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Introduction This article follows [5] (i.e. Deligne’s Trauvaux de Shimura), from which we
will use the essential results (those of paragraphs 4 and 5). In the first part, we are try-
ing to motivate the axioms imposed on systems (G,X) (2.1.1) from which are defined the
Shimura varieties. We show that, roughly speaking, they correspond to moduli spaces of
Hodge structures X+ of the following type.
(a) X+ is a connected component of space of all the Hodge structures over a fixed vector
space V relative to which some tensors t1, · · · , tn are of type (0, 0). The algebraic group G is
the subgroup of GL(V ) which fixes the ti and X is the orbit G(R) ·X+ of X+ under G(R).
(b) The family of Hodge structure over V parametrized by X+ satisfies certain conditions,
verified by the families of Hodge structures which appears naturally in algebraic geometry:
for a suitable complex structure (and uniquely determined) over X+, this is a variation of
polarizable Hodge structures.
The space X+ is automatically a symmetric hermitian domain (=Hermitian symmetric space
with curvature< 0). The Hermitian symmetric domains can all thus be described as the
moduli space of Hodge structures (1.1.17), and I believe this description is very useful. For
example: the embedding of a Hermitian symmetric domain D in its dual Ď (a flag variety)
correspond to the map (a Hodge structure) 7→ (the corresponding Hodge filtration). The
descriptions as “Siegel 3-folds” is interpreted as saying that, under certain hypotheses, if we
superimpose to a Hodge structure of filtration by weights, we obtain a mixed Hodge struc-
ture, whence a map of D in a moduli space of mixed Hodge structures (cf. the contructions
of [1, III, 4.1]). This last point will not be mentioned, nor utilized in this article.
This point of view, and the description of certain Shimura varieties as moduli spaces of
Abelian varieties, are bound by the dictionary: it returns to the same (equivalent of cat-
egories A 7→ H1(A,Z)) to give oneself an abelian variety or a polarizable Hodge structure
of type {(−1, 0), (0,−1)} (here it is Hodge Z-structure mod torsion; by passage to dual
(A 7→ H1(A,Z)), we can replace {(−1, 0), (0,−1)} by {(1, 0), (0, 1)}). Polarizing the abelian
variety amounts to polarizing its H1. With parameters, likewise, it returns to the same as
giving a polarized abelian scheme over a smooth complex variety S, or a variation of po-
larized Hodge structures of type (−1, 0), (0,−1) over the analytic space San. An analytic
family of abelian varieties, parametrized by San, is automatically algebraic (this is result of
[3]). For interpretation of Hodge structures of more complicated types, we would replace the
abelian varieties by suitable “motives”, but it’s still just a dream.
To the number 1.2, we give a convenient description based on the previous formalism of the
classification of hermitian symmetric domains, in terms of Dynkin diagrams and of their
special nodes. As for number 1.3, we classify a certain type of embeddings of Hermitian
symmetric domains in the Siegel half-space. The results are parallel to those of Satake [11].
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An application of the unitary trick of Weyl, for which we refer to [7], brings back the clas-
sification to the knowledge of a fragment of the table, given by examples in Bourbaki [4],
giving expression of fundamental weights as linear combination of simple roots.
The reader wanting to know more about the variations of Hodge structures, and the way
they appear in algebraic geometry, can consult [6] (which we do not follow the convention
of signs); certain facts, statements in [6], are demonstrated in [7].
To numbers 2.1 and 2.2 we define, in an adelic language, the Shimura variety KMC(G,X)
(noted KMC(G, h) in [5], for h any element of X), their projective limit MC(G,X) and the
notion of canonical model. I refer to the text for these definitions, and will only say that a
canonical model of MC(G,X) is a model of MC(G,X) over the dual field (2.2.1) E(G,X),
i.e. a scheme M(G,X) over E(G,X) equipped with an isomorphism M(G,X)⊗E(G,X) C ∼=
MC(G,X), this way of defining MC(G,X) over E(G,X) having the suitable properties
(G(Af )-equivariance, and Galois properties of special points (2.2.4)). We define also the
notion of weakly canonical model (same definition as the canonical model, with E(G,X)
replaced by a finite extension E ⊂ C). They play a technical role in the construction of
canonical models. The apparent differences between the definitions of 2.1, 2.2 and those of
[5] come from another choice of sign conventions (right action versus left action, reciprocity
law in global class field theory...).
For a heuristic description, I refer to the introduction of [5]. For a short description, over
examples, of how we go from the adelic language to a more classical language, I refer to
[5,1.6-1.11, 3.14-3.16, 4.11-4.16].
In [5], we have systematized the methods introduced by Shimura for the construction of
canonical models. In the second part of the present article, we improve the results of [5]. To
number 2.6, we determine the Galois group action Gal(Q/E) over the set of geometrically
connected components of a weakly canonical model (supposed to exist) of MC(G,X) over
E, without assuming, as in [5], that the derivative group of G is simply connected. The
essential point is the construction, given to number 2.4, of a morphism of the following type.
Let G be a reductive group (connected) over Q, ρ : G → G is the universal cover of its
derived group Gder and M is a conjugate class, defined over a number field E, of morphisms
of Gm in G. We construct a morphism qM of idele class group of E in the abelian quotient

