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Abstract

For a complex reductive group, we construct a semi-orthogonal decom-
position of the cocenter of the universal variant of its affine Hecke category.
We use this to calculate the endomorphisms of a Whittaker object in the
cocenter via a diagram organizing parabolic induction of character sheaves.
Assuming a universal variant of Bezrukavnikov’s spectral description of the
affine Hecke category, we deduce a formula for the dg algebra of global func-
tions on commuting stacks of complex reductive groups. In particular, the
formula shows that the ring of invariant functions on the commuting scheme
is reduced.
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This paper is part of a broader study of the cocenter of the universal affine
Hecke category. Its main results include (i) a semi-orthogonal decomposition
of the cocenter, as found in Theorem 1.3.4, whose distinguished case spelled
out in Theorem 1.2.3 proves a conjecture of [LN21]; and (ii) the calculation of
endomorphisms of a distinguished Whittaker object in the cocenter, as found

in Theorem 1.2.5, which builds on work of [Lil8], [Li23].

In a sequel, we

will combine the results of this paper with those of [NY21] to identify the
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cocenter of the universal affine Hecke category with the genus one automorphic
category in Betti Geometric Langlands, giving an elliptic realization of affine
character sheaves. Our aim in this paper is to show that, assuming a universal
variant of Bezrukavnikov’s spectral description of the affine Hecke category as
formalized in Ansatz 1.4.2, we obtain a formula, as found in Theorem 1.4.7, for
the dg algebra of global functions on the commuting stack of a reductive group.
When the corresponding derived group is simply-connected, the formula was
conjectured in [BRY22, Conj. 1], but to our knowledge is new in general. In
particular, it shows that the ring of invariant functions on the commuting
scheme is reduced. (See Remark 1.4.12 for a brief discussion of prior work on
this question.)

In the rest of the introduction, we will first explain the main results of the
paper, then turn to more details of this application.

1.1. Background. Our results apply to a general reductive group G over
the complex numbers C. But in much of the introduction, we will make the
simplifying assumption that G is almost simple and simply-connected. To be-
gin, we summarize known results about the universal variant of the affine Hecke
category that will be used in this paper.

1.1.1. Universal affine Hecke category. Let B C G be a Borel subgroup,
U C B its unipotent radical, and H = B/U the universal Cartan. Let G =
G((t)) be the loop group, Z C G the standard Iwahori subgroup corresponding
to B, Z" C Z its pro-unipotent radical, and note that H ~ Z/Z".

Fix a maximal torus T'C B C G. Let W = Ng(T)/T be the Weyl group
of G, X,(T) = Hom(Gyy, T) the coweight lattice of T, and W = Ng(T))/T[t] ~
X«(H) x W the extended affine Weyl group of G. Let W% C W be the affine
Weyl group generated by affine simple reflections, and set Q = W/Wa =
Ng(Z)/T.

The universal finite Hecke category of G (resp. universal affine Hecke cate-
gory of ) is the convolution monoidal dg derived category of H-bimonodromic
complexes of sheaves of C-modules

He = Shpimon (U\G/U) (resp. Hg = colim g Shpimon(Z“\G<w/T")),

where the latter is with respect to the natural ind-scheme structure G =
COhmwGW ng.

1.1.2. Cocenter. We will regard Hg and Hg as algebra objects in C-linear
stable presentable oco-categories Sté (where morphisms are left adjoints) and
make constructions therein. It is also sometimes useful to regard Hg and
‘Hg as algebra objects in the C-linear stable presentable bimodule co-category
Bimody,,, (St&) where the finite Hecke category Hp = Shuon(H) for the uni-
versal Cartan naturally acts by left and right convolution. We will formulate
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our results in the absolute setting, but most hold in this relative setting as
well; in fact, certain proofs are made easier by shifting to the relative setting.
Recall the cocenter of a monoidal category A is the Hochschild homology
category
hh(A) = A ® ag.a00 A.

The trace map is the natural projection
tr: AHA®A®AOP ./4: hh(A)

induced by the unit of A in the first factor of the tensor.

The closed embedding G C G induces a natural fully faithful monoidal
functor Hg — Hg, and in turn it induces a natural map on cocenters to be
denoted

(1.1.1) a: hh(Heg) — hh(Hg).

As a special case of a more general coequalization result in Section 3,
we show that for the universal finite Hecke category Hg, there is a natural
identification of its cocenter (see Theorem 2.7.2)

(1.1.2) hh(He) ~ Shy(G/G),

where Shar(G/G) is the dg derived category of complexes of sheaves of C-
modules with nilpotent singular support on the adjoint-quotient G/G. One
can think of Shyr(G/G) as a version of character sheaves on G. (Similar results
have been shown for fixed central character and D-modules in [BN09], [BFO12]
and [Lusl5].)

A guiding goal is to arrive at a similar geometric description of the cocenter
hh(Hg) of the universal affine Hecke category Hg. As a starting point, we will
use a universal monodromic version of a result of Tao-Travkin [TT20]. In
Appendix C, we provide the necessary extensions to apply their arguments to
the universal monodromic case.

Let I be the set of simple roots of G, and let I be the set of affine simple
roots of G. For each proper subset J ;Cé 1%, let Lj C G be the corresponding
Levihoric, and let Hy,, C Hg be the universal finite Hecke category of L ;. For
JcJ ; I, we have a natural diagram of monoidal inclusions Hp,, C Hp, ,.

THEOREM 1.1.3 (Tao-Travkin [TT20]; see Appendix C). Assume G is
almost simple and simply-connected. Then the natural maps induce a monoidal
equivalence

COlim?;Ia HLJ = Hg,
where the colimit is of monoidal categories.

1.2. Main automorphic results. Now we formulate our main results re-
garding the cocenter hh(Hg).
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1.2.1. Whittaker objects. By the Whittaker functional on Shy (G/G), we
mean the functor

W/ : Shw(G/G) — Modg, Wa(F) = poxar' (F)
given by the right-adjoint transport x,r' across the Whittaker correspondence

G/G<—U/U 2= Al

followed by vanishing cycles ¢q for the coordinate function on A'. Here x is
induced from a generic character U — U/[U, U] ~ @;cfA} — AL,

By the Whittaker object Whe; /¢ € Shar(G/G) we mean the object corepre-
senting W /¢ in the sense of a natural equivalence Wg /¢ (F) ~Hom(Whg/q, F)
for F € Shy(G/QG).

Recall that the natural maps a : Shy(G/G) ~ hh(Hg) — hh(Hg) in
(1.1.1) and (1.1.2). For the purpose of introduction, we define the cocenter
Whittaker object Whg g as

(121) Whg/g = a(Whg/G) S hh(’Hg)

The actual definition of Whg g in the main text uses the notion of descended
trace (see Definition 2.5.7), which makes the above identity a nontrivial theo-
rem (see Theorem 2.8.5).

1.2.2. Fully faithful embedding from colimit of character sheaves to affine
cocenter. To calculate the derived endomorphism ring of Whg g, we will iden-
tify a full subcategory of hh(Hg) containing Whg g, in which the endomor-
phism ring is easier to compute.

Recall that the notion of the cocenter of a monoidal category A generalizes
to the Hochschild homology category of any A-bimodule M. One defines

hh(A,M) = AR g 400 M
with trace map the natural projection
tr: M —— A® g 400 M = hh(A, M)
induced by the unit of A in the first factor of the tensor. So the cocenter hh(.A)
is the Hochschild homology category of the regular A-bimodule category A.

To begin, from Theorem 1.1.3, for the bimodule category Hg we obtain
an equivalence after passing to Hochschild homology categories

colim ;¢ ra hh(Hr,, Hg) —— hh(Hg, Hg) = hh(Hg).

We can restrict the domain of this equivalence to obtain a functor relating
cocenters

colim j¢ 7o hh(H,) = colim ¢ o hh(Hi,, Hr,) — hh(Hg, Hg) = hh(Hg).

Our first main result is the following theorem conjectured in [LN21, Claim
1.12].
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THEOREM 1.2.3. Recall that G is assumed to be almost simple and simply-
connected for simplicity. The natural map is a fully faithful embedding

colim j¢ 7o hh(H,) = colim ¢ o hh(Hi,, Hr,)— hh(Hg, Hg) = hh(Hg).

In fact, Theorem 1.2.3 is the “semistable” part of a more general result
that describes a semi-orthogonal decomposition of hh(Hg) indexed by “Harder-
Narasimhan” strata. The generalization is not needed for the specific applica-
tions of this paper, but it is a key input to the work in progress [LNY]. We will
give a precise statement of the semi-orthogonal decomposition in Section 1.3.

Recall that Whg /¢ is the image of Whe /¢ € Shy(G/G) =~ hh(Hg) under
the map a defined in (1.1.1). Note that G = Ly, for I C I* the finite simple
roots. Let us write Whg s for the image of Whg ¢ under the natural map

Shy(G/G) ~ hh(Hg) = hh(Hy,)
— colim ¢ ra hh(Hy,) ~ colim ¢ ra Sha(Ly/Ly).

By Theorem 1.2.3, to calculate the derived endomorphism ring of Whg g, it
remains to calculate the derived endomorphism ring of Whe ; as an object in
Colimjgla ShN(LJ/LJ).

1.2.4. Calculation of endomorphisms of Whg . To state the output of
our calculation of End(Wh¢ 1), we need to recall some constructions from
generalized Springer theory. Here we will first see the appearance of the dual
group GV.

Let Z(G) be the center of G, and letIrr(Z(G)) be the group of irreducible
complex characters of Z(G). To each x € Irr(Z(G)), under the generalized
Springer correspondence, the local system on the regular nilpotent orbit of G
with central character y appears in the parabolic induction of a cuspidal local
system on a Levi subgroup L, C G, unique up to conjugation. Set T to be
the connected center of L, with Lie algebra t,, and let T; denote the dual
torus with Lie algebra t;(/. Set Wy, = Ng(Ly)/L, to be the relative Weyl group,
which acts on Ty, and t, hence also on T/ and t.

THEOREM 1.2.5 (See Theorem 5.3.1). There is a canonical equivalence of
dg algebras

End(WhG"]) ~ @XEIrr(Z(G))O(T)\(/ X T;/ X fx[—l])wx

To explain some of the additional notation in the theorem: t; [—1] denotes
the affine derived scheme with coordinate ring (’)(t;(/[—l]) equal to the exterior
algebra Sym*((t))*[1]) generated in degree —1.

Note that Irr(Z(G)) can be canonically identified with 7 (GV), therefore
the index set of the above decomposition can be replaced with 71 (G"), which
is what appeared in Theorem 1.4.7.
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The proof of the theorem uses generalized Springer theory and the decom-
position of character sheaves of [Lil8], [Li23].

Theorems 1.2.3 and 1.2.5 together provide the following description of the
derived endomorphism ring of the cocenter Whittaker object Whg g € hh(Hg).

THEOREM 1.2.6 (See Corollary 5.3.2). There is an equivalence of dg al-
gebras

End(Whg/g) ~ @XEIrr(Z(G))O(T;/ X T;(/ X ’tx[—l])WX.

1.3. Parabolic character sheaves and semi-orthogonal decomposition of the
cocenter. We describe here some of the arguments that lead to the proof of
Theorem 1.2.3. The reader interested in applications could skip to Section 1.4
without any disruption.

The results we are about to present here are not used in full strength in
the proof of Theorem 1.2.3, but they will be used in future work to identify
the affine cocenter with the genus one Betti geometric Langlands automorphic
category.

For simplicity, we will continue to assume here that G is almost simple
and simply-connected.

1.3.1. Parabolic character sheaves and Hochschild homology. In Section 3,
we give a geometric realization of the Hochschild homology hh(H,,Hg) in
terms of Lusztig’s theory of parabolic (or rather parahoric) character sheaves.

For J g 1% let Py C G be the standard parahoric subgroup with Levi
quotient Ly, and let P} C P; be its unipotent radical. Let Hg ; be the full
subcategory

Pi\G/ Py )
Ad(Ly) /7
where Shy/(—) means sheaves whose singular support is nilpotent under the
moment map for the left (or right) L j-action when pulled back to P3\G/PY.
Then Hg,; can be viewed as a Betti version of Lusztig’s parabolic character

Hg,; = Shy (

sheaves for loop groups.
THEOREM 1.3.2 (see Theorem 2.7.10). For J & I°, there is a canonical
equivalence
hh(Hr,, Hg) ~ Hg,J.
Moreover, for JC.J" G I%, the natural functor hh(Hr,, Hg) —hh(Hp,, Hg)
gets transported under the above equivalence to the functor Hg ; — Hg, y

given by a natural horocycle correspondence.
Under the identifications in the theorem, the diagram of full subcategories

J G I%— hh(Hp,, Hr,) = Shy(Ly/Ly)
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. . . . ’]Df; \PJ/P?]L
is identified with the full subcategory of Hg ; of sheaves supported on —
which is essentially the adjoint quotient Lj/Lj;. The transition functors for
J C J' are given by parabolic induction.

)

Theorem 1.3.2 is a consequence of a very general result we prove in Sec-
tion 3, which says that for very general Hr-bimodules M coming from geom-
etry (where L is a reductive group), the trace map M — hh(H, M) can be
geometrically realized as the pull-push functor along a horocycle correspon-
dence.

1.3.3. Semi-orthogonal decomposition of the cocenter. To state the semi-
orthogonal decomposition of hh(Hg), we need the notion of Newton points.
First, there is a Newton point map v : W — X, (T)a from the affine Weyl
group W% to rational dominant coweights: for any w € W, and sufficiently
divisible n, we have w" € X,(T) and set v(w) € X*(T)6 to be the rational
dominant coweight so that nv(w) and w™ are in the same W-orbit. The Newton
point map v is invariant under conjugation by W*%; we denote its image by
NP C X, (T)a . Note that NP has a natural positive coroot partial ordering
but we will work with a coarser order.

Next, to each Newton point v € NP, we associate a finite simplicial com-
plex! BY. For example, when v = 0, %(? recovers the fundamental alcove of
2l. For each facet o of By, we attach a category of (possibly twisted) character
sheaves Shyr()y,»). Together they form a cosheaf of categories on the poset
opposite to the set of facets of ’B?, where the transition functors are given by
(twisted) parabolic induction. For example, over %g , we recover the cosheaf
of categories J +— Shyr(Ly/Ly) for J G I*, with transition maps given by the
usual parabolic induction.

THEOREM 1.3.4. The cocenter category hh(Hg) has a semi-orthogonal
decomposition indezed by non-negative integers n > 0 with the n-th associated
graded category of the form

hh(Ho)ln= € hh(Hg),
vENP,(2p,v)=n

and

hh(Hg)y = colim, _p0 Shy(Vo,0)-

In particular, the first filtered piece hh(Hg)o is a full subcategory of
hh(Hg), and the theorem identifies it with the colimit colim ;¢ ra Sha(Ly/Ly).
This leads to the fully faithfulness asserted in Theorem 1.2.3.

IStrictly speaking, By may only be a simplicial complex after a barycentric subdivision:
as naturally constructed, the intersection of two simplices in By may be a union of more
than one simplex.
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Theorem 1.3.4 is a categorification of a result of Xuhua He [Hel8] where,
among other things, he gave a decomposition of the cocenter of the affine Hecke
algebra indexed by Newton points.

1.3.5. Idea of proof of Theorem 1.3.4. The essential idea of the proof of
Theorem 1.3.4 is to perform a categorical version of Morse theory on a cosheaf
on a certain topological space B, (or rather the poset of its facets) that encodes
the combinatorics of conjugacy classes in the affine Weyl group W?.

We sketch the construction of 9B,. Let 2 be the apartment associated to
T in the building of G. We regard 2 as a labelled simplicial complex, with
each facet labelled by its type J C I*. We view the labelling as a simplicial
map A — A/W* ~ A where A is the fundamental alcove whose facets are in
bijection with J G I*.

Given a conjugacy class [w] C W of an element w € W, with centralizer
Cy C W? we may identify [w] ~ W*/C,, with the open alcoves (open facets,
or equivalently, J-facets with J = &) in the quotient space X, = 24/C,, that
depends only on the conjugacy class [w]. In general, the J-facets of X,,, for
any J ; 1%, index the image of O, under the natural projection to the adjoint
quotient W* — We/Ad(Wy)

For each v € NP, we glue together the X, for conjugacy classes of [w]
with Newton point v, into a simplicial complex? 9B,. The gluing procedure
relies on the combinatorics called pieces for the affine Weyl group (see Sec-
tion 4.1.1). The space %,? mentioned in Section 1.3.3 is a subspace of B,
which we call the essential part of B,,.

There is a natural function f, : B, — R obtained by gluing a certain
quadratic function on Xp, introduced by He and Nie [HN14] in their work on
minimal length elements in conjugacy classes. The critical locus Crit(f,) C B,
is contained in the subspace By C B,,.

For example, when v = 0, 9B is obtained by gluing X7, for all conjugacy
classes [w] of finite order. The critical locus of fp, which coincides with ‘BOQ in
this case, is exactly the image of X|;; — Bo, which can be identified with the
fundamental alcove A.

For each J, the category of parahoric character sheaves Hg ; has a semi-
orthogonal decomposition given by the stratification of %‘I/P}L by geometric
pieces, which were introduced by Lusztig [Lus04]. The strata in Hg ; are
indexed by J-facets of B = [[,enp B, When we try to compute the colimit
colimy Hg, s, the complication is that the transition functors do not respect

2As above, we comment that 9%, may only be a simplicial complex after a barycentric
subdivision: as naturally constructed, the intersection of two simplices in B, may be a union
of more than one simplex.
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the semi-orthogonal decompositions. However, by performing a categorical
version of Morse theory on ®5,, we are able to show that only the pieces of
Hg.; indexed by the essential part B, C 9B, contribute to the cocenter.

There are two underlying reasons we are able to implement categorical
Morse theory (and specifically, a contraction principle) in our situation. One
is that the strata categories of parahoric character sheaves attached to facets
of %, have a certain local constancy property. This is a consequence of a
geometric result proved by He [He23]. Another is that the embedding BY < 9B,
is a homotopy equivalence, which uses the gradient flow of the function f,. In
Appendix A, we collect general methods of calculating colimits indexed by
posets and prove a general contraction principle for cosheaves of categories
(see Theorem A.5.1).

1.4. Application to commuting stacks. Here we turn to the application
of our prior results to commuting stacks for the dual group GV. The re-
sults are proved in Section 6 in the text, conditional on a universal variant
of Bezrukavnikov’s spectral description of the affine Hecke category [Bez16]
stated below as Ansatz 1.4.2. We expect a proof of Ansatz 1.4.2 to appear
in forthcoming work of Chen-Dhillon-Taylor, building on Taylor’s universal
variant [Tay23] of Soergel’s Endomorphismensatz.

In this subsection, the main player is GV, a connected reductive group
over C.

1.4.1. Spectral realization of universal affine Hecke category. Given a Borel
subgroup BY C GV, the universal Steinberg stack is the fiber product of adjoint
quotients

Stqv = BY/BY xgv,qv BY/B".
(Here the derived and naive fiber product agree.) More geometrically, it is the
moduli
Stav ~ LO(EG\/7B\/(S1 x [0, 1},5’1 x {0,1})
of GV¥-local systems on the cylinder S x [0,1] with BY-reductions along the
boundary S* x {0, 1}.
The universal spectral affine Hecke category is the monoidal convolu-

tion category IndCoh(Stgv) of ind-coherent sheaves on the universal Steinberg
stack.

ANSATZ 1.4.2. There is a monoidal equivalence of universal affine Hecke
categories

(1.4.1) ® : IndCoh(Stgv) —— Hg

with the following properties:
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(1) @ identifies the structure sheaf Os; ,, with the universal affine Whittaker
object Whg as coalgebra objects. (See Section 2.6.6 for the coalgebra struc-
ture on Ost,, and Section 2.2.7 for the definition of Whg and its coalgebra
structure. )

(2) @ is naturally an equivalence of algebras in bimodules over QC(HY). (Here
we regard the Hp-bimodule Hg as a QC(H")-bimodule using the canonical
monoidal equivalence Hy ~ QC(HY).)

Remark 1.4.3. Ansatz 1.4.2(2) is not used in this paper; we only record it
for conceptual completeness.

1.4.4. Derived commuting stacks. We will state both derived and under-
ived assertions about commuting stacks. We deduce the underived versions
from the derived, and so begin there.

The derived commuting stack Zév is the derived moduli of pairs g1, g2 € G
with g1929; 195 1'— 1 up to conjugation. More formally, it is the adjoint quo-
tient of the derived fiber product

Zav ~ (GY x GY) x& {1})/GY

with respect to the commutator map GV x GV — GV, (g1,92) + 919297 " g5 *
and unit element 1 € GV. The underlying classical stack of Z2, is €%, /G".
More geometrically, it is the moduli

Z%. ~ Locgv (T?)
of GV-local systems on the two-torus 72, where g1, g2 are the monodromies

around the two factors.
Our access to the commuting stack is via a result of [BZNP17]:

THEOREM 1.4.5 ([BZNP17]). There is a canonical equivalence
(1.4.2) IndCohpr(Z2v) =~ hh(IndCoh(Stgv)).
Hence assuming Ansatz (1.4.2), there is a canonical equivalence
(1.4.3) IndCohpr(Z2v) =~ hh(Hg).

Within this identification, we match the structure sheaf O 72, and cocenter
Whittaker object Whg /g:

THEOREM 1.4.6 (See Corollary 6.1.1). Assuming Ansatz (1.4.2), under
the equivalence (1.4.3), the structure sheaf Ozév corresponds to the cocenter

Whittaker object Whg g .

Now we can transport the calculation of the dg algebra End(Whg,g) of
Theorem 1.2.6 to calculate the dg algebra of global functions O(Zév), since
the latter is the derived endomorphism ring of OZé v
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Following [BFMO02], Z?;v decomposes into connected components indexed
by 71 (GV>4°r), the fundamental group of the derived group G4 of GV. For
each ¢ € 71(GY9), one defines a torus 7)Y, as the abelianization of a Levi
subgroup LY of GV, with an action of W, = Ngv(LY)/LY, the relative Weyl
group of LY. When ¢ = 1 € 7 (GV4") is the identity, T = TV is a maximal
torus of GV, and W, is the usual Weyl group W = W(GY,T"V). For more
details, we refer to Section 6.2.

THEOREM 1.4.7 (Corollary 6.3.5). Let GV be a connected reductive group
over C. Assume Ansatz 1.4.2 holds.
Then there is an equivalence of dg algebras
0z~ P o0@zZz) e~ P oIy xT) xt/[-1])"-.
cem (GV der) cem (GVder)
Here, tY = LieT,’, and the derived scheme t’[—1] is defined similarly as
t/[—1]. (See the paragraph after Theorem 1.2.5.)

Remark 1.4.8. When the derived group G4 is simply-connected, we
have a simple equality

O(Z2) ~O(TY x TV x t'[-1])".
In this case, the above isomorphism was conjectured in [BRY22, Conj. 1].

1.4.9. Classical commuting stacks. Now we turn to underived statements.
Let €%, be the (underived) commuting scheme of GV, the (underived) closed
subscheme of GV x GV consisting of (g1, g2) € GV x GV satisfying the equation
91929, 1g5 L'= 1. The group GV acts on chv by simultaneous conjugation,
and the quotient stack @%‘;V /GY is the classical stack underlying the derived
commuting stack Z(Q;v.

As above, following [BFM02], QfZGV decomposes into connected components
indexed by 1 (GV4°Y), the fundamental group of the derived group G-der
of GV. For each ¢ € m(GV4"), one defines a torus 7, as the abelianization of
a Levi subgroup LY of GV, and a map of stacks

te: (TY < TY) /W, — €%, /G,
where W, = Ngv(LY)/LY is the relative Weyl group of L/. For more details,
we refer to Section 6.2.

THEOREM 1.4.10 (See Theorem 6.3.1). Let G¥ be a connected reductive
group over C. Assume Ansatz 1.4.2 holds.

Then the maps t. for ¢ € m(GY9) induce an isomorphism on rings of
invariant functions

0(e%.)¢"

1

B o <1

cem (GV der)

In particular, CQ(Q%V)Gv is reduced.
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From Theorem 1.4.10, we also deduce the following description of invariant
functions on the Lie algebra commuting scheme and Lie algebra-Lie group
commuting scheme.

THEOREM 1.4.11 (See Theorems 6.4.1 and 6.4.3). Let GV be a connected
reductive group over C with mazimal torus TV C GV, and respective Lie alge-
bras tV C g¥. Assume Ansatz 1.4.2 holds.

Let Cgv be the Lie algebra commuting scheme of pairs (X1, X2) € gV x gV
satisfying adx, (X2) = 0, and ket €gv gv be the Lie algebra-Lie group commut-
ing scheme of pairs (X,g) € gV x GY satisfying Ady(X) = X.

Then restrictions to t¥ x tV and tV x TV respectively give isomorphisms
on rings of invariant functions

O(€2)% S 0t x )7,
O(Cq )¢ 3 01 x TV,

In fact, it is possible to adapt our methods and prove Theorem 1.4.11
directly. With this approach, we do not need to assume Ansatz 1.4.2, but
can simply appeal to Bezrukavnikov’s equivalence [Bez16]. Since we do not
take this approach in this paper, we include Ansatz 1.4.2 in the statement of
Theorem 1.4.11.

Remark 1.4.12. The question of reducedness of the scheme of commuting
pairs of matrices has a long history, and it is still open. The reducedness of the
ring of adjoint-invariant functions on QZGV, Qizv and QEV,GV for a general reduc-
tive group G was also an open question considered by many authors. It was
known by Joseph [Jos97] and Etingof-Ginzburg [EG02] that the reduced ring
of O(va)Gv is isomorphic to O(t" x V). Prior to our work, the reduceness
of (’)(Qﬁgv)Gv was known for classical groups (see the next paragraph). We are
not aware of results on Q:QGV or (’ng,Gv other than type A. Our results settle
these reducedness questions completely and uniformly across all Lie types.

One may wonder about the reducedness of (’)(Qigv)Gv, where Q:gv is the
scheme of commuting d-tuples in g¥ for any d > 2. This is known to be true
for classical groups. For g¥ = gl,, and d = 2, this was proved by Gan and
Ginzburg [GGO6]; for general d, this was proved independently by Domokos
[Dom09] and Vaccarino [Vac07]. Recently, T-H. Chen and B-C.Ngo [CN21]
proved the case of symplectic Lie algebras for any d. More recently, L. Song,
X. Xia and J. Xu [SXX23] proved the case of orthogonal Lie algebras for any d.

1.5. Further results. In Section 5.4, we use similar techniques to calculate
the derived endomorphism rings of two other natural objects in hh(Hg) in
terms of spectral data. One of the calculations can be interpreted as a derived
spherical Hecke algebra, and the other one is the endomorphism ring of the
universal Eisenstein series in the genus one automorphic category.
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The methods of this paper lead not only to a calculation of the endomor-
phisms of objects in the cocenter but to a full description of the cocenter of
the universal affine Hecke category. The primary additional inputs are
(1) the automorphic gluing construction under nodal degenerations of curves

[INY21];

(2) the description of nilpotent sheaves on degree zero semistable G-bundles
on a genus one curve [LN21].

Combined with the methods of this paper, we are able to prove the fol-
lowing to appear in a sequel [LNY].

For asmoothprojectivecurveX, one assigns its Betti automorphic cate-
gory Shyr(Bung (X)), the dg derived category of complexes of sheaves of C-
modules on the moduli of G-bundles on X.

CONJECTURE 1.5.1. For E a smooth projective genus one curve, there is
a natural equivalence from the cocenter of the universal affine Hecke category
to the Betti automorphic category

hh(Hg) — Shyr(Bung(E)).

We can invoke the spectral calculations of [BZNP17] to deduce the Betti
geometric Langlands conjecture in genus one. Recall that for X to be a smooth
projective curve, there is a natural spectral action on its Betti automorphic
category Shy/(Bung(X)) by the tensor category QCoh(Locgv(E)) of quasi-
coherent complexes on the moduli of GV-local systems on X.

COROLLARY 1.5.2 (of Conjecture 1.5.1). For E a smooth projective genus
one curve, the Betti geometric Langlands conjecture holds: there is an equiva-
lence of QCoh(Locgv (E))-module categories

IndCohyr(Locgv (E)) ——= Shy/(Bung(E)).

1.6. Conwventions. In the rest of the paper, we will use the following no-
tation.

1.6.1. We fix a field k of characteristic 0 as the coefficient field for our
sheaves and categories.

1.6.2. We denote by St” (resp. StR) the co-category of stable presentable
categories with morphisms left adjoints (resp. right adjoints).

We denote by Stﬁ (resp. Stf) the co-category of stable presentable k-linear
categories with morphisms left adjoints (resp. right adjoints). In most of the
paper, we will work primarily with Stﬁ. By a monoidal category, we will
typically mean an algebra object in St,%.

1.6.3.  For a complex algebraic stack X, we denote by Sh(X) the k-linear
dg derived category of complexes of sheaves in k-vector spaces on X under the
analytic topology. We will refer to objects in Sh(X) as sheaves.
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If X is smooth and A C T*X is a conical closed subset, we denote by
Sha (X) the full subcategory of Sh(X) consisting of sheaves with singular sup-
port in A. In particular, using 0 to denote the zero section, Sho(X) is the full
subcategory of sheaves with locally constant cohomology sheaves.

1.6.4. Let G be a connected reductive group over C. When needed, we
will choose a maximal torus T" and a pair of opposite Borel subgroups B and
B~ containing T'. Let U and U~ be the unipotent radicals of B and B~. The
quotient H = B/U (the universal Cartan) is canonically independent of the
choice of B. Let r = dim H be the rank of G. Let W = W(G,T') be the Weyl
group of G. Let g,t,b,u,... denote the Lie algebras of G, T, B,U,....

We will fix an Ad(G)-invariant non-degenerate symmetric bilinear form
on g to identify g and g*.

1.6.5.  For an affine algebraic group L over C, let BL = [(Spec C)/L] be
its classifying space, regarded as an Artin stack.

1.7. Acknowledgements. We thank David Ben-Zvi and Quoc P. Ho for
inspiring discussions, and Tsao-Hsien Chen, Peter Haine, Nick Rozenblyum
and James Tao for generous technical help. We thank Xuhua He especially
for providing a key geometric ingredient needed in this paper in the form of
[He23]. We thank Pavel Etingof for comments on the history of the problem
of reducedness for commuting schemes.

PL was partially supported by the National Natural Science Foundation
of China (Grant No. 12101348). DN was partially supported by NSF grant
DMS-2101466. ZY was partially supported by the Simons Investigatorship and
the Packard Fellowship.

2. Universal affine Hecke category

In this section, we provide more details about the universal affine Hecke
category as introduced in Section 1.1.1. But here and in the rest of the paper,
unless otherwise stated, we follow the setup of Section 1.6.4 and work with G
a general connected complex reductive group.

2.1. Hecke categories.

2.1.1. Finite Hecke categories. Consider the quotient stack U\G/U, and
its convolution diagram

U\G/U x U\G/U <>— U\G xV GJU —=~ U\G/U

U\G/U U\G/U.
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Note that ¢ is smooth (a base change of the diagonal BU — BU xBU ). The
map 7 is given by the multiplication on G. It is a base change of the projection
BU — BG with fibers isomorphic to G/U. It behaves like a proper map for
H-monodromic sheaves on the source. More precisely, 7 has a factorization

7 U\G xV GJU "~ U\G xB ¢/U "~ U\G/U,

where h is an H-torsor (a base change of BU — BB with fibers isomorphic to
H = B/U), and 7’ is proper (a base change of the projection BB — BG with
fibers isomorphic to G/B). In general, for any H-torsor p : E — X, and a
sheaf F € Sh(FE) that is H-monodromic, so locally constant along the fibers
of p, we have a canonical isomorphism

(2.1.1) nF ~ p F[—r],

where as usual r = dim H is the rank of G. Indeed, we write H(C) = HsoH,,
where H. is the compact real form of H and H~ is the neutral component of
the split real form of H. Then p factors as

p: B F/H. g 2> X.

Now p. is proper and H is contractible so F descends to F € Sh(E/Hg).
We have piF = paporF = pespor(D5F) = pes(F @ poik), and p.F ~ pe.F. The
relative fundamental class of py gives a canonical isomorphism pgk ~ k[—r] €
Sh(E/Hx), hence a natural isomorphism pF ~ p, F|[—7].

Returning to the convolution diagram, for any sheaf F € Sh(U\G xY G /U)
that is H-monodromic for the action t- (g1, g2) = (g1t 1, tge) (for t € H, g1, 9o
€ (G), so locally constant along the fibers of h, we have canonical isomorphisms

mF ~ mhF ~ mhF[—r] ~ 7l hF[—r] ~ mF[-7].

Thus for such sheaves, the pushforward mm satisfies all the base change identities
of a proper map.
Consider the closed embedding of the unit coset

U\B/U = U\G/U.

Let qg : U\B/U — H be the natural projection, which is a U-gerbe. Let
exp : h — H be the universal cover, and introduce the universal local system

Luniv = q;{ eXpy Dh € Sho(U\B/U),

where Dy ~ ky[r] € Sho(h) is the Verdier dualizing sheaf. Note that Luniy
is concentrated in degree —r with stalks isomorphic to the group algebra
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Definition 2.1.2. The universal finite Hecke category of G is the monoidal
category of H-bimonodromic sheaves on U\G/U (under the left and right
translations of H)

Ha = Shbimon(U\G/U)

equipped with convolution
* . /HG(X)HG HHG, ]:1 *]:2 :Wlé*(pifl @p;fz)

and unit object e = w1 Lyniy-

It is easy to see that H-bimonodromic sheaves on U\G/U are exactly
U x U-equivariant sheaves with nilpotent singular support when pulled back
to G. Therefore we also denote Shpimen(U\G/U) by Shar(U\G/U).

Ezample 2.1.3. For the torus H, we have Hy = Sho(H), the dg derived
category of locally constant sheaves on H. Convolution is simply the pushfor-
ward L1 x L2 = mi(£1 X L9) along the multiplication map m : H x H — H,
and the unit object is the universal local system e = Lyniy = exp, Dy.

Remark 2.1.4. We can also naturally regard Hs as a monoidal category
in ‘Hpg-bimodule categories.

2.1.5. Loop group and parahorics. Let G = G((t)) be the loop group of G
and Z C G be the Iwahori subgroup given by the preimage of B under the
reduction mod ¢ map G[t] — G. Let I® be the set of simple (affine) roots of
G with respect to Z, and let I C I® be the subset of simple roots of G with
respect to B.

Let W = X, (H)x W be the extended affine Weyl group of G and W® C W
be the affine Weyl group generated by affine simple reflections. We think of
W as acting on the standard apartment 2 = X, (T )g. For a simple reflection
s € W2 let as € I* denote the corresponding affine simple root.

A subset J C I is of finite type if the subgroup W generated by simple
reflections s for o, € J is finite. We use the notation J Cg I to mean that J
is a finite type subset of I%. When G is almost simple, J Cg 1 simply means
that J G I°.

Given J Cg 1%, let Py C G be the standard parahoric subgroup containing
T of type J; i.e., if P} C Py denotes its pro-unipotent radical, and Ly = P /PY
its Levi quotient, then J are the simple roots of L ;. Note that By = Z/(ZNPY)
is a Borel subgroup of Lj, with unipotent radical U; = Z"/(Z" NPY).

When J = &, we have T = Pz and H = Lg, and we write Z" = Pg.
When J = I, we have P; = G[t], Ly = G, B= By and U = Uj.

We identify W with Ng(T)/T[t]. For w € W and any lift v € Ng(T),
the subspace ZwZ C G is independent of the choices of 7" and w, and we
denote it by G,. Let < denote the Bruhat order on W extended to W by
declaring w; and ws are incomparable if they are in different cosets of W€,



626 PENGHUI LI, DAVID NADLER, and ZHIWEI YUN

Let G<w = Up<wG(w'). It is well known that G,,/Z C G/ is isomorphic to
an affine space of dimension ¢(w) and its closure is G<,,/Z.

2.1.6. Affine Hecke categories. As in the finite-dimensional case, consider
the quotient stack Z*\G/Z", and its convolution diagram

Iu\g/zu X Iu\g/zu (57 Iu\g qu Q/Iu L)Iu\g/l'u
/ K
I"\G/T" IU"\G/T".
Note that 0 is pro-smooth (a base change of the diagonal BZ" — BZ"xBZ"),

and 7 has the similar “almost” ind-proper property as in the finite-dimensional
case for H-monodromic sheaves. More precisely, consider the factorization

P Iu\g I g/Iu #Iu\g «B g/Iu L I“\g/IU,

where h is an H-torsor (a base change of BZ" — BZ with fibers isomor-
phic to H ~ Z/I"), and «’ is ind-proper (a base change of the projection
BZ — BG with fibers isomorphic to the affine flag variety G/Z). For any sheaf
F € Sh(Z"\G x*" G/T*) that is H-monodromic with respect to the action
t-(g1,92) = (g1t~ 1, tg2), so locally constant along the fibers of h, we have a
canonical isomorphism by (2.1.1):

hyf ~ h*]:[—r].

On the other hand, if in addition F is supported on Z\G<w, XZ" Grpy /T4
for some wy,wy € W, then since 7’ is proper when restricted to Z%\G<, xL
G<w,/ZI", we have canonical isomorphisms

mF ~ mhF ~ mhF[—r] ~ 7l h F[—r] ~ mF[-7].

Thus for H-monodromic sheaves F suppored on some Z%\G<y, X" Gy /T4,
the pushforward m satisfies all the base change identities of a proper map.
Consider the closed embedding of the unit coset

TN\T/T* —> IT"\G/T".

Let g : Z“\Z/ZI" — H be the natural projection, which is a Z"-gerbe. Intro-
duce the universal local system

Lyniv = q;} exp Dh S Sho(Iu\I/Iu),
where Dy =~ ky[r] € Sho(h) is the Verdier dualizing sheaf.

Definition 2.1.7. The universal affine Hecke category of G is the colimit
of H-bimonodromic sheaves on Z%\G<,,/I" for w € W,

Hg = colim g Shpimon(Z“\G<w/Z"),
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with respect to the full embeddings
Shbimon(zu\ggwl /Iu) — Shbimon(zu\ggwg /Iu)

whenever wy < wo.
It is equipped with a monoidal structure given by convolution

*:Hg @ Hg —— Hg Fix Fo = mé*(piF1 W p37>)
and unit object e = w1 Lyniy-

Ezample 2.1.8. For the torus H, we have Hy = Sho(H x X,(H)), the
dg derived category of locally constant sheaves. Convolution is simply the
pushforward L1 x Lo = my(L£1X L) along the multiplication and addition map
m: (H x X, (H)) x (HxX.(H)) - H xX,(H), and the unit object is the
universal local system e = Lyniv = exp, Dy supported on H x {0}.

