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ON KOSZUL DUALITY FOR KAC-MOODY GROUPS

ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

ABSTRACT. For any Kac-Moody group G with Borel B, we give a monoidal
equivalence between the derived category of B-equivariant mixed complexes on
the flag variety G/B and (a certain completion of) the derived category of GV-
monodromic mixed complexes on the enhanced flag variety GV /U, here GV
is the Langlands dual of G. We also prove variants of this equivalence, one of
which is the equivalence between the derived category of U-equivariant mixed
complexes on the partial flag variety G/P and a certain “Whittaker model”
category of mixed complexes on GV /BVY. In all these equivalences, intersection
cohomology sheaves correspond to (free-monodromic) tilting sheaves. Our
results generalize the Koszul duality patterns for reductive groups in [BGS986].
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0. INTRODUCTION

0.1. History. The formalism of Koszul duality in representation theory goes back
to the work of Beilinson, Ginzburg, Schechtman [BGS88] and Soergel [So90] from
1980s, and was developed later by these and other authors in [BGS96], [BG99), etc.
The formalism uncovers some intriguing phenomena. On the one hand, it shows
that some categories of representations (such as Bernstein-Gel'fand-Gel’fand cate-
gory Q) are “controlled” by Koszul quadratic algebras; this fact, closely related to
Kazhdan-Lusztig conjectures, is proven using purity theorem about Frobenius (or
Hodge) weights on Ext’s between irreducible perverse sheaves. On the other hand,
the duality (or rather equivalence) between derived categories of representations
has some interesting geometric properties. In particular, it interchanges the Lef-
schetz sl(2) (i.e., the sl(2) containing multiplication by the first Chern class of an
ample line bundle acting on cohomology of a smooth projective variety) with the
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ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 3

Picard-Lefschetz s((2) (i.e., 5[&2) containing the logarithm of monodromy acting on
cohomology of nearby cycles)

In this paper we extend the result of [So90] and [BGS96] to a much more general
setting: we replace a semi-simple algebraic group considered in loc. cit. by an arbi-
trary Kac-Moody group. A comment is required on the precise relation between the
two settings. First, [So90] works with a regular integral block in category O of high-
est weight modules over the semi-simple Lie algebra. By the Beilinson-Bernstein
Localization Theorem this category is identified with a category of perverse sheaves
on the flag variety. In this paper we work directly with the geometric category of
sheaves and its generalizations. (A generalization of the Localization Theorem to a
general Kac-Moody group is not known, so one cannot restate our result in terms
of modules in this more general setting). The parabolic-singular variant of Koszul
duality developed in [BGS96] involves singular category O. By [MS97] the latter is
equivalent to the category of “generalized Whittaker” perverse sheaves on the flag
variety; hence the appearance of Whittaker sheaves in the present paper.

Finally, we would like to point out that equivalences below generalize the vari-
ant of Koszul duality equivalence suggested in [BG99] rather than the original
equivalences of [S090] and [BGS96]. While the latter send irreducible objects to
projective ones, the former sends irreducible objects to tilting ones. The advantage
of the “tilting” version of the equivalence is that it turns out to be a monoidal
functor (in the cases when the categories in question are monoidal); in the finite
dimensional group case this verifies a conjecture in [BG99, Conjecture 5.18]. For a
finite dimensional semi-simple group, the two functors differ by a long intertwining
functor (Radon transform). In the Kac-Moody setting there is a more essential
difference between the two formulations; in fact, the categories we consider do not
have enough projectives, so the requirement for the functor to send irreducibles to
projectives does not apply here. So we work out a generalization of the “tilting”
version of the formalism, and show that the resulting equivalences are monoidal
(when applicable).

The price to pay for including monoidal categories into consideration is addi-
tional technical difficulties of foundational nature (appearing already in the finite
dimensional semi-simple group case). As pointed out in [BG99)], the dual to the
Borel equivariant derived category of the flag variety is a completion of the cate-
gory of unipotently monodromic sheaves on the base affine space to a category of
pro-objects. The formal definition of such a completion and extension of the con-
volution monoidal structure to it requires additional work, done in the Appendix
to the paper. See [BG99| for a discussion of the relation of convolution with such
pro-objects to projective functors on category O.

We should also mention that although in this article we work with mixed ¢-adic
sheaves on varieties over a finite field, there should be a parallel story for mixed
Hodge modules on the complex analogs of the relevant varieties.

0.2. Main results. Fix a finite field k = [F,. Let G be a Kac-Moody group defined
over k. For the purpose of the introduction, the reader is welcomed to take G to
be a split reductive group over k. Let B = UH be a Borel subgroup of G with
unipotent radical U and Cartan subgroup H. The ind-scheme G/B is called the flag

I'We mention in passing that this property is at least formally similar to a key property of

mirror symmetry; perhaps a better understanding of this similarity can provide insight into the
nature of Koszul duality.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

variety of G and G/U is called the enhanced flag variety of G. For other notations
associated to G, we refer the readers to §2.1] and the “List of Symbols” at the end
of the paper.

Let GV be the Langlands dual Kac-Moody group of G. This is a Kac-Moody
group with root system dual to that of G, with Borel subgroup BY = UVH". Let
W be the Weyl group of G and GV, which is a Coxeter group with simple reflections
¥ (in bijection with simple roots of G). Let © C X be such that the subgroup We
generated by © is finite, hence determining a parabolic subgroup Pg of G. The
main results of the paper consist of four equivalences of derived categories in the
spirit of Koszul duality:

Main Theorem. There are equivalences of triangulated categories:

o FEquivariant-monodromic duality (Theorem B.21) which is a monoidal
equivalence:

®: D’ (B\G/B) = Db (BY*.GY . BY);

m m
o “Self-duality” (Theorem B31)):
v: D) (BY\GY/UY) = D}, (U\G/B);
e Parabolic- Whittaker duality (Theorem [BAT]):
Do : D}, (Po\G/B) = Dy, (UYUg ™ x)\GY, BY);
e “Paradromic- Whittavariant” duality (Theorem [B.5.1]):
Vo : Dy (PE\GY/UY) = Dy, (U°Ug, X)\G/B);

We need to explain some notation. For a scheme X over k£ with a smooth
group scheme A over k acting from the left, we denote by D}, ,(X) or Db (A\X)
the derived category of A-equivariant mixed Q,-complexes on X (using either an
l-adic analog of [BL94], or the formalism of [LO0S8] if we view A\X as a stack).
Therefore, D? (B\G/B) is understood as the derived category of left- B-equivariant
mixed complexes on the flag variety G/B, etc.

The category DP (BY  GY .* BY) is a completion of D?,(BY > _G" . BV), the
latter being the derived category of left UV-equivariant mixed complexes on the
enhanced flag variety GY /UY, which, along the HY-orbits (under the action given
by either left or right multiplication), have unipotent monodromy. The completion
procedure adds objects with free unipotent monodromy (called free-monodromic
sheaves) to the monodromic category. For details about the completion procedure,
see the discussion in Appendix [Al

In the target of the last equivalence g, U® is the unipotent radical of Pg, and
Ug is the unipotent radical of a Borel subgroup of Leg (the Levi subgroup of Pg),
which is opposite to the standard Borel. The left quotient by (U eUé ,X) means
taking mixed complexes which are left equivariant under U® Ug against a generic
character x : Uy — G,. Such a construction is called the geometric Whittaker
model (cf. [BBMO4b]). The meaning of (UYPUg ™, x) in the target of ®g is
similar, with G replaced by GV.

The equivalences in the Main Theorem enjoy the following properties:

e They respect the relevant monoidal structures. For example, both sides
of the equivariant-monodromic duality carry monoidal structures given by
convolution of sheaves, and ® is a monoidal functor. Similarly, both sides of

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 5

the parabolic-Whittaker duality are module categories under the respective
monoidal categories in the equivariant-monodromic duality (given by con-
volution on the right), and ®¢ respects these module category structures.

e They send standard (resp. costandard) sheaves to standard (resp. costan-
dard) sheaves. The spaces in question have Schubert stratifications indexed
by (cosets of) the Weyl group. The standard and costandard sheaves are !-
and x-extensions of constant sheaves (or free-monodromic sheaves) on the
strata.

e They send intersection cohomology (IC-)sheaves to indecomposable (free-
monodromic) tilting sheaves (Definition [AX7)). For example, under the
equivalence @, the intersection cohomology sheaf ZC,, (w € W, the Weyl
group of G) of the closure of the Schubert stratum BwB/B C G/B is
sent to the free-monodromic tilting sheaf 7~Lj supported on the closure of
BYwBY/UY C GY/UY. In the case of ¥ and Vg, they also send inde-
composable tilting sheaves to IC-sheaves. More generally, all these equiv-
alences send very pure complexes of weight 0 (Definition B12]) to (free-
monodromic) tilting sheaves.

e They are exact functors between triangulated categories, but not t-exact
with respect to the perverse t-structures. Under all these equivalences, the
Tate twist (1) becomes the functor [—2](—1).

0.3. A baby case. We look at the simplest case G = G,,. Let Q,[T] = Hf, (pt)
be the G,,-equivariant cohomology ring of a point, where T is a generator in degree
2 with (geometric) Frobenius acting by ¢. The analog of [BL94, Main Theorem
12.7.2(1)] in the mixed ¢-adic setting gives the equivalence

D?n(Gm\Gm/Gm) = D?n,([}m (pt) = ng (@Z [T}v FI‘),

the RHS being the derived category of finitely generated differential graded Q,[T7-
modules L = [--- L™! — L% — ...] with a Frobenius action on each L?, compatible
with the Frobenius action on @Q,[T], and with integer weights (see L2 for the
definition of weights).

The Langlands dual group GV is again G,,,. We consider the nonmixed situation
first (i.e., passing to k, the nonmixed derived categories will be denoted by D
instead of D). A local system on G,, with unipotent monodromy is given by
a representation of the pro-¢ quotient of 71(G,, ®; k). Taking the logarithm of
the unipotent monodromy, such a sheaf corresponds to a finite dimensional Q,[[t]]-
module on which ¢ acts nilpotently. Denote the category of such Q,[[t]]-modules by
Mod™ (Q[[t]]), then

DG G " Gpn) = D*(Mod™ (@, [[t]]))-
The completion procedure will give
ﬁ[c)(Gm \\ Gm // Gm) = Db(@é[[t”)v

the RHS being the bounded derived category of all finitely generated Q,[[t]]-mod-
ules. The object £ in the completed category that corresponds to Q[[t]] €
D*(Mod(Q,[[#]])) is a free-monodromic sheaf. The mixed version reads:

D (Gm Gy, Gry) = DO(Q[[t]], Fr).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



6 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

Here the RHS is the bounded derived category of finitely generated Q,[[t]]-modules
with a compatible Frobenius action (Frobenius acts on t by ¢~!). One can even
replace Qy[[t]] by Q[t] to get an equivalent derived category on the RHS (see
Remark B:5.2).

The equivariant-monodromic equivalence ® for G = G,, and GV = G,,, is given
by the following regrading functor

¢« DT9(Q,[T], Fr) = D*(Q[t], Fr).

For a differential graded Q,[T]-module L = @ L* with each L’ a Frobenius module,
write each L' = @ ; Lé according to the weights of the Frobenius action. Then ¢(L)

is a complex with i-th degree ¢(L)" = D, (Li:jj)j. Here (—)” denotes the same
vector space with the inverse Frobenius action. Each term ¢(L)? then carries a

Qy[t]-module structure, with t-action induced from that of 7" on L.
0.4. Other results. Along the way of proving the Main Theorem, we also show:

Variant. (1) The various categories involving G in the Main Theorem can be com-

binatorially reconstructed from the pair (Vig, W) alone (Vi is the Q,-Tate
module of the maximal torus H in G).

(2) If LieG is symmetrizable (e.g., G is a reductive group or an affine Kac-
Moody group), then we can replace all the GY’s by G in the various equiv-
alences in the Main Theorem.

In fact, for Lie G symmetrizable one can choose a W-equivariant isomorphism
Vi = Viv. Hence by (1) above, the various categories for G in the Main Theorem
can be combinatorially identified with the corresponding categories for G.

Recall that the categories DY, (B\G/B) and D? (B*_G * B) carry convolution

. B U . .

products, which we denote by * and *. In proving the Main Theorem, we also get
some results on IC and free-monodromic tilting sheaves regarding the Frobenius
semisimplicity of their convolutions:

Proposition (see Proposition B2 and Corollary [(.2.3]).

(1) For wy,ws € W, the convolution ZC,,, EICU)Q, as a mixed complex, is a
direct sum of IC,,[n](n/2) for n = L(wy) + £(wsz) — £(w)(mod 2);

(2) Forwy,ws € W, the convolution 72,1 ¥ 7~L,2, as a mixed complez, is a direct
sum of Ty (n/2) for n = €(wy) + £(ws2) — £(w)(mod 2).

0.5. The case of loop groups. Among all Kac-Moody groups the affine ones are
of particular interest in representation theory. These are modifications of the loop
groups of reductive groups. Below we spell out our Main Theorem in the case of
loop groups. We should mention that the results listed below are not literally special
cases of the Main Theorem; nevertheless, only minor modifications are needed to
prove them from the argument given in the main body of the paper.

Let G be the affine Kac-Moody group associated to the loop gr01£o\f a split

simply-connected almost simple group Gg over k. In other words, G = Go((t))x G

where m ) is a nontrivial central extension of Go((¢)) by a one-dimensional torus
G&™ and the one-dimensional torus G2 acts on Go((t)) by “rotating the loops”.
Fix a split maximal torus Hy in Gy and a Borel subgroup By C Gy containing Hy.
We get an Iwahori subgroup I C Go((¢)) as the preimage of By under the evaluation
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ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 7

map Go[[t]] = Go. We put a hat on top of I or Hy to denote their preimage in
m). The unipotent radical I* of I admits a canonical lifting into m) The
affine Cartan subgroup of G is H = G&® X Hy X G°* and B = HI“ is the Borel
subgroup of G with unipotent radical U = I*.

The ind-scheme F¢ = Go((t))/I = G/B is the affine flag variety of Gp; the
ind-scheme F{ = m) /I* is the enhanced affine flag variety of G, which is a
right ﬁo—torsor over F{. Note that this is different from the enhanced flag variety
F¢ = G/I* (which is a right H-torsor over F¢).

The group I xG!S* acts on the Go((t))/I (where I acts by left translation and GIo*
acts by rotating the loop). Let & be the derived category of I x G!%'-equivariant
mixed complexes on F¢. On the other hand, let .# be the derived category of left
I*-equivariant and right ﬁo—monodromic complexes (with unipotent monodromy)
on FL. We can also define a completion ////8 of .4y by adding objects with free
unipotent monodromy (see Appendix [A-3)). There are monoidal structures on &
and ., defined by convolutions (similar to the convolutions in §3.2 and §4.3).

The various duality theorems for loop groups take the form:

Theorem.
e Equivariant-monodromic duality (quantized version):

P : 6o = D}, g (INGol((1))/T) = DL (TN Go((1) /1) = 4o,
This is a monoidal equivalence. The “quantization parameter” is given
by a generator of Hézgt (pt) on the LHS, and is given by the logarithmic

monodromy along GS"-orbits on the RHS.
e FEquivariant-monodromic duality (nonquantized version):

DY (I\Go((£))/1) = Db,(I Go((1)) ).

This is obtained from the above quantized version by specializing the “quan-
tization parameters” to zero.
o Self-duality:

U Dy, (I\Go((1)) /1) = Dy, (INGo((t))/T"),
which exchanges IC-sheaves and tilting sheaves. Moreover, the functor invo

U s involutive (where inv : Db (I"\Go((t))/I) = Db (I\Go((t))/I") is
induced by the inversion map of Go((t))).

For parabolic-Whittaker duality, we need to fix a pamhoritﬂ subgroup of Go((t)).
Here, to simplify notation, we only spell out the case when this parahoric subgroup
is Go[[t]]. Let Grg, be the affine Grassmannian Go[[t]]\Go((t)). Let DfmGrot (Gre, /1)
be the derived category of mixed complexes on Grg, equivariant under the right
I-action and the loop rotation. Let V' be the preimage of U; (unipotent radical
of the Borel By opposite to By) under the evaluation map Gyl[[t]] — Go. Let
x:V = U; — G, be a generic additive character. We can consider the category

DP.((V, X)\j—'\f///ﬁo) of (V, x)-equivariant complexes on F{ which are monodromic

under the right PAIO—action with unipotent monodromy.

2Parabolic subgroups of a loop group are usually called parahoric subgroups.
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8 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

e Parabolic- Whittaker duality (for the affine Grassmannian):
gy : Dy yee (Grag /1) = Dy ((Vox)\FE Ho).
e Paradromic- Whittavariant duality (for the affine Grassmannian):

Vg, : Dy, (Gra, /1) = Dy (V,x)\FO).

0.6. Main steps of the proof. To motivate the main idea of the proof of the
equivariant-monodromic duality (Theorem[5.2.T]), we briefly indicate the main steps
of the proof of the quantized equivariant-monodromic duality for loop groups.

Step 1 (§3). Taking global sections (or equivariant cohomology) of an object F €
& gives a module over the equivariant cohomology ring Hgre (I\G((t))/I). This
equivariant cohomology ring has been studied by Kostant and Kumar [KK86]. We
can identify HZ.o.(I\G((t))/I) with V}},, the dual of the Q,-Tate module of the
following torus (nslee [Y10l §3.7])

H' = ker(H x H 222, GIot) JA(GS™).

Here p; and py are the canonical projections H — GI°' applied to the first and
second copy of H, and A means the diagonal embedding. Therefore we get a global
section functor

H: & — D°(Sym(Vy.), Fr).

(Here the grading on HF = Hj(F¢, F) is modified: it is given by a mixture of
cohomological grading and Frobenius weights) In §3.2] we show that H has a natural
monoidal structure (Proposition B221]). In §3:3 we prove that H is fully faithful on
very pure complexes, using essentially the argument of Ginzburg [G91].

Step 11 (). Each object of /Z/E carries unipotent monodromy coming from the
action of H x H on I"\G/I* by (h1, hs2)-x = hyzhs. More precisely, let H” be the
torus

ker(H x H EALEN Gr% /AT (GE™),

where A~ is the anti-diagonal embedding. Then Sym(Vg~) acts as logarithmic
monodromy operators on each object of .#y. In §43] we define an exact functor:

V: % — Db(Sym(VHu),Fr).

The functor V can be thought of as an averaging functor. In .4l we define the usual
averaging functors relating ////E and its Whittaker versions. However, extending this
definition to V involves averaging along infinite dimensional orbits. This technical
complication is worked out in §4.5 In §4.6] we show that V has a natural monoidal
structure (Proposition E6.4). In §47 we prove that V is fully faithful on free-
monodromic tilting sheaves, generalizing [BBMO04al Proposition in §2.1].

/:l’here are other technical complications in dealing with tl/lg completed category
My, e.g., the construction of the convolution structure on .#, in §4.3

Step 111 (§5.2). Let {ZCy|w € Wag} be the IC-sheaves in & and {T|w € Wag}
the indecomposable free-monodromic tilting sheaves in .# (both indexed by the
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ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 9

affine Weyl group W,g). We define two algebras:
Ey:= @ Extf (IC.,IC.),

u,VEWars
— (T T\
My = P Hom z(7., 7).
w,vEW g
where (—)/ means taking the Frobenius locally finite part (here the Hom and Ext
spaces are taken in the nonmixed categories, hence carrying Frobenius actions).
Applying the general result in Appendix [Bl we get the equivalences
60 = Dperi(Eo, Fr), My = Dperi(Mo, Fr).
In other words, Ey and My serve as differential graded models for the triangu-
lated categories &y and .#,. By the discussion in the previous two steps, we can
compute Ey by the endomorphism algebra of @, H(ZC,), and compute My by
the endomorphism algebra of @, V(7). Therefore to prove the equivalence, we
first need to identify V}, with Vi~ (up to an inversion of the Frobenius action)
using the Killing form, and then identify H(ZC,,) with V(7 ), which can be done
in an explicit way. In fact, our strategy will be slightly different: instead of using
IC, and T, to produce the algebras Ey and My, we use the iterated convolutions

ICs, ok 1Cs,, and 7~;1 Lok s, for reduced words si - - - s,,. This strategy
only requires explicit knowledge of the case SL(2) (which is done in Appendix [C).

u

The discussion above also shows why &) and ////8 only depend on the combi-
natorial data (Vg, W): the algebras Ey (or My) can be identified with the endo-
morphism algebra of certain explicit Sym(V}/,)-modules. These are the so-called
Soergel bimodules in the case where G is a reductive group.

0.7. Organization of the paper. Above we reviewed the contents of §3 through
§5.20 The rest of §5lis devoted to the proof of the other three dualities mentioned
in the Main Theorem. The self-duality is derived from the equivariant-monodromic
duality by killing part of the equivariance/monodromy. The parabolic-Whittaker
duality is derived from the equivariant-monodromic duality by a Barr-Beck type
argument.

This paper has three appendices, written by Z. Yun. Appendix [A] constructs
the completions of the various monodromic categories by adding objects with free
unipotent monodromy. To this end, we need to set up the framework for working
with pro-objects in triangulated categories. Appendix [Bl constructs the differential
graded models for the equivariant categories and completed monodromic categories.
We treat these two cases in a uniform way. Appendix[C] collects some simple results
in the case of G = SL(2) which are proved by direct calculations.

1. NOTATION AND CONVENTIONS

1.1. Notation concerning categories. Given an adjoint pair of functors (L, R)
(i.e., L is the left adjoint of R), we usually write the arrow representing L above
the arrow representing R. For example, the diagram

L
@1<—92

means that L is the left adjoint of R.
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10 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

We adopt the following notation: let F; be objects in a triangulated category
P, then (Fy,Fa---) (denoted by (Fy * Fa * ---) in [BBD82|]) means the class of
objects in Z which are successive extensions of F;.

1.2. Notation concerning algebra. Let k£ = F,; be a finite field. Let Fr be the
geometric Frobenius element in Gal(k/k). Let £ be a prime different from char(k).
Fix an isomorphism Q, 2 C so that we have an archimedean norm | — | on Q,. Fix
a square root of ¢ in @, so that the half Tate-twist (1/2) makes sense.

A Fr-module is a Q,-vector space equipped with an automorphism Fry; : M —
M. A Fr-module is called locally finite if it is a union of finite-dimensional Fr-
submodules. We will use

(1.1) (—)! : {Fr-modules} — {locally finite Fr-modules}

to denote the functor which sends a Fr-module M to the union of its finite-
dimensional Fr-submodules.

A locally finite Fr-module is called continuous if the eigenvalues of Frj; on M are
{-adic units. If M is finite-dimensional, this is equivalent to saying that the assign-
ment Fr + Fry; extends to a continuous homomorphism Gal(k/k) — Autg, (M)
(the target being under the f-adic topology). A general Fr-module M is called
continuous if M7 if M7 is continuous in the previous sense.

For a locally finite Fr-module M, the weights of M are the real numbers 2 log(|\|)/
log(gq) where X runs over the eigenvalues of Frp; on M. The weights of a general
Fr-module M are those of M7,

For a Fr-module M, we use MF"P to denote the Fr-submodule of M on which
Fr acts unipotently.

For a Fr-module M, we use M7 to denote the same vector space M, but the
action of Fr is the inverse of the original one.

For a Q-algebra F, we denote by Mod(E) the abelian category of finitely gener-
ated E-modules. If E carries a continuous Fr-module structure which is compatible
with its algebra structure, let Mod(FE, Fr) denote the abelian category consisting
of F-modules M together with a compatible Fr-action, which can be written as
a quotient of £ ® V where V is a finite-dimensional continuous Fr-module with
integer weights. We have the bounded derived categories D?(E) (resp. D’(E,Fr))
of Mod(FE) (resp. Mod(E, Fr)).

Unless otherwise claimed, all Fr-modules in the sequel are understood to be con-
tinuous with integer weights.

1.3. Notation concerning geometry. All stacks in this paper on which we talk
about Q,-sheaves will be the quotient stack X = [G\Y] where Y is a scheme
of finite type over k and G a smooth group scheme over k acting on Y. We will
encounter ind-schemes such as the flag variety F¢ for a Kac-Moody group; however,
when talking about sheaves on them, we actually mean sheaves on their finite-type
subschemes Y C F/ (with the only exception of the so-called *-complexes, see §L.4)).

For a global quotient stack X = [G\Y] over F,, we will need the notion of the
bounded derived category D%(X) of constructible Q,-complexes on X. Following
[BL94], we may define this as the derived category of Cartesian and constructible

Q-complexes on the simplicial scheme

(1.2) - GXEXY ==FGxY—=xY.
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ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 11

In a series of papers [O07], [LO0§|, Laszlo and Olsson show that the usual sheaf-
theoretic operations also work for such stacks.

When X = [G\Y] is a global quotient stack over k = F,, we also need the notion
of mixed Q,-complexes on X. We first recall the definition of the mixed derived
category D® (V) for a scheme Y over k. This is the bounded derived category of
Q-complexes on Y whose cohomology sheaves are mixed with integer punctual
weights (cf. [BBD82, §5.1.5]). Now for a stack X = [G\Y], we define D% (X) to
be the derived category of Cartesian Q,-complexes on the simplicial scheme (L2
(based changed to k), whose value on Y (and hence on each G™ x Y) belongs to
Db (Y).

In particular, D% (pt) = D’(Fr). When we talk about a “twist” of an object
F € Db (X), we mean F ® M for some one-dimensional Fr-module (continuous
with integer weights). The notation F(?) means any such twist.

Let w : Db (X) — DY(X ®p k) be the pull-back along X ®, k — X. For a
subcategory 2 C D% (X), we use w? to denote its essential image in D%(X ®y k)
under the functor w. We use the notation (n) to mean any combination of shifts
and twists which increases the weight by n (note that [1] increases the weight by
1).
We think of D% (X) as enriched over D®(Fr): for any two objects F, F', we have
Fr-modules:

RHomy (F,7') = RHomy g, ;(wF,wF') € D*(Fr),
Extly (F, F') = Bxtlhy g, 5y (WF, wF') € Mod(Fr),

which are the R Hom-complex and Ext-groups in D%(X ®j k), rather than in
D? (X). The actual R Hom-complex in D¢ (X) is

R homx (F, F') = RT(ZFr, R Homx (F, F')).

where RI'(ZFr, —) means the derived functor of taking Fr-invariants on D°(Fr).
The actual Ext-groups (the cohomology groups of R homy (F,F)) in D? (X) are
denoted by ext’ (F, F’), and they fit into short exact sequences (see [BBD82, Eq.
5.1.2.5))

(1.3) 0 — Exty N(F, F')p — exty (F, F') — Exty (F, F)F = 0.

In summary, the “Hom” and “Ext” groups are Frobenius modules, while “hom”
and “ext” groups are plain vector spaces.

We use Ext® to mean the sum of all Ext’.

The notation H*(X) or H}(X) is understood to be the étale cohomology (with
compact support) of X ®j, k with constant coefficients Q,.

If Y is a scheme over k, the triangulated category DP (Y) carries the perverse
t-structure with middle perversity (PD=0(Y),?D2°(Y)) (cf. [BBD82, §2.2]). The
heart of this t-structure is denoted P,,(Y), the mixed perverse sheaves. For a
subcategory 2 C Db (Y), we usually omit the left exponent ? and write 2=° =
2NPDO(Y), ete.

For a torus A over k, let T;(A) be its f-adic Tate module and V4 = T;(A)®z,Q, =
Hy(A,Q,). This is a Fr-module of weight -2.

1.4. Sheaves on ind-schemes. Let X = (J,.; Xo be an ind-scheme with pre-
scribed closed subschemes X<, indexed by a partially ordered set I. For o < g € I,
let i, 8 : X<o < X<p be the closed embedding.
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12 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

The categories { D2, (X<a)}aer together with the functors i, g« form an induc-
tive system of triangulated categories. Let
DY, (X) = 2 — limy D, (X<,)
acl
be the inductive 2-limit of D% (X<,).
On the other hand, the categories {D% (X<qa)}aer together with the pullback
functors ¢7, ; form a projective system of triangulated categories. Let
m(X) =2~ 1im D}, (X<a)
& g
be the projective 2-limit of D (X<,). Objects of Qﬁn (X) are called *-complexes,
and are usually denoted by F = (F<,) with F<, € DY (X<a)-
There is an obvious fully faithful embedding
D, (X) = Db (X).

A morphism of ind-schemes f : X = (J,c; Xo = Y = Ugc; Ys is said to be
bounded if for every 3 € J, the preimage f~'(Yj) is contained in X, for some « € I,
and the restriction of f to Yp is of finite type. For a bounded morphism f, we can
define the functor

fit Dh(X) = DL(Y).
In fact, for F = (F,) € Db (X), let (fiF)s = (flp-1(vy))1(i*Fa) (where j :
f71(Ys) — X, is the inclusion). The fact that this family of objects is com-
patible with the pullback functors ig g for 8 < 5’ € J follows from the proper base
change theorem. Therefore the functor f, sends an(X ) to Qi’n(Y)

For a morphism of ind-schemes f : X = U,c; X<a = Y = Uge, Y<p, the
functor

f* i DY) > Dh(X)
is always defined. In fact, for a complex F = (F<g) € Qﬁ’n(X), we let (f*F)<a =
T (fly—1(ve)*(F<p) where j : X<q — f7!(Y<p) is the inclusion. If, in addition,
f is bounded, then f* sends D% (Y) to D? (X).

We also need a variant of the notion of x-complexes in the case of completed
monodromic categories (cf. Appendix [A3). In the case where X = |J, o, Xq is an
A-torsor over an ind-scheme Y = J,c; Yo (with the induced ind-scheme structure:
X, is the preimage of Y, ), where A is a torus, we similarly define

DV (X A)=2—1im D’ (X<qo,~A)
€ &
with the transition functors given by 17, 5.

2. KAC-MOODY GROUPS AND THEIR FLAG VARIETIES

2.1. Kac-Moody groups. We briefly review the notation concerning Kac-Moody
groups that we will use in this paper, following [M89]. Let A be a generalized
Cartan matrix of either finite or affine type, together with a realization over Q. Let
g = g(A4) be the Kac-Moody algebra associated to A, which is a Lie algebra over
Q. It has a root decomposition:

(2.1) 1=00 P

a€ER
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ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 13

where b is the Cartan subalgebra and R C h* is the set of roots. By construction,
we have a set of simple roots ¥ C R, hence also the positive roots RT C R. Let W
be the Weyl group associated to §. This is a Coxeter group with simple reflections
in bijection with the set of simple roots ¥. Let £: W — Z>¢ be the length function
of W in terms of the simple reflections X.

