to a maximal torus of G of type w
(up to G(Fq)-conjugacy, maximal tori in G are classified by conjugacy classes in W). The cohomology

groups H∗
c(X̃(w),Qℓ) carry commuting actions of G(Fq) and Tw(Fq). For any character θ : Tw(Fq)→ Q×

ℓ ,

one can take the subspace H∗
c(X̃(w),Qℓ)θ ⊂ H∗

c(X̃(w),Qℓ) on which Tw(Fq) acts via θ. Let Rθ
w be the

virtual G(Fq)-module
∑

i(−1)iH
i
c(X̃(w),Qℓ)θ.

4.1.2. Example. For G = SL2 and w = s, the finite étale cover X̃(s) is the Drinfeld curve defined by the

equation xyq − xqy = 1 in A2. The map X̃(s) → X(s) = P1 − P1(Fq) is given by (x, y) 7→ [x, y]. The
group Ts(Fq) is the kernel of the norm map F×

q2 → F×
q , i.e., Ts(Fq) = {t ∈ F×

q2 |t
q+1 = 1}. The action of

t ∈ Tw(Fq) ⊂ F×
q2 on X̃(s) is by (x, y) · t = (xt, yt). For θ : Tw(Fq) → Q×

ℓ such that θ2 ̸= 1, H1
c(X̃(s))θ is

an irreducible cuspidal representation of SL2(Fq).

Deligne and Lusztig show that every irreducible Qℓ-representation of G(Fq) appears in Rθ
w for some

w ∈ W and θ : Tw(Fq) → Q×
ℓ . The virtual representation Rθ

w only depends on the W-conjugacy class of
(w, θ), and they are otherwise orthogonal to each other. Moreover, each Rθ

w is close to being irreducible
in the sense that its endomorphism ring has dimension independent of q. Building on [15], a complete
classification of irreducible representations of G(Fq) was achieved by Lusztig in his book [41].

4.2. Springer fibers and representations of Weyl groups. Let k be an algebraically closed field and
G be a reductive group over k. Springer [55] gave a geometric realization of irreducible representations of
the (abstract) Weyl group W of G via the cohomology of Springer fibers. For x ∈ g, its Springer fiber is
the closed subscheme Bx ⊂ B consisting of Borel subgroups B ⊂ G such that x ∈ Lie B. Springer fibers
are usually singular and reducible.

Let N be the nilpotent cone in g. Springer constructed an action of W on the cohomology H∗(Be,Qℓ)
of the Springer fiber Be for e ∈ N . This action does not come from an action of W on Be, but rather come
from such an action on nearby Springer fibers. Indeed, there is a canonical W-action on H∗(Bx,Qℓ) for
all x ∈ g. Moreover, all irreducible representations ρ of W show up in the top cohomology of Be for some
e ∈ N , and the nilpotent orbit of e is uniquely determined by ρ. This gives a map

Irr(W)→ {nilpotent orbits of G}.

This map is surjective and can be upgraded to an injection from Irr(W) to the set of pairs (O,L), where
O is a nilpotent orbit of G, and L is an irreducible G-equivariant local system on O.

4.2.1. Example. For the nilpotent element e = 0, Be = B, and the action of W on Htop(B) ∼= Qℓ is via
the sign character of W.

A quick way to construct the Springer actions on H∗(Bx) for all x ∈ g at once is to consider the direct
image complex of the Grothendieck alteration π : g̃ → g, where g̃ = {(x,B) ∈ g × B|x ∈ Lie B}. Lusztig
[40] showed that the complex Rπ∗Qℓ is (up to a shift) the intermediate extension of a local system F on
the regular semisimple open subset grs. The local system F = (Rπ∗Qℓ)|grs carries an obvious W-action
because π becomes a W-torsor when restricted over grs. The functoriality of intermediate extension then
gives a W-action on Rπ∗Qℓ extending its action on F . Taking stalks at x ∈ g recovers Springer’s W-action
on H∗(Be).
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When k = Fq, the complex Rπ∗Qℓ and its direct summands are also closely related to characters
of representations of G(Fq) via the Green functions. This was a key ingredient in Springer’s original
construction, and is a Lie algebra analog of the character sheaves which we will discuss in §4.4.

4.3. Hecke category and geometrization. The Hecke algebraHq for G(Fq) is defined to be the space of
G(Fq)-invariant C-valued functions on B(Fq)×B(Fq), with multiplication given by convolution. Choosing
a Borel subgroup B ⊂ G identifies Hq with functions on double cosets B(Fq)\G(Fq)/B(Fq). There is
a bijection between irreducible characters of G(Fq) that appear in the principal series representation

Ind
G(Fq)

B(Fq)
C and simple modules of Hq. As a vector space, Hq has a standard basis {Tw}w∈W given by the

indicator functions on the set of Fq-points of each G-orbit O(w) ⊂ B × B.
Let S ⊂ W be the set of simple reflections. The C-algebra Hq is generated by Ts for s ∈ S subject to

two kinds of relations

• (Ts + 1)(Ts − q) = 0, for all s ∈ S.
• For any s ̸= t ∈ S, denote by ms,t the order of st in W. Then the braid relation TsTt · · · = TtTs · · ·
holds, where both sides are alternating between Ts and Tt and both have ms,t terms.