G(A)/ρG̃(A)·G(Q) of G(A). This morphism is functorial in (G,M), and, if F is an extension
of E, the diagram (see Deligne P3) is commutative. If G has no factor G′ over Q such that
G′(R) is compact, we deduce from the theorem of strong approximation that

π0(G(A)/ρG̃(A)G(Q)) = π0(G(A)/G(Q))

and qM provides an action on π0(G(A)/G(Q)) of π0(C(E)), the abelianization of the Galois
group Gal(Q/E)ab according to global class field theory.

The second new idea—in fact a return to the point of view of Shimura—is the following ob-
servation: the results of 2.6 allows us to reconstruct a weakly canonical model ME(G,X) of
MC(G,X) from its neutral component M0

Q(G,X+) (a geometrically connected component,

dependent on the choice of a connected component X+ of X), equipped with the (semi-
linear) action of subgroup H of G(Af ) × Gal(Q/E) who stabilizes it. Let Z be the center
of G, Gad the adjoint group, Gad(R)+ the topological neutral component of Gad(R), and
Gad(Q)+ = Gad(Q) ∩ Gad(R)+. The closure Z(Q)− of Z(Q) in G(Af ) acting trivially on
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MC(G,X), the action of H over M0
Q(G,X+) factorize by H/Z(Q)−. We can in fact make

a group a little bigger, extension of Gal(Q/E) by the completion of Gad(Q)+ for the image
topology of congruence subgroups of Gder(Q).

Up to a unique isomorphism, this extension only depends on Gad, Gder and on the projec-
tion X+ ad of X+ in Gad (2.5). We note it EE(Gad, Gder, X+ ad). The neutral component
M0

C(G,X+) is the projective limit of quotients of X+ ad by the arithmetic subgroups of
Gad(Q)+, images of congruence subgroups of Gder(Q). We finally check that the conditions
that must verify its model M0

Q(G,X+) over Q, and the action of EE(Gad, Gder, X+ ad), corre-

sponding to a weakly canonical model, only depend on the adjoint group Gad, on X+ ad, on
covering Gder of Gad and on the finite extension E (contained in C) of E(Gad, X+ ad). These
conditions define the weakly canonical model(respectively canonical, for E = E(Gad, X+ ad))
connected (2.7.10).
The problem of existence of a canonical model therefore only depends on, basically, the
derived group. This reduction to derived group is a much more convenient version of the
clumsy method of modifying the center of h in [5, 5.11].
In 2.3, we are building a provision of canonical model at the aid of symplectic embeddings,
invoking [5, 4.21 and 5.7]. The results of 1.3 allows us to obtain symplectic embeddings
desired with very little calculations. In 2.7, we explained the reduction to derived group out-
lined above and we deduce from 2.3 an existence criterion of canonical models that covers
all known cases (Shimura, Miyake and Shih).
In this article, we use the equivalence between weakly canonical models and connected weakly
canonical models for carrying to these results of [5] (uniqueness, construction of a canoni-
cal model from a family of weakly canonical models). It would have been more natural to
transpose the proofs, and to transpose likewise the functorialities [5,5.4], and the passage to
a subgroup [5, 5.7] (avoiding by the oracular proposition [5,1.15]). The lack of time, and the
tiredness, prevented me.
I recently showed that we could make sense purely algebraically of the notion of rational
cycle of type (p, p), over an abelian variety A (over a field of characteristic 0). We can find
from the existence criterion 2.3.1. of canonical models, and give a modular description of
models obtained with its help (cf. [9]). This description unfortunately does not lend itself
to the reduction mod p. This method avoids recourse to [5,5.7], (and by the [5,1.15]) and
provides the partial information on the conjugate Shimura variety.