The universal enveloping algebras U(g),U(h) as well as the integrable highest
weight representations L(\) of g admit Z-forms. Let k be any field. Using these Z-
forms, one can construct a Kac-Moody group G over k. This is a group ind-scheme
over k. A construction of this group ind-scheme is given in [M89, §II]. We also
have the Borel subgroup B C G (an affine group scheme), its pro-unipotent radical
U, and the Cartan subgroup H (a finite dimensional split torus over k), such that
B =UH. The Lie algebras of H and U are k-forms of h and @ ¢ p+ ga-

2.2. Flag varieties and Schubert varieties. The flag variety F¢ = F{g asso-
ciated to G is the ind-scheme G/B over k. For finite type G, F¢ is the usual flag
variety parametrizing Borel subgroups of G. In general, the ind-scheme structure
on FY is defined by a family of closed projective subschemes F¢<,, called Schubert
varieties (denoted by S, in [M89]). Here Fl<,, is the closure of the B-orbit (also
the U-orbit) F¥,, C F¢ under left translation. The orbit F¢,, is isomorphic to an
affine space Al We have Fley, C Fl<y, if and only if wy < wy in the Bruhat
order of W. Let Floy, = Fl<y — Fly. Let iy, i<y and i<, be the embeddings of
Fly, Fl<y and Fl.,, into FL.

For each subset © of 3, let Wo C W be the subgroup generated by ©. We
say © is of finite type if Wg is finite. Associated to such a © of finite type we
have a standard parabolic subgroup Pg containing B with Levi decomposition
Po = U®Le (where Lg contains H). Let Ug = U N Le. Let Ug C Le be the
radical of the Borel of Lg which is opposite to BNLeg; i.e., Ug is the group generated
by U; for s € ©. We can identify Wg with the Weyl group of Lg. Let wg € Wg be
the element with maximal length, whose length we denote by £o. Let [Wo\W] C W
(resp. {We\W}) be the minimal (resp. maximal) length representatives of cosets
in We\W. We also have a length function ¢ : We\W = [We\W] 4 Z>p and a
partial order on Wg\W inherited from the Bruhat order on W.

Let ¢ F¢ = Po\G be the partial flag variety associated to the parabolic subgroup
Pg. Let m© : 5 F¢ = B\G — oF/ be the natural projection. The orbits of the right
B (or U) action on ¢F¢ are indexed by We\W. For each w € Wo\W, the orbit
oFlw = Po\PowB is isomorphic to AY®)  Ag in the case of F¢, the notations
oFl<w, oFl<w, tw, i< have the obvious meanings.

Fix © C X. The U@U(;—orbits on F{ are still indexed by the Weyl group W.

e
The closure relation of UeU(_; -orbits define another partial ordering < on W: we
e

have w < v’ < wew < wew'. For each w € W, let F4§ = UPUgwB/B and let
fﬁgw be its closure in F¥.

Let 70 := G /U be the enhanced affine flag variety of G. The natural projection
m: F0 — FU is a right-H-torsor. The ind-scheme F/ is stratified by B-orbits

—~ — —_ ~0 —0O —~ <w

which are also indexed by W. Let Fly,, Fl<y, Flaw, Fl,, Fl,, and F£  be the
preimages of their counterparts in F¢ under . Let 7, (resp. 7<,) be the inclusion
of Fly, (resp. Fl<y) into FL.

The following fact is well known:
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14 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

Lemma 2.2.1. Fiz © C X. For each W € Wo\W, there exists a normal subgroup
Jw of U of finite codimension such that the right translation action of Jy on @ Fl<y,
is trivial.

2.3. The big cell. In [M89, Remarks following Lemma 8], the big open cell C' =
C(G/B) C Ft is defined as follows. Recall from [M89, §I] that Fl<,, admits a
projective embedding Fl<,, — P(E, (X)), where E,,(X) = U(b)L(A)wx, and L(A)
is the wA-weight line in the highest weight representation L(\) (the highest weight
A is regular dominant). Let L(A)* be the contragredient of L(\) with lowest weight
vector o_ of weight —\. Then o_) = 0 defines a hyperplane in P(E,,(\)) and we
let C<,, := C'NFl<,, be the complement of this hyperplane in Fl<,, — P(E,(\)).

For any simple reflection s € ¥ corresponding to the simple root ag, pick a
nonzero vector es € g,,. Consider the vector eso_y € L(A)*, which has weight
—A + a,. The rational function eso_y/o_x on P(E,())), pulled back to Fl<,,
gives a rational function ps y on Fl<,,. It is easy to check

Lemma 2.3.1. The rational function ps x is independent of the regular dominant
weight A and compatible with the embeddings Fl<,, — Fl<, . Therefore it defines
a rational function ps on FE which is reqular on C.

Let C' C F¢ be the preimage of C.
Lemma 2.3.2. The H-torsor 7€ : C — C is trivializable.

Proof. This follows from [M89l Remark before Lemma 9]: “Le morphism P —
Pic C(G/B) est nul”. O

Lemma 2.3.3. Let ¢ : C — G/B — G/P; be the projection to the minimal
partial flag variety corresponding to a simple reflection s € 3. For any geometric
point x € G/Ps, let C, := 7$~Y(x) C C be the fiber. Then the function py is
constant on C, if s’ # s and the function p, gives an isomorphism ps : Cp — Al

Proof. Fix a regular dominant weight A, and the embedding ¢ : Fl<,, — P(E,(X)).
Choose bases vy and v, of the one-dimensional weight spaces L(A)x and L(A)x—a,,
(s’ is any simple root). Let ¢ € C<, be any geometric point. Then ¢(c) is a
line in E,,(A) which contains a vector vo+(lower weight vectors). We may write
t(c) = [gvo] ([v] stands for the line containing v) for some g € G equal to a product
of elements in U_g for negative simple roots —3 (this follows by looking at the
Bott-Samelson resolution of Fl<,,). For g of this form, we have

(2.2)  gvp = vo + (lower weight terms), gvs = vs + (lower weight terms).

Let = 7¢(c). The fiber 77 1(z) = P!, under the embedding ¢, can be identified
with the pencil of lines [g(tovo + tsvs)] for [to,ts] € PL. The fiber C, C P! is the
set of lines [g(vo + tvs)] for t € Al. By Z2), for s’ # s, the coefficient of vy in guvs
is zero; hence the coefficient of vy in g(vg + tvs) is independent of ¢. This implies
that py|C, is constant. On the other hand, the coefficient of vy in g(vg + tvs) is a
nonconstant linear function in ¢, which implies that p,|C, induces an isomorphism
ps: Cy =5 AL, O

It is also easy to see:

Lemma 2.3.4. Let p: G, C H be given by any anti-dominant regular coweight.
Then for any w € W, C<,, contracts to the base point B/B € F{ under the left
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ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 15

action of u(Gy,). More generally, for any v,w € W, vC N Fl<,, contracts to the
point vB/B € FL under the action of (vu)(Gy,).

3. EQUIVARIANT CATEGORIES

In this section, we define and study the category of B-equivariant complexes on
the flag variety F¢ = G/B of the Kac-Moody group G, as well as its parabolic ver-
sion. We will study functors between these categories and the convolution product
on the equivariant category. Of particular importance is the global section functor
H. We will also give emphasis on the behavior of very pure complexes (such as
IC-sheaves) under these operations.

3.1. The equivariant category and its parabolic version. For each © C ¥
consider the right B-action on ¢F/g. For each w € We\W, choose Jiz < U as in
Lemma 2.2.7)(1), and we define &g <, to be the derived category of (right) B/ Jz-
equivariant mixed complexes on gF /g <. It is easy to see that this category is
canonically independent of the choice of Jz. These form an inductive system under
the fully faithful functors i « : So,<w — ,<w induced by the closed embeddings
iw: oFlg <w — oFl<g for w <w € Wo\W. Let &g be the inductive 2-limit of
g@ﬁg@.

Recall that Vi is the Q,-Tate module of H. Then the graded algebra S® :=
Sym(Vp/[-2]) is the H-equivariant cohomology ring of a point.

For © = @, we also write & for &5 = D% (B\G/B). Consider the action of
H x H on the stack U\G/U given by (hi,hs) - = hyzhy'. We may view & as
the derived category of H x H-equivariant complexes on U\G/U, hence & has the
structure of an S® ® S*-linear category: S® ® S® acts on Ext%(F, F) for all F € &
functorially. Each &g is naturally an S®-linear category for the right copy of S°.

For each w € Wg\W, the standard, costandard, and IC-complexes indexed by
w are

Ag = iz, Q@) (¢(w) /2),
Vi = i« Qe [((w)] (€(w) /2),
ICw = iw,1 Qu[l(w)] (¢(w) /2).
The projection 7€ : 5 Flg — o Flq gives adjunctions
:))‘*
(3.1) & ”_*> S
<—
pcy:
Consider the H x H-equivariant global sections functor
RU i (U\G/U,-): & — D, (B(H x H))

By Corollary [B:41] we have an equivalence D% (B(H x H)) = Dper(S ® S, Fr).
Here S = Sym(V}y) is viewed as a nongraded algebra. We can thus consider the
H x H-equivariant global section functor as a functor:

H: & — Dpert(S ® S, Fr).

For w € W, let I'(w) = {(w - v,v)|v € Vg} C Vi x Vi be the graph of the w-
action on V. We view Vi x Vi as the spectrum of S ® S and denote by O(I'(w))
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16 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

the coordinate ring of the closed subscheme I'(w) C Vg x Vg, which carries a
grading and a Fr-action.

Lemma 3.1.1. For each w € W, we have isomorphisms of graded (5* ® S, Fr)-
modules

H(Aw) Or(w) [~ 4(w)](=t(w) /2),
H(Vw) Or(w) [£(w)] (£(w)/2).
Proof. Consider the left H-equivariant embedding ¢ : HwH/H = wB/B — Fl,,.
The restriction map on cohomology ¢* : H*(F¥,,) — H*(wB/B) is an isomorphism
because F¥¢,, is isomorphic to an affine space. Since both wB/B and F¢, are
equivariantly formal with respect to the left H-action, the restriction map is also
an isomorphism on equivariant cohomology, i.e.,
H(V.y)[—(w)](—£(w)/2) = H*(H\Ft,) = H*(H\HwH /H).
Here the stabilizer of the H x H-action on HwH (recall that the action is given by
(h1,hy) - & +— hizhy ') is the subtorus {(whw™',h)|h € H} C H x H. Therefore
H*(H\HwH /H) is isomorphic to Or(,). The second identity follows.
The proof of the first identity is similar, except we use the natural isomorphisms
H(Ay)[—(w)](—€(w)/2) = H (B\BwB/B)
~ H*(H\HwH/H,i'Q,) =~ H*(H\HwH / H)[-20(w)](—{(w)). 0

1%

Recall from [D80, Definition 1.2.2(i)] that a local system £ on a scheme X over
k is pointwise pure of weight n (with respect to the chosen isomorphism Q, = C),
if for any closed point x € X with residue field k(z), all the eigenvalues of the
geometric Frobenius Fr, acting on the stalk F; has norm ##k(z)™ under the chosen
isomorphism Q, = C. If £ is pointwise pure of weight n, then we say £[m] is pure
of weight m + n.

Definition 3.1.2 (compare [BB93| §5.2]). Let X = | | X,, be a stratified scheme
and F € D% (X) is constructible with respect to the stratification. Let i, : X < X
be the embeddings. Then F is said to be x-pure (resp. !-pure) of weight n if for
each a and m € Z, the local system H™i*F (resp. H™i' F) is pointwise pure of
weight n + m. It is said to be very pure of weight n if it is both *-pure and !-pure
of weight n.

We use ¥ C & (resp. Yo C o) to denote the full subcategory of very pure
complexes of weight 0. The notion of very pure is stronger than the notion of
purity of complexes (cf. [BBD82] §5.1]). However, in the situation of flag varieties,
they are equivalent.

Lemma 3.1.3. Suppose F € &g is pure of weight 0 in the sense of [BBD82| §5.1],
then it is very pure of weight 0.

Proof. We only need to consider the case F € &, the parabolic case F € &g can be
deduced from the case of 7®*F € &.

Assume F € &<y,. By Lemma 23] for v € W, the open subset vC N Fl<,,
contracts to the point v under a one-parameter subgroup of H. We denote the
inclusion of v into F¥q still by v. Therefore, by [S84 Corollary 1], we have

V' F =H"(vC N Fl<y, F),
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which has weight > 0 as a complex because the open restriction Fl|,cnre,, is pure
of weight 0 and H*(—) does not decrease weight. On the other hand, since F is
pure of weight 0, v*F has weights < 0. Therefore v*F has weight 0, hence so does
it F for any v, i.e., F is *-pure of weight 0. A dual argument shows that F is also
I-pure of weight 0. Hence F is very pure of weight 0. ]

Example 3.1.4. The IC-complex ZCw is pure of weight zero in the sense of
[BBD82|, hence very pure by the above lemma. One can alternatively show this
by the argument of Lemma B.2.4] below (essentially using the Bott-Samelson reso-
lution). By Example [B:22.1] the subcategory ¥ C & (resp. Yo C So) satisfies all
the assumptions in Appendix [Bl

Here are some easy consequences of purity.

Lemma 3.1.5.

(1) If F € & is either x-pure or !-pure of weight 0, H!(F) is a Fr-module of
weight i and H(F) is free over each of the left and the right copies of S
(note that we are not claiming the freeness as (S, Fr)-modules, but only the
freeness as S-modules).

(2) If F1 € & is -pure of weight 0 and Fy € & is !-pure of weight 0, then
Extl (F1, Fa) is a Fr-module of weight i and Ext%(F1, Fz) is free over each
of the left and the right copies of the graded algebra S°®.

Proof. Note that (1) is a special case of (2) when F7 is the constant sheaf. Therefore
we only give the proof of (2). We use induction on the support of Fj, Fo. Suppose
the statement is true for F; € &<,,. Now consider F; € é<,,, then we have a long
exact sequence

o= Bxt (i, Fu, iy Fo) — Bxt(Fi, Fo) — Ext!(i5,F1,i5,F2) — -
By assumption, i F; and i\, Fy are pure of weight 0, hence Ext’ (i F,i¥ Fa) has
weight 4. Also ¢%,, F1 (resp. i!<w.7:2) is *-pure (resp. !-pure) of weight 0; by induction

hypothesis we know that Exti(z'zw]:l, z'!<w.7-"2) has weight 7. By reasons of weight,
the above long exact sequence splits into short exact sequences:

0 — BExt® (4%, Fu, i Fo) — Ext®(Fy, Fa) — Ext® (il Fu, ik Fa) — 0.

The two ends of the short sequences are free over each copy of S*, hence so is the
middle one. (]

An important property of the global sections functor H is the following, whose
proof (essentially borrowed from the argument of Ginzburg in [G91]) will be post-
poned to Section 3.3

Proposition 3.1.6. Suppose Fi,Fo € ¥, then the natural map
(32) EXt:ga(fl,J—"Q) — HOIHS®S(H(./—"1)7H(‘/—"2))
is an isomorphism of Fr-modules.

Lemma 3.1.7. For any w € W, write w = uwv withu € Wg and v € [We\W]. We
have

1

Ay
W?Vw

Ag[—L(w)](=€(u)/2),
Va[l(uw)](£(u)/2).

1
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Proof. We only need to observe that the projection zFlg <w — oF{cw is a trivial
fibration with fibers isomorphic to A¢(®), |

Corollary 3.1.8. The functor m© sends very pure (resp. *-pure, |-pure) complezes
of weight 0 to very pure (resp. x-pure, !-pure) complezxes of weight 0.

Proof. By Lemma B.I7, 7© sends (A, (0)|w € W) to (Ag{0)|w € We\W) and
sends (V,(0)|lw € W) to (Vg(0)|[w € Weo\W). But these two classes consist

precisely of *-pure and !-pure complexes of weight 0. Moreover very pure complexes
are precisely those objects in the intersection of the two classes. O

3.2. Convolution. Consider the convolution diagram

(3.3) G % Ft m F
/ x
F B\Ft

where p1, ps are projections to the left and right factors and m is induced by the
multiplication map of G. The convolution diagram induces a convolution product

Lexes - &
B
(]:1,]:2) — mg(fl X ]:2).
Note that F; X F; is a B-equivariant complex on G x F¥ with respect to the action
B B
i-(g,z) = (gi~',iz) and hence descends to a complex F; X F, on G x F¥. There

B
is an obvious associativity constraint which makes % into a monoidal structure on
&. More generally, the convolution gives a right action of the monoidal category &
on &g given by the same formula.

Proposition 3.2.1. The functor H has a natural monoidal structure which inter-

B L
twines the convolution * on & and the tensor product (N1, N2) — N1 ®@g Na (with
respect to the right S-action on Ny and left S-action on N3) on Dperf(S ® S, Fr).

Proof. Consider the group H x H acting on FlOxFL by (hyi, he)-(z,y) = (xhy*, hay).
The quotient map by H x H can be factorized into two steps:

— —~ H
Fox Fo 2% Fo x ;o P wp o g\ Fu,

where pg is the quotient by the diagonal copy of A(H) C H x H.
Applying Corollary [B.-4.2] (the isomorphism (B.J3))) to the H x H/A(H)-torsor

~ H

Fl x Ft M) Fl x H\FU, we get a functorial quasi-isomorphism
L L y —~ H H

(3.4) (H(F1) @ H(F2)) @ggpg S = H(FL x FO,F) K F).

. L
In the tensor product on LHS, the S® S-module structure on H(F;) ® H(F3) comes
from the right S-action on H(F7) and the left S-action on H(F3); the S ® S-module
structure on S comes from left and right multiplication. Now (B4 is obviously the
same as

L ~ H H
(3.5) H(F,) ©g H(F) = H(FE x Fb, Fi K F).
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H ~ H H B
Since both projections G x F¢ — F¢ x Ff and G x F{ — G x F¥ are fibrations
with fibers isomorphic to pro-affine spaces, we have

—~ H H B B B
(3.6) H(F¢ x Ft,F1 X Fy) 2 H(G x Fb, F1 K Fo) = H(Fy * Fa).
Combining (3.3) and (B.6]), we get a functorial quasi-isomorphism

L B
H(F1) ®g H(F2) = H(Fy * Fa). 0

Lemma 3.2.2. Suppose wi,ws € W and l(wyws) = £(w1) + {(ws), then
(3.7) Auy * Doy = Ay, Var * Vs = Vo,
Moreover, § := A, =V, € & (e is the identity in W) is the unit object under the

. B
convolution *.

Proof. The morphism m in the convolution diagram (33]) restricts to the following
B-equivariant isomorphism

B My w
(3.8) BunB % Fly, 50020 Fo
The isomorphisms in [B71) follows easily from the isomorphism ([B8]). The second
statement about ¢ is obvious. O

Proposition 3.2.3. If Fi,Fs € ¥, then so is Fy 5.7-"2.
Proof. By definition,
YV = (Ap{(0)|w € W) N (Vy(0)|w e W)
We observe that
(3.9) Au, 2 Auy, € (Au(<0)we W),
(3.10) Ve, &V, € (Va(>0)we W).
In fact, to prove ([B3l), we can write each A,, = Ay, §.f A, by Lemma 322

(for a reduced word expression w = s1 - - $p,) and we reduce to the computation
of A, 4 A, for two simple reflections s,s’. If s # s, then A, : Ay = Agy by
Lemma 322l For s = s, this follows by Lemma[C3l The proof of (3.I0) is similar.
Therefore, for Fi, Fo € ¥, we have
Fi=F % Fo € (A< 0w e W) N (Vi (> 0w € W):

but this is the same as saying that F is pure of weight 0 in the sense of [BBD82].
By Lemma BI.3 F is very pure of weight 0. O

Lemma 3.2.4. For each w € W, H,, := H(ZC.,) is a direct sum of Fr-modules
Qy[n](n/2) for n = £(w)(mod 2).

Proof. For w = s a simple reflection, by Lemma [C.I] we have H(ZC,) = O(T'(e) U
I'(s))[1](1/2), for which this statement is true. In general, write w as a reduced

B B
word w = 51 - - - S, where s; are simple reflections. Let ZC,, :=ZCs, * --- * ICs, ,
which is a very pure of weight 0 by Proposition 3.2.3]
By Proposition B.1.6] and Proposition B.2.1l End(ZC,,) is a direct summand of

Endggs(H(ZCy)) = Endggg(Hs, ®g - @5 Hs,,),
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which is in particular Fr-semisimple. By Corollary [B:2.5] ZC,, decomposes as a
sum of shifted and twisted IC-sheaves, among which ZC,, necessarily appears with
multiplicity one. Then, as a Fr-module, H,, is a direct summand of H(ZC,) =
Hs, ®g -+ ®g Hy, , which is a direct sum of Q,[n](n/2) for n = {(w)(mod 2). O

Proposition 3.2.5. For wy,wy € W, the convolution ZC,, JEICUJQ, as a mixed
complex, is a direct sum of ICy,[n](n/2) for n = £(w1) + £(we) — £(w)(mod 2).
In particular, if L(wiws) = l(wy) + L(ws), then ICy, .y, is a direct summand of

B
ICy, * ICy, with multiplicity one.

Proof. Let F =1C,, g ZC.,. By PropositionBI.8land Proposition B22T] End ¢ (F)
is a direct summand of Endggs(H(F)) = Endggs(Hy, ®g Hy,), which is Fr-
semisimple. By Corollary F then decomposes as a direct sum of ZC,, ® M,
for some complexes M,, of semisimple Fr-modules. Apply H, we see H(F) =
H,, ®gH,, is a direct sum of H,, ® M,,. Applying Lemma[3. 2.4 again, we conclude
that M, is a direct sum of Q,[n](n/2) for n = £(w;) + (ws) — £(w)(mod 2).

If {(wiwg) = L(wy1) + f(wsz), then the multiplication BwiB g Bwy,B/B —
BwywyB/B is birational. Therefore wZC.,w, is a direct summand of wF with

multiplicity one. By the above discussion, ZCy,, is also a direct summand of F
with multiplicity one. ([l

Remark 3.2.6. The new content of this proposition is the semisimplicity of the

B
Fr-action on ZC,,, * ZC,,,, which does not seem to be known before.

For © C ¥ of finite type, let Co be the constant sheaf on zFl<,,. Then
Co = ICue[—lel(—le/2).

Lemma 3.2.7. We have a natural isomorphism of functors
* ~ B
79 (=) = Co * ().

Proof. We have a Cartesian diagram

No
Neo\Lo X PU\G -2— B\G

lpz lﬂ(‘)
o

B\G —~ Po\G

where m, po are as in the convolution diagram ([33). By proper base change we get
for any F € &,

0.5 6 Ne B
1@ F =2 mps F = m,(Co W F)=Co * F. O
Remark 3.2.8. By the adjunction (31, the functor 7% *7® has a comonad struc-
ture. By Lemma B.2.7 the object Cg is hence a coalgebra object in the monoidal

B
category &. In other words, there are comultiplication map u : Co — Co * Co and
counit map € : Co — 9 satisfying obvious associativity and compatibility conditions.

Lemma 3.2.9. Forw € W, the complex n®ZC,, is a direct sum of ICx[n](n/2) for
n = {(w) —£(v)(mod 2). In particular, for w € [We\W], ZCw is a direct summand
of T9IC,, with multiplicity one.
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Proof. By the Decomposition Theorem, wr®ZC,, is a direct sum of wZCy[n]. By
adjunction and Lemma [3.2.7],

Endg, (797C,) = Homg, (r®*71C,,IC,)

Home (Co * ZCa, IC.).

But the latter is a direct summand of Homgg s(Huwe [—lo](—le/2) ®g Hy, H,) by
Proposition By Lemma .24 Fr acts semisimply on

Hom5®S(Hwe [_69] (_69/2) Bg Hy, Hw)a
hence on Endg, (7®ZC,,). By Corollary B.2.5 7©ZC,, is a direct sum of ZCqy @ My

for some complexes My of semisimple Fr-modules. Then, 7®*797C,, = Ceo If ZCy
is a direct sum of 7©*ZCy ® My =2 IC,[—lo|(—lo/2) ® My where v € {We\W}
lifting ©. Applying H to this decomposition and using Lemma B2 again, we
conclude that each My is a direct sum of Q,[n](n/2) for n = ¢(w) — £(T)(mod 2) .

If w € [Wo\W], then Fl<,, - oF <z is birational, therefore wZC is a direct
summand of wr®ZC,, of multiplicity one. By the above discussion, ZCy is a direct
summand of 79ZC,, with multiplicity one. ]

1

3.3. Proof of Proposition 3.1.6l This section is devoted to the proof of Propo-
sition B1.6l Let A<, be the equivariant cohomology ring H*(B\Fl<,,). We first
show

Lemma 3.3.1. Let Fi, Fo € V<y, then there is an isomorphism of Fr-modules,
(3.11) Exty (F1, Fo) = Hom 4 _, (H(Fy), H(F2)).

Proof. The proof is essentially borrowed from [G91]. Since Ginzburg’s proof in
loc. cit. was carried out for varieties over C using mixed Hodge modules, and we
are working with mixed complexes on varieties over I, we decide to include a self-
contained proof here. We use induction on the set {v € W|v < w} (for this we
extend the partial ordering to a total ordering) to show that

Ext} (1%, Fi, ik, F2) — Homa_, (H(i<y i, F1), Hi<yic, F2)).

For v = e this follows from the equivalence &, = Db (BH) = Dperf(S, Fr)
established in Corollary [B.4.1l Suppose this is proved for all elements v' < v. Let
Z:= B\Fl., <5 X := B\Fl<, &> U := B\FL,

be the inclusions. Now let

(3.12) Ki=it,F, K=i,Fo.

Note that Iy is now only *-pure and Ko is only !-pure.

Lemma 3.3.2. For K = Ky or Ky, we have exact sequences:

(3.13) 0 — H(517*K) - H(K) — H(:i,i* ) — 0,

(3.14) 0 — H(i,i'K) — H(K) — H(j.j*K) —= 0.

Proof. The exactness of B.I3)) for Ky and the exactness of [B.I4) for Ky easily
follow from the same argument as Lemma We prove the exactness of ([B.14])

for K1, and the exactness of BI3) for Ky follows by duality.
Now let K = K1 = i, 1. 1t suffices to show that the restriction map j* :

H*(X,K) — HF(U,K) is surjective for all k. Let vy denote the inclusion of the
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stack H\{v} into H\Flg. We can factor the restriction of H*(B\Flq, Fi) =
H*(H\Flq, F1) to its stalk cohomology H*v%, F) in two ways:

*

(3.15)  H¥(B\Flg, F1) — H*(X,K)

H* (H\Flg, Fi) o H* (H\vC, Fy) L Hvl, Fy

H*(U, K) H* v K

Here a : H\vC' C H\F/{q is an open substack and vC' contracts to the point v
under the left action of some G, C H as in Lemma 234l The two maps labelled
by vj are isomorphisms by [S84, Corollary 1] (because of the contracting G,,-
action). Therefore in order to show that j* is surjective, it suffices to show that o*
is also. Let 8 : H\(Flg — vC) — H\F/lg be the closed embedding. Consider the
long exact sequence associated with the triangle 8,3'Fi — Fi — a,a*Fi, we get
(3.16)
<= HY(H\Flg, Fi) — BY(H\vC, Fy) — B (H\(Fle —vC), B Fr) —

Since F is pure of weight 0, 8'F; is of weight > 0 and hence H*"'(H\(Flgs —
vC), B'F1) has weight > k + 1 because H*(—) does not decrease weights. On the
other hand, since vC' contracts to v, Hk(H\vC, F1) = vj;F1 has weight 0, therefore
the connecting homomorphism in [BI6) is zero. This shows a* is surjective, hence

*

j* is also surjective. U

We continue the proof of Lemma [B.3.J1 We have the following commutative
diagram from the functoriality of H:

(3.17) BExt% (iK1, Ks) Homu _, (H(i.i* K1), H(iki'KC2))

L |

Ext% (K1, K2) Hom,_, (H(K1), H(K2))

| |

Exty; (K1, 5 K2) — Homyp () (H(jj* K1), H(j.j*K2))

Now a is an isomorphism by inductive hypothesis; ¢ is an isomorphism because
&, = Db (U) = Dpert(S, Fr) by Corollary B4l The left side sequence is exact by
Lemma [3T5(2) (for reasons of weight). The right side sequence is exact on the top
by the exact sequences (BI3) and [BI4)). We claim that the right side sequence is
also exact in the middle. Admitting this fact, then b is also an isomorphism and
the induction is complete.

We have an exact sequence:

0—-H,(U) > A<y, = Acy — 0.

Now H?(U) is a free S-module of rank one. Choose a generator [U] € H*(") (U7)(cor-
responding to a lifting of a fundamental class into equivariant cohomology). By
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Lemma [B3.2] we see that the action of [U] on H(K) (K = Ky or K3) factors as:
(3.18) H(K) — = H(j.j*K)

zlu
H(51j* ) [26(0)] (£(v))—— H(K) [2¢(v)](¢(v))
where u is an isomorphism. Now we show that the right side sequence in (BI7)
is exact in the middle. If ¢ : H(K;) — H(K2) is an A<,-linear homomorphism
which induces the zero map H(j.5*K1) — H(j.j*K2), then the image of ¢ lies in
H(i43'KC2). Moreover, [U]o¢ = 0 because [U] factors through H(j,j*K1). Therefore
¢ o [U] =0 (because [U] € A<, commutes with ¢), hence ¢ is zero on the image
of [U], which is H(jij*K;). Therefore ¢ comes from an A,-linear homomorphism
H(i,i* K1) — H(i.4'KC2). This completes the proof of the claim. O

Now we show that Lemma [3.3.1] implies Proposition [B.1.6] We use the following
simple observation

Lemma 3.3.3. Let S be a ring and let B — C' be a homomorphism of S-algebras
that induces a surjection after base change to the ring of total fractions Frac(S).
Let My, Ms be two C-modules with Ms torsion-free over S. Then the natural ho-
momorphism
HOIHC(Ml, Mg) — HOHIB(Ml, Mg)

is an isomorphism.

We want to apply this lemma to the situation B =S ® S,C = A<y and S the
right copy of S in § ® S. For this we need

Lemma 3.3.4. The homomorphism of (S ® S, Fr)-modules given by restrictions
Acy = [] H*(B\Ftw)

v<w
is an isomorphism after tensoring by Frac(S) over the right S-module structures.
Proof. We do induction on w. We have a commutative diagram

HZ(B\]:Ew) ASw A<w

S

H*(B\]:Ew) - vaw H(vv) - Hv<w H(Vv)

where a is the “forgetting the support” map. To show that b ®g Frac(S) is an

isomorphism, it suffices to show a ®¢ Frac(S) and ¢ ® g Frac(S) are also. For ¢ we
can use inductive hypothesis. The map a factors as

Hi(B\Fl,) 25 H*(B\Fl<y) -2 H*(B\Fly,),

where a; is “forgetting the support” and as is the restriction map. The cones of aq
and ay are successive extensions of shifts and twists of H(A,) and H(V,) for v < w.
As S ® S-modules, the supports of the cones of a; and ay are contained in the union
of T'(v) for v < w by Lemma BTl Since the source and target of a are supported

on I'(w), a ®g Frac(S) is the same thing as the localization of a at the generic
point of I'(w), where the cones of a; and ay become zero (because I'(w) NT'(v) is a
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proper subscheme of I'(w)). Therefore a ®g Frac(S) is an isomorphism. The proof
is complete. ([l

Consider the composition

S®8 = A<y —» |[ B (H\HvH/H) =

v<w v<w

2
—
S

—
=

After tensoring these maps by Frac(S) over the right copy of S, we get
S @ Frac(S) — A<, ®g Frac(S) = H O(T'(v)) ®g Frac(9),
v<w

which is obviously surjective (on the level of spectra, this corresponds to the closed
embedding of the generic points of the graphs I'(v) into Vi ®; Frac(S)). Also notice
that H(F,) is free (hence torsion-free) over either copy of S by Lemma BIL5(1).
Therefore we can apply Lemma [3.3.3] to conclude that

EXt;"(fl"FQ) = HomAgw (H(fl)vH(]:Z))
Homgg ¢ (H(F1), H(F2))

1%

as graded Fr-modules.