Remark 2.1.9. As with Hg, we can also naturally regard Hg as a monoidal
category in H p-bimodule categories.

2.2. Whittaker objects. Fix a maximal torus T C B C G, let B~ C G be
the opposite Borel subgroup, and let U~ C B~ be its unipotent radical.

2.2.1. Finite case. Consider the diagram
Al U o \GyU,

where 7_ is induced by the inclusion U~ C G, and x : U — U/[U,U] — Al is
a non-degenerate character (i.e., nontrivial on each simple root group).
Consider the natural factorization of r_:

ro U e q)U - t\GJU

Note that i_ is a closed embedding transverse to the B-orbits in G /U, and ¢
is smooth (a base change of pt — BU). Thus for any F € Sh(U\G/U) that is
left H-monodromic, so locally constant along the left H-orbits in U\G/U, we
have canonical isomorphisms

P Fedl ¢ F i ¢ F2dimr_] ~ r* F2dimr_].

Let ¢y,1 : Sh(U™) — k-mod denote the vanishing cycles at the identity
1 € U~ with respect to the non-degenerate character xy : U~ — Al.

Definition 2.2.2.
(1) The Whittaker functor is the composition

Wea : Hg — k-mod, We(F) = pyart Fl—dimr_].
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(2) The universal finite Whittaker sheaf Whg € H is the object corepresent-
ing the Whittaker functor

Wea(F) ~ Homy,, (Whg, F) for all F € Hg.

Remark 2.2.3. The shift in the definition of W¢ is chosen to make Wg
exact for the perverse t-structure on Hg. In particular, for the unit object
e € Hg, we have that Wg(e) = k[X,(H)] is concentrated in degree 0.

2.2.4. Coalgebra structure on Whittaker sheaf. Here we define the natural
coalgebra structure on Whg.
First, introduce the analogous Whittaker functor on U\G xV G/U:

Winaxvau - Sh(U\G xY G/U) — k-mod,
Winaxvau(F) = @yixart Fl—dimr_],
where
X+x

Al 2 U x U == U\G xV G/U.

Now observe that the Whittaker functor Wg is naturally lax monoidal:
for any Fi, Fs € Heg, we have a natural map

Wa(F1) @ Wa(Fz) = Waxa(F1 B/ Fa) = Wingxvgo (67 (F1 K F))
— Winaxvao (mmd*(Fi B Fp)) ~ Wa(Fi * Fa).

In other words, we have a natural transformation of functors

WelWa - Wagom: Ha ® Hg — k-mod.
This induces a map between co-representing objects:
(2.2.1) o : m'(Whg) — Whg ® Whe.
By adjunction, we obtain a map

B : Whg — Whg * Whg

that defines a comultiplication on Whg.

The counit and coherences can be constructed analogously. In fact, the
full additive co-subcategory of Hg generated by the monoidal unit e and Whit-
taker object Whe is closed under convolution and in fact a classical category
(i.e., equivalent as an oo-category to a discrete category, since its Homs are
concentrated in degree 0). The coalgebra structure on Whg comes from a
coalgebra structure in this classical subcategory, and thus its coherences are
all strictly determined.



FUNCTIONS ON THE COMMUTING STACK VIA LANGLANDS DUALITY 629

2.2.5. Microlocal description for Whittaker sheaf. We will not need the
following microlocal interpretation but mention it for conceptual clarity. We
will use an analogue for character sheaves discussed in Section 5.2 below.

Consider the cotangent bundle 7*(G/U), and note that its fiber at the
identity coset U/U € G/U is naturally isomorphic to (g/u)*. Thus the differ-
ential dy : u~ — A! gives a covector

fzg/uﬁg/b:u*LAl.

Let = : Hg — k-mod denote the x-pullback along g : G/U — U\G/U, fol-
lowed by the microstalk at € T}, /U(G /U) (normalized so that the microstalks
of perverse sheaves are concentrated in degree 0).

The following is a standard calculation. For a general version in Betti
Geometric Langlands, see [NT22].

LEMMA 2.2.6. The Whittaker functor is naturally isomorphic to the mi-
crostalk functor

Wa ~ = : Hg —— k-mod.
2.2.7. Affine case. Consider the natural closed embedding
i:U\G/U ——=TI"\G/I"
induced by the inclusion of constant loops G C G.

Definition 2.2.8.
(1) The affine Whittaker functor is the composition

Wg : Hg — k-mod, W (F) = Wa(i'F).

(2) The universal affine Whittaker sheaf Whg € Hg is the object corepresent-
ing the affine Whittaker functor

Wg(F) ~ Homy,,(Whg, F) for all F € Hg.

LEMMA 2.2.9. The universal affine Whittaker sheaf is the pushforward of
the finite Whittaker finite sheaf

Whg ~ 4yWhg.
In particular, for the unit object e € Hg, we have Wg(e) = k[X,(H)].
Proof. By adjunction,
Wg(F) = Wg(i'F) ~ Homy,, (Whg, ' F) ~ Homy,,, (iiWhg, F). O

Note that 4 is monoidal, and therefore Whg has the induced coalgebra
structure from Whg.
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2.3. Langlands duality. In Section 6, we will deduce spectral consequences
of our automorphic results on the universal affine Hecke category Hg and
universal affine Whittaker sheaf Whg. We only introduce Langlands duality
and the spectral side at this juncture, rather than in Section 6, as a conceptual
guide for our automorphic arguments. With the exception of the similarly
placed Section 2.6, all of our results until Section 6 will take place on the
automorphic side.

Let GV be the dual group of G, viewed as a split group over k. Let
BY c GVY be the distinguished Borel subgroup, UY C BV its unipotent radical,
and HY = BY/UV its universal Cartan. We may identify the Weyl group of
GV with W. - -

Recall the canonical identification BY/BY ~ GV/GV, where GV/G" is
the Grothendieck-Springer stack of pairs (g, F) of an element g € GV, and a
Borel subgroup E C GV, such that g € E, all up to conjugation. Recall that
under the above identification, the map of adjoint quotients BY/BY — GY/G"
corresponds to the Grothendieck-Springer map GV /GY — GY/GY that forgets
the Borel subgroup £ C GV.

The projection BY — H" factors through BY/BY — H", which corre-
sponds to the projection é‘v\//Gv — HY that takes a pair (g, F) to the class
g e E/JE" ~ HY.

Definition 2.3.1.
(1) The universal Steinberg stack is the derived fiber product of adjoint quo-
tients
Stgv = BY/BY x¢ v BY/B".
(2) The universal spectral affine Hecke category is the monoidal convolution
category

IndCoh(Stgv) = IndCoh(B"/BY x& v BY/BY).

Remark 2.3.2. The smallness of the Grothendieck alteration GV — GV
implies that the underived fiber product BY/BY xgv,qv BY/BY has the ex-
pected dimension zero. Since GV/GY and BY/BY are both smooth, we see
that the derived structure on Stgv is in fact trivial.

Remark 2.3.3. Note that we can also naturally regard IndCoh(Stgv) as a
monoidal category in QC(H")-bimodule categories.

In order to deduce spectral consequences of our automorphic results, in
Section 6, we will assume the following universal variant of Bezrukavnikov’s
spectral description of the affine Hecke category [Bez16]. We expect a proof to
appear in forthcoming work of Chen-Dhillon-Taylor, building on Taylor’s uni-
versal variant [Tay23] of Soergel’s Endomorphismensatz. We mention it here
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for conceptual clarity, but it will not be invoked until we turn to applications
in Section 6.

ANSATZ 2.3.4. There is a monoidal equivalence of universal affine Hecke
categories

(2.3.1) ® : IndCoh(Stgv) — Hg

with the following properties:

(1) @ identifies the structure sheaf Os; ., with the universal affine Whittaker
object Whg as coalgebra objects.

(2) ® is naturally an equivalence of algebras in bimodules over QC(H"). (Here
we regard the Hp-bimodule Hg as a QC(H")-bimodule using the canonical
monoidal equivalence Hy ~ Sho(H) ~ QC(H").)

Remark 2.3.5. In fact, Ansatz 2.3.4(2) is not used in Section 6, we only
record it for conceptual completeness.

2.4. Cozxeter presentation. To make calculations in the cocenter of Hg, we
will use a universal monodromic version of a result of Tao-Travkin [TT20]. In
Appendix C, we provide the necessary extensions to apply their arguments to
the universal monodromic case.

Let G° be the neutral component of the loop group G, and let Hgo C Hg
be the full subcategory of objects supported on G°. Then Hgo is a monoidal
subcategory of Hg.

For each finite type subset J Cg I%, the finite universal Hecke category
Hr, embeds into Hgo as a monoidal full subcategory of sheaves supported on
Z"\'P;/I", which is a pro-unipotent gerbe over U;\L;/U;. These embeddings
are compatible with inclusions J C J' Cg I® in an obvious sense, and they
induce a monoidal functor

(2.4.1) colimfc o Hr, — Hge.

Here we regard all the Hecke categories as objects in stable presentable k-linear
categories Stﬁ with morphisms left adjoints, and we write colim® to emphasize
that the colimit is of monoidal categories in Hp-bimodues, i.e., of algebra
objects in Hy-bimodues in Stﬁ.

THEOREM 2.4.1 (Tao-Travkin [TT20]; see Appendix C). The functor
(2.4.1) is a monoidal equivalence of H-bimodule categories.

In [TT20], the authors worked with the bi-Z-equivariant version of the
affine Hecke category and assumed G was simply-connected. We sketch the
necessary modifications to their argument in Appendix C.



632 PENGHUI LI, DAVID NADLER, and ZHIWEI YUN

Remark 2.4.2. Formulating a generalization of Theorem 2.4.1 for the whole
category Hg when G° ; G is more combinatorially complicated. We will not
need it since Theorem 2.4.1 will suffice for our application to the cocenter of
any reductive Gj; see Section 2.7.5.

2.5. Hochschild homology and cocenters. We work in the setting of stable
presentable k-linear categories Stﬁ with morphisms left adjoints. All higher
algebra constructions will be following [Lurl2]. We could also work in the
setting of presentable k-linear categories Prﬁ by the following well-known fact:

LEMMA 2.5.1. The inclusion Stk — PrE preserves colimits.

Proof. Since fully-faithful functor respect colimits, it suffices to show that
the colimit of stable categories in Prﬁ is again stable. By the equivalence
Pré P~ PrkR, and the fact that the forgetful functor PrkR — Cat, preserves
limits (where PrkR is the category of presentable k-linear categories with mor-
phism right adjoints and Caty, is the category of (oco-)categories), it suffices to
show that the limit of stable categories (along with exact functors) in Cats is
stable. The latter statement follows from [Lurl2, Th. 1.1.4.4]. O

Definition 2.5.2. Let A be an algebra object in Stﬁ, and let A°P be the
opposite algebra.

(1) Let M be an A-bimodule, i.e., an A ® A°°-module. The Hochschild ho-

mology of A with values in M is the tensor
hh(A, M) = A ® a5 400 M.
The trace map is the natural projection
tr: M —— A® g 400 M = hh(A, M)

induced by the unit of A in the first factor of the tensor.
(2) The cocenter of A is the Hocschild homology of A with values in the regular
bimodule

hh(A) = hh(A, A) = A ®@ g 400 A.
The trace map is the natural projection
tr: A —— A®agaor A= hh(A, A) = hh(A)
induced by the unit of A in the first factor of the tensor.

Recall that one typically calculates hh(A, M) as the geometric realization
of the Hochschild complex (simplicial object)

BeAM) = M=—MRIAZT—MRAR A --].
This results from tensoring the regular 4-bimodule with the bar resolution

M<~— M@AT—MIARAT_—MARARA--].
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Given a monoidal subcategory A" C A, there is a minor variation on
the Hochschild complex that equally well calculates hh(A, M). Note that we
can regard A as an algebra in A’-bimodules, and likewise, regard M as an
A-bimodule in A’-bimodules. Then to calculate hh(A, M), we can form the
relative Hochschild complex

Be(A, M) 4
= [hh(A' M) =— hh(A M4 A) =—— hh(A M4y A4 A)---].

This results from tensoring the regular A-bimodule with the relative bar reso-
lution inside of A’-bimodules

M<—— MOIUYA=—MOIUp AU A=— MO Ay ARy A---].

In particular, we can take A" = (14) C A to be the full subcategory generated
by the unit.

2.5.3. Hochschild homology and colimits. On the one hand, suppose that
A is an algebra object in St{i , and M = colim; M; is a colimit diagram of
A-bimodules. Then by commuting colimits, we observe that the natural map
is an equivalence

colim; hh(A, M;) —— hh(A, M).

On the other hand, suppose that A4 = colim A; is a colimit diagram of
algebra objects in St£ , and M is an A-bimodule. Then we have a natural map

colim; hh(A;;, M) —— hh(A, M),
which is not an equivalence in general.
However one can deduce it is an equivalence for contractible colimit dia-
grams using the following lemma, whose proof we learned from Nick Rozen-
blyum.

Some set theory preliminaries. Let xk be an uncountable regular cardinal,
and let Prﬁ C Pr” denote the subcategory of objects that are s-presentable,
i.e., generated by k-compact objects, with functors that preserve k-compact
objects, i.e., whose right adjoint preserves r-filtered colimits.

By [Lurl2, Lemmas 5.3.2.9 and 5.3.2.11], one knows that Prl is a pre-
sentable symmetric monoidal category whose tensor product commutes with
colimits in each variable. Moreover, the inclusion Pré — Prl is symmetric
monoidal and preserves colimits. Note that Mody is a commutative algebra
object in PrZ, and so the k-linear version

Prgk = Modpoq, (Pr%) — Modypoq,, (Pr") = PrE

is also symmetric monoidal and preserves colimits. Hence the same is true on
algebra objects Alg(Prﬁvk) — Alg(Pri).
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LEMMA 2.5.4. Suppose that A = colim A; is a contractible colimit dia-
gram of algebra objects in Pr,%, and M is an A-module. Then the natural map
s an equivalence

colim; A ® 4, M —— M.

Proof. Following the assumptions on set theory of [Lur09, §1.2.15], we
can choose a regular cardinal x such that the diagram colim 4; — A lies in
AIg(Prg’k) and M lies in ModA(Prik). Since AIg(Prﬁ’k) — Alg(PrE) preserves
colimits, the natural map is an equivalence colim 4; — A when the colimit is
taken in Alg(Prik).

Now applying [Lurl2, Cor. 4.8.5.13] to the presentable category Prik, we
see that passing to modules Mod* : Alg(Prik) — Modprék(PrL) preserves
contractible colimits. In particular, the composite

Alg(Pr£7k) — MOdPrLk(PI'L> — Prl ~ (Prf)°P — Cat°P

preserves all contractible colimits (where the equivalence Pr¥ ~ (Prft)op is
given by passing to right adjoints). Thus we conclude that Mod, : Alg(Préﬂ )P
— Cat preserves contractible limits.

This implies that the natural map c : colim; A ® 4, M — M is an equiva-
lence of objects in Mod A(Prﬁyk), where the colimit and relative tensor product
is taken in Pré,k- We want to see that the the map c is also an equivalence in
ModA(Prﬁ), i.e., after applying the inclusion Pr,%’k — Prﬁ to each term. For
this, it suffices to forget the module structure and show the natural map c is
an equivalence in Prf. Since the inclusion Prik — Prf is symmetric monoidal
and preserves colimits, it also preserves relative tensor products. This gives
the result. O

COROLLARY 2.5.5. Suppose A = colim A; is a contractible colimit dia-
gram of algebra objects in Prﬁ, and M is an A-bimodule. Then the natural
map is an equivalence

colim; hh(A;, M) —— hh(A, M).

Proof. Apply the lemma to the A-bimodule M viewed as a left A-module
to see that the natural map of A-bimodules is an equivalence

colim; A ® 4, M —— M.
Then take hh(A,—) of both sides observing the natural isomorphism

hh(A; A @4, M) = hh(A;, M). O
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2.5.6. Descended trace. The following general construction will provide
a useful way to characterize certain objects of the cocenter of a monoidal
category. Let A denote the simplex category of non-empty finite ordered sets
[n] ={0,...,n}, n>0.

Suppose A is a monoidal category with product denoted by x. Given an
algebra object a € A, let £ = LMod,(A) and R = RMod,(.A) denote the
category of left and right a-modules in A. Let B = Bimod,(.A) denote the
category of a-bimodules in A. Note that B is naturally monoidal with product
given by

. B S
M *qn = colimpep[Mm*N ——m*a*n=——m*a*xa*n---|.

Similarly, £ is a B ® A-bimodule, and R is a A ® B-bimodule. In fact, £ and
R are in duality with unit and counit maps denoted by

(2.5.1) u:B— L4 R, c: Rep L — A

Here, u is the inverse of the natural functor £L ® 4 R — B (sending = ® y to
x *y), which is an equivalence by [BZFN10, Prop. 4.1].

Recall that the dual bimodules £ and R, with their unit and counit maps,
provide a map on cocenters

052) h: hh(B) = B @pgper B — (L @4 R) @pgser B
~ A @ apaor (R D5 L)~ A@agaom A= hh(A),

where v is induced by u, and ¢’ by c.
To avoid confusion, let us denote the usual trace maps by

tra: A —— hh(A), trg : B —— hh(B).

Given m € B, we can take its B-trace trp(m) € hh(B) and then its image
h(trg(m)) € hh(A).

Definition 2.5.7. Given m € B, we call
tr(m) := h(trp(m)) € hh(A)
the descended trace of m.

2.5.8. Functoriality of descended trace. Suppose f : A — A’ is a monoidal
functor of monoidal categories. Then there is an evident commutative diagram

(2.5.3) AT u

trl J{tr
hh(f)

hi(A) 25 h(AY).
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Suppose, in addition, that a € A is an algebra object with image alge-
bra object ' = f(a) € A’. Then applying f to bimodules provides a natural
monoidal functor F' : Bimod,(A) — Bimod,/ (A"). We have an evident com-
mutative diagram

(2.5.4) Bimod,(.A) Bimod,/ (A)

trl \Ltr
hh(F)

hh(Bimod,(A)) — hh(Bimod, (A"))

hi lh
hh(A) hh(A'),

where each h denotes the map (2.5.2) from the cocenter of bimodules to the

hh(f)

cocenter induced by the left and right module categories.
We immediately conclude the following:

LEMMA 2.5.9. Suppose f : A — A’ is a monoidal functor of monoidal
categories. Suppose a € A is an algebra object with image algebra object a’ =
fla) e A.

Under the induced functor hh(f) : hh(A) — hh(A"), we have an identifi-
cation of descended traces

hh(f)(tr(m)) =~ tr(F(m)), m € Bimod,(A).
In particular, for the regular bimodule m = a with image F(m) = f(a) = d,
we have an identification of descended traces

hh(f)(E(a)) = BE(d).

2.5.10. Formula for descended trace. We provide here a formula for the
descended trace. Let Ay denote the augmented simplex category of (possi-
bly empty) finite ordered sets [n] = {0,...,n}, n > —1. Given m € B =
Bimod,(A), consider its bar augmented simplicial object mq : AS” — B given
by the assignments m,, = m x a*", with each face map a contraction via the
multiplication of a, and each degeneracy map an insertion of the unit of a. We
can picture the diagram of face maps in the usual way,

-
Me =[M=<—mra=Z_——mrxaxa<=——mx*a*xa*xa---|,

and the augmentation descends to an equivalence on the geometric realization

m <—— colimpep[m*xa S——mraxa=——mx*axaxa---|.
Now let us take the descended trace of the bar augmented simplicial object
to obtain a resolution

tr(m) <—— colimpep[tr(mxa) =——tr(m*axa) =—tr(mxaxaxa)---]

using that we work in the setting of continuous functors.
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Unwinding the definitions, for any a-bimodule of the form ¢ x r where
¢ € L =LMod,(A) and r € R = RMod,(.A), we have a natural isomorphism
tr(€xr) ~ trg(r *4 £). Thus the above resolution gives a concrete formula for
the descended trace
(2.5.5)

tr(m) <=— colimpon [tr4(m) S=——tra(m*a) =—— tra(ma*a)---],

where the face maps are given by contractions via the multiplication of a (and
degeneracy maps given by an insertion of the unit of a). In particular, the new
face map tr 4 (mxa*™t1)) — tr 4(mra*") is induced by the left multiplication of
the last factor on the first available thanks to the cyclic symmetry of the trace.

2.5.11. Descended trace for coalgebras. One can repeat the construction
of the descended trace starting with a coalgebra ¢ € A rather than an algebra
a € A. We only prefer the algebra formulation due to our lack of familiarity
with “bi-comodules.” But in any case, we will only work with the coalgebra c
itself. In this case, we can take the following concrete formula as definition of
the descended trace

tr(c) :=limaftra(c) —== trg(cxc) —=try(cxc*c) -],

where the coface maps are given by expansions via the comultiplication of ¢
(and degeneracy maps given by an insertion of the counit of ¢). In particular,

*n+1) is induced by the left comultiplica-

the new coface map tr4(c*) — try(c
tion of the last factor on the first available thanks to the cyclic symmetry of
the trace.

In our applications, where some additional hypotheses hold, we can relate
the above definition for coalgebras with the prior theory for algebras and, in
particular, take advantage of the prior recorded functoriality.

Assume that A is compactly generated, and the monoidal product pre-
serves the category of compact objects A. C A, so that A ~ IndA, as
monoidal categories. Then the categories £, R, B, hh(B), hh(A) are all com-
pactly generated, and the functor tr preserves compact objects. Suppose our
coalgebra is compact ¢ € A, and denote by a € Ac® the same object re-
garded as an algebra in the dual monoidal category A" ~ IndA2’. Suppose,
in addition, that a € Bimod,(A") is compact. (For example, it is a sum-
mand of a x a.) Then chasing definitions, under the canonical equivalence
hh(AY). ~ hh(AP) ~ hh(A.)°° ~ hh(A)!, the colimit calculating the alge-
bra descended trace tr(a) € hh(AcP) is equivalent to the limit calculating the
coalgebra descended trace tr(c) € hh(A.).

2.6. Spectral realization. As with Section 2.3, the results of this section
will not be used until we turn in Section 6 to spectral consequences of our
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automorphic results. We include them here as a conceptual guide for our
automorphic arguments.

We return to the universal spectral affine Hecke category IndCoh(Stgv),
and we now consider its cocenter, and the descended trace of the structure
sheaf Ogt, as a coalgebra object. The arguments are quite general, so we
will work with an abstract setup. We stress that in this subsection, all fiber
products of stacks are derived fiber products.

For X — Y a proper morphism between smooth stacks, IndCoh(X xy X)
is naturally a monoidal category via convolution, FxG = m.035(F KG), where
093 is the diagonal map and m is the forgetful map in the correspondence

4
XXy X x X Xy X =2 X xy X xy X 4= X xy X.

Ezample 2.6.1. In our application, we will take the induction map X =
BY/BY — GY/GY =Y so that X xy X = Stgv.

Alternatively, we could define the !-convolution: F G = m*5!23 (FXG).
We will denote by IndCoh(X xy X)' the resulting monoidal category with the
l-convolution. Note that do3 is quasi-smooth, so 5!23 and 055, and hence x and
*' as well, only differ by an invertible twist.

Serre duality gives an equivalence of compact objects Coh(X xy X)°P ~
Coh(X xy X) and hence an equivalence of their ind-completions IndCoh(X xy
X)V ~IndCoh(X xy X).

Note that the dual IndCoh(X xy X)V inherits a monoidal structure from
IndCoh(X xy X). The identification IndCoh(X xy X)¥ ~ IndCoh(X xy X)
naturally lifts to an equivalence of monoidal categories

(2.6.1) DSerre : IndCoh (X xy X)Y — > IndCoh(X xy X)'.

Xy X *

Now denote by LY = Hom(S',Y) the derived loop space of Y, and
Ax)y = 0" (T)*{XIY y) C T*(LY) the Lagrangian defined via the correspon-
dence

(2.6.2) X xy X =2 (X xy X) xxxx X ~LY xy X — "= LY.

Ezample 2.6.2. Continuing in the setup of Example 2.6.1, we find the
commuting stack

LY = L(GY/GY) = Zg = (GY/GY x GY /GY) xgv av ({1}/GY)
~ ((GY x GY) xgv {1})/G",
the derived fiber product of the commutator map ¢ : G¥ x GV — GV, and

the inclusion of the identity 1 € GV, all up to conjugation. We also find the
Lagrangian of nilpotent codirections Ax/y = N as calculated in [BZNP17].

Thanks to [BZNP17], we have the following:
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THEOREM 2.6.3.
(1) The functor m.6* lands in IndCohya , (LY) and fits into a commutative
diagram with the trace map tr inducing a horizontal equivalence

IndCoh(X xy X)

\L \
tr

hh(IndCoh(X xy X)) —— IndCohy ,, (LY.

(2) Similarly, the functor m.6' lands in IndCohy ,, (LY) and fits into a com-
mutative diagram with the trace map tr inducing a horizontal equivalence

IndCoh(X xy X)'

l w6
tr

hh(IndCoh(X xy X)') —— IndCohy , (LY).

Remark 2.6.4. It follows that the equivalence on trace categories induced
by (2.6.1) is also given by Serre duality; i.e, the following diagram naturally
commutes:

RA(DSEES x)

(2.6.3) hh(IndCoh(X xy X))V hh(IndCoh(X xy X))

i ]D)Serre l

IndCohy ,, (LY)" = IndCohy ., (LY').

Ezample 2.6.5. In the above situation, we compute tr(A,Ox), where A :
X — X xy X is the diagonal map. We have a commutative diagram with a
derived Cartesian square on the left:

pPx

X LX

o

X xy X <> LY xy X —"> LY.

By base change we have
tr(A*Ox) = F*(S*A*(’)X ~ TF*QO*p}OX = (Lf)*OLx.

2.6.6. Decended trace of structure/dualizing sheaf. We continue with the
above general setup. The structure sheaf Oxy, x is naturally a coalgebra
object in IndCoh(X Xy X) under convolution: its comultiplication is given by
the unit of adjunction

(2.6.4) OXXyX _— m*m*OXXYX ~ OXXyX *OXXYX-
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Similarly, the dualizing sheaf wx, x is naturally an algebra object in in
IndCoh(X xy X)' under !-convolution: its multiplication is given by the counit
of adjunction

! !
WX xyX X WXxy X EMMWXxy X — > WXxyX-

In fact, the coalgebra Ox«, x, viewed as an algebra in IndCoh(X xy X)V,
and the algebra wx, x are identified under the monoidal equivalence (2.6.1).

Now we have the following calculations of the descended traces of Oxx, x
and wxx, x:

PROPOSITION 2.6.7. Assume further that X — Y is surjective.
(1) Under the equivalence of Theorem 2.6.3(1),

hh(IndCoh(X xy X)) —~= IndCohy . (LY),

there is a canonical identification of the descended trace of the coalgebra
object Ox ., x with the structure sheaf

tr(Oxxy,x) ~ OLy.

(2) Similarly, under the equivalence of Theorem 2.6.3(2),
hh(IndCoh(X xy X)') === IndCohy , (LY,

there is a canonical identification of the descended trace of the algebra
object wxx, x with the dualizing sheaf

tr(wxxy x) > wry.

Proof. We prove (2); then (1) follows from the Serre duality equivalences
(2.6.1), (2.6.3).
For the natural map 7 : LY xy X — LY, we have the adjunction

T : IndCoh(LY xy X) = IndCoh (LY): .

T (T[Tl} X YX)
Moreover, 7" is conservative (because 7 is proper, and by [AG15, Prop. 7.8.3])
and preserves colimits (because 7 is quasi-smooth). Also the object wry be-
. . . —1
longs to IndCoh,__ (Tt x) (LY') because  is surjective and hence m(T7y . )
contains the zero section, which is the singular support of wyy. Therefore by
Berr-Beck, the canonical resolution associated to the comonad 7,7 is an equiv-

alence:

~ ) ! - ! ! b ! ! !
wry <—— colimpep [MuM WLy = Myl MM WLy =—— TyT0 T T T WLY * - |



FUNCTIONS ON THE COMMUTING STACK VIA LANGLANDS DUALITY 641

By standard identities including base-change, the canonical resolution can be
identified with the simplicial object

tr(Wx xy x) == tr(Wx xy X * WxxyX)

= ! !
= l"(waYX * WX xy X K waYX) T
computing the descended trace of wyx ,v. O

Remark 2.6.8. Here is a more direct proof of (2) of the theorem that in
fact motivates the definition of the descended trace.

Set A = IndCoh(X xy X), B = BimodoXXYX(IndCoh(X xy X)). By
I-descent, we have a monoidal equivalence B ~ QCoh(Y") where the monoidal
structure on QCoh(Y") is given by the tensor product. Moreover, under this
equivalence the regular bimodule Ox, x € B corresponds to the structure
sheaf Oy € QCoh(Y).

Thanks to [BZFN10], we have a commutative diagram

QCoh(Y)

\L \
tr
hh(QCoh(Y)) ——= QCoh(LY),
where p : LY — Y is the natural base-point projection. Hence we have an
equivalence
QCoh(LY) ~ hh(QCoh(Y)) ~ hh(B).
Under this equivalence, the natural map h : hh(B) — hh(A) is identified with
the inclusion i : QCoh(LY’) < IndCohy . (LY'), where we view QCoh(LY) C
IndCoh(LY) as ind-coherent sheaves with singular support in the zero-section.
Thus we conclude

H(OXXyX) = h(trg(@xxyx)) ~ Z'(tl"(Oy)) ~ p*Oy ~OLy.

2.6.9. Application to Steinberg stack. Now we specialize our prior setup
of a map X — Y to the induction map BY/BY — GV/GV. In this case, we
have X xy X = Stgv, and by Example 2.6.2, we have that LY = Zév and
Axyy = N, the nilpotent codirections in T **IZCQ;V. We immediately conclude
the following:

COROLLARY 2.6.10. Under the equivalence
(2.6.5) hh(IndCoh(Stgv)) —— IndCohN(Z%v),

there is a canonical identification of the descended trace of the coalgebra object
Ost with the structure sheaf

E(OSth ) >~ Ozév .
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2.7. Automorphic realization. In this subsection, we give a presentation of
the cocenter of the universal Hecke category Hg using “partial cocenters”. The
partial cocenters are then interpretated geometrically using parabolic character
sheaves introduced by Lusztig.

2.7.1. Character sheaves as cocenter. We first review the interpretation
of character sheaves on G as the cocenter of Hg. Various versions of this
statement appear in the literature; see [BN09], [BFO12]| and [Lusl5]. Here we
will state a universal monodromic version.

Let Shar(G/G) be the full subcategory of G-equivariant sheaves on G
with nilpotent singular support. This is a universally monodromic version of
character sheaves. Consider the horocycle correspondence

d,
(2.7.1) U\G/U <& 9. G
Then we have the horocycle functor
(2.7.2) v = mq108 : Ha = Shpimon (U\G/U) —— Shy (G/G).

The following result is a special case of Theorem 3.2.3, which we will prove

in Section 3.

THEOREM 2.7.2. There is a canonical equivalence

hh(H) — Shy(G/G)

such that the composition He S hh(He) ~ Sha (G/G) is identified with .

2.7.3. Hochschild homology under Hgo. Recall that G° is the neutral com-
ponent of the loop group G and Hge C Hg is the full subcategory of objects
supported on G°.

For any finite type J Cg I%, we have the (universal) finite Hecke cat-
egory Hr,, of the Levihoric Ly, which lies inside Hgo. Any Hge-bimodule
can be viewed as a Hy, ,-bimodule, and we can form the Hochschild homol-
ogy hh(Hr,, M). For J C J' both of finite type, we have a natural functor
hh(Hp,, M) — hh(HL,, , M).

COROLLARY 2.7.4 (of Theorem 2.4.1). For any Hgeo-bimodule M, the
natural maps induce an equivalence

(2.7.3) COlichft[a hh(HLJ, M) A hh(Hgo7M),

Moreover, for e ach J Cg I, the equivalence naturally extends to a com-
mutative diagram

M

o e

hh(HLJ, M) —> COliIIlJ/Cft[a hh(HLJ/ s M) ‘N> hh(%go7/\/l)7
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where the diagonal arrows are traces, and the left horizontal arrow is the natural
map.

Proof. By Theorem 2.4.1, we have Hgo >~ colim jc, e« Hr,, where the co-
limit is taken within monoidal categories. Applying Corollary 2.5.5, we deduce

colim jc, ye hh(Hp,, M) = hh(Hge, M).
The rest of the assertions are clear. O

2.7.5. Hochschild homology under Hg. Let G be a connected reductive
group. Now we would like to calculate hh(Hg, M) for a Hg-bimodule M in
terms of Hochschild homology under various finite Hecke categories.

First we recall some constructions of Varshavsky. Let D° be the poset
of finite type subsets J Cg [® under inclusion. Consider the abelian group
Q) = Ng(Z)/Z with its action on I* and induced action on D°. Let D be
the category with objects J Cg I%, morphisms J — J' given by w € Q with
w(J) C J', and compositions induced by multiplication in Q. In other words,
D is the groupoid D°/Q. Note the natural (faithful but not full) functor
i : D° — D that is an equivalence if and only if G is simply-connected.

For each w € (), we define a monoidal auto-equivalence of Hg as follows.
Choose a lifting w of w in Ng(Z). Using w as the base point, we identify
ZwZ/I" with H (via wh <> h). Let C;, € Hg be the extension by zero of Lypiv
supported on ZwZ/I" ~ H. Note that C,-1 is the inverse of C;, under the
monoidal structure of Hg. We get a monoidal auto-equivalence

Cw*(—)*Cw,1

Hg.

¢y Hg
We claim that ¢ is canonically independent of the choice of the lifting w.
Indeed, for a different lifting & = wh for some h € H, we have a canonical
isomorphism
Co'.z = Cw QR Euniv,h~
Here R = k[X,(H)] and Lyniv,, is the stalk of Luniy at h € H, an invertible
R-module. On the other hand,

Cw—l ~ Cd}fl ®R Euniv,hfl'

Since Lyniv,n and Ly, 51 are inverse to each other as invertible R-modules,
the operations ¢; = Cy * (=) * Cy—1 and ¢ = Cg + (—) x C;—1 are canonically
identified. Therefore we get a canonical monoidal auto-equivalence

(2.7.4) cw: Hg = Hg.

The canonicity of ¢, implies that they together give an action of €2 on Hg as
a monoidal category.
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The same construction shows that for any Hg-bimodule M, there is a
canonical action of 2 on M such that w € Q acts by Cy, * (—) x C;,—1 for any
lifting w of w in Ng(Z).

If w € Homp(J, J'), then ¢, sends Hy,, to Hp - Therefore, the diagram of
Hecke categories J — Hp ,, for J Cyg 1%, naturally extends along i to a functor
from D to monoidal categories. Using these functors, for any Hg-bimodule
M, restriction to Hy,, for J Cg I* naturally extends to a functor from D to
bimodules.

PROPOSITION 2.7.6. Let G be a reductive group. For any Hg-bimodule M,
the natural maps induce an equivalence

colimp hh(Hr,,, M) —— hh(Hg, M).
Moreover, for each J Cg 1%, the equivalence naturally extends to a commuta-
tive diagram

M

tr tr
tI'J

hh(Hy,, M) — colimp hh(Hy,,, M) —= hh(Hg, M),

where the diagonal arrows are traces and the left horizontal arrow is the natural
map.

Proof. For any Hg-bimodule M, there is a canonical map
cm = colimp hh(Hp,,, M) — hh(Hg, M).

We need to show that this is an equivalence. It suffices to set M = Hg ® Hg
(where Hg acts on the first factor of Hg ® Hg on the right and the second on
the left) and prove that the natural map

¢ : colimp hh(Hy,,, Hg @ Hg)

2.7.5
( ) ~ colimp Hg O, , Hg — Hg = hh(Hg, Hg @ Hg)

is an equivalence of Hg-bimodules (where the Hg-action on both sides is in-

duced by its action on the left of the first factor of Hg ® Hg and on the right

of the second). Note that ¢ is induced by Hg-bimodule maps, so it is naturally

an Hg-bimodule map. Thus it suffices to check that ¢ is an equivalence.
Consider the following commutative diagram:

colimpe Hgo @y, Hg — colimpe hh(H,,, Hge @®Hg) —= hh(Hgo, Hge @Hg)

: -

colimp Hg @y, Hg — colimp hh(Hy,, Hg @ Hg) —— hh(Hg, Hg @ H).
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Here the top middle arrow is an equivalence by Corollary 2.7.4, the right verti-
cal map is the evident induction equivalence (both are equivalent to Hg), and
i is the natural map induced by ¢ : D° — D and the inclusion Hgo — Hg.
Thus to show c is an equivalence, it suffices to show i is an equivalence.

Let ® : D° — Caty be the functor given by J +— Hgo Ony,, Hg. The
forgetful functor i' : Fun(D, Cats,) — Fun(D°, Cats,) admits a left adjoint
(left Kan extension along i) i : Fun(D°, Cats) — Fun(D, Cats), so that
colimpo ® = colimp 41®. Using this we can rewrite i as

(2.7.6) colimp (4y®)(J) — colimp Hg @n;,, Hg

induced by the termwise functor ¢ : (ii®)(J) = Hg ®y,  Hg for J € D. We
show that ¢ is an equivalence for each J Cg I®. Indeed,
(1@)(J) = P (w())) = P Ho @, , Ho-
weN wefd
We have embeddings
tw: Hge @y Hg = Hg Oy, He

given by z®y +— (x*Cy) ® (Cy-1 xy) (which is again canonically independent
of the lifting w). The functor ¢ is the direct sum of i,

Doy : @ Hae @y, ) Ha = Ho @ny, He,
wes

which is easily seen to be an equivalence. Since ¢; is an equivalence for all
J €D, (2.7.6) is an equivalence. O

Recall that Q acts on any Hg-bimodule M by conjugation, and it acts
on Hgo by monoidal auto-equivalences, compatible with the bimodule struc-
ture on M. These actions induce an action of €2 on the Hochshild homology
hh(Hgo, M).

COROLLARY 2.7.7. For any G-bimodule M, there is a canonical equiva-
lence between the Q-coinvariants on hh(Hgo, M) and hh(Hg, M):

(2.7.7) hh(Hgo, M)q = hh(Hg, M).
In particular,
hh(Hgeo, Hg)a ~ hh(Hg).