In the above presentation, if we replace q with an indeterminate q, and introduce a square root v of q, we
obtain the generic Hecke algebra Hv(W) over C[v, v−1]. Specializing v to 1 we recover the group ring of
W; specializing v to q1/2 recovers Hq.

Kazhdan and Lusztig [31] introduce a remarkable basis {C ′
w}w∈W of Hv(W) indexed by w ∈ W. The

Kazhdan-Lusztig polynomials we mentioned in §3.1 are the entries of the change-of-basis matrix between
the Kazhdan-Lusztig basis {C ′

w}w∈W and the standard basis {Tw}w∈W.
To explain the geometric meaning of the Kazhdan-Lusztig basis, we need to recall Grothendieck’s sheaf-

to-function correspondence. Consider a scheme X over Fq, a constructible sheaf F (or more generally

a constructible complex of sheaves) with Qℓ-coefficients on X. We may define a Qℓ-valued function
fF : X(Fq) → Qℓ as follows. For any x ∈ X(Fq), the cohomology groups Hi(Fx) of the stalk Fx carry

actions of Gal(Fq/Fq), and in particular actions of the geometric Frobenius Frx (acting by a 7→ a1/q for

a ∈ Fq). We define fF (x) to be the alternating trace

fF (x) =
∑
i∈Z

(−1)iTr(Frx,Hi(Fx)).

The Hecke category H = DG(B × B) is defined to be the G-equivariant derived category of Qℓ-sheaves
on B×B. It is a monoidal category under convolution. Let K0(H) be the Grothendieck group of H, which
carries a multiplication coming from the monoidal structure of H making it into a ring. The sheaf-to-
function correspondence gives a ring homomorphism (where we change the coefficient field of Hq from C
to Qℓ)

(4.1) K0(H)→ Hq.

Consider the intersection complex ICw of the closure of O(w) in B × B. Kazhdan and Lusztig show that
the image of ICw under the map (4.1) is the specialization of C ′

w ∈ Hv(W) at v = q1/2. In particular, the
coefficients of the polynomials Py,w(q) are the dimensions of stalks of ICw along a smaller orbit O(y) in
various degrees.

4.4. Character sheaves. Irreducible characters of G(Fq), as class functions on G(Fq), turn out to be of
geometric origin: under the sheaf-to-function correspondence they are very close to being the functions
associated to a collection of simple perverse sheaves on G. This remarkable collection of simple perverse
sheaves are the character sheaves introduced by Lusztig [42].

One feature of character sheaves is that it can be defined on reductive groups over any field. Below we
let k be any algebraically closed field and G be a reductive group over k.
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Nowadays we have several equivalent definitions of character sheaves. For simplicity we restrict ourselves
to unipotent character sheaves. First we recall Lusztig’s original definition, which uses the diagram

(4.2) G× B
p

||xx
xx
xx
xx
x

q

$$J
JJ

JJ
JJ

JJ

G B × B

Here p is the projection map and q(g,B) = (B, gBg−1) for g ∈ G and B ∈ B. There is a G-action on each
space in the above diagram by conjugation on all factors. Thus we have a functor

(4.3) p!q
∗ : H = DG(B × B)→ DG(G)

the latter being the equivariant derived category of G under the conjugation action by itself. A unipotent
character sheaf on G is by definition any simple perverse sheaf in DG(G) that appears as a summand of
an object in the essential image of the functor p!q

∗. For example, starting with the constant sheaf C∆

supported on the diagonal ∆(B) ⊂ B × B, p!q∗(C∆) is the direct image complex of the group-theoretic

Grothendieck alteration π : G̃→ G. In this sense, the sheaf-theoretic construction of Springer representa-
tions is part of the theory of character sheaves. On the other hand, the more mysterious cuspidal character
sheaves (those not appearing in the direct image of Grothendieck alteration or its parabolic analogs) also
show up as a direct summand of p!q

∗K for some K ∈ H.
A second way of defining character sheaves is to turn Lusztig’s deep classification result as a definition.

For a parabolic subgroup P ⊂ G with Levi quotient L, we have the parabolic induction functor

IndGP : DL(L)→ DG(G)

defined as the pull-push functor along the diagram

P/P

||xx
xx
xx
xx

""E
EE

EE
EE

E

G/G L/L

where all quotients are by conjugation actions. Lusztig introduces the notion of cuspidal sheaves on a
reductive group, which turns out to be clean extensions of local systems supported on a single conjugacy
class. Then character sheaves on G can be defined as those simple perverse sheaves that appear as direct
summands (up to shifts) in the parabolic induction of cuspidal sheaves of various Levi subquotients of G.