4. MONODROMIC CATEGORIES

In this section, we define and study the category of U-equivariant and H-
monodromic complexes on the enhanced flag variety 7¢ = G/U of the Kac-Moody
group G, as well as its Whittaker version. We will study averaging functors relat-
ing these categories and the convolution product on the monodromic category. We
will give emphasis to the behavior of (free-monodromic) tilting objects under these
operations. We have tried to arrange the materials in parallel with that of §3] with
the exception of the functor V (the counterpart of H), whose definition requires
extra work when F¢ is infinite dimensional.

This section relies on the foundational material on the completed monodromic
categories in Appendix[Al We suggest reading §A 1] before getting into this section,
leaving however the rest of Appendix [Al as references.

4.1. The monodromic category. Recall F¢ = G/B is the flag ind-variety for
G and Fl = G /U is the enhanced flag ind-variety. Consider the right H-torsor
71 Fl— FL. Let Dy = Db (U\Fl<y) be the derived category of U-equivariant
mixed complexes on Fl<,. It is easy to check that, as a full subcategory of
Db (Fl<w), P<y satisfies the assumptions in Appendix [A16, so that we can de-
fine the monodromic categories

Mery = Db, (U\Fl<y,~ H)

and its completion ////;w following the construction in Appendix [A.3] and [A.6l Let
M (resp. /Z/\ 2) be the inductive 2-limit of .#<,, (resp. ‘//Zw, D<wy)-

The triangulated category .# carries the e perverse t-structure with heart Z. By
Remark[A.6.2] this t-structure extends to /// and we denote its heart by 2. Recall
from ATl that 7 = #'[-r] : 2 — M is t-exact and its left adjoint T = mr] :
M~ D is right t-exact.
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Let 3/779,, - 7N ////;w. The irreducible objects in P are twists of 7t ZC,.
When there is no confusion, we will also write ZC,, for 77ZC,. The basic free-
monodromic perverse local system L, on ﬁw (see Definition [AZ4.J)) is normalized
so that mzw = Qu[t(w)](£(w)/2) on Fly,. For w = e, we also write § for L, a
free-monodromic perverse local system on H = .ﬁe. In comparison with the free-
monodromic local system £ on A = H in Example we have § = L[r](r). The
free-monodromic standard and costandard sheaves are denoted by ﬁw and ﬁw.

The group H x H acts on the stack U\G/U via (hy,hs) - & = hjzhs. Note
that this action differs from the action defined in §3.1] by an inversion of the right
copy of H. We will see later (in the proofs of Lemma and Proposition 6.4
that this modification makes the equivariant and monodromic categories match
perfectly. It is easy to see that the full subcategory .# C DY(U\G/U) consists
exactly of H x H-monodromic objects (because the generating objects ZC,, are
also). Let S = Sym(Vy) and S = l&lS/(VHn) The left and right actions of H
give logarithmic monodromy operators by the algebra S ® S (see discussions in
Appendix [AT]), so that w.# is naturally an S ® S-linear category.

Remark 4.1.1. We have defined .Z as the completion with respect to the mon-
odromy of the right copy of H. We could have defined another completion of .#
using the left copy of H. It turns out that these two completions are canonically
equivalent. Therefore we son/lgtimes prefer to use the more symmetric notation
ﬁf’n(B .G, B) to denote .# .

4.2. The Whittaker category. Let © C X be a subset of finite type. For each
simple reflection s € W, recall that U; denotes the 1-dimensional unipotent sub-
group of G whose Lie algebra is the root space corresponding to —as. Then we
have a canonical isomorphism:

(4.1) [[vs = Uvs/lUs.Us.
s€EO

Fix an isomorphism U, = G, for each s € 3. Let
X HUS_Q HGGLG,I

s€EO s€EO

be the sum of the isomorphisms U; = G, . We can view the map x as an additive
character of Ug , or even of the pro-unipotent group U @U(g .

Fix a nontrivial additive character ¢ : k — @Z . This determines an Artin-
Schreier local system ASy; on G, and hence the local system x*AS, on Ug or
U® Ug. We want to define the category Yo of complexes on F{ which are
(UeU(g , X)-equivariant, i.e., equivariant under U 9U(5 against the character sheaf
X*AS,L/,.

We first recall some definitions in the finite-dimensional setting. Suppose V is
a group scheme with a one-dimensional local system A on it which is a character
sheaf. This means there is an isomorphism m*A4 = AKX A4 on V x V with which is
compatible with the identity section and the associativity of V' in the obvious sense.
Let X be a scheme with a V-action a : Vx X — X. A perverse F on X is said to be
(V, A)-equivariant if it is equipped with an isomorphism a*F = AKX F with obvious
compatibility conditions. When V' is connected, the category of (V,.A)-equivariant
perverse sheaves is a full subcategory of perverse sheaves on X.
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In our situation, each orbit F¢S of UPUg is finite dimensional whose closure
FI2,, is a projective variety contained in some Schubert variety of F¢. The closure

e e
relation among the orbits defines a partial order < on W: w; < wsy if .7:881 is in

the closure of .7-"@82. By Lemma [Z2.1] we can choose .J,, <<U® of finite codimension
which acts trivially on F¢2, . We can define 2 o to be the category of (J,\U® -
= o)

,Sw
Ug , X)-equivariant perverse sheaves on ]-"ng. This notion is obviously independent
of J,. Let Qg be the inductive 2-limit of {2 o }. Let Yo be the triangulated
0,<w

subcategory of D% (F¥) generated by Q.
Recall [Wg\W] is a set of minimal length representatives in the left Wg-cosets
of W.

Lemma 4.2.1. The subquotient categories Yo = 9 o |2 o admit t-exact
0,<w 0,<w

equivalences:
Do = D(Fr) w e [We\W],
0 w ¢ [We\W].

Proof. Let F € Pg 4. For w ¢ [We\W/, we can find some simple reflection s € ©
such that £(sw) < £(w). Then the stabilizer of the point wB/B under Ug contains
U, , on which x is nontrivial. Therefore the stalk cohomology of F at wB/B is
zero, hence F has to be zero along F(9 since its cohomology sheaves are locally
constant along F¢9. This implies F = 0 € Zg ..

If w € [Wo\W], then the action of Ug on F{9 is free with quotient isomorphic
to an affine space A“(*™). We may choose a section of the quotient map F£9 — A4)
and identify F¢9 with Ug x A“®). Any (Ug, x)-equivariant perverse sheaf F on
FE9 has the form x*AS, X F[lg] for some perverse sheaf F on A“®) and vice
versa. The equivariance under U® forces F to be constant. Therefore Do w is
equivalent to the full triangulated subcategory of D% (Ug x A“®)) generated by

twists of the local system x*AS,; X Q,. Hence %g ., = D°(Fr). O

The above lemma implies that Zg satisfies Assumption S in Appendix [A.6]
therefore we can define the Whittaker-monodromic category #g of (U @U(; ,X)-
equivariant and right H-monodromic complexes on Fl. Note that Mo in fact
depends on the character x (which in turn depends on the choice of the isomorphism
U; = G,). However, to alleviate notation, we omit x systematically.

We can also define the completion /Z/;) of Mg. According to Lemmal£.2.1] we can
index the subquotient categories of Yo, #o by elements or subsets of Wg\W'; for
example, g <y for W € Wg\W. The categories .#g and ////5 carry the perverse
t-structure with hearts Pg and P (see Lemma [A.6.2).

For each w € Wo\W, we have a (U®Ug, x)-equivariant perverse sheaf L , of
rank one and weight 0 in Zg ., (w € [We\W] representing w). This is the sheaf
X*AS, X Q[¢(w) + é@](aﬁ)%%) that appears in the proof of Lemma 211 We
also have the basic free-monodromic (U @Ué , X)-equivariant perverse local system
Lwy € Po.w (cf. Definition AAT), which we normalize so that T Ly = Loy
We also have the standard and costandard sheaves A\ = tw,1Lw, and ﬁﬁ,x =
iw,«Lwy in Zg. We have standard and costandard free-monodromic sheaves gm,x

and Vg in Pe.
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Since € is the minimal element in Wg\W, we immediately conclude with the
cleanness of the local system L. ,:

Corollary 4.2.2. The natural maps
Az = Ve, Aax - 6500
are isomorphisms. We denote these objects by 5? € Q¢ and g;) € ﬁ@, respectively.

4.3. Convolution. Consider the convolution diagram

U — ~
(4.2) G x Ft u Fe

S

Ft U\F¢

where p1,ps are projections to the left and right factors and m is induced by the
multiplication map of G. The convolution diagram induces a convolution product

on A
MM~ M
(FiFa) v n(F B F)lr)
Note that F; X F; is a U-equivariant complex on G x F{ with respect to the action
i-(g,7) = (gi~',iz) and hence descends to a complex F; % Fron G g FU. There

is an obvious associativity constraint which makes * into a monoidal structure on
A . More generally, the convolution gives a right action of the monoidal category
M on Mg given by the same formula.

U
Lemma 4.3.1. The monoidal structure x naturally extends to the completed cate-
gory M .

Proof. We can decompose g into two steps: the first step is
U ~ B ~
(= =)l x M — DV (U\G x FU Hpyia) = Db, (U\G x Ft,~H).
U U
(.F,.FI) — JFK .7:/ — Wmid,!(-/—'.g ]-'/)[7"],

U —
where H,jq means the torus acts on G x Ff by (g1,92) - h = (g1h,h™1g2), and
Tmid denotes the quotient map by Hpiq-
Fix F' € .#. For any pro-object “1'&1”}} € . , the pro-object “T&l”gf)(Fn,f’)

B —
is in fact isomorphic to an object in D% (G x F¥¢). In fact, since F' is a successive
extension of ' F” for F" € 2, it suffice to check with ' = 7' F”. In this case one
easily sees

B
(4.3) ¢(Fn, ' F") =7 ((m}'n) X ]—"’) .
Therefore “@”¢(fn,F’) = QS(“yLn” (mFn), F") is essentially constant because
“ 1'&1” (mF,,) is essentially constant (i.e., belongs to &). This shows that ¢ extends
to

3: M x M — D (U\G % FU/H).

m
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Similarly, we may define

DM x D — Db (U\G % Fo)

so that the following diagram commutes

—~ é B —
M x M —— Db (U\G x Ft,H)

Lid Xy ll‘[;

A x D —Y> Db (U\G % FU)

B ~ B
where II : U\G x F¢ — U\G x F{ is the projection. Proposition [A.3.3] then
implies that ¢ further extends to

~ e~ B ~
b1 M x M — D (U\G x Ft, H).
B — —
The second step is given by the multiplication m : G x F€ — F:

my: DY (U\G % FOH) — M,

which, by Corollary [A.3.4] extends to completed categories
M DL (UNG % FU/H) — M.
Now for F = “@”fm,]—" = “1'&11”]:7’1 € L////twe define

FYF = m,g(f,f/)—“L "y ($(F, FL))

— “]L” “]L m' fm7fn 4(@177 “ im”fm gf/

n m

We construct the associativity constraint for the extended . Let F = “@”‘Fj ’
o “@77}%,}—// _ cc@”f;{ € .# . On one hand,
(FRF)* F' = “lm"md(F  F. F})
qg(q<l_ b (F, F,), Fl)
7“lim” m!¢(m!¢(]:’ Fin)> )

? e ]im” “ Lgl m!¢(m!¢(fj’ ‘F;/n)’ ‘F’I/’L/)
J
. U U
» “llm” “m”(fj * f/,/n) * f;l/.
J
Here the order in which the “1'&1” is taken is important. Similarly, one verifies

]:[4{ (]:-/ lq{]://) — u@n u@n «“ ”_/—" * (J:vln f'I/L/)

n m i
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~

U U U U
Let a(G,G',G") : (G * G') * G — G x (G’ * G") be the associativity constraint in
(A, [ﬂ{), then we define the associativity constraint a for (////\, [;k[) by

a(]_-7]_-/7]_-//) — “1'&1” “1'&1” Hl.gl”a(fju-}—;wfg)~
n m 7
To check the pentagon relation for @, we only need to observe that the two ways
of getting from ((F q F) g]—"”) TF o F Y (F i (F" g]:’”)) is obtained by

taking “jim, ", "l "4,
FI) Ek[]-',’[’ to F; v (F; H (Fy, gf,’z”)) This completes the proof. O

U U
of the two ways of getting from ((F; * Fj) *

U —
Remark 4.3.2. Recall the H ,;q-action on G x F¥ defined in the proof of the above

U
lemma. The monodromy action of Vg, ,, on F; X F3 corresponds to the difference
of the right Vg-action on F; and the left Vg-action on F5. Since the multiplication

U
map m factors as M = M O Tmid, the Vp(Hpiq) acts trivially on Tmid (F1 X Fa),

hence on F; >|< f2 Therefore, the following two S- actlons on F; >|< Fo are the same:
one is the right S-action on F1; the other is the left S-action on F5. Here we are
making use of the convention of the H x H-action fixed in §4.11

Similarly, the convolution action of .#Z on .#g extends to an action of the
/\U —
monoidal category (., *) on #g. Using similar convolution diagrams, we can
B
define a right convolution * of & on 2 = D? (U\F¥); we can also define a left

. U —
convolution * of .Z on 2.

Lemma 4.3.3. Suppose wi,wy € W and £(wywsy) = €(wy) + £(w2), then

~ ~ ~ U=
Auw, H Awy = Ay, Vi, * Vi, = vwl'LUQ
Moreover, the object § is the unit object in the monoidal category M.

Proof. Here we only give the proof of gif{ F = F, the rest is either similar (and
parallel to Lemma [B:22). The relevant convolution diagram becomes simply the

left action map a : H x Fl — F{. Therefore
§4 F2a@RF) = a(f B F)2r).
By Lemma [A3.6, we have ay(£ X F)[2r](r) = F. O

Proposition 4.3.4. For free-monodromic tilting sheaves 7~'1,7~'2 € fﬁ, the convolu-

~ U ~
tion Ty * Ta is also a free-monodromic tilting sheaf.

Proof. By Lemma [A72] it is enough to check that T := 7T1-(’7—1 7 )~ Th ¢ 7"T7~—2
is a tilting sheaf on F¢. Observe that

(4.4) Ay % Doy = Ay, % Ay, € (Ap(D[< 0w e W) C 2,
(4.5) Ve, * Vi, 2 Vi, % Vi, € (Voo (D)= 0w € W) € 9.

B B
In fact, to prove ([@d]), we can write each A,, = Ag, * -+ * Ag by Lemma B3.2.2)
(for a reduced word expression w = s1---s,,) and we reduce to the computation
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of A, 2 Ay for two simple reflections, s,s’. If s # s, then A, z Ay =2 Agy. For
s = &', this follows by Lemma [C3l The proof of (&) is similar.

Therefore, since 71'{7‘2 admits a A-flag and a V-flag, the convolution 7 = T ¢
i To satisfies

(4.6) WT € (Ay[< 0)lw € WY N (Vo[> 0]jw € W).

We show that the above condition already implies that 7 is a tilting sheaf. In
fact, we know that V,, is perverse (since 4, is affine), hence T € (V,[> Oljlw €
W) c 250 ie., it T € 25°. On the other hand, T € (A, [< 0]jw € W) implies
that i¥, 7 € 22°. Hence i¥, T is perverse. Similarly, we can argue that i\, 7 is also

~ U ~
perverse. Therefore 7 is a tilting sheaf, and 77 * 73 is a free-monodromic tilting
sheaf. 0

4.4. Averaging functors. In this section, we fix a subset © C ¥ of finite type.

4.4.1. Averaging along Ug. Consider the left action:
at Ug x .ﬁ — j_:z
For ? =! or x, define the functors

av$ : DY (FO) — Db (Uo\FY)
F = af(@lte](te/2) ¥ F).

The functor av(?9 obviously preserves right H-monodromic subcategories. Moreover,
since U® is normal in U with quotient Ug, the functor av? also preserves left U®-
equivariant structures. Therefore, we get a functor

Mo 2 Db (UO\FL ) s
which passes to the completions (cf. Proposition [A3.3])
Av? Mo — M.
4.4.2. Awveraging along (Ug, x). Similarly, consider the action:
(4.7) a” :Ug x Fl — FL.
For 7 =! or *, define the functors
avyo(F) = a; (X"ASy[le] (e /2) K F).

As in the case of av®, the functor avsv? preserves right H-monodromicity and left
U®-equivariance. Therefore we get a functor

—_— V@ >
M DY (UON\FCH) D e
which passes to the completions
AVSV? . -ﬂ/\% %

Using the convolution, we give an alternative description for AVS;,.
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Lemma 4.4.3. We have a natural isomorphism
~o U
(4.8) AV, (—) =69 * ().

In particular, there is a natural isomorphism of functors AVS! = AVS*. From

now on, we denote these functors by AVS.

Proof. The argument is essentially the same as [BBM04a, Theorem 1.5(1), Theo-
rem 2.2]. We only need to exhibit such a natural isomorphism between the restric-
tion of the functors to .#. Let j be the open immersion of the big Bruhat cell in
the flag variety of Lg:

j:Ué %L@U/BZL@/L@QB

and let
7:Ug x H—= LoU/JU = Lg /Us.

By Corollary £2.2] we can view the free-monodromic perverse local system g)c? as

either j; or J, of the perverse local system y*AS,[fo](fo/2) K6 on Ug x H.
Consider the diagram

—~ Ixi U —
Ug x H x FI 2% LoU x Fi

B

—~ et B/\/m —_~
Ug x FO —22 [oU x Fo ™~ Fi

where apy : H X Fl — FUis the left action map. For ? =! or *, we have

S A F = m(Fxid)(x"ASylle](te/2) R R F)[r]
= mu(j x id)2(x*ASy[le](lo/2) K aw, (8 K F))[r].
By Lemma [A.3.6] we have aHJ(g& F) = F|—r] (note that & is normalized to be
L[r](r) on H). Hence

5 % F = mi(j xid)i(x*ASy[le] (e /2) B F)
= a; (X*ASy[le](le/2) B F) = AV}, (F)
which proves the ([@J]) for ? =!.

To prove the case 7 = *, we note that by Corollary L22] 71(x*ASy) = j.(x*ASy)
= (58 Notice also that m is proper (hence my = m,), therefore,

II2

S % F mi(j x id)y(x*ASy[le)(le/2) B F)

I

m!(ég % F) = m*(éi) § F)
m.(j x id). (X" ASy[le)(fe/2) B F)
a; (X"ASylle](te/2) B F) = AVY . (F). m

I

Corollary 4.4.4. The functor AVS is t-exact with respect to the perverse t-structures

on M and //75.
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Proof. Since the action map a~ in (£7]) is affine, we conclude that AVSV! is right
exact and AVSV* is left exact, by [BBD82, Théoreme 4.1.1 and Corollaire 4.1.2]. By

Lemma [£.4.3] AV)C? is exact. O
Lemma 4.4.5. We have adjunctions
AV!(9
—~ Ave —~
(4.9) Y X Mo
%
Av®

Proof. By Proposition [A.3.3] it suffices to check the adjunctions for functors before
completion. There we have the adjunctions

[S] [S]
av, - avy
M — Dfn(U@\}"@//H) — Me
av? av;—)y*

where the unlabeled functors are forgetful functors Forg. The compositions give ad-
junction pairs (av® oForg, av .oForg) and (aVX ,oForg, av® oForg), i.e., (Av?, AVS)

and (AVX ,Av9). O

Lemma 4.4.6. For w ¢ [Wo\W], we have AVS(ICUJ) =

Proof. If w ¢ [We\W], then there exists a simple reflection s € © such that
l(w) = l(sw) + 1. Therefore ZC,, is Ps-equivariant with respect to the left action
of P; on F{. Let 75 : Lo/Ug = LoU/U — LoU/P; = Lg/Le N Py be the natural
projection. Then by Lemma Z4.3]

P

AV@( w) = 50 % LCpy = Ty (50) x TCy,

X X

where the convolution #: D? o (G/Ps) x Dfn(Ps\j-:é) — Dfn(ﬁ) is defined in a

similar way to ¥. Now Ts,! (5@) € DY ((Ug,x)\Le/Ps N Lg) and we claim this
category is zero. Just as in the proof of Lemma [2.7] it suffices to show that the
stabilizer of any v(Ps; N Le)/(Ps N Le) (v € We) under Ug contains U; for some
t € © (on which yx is nontrivial). In fact, if v # e, then ¢(tv) < £(v) for some t € O
and the stabilizer of v(Ps N Le)/(Ps N LO) contains N, ; if v = e, the stabilizer of
(PsNLe)/(PsNLg) contains U, . Therefore (5 ) =0 and AV (ZC,) = 0. This
completes the proof. O

Let 2 be the category of left U-equivariant mixed perverse sheaves on F¥¢. Let
2. be the Serre subcategory of 2 generated by twists of ZC,,,w > e.

Lemma 4.4.7. For each w € W:

(1) There is an injection 6(£(w)/2) — Ay, in 2 whose cokernel is contained in
24, and wd is the only semisimple sub-object of WA,,.

(2) Dually, there is a surjection V., — §(—€(w)/2) in 2 whose kernel is con-
tained in 24, and wd is the only semisimple quotient object of WV .

Proof. The proof is essentially borrowed from [BBM04a) §2.1], where the finite flag
variety was treated. We prove that (1) and (2) follow by Verdier duality.
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We do induction on ¢(w). For w = e this is clear. Suppose ¢(w) > 0, then ¢(w) =
{(ws) + 1 for some simple reflection s. Consider the P!-fibration 75 : F¢ — G/ Ps.
Then we have an exact sequence in 2,

0— Ayus(1/2) = Ay — i AF[1](1/2) — 0,

where Az is the standard sheaf on G/Ps corresponding to the B-orbit BwPs/P;.
By inductive hypothesis, we have an injection §(¢(ws)/2) < A,s whose cokernel
is in 2. Note that the simple constituents of 7*Az[1](1/2) are twists of ZC, =
mrZCx[1)(1/2) for some v € {We\W}, hence 7 Aw[1](1/2) € Z2,. This proves the
first statement of (1).

Let wZC, — wA, be a simple sub-object. Consider the image of wZC, in
wrfAg[1]. If this image is nonzero, then v € {We\W} and ZC, = 7ZC5[1](1/2).
We have

Homg(ZC,, Ayw) Hom o (i ZC5[1](1/2), Ay)
Homg,p, (ZC3[1](1/2), ms « Aw)
[

Home, p, (ZC5[1](1/2), Agl-1](~1/2)) = 0.

|

IR

Here we use the fact that 7, is proper and F¢,, — UwP; /P, is a trivial Al-bundle
to conclude 75 Ay = 75 1Ay = Ag[—1](—1/2). The above vanishing means that
wIC, has zero image in wn}Ag[1] and hence lies in wA,,;. We then use inductive
hypothesis for A, to conclude that v must be e. Similarly, any semisimple sub-
object of wA,, must also lie in wA,,;. Hence such a semisimple sub-object can only
be wd, by inductive hypothesis. |

Lemma 4.4.8. (1) For u € Wg, we have
(4.10) AVO(A,) =69 (6(u)/2),
(4.11) AVO(V,) 269 (—b(u)/2).

(2) Forw e W, write w = uv where u € Wo and v € [Wo\W]|, then

(4.12) AVQ(AL) = Agy (U(u)/2),
(4.13) AV (Vo) = Vi (—L(u)/2).

Proof. We prove the statements about Zw; the argument for 6,1, is similar. We
first show that (1) implies (2). In fact, by Lemma 33| Ay = A, ¢ AU, therefore,
AVOA,) =8O YA, ¥ A, = AvO(A,) ¥ A,

Assuming ([@I0), we get

(414)  AVO(A,) = AVO(A,) ¥

X ~ 5O UX _ ALORA
Ay =60 (0(u)/2) * Ay = AVY (Ay) (E(u)/2).
Since v € [Wo\W], the action map a~ gives an isomorphism
~o
a” :Ug x BuB/U = Fl .

Therefore AVS(&U) = Aﬁx follows from the definition of AVS. This, combined
with [@I4]), proves the isomorphism (I2]).
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It remains to prove (1). By the last sentence in Remark [AL5.5] it suffices to show
that 7 AV (Ay) 2 69 (¢(u)/2). We have
WTAVS(ZM) = SS : m&u = SS : A,
By Lemma [ZZ77(1), there is an injection §(¢(u)/2) — A,, whose cokernel is in 2.
By the argument of Lemma [2.0] gf? v (—) is zero on 2., hence

U ~ U o~ _ o " <6
09 % Ay = 67 % 6(0(u)/2) = w02 (6(u)/2) 22 6% (£(u)/2).
This completes the proof of the lemma. O

The following is an immediate consequence of Lemma 4.8

Corollary 4.4.9. If]? €ePisa free-monodromic tilting sheaf, then AVS% is also
a free-monodromic tilting sheaf.

4.4.10. The object Po. Define the object
(4.15) Po = AvP(39).
Since gf? is supported on ﬁgw@ = LoB/B, 75@ is also supported on ﬁgw@; ie.,
73(—) S ///ch—r
Lemma 4.4.11. _ e
(1) The object wPg is a projective cover of wd in wP<yg -
(2) The object Po is a successive extension of A, (€(u)/2) for u € We, each

appearing exactly once.
(3) There is a natural isomorphism of functors M — M ,

AVOAVO (<) = Pe ¥ ().
Proof. (1) Note that we have an equivalence ¢ : %7§g & Db(g, Fr) with gg corre-
sponding to S. For any F € w:///l;we, we have
(416)  RHom ;- (Pe,F) = RHom

we

72 (00, AVD(F))

[

(4.17) >~ RHomg(S, (AvQ(F)) = (AvQ(F).

Therefore wPe represents the exact functor ¢ o AVS : we////;w@ — Db(§ ,Fr). The

exactness implies wﬁ@ is a projective object in wﬁgwe. By Lemma [4.4.6] and
Lemma [£.4.8] we have

@Z7 w=e,

H Po,ZCy) = tAVO(ICy) =
Omﬁ( e ) L VX( ) {O, wEW@—{e}

Therefore wPe is a projective cover wd in wﬁgw@.
(2) By (#I6]) and the isomorphism (LIT]), we have for any u € We,
Hom ~(Po, V) = tAvQ(V.) = S(—L(u)/2).

This implies that in the ﬁ—ﬂag of 75@, each ﬁu(ﬁ(u)/2) appears exactly once.
(3) For any object F € .#, we have functorial isomorphisms

AVOAVO(F) = AVP(39 % F) = (AvP39) ¥ F = Po & F.
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Here we used the obvious fact that AV!@ commutes with right convolution. ]

Remark 4.4.12. As in Remark B.2.8 by Lemma 4TT|(3), the comonad structure

. ~ . . 1%
on AV!@AVS gives a coalgebra structure on Pg with respect to the convolution x*;
we will see a similar phenomenon in Proposition [£.6.41

4.5. The functor V. In this section, we will define a functor V : M Db(S ®
S, Fr). In the case when G is of finite type, this is essentially the averaging functor
Avi. However, when G is infinite-dimensional, the averaging procedure involves
the infinite-dimensional big cell C' C F¥¢, which causes some technical complication.

4.5.1. The functor av,. Recall from Lemma [231] that we have a regular function
ps on C for every simple reflection s. Let x be the sum of these functions:

X:CMHAli)Al.
EIS

We define £, to be the *-complex x*AS,, on the ind-scheme C. Then L, is the
projective limit of local systems on C<,,.

By Lemma 3.2 the H-torsor 7€ : C — C is trivializable. Let us fix a section
o : C — C whose image is denoted by C?. Let CZ C G be the preimage of

C? C ﬁ, which admits a right U-action, and the quotient C&/U = C. We will
also view L, as a *-complex on C? or C¢& by pull-back.
For each w € W, consider the convolution:

U ~ U~ m —~
az, 1 CG X Fl<y CG X Fl — FL.
Both the source and the target of the morphism ac,, are ind-schemes (the ind-

U —
scheme structure of the source is given by U, ey C& <, X Fl<w), and a_,, is
clearly of finite type, therefore we can define the functor

aVy, <w! | M<w — an(ﬁ//’H)
F — agw,!(ﬁx % F).
By Proposition [A.3.3] this functor extends to
avy <y ! ‘//?;w — Qﬁ’n(ﬁ,/H).
Passing to the inductive 2-limit, we get
avy | M- éfn(.ﬁ,/H).
Recall the projection 7¢ : C C F¢ — G/ P, for any simple reflection s.
Lemma 4.5.2. The x-complex wg,ﬁx 18 2€ro.

Proof. 1t is enough to check that the stalk of W§!£X at any geometric point € G/ P
is zero. By Lemma 233] the restriction of £, to the fiber C, = 7&~1(z) can be

identified with the Artin-Schreier sheaf AS, on Al via p, : Cp = Al. Therefore
the stalk of W;!EX at x is

H:(Cy, Lylc,) = H*(A',ASy) = 0. O
Lemma 4.5.3. For w # e, av, (ZC,) = 0.
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Proof. For Fy € Db (U\F{),F, € Db (B\FL), avi(F1 % Fo) = avys(F1) & Fo
because av, is itself defined by convolution. Since each ZC,, (w # e) is a direct

B B
summand of ZCg, * --- * ZC,, for a reduced word w = s1 - - - 8, it suffices to show
that av, 1(ZC,s) = 0 for any simple reflection s € 3.

Let 75 : F¢ — G/P; be the projection. Let d; be the skyscraper sheaf at
P;/P, € G/P,. Then ZIC, can be identified with 7%, up to shift and twist. We
have

~x ~k — v ~x__C
avy ((T30s) = Ta, (L K ds) = T Ly

which is zero by Lemma 5.2l Hence av, 1(ZCs) = 0 and the lemma is proved. O

If we further take stalks along the stratum }"vfe, we get
V' i=Tavy, o M — DY (FL H) = Db, (Fle,”H) = D¥(S, Fr).
Corollary 4.5.4. The functor V' is t-exact.

Proof. By LemmalA16.2] in order to show that V' is t-exact, it suffices to show that
it is t-exact when restricted to .#.

By Lemma 5.3, we see that V/(ZC,,) = 0 for w # e. For w = e, V/(716) =
vl lL, = Qur](r) = 71s € D,ﬁ%(ﬁe,/’H) corresponds to the trivial module Q, €
Db(g, Fr) placed at degree 0. Therefore, V' sends simple objects ZC,, € & to the
heart of D?(S, Fr), hence t-exact on 2. O

4.5.5. The functor V. Let (V') be the composition of V/ with the equivalence (cf.

(CI)
(=)' : D*(S, Fr) = D*(S, Fr).