Proof. Let C : D° — Cato, be the functor given by C; = hh(Hr,, M).
Then this functor has a canonical (2-equivariant structure, hence colim jepo Cy
carries an action of 2. There is a natural map
(2.7.8) (COIimJEDO CJ)Q — colim jep Cjy.

By Corollary 2.7.4 and Proposition 2.7.6, the two sides above are equivalent to
the two sides of (2.7.7). Thus it suffices to show that (2.7.8) is an equivalence.
Note that D = D°/Q. Consider the projection 7 : D — BQ, which is a



646 PENGHUI LI, DAVID NADLER, and ZHIWEI YUN

coCartesian fibration. The left Kan extension mC is colim jepe Cy as a category
with Q-action. By [Lur09, Prop. 4.3.3.10], we have

colimp C =~ colimpg mC ~ (colimpe C)q. O

2.7.8. Geometry of trace. For J Cg I, define the ind-stack
PI\G/ Py
yJ = ’
L,y
where 7 denotes the quotient by the conjugation action of L ;. Consider the
horocycle correspondence

” w 07 PUWG/PY Ty PU\G/PY
(2.7.9) TU\G /T <~ "U\Jc/ﬁ" J J\LJ/ =y,

To simplify the notation, we will set
Pi\G<w/Pjy )

Ly '
Here the colimit is taken over longest representatives in the W -double cosets of
W (so that G<,, is a union of Pj-double cosets). The notation Shy/(—) means,
viewed as sheaves on P}\G/PY, the singular support has nilpotent image under
the moment map for the L x L j-action by left and right translations.

Note that when J = @, Hg » imposes an Ad(H )-equivariance structure
on sheaves on Z"\G/Z".

Remark 2.7.9. We will see in Section 4.3 that H, s is closely related to the
notion of parabolic character sheaves for the loop group G defined by Lusztig
in [Lus04].

Consider the functor

065 Hg = Shpimon (Z*\G/Z") — Sh(Yy).
It is easy to check that the image of 7505 lands in the full subcategory

Shar (V) = Hg,s. (It suffices to check on each Pj-double coset of G.) Hence
we get a functor

(2.7.10) Tn05: Hg — Hg,j.

Hg,s = Shy (V) := colim,, -\ g7y 3 Shar (

The following result gives a geometric interpretation of the partial cocen-
ters hh(Hr,,Hg). It is a special case of Theorem 3.3.2, which we will state
and prove in Section 3.

THEOREM 2.7.10. For J Cyg 1%, the functor mnd% fits into a commutative
diagram with the trace map tr inducing a horizontal equivalence

Hg

Tnd%
tr

hh(Hr,, Hg) — Hg,.
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Substituting Theorem 2.7.10 into Corollary 2.7.4 and Proposition 2.7.6,
we immediately obtain

COROLLARY 2.7.11. We have equivalences
COliInJG’Do /Hg,J ~ hh(?‘[go s Hg),
colimyep Hg,j =~ hh(Hg).

Moreover, for each J Cg I, the equivalence above naturally extends to a
commutative diagram

Hg tr
N
Hg,g — colimp Hg, v — hh(Hg),
where the left horizontal arrow is the natural map.

2.7.12. Connected components. For w € (1, let Hg be the full subcategory
of Hg consisting of sheaves supported on the w-component of G. Similarly,
define Hg ;. Note that the action of {2 on Hg preserves each Hg. Therefore
we have a decomposition by support

hh(Hg) = €D hh(Hg)”,
wes
where
hh(Hg)“ ~ colim jep H -

2.8. Descended trace of Whittaker object. Recall that Whg is naturally a

coalgebra in Hg; therefore it makes sense to take its descended trace tr(Whg) €

hh(Hg). Let o

Whg/g = tI‘(Whg) S hh(Hg)
The goal of this subsection is to calculate Whg g in terms of character sheaves
on G.

2.8.1. Reduction from G to G. Recall the monoidal functor 4y : Hg — Hg.
It induces a functor by passing to cocenters

(2.8.1) 0 Sha(G/G) — hh(He) M hh(rg),

where the first equivalence is given by Theorem 2.7.2.

Recall that I C I are the simple roots of G. The corresponding maximal
parahoric P; C G is the arc group Go=G[t] with pro-unipotent radical P} C Py
the arcs based at the identity G = ker(G[t] — G). By writing hh(i)) as the
composition

hh(Hg) — hh(HG,Hg) — hh(Hg),
and using Corollary 2.7.11 (applied to J = I), the functor a factors as the
composition

a s Shar(G/G) "% Hg 1 —— hh(H),
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where i/ is the full embedding given by the direct image along the natural
map

G, 9§\G/9%

G e Yr.
LEMMA 2.8.2. We have the following relation between the descended traces
of Whg and Whg:

fr(Whg) ~ a(fr(Whe)) € hh(Hg).

Proof. By Lemma 2.2.9, the universal affine Whittaker sheaf is the exten-
sion by zero of the finite Whittaker finite sheaf Wg ~ 4yWhg. The statement
then follows from Lemma 2.5.9. U

2.8.3. Whittaker character sheaf. Consider the diagram
Al U U =G/,

where r_ is induced by the inclusion U~ C G, and x is induced by the same-
named non-degenerate character x : U — U/[U, U] — G, = A! used in Sec-
tion 2.2.1.

Let ¢y,1 : Sh(U~/U™) — k-mod denote the vanishing cycles at the iden-
tity 1 € U~ with respect to the function y : U= /U~ — Al

Definition 2.8.4.

(1) The Whittaker functor on character sheaves is the composition
Wea/a : Shy(G/G) — k-mod, Waa(F) = cpxgrl_]-".

(2) The Whittaker character sheaf Whg /i € Shar(G/G) is the object corepre-
senting the Whittaker functor

Wg/G(f) ~ HomShN(G/G) (Whg/G,f) for all F € Shy(G/G).

Now we arrive at the main result of this section. A generalization in the
context of nodal degenerations of curves will appear in [NY].

THEOREM 2.8.5.
(1) For the trace map
trg =7 : Hg = Shy(U\G/U) — Shp(G/G) ~ hh(Hg),

there is a canonical identification of the descended trace of the universal
finite Whittaker sheaf tr(Whg) € hh(Hq) with the Whittaker character
sheaf Whg /¢ € Sha(G/G).
(2) We have a canonical identification of the descended trace of Whg:
Whg/g = H(Whg) ~ (L(Whg/G) S hh(/Hg),

where a is defined in (2.8.1).
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Proof. (2) follows immediately from (1) by Lemma 2.8.2.

To prove (1), it will be convenient to view H¢ as an algebra in Hy =
Sho(H)-bimodules. Here Shy means sheaves with singular support within the
zero-section, or equivalently local systems. Note that Hy C H¢g is the full
monoidal subcategory generated by the monoidal unit Hy = (1y,) C Ha.

Recall that hh(He) is canonically independent of whether we work abso-

lutely or in Hg-bimodules. To be more precise, set ’H(Gn) =Heg® - ®Hg

(n copies of Hg) and H(n)H Ha @uy - Quy Ha (n copies of Hg). So,
in particular, Hg = ’H(Gl) H(I)H. Set also H(C?}I = hh(Hpy H(n)H) so, in

particular,
U\G/U

As usual, here Sh means sheaves with nilpotent singular support, or equiva-
lently monodromic sheaves with respect to the remaining H-action.

Then the natural map from the absolute to H g-relative Hochschild com-
plexes induces an equivalence on colimit:s

(2.8.2) hh(Ha) <——— [He =—— HP =—=— ¥ ...]

G =T——

“—“l q1=q1(1)l Q!(Q)J/ qu)l

hh(He) <" [Hon === Hiy T— HEy 1.

GH<7

(n)

Here the maps ¢,/ are the !-pushforwards along the natural quotient maps.
Moreover, the augmentations are given by v = mgid;; and vy = 7g,midg y as
appear in the diagram

= ¢ S U\G/U

G _“¢
U

\ i ql
G e NGy

with Cartesian square. Note that by base-change, v = mgd;, indeed admits
the natural factorization

YH=TG,HI0G 1

v:Hg 2, Ha,m ShN(%)'

For 1 <7 < n,let my; ’H(n) — ,ng;) denote the face map of the lower
simplicial diagram (2.8.2) given by convc;lving the cyclically-ordered ith and
(1+1)st terms. (By convention, we have m; ; = vp, and H(GO,)H = Shy(G/G).)

Note that by standard base-change identities, the natural base-change
map is an isomorphism mfw-mn,i ~ mn+1,i+1mfl+17i for all 1 < i < n. Let
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(n) H(G)H — hh(H¢) denote the canonical map given by vy applied to any
cychcally—ordered total convolution.

Set Wh,) = Wha®: --@Whg (n copies of Whe) and Whit), = ¢/ Wh{".
In particular, we have Whg = Whg) and write Whg g = Whg?H. By conven-
tion, set Wh(c?,)H = Whg/q € H(C?,)H.

The map « of (2.2.1) gives

m‘Whe g — Wh, |
which for any n > 1 and 1 < ¢ < n yields a map

n,t

Similarly, we have o/} 'yHWhG /¢ — Whg . (In fact, it is constructed in the
next lemma.)
By adjunction, we obtain

ﬁ C?)H — Mp41 th(Gn,J]E]D'

Note that, by construction, this is exactly the natural map induced by the
coalgebra structure of Whe (after applying q!(n)). Similarly, by adjunction, we
have 55{ : Whg/G — 'YHWhG,H-

Now by Proposition 2.8.6 below, a(l){ and all ag ; are isomorphisms. Thus
unwinding the identities, we conclude that the canonical resolution of Whg/a
given by the monad T = 'VH%{[ is precisely the resolution calculating the

descended trace of Whg € Hq regarded as a coalgebra:

Whee = a7y Whee —= (vavy)*Whee —= (vavy)*Wheyg -+

= [vavyWhe e —= %(H)VZ AWhg,e —= ’Y}-I)"YHB)WhG/G -]

~ [y Whe,n ==~y Whe 'yj(g)Wh(G)H ]

G,H —
~ [”yWhG — ’y(WhG * Whg) —= ’}/(Whg*Whg*Whg) o ] [l

PROPOSITION 2.8.6. The maps of! ’)/HWhg/G — Whe g and off
mflﬂ?iWhgf,H — VVh(C?}}1 ,forallm>1and 1 <i < n, are zsomorphzsms

Proof. By standard identities, it suffices to prove this for o} and a{{l. We

will give an argument for a{){ ; a similar but simpler argument works for a{fl.

Set Wa,u = Hom(Whg u, —), Wa/a = Hom(Whg /g, —). We will prove
there is a canonical isomorphism of functors

Wa,n(=)[—2v] ~ Wea(va(=)) : Ha,n — k-mod,
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where v = dim N. In particular, we will then obtain ~% (Whg /c) = Whe g by

adjunction.
Consider the commutative diagram whose right hand square is Cartesian:

(2.8.3) U-\(G/U x GJU)/H <— (U~ x B)JU~ —~ U~ JU~

| | |

G\(G/U x G/U)/H < (G x B)/G — "~ G/G.

Here B = G/B is the flag variety of G, and G acts on G x B by the adjoint
action on G and the translation action on B. Thus (G x B)/G is isomorphic to
the quotient of G by the adjoint action of B. Similarly, U~ acts on U~ x B by
the adjoint action on GG and the translation action on B. From this perspective,

m(9,91) = g, ©(u, 91) = u, and 6(g, 1) = (991, 91), 6(u, g1) = (ug1, g1).
Set f =xo7:(U” xB)/U™ — Al. By base change we have

Wea(T(F)) = ¢o fur'md*(F) = ¢o fur's* (F).

Since § is smooth of relative dimension v = dim N, we have §*(F) ~ §' F[—2v].
Therefore

(2.8.4) Wea(T(F)) = ¢o fur'8'(F)[~2v] = ¢ fud's' F|—20].

Now consider the leftward map 0 : (U~ x B) /U~ — U~\(G/U x G/U)/H
at the top of (2.8.3).

Stratify B by U~ -orbits B = Ll,cw BY, where B! = U~ B/B denotes the
open U~ -orbit, and in general BY = U~w ~ U~ /U, where U, = U~ N"“B
where ¥ B = wBw™!.

Stratify (U~ x B)/U~ by the pullback of the U~ -orbits on B. So we have
the strata (U~ x U~ /U, )/U", in particular, the open stratum (U~ xU~) /U~
~ U~. Stratify U~ \(G/U x G/U)/H by the pullback of the U~ x U~ -orbits
on B x B. So we have the strata U~\(U~ /U, xU~/U_,)/H.

The map § restricted to the w-stratum takes the form

O : (U™ xBY) /U ——=U"\(BY xgu BY).
We claim that for w # 1, for any F,, € Sh(U~\(B" xgg B")), we have
(2.8.5) G0 0., Fus ~ 0.

To prove the claim, note that w # 1 implies that U, contains U_,, ~ A! for
some simple root a;. We are studying the correspondence

U \U™ Ui <2 U~ JU; == U~ U~ = A,
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where the second and third quotients are by the adjoint action. Let Uj /U™ C
U~ /U~ denote the pre-image of 0 € A!. Then the action provides an iso-
morphism U~ ~ U_,, x U, with f = f o7 given simply by the projection to
U_qo, ~ Al Now U_,, C U, implies that %*SLJ:W is constant along U_,,, ~ Al
and hence ¢0f*7T1*310]‘—w ~ (.
By the claim, we have
G0fe0's' F = ¢of.01 7,

where Fj is the restriction of s'F to the open stratum U~ \ (B xgg B'). Ob-
serve that the composition s o §; is nothing more than the composition

U~ —=U\G/U —~ (U\G/U)/H

used to define Wg p.
We conclude that

ngﬁg!s!]: ~ gboa*;ﬂ]:l ~ Wea u(F).
Combined with (2.8.4) we get a canonical isomorphism

We,n (F)[=2v] =~ Wga(T(F)). O

3. Horocycle descent

This section contains a proof of Theorem 2.7.10, or more precisely its
generalization to Theorem 3.3.2.

3.1. Preliminaries.

3.1.1. Horocycle diagrams. Let G be a connected reductive group, BCG a
Borel subgroup, N = [B, B] its unipotent radical, and H = B/N the universal
Cartan.

Consider the basic horocycle diagram

(3.1.1) BG < BB —2~ BB xpy BB

as a diagram over B(G x G) ~ BG x BG. Note that € is smooth and proper,
with fibers isomorphic to G/B, and § is smooth, with fibers isomorphic to N.
Let Z be an ind-stack with a G x G-action. We often turn the second
G-action as a right action on Z. For subgroups Gi; C GG and G4 C G, we write
G1\Z /G5 instead of Z/(G1 x G2).
We can base-change diagram (3.1.1) along Z/(G x G) — B(G x G) and
get a Z-horocycle diagram

(3.1.2) ZJAG <— ZJAB —~ (N\Z/N)/AH,

where we write AG, AB to emphasize the diagonal action.
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3.1.2. Horocycle adjunctions. Let v = dim N, and define functors
hey = 01€*[—2v] : Sh(Z/AG) — Sh((N\Z/N)/AH),
ch = €,.0" = 0" : Sh(N\Z/N)/AH) — Sh(Z/AG),
he, = d.€ : Sh(Z/AG) — Sh((N\Z/N)/AH).
Since € is proper and ¢ is smooth of relative dimension v, we have adjunctions
(hey, ch) and (ch, hey).
Assume Z is smooth, and let A C T*Z be a closed conic G x G-invariant

subset. For any subgroup G’ C G x G, consider the full subcategory Shy (Z/G’)

C Sh(Z/G") of G'-equivariant complexes F on Z with singular support satis-
fying ss(F) C A.
The following statement is a special case of [MV88, Lemma 1.2].

LEMMA 3.1.3. Each of the functors hey and he, sends Shy(Z/AG) to
Sha((N\Z/N)/AH), and ch sends Shy((N\Z/N)/AH) to Shy(Z/AG). In
particular, if we let hepy @ Sha(Z/AG) — Sha((N\Z/N)/AH) be the restric-
tion of hci, and similarly define chy and hcp s, then there are adjunctions
(heaytscha) and (chp, hep s).

3.1.4. Unit diagrams. Consider the basic unit diagram

(3.1.3) B\G/B ~ BB xps BB < BB —~BH

as a diagram over B(H x H) ~ BH x BH. Here d is the relative diagonal and p
is the natural projection. Note that d is a closed embedding and p is smooth,
with fibers isomorphic to BNNV.

Let Z be an ind-stack with a H x H-action. We can base-change diagram
(3.1.3) along H\Z/H — B(H x H) and get a Z-unit diagram
(3.1.4)

7' = 7 xH*H N\G/N <4 7z x#*H N\B/N ~ Z/AB "~ 7/AH,

where we write AH, AB to emphasize the diagonal action. In forming the
middle term Z/AB, the action of AB factors through AH.

3.1.5. Unit adjunctions. Note that p* : Sh(Z/AH) — Sh(Z/AB) is an
equivalence since the AB-action on Z factors through AH and the kernel is
the unipotent AN. Recall v = dim N, so —v = dimBN. Define functors

wg = pd*[2v] : Sh(Z") — Sh(Z/AH),
u=d.p* = dyp* : Sh(Z/AH) — Sh(Z"),
Uy = pid' : Sh(Z') — Sh(Z/AH).

Since d is proper and p is smooth of relative dimension —v, we have adjunctions
(ug,u) and (u, uy).
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Assume Z is smooth, and let A CT*Z be a closed conic H x H-invariant
subset. Consider the full subcategory Shy(Z/AH) C Sh(Z/AH) of AH-equi-
variant complexes F on Z with singular support satisfying ss(F) C A. Consider
as well the full subcategory Shp(Z’) C Sh(Z’) of H x H-equivariant complexes
F on Z x N\G/N with singular support satisfying ss(F) C A x N’, where
N' C T*(N\G/N) denotes the N x N-reduction of G x N* C G x g* ~ T*G.

LEMMA 3.1.6. The functors ug and u, send Sha(Z") to Shy(Z/AH), and
the functor u sends Sha(Z/AH) to Sha(Z'). In particular, if we let upp :
Sha(Z') — Sha(Z/AH) be the restriction of ug, and similarly define uy and
UA ., then there are adjunctions (up ¢, un) and (up, up ).

Proof. First, we show wu respects the singular support conditions. Given
F € Sha(Z/AH), viewed as a A H-equivariant complex on Z, note that p* F ~
F K Fo, where Fy denotes the constant sheaf on N\B/N. Let dy : BB —
N\G/B be the closed embedding so that d = id x dy. Then ss(d)(F X Fy)) =
ss(F) x ss(dpFo) € A x N7 since dogFp is H x H-bimonodromic and hence has
singular support in N”.

Finally, we show that uy, u, respect the singular support conditions. Given
F € Shp(Z'), view F as an H x H-equivariant complex on Z x N\G/N.
Using the estimate of singular support for pullbacks d*F and d'F as in [KS90,
Cor. 6.4.4, Rem. 6.2.8], we see that ss(d*F) and ss(d'F) are both contained
in A when viewed as sheaves on Z. Therefore the same is true for pid*F and
p.d F since p is an N-gerbe. O

3.2. Descent for smooth stacks. Let Z be a smooth stack with a left G x G-
action. We will write the first G-action as a left action and turn the second
G-action as a right action.

Let A C T*Z be a closed G x G-invariant subset such that under the
moment map p : T*Z — g* x g*, we have u(A) C N* x N*, where N* C g*
denotes the nilcone in the dual to the Lie algebra.

Ezample 3.2.1. In many situations of interest, one has Z = Z_ x Z4,
A =A_ x Ay, where Z1 are smooth stacks with G-action, and AL C T*Z, is
a closed G-invariant subset such that under the moment map u+ : T*Z4+ — g*,
we have g (Ay) C N*. In this case, we view the action of G on Z_ as a right

action and the one on Z, as a left action. Then the Z-horocycle diagram
(3.1.2) and Z-unit diagram (3.1.4) take the form

(3.2.1) Z_xCz, <7 xBz, oz INxHN\Z,

7' =7 xH N\G/N xH 7, <% 7_xH N\B/N x! 7,
R

p
Z_xBz,

Z_ x"Hz,
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Example 3.2.2. A basic example is Z = (G, with its natural G x G-action,
and A =G x N* C G x g*.

The category Sha(N\Z/N) as a Hg-bimodule. The assumptions on A
imply that any object of Sha(N\Z/N) is H x H-monodromic. Therefore we
can also regard Sha(N\Z/N) as a Hg-bimodule in Hpy = Sho(H)-bimodules
since Sho(H) = Mod(End(e)) C H is the full monoidal subcategory generated
by the monoidal unit e € Hg. Note that

Bh(Hir, Sha(N\Z/N)) == Sha(N\Z/N)/AH).

Here is the main technical theorem of this section. A generalization to
“nilpotent categorical bimodules” will appear in [NY]; in particular, the as-
sumption here that A C T*Z is Lagrangian is not necessary but allows the
proof to call on the generalities of Proposition B.0.1.

THEOREM 3.2.3. Let Z be a smooth stack with a G X G-action. Let
AN C T*Z be a closed G x G-invariant conic Lagrangian such that under the
moment map p: T*Z — g* x g*, we have p(A) C N* x N*.

Then there is a canonical equivalence

hh(Ha,Sha(N\Z/N)) ——= Sha(Z/AG)
such that the functor ch defined in Section 3.1.2 factors as the composition
ch : Sha((N\Z/N)/AH) ~ hh(Hp,Shy(N\Z/N))
— hh(Hg,Sha(N\Z/N)) ~ Shp(Z/AG).

Ezample 3.2.4. In the setting of Example 3.2.1, the theorem gives an
equivalence

Sha, (Z_/N) @y, Sha_(N\Zy) —= Shy(Z_ x% Z,).

Ezxample 3.2.5. In the setting of Example 3.2.2, the theorem gives the
equivalence

hh(Ha) —— Shy(G/G),
which we stated in Theorem 2.7.2.

Remark 3.2.6. In [NY] we will prove an abstract version of Theorem 3.2.3
where Shy (Z) is replaced with a Sh(G)-bimodule category satisfying a certain
nilpotence condition reflecting that A maps to N* x AN'* under the moment
map. In particular, one can remove the assumption that A is a Lagrangian in
Theorem 3.2.3.

To prove Theorem 3.2.3, we identify each term of the (relative) Hochschild
complex computing hh(He, Sha(N\Z/N)) as sheaves on a certain space, and
augment the Hochschild complex by adding the term Shp(Z/AG). Finally we
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will apply Lurie’s criterion [Lurl2, Cor. 4.7.6.3] to verify that the augmented
Hochschild complex is a colimit diagram.

3.2.7. Nonlinear diagrams. To start, we present some general patterns for
constructing the (relative) Hochschild complex for spaces, following [BZN21].
In the subsequent section 3.2.9, we specialize to the case we will use in the
proof of Theorem 3.2.3.

Let K be an algebraic group. Let Corr’ be the category of stacks with
K-action with morphisms given by K-equivariant correspondences.

Let Corr™*% be the monoidal category of stacks with K x K-action with
morphisms given by K x K-equivariant correspondences. The monoidal struc-
ture on Corr™ X is given by U « V := U x¥ V', where the quotient of K uses
the second action of K on U and the first action of K on V. Note that K with
its regular K x K-action is the monoidal unit in Corr*%.

Note that Corr® is naturally a module category for Corr®*¥: For U e
Corr™*¥ and V e Corr®, we define the action of U on V to be U+ V :=
U xKV e Corr® (quotient using the second action of K on U and the action
of K on V; the first action of K on U induces a K-action on U % V).

Consider a diagram of stacks with Cartesian square

v f

(3.2.2) Xo X Y
pol J/p
b
pt —— BK.

In other words, we are given a stack Xy with K-action and a K-invariant map
Xo —Y.
Given (3.2.2), observe that A = Xy xy X is naturally an algebra object

KxK

in Corr with product given by the correspondence

(323) A*A:(XOXyX0) XK(X()XyXO)(LAXbeXXyXO
7r—f>_XVQ XyX():A.

Here § is induced by the natural map X = Xo/K — Xo x® Xq of the middle
factors (which in turn is induced by the diagonal map Xo — Xo x Xp), and 7y
is induced by the projection of the middle factor f : X — Y. The unit of A is

given by the correspondence
(3.2.4)

0
K =pt XBKptithBKXXBKptﬁXO XxXOHf-XO Xy Xog = A.

Here €, is induced by p : X — BK, and 6y is induced by f : X — Y. Note
swapping the factors of A gives an equivalence with its monoidal opposite.
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Given any map of stacks ¢ : W — Y, observe that Wy := Xg xy W is nat-
urally an A-module object in Corr® with action given by the correspondence

525 Ax Wy = (Xo xy Xo) x5 (Xo xy W) <2 Xo xy X xy W
7r—f>)(() XyW:W(),

where 0 and 7y are defined in the same as in (3.2.3).

Similarly, given any map of stacks ¢1 X g2 : W = Y XY, Wy := Xy Xy
W xy Xj is naturally an A-bimodule object in Corr*¥.

The following is elementary to check; we leave further details to the reader.
We refer to Section 2.5 for the terminology of relative Hochschild complex,

which we borrow here for the monoidal category Corr*¥.

LEMMA 3.2.8. Given any map of stacks q1 X o : W — Y XY, we have
an augmented simplicial object B(A,W)s in Corr™*¥ such that
(1) The underlying simplicial object of B(A,W)e is the relative Hochschild
complex for the A-bimodule Wy in Corr™*K (relative to the unit object
K € Corr™*E  which is also an algebra object, and the unit map K — A
given in (3.2.4) is a map of algebras):

_

= Wy x KK A == Wy /AK,

-
—_—

(2) The augmentation map B(A,W)o — B(A,W)_1 is given by the correspon-
dence

Wo/AK = (Xo xy W xy Xo)/AK <>— W xyxy X —= W xyyy Y,

where ¢ is induced by the natural map X = Xo/K — X x5 Xo, and Ty
s induced by f: X — Y.

3.2.9. Our case of interest. We specialize the preceding constructions when
the initial diagram (3.2.2) takes the form

BN -~ BB ' BG
pol lp

b
pt —— BH,

where the maps are the embeddings U C B C G and projection B — H. So
here K is simply the universal Cartan H.
Inside of Corr?*# | we have the algebra A = BN xpg BN ~ N\G/N with

the multiplication diagram (3.2.3) given by usual convolution

Ax A= (N\G/N) < (N\G/N) <2~ N\G x? G/N L= N\G/N = A
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and the unit diagram (3.2.4) taking the form

(3.2.6) H <" N\B/N —+ N\G/N = A.

Given a stack Z with G-action, applying the general discussion about A-modules
to the induced map ¢ : W = G\Z — BG, then we have that Wy = N\Z €
Corr® is naturally an A-module with action (3.2.5) given by usual convolution

AxWy = (N\G/N) xH (N\Z) <— N\G xB Z L= N\Z = W,

Similarly, given a stack Z with G x G-action, applying the general discussion
about A-bimodules to the map ¢; X ¢2 : W = G\Z/G — BG x BG, then
Wy = N\Z/N € Corr?*H ig naturally an A-bimodule object.

Now Lemma 3.2.8 takes the following form.

LEMMA 3.2.10. Given a stack Z with GxG-action, we have an augmented
simplicial object B(A, Z)e (in the notation of Lemma 3.2.8 it should be called
B(A,W),, where W = G\Z/G) in Corr®*H such that
(1) The underlying simplicial object of B(A, Z)e is the relative Hochschild com-

plex of the A-bimodule N\Z/N (relative to the algebra map H — A in

Cort™™H given by the unit diagram (3.2.6)):

=2 (N\Z/N) < HXH (N\G/N) == (N\Z/N)/AH,

(2) The augmentation map B(A,Z)y — B(A,Z)_1 is given by the horocycle
correspondence

(N\Z/N)/AH <> z/AB "'~ 7/AG.

3.2.11. Augmented Hochschild complex. For the next step towards the
proof of Theorem 3.2.3, we shall take the categories of sheaves termwise for the
augmented simplicial object B(A, Z)e in Corr*H provided by Lemma 3.2.10,
and impose singular support conditions to obtain the augmented Hochschild
complex for the Hg-bimodule Shy(N\Z/N).

Consider the monoidal category Hpy = Sho(H). For any X € Corr!’*#
Sh(X) is a bimodule for Hy. Thanks to [GR17], passing to categories of
sheaves gives a monoidal functor

Corr*H —; Bimods,, (St),

where the target is the 2-category of stable presentable co-categories that are
‘H g-bimodules (and the monoidal structure is tensor product over the middle
copy of Hy). For a morphism from X to Y in Corr™H je., a H x H-
equivariant correspondence

X<p—c—q>Y
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the functor Sh(X) — Sh(Y) is given by ¢p*. Passing to the categories of
all sheaves termwise for B(A, Z)s, we obtain an augmented simplicial object
Sh(B(A, Z))e in Bimody,, (St).

Now we impose singular support conditions. Let A_y C T*(Z/AG) be the
AG-reduction of A. For n > 0, B(A, Z),, can be written as the quotient

B(A, 2), ~ (Z x G")/(B xyg B)"*,
where for n > 1, the ith factor (0 <i <n) of B xyg B acts on Z x G" by

(Zb7 b/_lgla cee 7gn) = 07
(bvb,)'(zvgla"-vgn): (Za---7gibab/_1gi+17"'7gn) 1<i<n-—1,
(012,91, ., 901, gnb) 1=n.

For n = 0, the action of B xz B acts on Z by (b,b') - z = b/~!2b.
For n > 0, let A, C T*B(A,Z), ~ T*((Z x G™)/(B xg B)"*!) be the
reduction of A x (G x N*)™.

LEMMA 3.2.12. The augmented simplicial category Sh(B(A, Z))e restricts
to an augmented simplicial object Co in Bimodyy,, (Sté) with terms

Cn = ShAn (B(A7 Z)TL)
forn > —1. Moreover,

(1) Let M = Sha(N\Z/N). Then the underlying simplicial object of of Ce is
equivalent to the relative Hochschild complex B(Heg, M )e:

. % M Oy poner Ho == M Qypener Ha
(2) The augmentation map Co — C—q 1is given by the transform
ch : M @y penee Hi ~ Sha,((N\Z/N)/AH) — Shp_,(Z/AG)
associated to the horocycle transform construction (3.1.2) applied to Z.

Proof. The description of C, in terms of M and Hg follows from the
categorical Kiinneth formula for sheaves with prescribed singular support con-
ditions on twisted products X; x Xs; see [NY21, Lemma A.4.3]. It remains to
check that the prescribed singular supports are respected by the given functors
in Sh(B(A,Z))e-

For n > 0, and the injection ¢ : [n — 1] — [n] whose image misses 4, the
corresponding face map of B(A, Z), is given by the functor ch resulting from
the horocycle transform construction (3.1.2) applied to Z! = (Z x G™)/B:.
Here B! C (B xy B)"*! is the subgroup where we replace the ith factor by
the trivial group and keep the other factors unchanged. The G x G-action on
Z! is the natural action along where the ith factor of (B x g B)"*! originally
acted. By Lemma 3.1.3, the associated horocycle functors, in particular the
face map ch, respect the prescribed singular support.
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Similarly, for n > 0, and the surjection ¢ : [n 4+ 1] — [n] that identifies ¢
and i+ 1, the corresponding degeneracy map of B(A, Z)e respects the singular
support as follow. Observe that the degeneracy map is given by the unit func-
tor u (see Section 3.1.5) resulting from the unit transform construction (3.1.4)
applied to Z,; = (Z x G")/By;. Here B,,; C (B xg B)"*! is the subgroup
where we replace the ith factor by the group NV x N and keep the other factors
unchanged. The H x H-action on Z, ; is the natural action along where the ith
factor of (B x g B)"*! originally acted. By Lemma 3.1.6, the associated unit
functors, in particular the degeneracy map u, respect the prescribed singular
support. O

3.2.13. Finish of the proof of Theorem 3.2.3. To prove Theorem 3.2.3, it
remains to prove that the the augmented simplicial object Co exhibits C_; =
Sha(Z/AG) as the colimit of the underlying simplicial object of C,, i.e., the
Hochschild complex B(Hg, M).. Equivalently, letting C* be the augmented
cosimplicial object obtained from Co by passing to right adjoints (note these
are available by Lemmas 3.1.3 and 3.1.6), it suffices to show that C® exhibits
C~! as the limit of the underlying cosimplicial object {C"},>0. For this it
suffices to check that C® satisfies the following strong form of the criteria of
[Lurl2, Cor. 4.7.6.3]:

(1) The augmentation map d®; = he, : C~t — C° is (a) conservative and (b)
continuous, i.e., preserves colimits;

(2) The following commutative squares are left adjointable for any order-
preserving map « : [m] — [n] (where m,n > —1):

ds, 1
cm —s Cmt

al 0 i“’

cn dn, Cn+1

Here d9, is the inclusion [m] — [m+ 1] whose image misses 0; d° is defined
similarly; and o/ : [m 4+ 1] — [n + 1] is the map defined by o/(0) = 0 and
(i +1) = afi) + 1 for i € [m]. Left adjointability of the above square
means the face maps d¥,, d° admit respective left adjoints (d9,)¢, (d9)*
(which in our case are already given by the construction of d%,, d¥ as right
adjoints), and the associated base change map is an equivalence

(d%)z oal > aqao (d%)e.

(1a) First, we check that d” ; = hc, is conservative. It suffices to show that

ch o he, contains the identity functor as a direct summand. This is essentially
[MV88, Th. 3.6].
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We use notation from the diagram (3.1.2). By definition, ch o he, =
€0*0,€". The fiber square along ¢ can be identified with

Z/AB <" (Z x N)/AB -2~ Z/AB.

Here the AB-action on N is by conjugation. The map a; is the action map of
N on Z via N x {1} — G x G, and p; is the projection. Since J is smooth of
relative dimension v = dim N, §*0, = pr.aj = pl*a!1 [—2v]. Hence

ch o hey & eupreale|[—20] = plLa}[—20],
where pj = €op;,a] = eoa;. We have a commutative diagram
(Z x N)/AB
i
ZIAG <2 (Z x G)/AG —= Z/AB.

Here the AG-action (resp. AB-action) on G (resp. N) is by conjugation, 7 is
projection, and «; is the action map of G on Z via G x {1} — G x G. The
map 7 is the base change of the Springer resolution %(B)
F € Sha(Z/AG), we have

ch(heo(F)) = ply,a FI—20] = mpomentod F[—20] 2w, Hom(mk, of F)[—20].

— %(G)' Hence for

The Springer sheaf contains the skyscraper sheaf at 1 € GG as a direct summand,
hence mk contains i.k[—2v] as a direct summand, where i : Z/AG — (Z %
G)/AG corresponds to the inclusion of 1 into G. Therefore ch(hc,(F)) contains

miHom (i k[—2v], o F)[—20] 2 mi4ivi'a! F 2 F

as a direct summand. We have shown that chohc, contains the identity functor
as a direct summand.
(1b) follows from Proposition B.0.1.
(2) We will check the required left adjointability for the augmentation
map o = d’; : [~1] — [0]; the verification for other maps is similar.
Consider the relevant categories and functors
ch heyo
Sha(Z/AG) = Sha((N\Z/N)/AH) _~ Sha(N\Z/N) @y amsp Ho-
hex ch1
Here chy is the Hg-action on Shp((N\Z/N)/AH) induced by the right G-
action on Z, and hc,g is right adjoint to the Hg-action on Shp ((N\Z/N)/AH)
induced by the left G-action on Z.
We seek to show the natural adjunction transformation

(3.2.7) T : chy o hewg — hey o ch
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is an equivalence. Indeed, by proper base change, hcy o ch = ,.€'€6* can be
identified with the functor ¢,p'[—2v] constructed from the diagram

(3.2.8) (N\Z/N)/AH <Y~ AB\(Z x G/B) —~ (N\Z/N)/AH ,

where in the middle term, b € AB acts by b(z,gB) = (bzb~!,bgB), and the
maps p and c are defined by p(z,g) = z and ¢(z,g) = gzg~*.

On the other hand, chjohcy can be identified with the functor mq.mj[—2v]
constructed from the diagram

mo

(3.2.9) (N\Z/N)/AH 2x7G ™. (N\Z/N)/AH,

where in the middle term, b € AB acts by b(z,g) = (bz,gb™!), and the maps
mo and my are defined by mo(z,g) = gz and mq(z, g) = zg.

We have an isomorphism between the two diagrams (3.2.8) and (3.2.9)
that is the identity on (N\Z/N)/AH, and on the middle terms it takes the
form (z,9B) — (g7 '2,9) € ZEZG. This isomorphism identifies c,p'[—2v] with
mi.mb[—2v]. One checks that T is the composition

chy o heyy ~ ml*mé[—Qu] ~ c*p![—2u] ~ he, o ch.
Therefore, 7 is an equivalence. This concludes the proof of Theorem 3.2.3.

3.3. Singular and ind-version. We will generalize Theorem 3.2.3 to the
situation of stratified ind-stacks (Theorem 3.3.2).

3.3.1. Setup. Let Z be an ind-stack equipped with a partition into smooth
locally closed substacks Z = UyepZ, indexed by a poset P. For o € P, assume
{8 € P|B < a} is finite and Z, 1= Ug<aZj is closed in Z. Let ig, : Z5 — Z be
the inclusion.

Assume that Z has a G x G-action preserving each Z, C Z. Let A, C
T*Z; be a closed G'x G-invariant conic Lagrangian such that under the moment
map p: T*Z2 — g* x g*, we have p(Ay) C N* x N*.

Assume that for 8 < o € P, the composition (i3)*(i3)« : Sh(Zg5) —
Sh(Z3) takes Shy, (Z3) to Sha,(Z3). Define Shy(Z) to be the full subcategory
of objects F such that (i5,)*F € Shy,(Z3) for all o € P.

For any Q C P that is locally down-closed, i.e., @ = Q1 \ Q2 where Q1
and Q2 are down-closed, let Zg = U,cqZ,, be the corresponding locally closed
substack of Z. We can define the full subcategory Sha(Zg) C Sh(Zg) in the
same way by requiring objects to have image under (i2)* lying in Shp_(Z3).
Now for a locally down-closed Q and a downclosed subset Q' C @ with com-
plement Q" = Q\ @', the assumptions guarantee that the usual functors in the
recollement diagram of Sh(Zg), Sh(Z¢) and Sh(Zg) restrict to a recollement
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diagram

Sha(Zgr) =~ Sha(Zg) <~ Sha(Zg),
where i : Zgr — Zg and j 7Qr>r — Zg arﬁ closed and open inclusions.
From this we see that Shp(Z) admits a stratification indexed by P in the sense
of Section A.1.2, with strata categories Shy,(Z5) for a € P.