A third way to define (or to characterize) character sheaves is due to Mirković and Vilonen [47] via
singular support. Let us assume k = C. For a constructible sheaf F ∈ DG(G) we may talk about its
singular support, which is a conical Lagrangian subset S(F) ⊂ T ∗G. Identify T ∗G with G× g∗ using left
invariant differentials, we say that F has nilpotent singular support if S(F) ⊂ G×N ∗, where N ∗ ⊂ g∗ is
the nilpotent cone in the dual of the Lie algebra. Mirkovic and Vilonen show that an Ad(G)-equivariant
simple perverse sheaf F on G is a character sheaf if and only if it has nilpotent singular support. In
addition to its purely topological nature, this characterization motivates a similar definition in the context
of automorphic sheaves (see §6.3) which plays a big role in the Betti geometric Langlands program and in
connecting geometric Langlands to the arithmetic Langlands over function fields.

5. p-adic groups

5.1. Representations of affine Hecke algebras. Let F be a non-archimedean local field with residue
field Fq. It can be a finite extension of Qp or Fp((t)). Let G be a reductive group over F which we
again assume to be split. We are concerned with smooth representations of the locally compact totally
disconnected group G(F ) on C-vector spaces. Among the irreducible smooth representations of G(F ), the
simplest ones are those with nonzero fixed vectors under an Iwahori subgroup (these are called Iwahori-
spherical representations). An Iwahori subgroup I ⊂ G(F ) is the preimage of a Borel subgroup B(Fq)
under the reduction map G(OF ) → G(Fq). It can be viewed as the counterpart of Borel subgroups for
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p-adic groups. Iwahori-spherical representations of G(F ) are in canonical bijection with simple modules
of the Iwahori-Hecke algebra (or affine Hecke algebra) Haff,q = Func(I\G(F )/I,C), the latter consisting of
C-valued functions on G(F ) that are left and right invariant under I and are supported on finitely many
I-double cosets.

For simplicity, assume G is almost simple and simply-connected. In this case, the set of I-double cosets
in G(F ) are parametrized by the affine Weyl group Waff of G. The group Waff is a Coxeter group with
simple reflections Saff = S

∐
{s0}, where S is the set of simple reflections in the abstract Weyl group W

of G. Just as the Hecke algebra Hq, Haff,q admits a presentation with generators Ts for s ∈ Saff and the
same quadratic and braid relations as for Hq. Replacing q with an invertible indeterminate q = v2 we get
the generic affine Hecke algebra Hv(Waff) over C[v, v−1].

In order to classify simple modules of Haff,q, Kazhdan and Lusztig [33] gave another description of
Hv(Waff) in terms of the Langlands dual group G∨. Let StG∨ be the Steinberg variety of G∨. Namely,

it is the fiber square Ñ∨ ×g∨ Ñ∨ (g∨ = Lie G∨, Ñ∨ the Springer resolution of the nilpotent cone in
g∨). Therefore StG∨ classifies triples (e,B,B′) where e is a nilpotent element in g∨, B and B′ are Borel
subgroups of G∨ such that e ∈ nB ∩ nB′ . There is a canonical G∨×Gm action on StG∨ where g ∈ G∨ acts
by the adjoint action on e ∈ g∨ and by conjugation on B,B′, and Gm acts by scaling e by the square. Let

KG∨×Gm
0 (StG∨)C be the complexified Grothendieck group of the category of G∨×Gm-equivariant coherent

sheaves on StG∨ . It carries an algebra structure given by convolution because StG∨ is a fiber-square. In

particular, KG∨×Gm
0 (StG∨)C is a C[v, v−1] ∼= K0(Rep(Gm))C-algebra. Kazhdan and Lusztig [33, Theorem

3.5] give an isomorphism of C[v, v−1]-algebras

(5.1) Hv(Waff) = KG∨×Gm
0 (StG∨)C.

From this, they deduce that simple modules of Haff,q are parametrized by G∨-conjugacy classes of triples
(s, e, ρ), where s ∈ G∨ is semisimple, e ∈ N∨ such that Ad(s)e = qe, and ρ is an irreducible representation
of As,e := π0(CG∨(s, e)) such that ρ appears in the action of As,e on K0(Bse) (the s-fixed points on the
Springer fiber Be). The simple module of Haff,q corresponding to (s, e, ρ) is the unique simple quotient of a

certain specialization (using (s, q) ∈ CG∨×Gm
(e)) of K

CG∨×Gm
(e)

0 (Be), which carries a natural Haff,q-action.

5.2. Affine Hecke categories. There is an affine version of the geometrization construction in §4.3. We
work over a base field k, and G is a split reductive group k. Let Fl be the affine flag variety of G; it is
the quotient of the loop group G((t)) (an ind-group over k) by an Iwahori subgroup I (now viewed as a
pro-algebraic group over k) in the flat topology. Similar to the affine Grassmannian (see §2.4), Fl is an
infinite union of projective schemes of increasing dimension. The affine Hecke category Haff is the derived
category of G((t))-equivariant Qℓ-sheaves, properly defined, on Fl× Fl. As in the case of the finite Hecke
category H, it carries a monoidal structure given by convolution. It can also be identified with sheaves on
the double stack of I-double cosets I\G((t))/I, or I-equivariant sheaves on Fl.

When k = Fq is a finite field, the sheaf-to-function correspondence again gives an algebra homomorphism

K0(Haff)→ Haff,q.