0. Recalls, Terminology and Notations.

0.1. We will have to use the strong theorem of approximation, the theorem of real approxi-
mation, the Hasse principle and the nullity of H1(K,G) for G simply connected semi-simple
over a non-archimedean local field. The bibliographical indications on these theorems are
given in [5, (0.1) to (0.4)]. Also note the article of G. Prasad (Strong approximation for
semi-simple groups over function fields, Ann. of Math. 1977) proving the theorem of strong
approximation over any global field. Let G be a semi-simple simply connected group, of
center Z, over a global field K. We only use the Hasse principle for H1(K,G) only for the
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classes in the image of H1(K,Z). In particular, we do not care about the factors E8.

0.2. Reductive Group always signifies connected reductive groups. A covering of a reduc-
tive group is a connected covering. Adjoint group signifies reductive adjoint groups. If G
is a reductive group, we will note Gad as the adjoint group, Gder the derived group, and

ρ : G̃→ Gder the universal covering of Gder. We will often note Z (or Z(G)) as the center of

G, and (conflict of notation) Z̃ that of G̃.

0.3. We will note by an exponent 0 an algebraic connected component (for example: Z0

is the neutral component of center Z of G). The exponent + designates a topological con-
nected component (for example: G(R)+ is the topological neutral component of the group
of real points of a group G). We will also note G(Q)+ the trace of G(R)+ over G(Q). For G
reductive real, we will note by an index + the inverse image of Gad(R)+ in G(R). Likewise
the notation + for the trace over a group of rational points.
For X a topological space, we note π0(X) the set of such connected components, equipped
with the quotient topology of that of X. In this article, the space π0(X) will always be
discrete, or totally discontinuous compact.

0.4. A Hermitian symmetric domain is a Hermitian symmetric space with curvature < 0
(i.e. without Euclidean factor or compact).

0.5. Unless explicitly stated otherwise, a vector space is assumed to be of finite dimension,
and a number field is supposed to be a finite degree over Q. The number field that we will
have to consider will be more often contained in C; Q designates the algebraic closure of Q
in C.

0.6. We let Ẑ = proj limZ/nZ =
∏
p

Zp, Af = Q ⊗ Ẑ =
∏
p

Qp (restricted product) and we

note A = R × Af the ring of adeles of Q. We designate sometimes again by A the ring of
adeles of any global field.

0.7. G(K), G ⊗F K,GK : for G a scheme over F (for example an algebraic group over F )
and K an F -algebra, we denote by G(K) the set of points of G with values in K, and by
GK or by G⊗F K the scheme over K deduced from G by scalar extension.

0.8. We will normalize the reciprocity isomorphism of global class field theory (=we will
choose its inverse)

π0A∗E/E∗
∼=−→ Gal(Q/E)ab

in such a way that the idele class is equal to a uniforization at ν and to 1 at other places
corresponding to a geometric Frobenius element (the inverse of a Frobenius substitution) (cf.
1.1.6 and the justification loc. cit. 3.6, 8.12).
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1. Hermitian Symmetric Domains.

1.1. Moduli space of Hodge structures.
1.1.1. Recall that a Hodge structure over a real vector space V is a bi-grading VC = ⊕V pq

of complexification of V , such that V pq is the complex conjugate V qp.
Define an action h of C∗ over VC by the formula

(1.1.1.1) h(z)v = z−pz−qv for v ∈ V pq

The h(z) commutes with the complex conjugation of VC, therefore are deduced by scalar
extension of an action, again noted as h, of C∗ over V . Regarding C as an extension of
R, and let S be a multiplicative group, considered as real algebraic group (in other words,
S = RC/RGm (scalar restriction in the sense of Weil)); we have S(R) = C∗, and h is an action
of algebraic group S. We verify that this construction defines an equivalence of categories:
(real vector spaces equipped with a Hodge structure)→ (real vector spaces equipped with
an action of real algebraic group S).
An inclusion R∗ ⊂ C∗ corresponds to an inclusion of real algebraic groups Gm ⊂ S.
We will note wh (or simply w) the restriction of h−1 to Gm, and will call it the weight
w : Gm → GL(V ). We say that V is homogeneous of weight n if V pq = 0 for p + q 6= n, i.e.
w(λ) is homothetic of ratio λn.
We will note µh (or simply µ) the action of Gm over VC defined by µ(z)v = z−pv for v ∈ V pq.