For any subgroup G’ C G x G, let Sha(Z/G’) C Sh(Z/G") denote the
full subcategory of G’-equivariant complexes F on Z whose underlying object
lies in Sha(Z). The assumptions on A imply that any object of Sha(N\Z/N)
is H x H-monodromic. The G x G actions on Z equip Shp(N\Z/N) with a

Ha-bimodule structure.

THEOREM 3.3.2. With the above setup, there is a canonical equivalence
of stable co-categories

hh(Hg,Sha(N\Z/N)) ——= Shy(Z/AG)
such that the functor ch defined in Section 3.1.2 factors as the composition
ch : Sha((N\Z/N)/AH) ~ hh(Hg,Shy(N\Z/N))
— hh(Hg,Sha(N\Z/N)) ~ Shx(Z/AG).

Proof. We explain that the steps in the proof of Theorem 3.2.3 can be
made to work for the ind-stack Z with slight modifications. The augmented
simplicial diagram in Lemma 3.2.10 makes sense for the ind-stack Z. Now for
each term B(A,Z), = (Z x G™)/(B xy B)"*! (where n > 0), we assign the
full subcategory category C, C Sh(B(A, Z),) consisting of objects F whose
pullback to Z2 x G™ has singular support contained in A, x (G x N*)™ for all
i € P. Let C_; = Shp(Z/AQG) as is already defined.

With this definition of Co € Bimodsy,, (St£), we claim that the statement
of Lemma 3.2.12 holds. We need to check that the maps in the augmented
simplicial object Sh(B(A, Z).) preserve the subcategories C,.

For a € P, applying Lemma 3.2.12 to Z, together with the Lagrangian A,
we get an augmented simplicial object Cq e in Bimody,, (Stﬁ ) whose terms are
Sha, . (B(A, Z3)n). Letig,,, : B(A, Zg)n = B(A, Z), be the locally closed em-
bedding induced by ig,. We claim that the functors il : Co,n — Sh(B(A, Z),)
induce a functor of augmented simplicial objects 7

i o Cae — Sh(B(A, Z).).

a,e!
Indeed, for an injection ¢ : [n — 1] — [n], the corresponding face maps chq,, :
Can = Can—1 and chy, : Sh(B(A, Z),) — Sh(B(A, Z),—1) are given by special
cases of the ch functor defined in Section 3.1.2. The isomorphism

.0 0
Ch‘ﬂ o Zoc,n! — Zoa,n—l! ° Cha,cp
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follows from proper base change. For a surjection ¢ : [n + 1] — [n], the
corresponding degeneracy maps tq,, : Can — Cant1 and uy, : Sh(B(A, Z),) —
Sh(B(A, Z)n+1) are given by special cases of the unit functor w defined in
Section 3.1.5. The isomorphism

Up © gyt ™ gy g 11 © Uarp
again follows from proper base change.

Now observe that for n > —1, C,, C Sh(B(A, Z),) is generated by the
images of ig,, (for « € P) under colimits. We have checked above that the
face and degeneracy maps for Sh(B(A, Z).) preserve the images of i, , for
fixed a € P. Since the face and degeneracy maps are continuous (they are left
adjoints), they preserve C,, therefore we get an augmented simplicial object Ca,
and the analog of Lemma 3.2.12 holds.

The last step is to check that the augmented cosimplicial object C®, ob-
tained from C, by passing to right adjoints, satisfies Lurie’s criterion [Lurl2,
Cor. 4.7.6.3] for a limit diagram. The same argument as in Section 3.2.13
works for the current situation without change. ([

4. Harder-Narasimhan subcategories

This main result of this section is Theorem 4.4.7 giving a recollement
structure on the cocenter hh(Hg) of the universal affine Hecke category Hg.
The properties of this recollement mirror those of the recollement structure
on the Betti Langlands automorphic category Shy/(Bung(E)) for a genus one
curve E induced by the Harder-Narasimhan stratification of Bung(E). Most
basically, the filtrations of both recollements are indexed by Newton points
NP C X*(T)(g (see Section 4.1.10). In a sequel, we will prove that hh(Hg) is
equivalent to Shyr(Bung(E)) so that the recollements match. In this paper, we
will focus on the specific consequence stated in Theorem 4.4.2 that the associ-
ated graded for the minimum index 0 € NP embeds fully faithfully in hh(Hg).

4.1. Combinatorial pieces. Our starting point for the analysis of hh(Hg)
is the colimit description of Corollary 2.7.11:

colimp Hg j — hh(Hg).

We will begin with the group theory of Bédard and Lusztig [Lus04] underlying
the natural decomposition of each Hg ; into pieces.

4.1.1. Combinatorial pieces. Let W* be the affine Weyl group of G and
W= X, (T)xW be the extended affine Weyl group. For J Cyg, 1%, let W; C W@
be the subgroup generated by J; it is the Weyl group of the Levi L; of the
parahoric subgroup Pj. Let 7 1% (resp. w ) be the set of minimal length
elements in the cosets WJ\W (resp. W/W ). Let JWY" be the set of minimal

length elements in the double cosets W;\W /W .
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For a group I' and a subgroup I'' C T, let % denote the set of F;—conjugacy

classes in I'. More generally, if § is an automorphism of I'; let A, () denote
the set of orbits of I acting on I' by twisted conjugation 7' - v = y'v§(7/~1).
If v €T, we use ﬁ to mean the W.

Let us first review a combinatorial procedure of Bédard, as found in
[Lus04]. Let J Cg I*. Let Sy be the set of sequences (J,, J},, Uy )n>0 such that
1) Jo=J and J,, = Jp—1 NAd(ug - up—1)Jp—1 for n > 1;

2) Jy=Jand J, = Jp—1 N Ad(ug - tp—1) " Jp_1 for n > 1;

3) u, € (W, )" for n > 0.

We call elements in Sy combinatorial J-pieces. Note that J,, and J), stabilize
for n large hence u,, = 1 for n large. As explained in [Lus04, Prop. 2.5], the

map (Jn, J),, Un)n>0 — Uty * -+ Uy, (for m > 0) defines a bijection

(
(
(

(4.1.1) Sy 3w,
For u e / W, we denote the corresponding element in Sy by
U
- e€38y.
7 J
4.1.2. The map oy. For any J Cg I%, we define a map
W
=S
aJ WJ J

as follows. For ¢ € WEJ, we set ¢ = ¢,Jop = J) = J and uy € TWY to be
the W -double coset containing the W -conjugacy class c. We will inductively
construct a sequence (¢, Jy, J),, un)n>0 satisfying the following conditions:
(1) (Jn, J,/l, un)nzo €Sy.

Wi, _1

2) Forn>1, ¢, € Adu . (v, is characterized by
ug - up 1 \W g1

n

(
(4.1.2) cn={xeWy,_ |Jup- up—1z € c}.
(

3) For n > 1, the element u, € “»(W;, )’ is the minimal length element in
the (W, W, )-double coset of c,.

These conditions clearly characterize (cp, Jy,J),, un)n>0 uniquely, given
the initial terms (co = 0,Jo = J, J) = J,up) as above. To confirm that this
inductive procedure is well defined, we need to show that given

!
(¢iy Jis Ji s ui)o<i<n—1

satisfying the above conditions (so that J,, and J], can already be defined using
Jp—1 and ug - - - up—1 as dictated by the requirement that (J,,, JJ,, un)n>0 €Sy),
the set ¢, defined using (4.1.2) is non-empty and in fact consists of a single
(ug - - - up—1)-twisted conjugacy class under W, .

First, to see that ¢;, is non-empty: From the inductive hypothesis, we know
that for x € W, _, (we understand W; ;| to be W), ug - - - up_ox € cif and only
if x € ¢,,_1. From the construction of u,,_1, we see any = € ¢,_1 can be written
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as ¥ = aup—1b for some a € Wy and b € Wy, | = Ad(uo - up—2)Wy .

Take any such x = au,_1b and
Ug -+ Un—2T = Ug -+ Un—2aUn—1b = a'ug -+ up_1b,
where a’ = Ad(ug - - - up—2)a € Wy __,. The above element then lies in the same
W, _,-conjugacy class as uq - - - up—1ba’. This implies ug - - - u,—1 Wy _ Nc # @.
Next, to see that ¢, is a single (ug - - - u,—1)-twisted conjugacy class under
Wy, Suppose y,y' € Wy, _, are such that ug---up_1y,u0 - up—1y € c. By

the inductive hypothesis, u,_1y, un—1y" € ¢,—1, hence there exists z € Wy .

such that w,_1y = zu,_19'Ad(ug - - up_2)2~ 1. Let 2/ = u;ilzun_l. Then

(4.1.3) Yy = u;ilzun_ly’Ad(uo e un_g)z_l = 2"y Ad(ug - - -un_l)z'_l.

Now 2" = yAd(ug - - - u,_2)zy' 1. Note that 2’ € Ad(u;il)WJ;71 and
yAd(ug - - -un_g)zy’_l eW, ..
Therefore 2’ GAd(“;L)WJ,’L,l NW;y, _,. Since u;il gJn-1 (WJn72)J7/171, we have
Ad(u, )Wy AW = Wad@n 1)1 s

Note that Ad(u,—1)"'J,_; = Ad(ug- - up—1)"*Ju—1 hence Ad(u;il)Jfl_l N
Jno1 = Ad(ug- - up_1) Vo1 N Ju1 = J'. We conclude that 2/ € Wy
Equation (4.1.3) implies that y and ¢ lie in the same (uq---u,_1)-twisted
conjugacy class of Wy in Wy, _,.

This completes the definition of the map o;.

Composing oy with the bijection (4.1.1) we get a map

LEMMA 4.1.3. Let (Jy, J,,un)n>0 € Sy and u = uouy - uy € TW (for
large n) be its image under the bijection (4.1.1). Let K be the stable value of J,,.
(1) (Compare [HeO7, Lemma 1.4]). K is the largest subset of J that is stable

under Ad(u), and K is also the stable value of J},.

We denote K by I1(J,u).

(2) The preimage of % under o consists of W j-conjugacy classes of uy where
y € Wi. Two elements uy and uy' (y,y € Wg) are in the same W-
conjugacy class if and only if y,y lie in the same u-twisted conjugacy
class of Wk, i.e., y — uy gives a canonical bijection

UWK ~ WK :> 0_1 (g)
Wi Ad,(Wk) Jo\J

Proof. (1) For n large so that J,,_; = K, we have J, = J,_1 NAd(u)Jp—1
and J,_1 = Jp,, hence J,, is stable under Ad(u). Also J!, = J,_1NAd(u)~ J, 1
=Jn-1 =K.

Conversely, if K; C J is stable under Ad(u), we show inductively that
Ky C J, for all n > 0, hence K1 € K = I(J,u). For n = 0, this is clear.
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Assume Ky C J,_1 for somen > 1. Let s € K and let o be the corresponding
simple root. For K’ Cg I%, let ® i be the root subsystem of the affine roots of
G spanned by K'. Since K is stable under Ad(u), a; = uay for some «; € K.
Write v = ug - - up—12 where x € W, |, then o; = up- - up—18 where g =
xoy € @y . Since ug - -up—1 € W‘Infl, ug - - - Up_1 sends @}rnil to positive
roots, therefore § is also a simple root in ®; , for otherwise wug---up—183
cannot be a simple root. The equality a; = ug- - u,—18 then implies o; €
Ad(ug -+ - up—1)Jpn—1. Therefore o; € J,—1 N Ad(ug - - up—1)Jn—1 = Jp for any
a; € K1, hence K1 C J,.

(2) is immediate from the construction of o ;. O

4.1.4. Relevant affine subspaces. Let 2 be the standard apartment with
the action of WW. By a relevant affine subspace of 2, we will mean the inter-
section of a set of affine root hyperplanes. Let & be the set of relevant affine
subspaces of 2, and let & be the set of W%-orbits on €. Each subset K Cg [¢
gives a relevant affine subspace A(K) = {z € Ala(x) = 0,Ya € K}. Every rel-
evant affine subspace is W®-conjugate to one of the form A(K). This induces
a surjection {K Cyg I*} — €. This map may not be a bijection in general:
for K, K’ Cg I, (K) is in the W%orbit of 2A(K") if and only if there exists
w € W such that wKw™! = K'.

For E € €, we denote its image in &€ by [E]. The set € is partially ordered
such that [E] > [E'] if and only if £ D wE' for some w € W

For J Cg 1%, let €5 be the subset of & consisting of relevant affine subspaces
that contain 2((J). Clearly W; acts on €;. For K C J, we have A(K) € €.

Definition 4.1.5. Let J Cg I* and 4 € S;. Let K = I(J,u) C J as
specified in Lemma 4.1.3.

(1) We define the J-type of 4 to be the element 7;(%) € W;\€&; given by the
image of A(K), i.e., the relevant affine space 2A(K) up to W-action.

(2) We define the coarse type of 4 to be the element 7(%) € € = W\ € given
by the image of 2(K), i.e., the relevant affine space 2((K) up to W%-action.

Taking the coarse type of a J-piece defines a map
T: §:= H S;— €.
JCg I
Next, we give a way to compute the J-type starting from any W j-conjugacy
class of W. For w € W and J Cg 1%, the set €5 := {E € &;|w(E) = E} is
non-empty (since 20 € €%) and closed under intersection, hence has a unique

minimal element, which we denote by E;,. The next lemma explains the
relation between J-type and E .

LEMMA 4.1.6. Let J Cg I%u € 7W.
(1) Let K = I(J,u). Then Ej., =2A(K) for any y € Wk.
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(2) Suppose w € W is such that oj(w) =% €8y. Then the J-type of 4 is the
W -orbit of E .

(3) Suppose w,w’ € W. Then oj(w) = oy(w') if and only if w' is Wy-
conjugate to an element w" with Ej = Ejur and w|g,, = w"|g, .

Proof. Let K = I(J,u). Then the J-type of % is the W -orbit of 2((K'). By
Lemma 4.1.3, w=zuyxz " where y € Wx and x € W;. We have Ejw=2E]yy.
Therefore it suffices to consider the case w = uy. Hence (2) follows from (1).

We prove (1). Since Ad(u)K = K, u stabilizes 2A(K), hence uy stabilizes
2(K). By the minimality of E := Ej,,, we have £ C 2(K). We claim that
E = A(K). Let F be the fundamental alcove. Consider the relevant affine
subspace Span(FE N F) spanned by E N F. We have Span(E NF) = A(K’) for
some K’ Cg I Since A(J) C E C A(K), we have K C K’ C J. Note that
2A(K’) = Span(E N Cy), where C; C 2 is the dominant W -chamber centered
along 2(.J). On the other hand, since u € JW, we have uF € C, and therefore
Span(uyE NuF) = Span(E NuF) C Span(E N Cy) = A(K’). The action of
u sends Span(E N F) = Span(yE N F) (note that y € Wi acts by identity on
2((K)) isomorphically to Span(uyENuF) = Span(ENuF), hence we must have
Span(ENuF) = A(K') and, in particular, u stabilizes A(K’). Now u stabilizes
the affine roots ® g+ spanned by K’ C J, and u € TW implies that u~! sends
positive roots <I>j C ®; to positive affine roots, therefore u preserves <I>}+(,, and
hence preserves K’'. By the maximality of K as a u-stable subset of J, we
must have K’ = K. Therefore, E D Span(E N F) = A(K') = 2A(K), forcing
E = A(K).

We prove (3). The statement is invariant under Wj-conjugation of w
and w’ separately. Thus we may assume w = u. Let K = I(J,u). Suppose
w’ is Wj-conjugate to w” with UA(K) = Ejr and wlyxy = w”|yx). Then

w” = uy for some y € Wg, hence o;(w') = o5(w”) = 4. Conversely, sup-

pose oy(w’) = 4. Then by Lemma 4.1.3, w' is Wj-conjugate to uy for some
y € Wk, hence Ej,y = A(K) by (1) and uy|yx) = ulak) since y € Wi acts

by identity on A(K). O
/ J . W W .
PROPOSITION 4.1.7. Let JCJ" Cg 1¢. Let 7y : W, W, be the projec-

tion. Then there is a unique map 5:]7/ : S5 — Sy making the following diagram

commutative:
N J! _
w "W
W, W,
l/ gy i/ oy
57
S;——=8yp

In particular, for J C J C J" Cy 1%, (55," o (5:{/ = 6§".

Proof. Since o is surjective, 5:} is unique if it exists.
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For the existence of 5:}/, we need to show the following. Let w € 1%
and o;(w) = 5. We need to show that o;(w) depends only on u and not
on w. By Lemma 4.1.3, up to Wj-conjugacy we may assume w = uy for some
y € Wk, where K = I(J,u). We need to show that oy (u) = oy (uy) for all
y € Wi For this, we use the criterion in Lemma 4.1.6(3). By Lemma 4.1.6(1),
Ejw=Eju=2(K). Therefore Ej ,, Ey ., CA(K). Since y acts by identity
on A(K), we have Ey o, = Ejy uy, and ulg,, . = uy|g,, , . Therefore oy (u) =
oy (uy) by Lemma 4.1.6(3). O

LEMMA 4.1.8. Let J C J' Cg 19, u € "W and o' € 7'W such that

57 (%) ="4%. Then

(1) L(u) > £(u)).

(2) A representative of the J-type of 4 (as a relevant subspace contfw'm'ng 2A(J),
up to Wy-action) contains a representative of the J'-type of 4. In partic-
ular, 7(%5) > 7(3—;) under the partial order on € defined in Section 4.1.4.

Proof. (1) ]/By [HN14, Th. 2.5], v/ has minimal length among 03,1(%).
Since u € 0! (%) by construction, we see that £(u) > £(u').

(2) By/Lemma 4.1.6, the J-type of % is represented by Ej,, and the
J'-type of ‘7 is represented by Ej . Clearly Ej ., C Ejy. O

Definition 4.1.9. Let J C J' Cyg I Let 7 €8y and 65’(%) = % eSy.

(1) We say that % is quasi-J'-reduced if £(u) = £(u’).
(2) We say that 4§ is J'-reduced if £(u) = £(u'), and 7(%) = T(%)

S ISRS

4.1.10. Newton point. Recall that the Newton point of w € Wis a point
v(w) € X, (T)a (rational dominant cone) characterized by the following prop-
erty: For sufficiently divisible n, w™ € X, (T') is in the same W-orbit as the
translation element given by nv(w). The Newton point is constant on each
W-conjugacy class. Therefore we have a map

v v = X (T)§-
w

Let NP C X, (T)6 be the image of this map.
We also have the natural projection
KW — W/W“ =:Q

that factors through the conjugacy classes of W because  is abelian. Com-
bining v and k we get the enhanced Newton map

5:1—)NPXQ.
w

Let NP C NP x  be the image of v.
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LEMMA 4.1.11. For J Cg 1%, there is a unique map vy : S5 — NP such
that the following diagram is commutative

aJ

(4.1.4) W ——= S

b

¥ 7P,
w
where the left vertical map is the natural projection. Moreover, for JCJ Cg I,
we have vy 055/ =vy:8; — NP.

Proof. Since o is surjective, the uniqueness of v is clear: it sends 5 to

v(u), where u € JW. To show the diagram (4.1.4) is commutative it suffices to
show, by Lemma 4.1.3, that v(uy) = v(u) and x(uy) = k(u) for all y € Wk,
where K = I(J,u). Since W C W%, we have k(uy)=r(u) €. Now we show
v(uy)=v(u). For any n > 1, we have (uy)” =Ad(u)y-Ad(u?)y - -- Ad(u™)y-u".
Each Ad(u%)y lies in W since K is stable under Ad(u). Let m be the order of
Ad(u) on K. Then if n is divisible by m|Wk|, Ad(u)y - Ad(u?)y--- Ad(u")y =
(Ad(u)y - Ad(u?)y - - - Ad(u™)y)/™ € (Wg)™™ = {1}. Therefore (uy)” = u"
for n sufficiently divisible. This implies v(uy) = v(u). O

4.1.12. Straight elements. Following Krammer [Kra09], one says w € 1%
is straight if £(w™) = nl(w) for all n > 1. A conjugacy class ¢ € % is called
straight if it contains a straight element.

LEMMA 4.1.13. Let w € W with Newton point v € NP. Then {(w) >
(2p,v), and the equality holds if and only if w is a straight element.

Proof. For any translation element ¢y € w corresponding to a dominant
A € X (T), we have £(ty) = (2p, \T) for the unique dominant element A* in the
W-orbit of A\. Therefore, if w € W has Newton point v € NP, w" is conjugate
to tn, for sufficiently divisible n, hence ¢(w™) = (2p,nv). Therefore ¢(w) >
%f(w”) = (2p, v), and equality holds if and only if w is a straight element. [

By [HN14, Th. 3.3], there is a unique straight W®-conjugacy class for each
enhanced Newton point 7 € NP.

4.2. The space 6. We will introduce a topological space B obtained by
gluing copies of quotients of the apartment in the building of G and passing to
quotients, using the combinatorial pieces for the affine Weyl group. The space
B will serve as an organizational tool of subquotient categories of Hg ; that
we study in the next section.

When G is almost simple, 8 will be a A-complez (a weaker notion than
a simplicial complex), which is a union of simplices where the intersection of
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two simplices is not necessarily a common face. In general, B8 will be a union
of poly-simplices (product of simplices).

4.2.1. D°-sets. Recall from Section 2.7.5 that D° denotes the poset of
finite type subsets J Cg I® under inclusion. A D°-set X is a functor

X : D° — Sets.

In other words, it is an assignment J — X € Sets for each J Cg [%, and a
map X; — X whenever J C J’, compatible with three-term inclusions.

For a D°-set X, Tot(X) := [[ ¢, e X is a poset whose relations are of
the form z; <y, if J C J Cg I® and x5 € X7 maps to y; € X under the
map Xj — X .

For a D°-set X, we shall define a topological space |X| as follows. For
J € D°, we let |Ay| C A be the standard facet in the (reduced) apartment
for T' indexed by J (so that for J = @, |A| is the fundamental alcove in ).
Then |Aj| is isomorphic to a product of simplices with codimension #.J in
2. Let |X| be the space obtained as quotient of Ujc, e Xy X |Ay| by the
relation (zj,t) ~ (yy,t), where J C J', x5 — yy under X; — X, and
t € |Ay| C |Ay|. The image of {z;} x |As| in |X]| (for z; € X) is called a
J-facet of | X|; they are parametrized by X .

When G is almost simple of rank r, each J-facet of | X| is a simplex of
dimension r — #J, and |X| is a A-complex. In general, |X| is a union of
poly-simplices.

The set Tot(X) is the set of all facets of | X'|. The partial order on Tot(X)
is the opposite of the closure order of faces.

Ezample 4.2.2.

(1) Let 6 be the D°-set given by the constant functor valued in the singleton
set. The geometric realization |§| can be identified with the fundamental
alcove in 2.

(2) The standard apartment A of G gives rise to a D°-set Fac(): Fac()s is
the set of J-facets in 2, and the transition map Fac(); — Fac(2() ; sends
a J-facet F' to the unique J’-facet in its closure. Then we have a canonical

| ~Y

homeomorphism |Fac(2()| = 2 respecting the poly-simplicial structures.
(3) The same construction of (2) applies to any closed subset £ C 2 that is
a union of facets. It gives a D°-subset Fac(E) C Fac(2), and |Fac(E)| is

identified with E as a subspace of |Fac(2()| = 2.

Remark 4.2.3. For a D°-set X, the poset Tot(X) also has a geometric
realization |Tot(X)| (see Section A.3.1). Then |Tot(X)| is always a simplicial
complex, and it is a subdivision of |X|. When G is almost simple, |Tot(X)|
is the barycentric subdivision of |X]|, i.e., |Tot(X)| = sd(|X|) as simplicial
complexes.
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4.2.4. Construction of 6. We define a D°-set S whose value at J Cg ¢
is Sy, and for J C J' Cg I?, the transition map is 5:}/ B =8; —>S;y =By
defined in Proposition 4.1.7.

Let B = |S| be the geometric realization of B. For 4 € S;, we denote by
B(Y) the corresponding J-facet of B, with interior B(%)°.

Remark 4.2.5. For any finite or affine Weyl group W with an automor-
phism o preserving the simple reflections, we have the notion of o-twisted
J-pieces and one can similarly define 8(W; o). In our setting, the normal slice
to a facet B(%) in B is isomorphic to B(Wi; u) for the finite Weyl group Wi
(where K = I(J,u)) under the u-twisted conjugation action of Wi

4.2.6. Functions on B. We have attached three invariants to each element
in Tot(S) = [T cp 10 S
(1) the length function ¢ : Tot(S) — Z>o;
(2) the coarse type 7 : Tot(S) — €;
(3) the enhanced Newton map » : Tot(S) — NP C NP x €.

We may consider these functions as piece-wise continuous functions on the
geometric realization ‘B:
(1) l:% — ZZO;
(2) 7:B — &
(3) v:B — NP
such that the value of £, 7 and v on B(%)° is £(%), 7(%) and v;() respectively.
By Lemma 4.1.8, the functions £ and 7 on B are both lower semicontinuous

(non-increasing under specialization). By Lemma 4.1.11, the function v is lo-
cally constant on 8. We have decompositions of the D°-set S and the space B,

s=11s »=1]] %
UENP UENP
where Sy ; is the set of 4 such that (%) = v, and By = |Sy|. Note that each
B C B is open and closed.

4.2.7. Essential part. Fix v = (v,w) € NP. By Lemma 4.1.13, any piece
% that appears in By satisfies £(u) > (2p,v). Let ng C Sy be the subset
consisting of 4 with v(u) = v and £(u) = (2p,v). By Lemmas 4.1.13 and
4.1.8, we see that the assignment J — SgJ defines a D°-subset S;? of S;. Let
’Bg = |SZ§7\, and call it the essential part of 6. By Lemma 4.1.13, %g is the
closure of the maximal facets of B; indexed by straight elements.

Ezample 4.2.8. For G = SLg, B is a graph. Since G is simply-connected,
Q2 = 0 and NP = NP. The connected components of 8 are indexed by the
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possible Newton points v € Z>g. Note that W* = (so, s1). Let T,, = (s150)"
for n € Z.
For v > 0, B, is a cycle with two nodes and two edges:

Tn
=z
T _n Ty
{51} —— {s0}"
T*’n
§%)

There is only one conjugacy class with Newton point n >0, namely that of T;,.
In this case, we have By =B,,.
For v = 0, the graph B, is an infinite linear tree:

51 505150 5150515051
1 a s1 2z 508150 a
{s1} {so} {s1}
1
Z]
S0 515081 35051505150
1 4 S0 2 s189S1 4
{s0} {s1} {s0}

We draw it in three segments to reflect that there are three conjugacy classes
in W* with Newton point 0: the identity conjugacy class (corresponding to the
vertical edge), the conjugacy class of s; (upper ray) and the conjugacy class
of so (lower ray). In this case, By consists of the edge labelled % and its two
end points.

Ezample 4.2.9. Consider the case G = PGLy. Now W = TIZ/2 X (s1),
where T12/2
length zero element in W — W% Then for n > 1 odd, T, /5 = s150- - s1w

(length n). We have NP = 1Zsq. The set NP C NP x Q & 175 x Z/2Z is

= Ti in the notation of Example 4.2.8. Let w = s;7T7/p be the

NP = {(n/2,n mod 2)|n € Z=} U {(0,1)}.

For v = (n,0) € 1@, B, is the same as B, described in Example 4.2.8.
For v = (n/2,1) where n > 1 odd, B is of the form

T—n/2 T—n/2
{s1} )

Tn/2
j%

There is only one conjugacy class with Newton point n/2 > 0, namely that of
T}, /2- In this case we have %g = ‘By.

For v = (0, 1), By is an infinite linear tree
SlWSl

w
4 g sjwsy

I Too]

SOWSO
SQWSQ g

{1 ToT
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There is only one W%-conjugacy class in W with enhanced Newton point v =
(0,1), namely the conjugacy class of w. In this case, %g consists of the edge
labelled Z and its two end points.

4.2.10. Linear structure on 5. We shall describe B as glued from copies
of quotients of the apartment 2.

For a relevant affine subspace £ € &, let W¥ C Aff(E) be the affine
transformations of £ of the form w|g for some w € Staby; (E). Let Wg C W
be the subgroup that fixes F pointwise. (This is a parabolic subgroup of W%.)
Note that we have a short exact sequence

(4.2.1) 1 — Wg — Staby; (E) = WF — 1.

Consider the category A whose objects are pairs (E,w) where F € € and
w € Stabg; (E); its morphisms are defined by
(4.2.2)
Mor (B, @), (E',@")) = {g € W*|gE C E',@|yp = go(w|r)og™" € Aff(9E)}

with the evident composition.
Let A be the category with objects pairs (E,w) where E € € and w € WF;
its morphisms are defined in the way similar to (4.2.2):
Mor4((E,w), (E',w")) ={g € W*|gE C E',v'|;p = gowo g~ e Aff(gE)}.

The obvious functor A — A sending (E,w) to (E,w), where w € WF is
the image of w, is an equivalence. The category A will only play an auxiliary
role.

For each (E,w) € ,I, we define a map of D°-sets

opw: Fac(E) = S

as follows. It sends a J-facet F' = xF; of E (where Fj is the standard J-facet,
z € W*/Wjy) to x~ wz, well-defined up to W-conjugacy. We let ¢ 5(F) be

JJ(QZ*l{E{L‘) €Sy.

LEMMA 4.2.11.
(1) For (E,w) € .;lv, the map ¢ i depends only on the image of w in WE. In
particular, for (E,w) € A, there is a well-defined map of D°-sets

YEw : Fac(E) = S.
(2) Suppose g : (E,w) — (E',w') is a morphism in A. Then
CEw = (PE wlFac(gr)) © 9 : Fac(E) — S.

Proof. We shall prove the following statement which implies both (1) and
(2). Let g : (E,w) — (E', @) be a morphism in A, then

(4.2.3) erw = (PE @ |Fac(gE)) © 9 : Fac(E) — S.
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To see that (4.2.3) implies (1), take E' = E’ and suppose w,w’ € Stabg;(E)
both have the same image w € WF¥. Then ¢ = 1 gives an isomorphism
g=1:(B,w) > (E'a') in A. In this case, (4.2.3) reads vp 5 = Y,
which implies (1). It is easy to see that (4.2.3) also implies (2).

Let us prove (4.2.3). Let F' = zF; C E be a J-facet. On the one hand,
opw(F) = oj(x~twzr) € S;. On the other hand, gF = gaF; C E' is a J-
facet of E', and g 7 (9(F)) = o4((9z) 'w'gz) = oy(z" (g~ 'w'g)x). Since
g: (E,w) — (F', @) is a morphism in A, we have g~ g € Stabg; (E) and it
has the same image as w in W¥. By the exact sequence (4.2.1) we can write

g 'w'g = wy for some y € Wg. We reduce to showing

(4.2.4) oj(z o) = oy(z toyz).

For this we use the criterion in Lemma 4.1.6(3). Let By = E;, 15, and
Ey = Ej;-15ye- Then Ej is the minimal relevant affine subspace that contains
21(J) and is stable under z~'wz. Now 2~ 'E contains 2(.J) and is stable under
x Wz, hence E; C 2 'E. Since y € Wg, ' E is stable under 'y, hence
also stable under z 'wyz. This implies Fy C z~'E. Moreover, because y
fixes F pointwise, the actions of z 7 'wz and z~'wyz on ' E are the same.
Therefore both Fq and E5 are equal to the minimal relevant affine subspace
that contains 2((.J), is contained in #=!E, and is stable under z~!wz|, 15 =
v~ wyz|,-1 5. By Lemma 4.1.6(3), (4.2.4) holds. O

By the above lemma, ¢pg, is invariant under Aut4(E,w). Using the
transition maps g : E — E’ for g € Mor4((E,w), (E',w')), we may form the
colimit in the category of D°-sets

colim g ye 4 Fac(E).
Lemma 4.2.11 implies that the maps {¢g ., } together induce a map of D°-sets
¢ : colimg )e 4 Fac(E) — S.
Taking geometric realizations, we get a map
|| : colim (g yea E — B.

LEMMA 4.2.12. The map @ is an isomorphism of D°-sets. Consequently,
the map |p| is a homeomorphism respecting the facet structures.

Proof. We need to show that for each J Cg I%, the map on the set of
J-facets
@y : colim(g ye s Facy(E) — Sy
is a bijection.
To see that ¢ is surjective, note that for £ = 2l and w € W= WE, A w

1

is the composition of Py, : Facy(A) = W/ W; — WEJ (sending x — ™ wx)
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and 7. As w runs over all of W, the images of g, cover all of WEJ, therefore
the images of (g, cover all of S; since o is surjective.

Now we show ¢ is injective. Let (Ey,w1),(E2,we) € A and F; = x;F;
€ Facy(E;) for i = 1,2 such that ¢;(F1) = ¢ (F2) € S;. This means
oy(x; wiry) = oy(ry  wars). Now we invoke Lemma 4.1.6(3). Upon right
multiplying x2 by an element in W;, we may assume E Ja tune = E Ty twas’
which we denote by E, and that :cl_lwl:zl\E = x51w2x2|E, which we de-
note by w € W¥. Then we have morphisms z; : (E,w) — (Ej,w;) and
z2 ¢ (E,w) — (E2,w2) in A, and these morphisms send F; (which is a facet
of E, because by definition F contains 2((.J)) to F} and F» respectively. This
means [} and F3 are already identified in the colimit colim g ,ec4 Facy(E).
This proves ¢ is injective. (]

Remark 4.2.13. Lemma 4.2.12 tells us that 8 can be constructed as fol-
lows: for each W%-conjugacy class in W, take a representative w and form
the quotient space 2A/Cyya(w). Then B is obtained from the disjoint union of
A/Cya(w) (w running over representatives of W?-conjugacy classes in W) by
gluing along relevant subspaces of dimension less that that of 2.

4.2.14. He-Nie function. Following the idea of He and Nie [HN14], we
now define a function f : 8 — R>( as follows. For (E,w) € A, we have the
function fg . : E — R>q defined by z — |lz — wz||?, using a fixed W-invariant
positive definitive quadratic form | - ||*> on V = X,(T)g. For any morphism
g: (E,w) — (F,w') in A, one checks that

JBw = fErwog: E— Rxo.
Therefore {fgw}(rw)ea gives a piecewise smooth function on colim g s £
= 9B, which we denote by
f B — Rzo.

Moreover, using the quadratic form || - ||? restricted to E, the differen-
tial dfg,, turns into a gradient vector field Vfg,, on E. Since fg,, is qua-
dratic, V fg., is a linear vector field. The next lemma shows that for varying

(E,w)€ A, the vector fields V fg,, assemble to a piecewise-linear continuous
vector field V f on 8.

LEMMA 4.2.15. If g : (E,w) — (E',w') is a morphism in A, then g.
takes the vector field V fg., on E to the vector field V fgr w|gr on gE.
Proof. Let (E,w) € A. Let Vg C X.(T)r be the vector space parallel

to E, so that w — 1 is a map E — Vg. Let w € End(Vg) be the linear part
of w. Direct calculation shows

(4.2.5) (Vfpw)(@) = 2@ — 1)*(w — 1)(z) Va € E.
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Here (w — 1)* € End(Vg) is the adjoint of (w — 1) € End(VEg) under the
quadratic form | - |2 on V.

Replacing (E,w) by (¢E, gwg™!), we may assume that EC E', w'(E)=E,
w'|p = w, and g is the identity element. Since w’ preserves E, the endo-
morphism w — 1 of Vg preserves Vg, and so is its adjoint. Hence by (4.2.5),

Viewle=Vfew O

Let Crit(f) CB be the vanishing locus of V f. Let Crit(f);=Crit(f)NB.

LEMMA 4.2.16. For any v € NP, the critical locus Crit(f)y is contained
in the essential part %g.

Proof. Let x € Crit(f)z. Then there exists some (E,w) € A (where we W¥F)
such that z is the image of a critical point y of fg,, under |pg.| : E — B.
We choose such a (E,w) with E minimal. Choose a connected component C
of A — UgcygH. (Remove all affine root hyperplanes that contain E.) Let
w € Staby; (E) be the lifting of w such that w(C) = C. Then g = 1 gives a
morphism (E,w) — (A, w) in A. We have y € Crit(fg.) = ENCrit(fyz). In
particular, v = v(w). Apply [HN14, Lemma 2.6] to the subspace Crit(fg ) of
Crit(fy z), and an alcove A C C that contains y in its closure. We conclude
that wy := pos(A, wA) (relative position, which is in the same W®-conjugacy
class of w) has length (2p,v). The image of A under [pg 5| : A — B is the
maximal facet indexed by Wy € Sy = W. Since £(@4) = (2p,v), the closure
of the maximal facet %(%) is in the essential part %g. On the other hand,

y € A implies z is in the closure of %(%‘), hence x € %g. g

Remark 4.2.17. It is likely that ‘Bg is the smallest D°-subset of B whose
geometric realization contains Crit(f);. In other words, it should be true that
for any straight element w, the critical locus of fy, : 2 — R intersects the
interior of the fundamental alcove.

Below we prove a topological property of certain subsets of %5;. It is a
key ingredient in the proof of Theorem 4.4.7. Fix v = (v,w) € NP.

Definition 4.2.18. Let v € NP. A D°-subset S’ C Sy is a called downward
if it satisfies the following:
e Tot(S’) is finite.
e S’ contains Sg :
o Let ¥ €Sy, % €Sy satisfy £(u) < £(u') and 7(%) < 7(%). If % € S,

then 4 € S’

A subspace B’ C By is called downward if it is of the form |S’| for a downward
D°-subset S’ of S;.
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Ezample 4.2.19.

(1) %g is the smallest downward subspace of ‘By.
(2) Let n > (2p,v) and [E] € &€ Let Sy < g)
consisting of 4 € Sy ; such that £(u) < n and 7(
this is a D°-subset follows from Lemma 4.1.8.
When n>(2p,v), S <(n,(g)) is downward. When n=(2p,v) and [E]=[2l],

S; be the D°-subset
<

C
%) < [E]. The fact that

we have S5 <((2p.0),j2) =Sy - We write By <(y 1) = |S5,<(n )|
(3) By definition, any downward subspace B’ C 9B is a finite union of the
form

(4.2.6) B = gB,S,? U <U %1773("1'7[Ei})> )

where n; > (2p,v).
By Lemma 4.2.16, for any downward B% C By, we have Crit(f); C %? CBL.

PROPOSITION 4.2.20. Fiz v = (v,w) € NP. Let B' C By be a downward
subspace. Then the inclusion Crit(f); < B’ admits a deformation retract. In
particular, both inclusions Crit(f)y C SBS C B’ are homotopy equivalences.