By Corollary E5.4] (V’)f restricts to an exact functor P - Mod(S, Fr) with the
S-action on V/(F)f coming from the right H-monodromy. We also have the left
H-monodromy acting on each object F € & functorially, hence acting as natural
transformations on the functor (V’)f. Therefore, we can lift (V') uniquely into an
exact functor

(4.18) V= (V) : 2 - Mod(S ® S, Fr).
We also write .
V:.#4 — D°(S® S, Fr)
for the derived functor of ([IR). It is easy to see that V is a lifting of (V')/ as

functors on ..
For w € W, let the I'*(w) = {(w - v*,v*)|v* € V¥ } C V¥ x V}} be the graph of
the w-action on V. Let Op«(,, be the coordinate ring of I'*(w) C Vi x V.

Lemma 4.5.6. For each w € W, we have
V(vw) OF*(w)(_K(w)/z)'

Proof. We prove the first identity; the proof of the second one is similar. We first
claim that V(A,,) as a right S is isomorphic to S(¢(w)/2). For this, it suffices to

show that V/(A,) = ?cfavxyy(ﬁw)[r] (r) 2 Llr](r + ¢(w)/2). By the last sentence in
Remark [A57] it suffices to show that mitav, 1(A,) = Q,(¢(w)/2) € DE(FL.).

1
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We can similarly define
avy 2 = Do (F)
which kills all ZC,, except ¢ (see Lemma [£5.3]). By the definition of V', we have
71'TAZ:aVXJ(ﬁw) = iZWTaVXJ(&w) = igavy 1 (Ay).

By Lemma [£.47(1), we have an injection 6(¢(w)/2) < A,, whose cokernel is in 2
(hence killed by av, 1), therefore,

A 1 (A) 2 8700 (8) (L) /2) = Ty (0(w) /2).

This shows that V(A,,) = S(¢(w)/2) as right S-modules.
Second, we show that the S ® S-action on V(A,,) factors through Op-(,). Note

that the S ® S-structure on V(A,,) comes from the action of S ® S on A,,. Since
Fl, =2 Fl, x H and F¥,, is isomorphic to an affine space, we have

(4.19) End(A,) = Endze, x1(Q, ¥ 6) = End,,p/0(5).

Note that the H x H-action on HwH = wB/U factors through (H x H)/H,, where
H,, = {(whw™',h=1)|h € H}; therefore, the S ® S-action on End,, g,y (d) factors
through Sym((Vy @ Vi)/Vh,, ), which is Op« ().

Combining the two steps, we see that V(A ) = Op- () (L(w)/2). O

The following result is parallel to Proposition B.1.601 We postpone its proof to

Il

Proposition 4.5.7. Suppose 7~'1,’7~'2 € P are free-monodromic tilting sheaves, then
the natural map

(4.20) Hom (71, T2)’ — Homges(V(T1), V(T5))
s an isomorphism of Fr-modules.

4.6. The pro-sheaf P. We first define a shifted version of Av,, averaging along
U-orbits. For w € W, pick a normal subgroup J,, < U of finite codimension d(J,,)

which acts trivially on Fl<,,. Let a;rw : Ju\U X Fl<,, — Fl<, be the action
morphism. Define
avews: D (Flew) — DY(Flzw)
Fomr o al, (Q2d(10)](d(Jw)) B F).
It is easy to see that av<, is independent of the choice of J,, and compatible with

the restriction functors 7* for the inclusions %y w : ],-'vﬁgw — ],-'vﬁgw/, hence it

w,w’
defines a functor
avy : Qi’n(}"ﬁ,/H) A

which is left adjoint to the forgetful functor .(_//:/\—> Qﬁ’n(ﬁ,/H).

Recall that we have a trivialization C = C° x H. Let Ex be the pro-object
Ly, X0 in an (C,-"H) (where 4 is the basic free-monodromic local system on H).

Let 7 be the open embedding C < Fl. We define
P = avﬂyzx € {_///\
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Lemma 4.6.1. There is a nonzero morphzsm P 6 makmg wP a projective cover

Py

of wd inwP. In particular, we can view P as an object in Z =2- @wew

Proof. We first show that
0 w#e,

(4.21) Hom_ 4 (P,IC,) = {_
= Q, w=e.

Since avy is adjoint to the forgetful functor, then Hom(P, ZC,,) = Hom z @EX, ZCy)-
If w # e, then ZC,, has the form %}S}' for some simple reflection s and some complex

F e Db (G/P) (7s : Fl— G/ Py is the projection). Hence
Homz, (]:EX,IC ) = Homg (]nﬁx,ws]:)
= Homg/p, (7TS7!]1,CX,7T!S]:)
= Homg/p, (WSC:!TK’!CZX,]:) = Homg,p, (7TSC:!£X,.7:).

Here we used the fact that LX = L,. By Lemma €52 W§!£X = 0. Hence
Hom(P,ZC,,) = 0 for w # e.

For w =,

Hom(P,ZC.) = Hom z, (];EX,W §)=iL, = Q.

This proves ([@21)).

We then prove that RHom(P,—) : .# — Db(Vect) is an exact functor; i.e.,
Ext<%(P,.#>°) = 0 and Ext™%(P,.#=°) = 0. By Lemma [A6.2 it suffices to
show that Ext<*(P,.#>°) = 0 and Ext”*(P,.#=°) = 0. But this follows from

(@21, because every object in w.#=" (resp. w.#<") is a successive extension of
WICy[< 0] (resp. wIC,y,[> 0]). This finishes the proof. O

Corollary 4.6.2. The object P € Zis a successive extension of Ay (L(w)/2) for
w € W, each appearing exactly once.

Proof. By Lemma [L.47(2), 6(—¢(w)/2) is the only simple constituent of V,, whose
underlying complex is wd. By Lemma .61l we have
Hom(m;P, V) = Hom(P, 71V,,) = Q,(—l(w)/2).
This means 775, P = i, 1P = Q,(¢(w)/2). By Remark A58, 7P = L, (£(w)/2),
]

which proves the corollary.

Composing with the exact functor (—)/, the functor Hom(P, —)/ on P is still
exact. Since Hom(P, —)f carries an action of S ® S coming from the left and right
H-monodromy, it can be lifted to an exact functor

(4.22) Hom(P, —)7 : P — Mod(S ® S, Fr).
We define
R Hom(P, )/ : 2 — D*(S ® S, Fr)
to be the derived functor of ([£22]). It is easy to see that, the i-th cohomology of

RHom(P F)f is nothing but the Fr-locally finite part of Hom-space between wP
and wF[i] as pro-objects in ..
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Lemma 4.6.3. There is a natural isomorphism of functors
R Hom(P,—)f =V M= DS ® S, Fr).
Moreover, such an isomorphism is unique up to a scalar.

Proof. First we claim that V(ﬁ)F‘"'u“ip = Q,. In fact, by Corollary 6.2, P is a
successive extension of A(£(w)/2). By Lemma 5.6, V(A(f(w)/2)) = Or« (w) (£(w))
has negative Fr-weights except when w = e, in which case V((S)Fr"”“p =Qy.

The identity V(P)F-1miP = Q, gives a map, functorial in F € VA

B(F) : RHom(P, F)! =R Hom(P, F)’ @V (P)™ < R Hom(P, F)! @V(P) — V'(F).

We claim B(F) is a quasi-isomorphism for any F € M. By our remarks following
the definitions of the derived V(—) and RHom(P,—), for a general object F =
“@” Fn, the i-th cohomology groups of V(F) and RHom(ﬁ, F) are computed as
the projective limits of i-th cohomology groups of V(F,,) and RHom(ﬁ, Fn), hence
it suffices to show that S(F) is an isomorphism for any F € .#, or even for the
generating objects {ZC,, }. Using Lemma[L53] 5(ZC,,) is trivially an isomorphism
for w # e; for w = e, B(0) : Q, — Q, is also an isomorphism by construction.
Hence, B(F) is an isomorphism for all F € ., hence also for all F € VA

The uniqueness (up to scalar) of 5 follows from the fact that the Fr-equivariant
endomorphisms of the functor R Hom(P, —)/ reduce to V(P)F = Q. O

The following result is the counterpart of Proposition .21l In the statement,
~ U ~
we need to consider the convolution P * P, which we understand as the pro-object
~ U ~ —
“ @Z,wew?kﬁvp * 12,,P in pro.#. Note that this object does not have finite

dimension stalks, and hence is not an object in 2_/21\
Proposition 4.6.4.
(1) The pro-object P has a coalgebra structure with respect to the convolution
U
*; i.e., there is a comultiplication map p : PP 7 P and a counit map
€ ’P ) satisfying obvious co-associativity and compatibility conditions.
Moreover, this coalgebra structure is unique once we fix the counit map e,
which is unique up to a scalar.
(2) The functor V has a monoidal structure which intertwines the convolution

— L
g on A and the tensor product (N1, No) — Ny ®g No (with respect to the
right S-action on Ny and the left S-action on Na) on D*(S ® S, Fr).

Proof. (1) By Lemma [L5.6] we have
homg(ﬁ,g) = Homg(ﬁ,g)Fr ~ g = Q.

Hence we have a map ¢ : P =4 in ////\, unique up to a scalar. We fix such an e.
Using the argument in the proof of Lemma [£.6.3] we see that the only simple

~ U ~
constituent of P * P isomorphic to § (and not just a twist of it) is the quotient
PxP—=05*9d=09— 9. In other words,

(4.23) hom (P, P % P) = hom Z(ﬁ,a) -Q,
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~ ~ U ~ —
which gives a map p: P — P % P in pro.Z, unique up to a scalar. If we require

~ ~U ~ fe U~ = . . .
that P 2 P x P <25 § % 6 = 6 be the same as ¢, then yx is uniquely determined.

The co-associativity of u follows essentially from the fact that
~ ~U ~U ~ | ~ —
hompm//?(P,? * P x P) hom{‘/f(?, 5) = Qy,

which is proved using the same argument as ([{23)).
(2) Using Lemma [£.6.3] and the coalgebra structure u defined in (1), we have a

map functorial in Fi, Fo € A :
V(F)®V(F) = Hom(P,F ) ©@Hom(P,F,)!

(6% ~U ~ U
— Homproj[\(P * P, Fi * Fo)f

£ Hom(P, Fy Ef{f"Q)f =V(FA gj]"'2)~

By Remark 3.2} the map a above factors through Hom(P, F;)f @ Hom(P, o)/
because the right S-action on the first term and the left S-action on the second
term coincide after applying «. Therefore, we get a bifunctorial map

(4.24) B(F1, o) : V(FL) s V(Fa) = V(F 1 Fo).

The compatibility of 8 with the monoidal structures v and ®g follows from the
coalgebra structure of P given in (1).

It remains to show that B(Fi,F2) is an isomorphism for any Fi,Fe € M.
Clearly, it suffices to show that 8| zx.z is an isomorphism. Since 8(—, —) is a nat-
ural transformation between bi-exact bifunctors, it suffices to show that S(F1, F2)
is an isomorphism for generating objects of .#, say F; = n1ZC,, and Fp = 71 ZC,
for w,w’ € W. If w and w’ are not both equal to e, the convolution Fj g Fo =

B
71 (ZCy * IC,) does not have a simple constituent isomorphic to § (for example, if
w’ # e, then ZC,, is the pull-back of a complex on G/P; for some simple reflection

s; hence, so is ZC,, g ZC, ). Therefore, in this case, both sides of ([£.24]) are zero,
hence ( is trivially an isomorphism.

In the case w = w’ = e, both sides of [24)) are isomorphic to S viewed as an
S-bimodule, and the map (3(4,0) is also easily seen to be an isomorphism. This
completes the proof. O

4.7. Proof of Proposition [£.5.7l We partly follow the strategy of the proof of
[BBMO4al, Proposition in §2.1]. Fix w € W and let P<,, =%, P € P<y, whose

underlying complex is a projective cover of wd in wﬁgw, by Lemma 61l By
Lemma 6.3 V|P<,, factors as:

a:Hom(ﬁgw,—)

V: Pey Mod (A<, Fr) — Mod(S ® S, Fr).

Here a(—) = Hom(P<,, —) and AZY = Endg (P<w) and the second functor

above is the restriction of scalars via the central homomorphism S ® S — A<,
given by left and right logarithmic monodromy operators.
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The functor o admits a left adjoint:
B:Mod(Acy, Fr) — P,
M = Pey®a., M.
Concretely, if we write M as the the cokernel of a mal; of free A<,,-modules Vi ®
A<w — Vo ® A<y (where V; are vector spaces), then 3(M) is the cokernel of the

correspondlng map V1 ® P<u} — Vo ® 77<w Note that 3 is a right inverse of «.

Let @Jr = ker(a) and £, = 3@ N Z. By Lemma 4.0, &, C & is the full
subcategory of objects F whose simple subquotients in the Jordan-Holder series
are twists of ZC,, for v > e.

Lemma 4.7.1. For any object F € @l and any uw € W, we have
(4.25) Hom(F,A,) =0
(4.26) Hom(V,, F) = 0.

Proof. We first prove ([@2H). Since wA, is a successive extension of wrfA,, it
suffices to show that Hom(F,7TA,) = 0. Write F = “Liil”]:n- Since F € ////\SO,
by Lemma [A.6.2] we may assume each F,, € .Z=". Suppose f, : wF, — wA, is
any nonzero map, we will show that this map becomes zero when composed with
Fm — Fy for large m. In fact, since F € &, = ker(«), we can choose m large
enough so that a(F,;,) — a(F,) is zero. Now f, and f,, : wF, — wF, = wA,
factor through f0 : W?HOF, — wA, and f° : WPHOF,, — WwPHF, — wA,. Let
G, and G, be the image of f0 and f°. Then we have G,,, C G,, C wA,,. If both G,
is nonzero, then by Lemma [L47(1), we must have wd C G, C G, which implies
that a(Gn) — «(G,,) is nonzero, hence a(F,,) — a(F,) is nonzero, contradiction!
This proves that any map f, is zero in the direct limit li lﬂHom(}"n, Ay).

The proof of [@26) is similar. O

Suppose '7'17 7'2 are free-monodromic tilting sheaves in ﬁgw. We will first prove
that the natural map
(4.27) Homﬁgw(ﬁ,ﬁ) — Homa_,, (aﬁ,oﬂé)

is an isomorphism of Fr-modules, and then deduce the isomorphism ([@20) from

E21).

By adjunction, we have
(4.28) Homy_,, (047~'1, oﬁ'g) = Homé,%w (6a7~'1, 7~'2)

Consider the adjunction map c : ﬁa7~'1 = Ti. If we apply a to ¢, we get an
isomorphism since af = id, therefore the kernel and cokernel of ¢ lie in §5+~ Since
wT; admits a V-flag, Hom (77, coker(c)) = 0 by the above claim, hence coker(c) = 0,
i.e., c is surjective. Therefore we have an exact sequence

0— Homﬁgw (11, T3) = Homﬁgw(ﬁa'ﬁ,ﬁ) — Homﬁgw(ker(c),%).

Again, since w75 admits a A-flag, Hom(ker(c), T3) = 0 by the above claim, hence
we get an isomorphism

Homgz< (71,73) = Homﬁgw (5a7~‘1,7~§)
which, combined with ([@28]), proves ([{.21).
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Now we show ([{.27) implies [@20). For this we need an analog of Lemma B34
Recall from Corollary that 75 P<yw = L,(¢(v)/2), a free-monodromic local
system on F/,.

Lemma 4.7.2. The algebra homomorphism given by []

v<w b
End 5 (P<w) = ] BEnd g (@5P<w)’ = [ Endz (£.)7,
v<w v<w
is an isomorphism after tensoring by Frac(S) over the right S-module structures.
Proof. We do induction on w (for this we need to extend the partial ordering on

W to a total ordering). For w = e this is obvious. Suppose this is true for P.,,.
The exact sequence

(4.29) 0= Ay(b(w)/2) = Tu Ty Pew = Pew — TcwslinPw = Pew — 0
gives a commutative diagram with exact rows

Hom(P<u, A l w(l(w)/2))! End(T w)! End(15<w)f
End(Ly (¢((w)/2))" ——T1, <, End(£,(£()/2))" —— 1, ,, End(£.(£(v)/2))

The arrow b ®g Frac(S) is an isomorphism by induction hypothesis, therefore to
prove the lemma, it sufﬁces to show that a ®g¢ Frac(S) is also an isomorphism.
Applying RHom(—, A,,(£(w)/2)) to the exact sequence ([£29]), we see that

Hom (P, Ay (b(w)/2))! — ker(a),
coker(a) < Ext (P, Ay (U(w)/2))/.

To compute the complex R Hom(P.y,, Ay, (£ (w)/2)), we write P, as a successive
extension of A,(£(v)/2) for v < w, by Corollary @ We reduce to computing
Ext*(ﬁv,gw)f for v < w. But notice that in the second part of the proof of
Lemma 5.6l we have shown that the S ® S-action on A, factors through the
quotient O(T*(w)) (see formula ([@I9) and the discussion afterwards), therefore
the S ® S-action on Ext*(A,, A,)f factors through the quotient O(I* (v) NT*(w)),
which is a torsion module over either copy of S. Therefore, ker(a) ®g Frac(S) and
coker(a) ®g Frac(S) are zero, i.e., a ®g Frac(S) is an isomorphism. O

Consider the maps
(4.30) S8 — AL, — [] Endy v)/2)) = [] o+
v<w v<w
After tensoring the maps [@30) by Frac(S) over the right copy of S, we get
S @ Frac(S) — A];w ®g Frac(S) = H O(T*(v)) ®s Frac(S) = H Frac(S)
v<w v<w

which is obviously surjective (on the level of spectra, this corresponds to the closed
embedding of the generic points of the graphs I'*(v) into V}; ® Frac(S)). Also
notice that V(73) is free (hence torsion-free) over either copy of S (writing 73 as
a successive extension of A’s and applying Lemma [L5.0]). Therefore we can apply
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Lemma [3.3.3] to the situation B=S® S,C = Aéw and S to the second copy of §
in S ® S and conclude that B

Homg_ (T1.T2)" = Hom, (a(T1)!,a(T2)’) 2 Homses(V(Th), V(T2)

as Fr-modules. B

To conclude this section, we describe the endomorphism algebra End (P)/ ex-
plicitly in the case G is finite-dimensional following Soergel and Bernstein. This
result is not used in the rest of the paper.

Proposition 4.7.3. Assume W is of finite type. Then

(1) The algebra homomorphism S ® S — Endkg/_;(ﬁ)f coming from the left and
right logarithmic H-monodromy induces an isomorphism

S®gw S = End 5(P).

(2) Let @70 C P be the full subcategory consisting of F such that wF is a direct

~ — U
sum of copies of P. Then Py is stable under the convolution x and the
functor V induces an equivalence of monoidal categories

Vo : Py =5 Mod™(S @gw S, Fr).

Here Mod™®(S @gw S, Fr) is the full subcategory of (S @gw S, Fr)-modules
which are free of finite rank as S@gw S-modules, and the monoidal structure

is defined as in Proposition [1.6.4)(2).
Proof. (1) The algebra Endgg(?s)f = V(P) is a free S-module over both the left

and right S-actions(this follows by writing P as a successive extension of A’s and
applying Lemma L5.6). The sequence of maps {30) for w = wqy (the longest
element of W) becomes

S® S & End 5(P)*P! & T O (v).
veW
By Lemma 72 v becomes an isomorphism after tensoring with Frac(S) over the
right copy of S. Since End;j(ﬁ)of’p’f is free as a right S-module, v is injective. The
composition v o y factors through the quotient S ® gw S followed by an injection
S @sw S = [[,ew O(*(v)), hence p also factors as an algebra homomorphism

WS ®@sw S — Endgg(ﬁ)"pp’f, which is necessarily injective. To show p’ is also
surjective, by graded Nakayama lemma, we only need to show that it is so after
reduction modulo the augmentation ideal of the right copy of S. In other words,
letting P = 7rJr7A5 € P(F¥), we need to show that S ®gw Q, — Endz(P)°PP/ is
surjective, which follows from Soergel’s result ([So90, Endomorphismensatz 3], see
also the footnote in [BBM04al, §2.6]).

(2) By (1), the functor V = Hom@(ﬁ, —)/, when restricted to ,/?70, takes values
in Mod™®°(S ®gw S, Fr). The functor Vo = V|5, is fully faithful and essentially

surjective by construction. It remains to show that f??o is stable under the con-

volution S{, and then V; is monoidal by Proposition [.6.4(2). Applying Lemma
EZTT(3) to © = X, we have

PLP AVFAV%Iﬁ.
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Since AVZ is t-exact, wAvE’ﬁ € wﬁg, which consists of direct sums of wgf by
Lemma m Therefore wAvy” AV P is a direct sum of WAV 52 >~ wP. This

proves that @0 is stable under g, and hence finishes the proof of (2). |

5. EQUIVALENCES

In this section we prove the Main Theorem, i.e., the four equivalences mentioned
in §0.21 The proof will rely on the construction of DG models in Appendix [Bl We
suggest reading the statement of Theorem [B.2.7] before getting into the proofs of
the four equivalences.

5.1. Langlands duality for Kac-Moody groups. Throughout this section, we
fix a root datum (X*, @ X, ®V) with generalized Cartan matrix A; the dual root
datum (X,, @Y, X*, @) has generalized Cartan matrix A® (the transpose of A). Let
G and GV be the Kac-Moody groups over k = F, associated to these root data.
We say that the Kac-Moody groups G and GV are Langlands dual to each other.

Remark 5.1.1. When G is a Kac-Moody group associated to the affine root system
of a split simple group Gy, the group GV may not be isogenous to a Kac-Moody
group associated to the affine root system of G; GV is sometimes a twisted loop

group.

In the rest of this section, we will need to distinguish notations for G and GV.
In general, the equivariant categomes &= cfg and 59 = &g, o are for the group G,

while the monodromic categories M = //lGV and ///@ = .///(;v7@ are for GV. In
§5.3 and §5.5] the notation will be further explained.

Let H and HY be the Cartan subgroups of G and GV, respectively. We identify
the Weyl groups of G and GV and call it W. Then there is a natural W-equivariant
and Fr-equivariant isomorphism
(5.1) (Vi) =2 X* @7 Qu(1) = Vgv.

Let Sy = Sym(V}y) and Sgv = Sym(Vgv) be (graded) algebras with Fr actions.
Then (B)) gives a natural W-equivariant and Fr-equivariant isomorphism Sf{ =
Spv. This isomorphism gives an equivalence of triangulated categories

(—)j:Dperf(SHQ@SH,FI") = Db(SHv ®SH\/,F1")
L w— L°

Definition 5.1.2. The regrading functor is the self-functor of the category C/ (Fr)
of complexes of locally finite Fr-modules with integer weights:

¢ : CY(Fr) — C7(Fr)

sending a complex L = (--- — L — L1 — ...) to the complex N = (--- —
Nt — N+l — ...) where

(5.2) Ni= (L) Vi, j e L.

Here, subscripts stand for Fr-weights. Forgetting the grading, we have

H(N*) = N*=.
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5.2. Equivariant-monodromic duality.

Theorem 5.2.1 (Equivariant-monodromic duality). There is an equivalence of
triangulated categories

o~

(5.3) D=Doov:E=E3 > Mo = M

satisfying the following properties:

(1) ® has a monoidal structure which intertwines the convolutions ¥ and ¥.

(2) There is an isomorphism of functors 6 : H? = V o ® compatible with the
monoidal structures of these functors.

(3) ®(Ay) 2 Ay, ®(Vy) 2V, for allwe W.

4) ® sends very pure complexes of weight 0 to free-monodromic tilting sheaves.

( Y 9 g

(5) There is a functorial isomorphism of (Sgv ® Sgv, Fr)-modules

)

(5.4 ¢ Exty (Fy, Fo) = Extj(q)]:l, OF,)!
for any F1,Fo € &.
(6) For any M € D*(Fr) and F € &, there is a functorial isomorphism
P(FROM)=P(F)®p(M).
In particular, ® o [1](1/2) = (=1/2) 0 ®.
We have an immediate consequence of the theorem:

Corollary 5.2.2. For each w € W, let T,, := ®(ZC,). Then
(1) ’7~LJ is a free-monodromic tilting extension of Zw and w’ﬁv is indecomposable.
(2) Any free-monodromic tilting extension of L,, with indecomposable underly-

ing complex is isomorphic to T.

Proof. (1) The fact that T is a free-monodromic tilting sheaf follows dlrectly from
Theorem B2.1][). Since A, =, 7C,, (mod &-y), we have A, =5 T, (mod %<w).
Therefore T,, is a free-monodromic tilting extension of Lo . Finally, by (54),

End A7) = @ Ext(ZC., IC.)

€L
is a Z>o-graded algebra whose degree 0 part reduces to Qy, and End //7(’73]) is the
completion of Ext%ICw,ICw) with respect to the augmentation ideal. Therefore
there is no nontrivial idempotent in End j(ﬁv), ie., oﬂNL, is indecomposable.

(2) Suppose T is a free-monodromic tilting extension of Zw with indecomposable
underlying complex. Let ' = @’1(7~'/ ). Then by Theorem BZIHE), C’ is a very
pure complex. By Lemma B23l wC’ is a direct sum of shifted IC-sheaves. But
since wT” is indecomposable, wC’ is also indecomposable by the same argument of
(1). Therefore C' is a (shifted and twisted) IC-sheaf. Since A,, = 7’ (mod ///<w)
we have A, = €' (mod &), hence ¢’ = IC,, and T' = T,,. O

Combining Corollary 522, Theorem B2TI(), (6), and Proposition B25], we get

Corollary 5.2.3. Forwi,ws € W, the convolution 7~;,1 g ’7~ZU2, as a mixed complex,
is a direct sum of Ty(n/2) for n = L(wy) + L(ws) — €(w)(mod 2). In particular,

if L(wiws) = L(wy) + L ws), then Tow, is a direct summand of Ty, v T, With
multiplicity one.
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The following observation will be used in establishing the parabolic-Whittaker
duality.

Corollary 5.2.4. If G is finite dimensional, let wo be the longest element in the
Weyl group W and recall the object P defined in the 40| (in this case it is an honest
object of ). Then

Tuw, = P(—L(wo)/2).

Proof. By Theorem B.Z1|[2)), we have ®(Q,) = P because the functors they repre-
sent (H and V) are intertwined under ®. Therefore by Theorem G211,

Tao = ®(ZC.s,) = B(Qy[l(w0)](£(wo)/2)) = B(Qy)(—L(wo) /2) 22 P(—L(wp)/2).
O

The rest of this subsection is devoted to the proof of Theorem B.2.1l First we
need to pick generating objects of the categories & and VA

For each simple reflection s, by the calculation in Appendlx [ Lemma [C1l
and [C2] we have a free-monodromic tilting sheaf T. € @<5, and we have an
isomorphism

0, : (H,)? := H(ZC,)? = V, := V(Ty).

We fix such an isomorphism for each s € ¥. For each w € W, fiz a reduced word
expression w = (s1(w),- -, Sm(w)) where m = £(w). We define

TCu = TCor(uw) * -+ 2 ICop )y Huy = H(ZCW),

7;1} = s1(w) koo ok S (W) Vﬂ = V(Tﬂ)

By Proposition B.2.3] and Proposition £3.4] ZC,, is very pure of weight 0 and ’7@
is a free-monodromic tilting sheaf. The isomorphisms {fs|s € X} (together with
Propositions B2l and EL6.4)) induce an isomorphism

(5.5) 0y 1 (Hy)? = V.

5.2.5. The DG models. We are going to define algebras and bimodules which control

the categories &<, and .#<,, and their respective embeddings for w < w’. For
w < w', define:

les|

= P Bxth(ZC4,IC,).

u<w’ v<w

We write E_,, for the opposite algebra of ES . Then E— v s g (ng,,ﬁgw)-
bimodule. Each ZC, (v < w) gives an (E,,, Fr) module

Ccwy = @D Ext$(1Cy, IC,).
u<w

We emphasize that we view E,, as a plain algebra with Fr-action (placed in degree
0), not as a dg-algebra with the natural grading. Applying Theorem [B.2.7] to the
triple (¥<y C E<w, {ZCulu < w}), we get an equivalence of triangulated categories

(56) @@gw :_> Dperf(ESvar)

where the RHS is the full triangulated subcategory of Db(ﬂgw,Fr) generated by
twists of {C<y ol < w}.
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Similarly, we define:

(57) %w :_> Dpcrf(Mgwa Fl")

where the RHS is the full triangulated subcategory of D®(M <w» Fr) generated by
twists of {T<wu|v < w}.

5.2.6. Construction of ®. We first construct an equivalence ®<,, : &<y — ////\Sw
for each w € W. According to the equivalences (5.8 and (&), it suffices to give
an equivalence

/Sw . Dperf(ESwa FI‘) l> Dperf(MSw; FI‘)
By Proposition B.1.6] and Proposition 5.7} we have

(5.8) EZy = @ Homg, g, (Hy,H),
u<w’ v<w
(5.9) MZy = @ Homsvesy(Vy, Vo).

u<w’ ,v<w

The isomorphisms {6,,|w € W} in (5] give a Fr-equivariant isomorphism of alge-
bras:

(5.10) EZ, S5 M,

For a complex of (E.,,Fr)-module L = (--- — L* — L1 — ...) we define
@’ (L) to be the complex L?, which is a complex of (M, , Fr)-modules via the
isomorphism (EI0). This gives the desired equivalence ®” .

By Proposition B3] the embedding iy, . « : €<y > E<ur corresponds to the
functor

Dpcrf(ngv FI') — Dpcrf(ng/a FI')
<w L
L - E2, ®s_, L
Similarly, the embedding 7, . « : ///l;w — ////;w/ corresponds to the functor
Dperf(Mgwa FI“) — Dperf(MSw/a FI‘)
' L
N o= MU Sy, N

~

The isomorphisms in (.8, (539) and (G.I0) give an isomorphism &, ( ng') o~

L<w
Méx/ as (M,, M, )-bimodules. Therefore the embeddings iy w/ « and %y w «
are naturally intertwined under ®<,, and ®<,. Passing to the inductive 2-limit,
we get an equivalence of triangulated categories ® : & — .
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5.2.7. Verification of the properties. Property (@)). Suppose F € &<y, corresponds
to the (E.,,, Fr)-complex N under the equivalence (£.8). Then for a Fr-module M
of weight i, F® M corresponds to N ® M[i] under the equivalence (5.6) (this follows
from the construction in Theorem [B:27). Then & (N ® MJi]) = N? @ M?[i],

which corresponds to ®(F) ® M-[i] under the equivalence (5.7).
Property (B). By Lemma [B.4.3 and Lemma [B.5.T] we have

Ext® (F, F'[i]) pur = Hom(®(F), &(F)[1])’.
On the other hand,
P (o Ext®(F, F'))} = P Ext’I(F, F')?; = Hom(F, F'[i] -

J J

pur

Combining these two identities, we get (B.4]).
Property (B). The isomorphisms {6, } give an isomorphism of (M ,,, Fr)-modules

C%w& = T<ww, Vv < w.