The intersection complexes of the closure of I-orbits on Fl map to the (specialization to v = q1/2 of)
Kazhdan-Lusztig basis of Haff,q under the above map.

Now we switch to an algebraically closed field k. A theorem of Bezrukavnikov [11] categorifies the
isomorphism (5.1). The left side of (5.1) is replaced by the monoidal category Haff, whose Grothendieck
group is identified with the specialization of Hv(Waff) at v = 1; the right side of (5.1) by definition is

the Grothendieck group of CohG
∨×Gm(StG∨), but we should drop Gm-equivariance to match with the

specialization v = 1 on the left side. Bezrukavnikov constructed a monoidal equivalence

Haff
∼= DbCohG

∨
(StG∨)

where the geometric objects on the right side are now defined over Qℓ.
The geometric Satake equivalence in §2.4 is a pillar of the geometric Langlands program which we will

elaborate on in §6.3. The affine Hecke category is the next simplest category after the one studied in the
geometric Satake equivalence, and it plays a basic role in the local geometric Langlands program.
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5.3. Affine Springer fibers. Kazhdan and Lusztig [34] introduced an affine analog of Springer fibers.
Let F = k((t)) be the Laurent series field over a field k, and γ ∈ g(F ) be regular semisimple. The affine
Springer fiber Flγ of γ is the sub-ind-scheme of the affine flag variety Fl consisting of cosets gI such that
Ad(g−1)γ ∈ Lie I. They showed that Flγ is finite-dimensional (as an ind-scheme over k) but may have
infinitely many irreducible components. Lusztig [43] constructed an action of the affine Weyl group on the
homology of affine Springer fibers, giving an affine analog of Springer’s action.

5.3.1. Example. Let G = SL2. Take γ =

(
t 0
0 −t

)
, then Flγ is an infinite chain of projective lines,

each intersecting two neighboring ones at a point.

One the other hand, for γ =

(
0 t
t2 0

)
, Flγ is the union of two projective lines intersecting at one

point.

In their original paper, Kazhdan and Lusztig noted a relationship between affine Springer fibers and
certain characters of p-adic groups. Motivated by the Fundamental Lemma conjectured by Langlands and
Shelstad in the endoscopy theory of automorphic forms, Goresky, Kottwitz and MacPherson [27] observed
that the orbital integrals for Lie algebras over local function fields can be interpreted as point-counting on
affine Springer fibers over finite fields (or rather their analogs inside the affine Grassmannian). Moreover,
the phenomenon of stability for orbital integrals can be interpreted using the action of the centralizer of γ
(in the loop group G((t))) on the cohomology of Flγ . Their work initiated the algebro-geometric approach
to the Fundamental Lemma, which was completed by Ngô by combining it with a global perspective, see
the discussions in §6.4. For an exposition of the connection between orbital integrals and affine Springer
fibers, we refer to [62].

Recall from §5.1 that the K-groups of Springer fibers gives modules of the affine Hecke algebra, the
K-groups and cohomology of affine Springer fibers also give modules of the double affine Hecke algebra
(introduced by Cherednik) and its degenerations. For results in this direction, we refer to the work of
Vasserot [58], Varagnolo–Vasserot [59] and Oblomkov–Y. [52].

Comparing to the discussions in §4, a complete theory of character sheaves for p-adic groups is still
missing. See however the discussion in §7.2.

6. Automorphic representations

6.1. Automorphic representations and the Langlands correspondence. Let F be a global field,
i.e., a number field or the function field of an algebraic curve over a finite field. Let AF be the ring of
adèles of F . Let G be a split reductive group over F , then G(AF ) is a locally compact topological group.
An automorphic representation of G(AF ) is, roughly speaking, a representation π of G(AF ) that appears
in the function space of the coset space G(F )\G(AF ). Such a representation π is called cuspidal if it has
zero image under the averaging map to the function space of NP (AF )\G(AF ), where NP is the unipotent
radical of any proper parabolic subgroup P ⊊ G.

Let ΓF be the absolute Galois group of F . Let G∨ be the Chevalley group that is Langlands dual to
G. Fix a prime ℓ not equal to the characteristic of F . The conjectural global Langlands correspondence,
in rough terms, predicts a finite-to-one map

(6.1) {Irr. auto. reps of GLn(AF )} → {continuous homomorphisms ρℓ : ΓF → G∨(Qℓ)}.

with several compatibilities, a crucial one being the equality of the L-functions defined from both sides.
The geometrization in the setting of automorphic representations has two goals

(1) Realizing automorphic representations in the cohomology of algebraic varieties or stacks.
(2) Finding Galois representations attached to automorphic representations, as predicted by the global

Langlands correspondence, in the cohomology of algebraic varieties or stacks.

For number fields, the geometric objects involved are the Shimura varieties; for function fields, they are
the moduli stacks of Drinfeld Shtukas. Below we will concentrate on the function field case.