Proof. Abbreviate Crit(f); by Cy. By Lemma 4.2.15, the gradient flow
of f is well defined as a flow ®; on B for ¢t € R. The deformation retract will
be constructed using the flow ®;.

CLAIM. The downward subspace B’ is stable under the flow ®;, for t <0
non-positive.

Proof of Claim. Since B’ is a union of the form (4.2.6), it suffices to show
that %g and By < (g]) (Where n > (2p,v)) are stable under the flow {®;};>0.
Since %g = By <((2p,0),[21])» it suffices to show that By <(,, g)) is stable under
the flow {®¢}:>0 whenever n > (2p, v).

First consider the case £ = 2[. Since every point of 98 lies in the image of
lpaw| : A — B for some w € W with 7(w) = 7, and the flow stays inside the
image of |y |, we only need to prove the same statement for 2 with respect
to the flow defined by V fy ,,. Let Ag C A be the (closed) fundamental alcove.
For any alcove A = yAp, let wa = y~lwy. Let Ay, <, C 2A be the union of
alcoves A such that £(wa) < n. Then Ay <n = |paw| " (By,<(n,2))- We only
need to show that 2, <, is stable under the flow ®; of V fy,, for t < 0. Let
3 C A be the union of all H N H' where H and H' run over distinct affine root
hyperplanes. Let U C 2, <,, be the subset of x € A, <, such that ®,(z) ¢ 3
for all ¢ < 0. Then U is dense in 2, <, (using that 3 has codimension two
in 2, so Ug>0®P¢(3) has codimension at least one in ). Therefore it is enough
to show that ®;(x) € 2y <y, for x € U and ¢t < 0. Suppose this is not the
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case. Then for some z € U and some t < 0, ®;(z) lies in an alcove A with
l(wa) > n. Let ty be the supremum of such t. Then ®; (z) € A with
l(wya) < n for small € >0 and Py,_(z) € A’ with ¢(wys) > n for small € > 0.
Moreover, g := ®;,(z) is on the common face AN A’ of A and A’, and does
not lie on any other affine root hyperplane. Let n be a normal vector of H
that points to A’. Then

(4.2.7) (V farw(xo),n) > 0.

We have w4 = swys, where s is the simple reflection determined by hyperplane
H = Span(AN A"). Hence {(wa) = €(wa) + 2. Applying [HN14, Lemma 2.1],
we see that (V fyw(zo),n) > 0. (Note that zg = ®4,(x) is a regular point of
AN A’ since xg ¢ 3.) This contradicts (4.2.7).

Now we consider the case of a general [E] € €. For any z € By <(»,[5)),
we may find (E,w) € A (with E € [E]) such that x lies in the image of ¢ 4| :
E — B. Hence it is enough to prove the analogous statement for E with
respect to the gradient flow of fg .. Let w € W be a lifting of w. Then [¢f 4|

is the composition £ < 2 M B. In particular, £N |¢E,w‘_1(%§,§(n,[E])) =
2AN |(pg‘7@"_l(%,j7§(n,[E])). Moreover, the gradient flow of fg, is the same as
the gradient flow of fy i restricted to £/ by Lemma 4.2.15. Therefore the case
[E] = [2(] proved above implies the case of a general [E]. O

Now for any =z € By, limy,_ o P4(x) € C;. Indeed, we may assume x
lies in the image of |pg | : A — By for some w € W, and the corresponding
statement is [HN14, Lemma 2.3]. Moreover, the calculation in loc. cit. shows
that the flow is contracting in a neighborhood of C; as t — —oco. This implies
that the map H : [0,1) x B" — B’ given by H(s,z) = Pioe(1_s) () can be
extended to a continuous function H : [0,1] x B’ — B’ by letting H(1,z) =
limy—, oo P¢(x) € C5. Then H gives a deformation retract from 9B’ to C5. This
proves the proposition. O

4.3. Geometric pieces and sheaves on them. Here we turn to the geometry
indexed by the prior combinatorics — in particular, sheaves on geometric pieces
and the natural functors between them.

4.3.1. Cyclic reduction. Consider the following general situation. Let G be
an algebraic group, and let P, P’ C G be two parabolic subgroups with unipo-
tent radicals P* and P™ and Levi quotients L and L’ respectively. Let z € G.
Let 0 : L' = L be an isomorphism. Let Q' = Im(P N Ad(z~')P' — L) C L,
Q=0(Im(P'NAd(x)P— L')) C L. Then Q,Q" are parabolic subgroups of L.
Let Q“ and Q™ be the unipotent radicals of @ and @', and let M and M’ be
their Levi quotients. Then M’ = (P N Ad(z~!)P’)** (where (—)"? denotes
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Levi quotient). We have a canonical isomorphism
6 : M' = (PN Ad(z)P)red
A, (A Ad(2)P) = Tm(P' 0 Ad(2)P — L) S M.
LEMMA 4.3.2 (Cyclic reduction). There is a canonical map

Ads(L)) Ads, (M)
sending p'zp to po(p') (where D is the image of p under P — L; similar forp').

(4.3.1)

This map is a gerbe for the unipotent group P™ N Ad(x)P".
We will refer to the above map (4.3.1) as a cyclic reduction.

Proof. The left P’-translation and right P-translation on P'zP gives a
P’ x P-equivariant isomorphism

(4.3.2) P xP0AM@P p X plap . (p,p) = plap,

where the action of P’ N Ad(z)P on P is by Ad(z~!) : P nAd(z)P =
Ad(z71)P' N P and left translation.

Now quotienting both sides of (4.3.2) by left P, right P* and Ads(L')-
actions, we get isomorphisms
1) xP'NAd(z)P T, N Plu\Pl w P'NAd(z)P P/Pu N Plu\leP/Pu

vas =

Ads(L) Ads(L) Ads(L)
Here the action on P’ N Ad(z)P on L' is via the projection P’ N Ad(x)P — L/,
whose image is 71(Q) C L', and right translation on L’. Similarly, the action
on P'N Ad(z)P on L is via the projection P’ N Ad(x)P = Ad(z"1 )P'NP —
Q' C L and left translation. The normal subgroup P NAd(z)P" acts trivially
on L' x L, and

(4.3.4) (P'NAd(z)P) /(P N Ad(z)P*) =6 1(Q) xm @,

(4.3.3)

where the projection §71(Q) — M’ is the composition

5UQ) S QM YT
Using (4.3.4) we get a P™ N Ad(x)P"-gerbe
I/ xPOAA@)P [ [/ 0 HQ)x Q' T, (L' /5~ 1(Q™)) xM" (Q™\L)
AGL) T AL@) Ady (L)
Via the map (¢/,¢) — £6(¢") (for £ € L,¢' € L"), we have an isomorphism
(L'/671(@Q") xM (Q"\L) ~ Q"\L/Q"
Ads(L) Ads, (M)
Composing all these isomorphisms we get a P N Ad(x)P"-gerbe
PI(PIP)[PY QU L/Q"
Ads (L) Adgg(M')




FUNCTIONS ON THE COMMUTING STACK VIA LANGLANDS DUALITY 681

Lemma 4.3.2 gives an equivalence of categories by pullback
4.3.5 Sh <7 ~ Sh .
( ) Ads, (M) Ads(L))

4.3.3. Nilpotent sheaves under cyclic reduction. Next we show that sheaves
with nilpotent singular support correspond to each other under the above

equivalence. To simplify the statements, we introduce the following termi-
nology: For a group H acting on a smooth variety X, and F € Sh(X), we
say F is H-nilpotent if pg(SS(F)) lies in the nilpotent cone of h* = (LieH)*.
When there is ambiguity as to how H acts on X, we will specify for which
H-action F is H-nilpotent.

Let

P\ (P'zP)/ P P\ (P'zP)/P"
Ads(L) )CSh( Ads(L) )

be the full subcategory consisting of objects that are L’-nilpotent for left trans-
lation by L’ (equivalently, L-nilpotent for the right translation). Similarly

ShN(

define the full subcategory

QNG g, (AL

Shy (Ad,;m(M’) Adg, (M)

using either M’-nilpotence for the left translation or M-nilpotenve for the right
translation.

LEMMA 4.3.4. Under (4.3.5), the full subcategories ShN(%W)

and Sh/\/(%) correspond. In particular, pullback via the cyclic reduction
map induces an equivalence

Q"\L/Q" P\ (P'zP) /P
Ad(;m(M’)) = Sha ( Ady(L') >

Proof. Choose a section to P — L, and realize L as a Levi subgroup of
P. Similarly realize L' as a subgroup of P/, M as a subgroup of Q' and M as
a subgroup of Q.

We have a commutative diagram

ShN(

p'Xp ms

P'xP L'XL—1L

K !

P'u\(P'zP)/P* c Q"\L/Q"
Ad(g(L/) Adéz(M/) ’

where the bottom arrow is the cyclic reduction map (4.3.1), p,p’ are the pro-
jections and mgs(¢', £) = €6(¢"), 7.(g', g) = ¢g’xg, and 7 is the quotient map.
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Let F € Sh(w), and let F = 7*F be its pullback to L. Let K =

Adsy (M)
¢ F € Sh(ETEDP), and let K = miK be its pullback to P’ x P. By
definition, F € Sh/\/(%) if and only if F is M’-nilpotent for the left

translation of M on L; K € Sh/\/(%

for the right translation actions on the P-factor of P/ x P. Therefore, we reduce

) if and only if K is L-nilpotent

to prove that the following are equivalent:

(1) f is M'-nilpotent for the left translation on L;

(2) K= (p x p)*m}F is L-nilpotent for the right translation on the P-factor.
Since p’ X p is smooth and equivariant for the right translation of L, (2) is
equivalent to

(3) mgf is L-nilpotent for the right translation on the L-factor.

It is easy to see that on L’ x L, L-nilpotence with respect to the left translation
is equivalent to L-nilpotence with respect to the right translation. Also myg is
equivariant with respect to the left translation action of L (but not the the
right translation), therefore (3) is equivalent to

(4) F is L-nilpotent for the left translation.

It remains to prove (1) <= (4). Let ur : T*L — I* be the moment map for the
left transaltion of L. Recall that F is Q'"-equivariant for the left translation ac-
tion, so pur(SS(F)) € né, (here ng = LieQ™). Then (1) means that the image

of pur(SS(F)) under the projection né, — m* is nilpotent, which is equivalent
to saying that uL(SS(j-:)) lies in the nilpotent cone of né,, which is (4). O

4.3.5. Geometric pieces. Recall from Section 2.7.8 that
P7\G/Py
L;
regarded as an ind-stack over k. For J Cg [% Lusztig [Lus04, §3] defined

a stratification of ); indexed by S;: for § € S;, V() is the locally closed
substack of )V defined as the image of the projection

Y (%) = Im(ZuZ C G — V).

Yy =

We shall call V(%) geometric J-pieces. For each w € W and any lifting @ €
Ng(T), w € Y(%) if and only if o;(w) = 4.

Below we recall an inductive construction of V(%) that leads to a descrip-
tion of it in terms of a twisted adjoint quotient, also due to Lusztig.

Let (Jyn, J), un) € Sy corresponding to u € JIW . We describe the geometric
piece Y (%) using cyclic reduction.

Choose a lifting 1, for each u,, in NLJTH1 (T'). (Here L;_, is understood to
be G.) For n > 0, let P! 41 C Ly, be the standard parabolic subgroup whose
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Leviis L N let P,+1 C Ly, be the standard parabolic subgroup whose Levi
is Lj,,,. For n >0, define

P \L;,/P}
- N _ n+1 n n+1 )
n(u()? 7un) Aduoun (LJ:I_',l)

If we define Ly | =G, Pj = Py = Py, then we can define Z_; using the above
formula, and we have

PN\G/PYy
Z4=—S"2 =),
Ly
We have maps
P \P! , junt1Prt1/PY
Zn(u(Ja T 7uTL) QZ’HI(UO’ T 7un+1) = n+1AdZJ(;.1..un (LJT/L ) =
n n+1
Zng1(ug, -+ 5 Ung1),

where the second map is the cyclic reduction in Lemma 4.3.2. The geometric
piece Y (%) is defined to be the fiber product for n > 0:

(4.3.6)

(5) =20

XZO(UO) ZO(UO? U1) XZ1(uo,u1) e Xanl(uo,..‘,un,ﬂ anl(UO, e ,Un).
The “shape” of the geometric piece V(%) is described by Lusztig:

PROPOSITION 4.3.6 (Lusztig [Lus04, 3.14]). Let (Jn,J),un)n>0 € Sy.
Choose liftings 1, € Ni, | (T') for n > 0 such that u, = 1 whenever u, = 1
(as usual, we understand Ly , = G). Let & = tg---uy, for n > 0. Let
K =I(J,u) C J. Then there is a canonical map

U Lg
V(=) =
T VF) 7 R (L)
that is an iterated gerbe for (pro-)unipotent groups.
One can eliminate the choice of @ by writing the right side as uLL—If

Proof. Let n > 0 such that J, = K. In (4.3.6), projection to the last
factor followed by cyclic reduction

u Lk
— _ Z, = ———
y(J)_>Zn 1(“07 aun)_> n Adu(LK)

gives the desired map, which is an iterated gerbe for (pro-)unipotent groups.
O
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COROLLARY 4.3.7. For each piece 5 with K = I(J,u), pullback along

T nduces an equivalence of categories

(4.3.7) 75, : Sh (“if) ~ Sh (AduL(IZK)) = Sh (y (%)) .

4.3.8. Partial order. Let > be the Bruhat partial order on W. In [He07,
3.8, 3.9, 3.13], a partial order >; on JW is defined as follows. For u,u’ € JW,
define u > u/ if there is a «” in the same W -conjugacy class of u’ such that
u>u.

Let w,w’ € W be in the same W s-conjugacy class. Recall from loc. cit.
that w’ is said to be obtained from w by a J-cyclic shift if ¢(w’) = ¢(w) and
w’ = sws for some simple reflection s € J such that either ¢(sw) = ¢(w) —1 or
l(ws) = ¢(w) — 1. Denote w ~; w' if w’ can be obtained from w by a sequence
of J-cyclic shifts. It is shown in loc. cit. that u >; v’ if and only if there exists
u” ~ju' such that u > u”.

THEOREM 4.3.9 ([He07, Th. 4.5]). For u € TW, the closure of V() is
the union of y(uj’) foru >y

4.3.10. The functor Chj,. Let J C J' Cg I®. Then the image of P under
the projection Py — Ly is a parabolic subgroup PJ‘] "c L 7. Consider the
diagram

J’! J!
_ PWN\G/Py 17 PY\G/PYy, P1 _ PY\G/PY
(438) yJ — JLJ 7 ],Pj]/ z J/LJ/ =

=Y.

Define
chy = (p7 (g7 )" : Sh(Vy) = Sh(Vp).

Finally, we recall the following key geometric input we will need to un-
derstand the natural transforms between sheaves on different geometric pieces.
We are grateful to Xuhua He for providing it in a recent paper [He23]. Note
that the sheaves involved in the following theorem need not have nilpotent
singular support.

THEOREM 4.3.11 ([He23]). Let J C J' C I, u € W and % = &7 (%).
Let K = I(J,u) C J and K' = I(J',u') C J'. Let iz, : Y(Y) — Vs and
Lyt y(f;é) — Yy be the inclusions.

(1) Suppose 4 is not quasi-J'-reduced (namely, £(u) > £(u')). Then the image
of ch’ o iju 2 Sh(Y(%)) — Sh(Yyr) is supported on the closed substack
Vi, <t(w) = Yew) <)Y (F7)-

(2) Suppose % is quasi-J'-reduced. (Recall that this means {(u) = £(u').) Then
there is a unique x € W "W such that z  uz=v' and K1:=z"(K)C K.
(Note that u' (K1) = K1.)
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Let

N uLK> <u’LK1>
Ad(z™") : Sh <LK — Sh Tr

be the functor induced by conjugation by =1, where & € Np,,(T) is any
lifting of x.>
Consider also the induction functor

I ! ! / /L /L /
“Indf = %' (0K Sh<“ Kl) — Sh (“ K )

Ky Lk
given by the correspondence
aK/ 1 pK’ bK/
w'Lg, "K1 WP UKi /L,
LKI P}I((I/ Ly

Then the outer square of the following diagram is commutative:

- (uLK)Ad(m—l)Sh (u’Lxl) k! ol (u,LK,)

Lk Lk, Ly
l 7";,“ l W}/’u/
J !
YT ’
u ’ U
ShY(5) - = - -—=-- -~ -sh (¥ (%))
iJ’u! iJ’,u’!
7
chf
Sh(Yy) Sh(Yy).
The same is true when iy, and iy, are replaced with i« and iy

respectively.
We define the functor 'Yiqlu :Sh(Y(%)) — Sh(y(f}—;)) as the composition
(4.3.9)

Tl u (ﬂ'?}’u)_l <uLK> Ad(z~1) <U/LK/> Tr‘*ll,u’ < <’U,/>)

(3) In particular, when Y is J'-reduced (which implies K1 = K' in the above

! /
notation), then 'yquu s an equivalence.

Proof. In the following we will quote results from [He23] where the author
primarily works with a finite dimensional reductive group rather than a loop
group. However, in [He23, 4.5] it is explained that the results there extend to
loop groups in a straightforward way.

(1) is proved in [He23, 4.2(a)].

3Two liftings of 2 differ by multiplication by ¢t € T C Lk, therefore the resulting functors
Sh(“LE ) — Sh(“EK
K

i 7—1) are canonically isomorphic.
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(2) is proved as follows. From the diagram of the proof of [He23, Th. 4.3],
we see that (using notation from (4.3.8))

(310 ) (0(5) ¥ (7).

Using proper base change and the fact that pj/ is proper, (4.3.10) implies
that for any F € Sh(Y(%)), Chj,iJ7u!f is a l-extension from y(%) Therefore,
to prove the statement, it suffices to show that %, u,chgli JuF is canonically
isomorphic to 'yj/;"/}" . This is exactly the statement of [He23, Th. 4.3].

For the x-version, using (4.3.10) and the fact that q:}/ is smooth, we see that
for any F € Sh(Y(%)), Chjl’l:J7u*F is a *-extension from y(%) Tlllefefore, it
suffices to show that z'f},vu,chj iJuxF 18 canonically isomorphic to ’yif F. This
is proved in the same way as the calculations towards the end of the proof of

[He23, Th. 4.3], using that qjl is smooth to justify the base change steps.
(3) follows directly from (2). O

4.3.12. Nilpotent sheaves. For J Cg 1%, recall that Hg j = Shar(Yy). For
J c J G I it is standard to check that ch{ sends Hg, s to Hg .

For each geometric piece %, we have the equivalence Sh()(4)) ~ Sh(“LL—If)
given in Corollary 4.3.7. Consider the subcategory Sh/\/(“LL—}f) C Sh(“LL—[f) con-
sisting of sheaves whose pullback to uL i is L g-nilpotent for the left transaltion

(equivalently, Lg-nilpotent for the right translation), using the terminology in-
troduced in Section 4.3.3. We define

s (v(3)) <50 (2 ()

to be the full category corresponding to ShN("LL—If) = ShN(%) under the
equivalence (4.3.7).

PROPOSITION 4.3.13. For § € Sy, let iz, : Y(5) = Y be the inclusion.
Then

(1) The category Hg.; = Shar(Yy) consists of objects F € Sh(Yy) such that
iy F € Shy(V(%)) for all 4 € S;. Alternatively, Shy (V) consists of
objects F € Sh(Yy) such that iy, F € Shy (Y (%)) for all 4 € S,.

(2) The functorsiju andiju. send Shar(V (%)) (defined above) to Shar (V) =
Hg,r.

Proof. We prove (1) and (2) follows. For (1), we give the argument
for the s-pullback statement; the !-version is similar. Recall the notation
Z,(ug, ... uy) and Z,(ug, ..., up+1) introduced in Section 4.3.5 for n > —1,
and recall (ug,uq,---) is the sequence of elements in W that appear in any
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combinatorial piece. Define Shar(Z,(uo,...,u,)) and Sha/(Z,(uo, ..., Unt1))
using left L, -nilpotence. Then Hg,j = Shy(2-1).
Fix n > —1 and (ug,...,uy,) that appear as the first n + 1 terms of a

combinatorial piece (so that Jo = J, Ji, J1, ..., Jut1, ), are defined according
the recipe in Section 4.1.1). We have a stratification
Zo(ug,y ... up) = U Zn(Ug,y .oy Uy Upt1)-
Un+1EJ;L+1Wj:

By convention, W_; := W. We also have the cyclic reduction maps
Cupir * Zn(U0s - s Up,s Un1) = Zp1 (U0, - - o Uny Ung1).-
Cram. For anyn > —1, F € Sh(Z,(uo,...,uy)) lies in

Shar (2, (uoy -« -y up))
if and only if for all up4+1 € ‘]:lJerVJJ:7 the sheaf

F2 e Sh(Zni1(uo, ..., tns Unt1))

Un+1

under cyclic reduction (i.e., ¢, Fo =

COT’I"@Spondlng to *F’Zn(uo,...,un,un+1) Un+1" Un+1

‘F‘Zn(u07---7unyun+1)) lies i Sh/\/(Zn+1(uO, ey un+1)).

Proof of Claim. Indeed, let Z,(ug,...,u,) = P \Ly /P%,, and let
Z,(ug, ..., unt1) be the preimage of Z,,(ug, ..., un+1) in Z,(ug, ..., u,). Then

Z,(ug, ..., upy1) for various u,41 give a stratification of Z,(ug, ..., u,) that
is stable under the left translation by L Ty By definition,

if and only if its pullback F on Z,(ug, ..., u,) is left L s, ~nilpotent, which

happens if and only if T | 3 is left L J;L+1—nilpotent for all uy41, if and

u07“'7un+1)

only if Flz, (uo,....uns1) € Shar(Zn(uo, - - -, upy1)) for all up 1. By Lemma 4.3.4,
f‘zn(u07--~7un+l) € Shar(Z,(ug, - - -, uny1)) if and only if

.FZTL+1 S ShN(Zn+1(u0, - ,un+1)).
This proves the claim. O

We continue with the proof of the proposition. Note that for each com-
binatorial piece (Jp,J),,u,) € Sy, Jn will stabilizes for n > r, where r is
the semisimple rank of G. Each 4§ € S; gives an (r + 1)-tuple (uo,...,u;),
and by the above remark, u is determined by (uo,...,u,). For each u € Sy,
we define F2 € Shar(Z,(ug,...,u;)) to be the result of restricting and ap-
ply cyclic reduction successively. In other words, under the unipotent gerbe
Tiu 2 V(5) = Zr(uo, ..., up), 71':'}7u]:5 o~ .7:|y(%). Using the claim in the pre-
vious paragraph repeatedly for n = —1,0,...,7 — 1, we conclude that for
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F € Sh(Yy), F € Shar(Yy) if and only if 2 € Sh(Z,(ug,...,u,)) lies in
Shar (2 (uo, . . ., uy)) for all J-pieces 4. By definition, the latter is the same as
saying ]:]y(%) =iy, F lies in Shy(Y(%)) for all 4 € S. O

For any locally closed substack Z C )j that is a union of geometric
J-pieces, we define Shar(Z) C Sh(Z) to be the full subcategory consisting of
F € Sh(Z) such that i, F € Shy(Y(%)) whenever 4 C Z. By Proposi-
tion 4.3.13, for Z = ));, this definition of Shas()s) coincides with the old one
that is Hg. ;.

COROLLARY 4.3.14. The full subcategories Shar(Z) for closed unions of
geometric pieces Z C Yy give a stratification structure on Hg j indexed by the
poset (Sj,<j) (in the sense recalled in Section A.1.2), such that the strata
category corresponding to 5 € Sy is Shy (V(5)).

4.4. Semi-orthogonal decomposition of the cocenter. In this section, we
prove Theorem 1.2.3 and its generalization Theorem 1.3.4, which describes
the cocenter hh(Hg) up to taking “associated graded” indexed by enhanced
Newton points.

4.4.1. Colimit of character sheaves. Let J Cg I*. By Lemma 4.3.7, we
have a canonical equivalence Sh()(%)) ~ Sh(L,/L;). By definition, we have

Sie (9 (3)) = Shac(Ls/ L),

We remark that Shar(Lj/Ly) can be viewed as a version of the category of
character sheaves on L allowing sheaves with infinite-dimensional stalks.

By Proposition 4.3.13, the closed embedding i : y(%) — ) gives a
fully faithful embedding

. 1
L] = 1J1% * ShN(LJ/LJ) ~ ShN <y <j>> — Hgﬂ].

For J C J' Cg I%, there is the induction functor of character sheaves defined
by Lusztig:
Ind? : Shar(Ly/Ly) — Shar(Ly/Ly).

Via the embeddings ¢; and ¢/, the induction functor is intertwined with chﬁl :
Hg.s — Hg,yr. Therefore they induce a functor on colimits

(4.4.1) ¢ : colimp Shpr(Ly/Ly) — colimp Hg, 7,

where D is the groupoid D°/€ introduced in Section 2.7.5. Combining the
above functor with the equivalence to hh(Hg) given by Corollary 2.7.11, we get

(4.4.2) COhmJED ShN(LJ/LJ) — hh(?‘[g)
THEOREM 4.4.2. The functor v is fully faithful.
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This is the specific statement we seek for this paper; it is an easy conse-
quence of a general theorem describing all of hh(Hg) up to “taking associated
graded,” which we will state and prove next. Below we will take the main step
towards such a description of hh(Hg) by considering hh(Hgeo, Hg) first.

4.4.3. Semi-orthogonal decomposition of hh(Hge,Hg). In this section, we
arrive at our first approximation to the main goal, as encapsulated in Theo-
rem 4.4.4.

Instead of the cocenter hh(Hg), we consider hh(Hge, Hg), which is equiva-
lent to colim -, 7« Hg,s by Corollary 2.7.11. By the discussion in Section 2.7.12,
Hg decomposes into the direct sum of Hgo-bimodules Hg according to the con-
nected components of G indexed by w € 2. We have a decomposition

hh(Hge, Hg) = €D hh(Hge, H).

we

For v € ﬁf’, recall the essential part ’Bg C B, whose J-facets are indexed
by the subset S?a C Sy consisting of 4 such that v(u) = v and £(u) = (2p,v).
Recall that Tot(Sé7 ) =scpre S?D is a poset as defined in Section 4.2.1, and

the order is opposite to the closure order of facets in %g. If4 < 1}—1 in Tot (S;7 ),
we have the functor

s (0 (5)) = s (9(5))

defined in Theorem 4.3.11. (See (4.3.9); here we restrict to sheaves with nilpo-
tent singular support.)
Using the functors 'yj;“ we may form the colimit

(4.4.3) colim., 59 Sh (¥ (5) ) -

For v = (0,0), Tot(Sg) consists of % for J Cg I% it can be identified with the
poset D°. In this case, the above colimit is the same as colim jc,, 7« Sha/(Ly/Ly)
using the induction functors.

THEOREM 4.4.4. Firw € Q. Then hh(Hge, HE) admits a semi-orthogonal
decomposition indexed by non-negative integers

hh(Hge, HE)o — hh(Hge, HE)<1 — -+ hh(Hgo, HE)<n
< -+ <> hh(Hge, HE) = ] hh(Hge, ME)<n.

n>0

In particular, each inclusion hh(Hge, Hg)<n — hh(Hgo, HE) extends to a rec-
ollement.
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For each n > 0, the n-th associated graded category hh(Hge, HE)n has the
following description: it is the direct sum

hh(Hge, HE)n ~ P hh(Hge, HE)w,
ﬁ:(u,w)eﬁlg,@p,u):n
and for v = (r,w) € NP,
NS u
hh(Hge, Hg), = colimy .y 52 Sha (¥ () ) -

Proof. In the argument we shall treat hh(Hgo,Hg) as a whole. It is clear
that the resulting semi-orthogonal decomposition induces a semi-orthogonal
decomposition for each summand hh(Hge, HE).

Abbreviate Hg,; by Cj. Let Vj <, be the union of geometric pieces V()
with £(u) < n. By Theorem 4.3.9, Vj<, is closed in YV;. Let Cj<, =
Shar(Vs<n). (The meaning of Shys is defined in the paragraph preceding Corol-
lary 4.3.14.) By Theorem 4.3.11(1) and (2), for J C J' Cg I%, the functors
chjf send Cj <y, to Cj <. Therefore we may form the colimit

an = COlimJCft[a CJ,STL

using the functors Chjl.
For v € NP, define )5 o to be the union of Y(%), where v(u) = v and
l(u) = (2p,v). Let Vj<p o be the substack of Yy <,:

Vi<no = Vi<n—1U U Vivo

U=(v,w)eNP,(2p,)=n

Again by Theorem 4.3.9, Vj <y, ¢ is closed in V. Define Cj <, o =Shpn (V. <n,0).
In Theorem 4.3.11(1) and (2), chjl sends Cj <0 to Cj <n . Therefore we may
form the colimit

C<no = colimjc; e Cr<pno
. !
using the functors chj .
For each J Cyg 1%, we have natural inclusions

Cr<00 = Cr<0—=Cr<10 = =Cr<n-1=Cr<no = Cr<n— .

These inclusions are compatible with the functors ch? ,, hence we get functors
between the colimits over J:
K i K in Kn
CSO,@ —O> Cgo —O> CSLQ) —1> e —> an—l — an,qp — an —

For each J, we have C; ~ colim,, Cj <,. Commuting the order of taking colim-
its, we have
hh(Hg) ~ colim jepo Cy =~ colim,, C<y,.

The assertion of the theorem will follow from the two claims below:
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(1) For n > 0, the functor iy, : C<p—1 — C<p o is fully faithful and extends to
a recollement diagram

3

jn! n
.1 E.* .
In=In in
(4.4.4) Cn.0 =~ Cano < Can-1,
n*x n
_— _—

where the category C, ¢ is canonically equivalent to the direct sum of
hh(Hge, HE)w defined using (4.4.3) for w € Q and (2p,v) = n.
(2) For n > 0, the functor &y, : C<, 0 — C<y is an equivalence.

We first prove Claim (1). Let NP, be the set of 7 = (v,w) € NP such
that (2p,v) =n. For J Cg 1%, let

Vino = ]_l Vip = H H y(%)

UENP,, DENP, \ %€S5,

Let Cjyn0 = Sha(Yyno). The decomposition of V;, ¢ above gives a decom-
position

(4.4.5) Cino= P Crso= P D s (y (%))

7ENP, UENP, \ %€S5;
Then Cj <y o carries a recollement structure

Sk

jJ,n! ZJ,n
e A e
Jn—JIn Jn
(4.4.6) Cino <~ Cr<n,® - Cr<n-1-
nx n
_— _—

For J C J' Cy 1%, Y € ng, 4 is quasi-J'-reduced since £(u) = £(u’) =
(2p,v) if 47 = aj/(%). By Theorem 4.3.11(2), the functor ch? respects
the recollement structure on Cj<y, o and induces the functor @%65?5 ’Yi;}u/ )

Cino,p) — Cyno- By Proposition A.2.1 of Appendix A, we conclude that the
colimit C<, o = colimjc; e Cj<no also has a recollement structure by tak-
ing termwise colimits of (4.4.6). This gives the recollement diagram (4.4.4).
Moreover, the category C, o in (4.4.4) is the direct sum over v € ﬁn of
Cy0 = colimjc, e Cyp . By (4.4.5) and the description of chgl on Cjp o in
terms of 'yi;’Lu/, we conclude that C, o is canonically equivalent to (4.4.3).

Now we prove Claim (2). We fix n € Z>q. Let X, C € X NP be the set
of pairs ([E],7) € € x NP such that (2p,v) < n. Then S, has a partial order
([E],v) < ([E'],v) if [E] < [E'] in € (no comparison if the Newton points are
different). We extend this partial order to a total order on ¥, and denote it
by <.
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For J Cg 1, let Sy (k)7 be the set of combinatorial pieces 5 € Sy such
that £(u) = n,7(Y) = [E] and v(u) = v. For ([E],V) € Yy, define a finite
subset of Sy by

S B = Si<no U U S (n,[E,57)
T<n3([E']P)2(E]P)

By Lemma 4.1.8, for J CJ' Cg I, the map 55/ send Sy <(n,[E],5) 10 S1 <(n,[E],)-
Therefore the assignment J — Sj <, [£],5) gives a D°-subset S<(,, ],5) of Sp.
Let

B(n]5) = Sx(n.[5.5)] C B
Let SJ7_<(n7[E]7’ﬁ) = SJ,j(n,[E]ﬂj) \SJ,(ny[ELﬁ)' Thus we get a D°-set S—<(n7[E],17) and
its geometric realization B, g)7)-

Let Vj<(n,E),7) C Vs be the union of geometric pieces V(%) where 4§ €
87<(n,[E),5)- By Theorem 4.3.9, ¥ (5, |g),5) is a closed substack of V;. Simi-
larly we define the closed substack V; <, (£],7) C V. The category of nilpotent
sheaves

Cr=<m, 5 = SV Vi<t )  Cr<mEp) = Shv(Vs<m,E]5)

are defined as in the paragraph preceding Corollary 4.3.14. Theorem 4.3.11
implies that chfl sends Cj<(n,[E),5) t0 Cjr <(n,[E),5)- We form the colimit

C<nlpl,p) = colimycyre Cr<(n,(2)7)-
Similarly define C_, [g]5). Since = is a total order, CL (g 5) = C<(n,[E]5)
if ([E’],7") is a predecessor of ([E],v), or if ([E],7) is the minimal element of

Yens Cx(n,B)p) = C<n,0-
Since Cj,<n, = colim(g) p)ex.,, C1,<(n,[E],7), taking colimit over J we get

C<n = colim(g) pyes., C<(n,[E),5)-

To show that C<, o — C<, is an equivalence, it suffices to show that for each
([E],V) € X«p, the natural functor

k(B Cx(m,(B1) = C(n[B)9)

is an equivalence. For this we apply the contraction principle for cosheaves on
posets that we proved in Theorem A.5.1, in the form of Corollary A.5.3.

To set the stage for applying Corollary A.5.3, we define a poset Z whose
underlying set is

T:=D°U TOt(S(n,[E],D))-

Let f : Z — D° be the projection that is the identity on D° and the natural
projection on Tot(S,,(g]7)). Let s : D° < T be the inclusion. For the partial
order, we include all order relations from D° and Tot(S(,,(x]7)), and we take
the partial order generated by the following extra relations:
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e for any J € D° and 4 € S (£],5), We declare s(J) < %;

e for any J C J' in D°, § € Sy (y(E),5) such that (5J (%) € Syt <(n,E]5), We
declare 4 < s(J).

By construction, f is a coCartesian map of posets, and every fiber f~1(J) has

a unique minimal element s(.J).
We next define a cosheaf F on Z in the sense of Section A.3.2.

e For J € D°, let fs(J) = CJ7<(n’[E],17) = Sh/\/(y]’<(n’[ ))

o For § € Sy (m)), let Fr = Shy (Vi <(n[5]) Uy(%)) Note that Y, (5],5)
UY(Y) is closed in V.

The transition functors are defined as follows:

e For J C J' € D°, the functor Fs(g) = Fs(ry is given by chjl.
e For J € D° and 4 € Sy [E],5), the functor F( ;) — .7-"% is

« t Shw (Vs <(n EM)HShN(yH E],,>uy( ))

for the closed embedding ¢ : YV <(n. (£)5) < Vi<, E5) YUY ( )
e For 4 < 1}—; in Tot(S(,,(£),7)) (Which means 57 (5 =% ), the functor Fu —
Fu is given by ch’ . Here we use Theorem 4.3.11(2) to verify that ch?

inéeed sends sheaves supported on V(%) to sheaves supported on y(%)
since (u) =l(u') =n

e For 4 < s(J'), where J C J', % € Sj g5 and (5}/(%) € Sy <(n,[E)P)>
the functor ]-"% — Fy(y) 1s again given by Chjl. Here we again use The-
orem 4.3.11(1) and (2) to verify that ch?’ indeed sends sheaves supported
on V(%) either to sheaves supported on Yy <,—1 C Yy < g9 if £(u') <
¢(u)=n, or to sheaves supported on y(};—ﬁ) C Yy <)) if L) =L(u) =n.

By construction, s*F is the cosheaf on D° whose value at J is Cj < [£],7)

and transition functors are given by Chjl. Therefore
(4.4.7) C<(n,[E],17) = COlimDo s*F.

On the other hand, we claim that for any J € D°, (ff F)g = C<n,E)
and this assignment extends to an equivalence of cosheaves on D°. (For the
definition of [ f]: for a coCartesian map f, see Section A.3.3.) Indeed, since

“HJ) = {s(J)} US)(nE)5) as a poset has s(J) as the minimal element and
no extra relations besides those already in Sy, (g5 ([, F . )s is the pushout
of Fy() diagonally embedded into &Fu (sum over all 7 € Simipp) In
other words, ([ f F)y is the pushout of Cj_(, k), diagonally embedded into
OShy (Vi< (g9 U V(G)) for all 4 € S p5)- The latter is precisely
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Cj,<(n,[E],») because of the open-closed decomposition

u
Vi<(nE5) = H y(j) U Vs <(n,|E]5)-

€SI (n,E))

The transition maps ([ 5 Vo= ([ 7 F)ur are given by ch’’, therefore we get

(4.4.8) colimpe ( / F ) = colimpe Cj<(n,[5],5) = Cx(n,[E]5)-
f J

Now we would like to apply Corollary A.5.3 to the situation of f : Z — D°
with section s, and the cosheaf F on Z. The conclusion would be that the
natural map colimpo s*F — colimpe f f]-" is an equivalence. Combining with
(4.4.7) and (4.4.8), we conclude that

H[E]Jj : C<(n,[E],l7) = COlimDo s*F — COlimDo /ff = Cj(n,[E},ﬁ)

is an equivalence, proving claim (2).
It thus remains to check that the conditions for applying Theorem A.5.1
are satisfied.

The first condition. we define £ to be the cosheaf on Tot(Su, g)5) =
T\ 5(J) whose value at 4 is Sha/(Y(%)), and the transition functors are given
by ch:;/. We have a natural map 8 : Fpoy Stmime) L termwise given by

open restriction Shar (Vs «(n (g5 U V(%)) = Sha (Y (%))
With this definition of £, we need to check that

B «
L<~— ]:|T0t(3(n,[E],D)) < (S!S*F)|Tot(8(n7[g],a))

is a recollement of cosheaves on Tot(S(, (g)7). By Lemma A.5.2, 55" F =~
[*s*F, so we can replace the rightmost term by (f*s*F)|tot(s,,,
at 4 € 8y (n,[E],5), they fit into a recollement

EL5))" Termwise

(4.4.9) Shy(V(4)) == Shw (Vs <(n[E1,5) Y V() = Shx (Vj<(n[E]5))

by the open-closed decomposition V(%) U Y < (k),5). All functors above are
continuous by Proposition B.0.1, therefore (4.4.9) is a recollement in St%. For
5 < % in Tot(S(,(£],5))> chﬁl induces a morphism of between the recollement

(4.4.9) and its counterpart for 1}—;, which follows from Theorem 4.3.11(2). This
verifies the first condition.