Therefore ®(ZC,,) = T.
Consider the followmg diagram:

. -
T<w,* T

(5.11) E<w E<w Ew

lqkw l@<w @,
V

7’<w *

My =25 ///<w —>///

By construction, the functors ®<,, and ®.,, are equivalences and there is a natural
transformation making the left square commutative (we did not construct ®.,, ex-
plicitly, but it is from the same construction of ®<,, by comparing the algebras £_,,
and M _, ). Since the two rows in the diagram (5.I1) are short exact sequences of

triangulated categories, there is (an essentially unique) equivalence ®,, : &, — ////:U
(the dotted arrow in the diagram (B.I1])) with a natural transformation making the
right square commutative. This implies that there are natural transformations
intertwining the adjoints of ¢}, and 7;; i.e., there is a natural transformation inter-
twining 4,1 and %, ; there is another natural transformation intertwining i, . and
Tw.. Note that

Aw = iw)itTCw, Ay = Tu i, T,
Vi = iwsislCw, Vi = tusisy T
Therefore we have isomorphisms ®(A,,) = A d ®(V,) = V,, coming from

the isomorphisms ®(ZCy) = To.
Property (). Note that the class of very pure complexes are

(A {0)|w € W)Y N (V,(0)|w e W)
while the class of free-monodromic tilting sheaves are
(Au(N)|w € W) N (Vi (7w € W),
These two classes of objects correspond to each other under ® by Property (@) and

@.
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Property (). This requires the construction of a monoidal structure of ®. Fix
w,w" € W such that £(w) + £(w') = £(ww'). We define an (E.,,,/, E<,, @ E<,/)-

bimodule
. B
Qcwcw = D Ext%(ZC,,ZC, * ICy)
u<ww’ vw,v’ <w’
= @ Homyg, 55, (Hy, Hy Qs Hy).

u<ww’,v<w,v’ <w’

Similarly, we define an (M., M ,, ® M ., )-bimodule

~ ~ U ~
Rew,<wr = &y Hom ATy, Ty * Tor)?
u<ww’,v<w,v’ <w’
o Ph Homs,,, 5, (Vu, Vo @5,y V).

u<ww’,v<w,v’ <w’
They carry natural Fr-actions.
B
By Remark [B.3.2] the transport of the convolution * to Dpert(E<,,, Fr) is given
by the functor

Dperf(ﬁgwy FI') X Dperf(ﬂgw/y FI') — Dperf(ESwwla FI')

L
(Lu Ll) = ng,gw’ ®(ng®ﬁsw/) (L X L/)

Again, by Remark [B:3.2 the transport of the convolution ¥ to Dyert(M <, Fr) is
given by the functor

Dperf(MSwu FI‘) X Dperf(MSwu FI') — Dperf(MgwwM FI)

L
(N,N') = Rewz<w ®w_,em_,,) (NN

The isomorphisms {6,|w € W} give a Fr-equivariant isomorphism

E]
ng,gw’ = ng,gw/

which intertwines the (ngw/,ﬂgw ® ng/)—bimodule structure on Q<q, <y and
the (M, Mo, @ M, )-bimodule structure on R<y, <.. This isomorphism
gives a natural isomorphism making the following diagram commutative:

B
*
ggw X ggw/ _— ggww’

o] Joar [

— — U —
*
'///Sw X '//Sw’ — L//gww/

To check that these natural transformations are compatible with the associativity
constraints essentially reduces to the following identification (we omit the details
here)

P Ext(ZC,, IC, % ICy % IC,p)" = @) Hom AT, T,

Passing to the inductive 2-limit as w, w’ run over W, we get the required monoidal
structure of ®.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



50 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

Property (). Define
He, = (P H,
v<w

Using (B.8), H<, can be viewed as a right E_,,-module (compatible with the
(Sg ® Spg,Fr)-module structure). Similarly, using (5.3), we define a right M-

bimodule
Vew = P Va.

v<w

L
The transport of the functor H on Dperf(E<,, Fr) is given by L — H<y ®p_ L;

L
the transport of the functor V on Dperf(MSw, Fr) is given by N — V<, ®@m_, N.
Using {0.,|w € W}, we get a Fr-equivariant isomorphism HZ,, = V<, intertwining
the right E_,,-structure and right M , -structure (hence also intertwining the Sy®

Sp-structure and Spv®S pv-structure). Therefore we get an isomorphism 6 : HY =
V o @ by passing to the inductive 2-limit. It is easy to check that 6 is compatible
with the monoidal structures by using the explicit dg-models.

Remark 5.2.8. In the sequel, it is convenient to use two more “compact” algebras
as dg-models of & and .#. Let

opp
(5.12) E<w:= | @B Ext%(IC,,IC,) ,
u,v<w
opp
(5.13) Mey = | € Hom AT, T.)f
u,v<w

Then Theorem [B.2.7] again gives equivalences

391; :_> Dperf(ngvFr)a
M<ry > Dper(M<y, Fr).

5.3. Koszul “self-duality”. Consider the category 27 = D? (U\G/B), the de-
rived category of left-U-equivariant mixed complexes on F¢ = G/B. Recall 7 :
Fl — FU is the projection which induces 7 : Mo — DT By Lemma [A. 7.3 for
each we W, T, := 7rT7~;U is a tilting extensions of Q,[¢(w)](¢(w)/2) on F¥,, whose
underlying complex is indecomposable. On the other hand, we have the forgetful
functor Forg : &g — 2T by forgetting the left- B-equivariant structure on objects
in &. For w € W, we still write ZC,, € 21 for Forg(ZC,,).

Now consider the category 12 := DP (BY\GY /UV), the derived category of right-
UV-equivariant mixed complexes on BY\G". Now the situation is identical with
91 after interchanging left and right, G and GV. To distinguish objects in "9 with
objects in 27, we usually add a (—)¥ to the objects in 9, e.g., the indecomposable
tilting sheaves 7,Y € T2 and IC-sheaves ZC), € 19, etc.

The theorem below is not really a self-duality, because the category 21 is defined
in terms of G while T2 is defined in terms of GV. In Remark [5.3.2) we will explain
in what sense it becomes an involutive self-duality.
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Theorem 5.3.1 (“Self-duality”). There is an equivalence of triangulated categories
v:'9.= D! (BY\G/U") = Db (U\G/B) =: 21
satisfying the following properties:

(1) ¥ can be given a structure to intertwine the (éag,///lz;)—bimodule category
structure on ' 9 (given by convolutions) and the (////;v,é’gv)—bimodule cat-
egory structure on 21 (given by convolutions) via the equivalences ®g_.gv
Eqn > ////E;v and Pov g Egv = ,/Z/Z; in Theorem [5.2.1].

(2) U(AY) =2 A, U(VY) 2V, foralweW.

(3) U(ZC)) = T, U(T)) = IC, for all w € W. More generally, ¥ inter-
changes very pure complexes of weight 0 and tilting sheaves.

(4) There is a functorial isomorphism of (Sgv,Fr)-modules for any Fi, Fa €
T@7

(bEXt:@(]:h ]:2) = EXt.@T (\If]:l, \If]:g)

(5) The analog of Theorem BZIN@) holds for V.

Proof. We first build DG models for 2. Let 7T C 2 be the full subcategory of
mixed tilting sheaves. The twists of {T,,|w € W} C 7T generate the triangulated
category 2. Define

opp
ML, = € Homy: (T, T,)
u,v<w
Applying Theorem to the triple (7T<,, C Z2T<y, {Tulu < w}), we get an
equivalence
(514) @Tgw l> Dperf(M;wa FI‘)

where the RHS is the full subcategory of D?(M ;w, Fr) generated by twists of the

(M;w, Fr)-modules P, ., Homg+ (Tw, To)? for v < w. Recall the definition of the
algebra M<,, in (513). Below we use Mg <, to emphasize its dependence on G
rather than GV. Then Lemma [A.7.4] gives a Fr-equivariant isomorphism of algebras

(5.15) Mg <w ®sy Qp = M;w'

On the other hand, let 7T C 27 be the full subcategory of very pure complexes of
weight 0. The twists of {ZC,|w € W} C #T generate 2T as triangulated category.

Define
opp
EL, = @ Ext%,: (ZCy,ZC,)
w,v<w
Applying Theorem [B.2.7to the triple (”//;rw C D' <, {ZCu|u < w}), we get another
equivalence
(516) QTgw :_> Dpcrf(E]nga Fl")

where the RHS is the full subcategory of Db(ETSw,Fr) generated by the twists of

the (E;w, Fr)-modules P, <, Ext%: (ZCy,ZC,) for v < w. Recall the definition of
the algebra E<,, in (5.12)). Again we write Eg <, to emphasize its dependence on
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G. By Corollary [B42] (the isomorphism (B.8)) and Lemma B.I.5 (which implies
E¢ <y is a free left Sy-module), we have a Fr-equivariant isomorphism of algebras

(5.17) Q ®g, Fo<w = BL,.
Next we define the DG models for 2. We define

opp
TMSW = @ HOHIT@('];V, vv) )
u,v<w
opp
"Bcw:= | @D Ext},(ZC),IC))
w,v<w
Similar to the case of 2%, we have equivalences
(5.18) Dpert(TE<uw, Fr) =5 90y =5 Dpers(T M <y, Fr).
We also have Fr-equivariant isomorphisms of algebras
(5.19) Q¢ @5, Mav < 2 TM<y,
(5.20) Egv.<uw ®g,, Q¢ = "Ecy.
Note that

S# = Sym®(Vyy)? = Sym(Vyv) = Syv,
Sipv = Sym* (Viyv)? = Sym(Viy) = Sp.
By Theorem (.21} we have isomorphisms
Eg < = Mgy <uw; Edv < = Mg <w.
By &10), (I1), (E19) and (B20), we get Fr-equivariant isomorphisms of algebras
"B, =ML, EL) ="M,
which, together with the DG models (5.14), (5I6) and (5I8]), give equivalences

(-)°
Dperf(TESwv Fr) —— Dperf(M;wv Fr)

L

Ve Ecw
"D = Py ————— 19,

] I

CON
Dpcrf(ETSwv FI') — Dpcrf(Jngwv FI')

~

Passing to the inductive 2-limit, we get equivalences
tg L 9t 519,

We check the properties.
Properties (2) and (B) for both ¥ and = are verified as in Theorem [5.2.1]

Claim. There are the natural isomorphisms ZoW¥ = idi45 and ¥ o= = idg+ making
(¥, Z) a pair of inverse functors.
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Proof. We prove the first isomorphism. The argument for the second is similar.
Since the Properties (2) and (B are satisfied by both ¥ and =, the functor Zo ¥ is
a t-exact self-equivalence of Y2 under the perverse t-structure (because T9<0 and
1920 are characterized by (A,[< 0](?)) and (V,[< 0](?))). Therefore Z o ¥ sends
IC-sheaves to IC-sheaves. By Property (@), we must have ZU¥(ZC.)) = ZC.,. In view
of the first equivalence in (GI8]), the transport of Zo ¥ on Dperf(ET< w- Fr) is given
by the identity functor by Proposition [B:3.11 Therefore we get an isomorphism
ZEoVU =idig. |

Property (@). It is obvious from construction that W(ZC,) = T,, and Z(ZC,,) =
T, . Since V¥ is an inverse of =, therefore, U(7,/) = WV=(ZC,,) = ZC,,. The argument
for Theorem B.ZTI@]) shows that both ¥ and = send very pure complexes of weight
0 to tilting sheaves. Since ¥ and = are inverse to each other, ¥ must interchange
very pure complexes of weight 0 and tilting sheaves.

Finally we verify Property (Il). The argument for Theorem B.2.T[]) shows that:
U has a structure intertwining the left-égv-module category structure on T2 and
the left-.#Zg-module category structure on 2'; and that = has a structure inter-
twining the right-&g-module category structure on 2% and the right—////gw -module
category structure on "9, Since ¥ and Z are inverse functors, Property () is
proved. O

Remark 5.3.2. When Lie G is a symmetrizable Kac-Moody algebra, we can replace
GV by G in Theorem [5.3.1] and get the equivalence

e : Db (B\G/U) = DY, (U\G/B).

Let inv : D% (U\G/B) = D% (B\G/U) be the equivalence induced by the inversion
map of G, then invoW s becomes a “self-duality” of D2, (B\G/U). Further argument
shows that inv o ¥ is involutive: (invo Wg)? is isomorphic to the identity functor.

Remark 5.3.3. By Theorem [5.3.1] the perverse t-structure on 'Z is transported by
¥ to the following t-structure (WtQTSO, WtQTZO) on 1:

wt

@TSO ={Fe .@”i;]—" is a complex of weight > 0},
Vg0 _ {F € 27|i', F is a complex of weight < 0}.

The irreducible objects in the heart of this t-structure are precisely weight-0-twists
of T,,. If we transport the characterizing properties of IC-sheaves to any irreducible
object T in the heart of the new t-structure on 27, we see that 7 satisfies:

For any w € W, i T has weight > 0 and i', T has weight < 0.

This is precisely the “Condition (W)” observed in [Y09, §1.3] by the second au-
thor, which served as a guiding principle in the study of weights of mixed tilting
sheaves. In particular, Theorem .31 implies that the condition (W) holds for in-
decomposable mixed tilting sheaves on the flag variety of any Kac-Moody group.
Using Theorem [F3.TJ[2]), we get a simple relation between the multiplicities of stan-
dard sheaves in ZC,, and in T, and we conclude that the “weight polynomials” of
Tw (cf. [Y09, §3.1]) are essentially given by Kazhdan-Lusztig polynomials. This
gives a generalization of [Y09, Theorem 1.2.1].
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5.4. Parabolic-Whittaker duality.

Theorem 5.4.1 (Parabolic-Whittaker duality). For each © C X of finite type,
there is an equivalence of triangulated categories,

o: b0 =dége — Mavo = Mo,
satisfying the following properties:

(1) ®o can be given a structure to mtertwme the right convolution of & on <§’O

and the right convolution of/// on ///@ (via the equivalence ® : & = Va
in Theorem B.2.1]).

(2) There are natural isomorphisms which intertwine the adjunctions B1)) and
E9) via the equivalences P and P.

(3) Po(Aw) = Ag .y ond Po(Vy) = Vg for alw e Wo\W.
(4) The analogs of Theorem B2IE), @), (@) hold.

As in the case of Theorem (.21l we have some immediate consequences.

Corollary 5.4.2. For each w € [We\W], let 7~—mx := ®o(ZCw). Then:

(1) %ﬁyx is a free-monodromic tilting extension of Eﬁ,x whose underlying com-
plex is indecomposable. B
(2) Any free-monodromic tilting extension of Ly, with indecomposable under-

lying complezx is isomorphic to %ﬁ,x
Corollary 5.4.3. For any w € {We\W}, we have isomorphisms
(5.21) 19 ICxlle](le/2) = IC, =n'ICx[—lo](—le/2),
(5.22) AP Ton(—te/2) = T, = Avgfrm(e@ /2).
Here bg = l(we) is the length of the longest element we in We.

Proof. The isomorphisms (5.21)) follow from the fact that 7© is smooth of relative
dimension {g; the isomorphisms (5:22)) follow from (B21I)) by Theorem 41l and
Theorem 52,11 O

Corollary 5.4.4. For w € W, the mized perverse pro-sheaf AV@ Nw s a direct sum
of ﬁx(n/2) for n = (w) — £(T)(mod 2). In particular, for w € [We\W/, T,y is
a direct summand of Avgﬂ, with multiplicity one.

The rest of this subsection is devoted to the proof of Theorem (.41l

Recall that wg is the longest element in Wg. Sometimes in a complicated symbol
we write © for we, e.g., we abbreviate ZC,,, by ZCe, V(ﬁ,@) by Vg, etc. Recall
the object Pe from (#I5). Applying Corollary 5241 to G = Le we get an isomor-
phism Po = To(le/2). By Remark BZ8 and EAIZ Co = ZCo[—Llo](—lo/2) is a
coalgebra object with respect to ¥ and Po = To(le/2) is a coalgebra object with

U
respect to *.

Lemma 5.4.5. For each © C X of finite type, there is a unique isomorphism
Be : ®(Co) = Pg which is a coalgebra isomorphism (Here ® is the equivalence in

Theorem B.2.1]).
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Proof. Start from any isomorphism fg : ®(Co) = Po (which exists because ®(ZCg)
= To). Observe that

Therefore,

B % —
homg(C@,C@ * C@) = homg(C@, H (L@/N@) ® C@) = homg(C@,C@) = Qg.
Equivalently,

~ U ~ p—
hOHl@;((I)(C@),'P@ * P@) = Qg.
This means the diagram of co-multiplications

(5.23) B(Co) ~" 3(Co ¥ Co) —> B(Co) ¥ B(Co)

lﬁé lﬁé.) lﬁé

~ / ~ U ~

P(—) - P(—) * ’P(—)
is already commutative up to a nonzero scalar. Hence there is a unique nonzero
scalar multiple 8¢ of S making the diagram (5.23]) commutative, i.e., o commutes
with the co-multiplications. In particular, for © = &, 54 is the unique isomorphism
®(5) — 0 which preserves the structures of § and § as the unit objects in the

monoidal categories & and M. N N
We check that B¢ also intertwines the co-unit maps € : Cg — ¢ and € : Pg — 4.
Again, we verify that
hom (®(Ce),8) = homg(Ce,d)
= homg__ (i;Co,d) = homg, (Q;, Q) = Q.

Therefore € o Bg = A\Bg o € for some )\ € @ZX . On the other hand, the compatibility
between co-multiplication and co-unit maps give

(e%id)op=id:Co — Co,
(Ellﬂ{id)ou/:id:ﬁ@%ﬁ@.

Since Be already intertwines p and ', we see from the above identities that A = 1,
i.e., fo also intertwines € and ¢’. This completes the proof. (]

For F1,F, € ¥ C & (very pure of weight 0), let 7; := ®(F;) € F C M be
corresponding free-monodromic tilting sheaves. By adjunction and Lemma B.2.7]
we have

Extg, (7r*@.7:1, 7TS)]:2) = Ext;a(W@’*wf)]:l, F2) 2 Ext%(Co Z Fi1,F2).
On the other hand, by adjunction and Lemma ZZTTY3), we have
~ ~ ~ ~ ~ U ~ ~
Hom . (AvY 71, AvyT2) = Hom (AvP AvQTi, T3) = Hom 5(Pe * T, Ta).
We have an isomorphism given by Theorem B2,
Ext%(Co * Fi, ) = Hom 5(Pe * T1,72)’,
hence an isomorphism

Y(F1, Fa) : Exty, (7@ F, 70 F)? = Hom 5 (AVSﬁ,AVS%)f.
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Lemma 5.4.6. The following diagram is commutative:

)

Ext%(Fy, Fa)? LI Exty, (7@ F, 7w Fp)?

l':b lll)(]:h]i)
Av©

Homgg(ﬁ,ﬁ) ;Hom (Av Tl,Av 7'2)

Proof. By the construction of ¥(Fj, Fa), the commutativity of the above diagram
is equivalent to the commutativity of

(5.24) B(Co) % B(F) —> ®(r®* 7O F)) U (F))
ﬁ(—)l ll ll
Po g T = AV!G)AVS'ﬁ 2. T

U
In this diagram, the composition of maps in the rows are given by ®(e) * id and

U ~
¢’ * id (recall € and € are co-unit maps for Cg and Pg). Since B¢ intertwines the

co-unit maps, the diagram (524 is commutative. |
Lemma 5.4.7. The isomorphisms ¥(—, —) are compatible with compositions. More
precisely, for F; € ¥V, i =1,2,3, we have the following commutative diagram:
(5.25)

Ext* (n0 F>, 0 F3)* @ Bxt® (n0 F1, w0 ) ——— Bxt* (a0 Fy, n0 F)*
ld’(ﬁf?») ld)(ﬂfz) ld’(]ﬁ,fs)
Hom(AvS%z, AVS7~§)-f ® Hom(AvS’ﬁ,AvSﬁ)f - s Hom(AVSﬁ>AVS7~5)f

Proof. We verify the case of degree 0 maps, i.e., maps in Hom(7® F;, 79 F;). The
argument for the general case is similar.
B
For amap a : 79 F — @ F', we write o for the map Co * F = 79*7OF — F/
induced by adjunction. Similarly, for a map = : AVST — AVST, we write y# for

~ U = O+ =~ . . . . .
the map Pg * T = AVI@AVST — T" induced by adjunction. Consider the following
composition of maps:

« - «
7T*@.7:1 Bali 71'?]:2 =2, 7T*@.7:3.

Then we can write (ap o a;)# as the composition

;1,*1d id*a

Cef}"l C@*C@*]:1—>Co*-7:2j—>}_3
On the other hand, let
Avgﬁ X, AVS% 2, AVS7~§,
be the corresponding maps under ¥ (—,—). Then we can write (72 o v)# as the
composition

U, AU # #
NU,v‘u*ldwU,\,led,k,y NUN,y ~
Po * T1 —— Po * Po x Ty —— Po * Tz — Ts.
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In view of the definition of ¥(—, —), the commutativity of the diagram ([5.25]) follows

from the fact that So : ®(Co) = 73@ intertwines the co-multiplication structures p
and ', which is proved in Lemma [5.4.5] (Il

Proof of Theorem [541l For each w € Wg\W, define an algebra with Fr-action:

opp

Fo <w:= P Ext}, (97C,,7P1C,)

u,vE[We \W],u,v<w

Applying Theorem [B-2.71to the triple (¥o C o, {7OIC,|v € [Wo\W]}), we get an
equivalence

(526) g@,gw l> Dperf(EG,Sﬁv FI‘)
where the RHS is by definition generated by twists of the (Eg, <z, Fr)-modules
@ Exty, (=°1C,,791C,)
u€[Weo \W],u<w

for v € [We\W],7 < w.
Similarly, define another algebra with Fr-action:

opp

Mo <w = EB Hom§® (AvS’]NL,AVSﬁ)f
u,vEWe\W|,u,7<w

Applying Theorem [B.2.7] to the triple (Jo C Mo, {AVS7~Z,|U € [We\W1}), we get
an equivalence
(5.27) Mo < =+ Dper(Mo <z, Fr),
where the RHS is by definition generated by twists of the (Mg, <, Fr)-modules
P  Homg, (AvIT., AVQT.)!
uE[Wo\W],u<w

for v € [We\W],7 < w.

The isomorphisms (ZC,,,ZC,) give an isomorphism

b W(ZCy, IC,) : Bf <y = Mo <.
u,E[We \Wl,u,v<w
By Lemma [B.4.7] this is an algebra isomorphism, which induces an equivalence
é,gm : Dperf(E@,SﬁaFr) l> Dperf(M@,SﬁaFr)-
sending L + L7. This, together with the equivalences (5.26) and (5.27), induce an
equivalence
Po <w : bo,<w = ////(\a,gm

Passing to the inductive 2-limits, we get the desired equivalence ®g.
We verify the properties.
Properties B) and {@) are proved similarly as in Theorem 211
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Property (2)). We only need to construct a natural isomorphism AVS od = Pgo
7©, and the other natural isomorphisms Av!@ofb(_) = ®or®* and AV?O@@ = <I>07r!@
follow from the adjunctions. For each w € W, we define the (Eg <w, F<q)-bimodule

e <u = b Ext}, (192C,, 791C,).
ue[We\Wl,u<w,v<w
Similarly, we define the (Mg <w, M<.)-bimodule
oF e0F
Ao <w = @ Hom (Avy T, AVX’E,)f.
ue[We\Wl,u<w,v<w
By Proposition [B.3.1] the transport of 7€ as a functor
Dperf(Egum FI‘) — Dperf(EGLSE; FI‘)
takes the form
L
L— H@,gw ®E§w L;
while the transport of AVS as a functor Dperf(M<w, Fr) = Dpert(Me <, Fr) takes
the form
L
N +— A@,Sw ®E§w N.
By Lemma [5.4.6] and Lemma [5.4.7] the isomorphism
b Y(ZCu,ICy) 1 1T <oy = Av <w
ue[We\Wl,u<w,v<w

intertwines the (Eo <, F<y)-bimodule structure on Ilg <, and the (Mg <, M<y)-
bimodule structure on Ag <. Therefore this isomorphism induces a natural iso-
morphism AVS 0d = bgon?,

Property (). The verification is a combination of the argument for Theo-
rem B2T|[d) and the Property (2) above. The essential step is to verify that
for w € [Wo\W],w' € W such that {(ww’) = £(w) + £(w'), the isomorphism

@D Y(ICy,ICy % ICy):
Ty AVOT, % 7o)/

(where the direct sum is over {u,v € [We\W],v' € Wz < ww',v < w,v
w'}) intertwines the (Eo <ww , Eo,<w® E<y )-module structure and the (Mo, <ww
Mo <w ® M<,y)-module structure. Details are left to the reader.

@ Exty, (r9ZC,,701C, % C,)? = @ Hom _ (Av®

X

IN

0.

5.5. “Paradromic-Whittavariant” duality. Fix © C X of finite type. Let
PTe = Db ((U®PUg, x)\G/B) be the derived category of (Vo, x)-equivariant mixed
complexes on Flg = G/B, which we call the “Whittavariant” category, taking a
portmanteau of the words “Whittaker” and “equivariant”.

On the other hand, let T Zg := D% (PY\GY/UY) be the derived category of right
UVY-equivariant mixed complexes on the partial flag variety o Flgv = P3\GV.
Since objects in "9 are automatically monodromic under the right H-action, we
call T 9 the “paradromic” category, taking a portmanteau of the words “parabolic”
and “monodromic”.

Just as we deduced the self-duality from the equivariant-monodromic duality, we
can also deduce the following theorem from the parabolic-Whittaker duality. We
omit the proof.
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Theorem 5.5.1 (Paradromic-Whittavariant duality). Let © C X be of finite type.
Then there is an equivalence of triangulated categories

\If@ : T@@ —N—> @T@
satisfying the following properties:
(1) Vg can be given a structure to intertwine the right convolution of ////E;v on
‘L@@ and the right convolution of &g on 2Te (via the equivalence ® : &g —
My in Theorem B271]).

(2) There are natural isomorphisms which intertwine the following adjunctions

(which are defined in a similar way as the adjunctions B1) and (E9))

R
-

T@i)T@@

o,
s
N AvP Vo
-~

)
gt AV PDte
-

Av®

*

(3) Yo(AY) 2 Ag, and Vo (Vy) = Vg, for allw € Wo\W.

(4) Vo(ZCy) = Toy = 7TT7~%7X. More generally, Vg interchanges very pure
complezes of weight 0 and tilting sheaves.

(5) The analogs of parts @) and @) of Theorem B3] hold.

Corollary 5.5.2.
(1) For w € {We\W}, we have the isomorphisms

T ICqlle](le/2) = IC., = n®'ICH[—lo](—le/2),
AP T (—Le/2) = To 2 AVOTw . (lo/2).

(2) For w € We\W], 79T =: T¥ is a tilting extension of the constant
perverse sheaf Q,[¢(w)](L(w)/2) on (PS\GY)w and wTz is indecomposable.
For w ¢ [We\W], 79Ty = 0.

(3) Forw € [We\W], AVSICw =: ICwm, is the middle extension of the simple
perverse (Ug, x)-equivariant local system Ly on (G/B)wew. For w ¢
[We\W], AvJZC, = 0.

(4) Yo(Ty) = ICam -

Proof. (1) is proved in the same way as Corollary [£.4.3]
(2) follows from [Y09, Proposition 3.4.1]. In particular, 7Y also satisfies the
condition (W) mentioned in Remark (.33

(3) Note that by Theorem E5TI2) and Theorem B3TI[)),
AVITIC, = AVQU(T,)) = Ve (70T,

For w ¢ [We\W], Yo (r®T.Y) = 0 by part (2). For w € [We\W], we have
Ve (r9T)) = Ue(T.Y) by part (2). Since w7.Y is an indecomposable tilting sheaf,
wWe(Ty) is an indecomposable very pure complex, i.e., ¥g(7/) is a shifted and
twisted IC-sheaf. Since AY, = 7Y (mod ' Ze <), we have Ay, = Uo(T2Y) (mod
Do, <w), therefore U (T ) is the middle extension of Lz .

(4) follows from parts (2) and (3). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



60 ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN

APPENDICES
by Zhiwei Yun

APPENDIX A. COMPLETIONS OF MONODROMIC CATEGORIES

The goal of this appendix is to make rigorous the procedure of “adding free-
monodromic objects to the category of monodromic complexes”.

A.1. Unipotently monodromic complexes. Let k& be an algebraically closed
field. Let A be an algebraic torus over k and X a right A-torsor over a scheme Y
over k. Let m: X — Y be the projection.

Definition A.1.1. The A-unipotently monodromic category of the torsor m : X —
Y is the full subcategory of D2(X) generated by the image of 7' : DY(Y) — D?(X)
(or equivalently 7*). We denote this full subcategory by D%(X . A), and its objects
are called unipotently monodromic complexes.

Note that D%(X ~“A) inherits the perverse t-structure from D2(X). We denote
its heart by P(X - A).

Let r = dim A. We use (m,7) to denote the adjoint pair (m[r], 7'[~7]). Note
that under the perverse t-structures, 7' is t-exact and my is right t-exact.

In [V83], Verdier studied the monodromic complexes in the case A = G,,, and
X is a cone over Y. His argument extends to any split torus A. Verdier’s notion
of monodromic complexes allows arbitrary tame monodromy along the fibers of 7
whereas our category D2(X -“A) only allows unipotent monodromy. Verdier’s con-
struction of the canonical monodromy operator in [V83] §5] applies to our situation:
for each object F € D%(X “A) there is an action pu(F) of the tame Tate module of

THA) = @(n =1 A[n] on the underlying complex wF. For F € DY(X ~A), this

action necessarily factors through the ¢-adic quotient Ty(A), and gives:
w(F) : Ty(A) — Autx (F).

It is shown in loc.cit. that these operators commute with all morphisms in D%(X " A).
Since F has unipotent monodromy along the fibers of 7, the operator p(F) is unipo-
tent. Therefore it makes sense to take the logarithm of p(F) and get a morphism
in D%(X ~A):

m(F) :=log(u(F)) : Va® F — F,

where Vi = T;(A) ®z, Qy. These logarithmic monodromy operators also commute
with all morphisms in D2(X “A), and D%(X -“A) becomes a category enriched
over S = Sym(V4)-modules.

Our goal is to enlarge the category D%(X -“A) to a category ZA)S(X/’A) C

proD%(X - A), by adding certain pro-objects called “free-monodromic ” objects.
The prototypical example of such a free-monodromic objects is the following.

Example A.1.2. Let Y = pt and X = A. We will construct a pro-object in the
category of unipotently monodromic local systems on A, called the free-monodromic
local system. Recall that a Q,-local system on A is given by a finite dimensional
continuous Q,-representation p of 7 (A,e). Such a local system is unipotently
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monodromic (i.e., being a successive extension of sheaves pulled back from D?(pt))
if and only if it is unipotent and hence factors through the /-adic tame quotient

1 (Av 6) - W{(Av e) = TE(A)

Let £,, be the local system on A given by the representation p,, = Sym(Va)/(V4T),
on which an element ¢ € T;(A), viewed as an element of V4, acts as multiplication
by exp(t). Let

L= “@”En € proD%(A, 7 A).