12 ZHIWEI YUN

6.2. Moduli of Drinfeld Shtukas. Now let F = Fq(X) be the function field of a smooth, projective
and geometrically connected curve X over Fq. In the function field case, we replace the Galois group ΓF

by the Weil group WF . A continuous homomorphisms ρ : WF → GLn(Qℓ), up to conjugacy, is the same
datum as a rank n Weil local system on some non-empty Zariski open subset U of X (i.e., a local system
on UFq

together with an equivariant structure under the pullback by the Frobenius map). For G = GLn,

L.Lafforgue [35] proved a strong version of the Langlands conjecture by establishing a bijection

(6.2) {Irr. cuspidal auto. reps of GLn(AF )} ↔ {Irr. rank n Weil local systems on an open of X}.

This generalizes the pioneering work of Drinfeld [18] for GL2.
For a general reductive group G over a function field F , continuous homomorphisms ρ : WF → G∨(Qℓ)

can again be interpreted as Weil G∨-local systems on some open subset of X. V.Lafforgue [36] constructed
a semisimplified version of the map (6.1):

{Irr. cuspidal auto. reps of G(AF )} → {Semisimple Weil G∨-local systems on an open of X}.

The geometric object that plays a fundamental role in the above developments is the notion of Shtukas
introduced by Drinfeld [17]. For any scheme S over Fq, let FrS : S → S be the Frobenius morphism over
Fq that raises local functions to the qth power. We recall Drinfeld’s original version of rank n Shtukas.
An S-family of rank n Shtukas of Drinfeld type is the datum of

(6.3) (x1, x2,F0
α−→ F1

β←− F2

ι∼= (id× FrS)
∗F0).

Here

• x1, x2 : S → X are maps called legs;
• F0,F1,F2 are rank n vector bundles over X × S (fiber product over Fq);
• The maps α and β are called modifications. Here, α is an injective map of coherent sheaves with
cokernel scheme-theoretically supported on the graph Γ(x1) ⊂ X × S of x1, and is locally free of
rank one there. The same properties hold for β, whose cokernel is supported on the graph of x2.

• ι : F2
∼→ (id× FrS)

∗F0 is an isomorphism of vector bundles over X × S.

Shtukas generalize the earlier notion of elliptic modules introduced by Drinfeld [16], which are analogs of
elliptic curves. Shtukas can be viewed as global counterparts of Deligne-Lusztig varieties. Shtukas can
also be thought of as a version of motives not defined in characteristic p but whose coefficient ring is of
characteristic p. For more discussions on this analogy, we refer to [64].

There is an algebraic stack ShtDrL
n (the superscript stands for Drinfeld-Lafforgue) whose S-points is the

groupoid of S-families of rank n Shtukas of Drinfeld type defined above. The stack ShtDrL
n is a Deligne-

Mumford stack locally of finite type over Fq. The map π : ShtDrL
n → X2 recording the two legs x1, x2 is

smooth of relative dimension 2(n− 1).
For a reductive group G over Fq, more general versions of Shtukas and their moduli stacks are defined

and studied by Varshavsky [57]: vector bundles are replaced by (principal) G-bundles; there can be an
arbitrary finite number of legs (say r), and the modification at each leg (analogs of α and β in (6.3)) can be

arbitrary, parametrized by a sequence of dominant coweights λ = (λ1, · · · , λr) of G. We denote by ShtλG
the moduli stack of G-Shtukas with r legs and modification type λ. We have a leg map π : ShtλG → Xr.
When r = 1, we should think of π as the analogue of the structure map ShG → Spec OE for a Shimura
variety ShG defined over a number ring OE . Having Shtukas with more than one leg is a crucial extra
structure in the function field case, which allows V.Lafforgue to construct Galois representations attached
to automorphic representations.

6.3. The geometric Langlands correspondence. Automorphic forms for groups over the function
field of a curve X admits a geometrization in the spirit of sheaf-to-function correspondence (see §4.4). In
this geometrization automorphic forms are upgraded to automorphic sheaves, and it leads to a categorical
upgrading of the map (6.1).

The starting point is an interpretation of the coset space G(F )\G(AF ) in terms of G-bundles on X by
Weil. Let |X| be the set of closed points of X, and for each x ∈ |X| let Ox be the completed local ring of
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X at x, with fraction field Fx and residue field kx. Let K =
∏

x∈|X| G(Ox). Then the groupoid of double

cosets G(F )\G(AF )/K is canonically equivalent to the groupoid of principal G-bundles on the curve X.
The space of unramified automorphic functions are by definition C-valued function space

AK := Fun(G(F )\G(AF )/K).

Hence AK can be interpreted as functions on the isomorphism classes of G-bundles on X. On the space
AK there is an action of the global Hecke algebra HG,K = Func(K\G(AF )/K). The study of unramified
automorphic representations is equivalent to the study of AK as a module of HG,K . In particular, since
HG,K is commutative, we are interested in diagonalizing its action on AK and describing its spectrum as
a subset among ring homomorphisms HG,K → C.

Let BunG be the moduli stack of G-bundles on X; this is an algebraic stack locally of finite type and
smooth of dimension (g − 1) dimG over Fq. Since AK can be interpreted as the space of functions on

BunG(Fq), it is natural to geometrize AK into the category D(BunG) of Qℓ-sheaves on the stack BunG.
The action of HG,K on AK can be geometrized into certain pull-push functors on sheaves along the
Hecke correspondences over BunG, called Hecke functors. Moreover, eigenfunctions under HG,K should
geometrize to eigensheaves under the Hecke functors. We give an example below for G = GL2.