This is a composite Gm → SC
h−→ GL(VC).

The Hodge filtration Fh (or simply F ) is defined by F p = ⊕r≥pV rs. We say that V is of type
E ⊂ Z × Z if V pq = 0 for (p, q) 6∈ E .
More generally, if A is a sub-ring of R such that A ⊗ Q is a field (in practice, A = Z,Q or
R), a Hodge A-structure is an A-module V of finite type, equipped with a Hodge structure
over V ⊗A R.
Example 1.1.2. The fundamental example is the one where V = Hn(X,R), for X a compact
Kahler variety, and where V pq ⊂ Hn(X,C) is the space of cohomology classes represented
by a closed form of type (p, q). Other helpful examples are induced by the tensor product
operation, passage to a direct factor Hodge structure, or passage to dual. Therefore, the dual
Hn(X,R) of Hn(X,R) is equipped with a Hodge structure of weight −n. The homology, or
the cohomology, integrally provide Hodge Z-structures.
Example 1.1.3. The Hodge structures of type {(−1, 0), (0,−1)} are those for which the action
h of C∗ = S(R) is induced by a complex structure over V ; for V of this type, the projection
pr of V over V −1,0 ⊂ VC is bijective, and satisfies pr(h(z)v) = z pr(v).
Example 1.1.4. Let A be a complex torus; this is the quotient L/Γ of its Lie algebra L by a

lattice Γ. We have Γ⊗R
∼=−→ L, hence a complex structure over Γ⊗R. Consider this one as

a Hodge structure (1.1.3). Via the isomorphism Γ = H1(A,Z), this is the one of 1.1.2.
Example 1.1.5. The Hodge structure of Tate Z(1) is the Hodge Z-structure of type (−1,−1)
of integral lattice 2πiZ ⊂ C. The exponential identifies C∗ to C/Z(1), hence an isomorphism
Z(1) = H1(C∗). The Hodge structure Z(n) := Z(1)⊗n (n ∈ Z) is the Hodge Z-structure of
type (−n,−n) of integral lattice (2πi)nZ. We note ...(n) the tensor product of ... by Z(n)
(Tate twist).
1.1.6. Remark. The rule h(z)v = z−pz−qv for v ∈ V pq is the one I use in (Les constantes
des equations fonctionnelles des fonctions L, Anvers II, Lecture Notes in Math, 349) and the
inverse of that of [6]. It is justified on the one hand by example 1.1.4 above, on the other
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hand by the wish that C∗ acts on R(1) by multiplication by the norm (cf. loc. cit., end of
8.12).
1.1.7. A variation of Hodge structure over a complex analytic variety S consists of
(a) A local system V of real vector space;
(b) in each point of S, a Hodge structure on the fibre of V at s, varying continuously with s.
We require that the Hodge filtration vary holomorphically with s, and satisfy the transver-
sality axiom: the derivative of a section of F p is in F p−1.
We will often be given a local system VZ of Z-modules of finite type, such that V = VZ ⊗R.
We will speak then of the variation of Hodge Z-structures. Likewise for Z replaced by a ring
A as in 1.1.1.
Remark 1.1.8. Regarding S as being a real variety, whose tangent space at each point is
equipped with a complex structure, i.e. of a Hodge structure of type {(−1, 0), (0,−1)}. The
integrability of the almost complex structure of S expresses itself by saying that that the
vector field hook is compatible with Hodge filtration of complexification of tangent fibre:
[T 0,−1, T 0,−1] ⊂ T 0,−1. Likewise, the axioms of variations of Hodge structure express that
the derivation (fibre tangent)⊗R(sections C∞ of V )→(sections C∞ of V ) (or rather the com-
plexification of this map) is compatible with Hodge filtrations: ∂DF

p ⊂ F p for D in T 0,−1

(holomorphic) and ∂DF
p ⊂ F p−1 for D arbitrary (transversality).