This pro-object is a typical example of a free-monodromic local system.
Let S =lim Sym(Va)/(ViTh). It is easy to see that we have an equivalence

DY(A -~ A) = DP(Mod™(5)).

Here Mod™!(S) stands for the abelian category of finite dimensional S-modules.
The free-monodromic completion would be

Dy(A,A) = D"(8),

of the bounded derived category of all finitely generated S-modules. If we normalize
the equivalence so it is t-exact with respect to the perverse t-structure on the LHS
and the natural t-structure on the RHS, then under this equivalence, the pro-object
L[r] € Db(A,A) corresponds to the free module S € Db(g).

Remark A.1.3. To better understand the situation, we consider the case Y is smooth
and k = C. Then there is a parallel story for holonomic Dx-modules instead of
constructible complexes, linked to each other via the Riemann-Hilbert correspon-
dence.

We recall some basic construction of [BB93| §2.5]. A weakly A-equivariant Dx-
module is a quasi-coherent sheaf M on X with a Dx-action together with an
A-action such that the action map Dx ®o, M — M is A-equivariant.

Let ©y be the tangent bundle of Y. Let @X A be the vector bundle on Y

7

which is the descent of the tangent bundle of X. It is a Lie algebroid on Y and fits
into an exact sequence

O—>LieA®(’)y—>G)X /,A—>®y—>0.

’

Let DX 4 C Dx be the A-invariant part. This is a sheaf of Oy -algebras generated

7

by the Lie algebroid GX " The functor M — M4 gives an equivalence between

s

weakly A-equivariant Dyx-modules and DX ,A—modules which are quasi-coherent

onY.
Note that Lie A C @X 4 C DX A is actually central, hence S = Sym(Lie A) is

a central subalgebra of DX n Localizing the category of DX ‘4 at various points

of (Lie A)* = SpecS corresponds to specifying the monodromy along the fibers
of X — Y under the Riemann-Hilbert correspondence. Thus an A-unipotently
monodromic Dx-module is the same as a quasi-coherent DX /,A—module on which

7

Lie A acts nilpotently.
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Let S be the completion of S with respect to the ideal (Lie A), and we define
the completion

D ':§®SD

x, A x A

equipped with the (Lie A)-adic topology. The desired completion of the derived

category of Dx-modules can then be defined as the derived category of certain
DX ,A—modules.

s

The above examples suggest that ﬁzc’(X +“A) should look like a tensor product
DY(X A)®g S, i.e., the category of S-modules in DY(X “A). Turning this into
a rigorous construction involves two technical difficulties.

First, we need to deal with such categorical issues as: how to extend the tri-
angulated category structure and the t-structure to the completed category; how
to extend the sheaf-theoretic functors to the completed categories? The general
categorical formalism for dealing with pro-completions is contained in §A.2] and is
applied to our situation in A3l

Second, to make sense of S-modules in DY(Y) we need to work on the level of
abelian categories (perverse sheaves). Even in the situation where X =Y x A
this is not obvious, see §A4l Extra care has to be taken in the mixed setting; see
A5l Finally, we deal with the case where Y is nicely stratified and the category in
consideration is glued from simple categories coming from each stratum; see §A.6l

The ultimate goal is to define and study free-monodromic tilting sheaves, which
will be done in A7l The free-monodromic tilting sheaves will play important roles
in constructing DG models for the completed categories, as we will see in Appendix

Bl

A.2. Pro-objects in a filtered triangulated category. Let D be a category
and let pro(D) be the category of pro-objects in D. By definition, objects in
pro(D) are sequences of objects (indexed by non-negative integers) {X,, },>0 with
transition maps --- — X5 — X7 — Xy. We denote such a sequence by “lim” X,,.
The morphism sets are defined by

(A.1) Hompyo(p) (“lim ™ Xy, “Jim ”Y;,) = lim lim Hom p (X, Y,,).

The Yoneda embedding of np : D — Fun(D, Set) extends to pro-objects to give
an embedding

(A.2) Np : pro(D) — Fun(D,Set)
“@”Xn — <Y — li%nHomD(Xn,Y)> .

It is easy to check that 7jp is a full embedding.

For any partially ordered set I, viewed as a category, we can consider Fun(/, D)
as “diagrams of shape I” in D. In particular, for n > 0, let [0,n] be the ordered
set n > .-+ > 0. Then Fun([0,n], D) is the category of chains of morphisms
X, — -+ = Xo. In particular, Fun([0, 1], D) is the category of morphisms in D.

Lemma A.2.1. Let I be a countable partially ordered set in which every element
i has only finitely many successors (a successor is an element j < i). Then the
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natural functor
II; : proFun(I, D) — Fun(I,pro(D))
s an equivalence of categories.

Proof. We first prove that II; is essentially surjective. We write I = J, Iy where
I CI,; C---CIn C---,each Iy has cardinality IV and is closed under successors.
We use induction on N to show that each Iy, is essentially surjective, which suffices
for our purpose.

Assume II;, , is essentially surjective. For notational simplicity, we denote
Iy by I and Iy_1 by J. Let {ip} = I\J. For any diagram X : I > i —
“@”X(i)n € pro(D), apply the inductive hypothesis to its restriction to J,
we get a projective system {Y,, : J > j — Y,(j)} and an isomorphism « :
H(“@”Yn) = X|s. Since each a(j) : “@”Yn(j) — “@”X(j)n is an iso-
morphism, the maps “@”X(z’o)n — “@”X(j)n for i9p > j naturally lifts to
f(io,79) : “@”X(z’o)n — “Liil”Yn(j). By choosing a subsequence of {X (ig)a(n)}
of {X(i0)n}, we can manage so that f(ip,j) comes from a projective system of
maps f(ig, j)n : X(90)a(n) — Yn(j). By possibly passing to another subsequence of
{X(40)a(n)}, we can make sure that for each fixed n, adding Y, (io) := X (i0)a(n)
and {f (i, 7)n : Yn(io) = Yn(j)}io<; extends the diagram Y, : J 3 j — Y, (j) into
a diagram 57" : I €i—Y,(i). As n varies, these diagrams form a projective sys-
tem {17”},, in Fun(I, D). It is clear that the natural isomorphism “@1” Y, (i) =
“l'gl”X(io)a(n) = “@”X(io)n together with « extends to an isomorphism & :
H[(“l'&n” 37") =5 X. This completes the induction step.

We next prove that II; is injective on morphism sets. Let {Y,, : I — D}, {Z, :
I — D} be two objects in proFun(Z, D). Then their Hom-set in both proFun(I, D)
and Fun(/, proD) can be naturally identified with subsets of

lim lim | [ Homp (Y2 (4), Z,(8)) = [ [ lim lim Hom p (Yo (), Z (4)).

nom ef el mom

From this we conclude that Il is injective on Hom-sets.
To prove that II; is surjective on morphism sets, it suffices to show that

Fun([0,1],1I;) : Fun([0, 1], proFun(I, D)) — Fun([0, 1], Fun(, pro(D)))
is essentially surjective. Consider the commutative diagram of functors

II
—% Fun([0, 1], proFun(I, D))

proFun([0, 1], Fun(I, D))
lFun([O,l],HI)
t| adj Fun([0, 1], Fun(I, pro(D)))
Zladj
Mo, 1]x1

proFun([0,1] x I, D]) ———— Fun([0, 1] x I, pro(D))

where “adj” is the adjunction equivalence between the Cartesian product x and
Fun. The essential surjectivity of Fun([0, 1],1I;) then follows from that of ITjg 1)« -
O
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For a category D with a shift functor [1], let ﬁ(D) denote the category of all
triangles in D, i.e., chains of morphisms X fy iz 1 X[1] S, Y[1]--- such
that the composition of any two consecutive arrows is zero.

Now suppose D is a triangulated category equipped with a shift functor [1] and
a category of distinguished triangles Tri(D) C ﬁ(D) We clearly have a functor
v : pro(Tri(D)) — i‘\r/i(pro(D)). Let Tri(pro(D)) be the essential image of ~.
However, in general there is no guarantee that the distinguished triangles defined
in such a way should give a triangulated structure on pro(D). In fact, the octahedral
axiom does not hold automatically for situations arising from pro-objects, because
no condition was imposed on the morphisms between octahedra. We will resolve
this difficulty with the help of a filtered structure of D. For basic definitions and
notations of a filtered structure on a triangulated category; see [B87, Appendix A].
We will use the decreasing version of filtered categories, and use F=" to mean “the
n-th filtration” and use F<" to mean “quotient by FZ"*1”. Let DF be a filtered
triangulated category over D with the “forgetting filtration” functor Q : DF — D.
We have the “taking the associated graded” functors:

Gr}: DF = D.

For any interval of integers [m, n], let DFI"™™ be the full subcategory of DF con-
sisting of objects X such that Gr%(X) = 0 unless m < i < n. In particular, we can
identify D with DF[0,

For each [m,n], we have a functor

Qlmnl . ppimnl s Fun([m, n], D)

sending X € DFI"™" to the diagram FZ"X — ... — F2™mX = X.
For n =1, Q% can be lifted to a functor

QT prO s Tri(D)

which sends X € DFI%U to the distinguished triangle FZ'X — X — F<0X —
FZ'X[1]. Therefore QI is the composition of 7 o Q™ where 7 : Tri(D) —
Fun([0,1], D) is “forgetting the third vertex of a triangle”.

Let Oct(D) be the category of octahedra in D. We recall that an octahedron is
a commutative diagram of the form

\f’/
V

where (f, ', f"),(g,9',9"),(h,h';h") and (j,5’,j") are distinguished triangles.
There is an obvious notion of morphisms between octahedra.

>@\

(A.3) X U]

/<>

\
/

f/

‘/\
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The functor Q%2 can be lifted to a functor
QOct . prl02 _ Oct(D)
which sends X € DF[%2 to the octahedron
— v = o

=X ) X Crp X|[1]
N/ N

F2'X
N\

F21X[1]
Gryp

Q

Gr

FsiX

N\A/
/N

Gry X[1]

ﬁjl\')

(

so that Q%2 is the composition of Q9 with the functor of “remembering the top
left commutative triangle only”.

Let D be a category equipped with a shift functor [1] and distinguished triangles
Tri(D). A strictly full subcategory D' C D is said to be triangle-complete, if it
is stable under [1], and for any triangle X — Y — Z — in Tri(D), if two of the
vertices are in D', then so is the third. When D’ is triangle-complete, we define its
distinguished triangles Tri(D’) to be those in Tri(D) with all vertices in D’.

Theorem A.2.2. Let k be a field and D a k-linear triangulated category with a
filtered lifting DF. Let D' C D be a full triangulated subcategory. Equip pro(D’)
with the shift functor [1] induced from that of D' and the distinguished triangles
Tri(pro(D')) C Tri(pro(D’)) (recall this is the essential image of v : pro(Tri(D')) —
T‘I'Ji(pro(D’))). Let D C pro(D') be a triangle-complete full subcategory. Assume:
(P-1) pro(Q%2) : pro(DF*2) — proFun([0,2], D) is essentially surjective.
(P-2) For any two objects “@”Xm €D and Y, e D, ligm Homp/ (X, Y,) is
a finite dimensional vector space over k.
Then D with the induced shift functor (1] and distinguished triangles Tri(D) is a
triangulated category.

Proof. (1) For the axioms (TR1)-(TR4) of a triangulated category, we refer to
Verdier’s original article [V63| Chapitre I, §1, 1-1]. We first check (TR1). The only
thing we need to show is that any morphism “1'&1” X, — “lim”Y, in D extends
to a distinguished triangle. We will prove this for any morphism in pro(D). Since
D C pro(D’) C pro(D) is triangle-complete, (TR1) then holds for D. Consider the
commutative diagram

pro(T)

(A4) proTri(D) — Y proFun([0, 1], D)

l lnl

Tri(pro(D)) —— Fun([0, 1], pro(D))

where 7, T are “forgetting the third vertex” functors. We would like to show that T’
is essentially surjective. Axioms (TR1) for D implies that 7 is essentially surjective;
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axiom (TR2) for D implies that 7 is surjective on morphism sets. These two facts
together imply that pro(r) is essentially surjective. By Lemma [AZ2.7] II; is an
equivalence. Therefore II; o pro(7), hence T, is essentially surjective.

The axiom (TR2) is obvious because proTri(D) is stable under the rotation of
triangles.

Next we check (TR3). Note that by [M01, Lemma 2.2], this axiom is implied by
the other axioms. We still verify it here because we will need it to check (TR4).
Note that (TR3) is equivalent to saying that

(A.5) 7 = Tlyyypy : Tri(D) — Fun([0, 1], D)

is surjective on morphism sets.
Consider a diagram in D,

(A6) “](iﬂl”Xn$ul.&n”Yn$“h£1”Zn%hLL@”Xn[l]

lf lﬂ lﬁ[l]

W3 ” / Wl b ! 9 “ls 2 ! h s b)) /
lim” X/, L “im Y, L “lim” 7, " “lim X1

where the rows are distinguished triangles. We would like to find a morphism
¢:“lim”Z, — “lim”Z/ making all the squares commutative. By the definition of
Tri(proD’), the two rows in (A6) are pro-objects in Tri(D’), i.e., f = “lim” f,
g = “lim”g,, etc. However, the morphisms & and n are morphisms in pro(D’) as
in : for fixed n, we have an inductive system &, , : X,, — X/, compatible
with transition maps X,,11 — X, for large m. These inductive systems form a
projective system as n varies, i.e., £ = @1” li_n>1m Emn. Similarly, we have n =

Fix n > 0. Then for m large enough, &, ,, and 7y, , are defined and f/ &y, =
Dmnfm- By (TR3) for D’, the set of dotted arrows making the following diagram

commutative,
Xy sy, Iz X
|
lgmm, lnm,n I lém,n[l]
£ AR
X5 Yy, Zy Xo[1]

form a torsor E,, , under a subspace Hy, , C Homp/(Z,,, Z}). The set E of mor-
phisms ¢ : “lim” Z,, — “@” Z! making (A6 commutative can thus be expressed
as

E =limlim E,, ,,.
iy
Each F p, =1i - Ey,.n is a torsor under H , = li - H,, . By assumption (P-
2),Hypn C lim  Homp: (Zm, Z])) is finite dimensional over k. Hence the projective
system {Foop}n>0 is Mittag-Leffler. Since each E. ., is nonempty, so is E =
l'gln Eso,n. This proves the existence of ¢ € E.
An easy consequence of (TR3) is that 7 in (A5 is conservative.
Finally we check the octahedral axiom (TR4). For any category C equipped

with [1] and distinguished triangles Tri(C), we can define the category Oct(C) as
in (A3) and its relative OctP™(C) called the category of pre-octahedra. An object
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in Oct?*(C) is a commutative diagram:

Y N
\/
\

\’/
7

>

such that (f, f', /"), (g,9',¢") and (h, ', h") are in Tri(C'). We have forgetful func-

tors Oct(C) % Oct™(C) LR Fun([0,2],C) whose composition only remembers
the top left commutative triangle of the octahedron. In particular, we can define
Oct(pro(D)), Oct?*(pro(D)), Oct(ﬁ) and Octpre(ﬁ).

Consider the following diagram (which is commutative with obvious choices of
natural transformations)

(A.7) pro(DF0-2])

ro(©[0:2]

proOct(D) m— proOct?™®(D) “orelB proFun([0, 2], D)

| l -

Oct(pro(D)) —2= Oct?(pro(D)) —2= Fun([0, 2], pro(D))

Axiom (TR4) for D is the same as saying that
6 = Algespy : Oct(D) = Oct”*(D)

is essentially surjective.

By Lemma[A21] TI, is an equivalence. By (P-1), pro(Q[%?) is essentially surjec-
tive. Hence the composition B o A is essentially surjective. Let B be the restriction
of B to Oct”™(D). Then the composition

Goa:0ct(D) % 0ct” (D) 2 Fun([0,2], D)

is also essentially surjective, because if a commutative triangle in D can be com-
pleted into a octahedron, the vertices of the octahedron must all belong to D by
triangle-completeness.

To recover an object in Oct?*(pro(D)) from its image in Fun([0, 2], pro(D)),
one only needs to construct distinguished triangles from the three arrows, i.e., the
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following is a pullback diagram:

Oct”™(D) — > Fun([0,2], D)

L

Tri(D)? — > Fun([0,1], D)?

Axiom (TR3) for D implies that 7 is surjective on morphism sets and conservative,
hence S is also surjective on morphism sets and conservative. We already proved
that 8 o & is essentially surjective, therefore & is also essentially surjective. This

verifies (TR4). The proof is now complete. |

Remark A.2.3. We also have a filtered version of Theorem [A.2.2l Under the same
assumption as Theorem [A.2.2] let DF C proDF be the full subcategory consisting
of objects “lim” X,, such that “yLn” Gr% X,, € D and the filtrations of X,, are

uniformly bounded; i.e., there exists N € Z>( such that Gr% X, =0 for all n and
any ¢ # [—N, N]. Then it is easy to see that DF is a filtered triangulated category.

Example A.2.4. Let X be a scheme over &k (k is a finite field or an algebraically
closed field). Let A be a coefficient ring, for example, A = Fy, Z/{"Z,Z,Qp or
Qy, with ¢ # char(k). The derived category D2(X,A) is equipped with a filtered
structure DYF(X, A) (see [D80, §1.1.2]).

We claim that proQ™™(A) : pro(DFI™™(X,A)) — proFun([m,n], DY(X,A))
is essentially surjective; i.e., the assumption (P-1) in Theorem is satisfied for
D = Db(X,A).

We first assume that A is a finite ring. Let K?(X,A) and K2F(X,A) be the
homotopy categories of C?(X, A) (constructible A-complexes) and C°F (X, A) (fil-
tered constructible A-complexes). Then the forgetful functor Q™"(A) admits a
section, the “telescoping functor”:

Tel = Tel™™ . Fun([m, n], KX(X,A)) — K'FI™M (X, A).
For a chain of complexes K = [(K(n),d,) In, (K(n —1),dp—1) — - ELL=N
(K(m),d,)] and m < i <n, define
F2Tel(K) = K(n)o K(n)[J®@ K(n— 1)@ K(n—1)[1]®-- @ K@i+ 1)[1] ® K (i),
with differentials a signed sum of d;, d;[1] and f;. When m =n —1, Tel™™(K) is

the mapping cylinder of K(n) In, K(n-1).
Consider the following commutative diagram

(A.8) Fun([m, n], K?(X, A)) 22 jbplmnl (X, A)
lFun([myn],Q(A)) QF(A)l
Qlmml(p)

Fun([m,n], D’(X, A)) DbF™ (X A)

where Q(A) and QF(A) are natural quotient functors. Now take “pro” of the
diagram (A.g)). It is easy to see that proFun([m,n], Q(A)) is essentially surjective,
hence proQ™™(A) is also essentially surjective.
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Now consider the case A = Ry, a complete DVR with uniformizing parameter
A and residue field Fy, a finite field of characteristic £ # char(k). Consider the
projective system of diagrams (A.8)) for A = Ry/(\"), n = Z>¢ (by [D80], we should
replace D% by constructible complexes with finite Tor-dimension, but we ignore this
notational change). It is also easy to check that proFun([m,n], lim Q(Rx/(N\™))) is
essentially surjective (the argument is similar to that of Lemma [A.27T]). Therefore,
taking prolim of the diagram ([(AR) for Ry/(A\™), we conclude that proQ™™(Ry)
is essentially surjective.

Finally we consider the case A = E) = Frac(R)). We claim that for any finite
partially ordered set I, the natural functor

(A.9) proFun(I, D%(X, Ry)) — proFun(I, D%(X, E,))

is essentially surjective. In fact, any projective system {K, : I — D%(X, E\)}n>0
can be viewed as a functor K : [0,00) x I — DY(X, E,), where [0, 00) x I is equipped
with the product partial order. For each index « € [0,00) x I, K(«) is an object
of DY(X, Ry) by definition. For a > f3, the transition map fg i K(a) > K(B)isa
morphism in D%(X, E)). It is easy to see that there exists a sequence of integers
Ny € Z>g, such that the assignment K = (K(a), fg‘ = ANa=Ns fg) defines a functor
K :[0,00) x I — D%(X, Ry), hence an object in proFun(I, D%(X, Ry)). Moreover,
the morphism K — K defined by AN id : K(a) — K(a) gives an isomorphism in
proFun(I, Db(X, Ey)).

The surjectivity of (AQ) for I = [m,n], together with the surjectivity of
proQ™"(Ry), implies the surjectivity of proQ™™(E)). The case A = Q, fol-
lows from the case A = E for various finite extensions E of Q.

A.3. The completion. We recap the notation from JAIl We fix a full triangu-
lated subcategory D’(Y) C Db(Y') with the induced perverse t-structure with heart
P'(Y). Let D'(X,”A) C Db(X " A) be the full subcategory generated by = D’(Y),
with the induced perverse t-structure with heart P'(X - A).

Definition A.3.1.
(1) An object “Hm”F, € proD?(X) is called 7-constant if “lm7mi F, €
proD%(Y) is in the essential image of D8(Y).
(2) An object “lim 7 F, € proD%(X) is called uniformly bounded in degrees, if
it is isomorphic to “I'&n”]ﬂg for which there exists N &€ Z such that all
F, erpE VM (X).
(3) Let D'(X,A) C proD’(X,A) be the full subcategory of objects which
are both m-constant and uniformly bounded in degrees.
Theorem A.3.2. Let Tri(ﬁ’(X//A)) C Tri(proD’(X -“A)) consist of those trian-
gles whose vertices are in ﬁ’(X//A). Then under the shift functor [1] induced from
proD'(X . A) and the distinguished triangles Tri(D'(X “A)), D'(X “A) becomes
a triangulated category.
Proof. We would like to apply Theorem to D = D%(X,Q,), D' = D'(X - A)
and D = D'(X,“A). We first check that D'(X “A) is a triangle-complete sub-

category of proD’(X A). For any triangle “lim”(F, ELNe R LN TS h—">) in
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Tri(proD’(X -“A)), suppose “lim”F, and “lm”G, are in D'(X 7 A), we need
to show that “lim”%H,, is also in ﬁ’(X//A). Boundedness is clear, we only need
to check that “lim”#{, is also m-constant. Let A, B € D'(Y) with isomorphisms
a: A= “1'&1”@}} and 3: B = “@”ngn, then we have a morphisma : A — B
(which is the transport of “@1” fn). Let C be a cone of the map a. Consider the
following diagram

A—t sB—Lt o5 Al
|
jan LB" I an(1]
7+ (fn 7+ (gn Y 7+ (hn
1 Fn +(fn) 71Gn t(g )WTHH t(hn) Full]

The choices of the dotted arrow form a torsor F,, under a subgroup
H,, C Homy (C, m+H,),

which is a finite dimensional Q,-vector space. Hence the projective system {F,,} is
Mittag-Leffler. Since each E,, is nonempty, l&n FE,, is also nonempty, i.e., we have a
morphism 7 : C — “]'&n”m’}-{n making (o, 3,7) into a morphism of triangles. We
claim that + is an isomorphism. In fact, we can check this by applying Homy (—,T)
to this morphism of triangles, for any test object T' € D'(Y'), using the long exact
sequence of Hom’s. This shows that “l'&n”?—[u is also m-constant, and completes
the first step.

The assumption (P-1) is verified in Example [A.2.4]

Finally, we check the assumption (P-2) for morphisms in D'(X -“A). Let Wm” Fy,,
“lim"Gne D'(X ,~”A). We now show that for fixed n, h_I)anOInx(]:m, Gn) is a finite
dimensional Q,-vector space. This would then imply (P-2).

Since the functor lim R Homy (F,, —) is an exact functor from D'(X “A) to
the derived category of Q,-vector spaces, it suffices to check that li_n}m Homx (Fn, G)
is finite dimensional for a set of generators G of D’(X -“A). So we may assume
G = 7IH for some H € D'(Y). Then

@HomX(Fm,WTH) = @Homy(ﬁffm,H)
= HomproD’(Y)(“@”ﬂ—Tfm’ H)

The m-constancy of “lim”F,, means “lim”mF,, is isomorphic to an object in
D'(Y), therefore the above Hom-set is a Hom-set in D’(Y"), hence finite dimensional.
This completes the proof. O

Proposition A.3.3. Let m; : X; — Y; be A-torsors (i = 1,2). Let D'(Y;) C D%(Y;)

be full triangulated subcategories. Suppose we have a commutative diagram of exact
functors (i.e., we have a natural isomorphism o : ® oyt = ma,3 0 D)

(A.10) D'(Xy, A) —2= D'(X,, A)

lﬂ.l’T lﬂ.ZT

D'(Y1) —— D'(Ys)
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Then ® naturally extends to an ezact functor ® : ﬁ’(Xl/’A) — ﬁ’(XQ/’A). More-
over, this extension is compatible with compositions, adjunctions and natural trans-
formations.

Proof. 1t is clear that pro(®) sends distinguished triangles to distinguished triangles
and commutes with [1]. The only thing we need to check is that pro(®) sends
mi-constant objects to me-constant objects. But this follows from the diagram

(A.10). 0

Corollary A.3.4. Let f : X1 — X2 be an A-equivariant morphism between A-
torsors and D'(Y;) C D5(Y;) be full triangulated subcategories. Let f : Yy — Ya be
the induced morphism. Let ® be any of the exact functors f*, f., fi and f', and let

® be the corresponding functor for f.
Suppose @ restricts to a functor between the D' (Y;)’s, then ® naturally extends to

exact functors between the ﬁ’(Xl-//A) ’s. Moreover, these extensions are compatible
with compositions, adjunctions and proper base change.

Proof. (1) For ® = f;, we have 2 fi = f,m1+, then apply Proposition [A3.3]

(2) For ® = f*, we have proper base change isomorphism 7y + f* = 7*77271" then
apply Proposition

(3) For ® = f., we have a natural transformation 72t f. — f, 71+ (apply ad-
junction to f. — f*ﬂwu = w£7*7r17T). This natural transformation is in fact an
isomorphism when restricted to D'(X;,-"A). In fact, we only need to check it on
objects of the form 7TI]: . The problem being étale local, we may assume that Xo
is a trivial A-torsor over Y3, and fix a trivialization Xo = Y5 x A. This induces
a trivialization X; =2 Y; x A and f = f x id4. By proper base change and the
projection formula, we have

7T2’Jrf*7TI]: &~ 772,1(?*]: XQ,) = f,F @ H(A).
On the other hand, we have
FomgnlF = fU(F@H(A) = [.F @ H(4A).

Therefore 7T2)1—f*7TJ1r]: = 7*7713[771]:. Knowing ma 1 f — f,m1,+ is an isomorphism,
we then apply Proposition to finish the proof.

(4) For ® = f', we have a natural transformation 7r17Tf! — 7171'271-, which is an
isomorphism when restricted to D'(Xs,-”A) for the same reason as in (3). We then
apply Proposition O

The adjunction (my,7) extends to the adjunction (the extended functors are
denoted by the same letter):

~ T
DX A) DY) .

ot

Lemma A.3.5. The functor m; : D'(X ,“A) — D'(Y) is conservative.

Proof. Since 7y is an exact functor, to show it is conservative we only need to show
that it sends a nonzero object to a nonzero object.
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Suppose WT(“I.&I”.F”) = 0, then any map “I'&n”}'n — 71§ is zero for any G €
D'(Y).  Since objects of the form =G generate D’(X,”A), this means

Hom(“lim”F,, F) for any F € D'(X,”A). By the full faithfulness of the Yoneda
embedding (A22)), this implies that “lim” F, = 0. O

The following lemma is used only in the proof of Lemma and Lemma [L43]

Lemma A.3.6. Let a: Ax X — X be the action map. Recall the free-monodromic
local system L on A defined in Example [A12l Then there is a functorial isomor-
phism for F € D'(X ,A):
a(L R F) = F[-2r](-r).
Proof. Tt suffices to give the isomorphism for F € D'(X ~A). We first need to
construct a natural map £ X F — a*F = a'F[-2r](=r). We may assume F is
a Z-complex, and is given by a projective system JF, € D%(X,Z/¢"). For each
m € Z>1, write
s Ax X 20 4 x 2 X
Let p: A x X — X be the projection. By [V83l Proposition 5.1], for fixed n, if m
is sufficiently divisible, we have an isomorphism
O p*Fp = al, Fr = ([m] x id)'(a* F)

In our case F is a successive extension of sheaves pulled back from Y, it is easy to
see that such an isomorphism exists if m = ¢° for large b. By adjunction, 6,, gives
([mhZ/e™) R F,, = (m] x id)p*F,, = a* F,.

As m = £ and n varies, [(°],Z/¢" form a projective system indexed by two integers

b,n. Taking projective limit, we get a map
(A.11) (Wm[")Z/ )R F — a* F.
b,n

As a representation of 7 (4,e), the local system [(°)\Z/¢" is Z/"[A[¢*]], the
regular representation of the quotient m1(A,e) — A[f’]. Let Z[Ty(A)]},, be the
completion along the augmentation ideal of Z[T;(A)]. There is a natural map in

Rep(7f(A,e)) (note that 7{(A,e) = T,(A)):
(A.12) LT o (A — T2/ [To(4) /2],
b,n

aug
In fact, for any n,b, elements of the form (¢ — 1)ZN (t € Ty(A)) lies in the ideal
generated by (" and (*T,(A) C Ty(A) in Z,[Ty(A)] for large N = N(n,b) (by
binomial expansion).

On the other hand, we have a map in pro Rep(n{(A4,e), Q,)

(A.13) S = lim Sym(Va)/(V}) = Q[Te(A)]

aug

which sends ¢ € Ty(A) C Va C Sa to log(t) = — o, (1 = )7/i € QulTe(A)] g

Combining (AI2) and (AI3), we get a continuous map between 7} (A, e)-represen-
tations

S = (@Z/wm(m/eb]) ® Q.

bn
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Composing with the map (ALL), we get the desired map £ X Fg, = " Fg,- By
adjunction, we get a functorial map
B(F): a(LRF) — Fl-2r](—r).

Finally, we check this is an isomorphism for F € D’(X ,-“A). Since D'(X,A) is
generated by 71G, it suffices to check 3(n'G) is an isomorphism. Applying proper
base change to the Cartesian diagram

1dA ><7r

T

X——=Y
we get
a(LR71G) = 7ipy (LR G) = 71 (RIL(A, £) ® G) = 71 G[—2r](—r).

In the last equality we used RI'.(4, £) = Q,[—2r](—r). The above isomorphism is
in fact the same as 3(n'G). This proves 3(—) is an isomorphism. O

A.4. The case of a trivial A-torsor. In this section, we study the special case
where 7 : X — Y is a trivial A-torsor. Fix a section ¢ : Y — X. Consider the
t-exact functor

el =€fr]: D'(X,~A) = D'(Y).
There is a natural transformation
(A.14) €l = me.€r] 2dj, mr] = m.
We also consider the functor
Free: D'(Y) > F s FRL[r|(r) € D'(X,~A)
where £ € ﬁ’(A/’A) is as defined in Example [A-T.2l

Definition A.4.1. Objects of the form Free(F) € D'(X,A) for F € P'(Y) are
called free-monodromic perverse local systems.