6.3.1. Example. When G = GL2, the simplest kind of Hecke correspondence, which is analogous to the
family of operators {Tp} on modular forms (for varying primes p), is given by the Hecke stack

HkµG
p0

{{ww
ww
ww
ww

π //

p1

##G
GG

GG
GG

G
X

BunG BunG

Here HkµG is the moduli stack whose S-points are tuples (x,F0
α−→ F1) where x : S → X, F0 and F1

are rank two vector bundles over X × S, and α is an injective map of coherent sheaves on X × S whose
cokernel is scheme-theoretically supported on the graph of x and is locally free of rank one there. The map
pi records Fi for i = 0, 1, and π records the point x. An eigensheaf in this case is an object E ∈ D(BunG)
such that (π × p1)!p

∗
0E
∼= L ⊠ E ∈ D(X × BunG) for some L ∈ D(X). If E is cuspidal, it turns out

that L is necessarily a rank two local system on X, which is the local system attached to the unramified
automorphic representation with K-fixed vector given by the Frobenius trace function fE of E, under the
global Langlands correspondence (6.2).

Drinfeld [19] used the above geometrization to prove the unramified Langlands correspondence for GL2

over function fields. He constructed a cuspidal eigensheaf E starting from an irreducible rank two local
system L on X. This approach was generalized by Laumon [38] to GLn, and cultimated in the work of
Frenkel–Gaitsgory–Vilonen [21] who completed the construction of cuspidal eigensheaves on BunGLn

for
any n.

On the other hand, for general reductive groups G over C, Beilinson and Drinfeld [8] formulated an
unramified categorical geometric Langlands conjecture. The automorphic side is the derived category of
D-modules on BunG, and the spectral (Galois) side is the the derived category of quasi-coherent sheaves
on the moduli stack LocG∨ of (de Rham) G∨-local systems on X. They developed a global analog of the
Beilinson-Bernstein localization [8] and used it to construct eigensheaves from G∨-opers.

In [1], Arinkin and Gaitsgory gave a precise formulation of the unramified categorical geometric Lang-
lands conjecture by introducing the notion of singular support for coherent sheaves. The conjecture
predicts an equivalence of dg categories over C
(6.4) D−mod(BunG) ∼= IndCohNilp(LocG∨)

satisfying, among other things, compatibilities with Hecke actions on both sides. In a recent breakthrough
[23], Gaitsgory, Raskin and their collaborators prove the equivalence (6.4), completing the vast project
that spanned forty years.

We continue to assume G and X are defined over C. In [10], Ben-Zvi and Nadler proposed another
version of the categorical geometric Langlands conjecture. On the spectral (Galois) side the moduli stack of
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de Rham G-local systems onX is replaced by its Betti version, namely the moduli stack of homomorphisms
π1(X) → G∨. On the automorphic side they consider sheaves on BunG in the topological sense, but a
crucial new ingredient is that they impose the condition that sheaves should have singular support in
the global nilpotent cone. This is a global analog of the nilpotent singular support property of character
sheaves. This singular support condition allows Nadler–Y. [50] to construct the spectral action (the action
of QCoh(LocG∨) on the automorphic side, as predicted by the categorical conjecture).

The singular support condition in the Betti version inspired analogous constructions in other versions
of the geometric Langlands correspondence, and eventually led to a satisfying bridge from the geometric
to the classical Langlands correspondence for function fields by the work of Arinkin–Gaitsgory–Kazhdan–
Raskin–Rozenblyum–Varshavsky [2], which we will say more about in §7.1.

Going beyond the unramified context, one should replace BunG with the moduli of G-bundles on X
with level structures at a finite number of points S, and replace LocG∨ by an appropriate moduli stack
of local systems on the punctured curve X − S. Not much is known for general ramifications, especially
when the level structures are deeper than the Iwahori level. However, there are ramified cases where the
automorphic side is simple to describe, the so-called rigid cases, and their consequences on the Galois side
turn out to be quite useful in solving arithmetic questions such as the inverse Galois problem. For works
in this direction, see [30, 60, 61] and the survey article [63].

6.4. Trace formula and Hitchin moduli space. For applications to automorphic forms it is useful to
have a formula for the trace of Hecke operators on the space of automorphic forms in terms of group-
theoretic data. Such a formula is known as the trace formula. A comprehensive introduction to the trace
formula can be found in [3].

6.4.1. Example. We start with a toy model of the trace formula. Let Γ be a finite group acting on a set
S. We would like to count the number of Γ-orbits in S. By Burnside’s lemma, we have

(6.5) |S/Γ| = 1

|Γ|
∑
γ∈Γ

|Sγ |.

We can formulate this counting problem intrinsically in terms of the groupoid X = S/Γ. For a finite
groupoid X we let |X| be its cardinality weighted by the reciprocal of the automorphisms

|X| =
∑

x∈Ob(X)/∼=

1

|Aut(x)|
.