The second condition. By Theorem 4.3.11(3), L is locally constant.
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The third condition. We need to check that |s(D°)| C |Z| is a homotopy
equivalence. Let K := Tot(S< (g)5)); K' := Tot(S<(n,[k),5))- Then I\ D° =
Tot(Sin,(g],7)) = K\ K'. For any Dset X, let D° < X be the poset whose
underlying set is D° LI X with the added relation J < x for any « € X ;. Then
|D° < X| is homeomorphic to the mapping cylinder [0, 1] x |X|] ]y x| |D°|
of the projection | X| — |D°|. Now we can write Z as a pushout of posets

7= (p°<k) [] P,
De <K’
where the map D° <t ' — D° is the identity on D° and the projection on K'.

Under this presentation, the inclusion s : D° < Z corresponds to the inclusion
of the second factor D°. Taking geometric realizations we get

1Z] = ([0, 1] x |K]) II D7

{0} x|KU[0, 1] < K7

To show |D°| < |Z| is a homotopy equivalence, it suffice to show {0} x || U
[0,1]x|K'| < [0, 1] x|K] is a homotopy equivalence, or |[K'| < |K| is a homotopy
equivalence.

By Remark 4.2.3, |K] is a subdivision of B3 <, g)), and |[K'] is a subdi-
vision of By L, (). Thus it suffices to check that the inclusion By, (7)) —
By <(n,(E) I8 @ homotopy equivalence. Both By ., g and By <, [xz)) are
downward subsets of B; in the sense of Definition 4.2.18 (see Example 4.2.19).
Therefore by Proposition 4.2.20, the inclusions Crit(f); < |B5 <, g))| and
Crit(f)s < By <(n,(E)) are both homotopy equivalences, hence the inclusion
By <(n,[E]) < B<(n,[E)) is also a homotopy equivalence. This verifies the second
condition and completes the proof of the theorem. ([

Remark 4.4.5. We expect that hh(Hg) has a recollement structure indexed
by the stronger poset (ﬁls, <). Under Conjecture 1.5.1, this recollement struc-
ture should correspond to the Harder-Narasimhan stratification on Bung(FE),
which is also indexed by NP.

4.4.6. Semi-orthogonal decomposition of hh(Hg). Now consider hh(Hg).
By the discussion in Section 2.7.12, hh(Hg) again decomposes into a direct
sum hh(Hg)“ indexed by w € Q.

Identify © with length zero elements in W. Then Q acts on W by con-
jugation. The length function £ : W — Z>o and the enhanced Newton point
function 7 : W — NP are Q-invariant. Therefore for .J Cg 1% and w € ), we
have a bijection

deSJ:)Sw(J)

wuw !

w(J) -

sending 4 to
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For v € ﬁf’, the map d,, induces a bijection
O~ @
Siv = Soun

This induces an action of 2 on the D°-set Sg, and on the total set Tot(Sg).
We can form the groupoid [Tot(S;QQ )/§?] whose objects are Tot(SlE/? ); morphisms
between 4 and f}—; € Tot(Sg) are the set of w € €2 such that d, (%) = f}—;

The action of ¢, on Hg (see Section 2.7.4) induces an equivalence Hg ;j —
Hg (), Which restricts to an equivalence Shar(V(%)) = Shar(V(dw(%))). Thus,
the assignment 4 — Shx/(V(%)) also extends to a functor

Sha(V(—)) : [Tot(8Y)/Q] — St % s Shy (y (%)) .

We can then form the colimit

COhm%e[Tot(Si?)/Q] Shar (y (%)) .

For v = (0,0), [Tot(Sg)/Q] can be identified with D. In this case, the above
colimit is the same as colim jep Shas(Ly/Ly) under the induction functors.

THEOREM 4.4.7. For each w € ), the category hh(Hg)¥ admits a semi-
orthogonal decomposition indexed by non-negative integers

hh(Hg)§ < hh(Hg)2y < -+ hh(Hg)%, = -+ — hh(Hg)* = | ) hh(Hg)2,.
n>0
In particular, each inclusion hh(Hg)2, < hh(Hg)“ extends to a recollement.
Forn > 0, the n-th associated graded category hh(Hg)n has the following
description: it is the direct sum

hh(Hg)y = o, hh(Hg)s,

7=(vw)ENP,(2p,v)=n

where for v € 1(1‘137
. u
hh(Hg)y = colimu ¢ ipo 59y g Shw (y (3» '

J

In particular, the functor v from (4.4.1) is identified with the embedding hh(Hg)o
=~ colimyep Shy(Ly/Ly) < hh(Hg)?. In particular, v is fully faithful.

Proof. Again we will prove the statement for the whole hh(Hg), which
implies the statement for each summand hh(Hg)*. By Corollary 2.7.7 we have
hh(Hg) ~ hh(Hgeo,Hg)qa. Each filtration step hh(Hge, Hg)<n in hh(Hgo, Hg)
constructed in Theorem 4.4.4 is stable under 2. By Proposition A.2.1, taking
Q-coinvariants (which is the same as taking colimits over Bf2) gives a semi-
orthogonal decomposition of hh(Hg) with filtration pieces

hh(Hg)<n =~ (Rh(Hge, Hg)<n)a
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and associated graded category
hh(Hg)n ~ (hh(Hge, Hg)n)a-

By the description of hh(Hge,Hg), in Theorem 4.4.4, we see that hh(Hg), is
a direct sum over those v = (v,w) € NP (such that (2p,v) = n) of

(hh(Hge, HE)w)o ~ (colim%eTot(Sgp) Shyr (y (%)))Q

The same argument as in the proof of Corollary 2.7.7 allows us to rewrite the
right side as a colimit over the groupoid [Tot(Sg )/€). O

5. Endomorphisms of Whittaker functional

Throughout this section, we assume that the coefficient field k is alge-
braically closed and char(k) = 0.

Notation 5.0.1. Fix 7 a complex number with imaginary part Im(7) # 0.
Let G be a reductive group over C with maximal torus 7" and t = LieT. In
this section, we shall adopt the following notation:
(1) e @ the set of roots of (G,T);
¢ D=7 x®;
e D=ZxZx®.
(2) Each a € @, ® or ® defines an affine linear function on t as follows:
e o € O, defines a linear functional « : t — C;
e a = (n,@) € ® defines an affine linear function a := @+ n;
e o= (n,m,a) € ® defines an affine linear function o := @+ n + m7.
Under the above notation, let Hy, = {z € t: a(z) = 0}, and let s, be
the reflection about H, defined by s,(z) = 2 — a(z)a".
For a € ®, let go C g be the root space, and for o = (n,@) € ® or
a=(n,m,a) € &3, let go = ga.
(3) For J C @, ® or </IS, let €7 = NaesHa, and define the following sets of affine
subspaces of t:
e S={e;:JC P}
6:{6J:JC(§}4;
/('g = {EJ :J C (/I\)}
Let W be the Weyl group of (G,T), which naturally acts t;
Set W = X, (T) x W, which acts on t via (\,w) -z = A + w(z);
Set W = (Xu(T) x X, (T)) x W (with the diagonal action of W), which
acts on t via (Ag, Ao, w) - & = A\ + 72 + w(z).

—~
=~
~—
[ ]

“Note that by definition G is in natural bijection with the set € of relevant affine subspaces
in the standard apartment 2 = tg; see Section 4.1.4.
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(5) e Foree®, put @.:={aec®: a(e)=0}, and set We=(s4: v € ) CW;
o For e€ &, put d.:={aed: ale)=0}, and set W.=(sq : o € D) CW;
e For e€&, put O.:={aed : ae)=0}, and set W= (s : alind,) cW.
For € € 6,6, or /(%, put L. the connected reductive subgroup of G
containing T" with roots ®., so that it has Weyl group We.
(6) o Foree &, put W€ = Ny (W,)/We.
o For e € &, put W¢ = Ny (We) /We.
o For e € &, put We = Ny (We)/We.
(7) Write C¢ for the set of isomorphism classes of cuspidal sheaves on Ng /G,
where Ng C g is the nilpotent cone of G. For definition, see [Lus87, §2].
e C={(,B,F):e€ &,FeCL,B>T aBorel subgroup of L}.
o« C= {(, B,F):e€ g,F € Cr.,B D T a Borel subgroup of L.}.
e ¢={(c,B,F):cc S, F¢ CL.,B D T a Borel subgroup of L}.
(8) We also use the notation Wg, 8¢, €q, etc. to emphasis the dependence
on G.
(9) For JC®,® or @, put Ly=Le,,Wy=W,, W/ =W¢ 3;=X.(Z(L;)°)
®z k, C;=Cr,, E:J = ELJ, etc.

5.1. Combinatorial descriptions of character sheaves. In this section, we
shall recall the combinatorial description of the dg category of character sheaves
in [Li18] (for simply-connected group) and [Li23] (for reductive group). Using
the same idea, we give a combinatorial description of the colimit category
colimjep Shar(Ly/Ly). The latter may be thought of as an elliptic version
of character sheaves. The main results and the relationship between various
versions of character sheaves is summarized in Corollary 5.1.9.

5.1.1. Sheaves of categories on affine spaces. Let A be a free Z-module of
finite rank, and let A¢c be complexified affine space. Let § be a locally finite
set of complex affine subspaces of A¢c. For any € € §, denote by € the linear
space parallel to €, and denote by 3¢ = (€NA) ®z k the finite dimensional affine
space over k. Let QCoh. be the constant sheaf of categories on € with value
QCoh(3f[~1]). For a map of sets f : & — §, write QCohg = [].ce QCohy(y),
viewed as a sheaf of categories on A¢. Let K be a discrete group of affine linear
transformations acting properly discontinuously on Ac, and assume that the
linear part of K preserves A and that § is stable under the K-action. Assume
also that K acts on &, such that f is K-equivariant. Then QCohg is naturally
a K-equivariant sheaf of categories on Ac. Therefore, for any K-invariant
open subset U C Ac, we have natural K-action on I'(U, QCohg). Denote the
invariant category by I'(U, QCohg)*.

Remark 5.1.2. Let A be an dg-algebra over k, and let K be a discrete
group acting strictly on A. The smash product k[K]#A is by definition a dg
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algebra whose underlying dg vector space is k[K]| ® A, and the multiplication
is given by (w ® a) - (' ® ') = (ww' ® w'~!(a)a’) for all w € K and a € A.
There is natural equivalence of dg categories (see, e.g., [Lil8, §2.2]):
(k[K]#A)-mod ~ (A-mod)X
Using smash product, we can write I'(Ac, QCohg)® more concretely as
follows: Let & / K be the set of K-orbits on &, and let [& / K] C & be a set
of representatives of each orbit. Denote by K. the stabilizer of K at ¢ € &.
Then we have equivalence of categories:
T(Ac, Q€ohg)* ~ [ (Sym(3y(c[1])-mod)™
cE[& K]
~ [ kIKJ#Sym(sy[1])-mod.
cE[B K]
Let K’ € K be a subgroup, and let &' C & be a K’-stable subset. We
have a pair of adjoint functors:

(5.1.2) Indg/ /i, : T(Ac, Q€ohg )™’ & T'(Ac, QCohe) : Resy) ...
Furthermore, when the context is clear we shall simply denote them by Ind, Res.
Now we take A = X, (T), and hence A¢ = t. In Notation 5.0.1, the groups
W, W and W naturally act on G, S and & respectively. For any w € W, 1%
or W, denote its image in W by w. Therefore Ad(w ) gives 1dent1ﬁcat10ns

Le~ Ly and Cp, =~ C, w(o- This gives an action of W, W and W on ¢, ¢ and
¢ respectively. Let f: € — &, f ¢ - & and f ¢ — & be the projections.
Therefore the categories

I'(t, QCohe)" , T(t, Q€ohy)", and T(t, QCohg)™

(5.1.1)

are defined.

We have the following combinatorial description of character sheaves on
G and g:

THEOREM 5.1.3. Let G be a connected reductive group over C. There are
equivalences of categories:
(1) Ly : Sha(g/G) =~ I'(t, QCohe)";
(2) Lg : Sha(G/G) = T'(t, QCohg)W

Proof. (1) This is essentially the generalized Springer decomposition. We

use notation from Section 1.6.4; in particular, I denotes the set of simple roots
of G with respect to T" and B. Let

(5.1.3) D:={(JF):JCI,Fe(C;=Cp,}.
By [Lil8, Th. 1.2], we have an equivalence of categories:
(5.1.4) Sha(g/G) ~ €D k[W]#Sym(3,(1])-mod.

(J,F)ED
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Let f: ® — € be the map sending (J, F') to (e;, BN Ly, F), and let f be

the composition © ENYNG J W. Then f is bijective by [Lil8, Lemma 3.1].
(The content here is that if L; carries a cuspidal local system, then any two
parabolics containing Lj; as a Levi subgroup are conjugate in G.) One can
further identify W with W,, the stabilizer of ¢ = f(.J, F) under the W-action
on €. Therefore, (1) holds by (5.1.1).

(2) is proved in [Li23, Th. 1.1.1]. O

In view of Remark 5.1.2, Theorem 5.1.3 implies the following explicit
description of the category of character sheaves on the group G, analogous to

(5.1.4).

COROLLARY 5.1.4. For any connected reductive group G over C, there is
a canonical equivalence

(5.1.5) Shar(G/G) ~ 4 k[W7]#Sym(3[1])-mod.
{(J,F):JCyIo,FEC,}/Q
Remark 5.1.5. Let F € Shy/(G/G) be an object whose image on the right
side of (5.1.5) lies in a single summand indexed by (J, F'). Then the support of
F is contained in the closed subset of G consisting of elements whose semisimple

parts lie in Ad(G)(exp(ey)), where the exponential map exp : t — T normalized
to have kernel X, (7).

Now we explain the relationship between character sheaves on the group
and on the Lie algebra. There is a natural functor 8; : Shy(G/G)— Shy(g/G)
defined as follows: Let D be a Ad(G)-invariant star-shaped open subset of g
such that exp : D — G is an isomorphism onto its image. Let j : D/G < g/G
be the open inclusion. Then j* : Sha/(g/G) — Sha/(D/G) is an equivalence of
categories, and we put

(516) =" oexpl : Sh(G/G) — Shy(g/G).
The functor 81 perserves limit, and therefore admits a left adjoint «;.

PROPOSITION 5.1.6. Under the equivalence in Theorem 5.1.3, the dia-
grams naturally commute:

Shar(g/G) — T'(t, QCohe )V

Lg
aq H\ﬁl Ind\H\Res

Sha(G/G) Tt QCohg)W .

Proof. This follows from the proof of [Li23, Th. 4.4.3]: Under the no-
tation loc. cit., the functor Sha/(G/G) — Shas(g/G) is identified with the
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natural functor lim;eg, Chg — Chg(I = 0), which is identified with the func-
tor limreg,, QCoh%V — QCoh%V(I = 0), which is then further identified with

Res : I'(t, QCOhE)W — T'(t,QCoh¢)". The other commutative square follows
by adjunction. O

Now let P D T be a parabolic subgroup of G, with Levi subgroup L D T
Then we have a pair of adjoint functors by parabolic induction and restriction:

Ind¥p : Shy(L/L) 2 Shy(G/G) : ResGp.
ProprosITION 5.1.7 ([Li23, Th. 1.1.2]). Under the equivalence in Theo-

rem 5.1.3(2), the diagrams naturally commute:

Shpr(L/L) % I'(t, QCohg )"

L

Ind%-p ” Resf - p Ind “ Res

Shy (G/G) % I'(t, QCohg )<,

Next we will prove a double affine version of Theorem 5.1.3. Instead of
considering character sheaves on the Lie algebra or the group, we consider the
colimit colim jep Shar(Ly/Ly). Recall that in Section 4.4.6 we have identified
the initial filtered piece hh(Hg)o of hh(Hg) with this colimit. From the point
of view of Betti geometric Langlands, this colimit can be thought of as an
elliptic version of character sheaves, i.e., nilpotent sheaves on the semistable
locus of Bung(E) for an elliptic curve.

THEOREM 5.1.8. There is an equivalence of categories

Lg : colimjep Sha(Ly/Ly) ~ T'(t, QGOhE)W’

where the colimit is formed using the parabolic induction functors as in Sec-
tion 4.4.1.

Proof. We may rewrite the colimit on the left side as a limit

Sl Shav(Ly/Ly)

using the parabolic restriction functors that are right adjoint to the induction
functors.

We view W as a subgroup of W in two ways: W = (X4(T) x 0) x W and
W7 = (0 x X,(T')) » W. Denote by W¢ C W, W™ C W7 the corresponding
affine Weyl group. Let 2 := X, (T)r. Recall that we have fixed an imaginary 7
so that t = ¢ = A x Ar. For a subset X C A, X7 denotes the corresponding
subset of [T, which in turn is a subset of t.
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The affine space 2 is stratified by facets given by connected components
of intersections of affine roots hyperplanes. For any J Cg I¢, let 215 be the cor-
responding facet in the fundamental alcove, i.e., A;={z € A|a(x)=0, 5(z) >0
foralla € J,8 € I*\ J}. Let star(2 ) C A be the star of 2 ;; namely, star(2l ;)
is the union of facets whose closures contain 2[;. Denote the open subset:

Vy =2 x star(A ;)7 C A x A1 = Ac.
We have an isomorphism of topological groupoids

colim jepo star(A;)r /Wy = Ar /W7,
Dividing €2 on both side, we get an isomorphism of topological groupoids
(5.1.7) colim jep star(A ;)7 /Wy ~ Q[T/WT.
Let X, (T)x W7 C W be the subgroup generated by X, (7') x 0 and W7 CNW“’T.
Abstractly, it is isomorphic to the semi-direct product X, (7') x W; ~ W, the
extended affine Weyl group of L;. Then (5.1.7) induces an isomorphism of
topological groupoids

colimyep Vi /(Xu(T) x WF) ~ t/W.
Since all arrows in the above colimit are open embeddings, it further induces
an equivalence
T'(t,00hg)" ~ I'(t/W, QCohy)

(5.1.8) ~ lim T(Vy/(XA(T) x W}), QCohg)

~ i NAX(T)yxWT
~ lim T(V;,QCohg) 7

On the other hand, choose any x € 2;7, and let t, : t — t be the
translation by x. Then there is a canonical isomorphism of sheaves on V;

(519) t{l‘,*(QGOhE])‘VJ = QGOh@’VJ.

This is because affine spaces in ¢ having nonempty intersections with V; are
precisely those of the form t,(€) for € in €;. The isomorphism (5.1.9) is natu-
rally X, (T') x W} ~ W equivariant, and it induces an equivalence on global
sections:

(5.1.10) T(Vy,QCohg)™ ™7 ~ I(1;1(V;), Q€ohg )™ = T'(t, QCohg ).

Here, the second equivalence is because t;!(V}) is convex and has nonempty
intersection with each affine space in €; (and hence the intersection is con-
tractible). Moreover for J C J' Cg I, under (5.1.10) the restriction map

F(VJ, Qeohé)x*(T)XW} — I‘(VJ,’ Q@Oha)x*(T)XlW;/
is identified with the restriction map defined in (5.1.2):

/Wy W W,
Reséj/wj .F(t,Q@ohEJ) 7 — (4, Q(‘?ohEJ/) U
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It is also clear that (5.1.10) is equivariant under the action of 2. Therefore, the
functor D°PP — Stff defined by J +— T'(V;y, QCohg)*-(1*WJ can be identified

with the functor J — I'(t, QGOh&J)WN/J (using the restriction functors and the
Q-action). In summary, we have
(5.1.11)

T(t, QCohg) W ~ Jlim T(Vy, Q€ohg) (W5 by (5.1.8)

~ 1 ~ W
~ Jehprgpp F(t,Q(‘?oth) 7 by (5.1.10)

o~ Jel%rolpp Sha(Ly/Ly) by Th. 5.1.3(2) and Prop. 5.1.7.

This completes the proof. O

COROLLARY 5.1.9. Under Theorems 5.1.3 and 5.1.8, the diagrams natu-
rally commute:

(5.1.12) Shar(g/G) Shar(G/G) —2 colimep Sha(Ly/Ly)

LQJ/: ]LG\L: ]Lgl/:

T(t, QCohe)" %% T(t, 0Cohg) W — % T(t, QCohg),

a1

where a9 is the natural map into the colimit corresponding to J = I, and
Indy, Inds are the induction functors defined in (5.1.2).

Proof. The first square is commutative by Proposition 5.1.6. For the sec-
ond square, by (5.1.11), the right adjoint of ais corresponds to the restriction
map I'(t, Q@oha)w — I'(V7, Q(i‘oh@w, and the latter can be identified with
I(t, QGohE)W. Passing to left adjoints gives the commutativity of the second
square. O

5.2. Fourier-Sato transform and Whittaker sheaf. In this section, we study
the Lie algebra version of the Whittaker sheaf and identify its image under the
equivalence in Proposition 5.1.6. The main tool here is the Fourier-Sato trans-
form.

Consider the diagram

(5.2.1) Gy ~2—u= U~ == g/G,

where r_ is induced by the inclusion u~ < g, and f = dy : u= — (G, is the
differential of the generic character x : U~ — G, used to define the Whittaker
functor on the group; see Section 2.2.1.

Definition 5.2.1.
(1) The Whittaker functor on Shar(g/G) is the functor

Wy/c : Sha(g/G) — k-mod, Wy a(F) = ¢poor. F.
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(2) The Whittaker sheaf on the Lie algebra is the object Why ¢ € Shy(g/G)
corepresenting the Whittaker functor Wy i.e.,

Wg/G(f) ~ HomShN(g/G)(Whg/G7F) for all F € ShN(g/G)
Let
T : Sh(V/G) =~ Sh(g/G)

be the Fourier-Sato transform, normalized to be t-exact with respect to the
perverse t-structures.

PROPOSITION 5.2.2. Let e € u be the regular nilpotent element corre-
sponding to f € (u™)* under the invariant form on g. Let i. : {e} — N /G be
the natural map. Then there is a natural commutative diagram:

Sh(g/G) <—— Sh(N/G)

WB
y\ iz‘zm

k-mod.

Proof. Since f is linear, we have

(5.2.2) ©10(K) = wiao(f+«(K))

for any Gy,,-monodromic sheaf K on u~ (where G, acts by dialition). Moreover,
for any G,,-monodromic sheaf £ on G,, we have

(5.2.3) ¢ia,0(Te, (€)[-1] = i1 (),
where i1 : {1} — G,, and Tg, is the Fourier-Sato transform for Sh(G,).
We have the dual maps to (5.2.1),
Ga s u<"— g,

where 7 is the quotient map to g/b~ = u, and i(c) = ce. For any F € Sh(N/G),
we have

Wy/a 0 T(F) =~ @iao © [ or o T(F) =~ ¢iao © Tg, o om(F)[2v 4+ r — 1]

~ ijoi'om, (F)[2v+7] = R (iy 1 (o F)[2v+7] 2 RT (i1 o F)[20+7] = i Fr]

for r = dim7T and v = dim U, where the first isomorphism uses (5.2.2), the
second uses the standard property of the Fourier-Sato transform under linear
maps, and the third uses (5.2.3). The last isomorphism is because 771 (e)NN =
(e +b7) NN is the free orbit of e under the adjoint action of U™, which is
contractible and along which F is contant. O
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PropoSITION 5.2.3. The diagram naturally commutes:

Sh(G/G) —2 Shyr(g/G)

% iW/
g/G

k-mod.

Proof. Let D C g as in the definition of £y (cf. (5.1.6)). Put D' :=
exp(D) C G. Let f'=x:U" = G, and f = dx : u= — G,. Then the
diagram commutes:

o J

Go<~2—u"ND D/G

l: :J{exp :lexp
/ /

Go<'—U-nD s pictsaqa.

9/G

The Whittaker functor Wy, on the Lie algebra g can be identified with ¢y o
7t 0 §*, therefore

-k

Wy oB1L = proorgos*o(i*) oexp |, o™ = ¢y orf 0 =Wgg. O

5.2.4. Generalized Springer correspondence. We now recall the generalized
Springer correspondence due to Lusztig [Lus84, Th. 6.5]. For a nilpotent or-
bit O, let Ag(O) = Cg(e)/Cq(e)® for e € O, which is a finite group well-
defined up to inner automorphisms. For a finite group I', let Irr(I") be the
set of irreducible representations of I' over k. Then the generalized Springer
correspondence is a bijection

P :={(0, x) : O a nilpotent orbit of G, x € Irr(Ag(0))}
1:1iGSpr
D:={(J,F,0):JCI,FeCy0chr(W)}

Let B¢ C B be the subset of pairs (O, x), where O = O™® is the regular
nilpotent orbit. Since Ag(O™®) = Z(G)/Z(G)°, we can identify "¢ with
Irr(Z(G)/Z(G)°).

On the other hand, recall the set ® from (5.1.3). Let D™ C © be the
subset of those (J, F)) € © such that Supp(F') = Nz, .

LEMMA 5.2.5. Under the map
(5.2.4) DU SN )

the subset P8 maps bijectively to 8. In particular, it induces a bijection

(5.2.5) Ir(Z(G)/Z(G)°) = D%
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sending x to the unique pair (Jy, Fy) € D8 such that for some 0, € Irr(W/x),
GSpr(0™, x) = (Jy, Fy, by)-

Proof. Let (J,F,0) = GSpr(O*8,x). We claim that Supp(F) = Nz,.
By the construction of the generalized Springer correspondence, IC(O™8, x)
is a direct summand of Ind¥ ,(F), where Ind¢ , is the pull-push functor along
the diagram (and Pj is a parabolic subgroup of G containing L; as a Levi
subgroup)

Ng/G <2 Np, /Py 2 Ny, /L.

If Supp(F) was properly contained in N7, pJ(qJISupp(F)) would not meet
Or8. Therefore we must have Supp(F) = Np,. This shows that the map
(5.2.4) sends P8 to D8, and the map (5.2.5) is defined. The map (5.2.5) is
bijective because for each (J, F') € D8, Ind% , (F) has full support on Mg, and
its restriction to O'*® has rank one, hence it has a unique direct summand of
the form IC(O™¢, x) for some x € Irr(Z(G)/Z(G)°). O

PROPOSITION 5.2.6. Under the equivalence (5.1.4), the Lie algebra Whit-
taker sheaf
Why, € Shy(g/G)

18 identified with
D sy Dl-rle P KW #Sym(3s(1])-mod = Shy(g/G).
(Jx, Fx)eDree (J,F)eD
Here we use the bijection in Lemma 5.2.5 to index elements in D% by x €
Irr(Z(G)/Z(G)°).

Proof. Let Ay = k[W7)#Sym(3%[—2]). Let kv be the 1-dimensional
Aj-module in degree 0 where W+ acts trivially. Then WY-equvariant Koszul
duality gives an equivalence

(5.2.6)  Homgymss (—2)) (Kiriv, —) : Ag-perf =~ k[W7]#Sym(3,(1])-modsa,

where we identify Sym(3[1]) with Endgymy ;s (-2 (ktriv) PP, and -modyq stands
for the category of finite dimensional modules. Under this equivalence, Kty
corresponds to Sym(zs[1]).

Let Shea(g/G) C Sha(g/G) be the full subcategory of constructible
sheaves. Using (5.1.4) and (5.2.6), we have equivalences

(5.2.7)
7 (5.2.6)
Shen(9/G) =~ @y, r)en kW ]##Sym(3,(1])-modsq 4> D, r)en As-pert.
Moreover, the composition

She(N/G) 5> Shepr(g)G) ~ B Asperf
(J,F)eD
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is identified with the functor HomN/G(@(J,F)EglnngcpJF, —), where we use
End(Indf - p, F) = AFP.

By Proposition 5.2.2, T~"Why ¢ is isomorphic to (i.)i[r], where i : {e} —
N/G is the inclusion of a regular nilpotent element e. In particular, ']I‘_IVVhg /G
€ Sh(NV/G), hence Why ¢ corresponds to a collection of perfect A;-modules
M p, one for each (J, F) € ®.

For any (J,F) € D, let ey C N, be a regular nilpotent element. Then
by Proposition 5.2.2

HomNG/G<T_1Whg/G7InngCPJ(F)) = Z:(InngCpJ(F))[T’] - Z:J(F)[r]

) ksign, (J,F) € D¢,
0, (J,F) ¢ D¢,
where kign is the 1-dimensional End(Ind¥ Lcp,(F))-module where W+ acts by
the sign representation. (This is because we identify the Weyl group actions
on Springer fibers via Fourier transform, therefore the regular Springer fiber
corresponds to the sign representation.) Therefore we have an isomorphism of

right A j-modules (the right Aj-action comes from post-composing with the
right A j-action on itself)

ksigna (J) F) € @reg’

Homy,(Mjp, Ay) =
A (M. A7) {0, (J,F) ¢ D,

Note also that there is an equivalence of categories between left and right
A j-modules:

Homy, (—, Ay) : Aj-perf —— APP-perf

under which the 1-dimensional trivial module kg, corresponds to ksign[r]| by a
Koszul resolution calculation. From this we conclude that

ktriv[fr]a (Ja F) S @reg’
MJ,F ~
0, (J,F) ¢ Dree.
Therefore, under the equivalence (5.2.7), Why /G corresponds to
B pyeorskaiv[-r] € @ kW #Sym(55[~2))-per,
(J,F)eD
which is further identified under Koszul duality (5.2.6) with
O(meoesSymil])[-r] € @) kW l#Sym(34[1]))-modsa
(J,F)eD

C @ kW 7)#Sym(37[1])-mod. O
(J,F)eD
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5.3. Calculation of endormorphisms of the Whittaker sheaf. Recall from
Section 2.8 the descended trace Whg g € hh(Hg) of the universal affine Whit-
taker sheaf Whg. We can now calculate its endomorphism algebra explicitly.

For x € Ir(Z(G)/Z(G)°), denote Ty = Z(Ly)°, Wy, = W/x. Let T be
the torus over k dual to T (i.e., X*(T) = X,(Ty)), and let t| = Lie(T}’) = 37, -

Recall the functor ay : Shy(G/G) — colim jep Sha(Ly/Ly) correspond-
ing to J = I. Define

Wh(;J = ag(Whg/G) € colimjep ShN(LJ/LJ).

THEOREM 5.3.1. There is a canonical isomorphism of dg algebras:

Endcolim ;e p Sha(Ly/2,) (Whe 1) =~ @ O(TY x T, x t][-1])"x.
x€lrr(Z(G)/Z(G)°)

Proof. By Proposition 5.2.3, we have
Whe 1 = ag(Whg/G) ~ g0 al(Whg/G)'
By Corollary 5.1.9, the image of Whe 1 in I'(t, Q(?oh&)w is

(5.3.1) Inds o Tnd (Lg(Why ) € T'(t, 9€0hg)™.

For any e€ S, put A =X, (T)Ne. For ¢ = (¢, B, F) € €, the summand cor-
responding to ¢ in T'(t, QCohg )" is equivalent to k[W€]#Sym(3.[1])-mod. Simi-
larly the summand corresponding to ¢ in I'(%, QGohE)W (resp. in I'(t, QCOh@)W)
is equivalent to k‘[WE]#Sym(ge[l])—mod (resp. k‘[WE]#Sym(ge[l])—mod). We
also have W€ = Ac X W€ and we = (Ae X A¢) x We. Therefore, Inds o Ind;

can be identified with the direct sum of the following induction functors over
(J,F) e®:

mdWe k(W] #Sym(3,[1])-mod — k[W7]#Sym(3;[1])-mod.

By Proposition 5.2.6 and (5.3.1), the image of Whg ; in I'(t, QGOh@)W is

Inds o Ind; @ Sym(3., [1])
x€lrr(Z(G)/Z(G)°)

_ D IndV ) Sym(3,, [1]) € T(t, QCohy)".
XEI(Z(G)/Z(G)°)
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Therefore (all direct sums are over x € Irr(Z(G)/Z(G)°)),

End(Whg 1)

- @Endk[W‘]X]#Sym(g 71D (Indei Sym(ﬁJx[l]))
X
Wox 1. iWx
= @ Homk;[WJX]#Sym(gJX [ (Sym(3JX [1]), Resy, s, Indy;, 5, Sym(3., [H))
J-
~ @ Ay, x Az )@ Sym(3s, 1)

= @O(T; < T x /[—1])"x.

In the last identity we use Ay, =X.(Ty)=X*(TY), t; =55 and W, = W', O

COROLLARY 5.3.2. There is a canonical isomorphism of dg algebras:

X€lrr(Z(G)/Z(G)°)
Proof. By Theorem 2.8.5, we have Whg,; ~ a(Whg,g) where a is the

natural map Shy (G/G) — Hg 1 — hh(Hg). By Theorem 4.4.2, we have a
fully-faithful embedding

(5.3.2) COlimJGD ShN(LJ/LJ) — hh(?‘[g)

Under this embedding, we can identify ag: Sha/(G/G) — colim jep Shar(Ly/Ly)
(corresponding to the term J = I) with a : Shy(G/G) — hh(Hg). Hence
Whg g can be identified with the image of Whg ; under the embedding (5.3.2).
Therefore

Endppa5)(Whgg) =~ Endeotim e p Sha(£,/2,) (Wha 1)

The desired statement now follows from Theorem 5.3.1. O

5.4. Additional calculations. In this section, we use a similar method to
compute two additional endomorphism algebras of interest: (i) the derived
spherical Hecke algebra, and (ii) endomorphisms of parabolic inductions. (For
simplicity, we will restrict to inductions from a torus.) The results in this
subsection are only used in Section 6.5, in which we will explain their spectral
counterparts.

For each of the categories I'(t, QCohg )", T'(t, QCoh ) and T'(t, QCohs; )
there is a “principal block” (direct summand) correspondlng to the affine space
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e = t and the skyscraper sheaf on 7. They are described as follows:
k[W]#Sym((t7)*[1])-mod ~ k[W]#O(t'[~1])-mod C T'(t, Q€ohe)"",
k[W)#Sym(()*[1])-mod ~ k[W]#O(T" xt"[—1])-mod C T'(, QGohE)W,

ke [W]#Sym((t¥)*[1])-mod ~ k[W]#O(TY x T xt¥[1])-mod C T'(4, Q(‘Ioha)w.

LEMMA 5.4.1. A simple perverse sheaf F € Shy(G/G) lies in the prin-
cipal block if and only if the following two conditions hold:

(1) the support of F (which is closed by definition) contains 1 € G;

(2) every simple constituent of the Fourier transform T~(B1F) € Sh(N/G)
is a summand of the Springer sheaf Spr € Sh(N/G) (normalized to be
perverse, i.e., stalks along reqular nilpotent elements lie in degree ).

Moreover, when F € Sha(G/G) is in the principal block,
Lo(51.F) € KW]#Sym((£Y)*[1])-mod
is Koszul dual to
Homyy i (Spr, T~'(81F)) € End(Spr)°P-mod ~ k[W]#Sym(t”[—2])-mod.

Proof. First, assume F lies in the principal block. By Proposition 5.1.6,
B1F lies in the principal block and is nonzero because the restriction functor
Res : k[W]#Sym((£¥)*[1])-mod — k[W]#Sym((t¥)*[1])-mod is faithful. Being
in the principal block, all simple constituents of 51F are summands of the
Grothendieck-Springer sheaf (direct image of constant sheaf under b/B —
g/G). This implies that all simple constituents of T~1(3;F) are summands
of Spr, which verifies condition (2). Since all simple summands of the Grothen-
dieck-Springer sheaf have full support, and 51 F # 0, its support contains 0.
In particular, the support of F contains 1, which verifies condition (1).

Conversely, assume conditions (1) and (2) hold. Using Remark 5.1.5 and
condition (1), we see that Lg(F) lies in a summand in (5.1.5) indexed by
(J, F) such that 1 € exp(ey). This implies that, up to changing J by the
action of €, we may arrange J C I. Under the restriction functor Res :
I'(t,QCohy)" — I'(t, QCohe)", the block indexed by (J, F) with J C I on the
source maps into the block indexed by the same (J, F') on the target, under
the decomposition (5.1.4). Therefore by Proposition 5.1.6, Lg(F) lies in the
principal block if and only if Lg(8:1F) lies in the principal block, which is
guaranteed by condition (2). O

Recall the natural monoidal embedding 4 : Hg — Hg, and let a :
Shyr(G/G) ~ hh(Hg) — hh(Hg) denote the induced functor.

LEMMA 5.4.2. Suppose F € Shyr(G/Q) lies in the principal block, with the
corresponding k|W]#O(TV x t¥[—1])-module Lg(F). Then there is a canonical
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equivalence of dg algebras

Endhh(yg)(a(}")) ~ (O(T\/) ® Endo(T\/ XtV[,l])(Lg(]:)))W .
Proof. Note that a(F) can be identified with

Oéz(]:) € colimjep ShN(LJ/LJ),

the latter identified with the full subcategory hh(Hg)o by Theorem 4.4.2. By
Corollary 5.1.9, we have

Lg(aa(F)) ~ Ind (La(F))

(5.4.1)
> O(TY) @ La(F) € kW]H#O(TY x TV x t'[—1])-mod.

From this we see

Endpp ) (a(F)) = Endypyipomy <rv xev—1)) (Lg (a2(F)))
~ Endywigomy xrv < -1) (O(TY) @ Lg (F))
~ (O(T") ® Endorv <1 (La(F)) " . O

Write trg : Ha — hh(Hag), trg : Hg — hh(Hg) for the trace maps, and
recall the natural isomorphism trg|y, =~ a o trg.

THEOREM 5.4.3.

(1) Let kg)q denote the constant sheaf on G/G. There is a canonical equiva-
lence of dg algebras

Endpg) (alk/q)) = O(TY x (£)*[1] x (/)*[2)""

(2) Let eg be the monoidal unit of the universal affine Hecke category Hg.
There is a canonical equivalence of dg algebras

Endynag) (tr(eg)) = KIWHO(TY x TV x /[1]).

Proof. In both calculations, we are computing End(a(F)) for some F €
Shar(G/G). We shall show in both cases that F lies in the principal block
of Shyr(G/G), and we identify the corresponding k[W]#O(TV x t'[—1])-mod
La(F). Then we conclude the calculation by invoking Lemma 5.4.2.