Lemma A.4.2. The functors (Free,e') satisfy the following adjunction

(A.15) Homﬁ,(x A)(Free(]:),g) =5 Homypyo(pr(vy) (F, €'G)

for Fe D'(Y),Ge D'(X ,~A).
Proof. Note that €' L[2r](r) = L = § = “lim” Sym(Va)/(VY) € Db(pt). Let
5:Q, — S be the unit map. For any map ¢ : Free(f) — G, we have a map

F 48 r o S FREERr(r) = e Free(F) — lg.

This established the required map between the Hom-spaces in (AI5). To check
that it is an isomorphism, it suffices to check for generating objects G = wiH,
where it is obvious. (]
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For any object F € P'(X, A), ¢! F € P'(Y) naturally carries the nilpotent
logarithmic monodromy operator

elog(ur) : Va@ el F — el F
so that €/ F becomes an S-module in P'(Y), on which Vy acts nilpotently.
Lemma A.4.3. The functor € lifts to an equivalence of abelian categories
o: P(X,7A) = Mod™!(S; P'(Y))

where Mod™\(S; P'(Y)) denotes the abelian category of S-module objects in P'(Y')
on which V4 acts nilpotently.

Proof. This is a variant of the usual Barr-Beck theorem in the following situation
Free

-~
prop/(X///A) QP/(X///A) Tﬁ P/(Y) :

Here €' is exact, faithful and conservative; the only issue is that the functors ' and
Free are only adjoint in the sense of Lemma[A.4.2l But the argument for Barr-Beck
theorem still works. We have a functor in the other direction:

(A.16) Mod™!(S; P'(Y)) — P'(X -~ A)

which sends a nilpotent S-module F in P(Y) to

m(F)Rid — id Im(L)

(A.17) coker (VA ® (FRL)[r](r) FK Z[r](r)) ,

where m(F) : Vo @ F — F and m(L) : V4 ® £ — L are action maps given by the
S-module structures. Since V4! acts as zero on F for large n, so that (AIT) is
actually a quotient of FXL,, (for £,,, see Example[A-T.2)), hence lands in P'(X " A).

It is easy to check that the functor (AL16) and o are inverse to each other. O

Corollary A.4.4. Under the equivalence o, the functors

pHOﬂ'T
P'(X, A ——=P(Y)

ot

become
i, a ®§@2
Mod™ (S; P/(Y)) ——=P'(Y),

triv

where “triv” sends an object F € P'(Y) to the S-module F on which Vy acts as 0.

Proof. Tt is clear that e/7fF = F with the trivial monodromy action, hence ont
is the same as the functor “triv’. The equality PH m; = (—) ®g Qy follows by
adjunction. O

Assumption F. Every object in P/(Y) has a finite resolution by projective
objects, and that the realization functor

py : D'(P'(Y)) = D'(Y)

is an equivalence.
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Proposition A.4.5. Under Assumption F, the free-monodromic objects Free(F),
F € P'(Y) generate D'(X ,”A).

Proof. Given an object “@”fn € B’(X/’A), by Assumption F, we may resolve
“lim " F, € D'(Y') by projective objects in P'(Y):

(A.18) [+ =K 'K = ] e DYP(Y)) = D'(Y).

The amplitude of the complex “lim”m;F, is the least number of nonzero terms
among all such projective resolutions. If the amplitude of “I'Ln”m}"n is 0, i.e.,
“@”Wffn = 0, then by Lemma [A3.5] “lim”F,, = 0.

Now suppose that any “1'&11”]—'” such that “lim”mF, has amplitude < N can
be expressed as a successive extension of free-monodromic objects. Let “I'&n”}'n €

D'(X,”A) such that the amplitude of “lim " Fy is N. We may assume (AIR) is
a minimal resolution which terminals on the right at K% (i.e., K # 0 and K =0
for i > 0).

Claim. The componentwise truncation “@”p7<ofn — “@”fn is an isomor-
phism in proD’(X - A).

Proof. By uniform boundedness, we may assume every F,, € ?D=4(X) for some
d > 0. If d = 0, there is nothing to argue. Suppose d > 0, we only need to prove
that o : “@777)7'<d.7:n — “lim” F,, is an isomorphism, and repeat the argument.

~

For this, it suffices to show that Cone(a) & “@”pHd}"n is zero (although we
do not have “lim”P7_qF, € D'(X ,~A) a priori, the vanishing of the cone still
implies « is an isomorphism: we only need to apply Hom(—,T) to « for any test
object T € D'(X,~A), and note that lim is exact) . Let P = PHAF,. Since 7 is
right t-exact, “ ]&n "miPToaF) € PDSY(Y), the projective system of perverse sheaves
pHden is zero. This means for fixed n, the transition map pHdem — pHdWTPn
is zero for large m. By Corollary [A.4.4] this means that the image of P,, in P,

falls into V4P,,. Since each P, is killed by a power of V4, this means the transition
map P,, — Py is zero for large m. This proves the claim. (I

By this claim, we may assume that each F,, € ?D=(X). We will construct a map
Free(K°) — “lim” 7, in D'(X ,”A). By Lemma[A42] it suffices to give a compat-
ible system of maps {K° — €', },,. By the assumption that py is an equivalence
and ¥ is projective, such a map is equivalent to a map K° — PHO! F,, = /P HOF,,.

On one hand, we have a natural map

an K% — pHO(“@l”ﬂ'T]:n) — PHOm Fo.
On the other hand, we have a surjection by (A1)

B €PHOF, - PHm? HOF, = PH m: F,,.
Since KV is projective, it is possible to lift o, to &, : K® — ¢/?PH°F,. The set
of such liftings is a torsor under Homp:(y (K%, ker(f3,,)), which is a Mittag-LefHer
projective system. Therefore, the compatible system of maps {a,} can be lifted
to a compatible system of maps {a,}. According to the argument above, it gives
a map s¥ : Free(K?) — “lim " F;, such that 71(s?) coincides with the natural map
Ko — “@”WT.}’-}L.
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Let “@”}7’1 be a cone of s° in D'(X,“A). Then m(“l'&n”f,’l) is represented
by the complex
[+ =K 22K '=0—---]€DP(Y)=D(Y)
which has amplitude < N. This completes the induction step. O

Example A.4.6. The Assumption F is essential. We give an example where

D’(X -~ A) is not generated by free-monodromic objects. Let X = G, X G,,, be the
trivial G,,,-torsor over Y = G,, via the first projection. Consider the diagram

X=G,, xG, ™. g,

P

Y =G,, pt

where “mult” is the multiplication map. Take D'(Y) C D’(Y) to be the full

triangulated subcategory generated by the constant sheaf. Let £ denote the free-

monodromic local system on G,,. Then the object mult*Z € D'(X “A) does not lie

in the triangulated category generated by free-monodromic perverse local systems.
In fact, we have

D'(Y) 2 D*(Mod™ (Q[[f)])) and D'(X - A) = D*(Mod"" (Qy[[s, 1]]))-

The object mult*£ corresponds to the module Q[[s,#]]/(s — t) € proD'(X .~ A),
which lies in ZA)’(X//A) because mmult*L = Q,[—2](—1). However, the subcat-
egory of D’ (X ,7A) generated by free-monodromic perverse local systems can be
identified with D?(Mod' ™" (Q,[[s,#]])) (where the superscript “t-nil” means only
the action of ¢ on the module is nilpotent, and ¢ denotes the logarithmic monodromy
in the Y-direction). Obviously Q,[[s,t]]/(s —t) does not lie in this subcategory.
Corollary A.4.7. Under Assumption F,

(1) The realization functor px : D*(P'(X,~A)) — D'(X ~A) is an equiva-

lence. We have a t-exact equivalence

. o~ —1
px oo ' D' (Mod™(S; P'(Y))) =— D(P'(X 7 A)) %5 D'(X 7 A).
(2) Suppose we are given a t-exact equivalence of triangulated categories
v:DY(E)=D'(Y)

for some finite dimensional algebra E with finite cohomological dimension.
Then the equivalence px o o=t extends to an equivalence of triangulated
categories

v:DYNE®S) > DX, A).
(3) Under v, the adjunctions (my,w!) becomes

L _—
~ ®5Q

DYE®S) DY(E) .

triv
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Proof. (1) First, px is essentially surjective. This is because both sides are gener-
ated by objects of the form 7fF for F € P'(Y).

Next we check that px induces an isomorphism between the Ext-groups for these
generating objects. On one hand,

R Hom , (#TF, 7t F) = RHompi (v (F, F') @ H*(A).

DI(x . A)
On the other hand, by Lemma [A4.3] we have
RHomPI(X/,A)(nT}",wT}“/) = RHomModnu(g;P/(y))(]:,]-'/)

= :R,HOIIlP/(Y)(‘/—"7 _/—"/) ®RHOIH§(@E,@[)

To see this, we need to pick a projective resolution K£* for F in P/(Y), and use
Koszul resolution of K* by free S-modules.

By Assumption F, R Homp(y(F, F’) = R Homp,(yy(F, F') . Moreover,
R Homg(Qp, Q) = A" (V4 [-1]) = H*(4),

hence the two R Hom-complexes are naturally isomorphic.

(2) The equivalence px o ¢! extends to pro-objects. We identify D?(F ® §)
with a full subcategory of proD?(Mod™(E®S)) = proD?(Mod™!(5; P/(Y))), hence
getting a full embedding

DY(E ® 8) < proD'(X - A).

Any complex in D*(E ® S ) is quasi-isomorphic to a complex of free objects M ®
S (M € Mod(FE)), hence its image lies in D'(X ,-“A). On the other hand, by

Proposition A5, D'(X,“A) is generated by free objects Free(F) (F € P'(Y)),

which correspond to v 1(F) @ 5§ € Mod(E ® S). Hence pro(px o o) restricts to
the desired equivalence V.
(3) follows from Corollary [A.Z.4 O

Remark A.4.8. Corollary AA7(2) gives a t-structure on D’(X -“A) extending the

perverse t-structure on D’(X -“A), whose heart we denote by ﬁ/(X/’A). A priori,
it is not clear that such a t-structure exists. However, a posteriori, this t-structure
can be intrinsically be defined as follows: F € P Drlatl (X,7A) if and only it is

isomorphic to “yLn”]:,'l where each F! € PD'leb(X A). In fact, any complex
M=[0—M*— .- = M’—0] € D*(E® §)7 can be written as the projective
limit of M, = [0 — M/Vi+t - ... MP/Vi+! - 0] € DlebIMod™(E @ ).
Remark A.4.9. The proof of Proposition[A.4.5limplies a stronger result: if “lim” F,,
€ D/(X 7A) and m(“lim”F,) has a projective resolu‘iion as in (AIR), then
“@”fn can be represented by filtered complex K € D'F(X ,“A (the filtered
counterpart of D'(X -“A), see Remark [A.2.3) such that Grly K = Free(K?)[—i]. We
can identify C*(P'(X,”A)) with a full subcategory of D'F(X,”A) as in [BBDS2,
§3.1.8], hence the object “1'&1” F, itself can be represented by a complex

[+ = Free(K ') — Free(K°) — - -] € C*(P'(X " A)).
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A.5. The mixed case. From now on till the end of this appendix, let k be a finite
field. We still consider an A-torsor w : X — Y, where everything is now defined
over k and A is a split torus over k. Let D, (Y) C D% (Y) be a full triangulated
subcategory of mixed Q,-complexes on Y. Let D! (X -~ A) C D’ (X) be the full
triangulated category generated by w'F for F € D/, (Y), whose heart of the t-
structure is denoted by P (X ,-A).
Definition A.5.1.
(1) A pro-object “l'&l” Fn € proDt (X) is uniformly bounded above in weights,
if it is isomorphic to a pro-object “@n”}'ﬁt for which there exists N € Z
such that each F/ is of weight < N.
(2) Let D!, (X A) be the full subcategory of proD’, (X ,~A) whose objects
are m-constant and uniformly bounded in degrees and uniformly bounded
above in weights.

The new requirement of uniform boundedness on weights does not change the
arguments in the previous sections. In particular, Theorem [A.3.2] implies that
D! (X A) is a triangulated category, and Corollary [A.3.4] continues to hold in the

in the mixed situation. Let w : D’ (X, A) — D'(X ®; k- A®y, k) be the functor
of pull-back to X ®;, k (taking the underlying complex).

Lemma A.5.2. For objects F = “lim”F,, g = “@”Qn € ﬁ;n(X/’A), their
Ext-groups fit naturally into short exact sequences:

(A.19) 0—Ext™'  (F,G)p — ext’ . (F,9)
D'(X®kk,”” ARE) Dl (X" A)

— Ext’ ., (F,9F —=o.
D’(X@kk?// A®kk)

Proof. For fixed m,n, we have the exact sequence (3)
(A.20) 0 — Exty " (Fm, Gn)rr — exty (Fm, Gn) — Ext’ (Fm, Gn)™ — 0.

For any inductive or projective system of finite dimensional vector spaces {H,},
lim and lim commutes with taking Fr-invariants and coinvariants. More precisely,
consider the system of exact sequences

0— H™ - H, 224 7, — (H,)p — 0.
Taking hgq or @ preserves the exactness, hence
(lim H,,)" = lim H™; (lim H, ), = lim(H,) gy,

where lim means either hg or lim.

Applying this remark to , taking inductive limit over m, we get
(A21) 0—Ext"' (F,G)m — extl . (F,Gn)
D/(X@yk,  A®kk) Dy, (x /7 A)
— BExt’ (F,Gn)™ — 0.

Dr(X®kk,” A®LE)
Note that each Ext’. _, (F,G,) is still finite dimensional (because of the
Dr(X@ik,~ A)
m-constancy of F, see the proof of the Mittag-LefHler condition in Theorem [A:3.2),
hence we can apply the above remark to (A2]]). Taking projective limit over n, we
get the desired exact sequence (AT9). O
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Now we concentrate on the case X =Y x A. We have the obvious mixed analogs
of Lemma [A43 and Corollary A4, where S is viewed as a Fr-module (Fr acts on
Va by 7).

We make a mixed analog of the Assumption F.

Assumption F,,. Every object in P/, (Y) has a finite resolution by objects
whose images in P'(Y ®y, k) are projective, and the realization functor

pyam : D'(Pr(Y)) = Dy, (Y)

is an equivalence.
We have a mixed analog of Proposition [A 4.5}

Proposition A.5.3. Under Assumption F.,,, the free-monodromic objects Free(F)
for F € P, (Y) generate D), (X ~A).

Proof. We only indicate the modification in the argument comparing with the proof
of Proposition [AZ4F] Instead of doing induction on the amplitude of “lim”7F,,
we take into account both cohomological degrees and weights. Let “@” T Fn be
represented by a complex

(A.22) [+ =K'= K—...]€ D"P,(Y)) =D, (Y).

where each wK' € P'(Y ®; k) is a projective object. For each K, we have a
canonical finite decreasing filtratio

0C--—-CcW2Ktc W2 IKic ... c K°

such that each Grjj, K is a successive extension of perverse sheaves P whose wP is
an indecomposable projective object in P/(Y), and the unique simple quotient of
P has weight v. (This canonical filtration follows from the fact that ext!(P,P’) =
Hom(P,P’)r = 0 if the simple quotient of P has larger weight than the weights of
P

We define the width of the “lim "y F;, to be the least number of (v,4) such that
G}, K # 0, among all representing complexes K* as in (A22)). We do induction
on the width of “T&l”ﬁffn. If its width is 0, then “yil”m]:n = 0 and hence
“ @” Fn=0.

Suppose for “lim”mF, of width < N, “lim”F, is a successive extension of
free-monodromic objects. Now let “@” mFn be of width N. Let us assume that
(A22) is a representing complex which terminate at K°, and that W=2'K° = 0 but
W=29K9 £ 0. Then K° has weight < 0. The argument of the Claim in Proposition
proves that we can first replace “1'&1&”]—} by “T&n”pkofn, and then assume
each P HOF,, has weight < 0.

We can then try to construct a map W2°K% — /P HOF,,. For a mixed perverse
sheaf P, let P>, be its quotient of weight > w in the weight filtration of [BBD82]
Theorem 5.3.5]. By Corollary [A44] we have an isomorphism (¢/?H°F,)sq —
(PH 71 F,)>0 (because V4 has weight —2). The projective system of maps a, :
W20k — PHOm F,, — (PH 7 F,,)>0 thus gives a projective system of maps @, :
W=0K0 — (e'?HOF,)>o. Note that

hom(W20K°, P HOF,) — hom(W2°K?, (/P HOF, )=o)

43

3This filtration is not be confused with the weight filtration in [BBDS82].
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is surjective because ext!(WZ°K% P) = 0 for any perverse sheaf P of weight
< 0. Hence the projective system @, can be lifted to a projective system a,, :
W= — PHOF,. Note further that the canonical map hom(W=°K°% F,) —
hom(W=2°K0 PHOF,) is surjective since the next term in the long exact sequence
is ext'(W=20K°, Pr_oF,), which is zero because ext=2(K°, P! (X, A)) = 0. Hence
the projective system of maps {a,} lifts to a map W2¥K" — ¢ “lim”F,. Let
“1'&11”]:7’1 be the cone of this map, then “I'&n” w4 F,, is represented by the complex.
[ = K71 = KY/W=2°K° = 0] € D*(P.,(Y))
which has width < N. This completes the induction step. (]
We also have an analog of Corollary [A.4.7]

Corollary A.5.4. Under Assumption F,,,
(1) The realization functor px.m : DY(P.,(X -~ A)) — D, (X, A) is an equiv-
alence. We have a t-exact equivalence
. o~ 0-*1 m ,
pxam ooy DY(Mod™(8; P, (V) 22 DV(PL, (X, A)) L52 D (X A).
(2) Suppose we are given a t-exact equivalence of triangulated categories
Vm : D'(E,Fr) = D! (V)

for some finite dimensional algebra E of finite cohomological dimension
with a Fr-action. Then px ,00,,} extends to an equivalence of triangulated
categories

Um: DYE®S,Fr)= D! (X A).

We define P!, (X “A) to be the image of Mod(E ® S, Fr) under Dp,.
(3) Under Up,, the adjunctions (w3, 7") become

L _
®5Q,

DY(E ® S, Fr) D'(E, Fr) .

triv

Proof. Most of the arguments are the same as the proof of Corollary A7l We
only have to notice that the ext-groups in the mixed settings (both the Yoneda ext’s
in P/ (X ,“A) and the ext’s in D/ (X ~A)) are obtained by taking H*(ZFr, —)
on the R Hom-complexes for the underlying complexes on X ®; k. Hence the
full faithfulness of px ,, follows from the calculations in the proof of Corollary

AZL7(1). O

Remark A.5.5. A mixed analog of Remark [A.4.9holds: if F € ﬁ’(X,/A) and my F
has a resolution as in (A.22), then F can be represented by a filtered complex K €
D!, F(X,”A) such that K? := Grl K[i] satisfies 7{K? = K%, and wK'’ = Free(wK?)
(however, there is no guarantee that K’ is isomorphic to Free(K?)). After identifying
C*(P! (X, A)) with a full subcategory of D! F(X -*A), the object F itself can be
represented by a complex
[ K P50 e (D)
which has the same length as (A22]).
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In particular, if m4F € P, (Y) and w(m+F) is a projective object in P’'(Y"), then
wF is itself a free-monodromic perverse local system. If, moreover, Gryy, (71 F) is
nonzero for at most one ¢, then F = Free(mF).

A.6. The stratified case. We continue with the situation in JA5l We further
suppose that Y has a finite stratification:

Y=|]Y,
acl
such that each embedding i, : Y, < Y is affine and each Y, is smooth of equidi-
mension d,. Let X, := 7 1(Y,). Let iq : Yo — Y and 7, : X, — X be the
inclusions. For each a € I, let Y<, be the closure of Y, and let Y., = Y<, — Y.
Similarly, define X<, and X,.

Let 2 C D!,(Y) be a full triangulated subcategory stable under twists from
sheaves on Spec(k), whose objects are constructible with respect to the given strat-
ification. Let <, = 2N Dfn(YSa) and define P, similarly. Let Z, 1= P<o/P<as
which is naturally a full subcategory of D (V).

Now we take D/, (Y) = 2 and apply the constructions in Definition [A.5.7] We

denote D! (X " A) by 4 and lA);n(X,/A) by M. We can also restrict the situation

to any locally closed union of strata. In particular, we can define .#<,, ///l;a, My, ////;,
etc. The natural functors 75,7a,7, 7+, 2<a.?, etc. (for ? =! or x) and their adjunc-
tions, natural transformations all extend to the completions. -

We denote the nonmixed versions of the above categories by w%,w.# ,w.# , etc.
These are categories of complexes on Y ®;, k, X ®y, k, etc.

The category & (resp. .# ) inherits a perverse t-structure whose heart we denote
by £ (resp. &2). Similarly, let 2, (resp. &) be the heart of %, (resp. .#,).

We assume that each category %, has the simplest possible type:

Assumption S. Each X, is a trivial A-torsor over Y,,, and H* (Y, @ k) = Q,.
Moreover, there is a rank one perverse local system L, € 2, such that wLl, is the
unique irreducible object in w2,,.

Assumption S implies a t-exact equivalence of triangulated categories

Vo : DU(Fr) = 9,,
sending the trivial Fr-module Q, to L. For each «, Corollary [A.5.4 gives a natural

equivalence

(A.23) o : D(S,Fr) = 4,

under which the free module S goes to Lo = Free(L,) € //7(y
Let

Aa = Z.a,!'ca; Vo= ia,*ﬁow
Then 2 is generated as a triangulated category by either the twists of {A,|a € I}
or {Vu|aw € I}. Let

Ay =1,L4, Vo =1L

Lemma A.6.1. The triangulated category M is generated by either the twists of
{Agla € I} or {V,|a € I}.

Proof. Any F € . is expressed as a successive extension of Ty Ty F (veSp. Ty 175, F)
for « € I. By Proposition [A5.3] each 7., F € #, (resp. 7%,F) is a successive
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extension of shifts of free-monodromic objects, hence a successive extension of shifts
and twists of £, by Assumption S. Therefore F is a successive extension of shifts
and twists of V, (resp. A,). O

Lemma A.6.2. The perverse t-structure on A extends to a t-structure (////\SO, ////\20)
on A, such that the natural inclusions

(A.24) pro. =N .M — A=,
(A.25) pro.#=%n M= MO

are equivalences of categories.

Proof. According to Remark [A-Z.8 for each «, the equivalence 7, in (A23) gives
a t-structure (////;SO,////;ZO) on ////; We can apply the gluing procedure in [BBD82,
§1.4] to obtain the desired t-structure on M.

Next we prove that (A24]) is an equivalence (and proof for [A.28)) is similar and
will be omitted). We first prove a general result.

Claim. Let D’ be a triangulated category with a t-structure (D'<% D'Z0). Let
DcC pro(D’) be a triangle complete full subcategory satisfying the assumptions of
Theorem [A.2.2 Then D is naturally a trlangulated category. Suppose X — Y —
Z — X[1] is a distinguished triangle in D such that X,Z € pro(D'<%), then Y is
isomorphic to an object in pro(D'<Y).

Proof. Let X = “@”X”,Z = “@”Zn with X,,,Z, € D=, Then the map
[ Z — X[1] is given by a projective system of maps f, : Z.(,) — Xn[1] where
{Z.n)} is a cofinal subsequence of {Z,}. Let Y, [1] be the cone of f,. It is then
clear that Y,, € D=°. The axiom (TRS) of triangulated categories makes Y,, into a
projective system “l&n”Y € pro(D=Y). Since “L”Y [1] is also a cone of f, we
have Y & “@”Yn. O

Now we prove that (A.24)) is an equivalence. If F € =0, we need to find a
projective system F! € .#<° such that F = “yﬂl”}—fl. We do this by induction
on the support of F. Suppose F € /;S(S , and by induction hypothesis we can
find G,, € A SO such that 7% F = “L”gn Using Remark [A.4.8] we can also

find H,, € A2 <O such that 7} F = ¢ hm "H,,. Therefore F fits into a distinguished
triangle

7@715‘2«@77%" N ‘/—"—>’1V<047*Tk<a“1.£l”gn _)ZX,!’Z‘Z“@”H"U]'

Now we apply the above claim to finish the proof. O

We denote the heart of the extended perverse t-structure on M by 2. Tt is clear
that pro? N .4 C 2. This inclusion is in fact also an equivalence of categories,
but we shall not need this fact. The objects Aa, Va belong to 2.
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A.7. Free-monodromic tilting sheaves.

Definition A.7.1. .
(1) An object T € w. is called a free-monodromic tilting sheaf, if for each o €
I, both complexes 75,7 and 7., T (as objects in w////;) are free-monodromic
perverse local systems (see Definition [A-Z1} in our situation, this simply
means a direct sum of wlja’s).
(2) An object T € M is called a (mized) free-monodromic tilting sheaf, if
wT € A is a free-monodromic tilting sheaf.

It is clear that 7 € ./ is a free-monodromic tilting sheaf if and only if it is both
a successive extension of twists of Aq (we call such an expression a ﬁ-ﬁag) and a
successive extension of twists of Vg (we call such an expression a %-ﬂag).

Let 7 C 2 be the additive full subcategory consisting of free-monodromic
tilting sheaves.

Lemma A.7.2. An object T € M is a free-monodromic tilting sheaf if and only if
mT € P is a tilting sheaf.

Proof. For fixed  and an object F, € ////;, wF, is a free-monodromic perverse
local system if and only if m4F, € Z,. In fact, this follows from the equivalence
Vs in (A23) and the well-known facts about S-modules. This immediately implies
the lemma. O

By [BBM04a, §1.1-1.4] and [Y09, Lemma 2.2.3], for each stratum «, there is a
mixed tilting sheaf 7, € 2<, whose restriction to Y, is £, and whose underlying
complex w7, is indecomposable (note that loc. cit only dealt with the case when L,
is constant, however, for the argument there to work one only needs the vanishing
of H (X, ®j k) for i = 1,2, which is ensured by Assumption S). The following
lemma is an analogous existence result for mixed free-monodromic tilting sheaves.
By [BBM04al §1.4], {wT.|a € I} are the only indecomposable tilting sheaves (up
to isomorphism), and any tilting sheaf T' € w2 is a direct sum of the w7,’s. A
free-monodromic analog of this structure result will be proved in Remark [B.2.4(2).

Lemma A.7.3. For each o € I, there exists a mized free-monodromic tilting sheaf
Ta € M<qn such that m4To = Ta.

Proof. We use the pattern of the proof of [BBM04al §1.1] and [Y09, Lemma 2.2.3]
(for the mixed case), although some new argument is required. We proceed by
induction on strata. In the induction step, as in loc.cit, we may assume that on
X has a minimal stratum Z, and the required mixed free-monodromic tilting sheaf
has been constructed on U = X — Z (call it Ty, such that 7r:f7~'U >~ T.lv). Let
7:U = X and7: Z — X be the inclusions. Since Tu is a successive extension of
twists of the E@U’s, j%U is still a successive extension of twists of the Ag’s, hence
belongs to 2. Same remark applies to 7*7:[]

The complex [Ty — j*%U] € Db(@\‘) = ///l\, after applying m;, becomes the
complex [jiTo.v — j«Ta.v] € D*(2) = 9, which can be represented by [i..A LN i+ ]
for some A, B € 27 (cf. the argument in loc. cit).

By Remark [A.5.5], the complex [%%U — .7*7:[]] itself can therefore be represented

by [LIE_I i>7*ﬁo], where 16—1,160 € ﬁz satisfy mlfé_l =~ A and mko ~ B. We
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therefore get an extension class
wK = [ Tv = 5 Tv] = JTo .

Let 7 € & be an object realizing the above extension class. Then 7T]L:7V— realizes a
similar extension class i.88 — 51 7q,v[1], which is known to be realized by 7, (cf

the argument in loc.cit). Therefore w7 = 7,. By Lemma[A7.2] this implies that
T is a free-monodromic tilting sheaf. |

Lemma A.7.4. Let ’7'1, 7~'2 € 7. Then Hom/Z{’7~'1,7~'2) 18 a free §—module, and there
is a Fr-equivariant isomorphism

Hom AT;,75) ®g Q, = Homg (m 71, 71 75).

Proof. We prove a stronger version when T: is only assumed to have a A- flag
and T is only assumed to have a V- flag. The functorial map Hom (’7'1, 7'2)

Hom@(m'ﬁ,ng) necessarily factors through the quotient Hom (7'1,7'2) ®3z Q
because the monodromy operator acts trivially after taking 7.

For X = X, = A x Y, a single stratum, we simply apply Corollary [A.5.4(3).
In general, we proceed by induction on strata. In the induction step, let X, be an
open stratum and assume the lemma holds for X., = X — X, (extend the partial
order on strata to a total order). Then we have an exact sequence

0 — Hom - (z<a71,z<a7'2)—>H0m (7},7’2)—>H0mA(a'7~],iZ7~'2)—>0

Since the two ends are free S—modules7 so is the middle one. Moreover, letting
T; = m;7T;, we have a commutative diagram of short exact sequences

Hom ;- (2,71,7%072) ®5 Qp ——>Hom A(T1,T2) ©5 Q) —Hom 5 (0571,757T2) ©5 Q

| | |

Hom@<a(i*<a7-1,i!<a7—2) ——— > Homg (71, 72) ——— Homg_ (i} 71,i%72)

The two vertical arrows on the left and right ends are isomorphisms by induction
hypothesis, therefore the middle vertical arrow is also an isomorphism. O

APPENDIX B. CONSTRUCTION OF DG MODELS

In this appendix, we construct differential-graded (DG) models for certain trian-
gulated categories of complexes of sheaves on schemes or stacks. These DG models
are known to exist in greater generality; however, we need explicit constructions for
the purpose of proving the various equivalences in §5l The basic strategy is to single
out certain distinguished generators of the category in question (such as IC-sheaves
or free-monodromic tilting sheaves) and show that the endomorphism algebra of
their direct sum is a formal DG algebra. We then identify the original category with
the derived category of DG modules over this formal DG algebra. We remark that
this strategy is standard in geometric representation theory; see [ABG04] §9.5-9.7]
and [BF0S8|, §6.5]; see also [S11] for an approach in the setting of complex algebraic
geometry and mixed Hodge modules. Our contribution here is to give a unified way
of treating diverse situations (such as equivariant and monodromic categories that
appear in the main body of the article).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 85

B.1. A simple subcategory. We will consider one of the following two situations.

(i) Let X be a global quotient stack (see §I.3]) over a finite field k£ with a finite
stratification X = |_|a€] X, such that each embedding i, : X, — X is affine. Let
9 C D, (X) be a full triangulated subcategory stable under twists (tensoring by
Fr-modules), and all of whose objects are constructible along the given stratification.