Let I(X) be the inertia groupoid of X: its objects are pairs (x, α) where x ∈ Ob(X) and α is an auto-

morphism of x. Morphisms between (x, α) and (y, β) in I(X) are isomorphisms f : x
∼→ y in X such that

fα = βf . Then Burnside’s lemma can be generalized to give

(6.6) |Ob(X)/∼=| = |I(X)|.
When X = S/Γ, we may further rewrite (6.5) as

(6.7) |S/Γ| =
∑

γ∈Γ/Γ

|Sγ |
|CΓ(γ)|

.

where the sum runs over a set of representatives of conjugacy classes in Γ. The index set of the summation
is now not intrinsic to the groupoid X, but depends on the presentation X = S/Γ.

Now we apply the same principle to count the number of isomorphism classes of G-bundles on the curve
X over Fq (which will be infinite, but let us ignore this issue for now). Note that this is not computing
|BunG(Fq)|, which is a weighted counting of G-bundles. Rather we should be counting |I(BunG)(Fq)|
by (6.6). Now the inertia stack I(BunG) classifies (E , α) where E is a G-bundle on X and α is an
automorphism of E . By Weil’s interpretation, the dimension of the space of unramified automorphic
functions AK (see §6.3) is the number of isomorphism classes of G-bundles, which we have seen to be
the same as |I(BunG)(Fq)|. The latter can be computed using the Grothendieck-Lefschetz trace formula,
which expresses |I(BunG)(Fq)| as the alternating trace of Frobneius on the cohomology of I(BunG).
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Taking one step further, as we did in (6.7) for the toy model, we may break up the counting in terms

of “conjugacy classes” of the automorphism α. For example, if G = GLn, α : E ∼→ E is an automorphism
of a vector bundle E , its characteristic polynomial is a well-defined degree n monic polynomial in Fq[t]. In
general, the notion of characteristic polynomial is replaced by the invariant theory quotient G // G. This
gives a map

(6.8) χ : I(BunG)→ G // G.

Then |I(BunG)(Fq)| is decomposed into the contribution of each fiber of χ. For example, when G = GLn

and a(t) ∈ Fq(t) is a degree n polynomial with n distinct roots in Fq, then χ−1(a) can be identified with the
moduli stack of n-tuples of line bundles on X, because any rank n vector bundle E with an automorphism
α whose characteristic polynomial is a(t) is canonically a direct sum of eigen-line bundles under α. To
summarize, we get a meta-trace formula for the identity operator on AK , in which both sides are infinite

dimAK“ = ”
∑

a∈(G//G)(Fq)

|χ−1(a)|.

The actual (stable) trace formula concerns the trace of Hecke operators on AK on the left side, and the
right side will be a sum of global (stable) orbital integrals indexed by F -points of G // G. The quantities
|χ−1(a)| are examples of global (stable) orbital integrals. Making both sides convergent is a complicated
question and constitutes the technical heart of Arthur’s work on trace formula, see [3].

In Langlands’s theory of endoscopy, a certain conjectural identity of orbital integrals called the Funda-
mental Lemma plays a pivotal role. The Fundamental Lemma is proved by B.C.Ngô [51] after the work of
many mathematicians. The key new insight of Ngô is a geometric interpretation of the (Lie algebra analog
of) global orbital integrals as point-counting on the fibers of the Hitchin map. Indeed, the Hitchin moduli
stack can be thought of as a Lie algebra analog of I(BunG), and the Hitchin map an analog of the map χ
in (6.8). Ngô’s proof of the fundamental lemma was achieved through a deep study of the cohomology of
fibers of the Hitchin map.

6.5. Local Langlands correspondence and Fargues-Scholze geometrization. Now let us go back
to the setting of §5 and let F be a non-archimedean local field: a finite extension of Qp or Fp((t)). Let
WF be the Weil group of F . The local Langlands conjecture predicts a parametrization of all irreducible
smooth representations of a p-adic group G(F ) on Qℓ-vector spaces in terms the Langlands dual group
G∨ over Qℓ. In particular, it predicts the existence of a map

{Irr. smooth reps of G(F )} → {Continuous homomorphisms ρ : WF → G∨(Qℓ)}
with strong compatibilities with many representation-theoretic constructions and invariants, such as par-
abolic induction and characters.

A slightly weaker version of the such a map has been constructed by Genestier–V.Lafforgue [24] when
F has equal characteristic, and by Fargues–Scholze [20] for general F . These constructions attach a
semisimple homomorphism ρ : WF → G∨(Qℓ) to an irreducible smooth representation of G(F ), which
should be the semisimplification of the conjectured Langlands parameter. The construction of Genestier–
V.Lafforgue uses a local version of the moduli stack of Shtukas. The construction of Fargues–Scholze
builds on the amazing insight that ideas from the geometric Langlands correspondence can be borrowed
to work for the Fargues–Fontaine curve, an analytic curve that governs p-adic Hodge structures. Along
the way they also construct moduli stack of Shtukas for mixed characteristic local fields F , generalizing
Rapoport–Zink spaces (local version of Shimura varieties). Both works rely on the idea of excursion
operators discovered in V.Lafforgue’s work [36] on the global Langlands parameters for function fields.