(1) Note that T~!(Bikg/c) = T kgc) ~ kojgl—dimG], which is a
direct summand of Spr. By the criterion in Lemma 5.4.1, Lg(kg /) lies in the
principal direct summand. Under Koszul duality, Ly(81kq/q) = Lg(ky/c) €
kE[W]#Sym(t[1])-mod corresponds to

Homr/(Spr, ko[~ dim G]) € E[W]#Sym(t'[—2])-mod.
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Using the Cartesian diagram

0}/ B~ /B

{0}/ NG,
we have by adjunction and proper base change
Hom ¢ (Spr, io«ko/c[— dim G]) = Hom(1ky, p[—r], ko c|— dim G])
~ Hom(k,/g[—7], V'igsko [~ dim G])
~ Hom(ky (], ig.voko c - dim G])

= Hom(ku/37 Z6>s<k0/B)
~ H%(pt) ~ Sym(t'[-2]).

This shows that the Koszul dual of Lg(81kg/q) is Sym(t'[—2]) as a natural
E[W]#Sym(t"[—2])-module, thus Ly (81 kG /c) = iy as a k[W]#Sym((t¥)*[1])-
module.

In other words, L¢(kg/q) € k[W]#Sym((t¥)*[1]) is one-dimensional over
k with the trivial action of k[W]#Sym((t")*[1]). Using the fact that k¢ ¢ ap-
pears as a direct summand of Ind%C p(kr/7), and the compatibility of Lo with
parabolic induction in Proposition 5.1.7, we see that the action of the lattice
part X, (T) C W on L (kg q) is also trivial. We conclude that Lq(kg/q) ~
kv as an object in k[W]#Sym((t¥)*[1])-mod = k[W]#O(T" x t'[—1])-mod.
Therefore we have a W-equivariant equivalence of dg algebras

Endo(rvxev-1)) (La (kaya)) = O((£)*[1] x (£7)[2]).
By Lemma 5.4.2, we get
Endyp g (alke/c)) = (O(TY) @ Endo(rv xiv -1 (La(kasa))”
~ O(TVx (¢/)*[1] x (¢/)*[2))"".

(2) Let eg be the monoidal unit of Hg; then trg(eg) ~ a(trg(eq)). We
claim that trg(eq) is in fact the “universal Grothendieck-Springer sheaf.” In-
deed, consider the following commutative diagram with a Cartesian square on
the left:

qH 6 B 7 G
- i
H 9 B_"_G
H B G

By Theorem 2.7.2, trg = ~ is the horocycle functor. Therefore

tra(eq) = mé*(eq) = md*qpy (exp ky)[r].
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By proper base change, we can identify it with

(5.4.2) tra(eq) = mqf (prr expy ky)[r] = IndF 5 (pa expy kir)).
Under the equivalence Shy/(T/Ad(T))=Sho(T/Ad(T)) ~ O(TY xt"[—1])-mod,
P expy k¢[r] corresponds to the free rank one module O(TY x tV[—1]). By
Proposition 5.1.7, Lg(trg(eq)) = k[W]#O(TV x tV[—1]) is also the free rank
one k[W]#O(T" xt'[—1]) module. By (5.4.1), Lg(a(trg(eg))) is again the free
rank one k[W]#O(TY xt"[—1]) module. Thus End(trg(eg)) ~End(a(trg(eq)))
~ End(Lg(a(trg(eg)))) is the dg algebra k[W]|#O(TY x TV x tV[-1]). O
Remark 5.4.4. The functor a is analogous to the compact induction func-
tor for p-adic representations c-ind : G(Ok)-rep — G(K)-rep. Here K is a
local non-archimedean field with valuation ring O, and G is a split reductive

group over K. In particular, Endyp3,)(a(kg/q)) is analogous to the spherical
Hecke algebra Endg(f)(c-ind(k)).

6. Functions on commuting stacks

6.1. Functions on derived commuting stacks. To deduce spectral appli-
cations of our prior automorphic results, we will invoke here Ansatz (1.4.2).
Recall that it states, in particular, that there is a monoidal equivalence of
universal affine Hecke categories

® : IndCoh(Stgv) —— Hg

such that ® identifies the structure sheaf Osg; ., with the universal affine Whit-
taker object Whg as coalgebra objects. Taking cocenters of both sides of ¢ we
get an equivalence

hh(®) : hh(IndCoh(Stgv)) ~ hh(Hg).
Combined with (2.6.5), we get an equivalence
(6.1.1) IndCohy(ZZ) =~ hh(Hg).
Now we may combine the spectral and automorphic calculations of Corol-

lary 2.6.10 and Theorem 2.8.5 to obtain

COROLLARY 6.1.1. Assume Ansatz (1.4.2). Under the equivalence (6.1.1),
the structure sheaf OZév € IndCohyr(ZZv) corresponds to Whg g € hh(Hg).

As an immediate consequence of Corollary 5.3.2, we further obtain

COROLLARY 6.1.2. Assume Ansatz 1.4.2. Then there is a canonical iso-
morphism of dg algebras:
O(ZE) =~ a O(TY x Ty x t)[-1])".
XEIrr(Z(G)/Z(G)°)

In particular, H*(O(Z¢v)) =~ @yet(z(c)/2(c)0) O(Ty X T )W is reduced.
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The goal of most of the remainder of this section is to deduce from
Corollary 6.1.2 the assertions stated in Corollary 1.4.7 and Theorems 1.4.10
and 1.4.11. In a final section, we deduce further spectral consequences of our
other automorphic calculations.

6.2. Almost commuting pairs of semisimple elements. Let GV be a con-
nected reductive group over C. We first recall some results of Borel, Friedman
and Morgan [BFMO02, §4] concerning almost commuting pairs with compact
simple and simply-connected Lie groups. We will state an extension of their
results to almost commuting pairs of semisimple elements in complex reductive
groups. It is easy to adapt their proof to this situation.

Let GV*¢ be the simply-connected cover of GV:4er. Let GV = GV x
(ZGY)°. Then the natural map 7 : GV — GV is a finite central isogeny whose
kernel contains ker(GY*° — GY:4) = 711(GY:4°r). For any ¢ € mp(GV9er),
let Z%, (¢) C Z%, be the open and closed substack of pairs (z,y) in GV such
that, for some (any) liftings Z,y of  and y to éVV, [7,9] = ¢, all up to G-
conjugation. An almost commuting pair in GV refers to a pair (Z,7) € GV ? as
above. We have a decomposition

Zéy = H Z2v (c).

cem (GV der)

Let (z,y) € Z2&v(c) with x,y semisimple. Consider the simulteneous cen-
tralizer Cgv (), which is a reductive (possibly disconnected) subgroup of GV.
Let S C Cgv(z,y) be a maximal torus. It is shown in [BFMO02, Prop. 4.2.1]
that the GV-conjugacy class of S is independent of the choice of (z,y). Let us
fix such a torus S and denote it by S..

Let LY = Cgv(Sc) be a Levi subgroup of GV. It is known that S, =
Z(LY)°. Let TY = LY /L, be the quotient torus. We have T = S./(S. N
LYY, (In [BFM02], T is denoted S..) Let W, = W(Se, G¥) = Negv(Se)/LY
be the relative Weyl group of GV with respect to S.. Then W, also acts on T...
Fix a pair (zc,y.) € (Le%)? such that (., y.) € ZZv(c). We have a map

ZC . Zgrc — Zév (C)

sending (t1,t2) € Z%V to (t12e, taye)-

Now we state the generalized form of results in [BFMO02] replacing elements
in compact groups to semisimple elements in reductive groups; the proofs in
loc. cit. work without change.

PROPOSITION 6.2.1 ([BFMO02, Prop. 4.2.1, Cor. 4.2.2]).

(1) Any other choice of (zl,y.) € (LY)* such that (zl,y.) € Z2(c) is LY-
conjugate to (T¢,Yc). Moreover, Cv.aer(Te,Ye) is finite.
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(2) The map i, factors through Z%v and is We-invariant for the diagonal ac-
tion, inducing a map of derived stacks

le Z%Cv JWe — Z2 ().
e map L. restricts to a byjection on the set of semistmple closed points:
3) Th ] bijects h f isimple closed pot
(T,'(C) x T,/ (C))/We 4 | 28w (¢)(C)™].

Here | Z2. (c)(C)*| denotes the set of G¥-conjugacy classes of semisimple
pairs (z,y) € Z2. (c)(C).

6.3. Chevalley restriction theorem for the commuting stack. We finish the
proof of Theorem 1.4.10, which is restated as follows.

THEOREM 6.3.1. Assume Ansatz 1.4.2. Let ¢ € m1(GY4°T),

(1) Z2u(0) £ 2.7

(2) The map t. defined in Proposition 6.2.1(2) induces an isomorphism on
classical functions:

i HYO(Z2(c)) S HO(Z3)e = O(TY x T ).

Proof. (1) Let X. = Spec H°O(Z%. (c)), which is understood to be empty
if Z%.(c) is empty. First, X, is connected if non-empty. Indeed, assume
Zév(c) # &, and suppose for the contrary that X. decomposes into a disjoint
union of open and closed non-empty subschemes X/ [[ X/. Let €%, (c) C €%,
be the preimage of ZZ.,(c) in the commuting scheme €%,. Let Z2,(c) =
Z! 112! and €%, (c) = €.]] €/ be the corresponding decompositions by taking
preimages of X! and X”. Now €, contains a closed GV-orbit, which then
consists of semisimple pairs (z,y) € €%, (c). This implies that Z contains a
semisimple pair (z,y). By Proposition 6.2.1(2) and (3), Z. meets the image
of to: (TY x T))) /W — Z%, (c). Similarly, Z! also contains a semisimple pair,
hence it also meets the image of t.. But 7Y x T is irreducible, so we get a
contraction. This proves that X, is connected if non-empty.

Corollary 6.1.2 shows that Spec HOO(ZéV) = [eem (Gv.dery Xc has ex-
actly #Irr(Z(G)/Z(G)°) connected components. Since #Irr(Z(G)/Z(G)°) =
#m1(GV4er), and each X, is connected if non-empty, all of them must be non-
empty and connected.

(2) We claim that X, is irreducible, reduced and normal. Above we have
shown that X, is a connected component of Spec H OO(ZéV), hence isomorphic
to Spec O(T} x T/)"x for a unique x € Irr(Z(G)/Z(G)°). In particular, X,
is irreducible, reduced and normal.

®Although implicit in [BFMO02] but we did not find an explicit statement of the non-
emptiness of Z2v (c).
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The map ¢, induces a map on coarse moduli spaces
u o (TY X T)) ) We — Xe.

We next claim that ¢/ induces a bijection on closed points. Indeed, by a
result of Richardson [Ric88], the closed points in X, are in bijection with G-
orbits of (z,y) € ZZ.(c) such that the Zariski closure A(z,y) C GV of the
subgroup generated by x and y is reductive. Since  commutes with y, A(z,y)
is a commutative; it is reductive if and only if x and y are both semisimple.
Therefore by Proposition 6.2.1(3), ¢, induces a bijection on closed points.

Since (T,) x T))) J W and X, are reduced and irreducible of finite type
over C, and ¢, is a bijection on closed points, to show ¢, is an isomorphism it
suffices to show that ¢/, is finite.

We have a map 5 = (51,52) : Z&v(c) = (GY J GV)? = (TV J W)? by
recording the GY-invariants of x and y in a commuting pair (z,y). This induces
amap s = (s1,52) : Xe = (TV J W)2. We have maps of affine schemes

Sex Se B (TY X TY) [ We X5 X 5 (TV ) W2,

where the composition is the square of the natural projection S. — TV J W,
hence finite. Since p is surjective, so i : (T x T.)) ) W — (TV ) W)? is also
finite, therefore ¢/, is finite as well. This finishes the proof. O

Remark 6.3.2. Let G¢ be the split form of GV over Q. Then Z2, has a
Q-form Zévj@. It is easy to deduce from Theorem 1.4.10 a description of global
functions on Zév o Indeed, we have a decomposition of Zé,v 0 into open and
closed substacks Zév@([c]) indexed by Galois orbits [c] € m (G’V’dez/ Gal(Q/Q).
If Qg is the fixed field of the stabilizer of any c € [c] under Gal(Q/Q) (so Qy
is the smallest cyclotomic extension of Q over which ZZ,(c) is defined), we
have an isomorphism Z2. olle]) = Z2y Q ](c), the latter being the descent of

Z¢y(c) to Q. For any ¢ € [¢], T, has a Q-form T, C\{Q[C]' We conclude

HOO<Zg¥V,Q) :> @ O(Tc\,/@[c] X TC\,/Q[C])WC'
[c]€ms (GVder) /Gal(Q/Q)

6.3.3. Identifying x and c. There is a canonical isomorphism
§: Irr(Z(G) ) Z(G)°) ~ m (GY4r)

because both sides are canonically dual to the torsion part of X*(7") modulo
the root lattice of G.
On the other hand, by Corollary 6.1.2 and Theorem 6.3.1, we have two
expressions of the ring H(O(Z2,)):
(6.3.1)
P oy xT))Wx~HOZE )~ @  OTy xT))".
x€lrr(Z(G)/Z(G)°) cemy (GY-der)
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Fratila [Fral6] and Bonnafé [Bon04] observe a mysterious coincidence that
the pairs (7)Y, W,) that appear on the right side of (6.3.1) are exactly those
coming from Levi subgroups of G that support cuspidal local systems on the
regular nilpotent orbit, i.e., those pairs (T)\(/ , W, ) that appear on the left side of
(6.3.1). They verified this fact by a case-by-case explicit computation. Below
we give a uniform conceptual proof of this combinatorial observation.

PROPOSITION 6.3.4. Assume Ansatz 1.4.2. Let x € Irr(Z(G)/Z(G)°)
and ¢ = 6(x) € m (GV9Y). Then the following hold:

(1) Write Ly := Ly, as in Section 5.2.4. Then L) (defined in Section 6.2) is
the dual Levi of Ly, (up to GY-conjugacy).

(2) There is an isomorphism of pairs (T)\,Wy) =~ (T.Y,W.) compatible with
their respective actions. Moreover, such an isomorphism is canonical up
to conjugation by W,.

Proof. (1) Let L) C G be the dual Levi to L,. Note that the canonical
map 7 (L;vc’der) — 11 (GV4er) is always injective, and ¢ = §(x) lies in its image.
Therefore it makes sense to form Z%)V((c) C Z’%X’ which is non-empty by The-
orem 6.3.1(1). Viewing ¢ as an element in 71(G"*9"), we can form the Levi
LY of G¥ by taking a maximal torus S. C Cgv(x,y) and take its centralizer.
Now Z(LY)° is a torus in Cgv(,y), hence we may take S, to contain Z(Ly)°.
This implies LY = Zgv(Sc) C Zav(Z(LY)°) = LY. Since T,” and T/ are the
abelianizations of L/ and L) respectively, we have a surjection T/ — T)/. Tn
particular, we have the inequality

(6.3.2) dim 7, > dim T}/, for all x € Irr(Z(G)/Z(G)°) and ¢ = 6().

We remark that, since L is a Levi subgroup of LY up to conjugation, L, is
conjugate to Ly if and only if dim 7Y = dim T}’

On the other hand, by taking the Krull dimensions of all direct summands
on both sides of (6.3.1), we get

> 2dimTy = ) 2dim7).
Xl (2(G)/2(G)°) cem (GV-der)

Combined with the inequality (6.3.2), we are forced to have an equality dim T;
= dim Ttsv(x) for every x. As we remarked earlier, this implies that L}/(x) is
conjugate to LY in GV.

(2) Let ¢ = d(x). Note that Wy, = Ngv(LY)/Ly, T\ is the abelianization
of L;, and the same is true if  is replaced with c¢. Any g € GV that conjugates
LY to Ly induces an isomorphism of pairs ¢, : (T}, Wy) ~ (T,Y, W.) compat-
ible with the actions. Different choices of g differ by right multiplication by
Ngv (L;é), therefore the resulting ¢, differ by W,-conjuation. O
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Combining Corollary 6.1.2 and Proposition 6.3.4, we get the following de-
scription of the dg ring of derived functions on Zg;v promised in Theorem 1.4.7.

COROLLARY 6.3.5. Assume Ansatz 1.4.2. Then there s a canonical iso-
morphism of dg algebras:

O(Z%)) ~ @ O(TY x T) x t/[-1])We.

cEm (G\/,der)

6.4. From groups to Lie algebras. We will deduce the Lie algebra analogue
of the Chevalley restriction theorem from the group case.

Let GV be a connected reductive group with Lie algebra gV. Let Qﬁv be
the commuting scheme for gV; i.e., it is the (classical) fiber over 0 of the Lie
bracket map [-,-] : g x g — g. Then G acts on (’ng by diagonal adjoint action.
We are interested in calculating the C-algebra (’)(Qfgv)Gv.

Let TV C GY be a maximal torus and t¥ = LieTV. The embedding

Y xtY — ng induces a map of stacks
v (8 x ) /W = €2 /GY.
THEOREM 6.4.1. Assume Ansatz 1.4.2. The map 1gv induces an isomor-
phism on global (i.e., invariant) functions

(6.4.1) v O(€2)E 3 oY x )W,

Proof. For the statement of the theorem, we may replace GV by another
group isogenous to it. In particular, we may assume the derived group G»4€"
is simply-connected.

We have the natural map
5: €0 = (tV JW)?

by taking the invariants of both elements in the commuting pair. Let Eﬁv be the
formal completion of ng along the fiber s71(0,0) (which classifies commuting
pairs of nilpotent elements).

Analogously, let €%, C GV x GV be the commuting scheme for G¥. We
have the natural map

5: €5 — (TV ) W)?

by taking the invariants of both elements in the commuting pair. Let EQGV
be the formal completion of €%, along the fiber s7!(1,1) (which classifies
commuting pairs of unipotent elements).

By Lemma 6.4.2 below, the exponential map gives a GV-equivariant iso-
morphism

exp : Q:g\/ :> Q:2G\/
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Moreover, letting 7 %tV and TV x TV be the formal completions at (0,0) and
(1,1) respectively, we have a commutative diagram of formal schemes:

— LgVv ~9
tV XtV ——— Cgv

l exp i exp

— lav =~
TV x TV —— €2,

where (v is the obvious analogue of tgv. The vertical maps are isomorphism.
This gives a commutative diagram of algebras:

Sk
LoV —

(6.4.2) 0@, — O(t7 x )W

i

0@2,)¢" % (T < TV)W.

Now the top arrow is obtained from the map of & = O(t")" ® O(tV)W-
algebras (6.4.1) by completing along the maximal ideal of O(t")" @ O(tV)W
corresponding to (0,0). Similarly, the bottom row is obtained from the map

of S =0O(TV)W ® O(TV)W-algebras
1 1 O(E) Y — oY x V)

by completing along the maximal ideal of O(TV)W @ O(TY)W corresponding
to (1,1).

By Theorem 6.3.1, ¢,y is an isomorphism (using that GV is simply-
connected this follows directly, but in fact this is true without assuming G"Y-4¢*
is simply-connected), hence so is its completed version 7,,. By the commuta-
tive diagram (6.4.2) where both vertical arrows are isomorphisms, we conclude
that Z’sv is an isomorphism.

We would like to deduce that L;v is an isomorphism from the fact that
Z;V is an isomorphism. Note that we have a G,,-action on Qﬁv by simulta-
neously scaling the elements in the commuting pair. This gives a grading
R = (’)(Qﬁgv)Gv = ®p>0Rp. Similarly, T = OtV x t¥) has a grading
T = Dp>0%y as well as 6 = ©,>06,. The map L;v is a map of graded
G-algebras:

sz R = Dp>oNRy = T = Dp>0%n.
The map ?;v is obtained from L;v by G-adic completion. It is clear that the
& -adic completion of ¥ is given by T = [0 %n-

Note that R/G, R = O(€3 )", where €3, = 571(0,0) € N'V? is the
scheme of commuting nilpotent elements in g¥. Similarly, for R = (’)(CQGV)Gv
and S, the augmentation ideal of S, R/S+R = O(C%,V)Gv where €7, =
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s71(1,1) C UY? is the the scheme of commuting unipotent elements in G".
Lemma 6.4.2 below (or rather a simpler version of the same argument) shows
that R/S R = R/SLR. By Theorem 6.3.1, R/S; R is the coordinate ring of
the central fiber of (TV x TV) J W — (TV/ J W)?2, hence finite dimemsional.
We conclude that R/& R is finite-dimensional over C. This implies that &R
and Ry = PBp>0Ry, define the same topology on R. Therefore the & -adic
completion R is [In>0Rn. The fact that

is an isomorphism implies its restriction to each degree R,, — ¥, is bijective,

hence %, is an isomorphism. This finishes the proof. O

g\/
LEMMA 6.4.2. The exponential map (z,y) — (exp(z),exp(y)) induces a
GV -equivariant isomorphism of formal schemes

exp? : €§v = @év.

Proof. Let Nil be the category of pairs (R, I), where R is a C-algebra with
a nilpotent ideal I (i.e., IV = 0 for some N > 0). We write R = R/I. Then
the category of formal schemes over C full faithfully embeds into the category
of functors Fun(Nil, Sets).

The formal completion gV of gV along the nilpotent cone A’ is the functor
that sends (R, I) to the set of x € gV ® R such that Z (the image of x in g¥ ® R)
lies in A/V(R). Similarly, the formal completion GV of GV along the unipotent
variety U" sends (R, I) to the set of g € GV(R) such that g € U"(R).

Similarly, the completion @gv sends (R, ) to the set of commuting pairs
(z,y) € @gv (R) such that 7,5 € NV(R). The completion /C\év sends (R, ) to
the set of commuting pairs (g,h) € €%, (R) such that g,h € U"(R).

We first check that the exponenital map and logarithm map give inverse
isomorphisms between the functors 5\7 and GV. To construct these maps, we
choose a faithful representation V' of GV and embed G into GL(V). We
define é\[(V) and (EE(V) as the formal completions of gl(V') and GL(V') along
the closed subsets of nilpotent and unipotent matrices, viewed as functors on
Nil. Note that any x € E[(V)(R, I) is nilpotent (because z™ has entries in I,
hence is nilpotent). Similarly, any g € GE(V)(R, I) is unipotent (i.e., g — 1 is
nilpotent). The exponential map exp : a(V)(R, I — (/}E(V)(R, I) is defined
using the usual formula exp(z) = Y, %, which is a finite sum since z is
nilpotent. The logarithm map log : éi(V)(R, I — E((V)(R, I) is defined
using the usual formula log(g) = — 3,51 (l—ng)"
g — 1 is nilpotent. Clearly exp and log give inverse isomorphisms between the
functors E;\I(V) and @(V)

, which is a finite sum since
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We claim that exp(g¥(R,I)) C GY(R,I) and log(GY(R,I)) C g"(R,I).
Once this is shown exp and log then restrict to give inverse bijections between
(R I) and GV(R I) functorially for (R,I) € Nil, hence giving inverse iso-
morphlsms (clearly GV- equlvarlant) between the formal schemes g and GV.
To check eXp( V(R,I)) C GV(R, I), let {v;} be a collection of tensors on V'
such that GV is defined as the simultaneous stabilizer of {v;} in GL(V'). Then
gV is the simultaneous annihilator of {v;} in gl(V). If z € EV(R,I), then
xv; = v;, hence exp(x)v; = v; and therefore exp(z) € a(R, I). This proves
exp(gv(R, 1)) C C/JV(R, I). The other inclusion log(év(R, I)) C @(R, I) is
proved in the same way.

Now we have a G¥ x GV-equivariant isomorphism exp? : g¥ x gV =5 GV x GV
with inverse log2. We claim that for any (R,I) € Nil, exp? sends ésv(R, I)
to aév (R,I), and log? sends Eév(R,I) to Egv(R, I). Once this is checked,
exp? and log? then restrict to give inverse bijections between EEV(R, I) and
EQGV(R, I) functorially for (R, I) € Nil, hence giving inverse isomorphisms be-

tween the formal schemes Egv and EZGV, as desired. Now suppose (z,y) €

62 (R, I). Since exp(z) and exp(y) are polynomials in z and y, and [z,y] = 0,
We see that exp(x) commutes with exp(y) as elements in GV(R), hence a fortiori
in GV(R I). This verifies that exp? sends ¢2 (R,I) to @ v(R,I). The state-
ment about log? is proved similarly, using that log(g) and log(h) are polyno-
mials in g and h. This finishes the proof. O

The same argument as in the proof of Theorem 6.4.1 also proves the
Chevalley restriction theorem for the Lie algebra-group commuting scheme.
Let €4v v be the subscheme of (z,g) € g¥ x G¥ such that Ady(z) = z. We
have the obvious map of stacks

LgV.GV (tv X TV)/W — Qfgv,Gv/GV.

THEOREM 6.4.3. Assume Ansatz 1.4.2. The map 1qv gv induces an iso-
morphism on global (i.e., invariant) functions

L;v7gv : O(egv7gv)Gv :> O(tv X TV)W

Sketch of proof. We let S = O(tV)W @ O(TV)W equipped with the grad-
ing coming from the scaling action on tV. Then S/S; = O(TV)". Then
R = O(Qg\/7(;v)Gv = @p>oRn and T = OtV x TV)W = @,>0T, are both
graded S-algebras with gradings coming from scaling actions on g" and t".
The same argument as in Theorem 6.4.1 shows that the map induced by L;v av
on the Sy-adic completions R — T is an isomorphism. It is easy to see that
T = [lns0Tn- We claim that R = [],>0Rn. Indeed, we have R/SyR =
O(QNv,Gv)GV, where €yv v is the scheme of commuting pairs in NV x GV.
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The exponenital map gives a GV-equivariant isomorphism €zrv gv 5 Cuv.qv
where the nilpotent cone is replaced with the unipotent variety ¢/V. By Theo-
rem 6.3.1, O(Cyv ov)¢" = O(TV)W is free of rank one over §/S; = O(TV)W.
Therefore R/S1R =2 O(Cpv,ov) =2 O(TV)V = Ry = O(GY)". This im-
plies St R = Ry = @®p>0Rp, which implies R = [In>0 Rn- Therefore the

isomorphism RST implies the isomorphism before completion. O

6.5. Further spectral consequences. In this section, we apply the results
of Section 5.4 to deduce further spectral consequences. We continue with the
notation of Section 5.4, and first introduce the spectral objects corresponding
to a(kg/q), trg(eg) € hh(Hg) introduced therein.

Introduce the natural closed embedding iy : GY/GY — Z2. induced by
g+ (g,1), and the coherent sheaf i2.Ogv qv on Z%V. We also introduce the
natural projection p : ZJQSV — Zé,v and the coherent sheaf p*(’)ijBv on Zév.

Consider the closed embedding of derived stacks

o BV\GV/BV ~ BBY xpav BBY——= Stgv.
Taking direct image of ind-coherent sheaves gives a monoidal functor
(6.5.1) o : IndCoh(BY\G"/BY) — IndCoh(Stgv).

Let 2pY € X*(TV) be the sum of positive roots of GV with respect to B".
Let N be the number of positive roots of GV. When p¥ € X*(T"), we consider
the sheaf

A= Opngv pv(—p",—p")[N] € IndCoh(BY\G" /B")

obtained as the tensor product of pullbacks of O(—p") from both factors BB".
When pY is not a character of TV, let v : GY — GV be the double cover
for which p¥ is a character of TYY = v~1(T"). Then we have BV\GY/BY =
GY/(BY x BY /A(ker(v))) (where By = v=1(BY), two factors of BY act on GY
by left and right translations). Since (—p",p") is always character of By X
BY /A(ker(v)), it defines a line bundle on GY /(B x By /A(ker(v))) and hence
on BY\G"/BY, which we still denote by Opv\gv/pv(—p*,—p"). In any case,
we have the object A := Opw\qv/pv(—p”,—p")[N] € IndCoh(BY\G"/BY)
and the object oA € IndCoh(Stgv).

LEMMA 6.5.1. The object oA € IndCoh(Stgv) carries a canonical alge-
bra structure for which its descended trace is

(6.5.2) tr(o.A) ~ i3.0v v € IndCoh(Zgv).

Proof. We prove the lemma in the case p¥ € X*(T"); the general case can
be deduced by passing to double cover GY.
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We construct an algebra structure on A. Let Vgv = BY/BY xqv v BGY.
Consider the correspondence
Stgv = BY/BY xgvqv BY/BY «“— BY/B" x¢gv ;v BBY
L> BV/BV X@v )Gy BGY = Vav,

where the maps are induced by the natural maps BY/BY <= BBY — BG" on
the second factors. Consider the adjoint functors

I = d.(c" @ p;0(~p")[N]) :
IndCoh(Stev) — IndCoh(Vgv) : I = ¢, (d* ® p5O(—p")).
From these we get a natural isomorphism of endo-functors of IndCoh(Stgv):
(6.5.3) ol ~ (=) %0, A

The monad structure on IT o IT” then gives an algebra structure on A.

From (6.5.3) and the Barr-Beck-Lurie theorem, we conclude that the cat-
egory RMod,, 4(IndCoh(Stgv)) of right 0. A-modules in IndCoh(Stgv) can be
identified with IndCoh(Vgv). Similarly, Bimod 4 (IndCoh(Stgv)) can be iden-
tified with IndCoh(Wgv), where

WG\/ = ]BGV XEV/GV BGV

is the spectral stack hosting the derived spherical Hecke category. Under this
equivalence, the regular bimodule A itself corresponds to the monoidal unit
A,Opgv € IndCoh(Wgv). By Definition 2.5.7, we have

(6.5.4) tr(owA) =~ tr(A,Opgv) € IndCoh(Z2v).

Here the right side a priori lies in hh(IndCoh(Wgv ) ), which is a full subcategory
of IndCoh(Z2,).

To compute tr(A,Opgv), we apply Example 2.6.5 to the map f : X =
BGY — GY/GY =Y. The induced map on the loop spaces Lf : LX =
GV/GY — Z%, = LY can be identified with iy. Therefore Example 2.6.5 gives

tr(A*O[Bgv) ~ iQ*OGV/Gv.
Combined with (6.5.4), we get (6.5.2). O
To state the next result, we need a variant of Ansatz 1.4.2.

ANSATZ 6.5.2. The monoidal equivalence (1.4.1) in Ansatz 1.4.2 holds:
® : IndCoh(Stgv) —— Hg.

Moreover, ® takes 0. A to itkingju € Hg (where ky\qu € He is the constant
sheaf and i : Hg — Hg) compatibly with their respective algebra structures.
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Recall that assuming equivalence (1.4.1), we have the equivalence (see
(6.1.1))

(6.5.5) IndCohpr(Z2) —— hh(Hg) .

PROPOSITION 6.5.3.

(1) Assume Ansatz6.5.2 holds. Then under the equivalence (6.5.5), i2«Ogv /qv
corresponds to a(kg/q)-

(2) Assume that the monoidal equivalence (1.4.1) holds. Under the equivalence
(6.5.5), p*(’)legv corresponds to tr(eg).

Proof. (1) To see the first identification, we first have an analogous (but
simpler) version of Theorem 2.8.5. In place of the universal finite Whittaker
sheaf Whg € Hg, we consider the constant sheaf kingy € He as an al-
gebra object. Then it is straightforward to check that its descended trace
tra(ko\a/v) € h(He) ~Shy (G/G) (as a bimodule over itself) is the constant
sheaf kg /o € Shy (G/G).

By the functoriality of descended trace in Lemma 2.5.9 applied to 4 :
Ha — Hg, we have

(6.5.6) ﬁg(i!kU\G/U) ~ a(kg/G) S hh(Hg)
Comparing (6.5.6) with (6.5.2), we conclude that i2.Ogv/qv matches with
a(kg)q) under (6.5.5).

(2) Under the monoidal equivalence (1.4.1), the monoidal unit A.Opv /v
€ IndCoh(Stgv) corresponds to the monoidal unit eg € Hg. Therefore tr(eg)
corresponds to tr(A.Opgv,pv). By Example 2.6.5 applied to the map f: X' =
BY/BY — GY/GY =Y, we conclude that tr(A.Opv/pv) ~ P+Ogz ,, as de-
sired. (]

COROLLARY 6.5.4.

(1) Assume that Ansatz 6.5.2 holds. Then there is a canonical equivalence of
dg algebras

Endgs (i.Ogv/av) = O(TY x (/)*1] x (t)*[2])".

(2) Assume that the monoidal equivalence (1.4.1) holds. Then there is a canon-
ical equivalence of dg algebras

Endgz  (p.Ogz,) ~ E[WI#O(TY x TV x tY[-1]).

Appendix A. Calculating some colimits

This appendix collects some results about colimits of categories called upon
in Section 4.4. We will consider colimits of stable presentable oco-categories
viewed as objects of the co-category St” of stable presentable oo-categories
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with morphisms given by left adjoints. (The discussion extends verbatim if we
additionally work in the k-linear context.)

The main new result here is a categorical analog of the contraction prin-
ciple for sheaf cohomology. It allows us to reduce the calculation of a col-
imit indexed by a complicated diagram to a simpler one, assuming a certain
contractibility condition. This is a key categorical ingredient in the proof of
Theorem 4.4.4.

A.1. Recollements and stratifications.

A.1.1. Recollements. For recollement in the setting of co-categories, we
recommend the reference [Lurl2, A.8]. In our setting of stable presentable
oo-categories, we will largely follow the reference [AMR, 1.1].

Recall that a recollement [AMR, Def. 1.1.1] of stable presentable oo-
categories is a diagram of adjoint triples

Co=——C <=0y,
where ji, j«, and i, = 4 are fully faithful with Im(j;) = Ker(i*), Im(j.) =
Ker(i'), and Im(i, = i) = Ker(j' = j*). Note the recollement is determined
by the subdiagram

il it
with the rest of the notion comprised of properties to be verified.

In our topological setting, we call Cy the open subcategory and C; the
closed subcategory of the recollement.® We refer to Cy and C; as the recollement
complements of each other.

Suppose we have a commutative diagram in St”

g

(A.1.1) i el
ifo lf lfl

Dy <D< D,
such that both rows extend to recollements. We say the above diagram (or the
functors (fo, f, f1)) is a morphism of recollements if the square on the left is
both left and right adjointable with respect to the horizontal arrows j' = j*.

5The terminology is intended to model sheaves on a space with an open-closed decompo-
sition. Note that this is opposite to the convention of [AMR], where Cy is called a closed
subcategory since it models quasi-coherent sheaves on a scheme supported along a closed
subscheme.
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(Equivalently, the square on the right is both left and right adjointable with
respect to the horizontal arrows i) = i,.)

If in a morphism of recollement as in (A.1.1), both fy and f; are equiva-
lences, then f is also an equivalence. (This follows from [Lurl2, Prop. A.8.14].)

A.1.2. Stratifications. We will use the more general notion of a recolle-
ment of stable presentable co-categories indexed by a poset P as introduced
in [AMR, 1.3] under the name stratification. Since we work in the topological
rather than algebraic setting, we will adapt the notation and terminology in
the definitions to reflect this. For a finite totally ordered poset, a stratification
also goes by the name semi-orthogonal decomposition [BK90]. When we apply
the below definitions, our poset will be the opposite of the non-negative natural
numbers Z>o with their usual total order.

Given a stable presentable co-category, an open subcategory (called a closed
subcategory in [AMR, Def. 1.3.1]) is an adjoint triple

Co < C,

VES
— >

where j1, j, are fully faithful. We write Copen for the poset of open subcategories
of C with respect to inclusion under j.

Given a poset P, a P-stratification (following [AMR, Def. 1.3.2]) of a
stable presentable co-category C is a functor

Ze: P—— Copen

such that C = | J,ep Zp and for any p,q € P, there exists a factorization

J
Urép,q 2y ZP‘

A !
]:]*

|
|
zZ,—r -z

Given a P-stratification Z,, its pth stratum [AMR, Def. 1.3.3] is the quo-
tient

¢ =2,/ 2

q<p

By construction, there is a recollement

Ji i*
e e
J=J 15 =11
Uq<p2q e ZP 5 CP'
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Ezample A.1.3. Suppose X = U,cz.,X, is a topological space written
as the increasing union of closed subspaces. Suppose C = colimpez. , Sh(X,),
where the transition maps are given by extension by zero. -

This fits into the above formalism as follows. For p € Zx>q, set U, =
X \ Xp—1 (convention: X_; = &) viewed as the increasing union of closed
subspaces Up = Ugez.,Up N Xy. Set Z, = colimyez., Sh(Up N X,), where the
transition maps are given by extension by zero. B

Then we have a stratification C = Zy <= Z; <> Z,--- with respect to the
poset P = (Z>()°? with open subcategories

with inclusions given by !-extensions. The strata are given by C, = 2,/ 2,11 =
Sh(X, \ X,—1) noting that Uy \ Upt1 = X, \ Xp—1. By construction, there are
recollements

Ji i*

ﬁ —_—

Jj=3* Tk =1
Zp+1 =~ Zp =~ Cp-
I _r .

The structure is equivalent to giving the inclusions Yy < Y; < Yo -+ of
the complementary closed categories ), = Sh(X,,) with their recollements

Ji i*

—_ —_—
jl=j* iw=1

Cp 5].* yp < ! yp—1~
S S

A.2. Interaction of colimits and recollement. The following gives natural
hypotheses for when a colimit of stable presentable co-categories with recolle-
ment inherits a recollement.

PROPOSITION A.2.1. Let T be a small category, Cl,Ce : T — St¥ functors
to stable presentable co-categories (with morphisms given by left adjoints), and
e : C, — Co a map of functors.

(1) Assume the following:
(a) For each J € I, the functor iy extends to a recollement in St

Jan iy
o o
JJ iy

JJx vy

In particular, iy is fully faithful and C'} = C;/i;(C’;). (Hence the

assignment J — C extends naturally to a functor CI : T — St.)
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(b) For all maps I — J in Z, the natural commutative diagram

(A.2.1) cr <<

L

(A A
18 a morphism of recollements. Here the vertical morphisms are given
as part of the data of C!,Ce and C, as functors.

Then the map

i = colim i, : colimz C, —— colimz C,

extends to a recollement
colim C]/ <J]— colim C, <1|— colim C,,

* 1

— > _ >

with i' ~ colimzif], i* ~ colimzi%, j = colimzjs,j1 = colimzjn and
jx = colimz j jx.

(2) Assume further that we are given a functor f : Iy — I. Set C, = C, o
f,Coe = Ce o f and Cj, = CJ o f. Then the natural commutative diagram

s a morphism of recollements:

colim C{j, <—— colim Cpe <—— colim C{),

| | l

colim C/ <—— colim Cq <—— colim Cl.