(i) Consider the situation of §A6 Let Y be a scheme as in (i) and let 7 :
X —Y be an A-torsor, where A is a split torus over k. Let X =[], .; Xo be the
induced stratification: X, = 7~(Y,). Let D’(Y) C D% (Y) be a full triangulated
subcategory stable under twists (tensoring by Fr-modules), and all of whose objects
are constructible along the given stratification. Let Z = ﬁ;n (X, 7A).

In either of the two situations, we denote by X<, X<, the closure and boundary
of X,. We therefore get full subcategories P<q, Z<o C 2 by considering X<, and
X<q instead of X. Let Py = P<o/P<o. We use wZ,w,, etc. to denote the
nonmixed versions of 2, %,, etc. For example, w? is the image of Z in D%, (X ®y.k)
or D! (X @k, Ay k).

Assumption C;. Suppose we are given, for each o € I, a full additive subcate-
gory 6, C Y, stable under tensoring with unipotent Fr-modules, such that for any
objects C1,Co € G,,

EXtiga (C1,Cz)Fr_unip =0, fori#0.

Let € C 2 be the full additive subcategory consisting of objects F such that
it F,it, F € €, for all @ € I. Then € is also stable under tensoring with unipotent
Fr-modules. An immediate consequence of Assumption C is:

Lemma B.1.1. For C1,Cs € €, we have

(B.1) Ext’,(Cy,Co)T P = 0, for i # 0,
Home (Cy,C2) i =0,
(B?) eXti@(Cl,Cz) = Homcg(Cl,Cg)Fr 7 = 1,
0 otherwise.

Proof. (B)). We do induction by strata. For a single stratum this follows from
Assumption C;. Suppose (B.I)) holds for objects in €<,. Then for C;,C2 € €<a,
we have a long exact sequence

RPN Exti(iiacl, Z-!<ac2)F‘r—unip N EXti(ChCQ)Fr_unip
— Ext’ (ij;Cl, Z-;;CZ)Fr—unip — e

where the Ext-groups are taken in w%.,,w%<, and w9, respectively. We then
use the induction hypothesis and Assumption C; for %, to finish the induction

(B.3)

step.
(B2) follows from (Bl and (L3)). In situation (ii), we refer to Lemma [A5.2] for
the calculation of Ext-groups in 2. ]

Example B.1.2. In situation (i), we assume H'(X, ®; k) is pure of weight 4. Let
%, consist of mixed complexes C on X, which are pure of weight 0 and constant
over X, @ k. The purity of Hi(Xa) ensures that Exti@u (C1,Cs) is pure of weight 7
for C1,Cy € €., which, in particular, implies Assumption C;.

In this case, € consists of very pure complexes (compare Definition BT2]). A
typical example in applications is that of X, = BA, the classifying space of a torus

A.
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Example B.1.3. In situation (ii), we suppose Assumption S in §A6 holds. Recall
ENQ a free-monodromic perverse local system on X,. Let %, consist of objects
Lo ® M, for any Fr-modules M. The vanishing of H>°(Y, @ k) (see Assumption
S) ensures a stronger vanishing than Assumption Clexti@a (C1,C2) =0 fori #0
and C1,Co € 6,.

In this case, ¢ consists of free-monodromic tilting sheaves (see Definition [AT7.).
Note that we may take A to be the trivial torus, then no completion is needed, and
% consists of tilting sheaves.

Let ZF be the filtered version of 7 (see Remark [A12.3] for situation (ii)). Let
Q: 9F — 7 be the “forgetting the filtration” functor. Let ZF(%) be the full
subcategory consisting of filtered complexes K such that Grf K € €[—i] for each
1 € Z. We have a natural functor

Gr} : 9F(€) — C*(%)
which sends K to the complex
oo G K] 25 Gri K4+ 1) — - -
where d; comes from the third arrow of the distinguished triangle GriﬁllC —

FSHIPZiIC — Grl K — Grid'[1]. The argument of [BBD82, Proposition 3.1.8]
shows that

Lemma B.1.4. The functor Gry is an equivalence of categories.

Here, the key point that makes the argument in loc.cit. work is the vanishing of
ext5” between objects in 4.

Let p(%) be the composition C®(%¢) (&) 7, DF(F) £, 9. Then p(€) factors

through an exact functor
p(€) : K'(€)/ K eye(€) = 2,
where K% .(¢) C K%(%) is the thick subcategory consisting of complexes in ¢

acyc
whose image in 2 is 0. We call such complexes acyclic complezes.

Lemma B.1.5. For any C € ¢, Home (C, —)¥"P and Home (—,C)F"P trans-
form acyclic complezxes in K;’Cyc(%”) into long exact sequences of vector spaces.

Proof. We prove the statement about Home (C, —)F""P and the other one is sim-
ilar. Let K € 2F(%) be a filtered object which gives an acyclic complex in €
by taking Gr}, i.e., K is isomorphic to the zero object in 2. There is a spectral
sequence {E, }, with

EPY = ExtZH(C, Gl K) = Ext? (C, Gl K[p])

abutting Ext%ﬂ(C ,K) = 0. Taking (—)""nP we get a spectral sequence { EX™"miP},
with E™™P concentrated on the row ¢ = 0 by Lemma [B.I1l The differentials on

E}™™P make it the complex of vector spaces [--- — Homg(C, Gr2 K[p]) — ---]
obtained by applying Hom¢(C,—) to Gry K. This complex is necessarily exact
because { EF™UniP}, - abuts zero. O

Let €™"iP be the category with the same objects as €, but the Hom sets are
defined by |
HOchgFHmip (Cl, Cg) := Home (Cl ) C2)F‘r—un1p.
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Lemma B.1.6. If a complex K € K°(%) has zero image in 9, then it is zero in
Kb(€Tumip) e, idx is homotopic to the zero map in C°(€F-1nip),

Proof. Suppose |-+ — C; LI Co — 0] is a complex in & that terminates at degree
0. We construct inductively a homotopy h; € Hom(C;, C;1 1) such that
(B4) hi_lﬁi + 8i+1hi = idc” for i = O, 1, ceee

Starting with ¢ = 0, by Lemma [B.1.5] we have a long exact sequence

-+ = Hom(Co, C1)F P 2% Hom(Co, Co) ™ mP 0 — - - .

Therefore ide, lifts to a map hg € Hom(Cy, Cy )Fr-unip,
Suppose we have found hg, - - - , h;_1 satisfying (B.4)). Then by Lemma [B.T.5 we
again have a long exact sequence

- — Hom(C;, Cyy 1 ) Fromip ai> Hom(C;, C;)Fr-umip LN Hom(C;, C;_p)Fr1niP — ...
Since id¢; —h;—10; has zero image under 0;, it lifts to the desired map
h; € Hom(C;, C;y 1) romiP,
This completes the induction. (Il

Proposition B.1.7. The functor p(€) : K*(€)/KL.yo(€) — 2 is fully faithful. It
is an equivalence of categories if each €, generates Y, as a triangulated category.

Proof. By definition, the ext-groups in K*(%)/K}. (%) are computed by

(B.5) exticn(¢)/K2,,.(4) c,ch = lim hom b () (K, C'[4]).
K—C with acyclic cone

We will exhibit a cofinal set of maps to C with acyclic cones. Consider C[t]/t" =
CRQy[t]/t" € P where Q,[t]/t" ! is viewed as a Fr-module where Fr acts as multi-
plication by exp(t). Since Q,[t]/t" is a unipotent Fr-module, and ¥ is stable under
tensoring with unipotent Fr-modules, C[t]/t" € €. Let C[[t]] := “@”C[t]/t” €
pro%.

Recall we have a forgetful functor € — €F~"P. It admits a left adjoint
¢Fr-unie 5 pro%¢ sending C +— C[[t]]. The adjunction means

B.6 homy,o (C[[t]], C") = lim Hom(C[t] /t"+1, ") = Hom(C, C)Fr-1mip,
p —

In fact, the bijection is given by restricting ¢ : C[[t]] — C’ to wC = wC® 1 C wC[[t]];
its inverse is given by sending ¢ : wC — wC’ to ¢ where ¢|(wC ® t™) = log(Fr)™y
(this makes sense because (Fr — 1)V = 0 for large N).

—1
Now suppose we are given a complex K = [--- — K1 LN G -++] which
maps to C (i.e., f : K® — C) with acyclic cone

—1 40 !
st 2 0 B g o B0 g2

Taking Hom(C, —)¥™"P on this sequence still yields a long exact sequence by
Lemma [B.1.5]

.-+ — Hom(C, K%)F-uniP _ Hom(C, K @ C)Frwniv — ...
By (B.6), we get an exact sequence
-+ = hom(C[[t]], KY) — hom(C[[t]],K* ® C) — hom(C[[t]], K?) — --- .
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Let pr : C[[t]] — C be the natural projection. Then (0,pr) € hom(C[[t]], K* @ C)
has zero image in hom(C[[t]], K?), hence lifts to a map ¢ : C[[t]] — K. Similarly,
t¢? € hom(C[[t]], K°) has zero image in hom(C[[t]],K* @ C), hence lifts to a map

¢~ :C[[t]] = K£~1. The maps (¢~ 1, ¢°) : {C[[t]] 5N C[[t]]] — K give a map between

complexes which factors through

0 cl/tr —L=Clt) it ——=0 — -

A

DN RS S s B

for some n. This proves the cofinality of the maps [C [t)/t" 5 Clt)/ t”“} —C.

Finally, when computing ext}, @)/ Kb, (%) (C,C’) using the cofinal set of maps

acyc

[C[[t]] 4 C[[t]]} — C, we see it is the cohomology of the following two-step complex

0 — hom(C[[t]],C") % hom(C[[t]],C") — 0.
By (B.), this is the same as

log(Fr
g (Fr)

0— HOm(C7C/)Fr_unip HOHI(C,C/)Fr_unip 0.

But this is quasi-isomorphic to the complex calculating ext?,(C,C’) (see Lemma
[B.1.1)). This shows that p(%) is fully faithful. O

B.2. The DG model. To get nice DG models of ¥ and 2, we make two more
assumptions.

Assumption Cs. For every «, there is an object Za € %, such that every
object in %, has the form Lo ® M for some complex M of Fr-modules. Moreover,
o generates 7, as a triangulated category.

Note that this assumption is not saying that £, ® M € 6, for any M € D°(Fr).
For example, in Example %, is stable under tensoring with Fr-modules of
weight 0 only.

It is clear that the twists of either the objects {in1La|ae € I} or the objects
{ia+La|a € I'} generate 2 as a triangulated category.

Assumption Cs. For every «, there exists an object C, € %<, such that
15 Co = Lo. Moreover, the kernel of the ring homomorphism 7% : Ende (C, )F-umiP —
Ende, (Za)F r-unip g pilpotent.

Example B.2.1. In Example [B.1.2] assume the stratification on X is given by
orbits of a group G acting on X. Assumption Cs is satisfied with Lo being the
constant sheaf. Here it is crucial that we work with complexes with integer weights:
otherwise %, would not generate 7, as a triangulated category.

Let ZC,, = ia’!*@g (we may need to shift Q, to make sense of iq,1%, then shift
back). Obviously ZC,, is G-equivariant, hence geometrically constant along each
orbit. Then ZC, € € if and only if it is very pure, i.e., both i* ZC, and i.ZC,
are pure of weight zero as complexes. In this case, Assumption Cjs is satisfied
with C, = ZC,. In fact, the restriction map Endg(ZC,) — Ende, (Q,) is an
isomorphism.
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Example B.2.2. The example in [B1.3 satisfies Assumptions C, and Cs if we
take Za to be the free-monodromic perverse local system as before. In fact, we
take C, = T, constructed in Lemma [A.7.3} Note that 7T1-’77X = T, is a tilting sheaf
on Y<, such that the natural map i\, 7, — %7, is zero (see the construction in
[BBMO04a, §1.1]), therefore the natural map T’aﬁ — Tzﬁ; is topologically nilpotent
(in the Va-adic topology, since both are S-modules of finite type). This ensures
Assumption Cg.

Lemma B.2.3. For every object C € €, there are complexes M, € DP(Fr) such
that C is isomorphic to @, Mo ® Co up to Frobenius semisimplification, i.e., there
is an isomorphism @, M, ® Cq = C in EFWIP, In particular, o <3 wCy sets up
a bijection between the strata set I and the isomorphism classes of indecomposable
objects in wE .

Proof. We will make use of the simple observation that for C;,Cs € %<, the re-
striction map

Home (Cy, Co)F™ ™ P — Home, (i%Cy, 4% Co) ™ 0IP

is surjective. In fact, this follows from the long exact sequence (B3) and the
vanishing of EXtclg<a (i%,Cr, iLaCQ)Fr'“nip.

We do induction on the support of C. Suppose C € ¢<,. By Assumption Co,
i*C = M, ® wL, for some M, € D'(Fr). The above observation gives maps in
both directions in ¢Fr-unip

w(My ®Cq) LR w(My ®Cq),

whose restrictions on X, are identity. The composition ¢ € End(M, ® C,)Fr-unip
is an isomorphism because its restriction to X, is (here we use the nilpotency
Assumption C3). This implies that C = M,®C,®C’ in €"P for some C' € €.
We then apply induction hypothesis to C’. (]

Remark B.2.4. (i) In Example[B.2.1] the objects M, that appear in the decomposi-
tion above are necessarily pure of weight 0. The above statement can be rephrased
as “every very pure complex is a direct sum of shifted simple perverse sheaves up to
Frobenius semisimplification”, which is a special case of the decomposition theorem
[BBD82|, Théoreme 6.2.5].

(ii) In Example[B.2.2] the objects M,, that appear in the decomposition above are
necessarily in degree 0. The above statement can be rephrased as “every mixed free-
monodromic tilting sheaf is a direct sum of indecomposable mixed free-monodromic
tilting sheaves 7~; up to Frobenius semisimplification”. Note, however, this state-
ment does mot imply that any mixed free-monodromic tilting sheaf with indecom-
posable underlying complex is isomorphic to the twist of some T

Corollary B.2.5. Let C € € be such that End¢(C) is Fr-semisimple. Then C =
Docr Mo ® Co for Fr-semisimple complexes My, (i.e., complezes My = [--- —
MO — M} — -] where each M is Fr-semisimple).

Proof. By Lemma[B.2.3] the idempotents ¢, corresponding to the direct summand
w(M, ® C,) of wC, belong to End(C)F-1iP. Since Fr acts semisimply on End(C),
these idempotents are Fr-invariant, hence the M, ® C, are direct summands in €.
Since ide, ® End(M,,) C End(C), End(M,,) is also Fr-semisimple. This implies that
M, is itself Fr-semisimple. O
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Suppose we are given another set of objects C, € €<aq, one for each o € I, such
that i;hca ~ L. For example, we could take hCa to be C,.

Lemma B.2.6. The triangulated category 2 is generated by the twists of the objects
{iColar € I}.

Proof. We do induction on the strata. Suppose P, is generated by twists of
{5Cs|8 < a}. We want to show that Z<, is generated by twists of {*C4|8 < a}.
We have a canonical map i, u,C — B¢, whose cone lies in PD<a, hence iq, uEa is
generated by twists of {th|ﬁ < a}. By Assumption Cy, Z<, is generated by

ia,1 Lo and P, we are done. [l
Let °C = @, *C, and
(B.7) E = P Exty,(°c, c)*P
i€L

be a Q,-algebra with Frobenius action (forgetting the cohomological grading).

Theorem B.2.7. Fiz a triple (¢ C 2,{Cola € I}) satisfying Assumptions Ci,
Cs and Cz. Then

(1) The functor
hie = @ Ext,(*C, —) : € — Mod(E, Fr)
i€z
s a fully faithful embedding.
(2) The functor C*(€¢) — C*(E,Fr) induces a fully faithful embedding

h”C ( )/ acyc( ) ‘—)Db(E,FI").
(3) The composition of functors (note that p(€) is an equivalence by Proposi-
tion B.LT and Lemma [B.2.6])
h
M =M(E © 7 {1Ca}) : 7 L0 KH6)/ Koy (%) = D'(B. )

is fully faithful, and the essential image is the full triangulated subcategory
generated by the twists of (E,Fr)-modules {Hom(*C,%C,)|o € I}.

Proof. (1) Let C1,Cy € €. By Lemma [B1.1]
home (C1,Cs) = Home (Cq, Cg)Fr

On the other hand,

hompgea(s v (Pec (C1), hee(C2)) = Hompg (hse (Cr), hae(Ca))™
Therefore it suffices to show that the natural map

H(C1,C) : Home (Cy, Co) ™™ P — Hompg(hie(Cr), hue(Co))FomiP

is an isomorphism for any Cy,Co € €. 1If C1 IJC we have

Homp (ke (:C), heg (C2))™™% = Homp(E, hac(C2)) ™

= g (Cy)Frrumip

Home (°C, Cy)Fr-umip,

4For this, we need to extend the partial order on the set of strata to a total order, and redefine
9<a, etc. Suppose we have done this modification in the notation.
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The last equality follows from Lemma [B1l Hence H(C;,Cs) is an isomorphism
for C; = "C. Therefore it is an isomorphism for C; = *C,, for any «. By Lemma
B23 wC, is a direct sum of the wCps’s, which in particular contains wC, as a
direct summand in €F-"P hence H(C,,Cz) is also an isomorphism. By Lemma
again, this means H(Cy,Cs) is an isomorphism for all C1,Cs € €.

(2) By Lemma [BT.6, objects in K2, (%) are null-homotopic in K°(€*-1mp),
hence they get mapped to acyclic complexes in K°(E, Fr). Therefore we have the
factorization h : K*(%¢)/K2.,.(¢) — D'(E,Fr). By Proposition the ext-
groups in Kb(%)/KZCyC(%) are computed in the same way as in Z, ie., as in
Lemma [B.1.1l Notice that the ext-groups in D°(E, Fr) are computed similarly by
Fr-invariants and coinvariants. Therefore h is fully faithful.

(3) Obvious. O

B.3. Functoriality of the DG model. We study the functorial properties of the
equivalences in Theorem Let 2 and 2’ be two categories as in §B.1l Let
®: 2 — P’ be an exact functor which admits a filtered lifting ®F : 2F — 9'F.
Let € (resp. €”’) be the subcategory of 2 (resp. 2') satisfying all Assumptions C;
(i =1,2 and 3). Let C € € and “C’ € %’ be the sum of generating objects {*Cy}
and {°C!,} as in Lemma [B:2.6, and let E, E’ be the algebras as in (B.7).

Proposition B.3.1. Suppose ® sends € to¢”’. Let D€ : € — €' be the restriction
of ®. Then there are canonical natural isomorphisms making the following diagram
commutative:

6 h
9 <" K@) KL (6) — DY(E, F)

o lK(tng) qu}éE()

’ hy oy
7 LL0 gh ) KD (67) — DY(E, Fy)

cyc(
where Bg is the (E', E)-bimodule (with Fr-action)
By = Homey: (°C', ®(°C)).
Proof. The commutativity of the left side square is obvious. To give the natural
transformation for the right side square, we only need to give a natural isomorphism
making the following diagram commutative:
hig
¢ —— Mod(E, Fr)
<I>\‘€ lB@ ®E(,)
, Pacr /
¢ —— Mod(E', Fr)
There is a natural transformation,
B(-) : Bs®pHomg(*C,—)
= Home (C’, ®(°C)) @ g Home (°C, —)
—  Home (*C', ®(-)),

sending f® g to ®(g)o f. Since §(—) is Fr-equivariant, it suffices to show that 8(C)
is an isomorphism for any C € ¥. This is obvious if C; = “c , hence also for C = "Ca
for any o. By Lemma [B23] w"C, contains wCq as a direct summand in @F-mnip
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hence 8(C,) is also an isomorphism. By Lemma [B.2.3] again, this means 3(C) is an
isomorphism for all C € €. O

Remark B.3.2. The above proposition has obvious versions for functors of the form
D: P XX D, - P where 9; and 9 fit into the setting of Theorem In
particular, suppose Z carries a monoidal structure x : Z x 2 — & which restricts
to a monoidal structure on 4. Let C be the (E, E® E)-bimodule Home (°C, *C+C).
Then we have a natural commutative diagram of monoidal structures (i.e., together
with compatibility among the associativity constraints):

72 L (K@) [ Kby o(€))2 S D(E, Fr)?

acyc

j* lK(*‘@ lcémE(—)

6 h
9 <" K@) KD, (€) —< = DY(E, Fy)

The compatibility among the associativity constraints follows from the canonicity
of the natural isomorphisms in Proposition [B.3.1l

B.4. Application to equivariant categories. We first apply Theorem [B.2.7 to
the special case X = BA of Example [B:22.1l This yields

Corollary B.4.1.
(1) There is an equivalence of triangulated categories

D?n(BA) = Dperf(gA, Fl")
sending the constant sheaf Q, to Sa. Here Sa = Sym(VY) is viewed
as a Qq-algebra with Fr-action (placed in degree 0) and Dper(Sa,Fr) C
Db(S'A7 Fr) is the full triangulated subcategory generated by twists of Sa.
(2) The pull-back functor D% (BA) — D? (pt) = D®(Fr) corresponds to the
functor

(_) é)SA @E : Dperf(gA;Fr) — Db(FI').

In fact, Corollary [B-43K2) above follows from the functoriality of the DG model
in Proposition [B.3.1

Corollary B.4.2. Let X be a scheme with a left action of a torus A. Let m: X —
[A\X] be the projection. For any Fy,Fa € DY, ([A\X]), we view R Homa\ x|(F1, F2)
as an object in Db (BA) = Db (S4,Fr) via Corollary BAIl Then we have a func-
torial isomorphism for Fi,Fo € D8 (JA\X]):

L
(B.8) R Hompg\ x1(F1, F2) ®5, Q = RHomy (7" Fy, 7" Fa).
In particular, taking F1 to be the constant sheaf, we get
L

(B.9) RI([A\X], F) ®g, Q = RI(X,7*F).
Proof. Applying smooth base change to the Cartesian diagram

X —" [A\X]

pt — 2 . BA
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and the complex RHom(F, F2) € DP, ([A\X]), we get
p* RHOHl[A\X] (fl, fg) = RHOIIIX (W*f1, W*fg).
It remains to apply Corollary B.4T](2). O

More generally, in the situation of Example B:22.1] we have a fully faithful em-
bedding:
M =M(% C 2;{°C.}) : 2 — D*(E,Fr),
where € C Z is the category of very pure complexes.
We can say more about the Hom-sets under M. For any locally finite Fr-module
M, let M; be the submodule of weight i (i.e., the sum of generalized eigenspaces
with eigenvalues of weight ). For any graded Fr-module N* = @ N, we define

Ny = EP N
i€z
Lemma B.4.3. There is a functorial isomorphism
(B.10) Ext%, (F1, F2)pur = Hompg (MF;, MF;)
for F1, Fo € 9.
Proof. The argument of Theorem [B:227](1) shows that
Ext%(C1,C2) =2 Hompg (hse(C1), hie(C2))

for C1,Co € €. Note that for C;,Co € €, Ext'(Cy,Co) is pure of weight i, hence
(BIQ) holds for Fy, Fa € €. In general, we represent objects F; € 2 by complexes
of objects in € and use a spectral sequence argument to deduce (BI0). O

B.5. Application to monodromic categories. Applying Theorem [B.2.7 to Ex-
ample [B.2.2] we get a fully faithful embedding:

M =M(Z C .#;{"C.}) : M — D"(E,Fr)

where 7 C .4 is the category of free-monodromic tilting sheaves. Again, we can
say more about the Hom-sets under M.

Lemma B.5.1. There is a functorial isomorphism
Hom _~(F1, F2) = Homp(MJF;, MF3)

for Fi, Fo € ////\
Proof. We only need to note that there is a functorial isomorphism

Hom (71, T2) = Homp (hsc(Th), hec(T3))
forany7~'1,7~'2€9. O
Remark B.5.2. In Example B.2.2) the algebra E will be an 54 ziiilSym(VA)/VX-
module of finite type. Recall the functor (—)/ in (). For any (Sa, Fr)-module M

of finite type, M/ is an (5S4, Fr)-module of finite type, where S4 = Sym(V4) = §£
It is easy to see that the adjoint functors
Sa®s,(-)
DY(E,Fr) = D*(E/,Fr)
(-’
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are actually equivalences of categories. Therefore, in Theorem [B.2.7] we may also
use D?(E7 Fr) as a DG model for the completed monodromic category 2 = ./ .

APPENDIX C. CALCULATIONS FOR SL(2)

In this section, we specialize to the case G = SL(2) and the other notations

(e.g., &, ////\) are understood to be associated to SL(2). Let B = UH be a Borel
subgroup with unipotent radical U. The flag variety N]-'@ = P! and the enhanced
flag variety is F¢ = A% — {0} with the projection 7 : F¢ — F¢ identified with the
usual G,,-quotient A% — {0} — P*. We denote the inclusion of the open and closed

B-orbit into F¢ (resp. ﬁ) by j and ¢ (resp. 7 and 7). Let s be the nontrivial
element in the Weyl group W. Let ZC be the IC-sheaf of P*.
A well-known computation of Hj(P!) gives the following:

Lemma C.1. There is a Fr-equivariant isomorphism of S-bimodules:
H(ZC) =2 O(T'(e) UT(s))[1](1/2).
The free-monodromic tilting sheaf. We will construct a free-monodromic tilt-

ing object T € M whose underlying complex is indecomposable. For each n > 1,
we have a local system L, on the open stratum of F/ corresponding to the rep-

resentation S/ViTLS of mi(H,e). Let A, = 51L£,[2](3/2),V = 7.Ln[2](3/2). We
have an exact sequence in &2:
0—76(1/24+n) = A, =V, = 76(—=1/2) = 0.
Passing to the projective limit, we get an exact sequence in 2
(C.1) 0= A=V ralé(-1/2) = 0.

Now we define 7 by the fibered product of V and 6(—1/2) over 715(—1/2). There-
fore it fits into two exact sequences

(C.2) 0 AT —06(-1/2) =0,

0—6(1/2) =T =V =0,
where §(1/2) is identified with the kernel of 6(—1/2) — w16(—1/2). This shows
that 7 is a free-monodromic tilting sheaf.

Lemma C.2.
(1) There is an isomorphism of (S x S, Fr)-algebras:

End 5 (7) = O(I*(e) UT*(s)).
(2) There is a Fr-equivariant isomorphism of S-bimodules:
V(T) = O(T*(e) UT*(s))(—1/2).

Proof. (2) Recall the object P € 2 which represents V (see Lemma ALZATT]). Since
T = WT% is an indecomposable tilting sheaf on P!, it is easy to see that wT is
also a projective cover of wd. Therefore wT is a projective cover of wrls in 2.
Since T — 71'75( 1/2) is the highest weight quotient, Hom(P 7‘(1/2))Fr unip — Q,,
hence hom(P,7(1/2)) = Q,. Any nonzero homomorphism P — 7(1/2) is in fact
an isomorphism because after taking my it is. Therefore V(T) = Hom(P,T) =
End(7)(—1/2), and the statement follows from (1).
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(1) We have maps
7 ) 3 *

(C3) S®8— End(T) % End 5 (£) x End 5 (8) = O(I () x O(I"*(e)),

where the first arrow is given by the left and right logarithmic H-monodromy and
the second given by restrictions to two strata. The exact sequence (CJ]) gives an
exact sequence

0 — Hom(T, A) — End(7) = End(5(~1/2)) = Hom(T,8(—1/2)) — 0.
On the other hand by Lemma and the isomorphism P 2 7(1/2), we have
Hom(T, &) & Hom(P, &)(1/2) = V(A)(1/2) = O (5))(1)

and the natural homomorphism 7* : Hom(7,A) — End(A) is the inclusion
O(T*(s))(1) = O(T*(s)). Therefore (7%,7%) in (C.3) is injective. The composition

of the maps in (C.3) has image O(I'*(s) UT*(e)), hence the map S ® S — End(T)
factors through

S® S — O*(s) UT*(e)) — End(T).

Therefore we have a commutative diagram of exact sequences:
O (s))(1) —= O(I"(s) UT"(e)) O (e))

j | i

Hom(T, A) End(7) End(6(—1/2))

Since the first and third vertical maps are already shown to be isomorphisms, the
middle one must also be an isomorphism. |

Finally we compute the convolutions in &. Observe that for any F € &, we have
FYIC = H'P,F)®IC,
F¥s = F

R

Lemma C.3. We have
ATA € (A(1/2),A[-1)(-1/2),8),
VEV e (V(-1/2),V[1](1/2),0).

Proof. We prove the first relation; the second can be proved similarly. Applying
B . . .
A x to the distinguished triangle

(C.4) 0(1/2) - A - IC —,
we get another distinguished triangle
A(1)2) » A% A — TC[-1)(—1/2) — .

In other words, A fae (A(1/2),ZC[—1](—1/2)). The triangle (C4) also implies

that ZC[—1](—~1/2) €(A[~1](~1/2), 8). Therefore A% Ae(A(1/2), A[-1](~1/2), ).
O
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LIST OF SYMBOLS
G A Kac-Moody group
GV A Kac-Moody group whose root system is dual to that of G
H,HY A fixed Cartan subgroup of G and its dual in G
Vi Q-Tate module of H
B, U The standard Borel in G and its unipotent radical
BY,UY The standard Borel in GV and its unipotent radical
w The Weyl group of (G, H)
Weo The Weyl group of (Le, H)
[We\W] The shortest representatives in the coset Wo\W
{We\W} The longest representatives in the coset Wo\W
we, lo The longest element in Wg and its length
Ps =U®Lg The standard parabolic subgroup and its Levi decomposition
Uo,Ug Lo NU and its opposite maximal unipotent subgroup of Lg
FO,Fe The flag variety G/B and its enhancement G/U
T The projection G/U — G/B
oFlag The partial flag variety Po\G
w®© The projection B\G — Po\G
X A nondegenerate additive character of Ug
éa The equivariant category D2 (B\G/B)
éa,0 The parabolic category Db, (Po\G/B)
M, M The monodromic category D2 (B _G - B) and its completion
Ma,e, ////\G,@ The Whittaker category Dfn((UeU(; ,X)\G,-"B) and its completion
21,79 D? (U\G/B) and D%, (BV\GY /UV)
78 The paradromic category DY, (PY\GY /UV)
PTo The “Whittavariant” category /gfn (UPUS,x)\G/B)
Av? The averaging functor 4 — Ao
ICw The intersection cohomology complex of F£<,, in various categories.
Ay, A The standard sheaves in & and &g
Vuw, Vi The costandard sheaves in & and &g
L The free-monodromic local system on a torus H
Ew, ﬁmx The free-monodromic standard sheaves in .#Z and /ZZE
%w, 65,,( The free-monodromic costandard sheaves in .7 and,////(\a
%wv%mx The indecomposable free-monodromic tilting sheaves in M and %//29
T, T The indecomposable tilting sheaves in 2 and T2
Co The constant sheaf on Fl<y,g
ﬁ@ Its underlying complex is a projective cover of wd in w;}%w@
SH Sym(Vy)
SH Sym(V); logarithmic monodromy operators by H
H The global section functor of & and its cohomology
A% The averaging functor: .7 — D®(S ® S, Fr)
w Forgetting the mixed structure
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