7. The trace principle

It has been a guiding principle in representation theory that representations of a group (or an algebra)
are determined by its trace up to semisimplification (of course when traces make sense, so finiteness
conditions are needed). In recent years, a vast generalization of the above principle, partly motivated by
topological quantum field theory, has emerged in geometric representation theory, which can be called
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the categorical trace principle. The general principle is that taking trace allows one to go one step down
the categorical level: starting with a vector space with an endomorphism, taking trace gives a number;
starting with a category with an endofunctor, taking trace gives a vector space; starting with a 2-category
with an endo-2-functor, taking trace gives a usual category, and so one. For an introduction to the trace
formalism, we refer to [22, §3].

The categorical trace principle has become a powerful tool in the subject. It puts many known con-
structions in the same framework, and suggests deep new constructions.

7.1. Automorphic forms as trace. In the setup of the unramified categorical geometric Langlands cor-
respondence of §6.3, let us assume G and X are defined over Fq. On the automorphic side we consider

the category ShvN (BunG) of Qℓ-sheaves on the Fq-stack BunG(X)Fq
, with singular support contained

in the global nilpotent cone. In [2], the authors prove a surprisingly clean formula relating the cat-
egorical and classical Langlands correspondence for function fields. Namely, the Frobenius morphism
Fr : BunG(X) → BunG(X) induces an endo-functor Fr∗ of ShvN (BunG). The authors prove that the
trace Tr(Fr∗, ShvN (BunG)) is defined (which amounts to the dualizability of ShvN (BunG)) as a complex
of Qℓ-vector spaces, and as such there is a quasi-isomorphism

Tr(Fr∗, ShvN (BunG) ∼= Func(BunG(Fq)),

the right side being compactly supported Qℓ-valued functions on the set of isomorphism classes of G-
bundles on X. In view of Weil’s interpretation, the right side is precisely compactly supported functions
in AK = Fun(G(F )\G(AF )/K), where K =

∏
x∈|X| G(Ox). This is a significant enrichment of the sheaf-

to-function correspondence. If one has the categorical geometric Langlands correspondence available over
Fq, it would gives a precise description of the Hecke module AK in terms of the Langlands dual group G∨.

7.2. Character sheaves as a categorical trace. It was observed in several sheaf-theoretic contexts, see
[9, 12, 44], that the category of character sheaves for a reductive group G is equivalent to the categorical
trace (or Hochschild homology) of the Hecke category H introduced in §4.3. More precisely, the image
of the functor (4.3), after idempotent completion, is the derived category of unipotent character sheaves
on G. The functor (4.3) realizes the category of unipotent character sheaves as the categorical trace of
the Hecke category H. If one replaces H by its monodromic versions, namely replacing the left and right
B-equivariance by equivariance with respect to various rank one local systems pulled back from the Cartan
T , the same procedure realizes the entire category of character sheaves on G as the categorical trace of
monodromic Hecke categories.

Passing from a reductive group G to its loop group LG, one can reverse the logic and define the notion
of affine character sheaves (or rather the depth zero part) as the categorical trace of the affine Hecke
category of G and its monodromic versions. An in-depth study of affine character sheaves in the spirit of
Lusztig’s work [42] on character sheaves is still lacking.

7.3. Representations as a twisted categorical trace. Representations of groups themselves can be
realized as the trace of a monoidal category. In [45], Lusztig made the following key observation: for
a split reductive group G over Fq, the category of unipotent representations of G(Fq) can be realized
as the Frobenius twisted categorical trace of the Hecke category H of G. Indeed, in the diagram (4.2),
instead of considering G-action on G by conjugation, we let G act on G by Frobenius-twisted conjugation:
h·g = Fr(h)gh−1, where Fr : G→ G is the Frobenius morphism over Fq. To make the map q : G×B → B×B
equivariant under G, the G-action on the first factor B should also be pre-composed by the Frobenius on
G, while the action on second factor remain unchanged. Then p!q

∗ gives a functor

(7.1) H → D

(
G

AdFr(G)

)
where AdFr(G) denotes the Frobenius-twisted conjugation of G on itself. By Lang’s theorem, G

AdFr(G) is

isomorphic to pt/G(Fq) as a stack, therefore the target of (7.1) is equivalent to the derived category of
representations of G(Fq). In the current setup, the image of (7.1) is the derived category of unipotent
representations of G(Fq). The Deligne-Lusztig virtual representation R1

w in §4.1 is the alternating sum of
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the cohomologies of p!q
∗∆w, where ∆w ∈ H is the constant sheaf on the G-orbit O(w) ⊂ B × B extended

by zero. The functor (7.1) realizes the derived category of unipotent representations of G(Fq) as the
categorical trace of Frobenius on the Hecke category H. To realize all representations G(Fq) as categorical
traces, one replaces H with its monodromic version, see [46].

In a recent paper [66], X. Zhu gives a vast generalization of the above picture to p-adic groups. Roughly
speaking, the depth zero representations of a p-adic group is realized as the Frobenius-twisted categorical
trace of the affine Hecke category (and its monodromic versions) of G. From this, he deduces a categorical
local Langlands correspondence for depth zero representations.
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