Proof. (1) By assumption (a), we have adjoint triples (i},zj,i{]) in St-,
so that the unit v : id — ZI]Z s and counit € : i%i; — id are isomorphisms.
Assumption (b) implies (i* := colim%,i = colimiy,i' := colimi';) is also an
adjoint triple, with counit i,i — id an isomorphism. Therefore i is fully faithful,
and colimCy is a recollement of colimC’; and colimC;/ colimC’; ~ colimC’.
Moreover, the natural map j : colimCs — colim CJ is naturally isomorphic to
colimz j 7, by the functoriality of cokernel. (Cokernel of a functor f: A — B

is by definition the pushout of 0 + A EN B.) Since taking colimit preserves
adjoint pairs, we also have j; = colimz j i and j. = colimz j j,.
(2) follows directly from the functoriality of colimits. O

COROLLARY A.2.2. Suppose we have a morphism of recollement as in
(A.1.1) in which fo is an equivalence. Then the functor

i c][Pr—D
C1

s an equivalence.
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Proof. Applying Proposition A.2.1 to the pushout of the recollements
(Co < C < (1) and (0 « Dy < D;) along (0 < C; «+ C1), we get a rec-
ollement (Co <~ C]]¢, D1 < D1) that fits into a commutative diagram

C()<¥CHC1D1<;D1

ifo if]_[i*

DO D Dl

It is easy to check that the left square is both left and right adjointable, hence
the above diagram is a morphism of recollements. Since both of the vertical
arrows at the two ends are equivalences, so is the middle vertical arrow. O

A.3. Posets and cosheaves.

A.3.1. Generalities on posets. For a poset (partially ordered set) Z, let
N(Z) denote its nerve, viewed as a simplicial set and hence a quasi-category.
We say a subset J C T is up-closed if i € J, i < ' implies i’ € J; similarly,
we say a subset J C Z is down-closed if i € J, ¢ < ¢ implies i’ € J.

For a poset Z, let |Z| be the geometric realization of Z, defined as the usual
geometric realization of the simplicial set N(Z) (hence a simplicial complex).
In particular, the r-dimensional faces of |Z| are in bijection with non-degenerate
r-dimensional simplices in N(Z), which are parametrized by strictly increasing
chains 79 < iy < --- < 4, in Z.

A poset T is called acyclic if |Z| is weakly contractible.

An order-preserving map of posets f : Z — 7 is called coCartesian, if for
any pair j < j’in J, and any i € f~1(4), the set {i’ € Z|i <4',j' < f(i')} has
a unique minimal element 9;_,; (i) that maps to j'.

An order-preserving map of posets f : Z — J is called a left covering map,
if for each pair j < j’ in J, and any i € f~1(j), there is a unique 7 € f~1(j)
such that 7 <4’'. A left covering map is, in particular, coCartesian. If f is a left
covering map, then each fiber f~!(j) is a discrete poset (any pair of distinct
elements are incomparable), and 9, gives a map f~1(j) — f~1(j’) for each
pair j < 7’ in J, compatible with compositions. Such a structure is simply a
functor J — Sets (called a J-set in Section 4.2.1). Conversely, given a functor
X+ J — Sets, if we let T = [[;c7 X; and define the partial order on 7 to
be generated by ¢ < X;_, (i) for all j < j' € J and i € Xj, then the natural
projection f :Z — J is a left covering map of posets. We conclude that a left
covering map of posets f : Z — J is the same datum as a J-set, i.e., a functor
J — Sets.

A.3.2. Generalities on cosheaves. Let T be a poset with nerve N(Z). We
call a functor F : Z — St” a cosheaf on Z. In other words, for each i € I, F
assigns a stable presentable co-category F;, and for each arrow ¢ : ¢ — j in Z,
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there is a functor F, : F; — Fj, together with higher compatibilities. We call
colimz F € St the (category of) cosections of F.

Let f : Z — J be an order-preserving map of posets. Let G be a cosheaf
on J. Then we define f*G to be the cosheaf on Z given by the composition
T L 7 9 Sth. 1f f is injective, then we write f*F as Flz.

In the following, we gather some useful tools for calculating colimits. Most
of them can be found in Lurie [Lur09, §4].

A.3.3. Pushforward. Let f:7Z — J be an order-preserving map of posets
and F be a cosheaf on Z. We denote by fiF : J — St¥ a left Kan extension
of F along the map f. Then colimz F =+ colim s fiF by the general properties
of left Kan extensions.

Suppose f : Z — J is coCartesian. Then for j < j'in J, there is a natural
functor

COlimiEf—l(j) E — COhmi’ef—l(j’) ]:i’
induced by the functors (for i € f=1(j))

Fi — faj_)j,(i) — COhmi/effl(j/) Fir,
where the second map uses that 9;_,; (i) € f~1(j’). These maps give a cosheaf
ff F on J whose value at j is COlimief—l(j) Fi.

PROPOSITION A.3.4 (Lurie, special case of [Lur09, Prop. 4.3.3.10]). Sup-
pose f: T — T is a coCartesian map of posets and F is a cosheaf on . Then
ff F is a left Kan extension of F along f. In particular, there is an equivalence

colimz F =~ colimy [ 7 F.

Another instance of pushforward is extension by zero. Let + : 7y C Z be
the inclusion of an up-closed subset. Then for a cosheaf F; on Z;, the cosheaf
uJ1 on Z is obtained by extension by zero: it assigns to each i € 7\ Z; the
zero category.

Dually, let 3 : Zyg C Z be the inclusion of a down-closed subset. Let Fy
be a cosheaf on Zy. We define j,Fy to be extension by zero of Fy as a cosheaf
on Z. Then j, : Fun(Zy, StY) — Fun(Z, St1) is a right adjoint to the restriction
§* : Fun(Z, St%) — Fun(Zo, St1).

A.3.5. Subdivision. Let sd(Z) be the set of non-degenerate simplices in the
nerve N(Z); they are strictly increasing non-empty chains i = (ip < -+ < i,)
in Z. Equip sd(Z) with a partial order by defining i < i’ if and only if i’ is part
of i. We have a map of posets 7 : sd(Z) — Z sending i = (ig < --- < iy) to ip.

For a cosheaf F on Z, let sd(F) = n*F be the pullback cosheaf on sd(Z).
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LEMMA A.3.6. The map 7 :sd(Z) — T is cofinal. In particular, for any
cosheaf F on I, there is a canonical equivalence

colimgq(z) sd(F) = colimz F.

Proof. To check that 7 is cofinal, we apply Quillen’s Theorem A as in
[Lur09, Th. 4.1.3.3]. For i € Z, the category M = sd(Z) xz Z;, consists of
strictly increasing non-empty chains ig < --- < %, in Z such that ¢ < 5. We
need to show that the geometric realization |M| of M is contractible. Let
L C M be the subposet where ig = i; let K C M be the subposet where
i < ip. Then M = LU K, and we can identify L = K" (the right cone of K)
because L has a maximal element that is ¢ itself as a chain, and its complement
is isomorphic to K viai = (ip < - < ip) > 1 = (i1 < -+ < i,). Also we
have i < i’ (where i’ € K and i € L is obtained from i’ by adding 7), and all
the other order relations are consequences of it and the fact that L and K are
subposets. We conclude that M = (K x [1]) [ [ g« o} K (where [1] is the poset
{0,1}). The geometric realization |M| is thus homeomorphic to the cone over
| K|, hence contractible. O

A.3.7. Double colimits. In some situations we want to rewrite colimz F
as a colimit of colimits, where the inner colimit is taken over a subposet of Z.
Lurie’s theorem [Lur(09, Cor. 4.2.3.10] gives a general framework for doing this.
We recall the statement of loc. cit. in the simplified situation where the colimits
are parametrized by posets. Suppose K is a poset and F : K — St’ is a cosheaf
on K. Let J be another poset with an assignment J > j — K; C K such that
Jj <j' in J implies K; C Kjr.

PRrROPOSITION A.3.8 (Lurie, special case of [Lur09, Cor. 4.2.3.10]). Under
the above notation, assume that K; is up-closed for each j € J, and for each
k € IC, the subposet Jy, := {j € J|k € K} is acyclic. Then the natural maps
colimy; F — colimy F give an equivalence

colimje 7 (colimy; F) = colimg F.

As an immediate application, we get a Mayer-Vietoris type theorem for
colimits.

COROLLARY A.3.9. Let I be a poset. Suppose T = TyUZy, where Iy and
11 are both up-closed. Let F be a cosheaf on I. Let Ty1 = Zo NZ1. Then the
natural maps give an equivalence

colimz, F|z, H colimz, F|z, = colimz F.

colimzy; Flzy,

Proof. Let Dy be the poset of proper subsets of {0,1} under inclusion.
Apply Proposition A.3.8 to the assignment &+ Zy1, {0} —Zp and {1}—Z;. O
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A.3.10. Locally constant cosheaves. A locally constant cosheaf on I is one
such that F, is an equivalence for all arrows ¢ in Z.

ProprosiTION A.3.11 (Lurie, [Lur09, Cor. 4.4.4.9]). Let f : T — J be
an order-preserving map of posets and F a locally constant cosheaf on J. If
|Z| < |T| is a weak homotopy equivalence, then the natural functor

colimz f*F — colimy F

s an equivalence.
In particular, if F is a cosheaf on an acyclic poset L, then for any i € T,
the natural map F; — colimz F is an equivalence.

A.3.12. Recollement. Given maps of cosheaves on a poset Z

i Fee

we say it is a recollement of cosheaves if

(1) for each i € Z, evaluating o and § at i gives a recollement in St’:

Bir o
n _Bi i /
R RS
. s
/B'L* k3

(2) for i < ¢ in Z, the commutative diagram where the vertical maps are
the transition functors for F, 7' and F”,

Bi a;
b R

L)

7;/
oy iy

is a morphism of recollements.

In this situation, Proposition A.2.1 is applicable to conclude that

. colim . colim « .
colimz F" <—— colimy F =— colimy F’

extends to a recollement.

Remark A.3.13. A caution to those who bring intuition of cosheaves with
values in a stable category (the oo-category Stl is itself not stable): one
needs the hypothesis of a recollement of cosheaves in the statement of Proposi-
tion A.2.1. Otherwise a “triangle of cosheaves” need not lead to a “triangle of
cosections.” For a toy example of what could go wrong, consider the diagram
of cosheaves



FUNCTIONS ON THE COMMUTING STACK VIA LANGLANDS DUALITY 733

on the poset AJP? = {0 +— @ — 1}, where each cosheaf is given by a horizontal
row of the diagram

(A.3.1)

0 Vect & 0

L,

0
0 <—— Vect 4 Vect @ Vect
0

F

~

0 & Vect.

Here d is the diagonal embedding, ¢ is inclusion to the first factor, and p
is projection to the second factor. Note that at each element of AJPP, the
corresponding vertical sequence in (A.3.1) is a recollement. But note that the
right squares are not adjointable with respect to the vertical maps, so we do
not have a recollement of cosheaves.

Then we have

COhInAcipp Q < COhmA?PP F COhmAclmp K

0 0 Vect.

So while colimperr Q is the cokernel of colimperr F <= colimpaerr K, we see K
is not the kernel of colimporr @ <= colimpere F. Thus we do not obtain a
recollement on cosections.

A.4. Expansion of cosheaves. In this section, we prove the invariance of
colimits of cosheaves under a certain modification called expansion.

A.4.1. Ezxpansion of posets.
Definition A.4.2. Let Z be a poset and 7' C 7.

(1) We call Z a weak elementary expansion of 7' if
e 7\ 7' contains a unique minimal element, which we denote by 0;
o letting 7, = {i € 7|0 < i}, then Z., is up-closed in Z and acyclic
(in particular, non-empty).
We denote the above situation by Z/ " Z or Z' 7y T if we want to indicate
the minimal element in Z \ Z'.
(2) We call Z an expansion of I’ if there is a finite sequence of up-closed
subsets Z,, C Z (1 < n < N) such that Zy =Z',Zy = Z, and Z,, is a weak
elementary expansion of Z,,_1:

(A.4.1) =Ty )T) /T /- /Iy =1.

Note that a weak elementary expansion may not be an expansion; it is an
expansion if Z’ is up-closed in Z.
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We give an example of a weak elementary expansion that we use in the
paper. Fix n > 0, and set [n] = {0,...,n}. Let D,, be the partially ordered
set of proper subsets J G [n] with respect to inclusion.

LEMMA A.4.3. Fiz a nonempty J C [n]. Set D] C D, to be the subsets
of [n] not contained in J.

(1) The inclusion D; C D,, is a weak elementary ezpansion.
(2) More generally, for any poset T with an embedding D,, — I whose image
is up-closed, T is a weak elementary expansion of ' := T\ (D, \ D).

Proof. (1) Clearly D; is up-closed in D,, and D, \ D; has the minimal
element @. We need to show that D; is acyclic. We can identify the geometric
realization of the nerve N(D,,) with the standard n-simplex A,, with vertices
6, ...,n in such a way that J € D,, corresponds to the barycenter of the face o/
whose vertices are {i|i € [n]\ J}. (In particular, o2 is the maximal face of A,
and J; C Jy if and only if 0/t O ¢7/2.) Under this identification, the geometric
realization of N(D;]) is A := UJ/GD;{UJI = Ujlg[n]’JlngUJ/. We need to show
that A; is contractible.

Without loss of generality, we may assume J = {0,1,...,j} for j > 1.
Let Aj; C A, be the face with vertices 6, - ,3. Then A; is the union of faces
whose vertices do not contain all vertices i with j+1 < i < n. Define a
deformatlon retractlon A, - Aj by linearly extending the map on vertices
given by P iifi < 7, and 0 g if © > j. Restriction of this deformation
retraction to A;] C A, gives a deformation retraction A} — A;, proving that
A7 is contractible.

(2) Let @ € D, be the unique minimal element. Then Z., = D; is
up-closed in D,, hence also in Z by assumption, and is acyclic by (1). U

A.4.4. Ezxpansion of cosheaves.
Definition A.4.5. Let T be a poset, and let Z C Z. Let ¢ : £ — F be a

map of cosheaves on 7.

(1) 7' o Z, we say that ¢ is a weak elementary expansion along ' 7 T if
e |z : &l — Flr is an equivalence;
e for i € 7"V =T\ 7', the following square is a pushout:

&~ Fo

L

& —=Fi.
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(2) Suppose Z is an expansion of Z'. We call ¢ an expansion along 7' C T if
there exists a sequence of elementary expansions as in (A.4.1), where Z,
are up-closed, such that we have the following:

o ¢|7: &l — Flz is an equivalence.
e Foreach1 <n < N, let0,, € Z,\Z,—1 be the unique minimal element.
Then for any ¢ € Z,, \ Z,,—1, the following square is a pushout:

Pop,
&o,, — Fo,

e

& —2> Fi.
The key property of an expansion of cosheaves is the invariance of colimit.

PROPOSITION A.4.6.

(1) Let Z" /o T be a weak elementary expansion of posets, and let ¢ : £ — F
be a weak elementary expansion of cosheaves on I along I' /o Z. Then ¢
mduces an equivalence on colimits

(A.4.2) colim ¢ : colimz & = colimz F.

(2) The same holds if T' C T is an expansion and ¢ is an erpansion of
cosheaves on T along T' C T.

Proof. (1) Let 794 = 7/ and 7" = 7\ 7°4. Let Z+ = Z U {0'}, and
extend the partial order from Z to Z* by adding the relations 0 < 0’ < i for
all i € T94.

We first claim that the map of posets Z — ZT is cofinal. Indeed, we
apply Quillen’s Theorem A to the map i, and note that for any i € ZT,
T xz+ I3, either has a unique minimal element i if i € Z, or when i = 0/,
Ix I+Ii_0/ = {i € 7°1)0 < i} = 79, which is acyclic by assumption. Therefore
the assumption for applying Quillen’s Theorem A is satisfied.

Extend £ to a cosheaf €T on ZT by assigning & := Fy. The functors

-1
56? — Ef for i € 7°9 are given by the composition Fy — F; RN &;. The

cofinality of Z in Z" implies
(A.4.3) colimz & = colimz+ ET.

Next we would like to apply Proposition A.3.8 to write colimz+ £' as a
double colimit where the outer colimit is parametrized by 7 again. We apply
it to K =7I%, J =T and the following assignment Z > i — Z;7: if 0 < 4, let
I} = {j € 77 < i} U{0'}; otherwise let Z;" = {j € Z|j < i}. We check that
the acyclicity condition holds. Let k € Z+. If k € Z, then {i € Z|k € Z;'}
contains k as the unique minimal element, hence is acyclic. If k = 0/, then
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{i € Z|0' € Z;7} contains 0/ as the unique minimal element, hence again is
acyclic. Proposition A.3.8 gives a natural equivalence

(A.4.4) colimiez(colimI;L EY) ~ colimzy ET.

For each i € 7°4, I;r has a unique maximal element ¢, hence colimI;r ET ~
&N =& ~F;. Forie I, I,” does not intersect Z9¢ since Z9 is up-closed.
This implies {0,0',4} is cofinal in Z;", hence colimy+ ET ~ &y [[¢, & ~ F; by
assumption. Combining these calculations we see that the right side of (A.4.4)
is canonically equivalent to colimz F. Combined with (A.4.3) we conclude that
(A.4.2) holds.

(2) We would like to reduce to the situation of (1). Let Z = Zy o, Z1 0,
Iy /- 0, IN = T be a sequence of elementary expansions, with each Z,,
up-closed in Z such that ¢ satisfies the conditions in Definition A.4.5(2). For
1 <n <N, let & be the cosheaf on Z that is F|z, on Z, and is |7 7, on
I\Z,. For T\Z, > i < i € T, the transition functor (&,); = & — (&E,)y = Fy
is defined to be the composition &; 2 Fi— Fy. Then & = € and Ey = F
and there is a natural map ¢, : £,-1 = &,. It suffices to show that ¢,, induces
an equivalence on colimits.

Let 70V = T, \ Z,_1 and Z°9 = 7\ Z'¥. We claim that Z is an el-
ementary expansion of Z°9. Indeed, Z;*V has a unique minimal element 0,
by assumption, and Iglgn = (Zp-1)>0, because 7,1 is up-closed in Z. By
construction, ¢, : En—1 — &, is a weak elementary expansion along Z°9 ~ T
in the sense of Definition A.4.5(1). Therefore we reduce to the case of (1). O

A.5. A categorical contraction principle. If Y is a manifold with a flow
{®;}¢>0 that contracts Y to a subspace Z C Y as t — 0, (i.e., the flow
{®+}+>0, viewed as an Rs-action, extends to an action {®;};>¢ of the monoid
R>o with Z = ®¢(Y')) and if F is a constructible sheaf on Y locally-constant
(hence constant) on flow lines, then the restriction map gives an isomorphism
RI'(Y,F) = RI'(Z, F|z). This is usually called the contraction principle for
sheaves. Below we formulate and prove a categorical analog of this principle.

THEOREM A.5.1. Let J C T be a subposet. Denote by s : J — T the
inclusion and set Ty = I\J. Let F : T — St¥ be a functor. Denote by
L : Ty — Stl the cokernel of the natural map (s1s*F)|z, — Flz,. Assume that

(1) The maps of cosheaves on I

ﬁ e *
L Flz, (515" F)lzo

are a recollement of cosheaves in the sense of Section A.3.12.
(2) L is a locally constant cosheaf on Zy.
(3) The inclusion |s| : |T| < |Z| is a homotopy equivalence.
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Then the natural map is an equivalence:
colim z s*F =~ colimz F.

Before proving the theorem, we give a situation where it is easy to com-
pute the left Kan extension s;s*F of s*F. Let f : Z — J be a coCartesian
map of finite posets such that each fiber f~!(j) contains a unique minimal
element s(j). Then s : J — T is a section to f. Let Zy =7 \ s(J). Let F be
a cosheaf on 7.

LEMMA A.5.2. The pullback f*s*F is the left Kan extension s\(s*F) of
s*F along s : J — T.

Proof. For eachi€Z, {j€J|s(j) < i} has a unique maximal element f(z).
Therefore the value of si(s*F) at i is (s*F) ¢y = Fs(pa)) = (f*"F)i- O

Since the map f is coCartesian, fiF is equivalent to f f]: by Proposi-
tion A.3.4. We get the following corollary from Theorem A.5.1.

COROLLARY A.5.3. Under the above notation, assume the conditions in
Theorem A.5.1 hold. Then the natural maps are equivalences

colim 7 s* F ~ colimz F ~ colimz / F.
f

The proof of Theorem A.5.1 will be given after recalling some facts about
simplicial complexes.

A.5.4. Simplicial complexes and exit poset. For a poset Z, we have a sim-
plicial complex |Z|. For a simplicial complex Y, we define its ezit poset P(Y)
to be the set of (closed) faces o of Y with the partial order given by inclusions.
From the definition, faces in |Z| are parametrized by non-degenerate simplices
in N(Z), therefore we get a canonical isomorphism of posets

(A5.1) sd(Z) 2 B(|Z])°PP.

For any subset Z' C Z with the inherited poset structure, |Z'| C |Z] is a
closed subcomplex. The complement |Z|\ |Z’| is the open star star®(|Z \ Z'|).

For a simplicial complex Y, let sd(Y") be its barycentric subdivision. Then
sd(|Z]) can be identified with |sd(Z)| as simplicial complexes.

For a simplicial complex X, by a cosheaf F on X we mean a cosheaf F on
P(X)°PP, ie., a functor F : P(X)°PP — StX. (Equivalently, by passing to right
adjoints, it is the same datum as a functor P(X) — Stf.) We will write IxF
for colimgy(xyore F. We write Fz = Flyp(z)ore for the restriction of a cosheaf
to a subcomplex Z C Y.

Let F be a cosheaf on a poset Z. By (A.5.1), sd(F) is a cosheaf on
PB(|Z|)°PP, hence a cosheaf on |Z|. By Lemma A.3.6, there is a canonical
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equivalence

/ sd(F) ~ colimz F.
1zl

A.5.5. Simplicial collapse. Recall a simplex 7 C K in a simplicial complex
K is called a free face if there exists a unique maximal simplex ¢ C K such
that 7 ;Cé o. In this case, the simplicial collapse of K along the free face 7 C K
is defined to be the subcomplex K’ = K \ (Urcyco?®) C K. Note that the
pair K’ C K implicitly knows the free face 7 as the unique minimal face of
K removed to obtain K’. Given general simplicial complexes Ky C K, by a
simplicial collapse of K to K, we will mean a finite sequence of subcomplexes
Kyc---CcK, 1CK,C- - C Ky =K such that K,,_1 results from K, via
a simplicial collapse along a free face 7, C K,,.

LEMMA A.5.6 (Whitehead [Whi39, Cor., p. 252]). For an inclusion of
finite simplicial complexes Zg C Yy, after the second barycentric subdivision
Z = sd*(Zy) C sd*(Yo) =Y, there is always a simplicial collapse of the closed
star U = star(Z) C Y to Z.

Proof. We give a sketch here and refer to [Whi39] for more details. After
the first barycentric subdivision, Z; = sd(Yp) will be a full subcomplex of
Y1 = sd(Yp); i.e., if the vertices of a simplex of Y lie in Z;, then the simplex
itself lies in Z;. To see this, recall that the k-simplices ¢ C Y7 are given

by k-flags of simplices o9 C 01 C --- C o C Yy. The vertices of o are
the 0-flags 0g,01,...,0, C Yy that occur in the flag. If these 0-flags satisfy
00,01,...,0, C Z1, then the simplices satisfy og,01,...,0, C Zy. Thus the
k-flag representing o indeed satisfies o9 C 01 C .-+ C o C Zy, and hence
o C Zj.

Now starting from the full subcomplex Z; C Yi, after a barycentric sub-
division Z =sd(Z;) C sd(Y1) =Y, we can always find a simplicial collapse of
the closed star U = star(Z) C Y to Z as follows. Such a simplicial collapse
will be determined by a total order on the simplices of U\ Z. We can take any
total order compatible with the following partial order.

First, consider the prior open star U7 = star®(Z;) C Y1, and the comple-
ment U7 \ Z1. Note that every relatively open simplex ¢° C U \ Z lies in a
unique relatively open simplex ¢° C U7 \ Z;.

Partially order the simplices of Uy \ Z; opposite to their natural order
by closure inclusion; so the partial order begins with the maximal simplices of
Uy \ Z1 and proceeds to the minimal. (Note that U7\ Z; has no vertices — its
simplex closures must contain vertices from both Z; and its complement — so
its minimal simplices will at least be edges.)

Partially order the simplices 0° C U\ Z by the above partial order on the
simplices 6° C U7\ Z; containing them. From here, it suffices to independently
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define, for each 7° C Uy \ Z; with partial closure 7 = 7° C Uy, a simplicial
collapse of the subcomplex 7 N U to the subcomplex 0r N U.

Thus it remains to solve the following general local problem: given a
closed simplex 71 and a proper closed facet p; C 71, consider the barycentric
subdivision 7 = sd(71) and its subcomplex p = sd(p1) C 7. Let U = star(p) C
7 be the closed star of p C 7. Then we need a simplicial collapse of U to UNOT.
To achieve this, we can take any total order on the simplices of U \ (U N J7)
compatible with the following partial order. First, partially order the simplices
of U\ (UNAT) opposite to their natural order by closure inclusion; so the partial
order begins with the maximal simplices of U \ (U N d71) and proceeds to the
minimal. Then refine this partial ordering, by further ordering the simplices
of U\ (U N 9r) starting with those with the maximal number of vertices not
in p and ending with those with the minimal number of vertices not in p.
It is elementary to check that this indeed gives a simplicial collapse of U to
Unor. O

A.5.7. Proof of Theorem A.5.1. Let & = s515*F. We need to show that the
adjunction map « : £ — F induces an equivalence colimz £ ~ colimz F.

Let Yy = |Z] and Zy = |Z1| = |s(J)|, which are finite simplicial complexes
by assumption, and let Zy C Yg be a closed subcomplex. We write Y = sd?(Yj)
and Z = sd?*(Zp). Then sd(F) and sd(€) define cosheaves on Yy and Z;. We
abuse the notation to denote the pullback of sd(F),sd(€) to Y and Z still by F
and €. By Lemma A.3.6, it suffices to show that the natural map [, & — [, F
is an equivalence.

The locally constant cosheaf £ on Zy defines a locally constant cosheaf
sd(L£) on sd(Z) \ sd(s(J)) via pullback by the first vertex map sd(Z) \ sd(s(J))
— I\ s(J) = Zp. In other words, £ pullbacks to a locally constant cosheaf
sd(L) on P(Yp)°PP \ P(Zp)°PP. Iterating this procedure, we get a locally con-
stant cosheaf sd®(L£) on (Y )PP \ P(Z)°PP. For simplicity we still denote it
by L. For a cosheaf F' on Y, we denote its restriction to B (Y)°PP \ 3(Z)°PP
by }'g,\z. The assumptions on the original F imply that the maps o and
restricted to Y\ Z extend to a recollement of cosheaves on B (Y")°PP \ P(Z)°PP:

B

«

L

Fy\z Ey\z-

Let U° = star®(Z) C Y be the open star of Z, and let U = star(Z) C Y
be the closed star of Z. Set V=Y \U° and W = U NV. By Corollary A.3.9,
we have

(A.5.2) /U‘FUIWHJ:W/V‘FV:}/Y‘F.

The same applies to £ in place of F. We will prove the following claims:
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(1) The diagram

(A.5.3) fW Ew — fW Fw

L

fngva}—V

is a pushout square.
(2) The natural map [, &y — [, Fu is an equivalence.
We first show that these two claims imply the proposition. Let D; be the poset
of proper subsets of {0,1}. We define a cosheaf A on D; by

Az:/ Ew, «4{1}2/5% A{o}Z/ Ev.
W U v

Define another cosheaf A’ on D; by

L= Fw, A :/}",A’ :/f.
z/WW w= /v Aw= ) v

Then « induces a map of cosheaves A — A’. The inclusion {{0}} C D; is a
weak elementary expansion in the sense of Definition A.4.2(1), and A — A’ is
a weak elementary expansion along {{0}}  D;. Then Proposition A.4.6(1)
applies to the situation to conclude that colimp, A = colimp, A'. By (A.5.2)
and its analog for £, we conclude that fY ES fY F.

We prove (1). By the second assumption, over V', the termwise recollement

(A.5.4) Ly 2 F ey

extends to a recollement of cosheaves; i.e., all six-term diagrams relating the
values of (A.5.4) at two faces 0 C 7 in V' are morphisms of recollements. By
Proposition A.2.1(1), we conclude that the colimits also fit into recollements

—Bvo —ayo
Jy Lv =—— [, Fv <—— [,, &v.

The same holds for W in place of W, so we have a diagram where the two rows
extend to recollements

(A5.5) S Lw Ly F S Ew
]

Jy Lv =—— [, Fv < [, &v.

Moreover, by Proposition A.2.1(2) this is a morphism of recollements. Now
consider the map

(A.5.6) /WLW—>/VEV.
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We claim that W < V is a homotopy equivalence. Indeed, since the inclusions
Z CY, Z C U are homotopy equivalences, the inclusion U C Y is as well.
Therefore there is a deformation retraction of Y to U. (See, for example,
[Hat02, Ch. 0].) Removing U° then gives a deformation retraction of V =
Y \U° to W = U \ U° in particular, the inclusion W < V is a homotopy
equivalence. Since Ly is locally constant, we can then apply Proposition A.3.11
to conclude that (A.5.6) is an equivalence. Then by Corollary A.2.2 applied to
the morphism of recollements (A.5.5), we conclude that (A.5.3) is a pushout
diagram.

We prove (2). By Lemma A.5.6, we have a sequence of subcomplexes
Z =Ky C Ky C ---Ky = U such that K,,_; is a simplicial collapse of K,
along a free face 7,, 1 <n < N. We claim that P (K, )°PP is a weak elementary
expansion of P(K,_1)°PP with minimal element in P(K,,)°PP \ P(K,_1)°PP
given by the unique maximal face o, in K, containing 7,,. Indeed, we use
notation from Lemma A.4.3. Let d = dim o,,. We can identify B (o,,) with Dy
after choosing an identification of the vertices of o,, with [d], and then B (K,,—1N
oy )°PP is identified with ’Da] for some proper subset J C [d] corresponding to 7.
Then the partition P(K,,)°PP = PB(K,—1)°PPU(D,4\D:) satisfies the conditions
in Lemma A.4.3(2), which verifies that P (K,—1)°PP 75, PB(K,)°PP. Therefore
P(Z)°PP C P(U)°PP is an expansion in the sense of Definition A.4.2.

We claim that oy : &g — Fy is an expansion of cosheaves along B(2)°PP C
PB(U)°PP in the sense of Definition A.4.5. Indeed, by construction, ay is an
equivalence when restricted on Z. For any two faces 7 C ¢ of U not contained
in Z, we have a morphism of recollements

EO /Bcr fa_ (o723 go

where the left vertical map is an equivalence since L is locally constant. By
Corollary A.2.2; the right square above is a pushout square. This verifies the
second condition for an expansion of cosheaves. Claim (2) now follows from
Proposition A.4.6. U

Appendix B. Functoriality of sheaves
with Lagrangian singular support

Let k& be a field of characteristic 0, let X be a smooth algebraic stack
over C of finite type, and let £ C T*X be a closed (C*-)conic Lagrangian
substack. Denote Sh(X) the co-category of sheaves of k-modules on X, and
Shy(X) € Sh(X) the full subcategory of sheaves with singular support con-
tained in £. It is known that Shy(X) is compactly generated [AGK™20,
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Cor. G.7.8], Sh(X) is presentable, and the inclusion Sh,(X) — Sh(X) pre-
serves both limits and colimits [AGK ™20, Cor. G.7.5]. The goal of this section
is to prove the following:

PRrOPOSITION B.0.1. Let f: X — Y be a representable map between finite

type smooth algebraic stacks over C.

(1) Let Ly C T*Y be a closed conic Lagrangian substack. Then the functors
5 ' Shey, (Y) — Sh(X) preserve both limits and colimits.

(2) Let Lx C T*X be a closed conic Lagrangian substack. Then the functors
Ji, f« : Shey (X) — Sh(Y') preserve both limits and colimits.

Proof. (1) We show the statement for f*; the one for f ' follows from similar
argument. Since f* : Sh(Y) — Sh(X) is a left adjoint, it preserves colimits;
hence f*|gy £y (Y) also preserves colimits since the inclusion ¢z, : She, (V) —
Sh(Y') does.

Let F : I — Shz, (Y) be a diagram of sheaves. We have the natural map
(B.0.1) o f (lzler?}",) — lzlen?f Fi
in Sh(X). To show it is an equivalence, it suffices to show the same after
pulling back to a smooth cover px : X > X , since p% is conservative. Let
Py : Y — Y be a smooth surjective map from a scheme 37, and form the
Cartesian diagram

x 1.y
[
x-Tov
Then p% ¢ can be factored as
px [f(im F;) = f*py(im F;) ~ f*lim(py-F;) — lim f*p3 F;
— lim p f*Fi ~ py lim f*F.
Here we use that p% and pj. preserve limits. (Being smooth, they agree with p!X

and p!Y up to a shift.) To show that the above composition is an equivalence, it
suffices to show that the middle arrow is an equivalence; i.e., f* : ShL17 Y) —

Sh(% ) preserves limits. (Here Ly C T *Y is the transport of £y under the

Lagrangian correspondence between T *Y and T*Y.)

Henceforth we assume both X,Y are smooth schemes. For any closed
conic Lagrangian £y C T*Y, there is a Whitney stratification {Y,}aecs of Y,
so that Ly C UaT%, X. So it suffices to prove that the claim for Ly is conormal
to a Whitney stratification. Now pick a Whitney stratification {Xg}ger of X,
so that the images of f* land in Sha(X) C Sh(X), for M = UpTx, X. Now
let i, : © — X be the inclusion of a point. By [NY21, Lemma A.1.11], the
functor i}, : Sha((X) — k-mod preserves limits. Now let F : I — Shz, (V') be
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a diagram of sheaves in Shz, (Y'). We need to show that the natural map ¢
in (B.0.1) is an equivalence. Equivalently, we need to check that ¢ induces an
equivalence on each stalk. Taking stalks at x € X, ¢, can be identified with
the composition of equivalences

¢p : (ff(Im F;))y = (lim}}-)f(x) ~ lim(]-"i)f(x) ~lim f*(F;), =~ (im f*(F;)) -

Here the second (resp. last) equivalence uses the fact that i;’:(x) : She, (Y) —
k-mod (resp. i, : Shaq(X) — k-mod) preserves limits. This shows that ¢ is an
equivalence.

(2) We only prove that f; preserves limits; the case of f, follows from a
similar argument. By the same reduction using smooth covers as in (1), we can
assume X,Y are smooth schemes. We can further assume Lx is conormal to
a Whitney stratification X = Uy,ecsX,. Now pick a relative compactification

X of f;i.e, f factors as X Lx2 Y, where j is an open embedding, and p is
proper. Now it suffices to show that j, : Shy,(X) — Sh(X) preserves limits,
since p1 = p, preserves limits. Let X = Uy g/ X be a Whitney stratification
on X that refines the partition X = (UX,)U (X\X). Define £ and £’ to be

the conormals to the new stratifications of X and X. Now it suffices to show
that ji : She (X) — Shﬁ%(Y) preserves limits. Let F : I — Shy, (X) be a
diagram of sheaves. Consider the natural map ¢ : j(lim F;) — lim ji(F;). We
only need to check that ¢ is an equivalence on each stalk. For x € X, it is
clear that ¢, is an isomorphism. For z € X \ X, we have (j(lim F;)), = 0 and
(lim 51 (F3))z = im(51(F;))z = 0 since ¢ preserves limits. Therefore ¢, is also
isomorphism, and hence ¢ is an isomorphism. U

Appendix C. Universal version of Tao-Travkin Theorem
The method of [TT20] can be applied to deduce the following theorem:

THEOREM C.0.1. Let G° be the neutral component of the loop group G =
G((t) of a connected reductive group G over C, and let Hge C Hg be the
full monoidal subcategory of the universal affine Hecke category consisting of
sheaves supported on T\G°/Z". Then the natural maps induce an equivalence
of stable presentable monoidal categories

colim?cftla Hi, — Hgeo,
where the colimit is of stable presentable monoidal categories.

In this section, we shall adopt the notation in loc. cit. Denote by J the
convolution Schubert 1-category for the affine Weyl group W, which is denoted
Word}, and defined in [TT20, Def. 4.1.1]. Objects in J are sequences w =
(w1, ..., wy) where each w; € W lies in a finite standard parabolic subgroup.
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Recall G<y, = ZwZ C G. For w = (w1, ..., w,) € J, put Xy = T\ Gy, x*"
o xT" Gy, /M. Let XS, C Xy be the open stratum where G<,,, are replaced
with Gy, = Zw;Z, and let 0Xy = Xy \ X5,. Then Xy, is stratified into the
union of Xy for w' = (w],...,w;,) € J such that w; < w; for each 1.

Define Sh/(Xg) C Sh(X$,) to be the full subcategory of locally con-
stant sheaves. Denote by Sh'(Xy) C Sh(Xy) the full subcategory consisting
of sheaves that are locally constant on each stratum X,,s. Similarly define
Sh (0Xw)-

We have a functor H : J — Stﬁ, which assigns to an object w € J the
category Sh'(Xy), and to a morphism w; — ws in J, the functor H(w;) —
H(wsq) given by convolution. This is the universal monodromic analogue of
[TT20, Cor. 5.3.3).

Sketch of proof of Theorem C.0.1. The proof of [TT20, Th. 5.4.3] goes
through, except we need to check the analogous statement for [TT20, Cor. 5.4.2]:
For every birational map w; — wy in J, the diagram

COhmw’l—>w1 strict emb. fH(Vvll) - j{(wl)
COlimw’Q—>WQ strict emb. }C(WIQ) - }C(WQ)

is coCartesian. Now by same proof as in [TT20, Cor. 5.4.2], we have a natural
equivalence for every w € J:

COlirnw’—>w strict emb. fH(WI) = Sh/(aXW)

Therefore we are left to check the following lemma, analogous to [TT20, Lemma
5.4.1]. O

LEmMA C.0.2. For any birational map wi — wo in J, the natural diagram
is coCartesian:

(C.0.1) SH' (9 X, ) — SN (Xw,)

| !

Sh/(0Xw,) — Sh'(Xw,)-
Proof. We have a morphism of recollements (see Section A.1.1)

Sh,(X\?Vl) : Sh/(le) : Sh,(anl)

| | l

S/(XS,,) =—= Sh'(Xw,) =—= SW/(0Xy,).
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Since w1 — Wy is birational, Xo = X3

wo» the left vertical arrow above is an

equivalence. The desired statement follows from Corollary A.2.2. O
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