Principle 1.1.9. In algebraic geometry, whenever there is a Hodge structure dependent on
complex parameters, it is a variation of Hodge structures over the space of parameters. The
fundamental example is 1.1.2, with parameters: if f : X → S is a proper and smooth
morphism, of fibres Xs Kahler, the Hn(Xs,Z) form a local system over S, and the Hodge
filtration over the complexification Hn(Xs,C) vary holomorphically with s and satisfy the
axiom of transversality.
1.1.10. A polarization of a real Hodge structure V , of weight n, is a morphism Ψ : V ⊗ V →
R(−n) such that the form (2πi)nΨ(x, h(i)y) is symmetric and positive definite. Likewise for
the Hodge Z-structures, replacing R(−n) by Z(−n), ... Since Ψ(h(i)x, y) = Ψ(x, h(−i)y)
(h(i) is trivial over R(−n)), and that h(−i)y = (−1)nh(i)y, the condition of symmetry re-
turns to: Ψ symmetric for n even, alternating for n odd.
The Hodge structures who appear in algebraic geometry are the homogeneous and polariz-
able Hodge Z-strutures. Fundamental example: the theorems of positivity of Hodge ensure
that Hn(X,Z), for X a projective and smooth variety, is polarizable (note that h(i) is the
operation denoted as C by Weil in his book about the Kahler varieties).
1.1.11. Let the real vector spaces (Vi)i∈I and a family of tensors (sj)j∈J in the tensor product
of tensor powers of Vi and of their duals. We are interested in families of Hodge structures
over the Vi, for which the sj are of type (0, 0). To interpret this condition “type (0, 0)” in
the particular case, note that f : V → W is a morphism if and only if, as an element of
Hom(V,W ) = V ∗ ⊗W , it is of type (0, 0).
Let G be an algebraic subgroup of

∏
GL(Vi) which fixes the sj. According to 1.1.1, a family

of Hodge structures over the Vi’s is identified to a morphism h : S →
∏

GL(Vi). For the sj
to be of type (0, 0), it is necessary and sufficient that h itself factorizes through G: it is to
consider the algebraic morphisms h : S → G.
We can regard G, rather than the system of Vi and sj, as the primary object: if G is a real
linear algebraic group, it returns the same as giving h : S → G, or to give oneself on each
representation V of G a Hodge structure, functorial for the G-morphisms and compatible
with tensor products (cf. Saavedra, [10, VI, §2]). The morphisms wh and µh of 1.1.1 become
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the morphisms of Gm in G, and of Gm in GC respectively.
1.1.12. The construction 1.1.11 brought to consider the moduli space of Hodge structures
of the following type: we fix a real linear algebraic group G, and we consider a connected
component (topological) X of the space of morphisms (=homomorphisms of algebraic groups
over R) of S in G.
Let G1 be smaller algebraic subgroup of G by which factorize the h ∈ X : X is again a
connected component of the space of morphisms of S in G1. Since S is of multiplicative
type, any two elements of X are conjugate: the space X is a G1(R)+-conjugate class of
morphisms of S in G. It’s also a G(R)+-conjugate class, and G1 is a subgroup invariant
under the neutral component of G.
1.1.13. See 1.1.9 and 1.1.10, we only consider that the X such that, for a faithful family Vi
of representations of G, we have
(α) For every i, the grading by weights of Vi (of complexification the grading of ViC by the
V n
iC = ⊕p+q=nV pq

i ) is independent of h ∈ X. Equivalent conditions: h(R∗) is central in
G(R)0; the adjoint representation is of weight 0.
(β) For a suitable complex structure over X, and every i, the family of Hodge structures
defined by the h ∈ X is a variation of Hodge structure over X.
(γ) If V is the homogeneous component of a weight n of a Vi, there exists Ψ : V ⊗V → R(−n)
which, for every h ∈ X, is a polarization of V .

Proposition 1.1.14. Suppose checked (α) above.
(i) There exists one and only one complex structure over X such that the Hodge filtration
of Vi varies holomorphically with h ∈ X.
(ii) The condition 1.1.13(β) is verified if and only if the adjoint representation is of type
{(−1, 1), (0, 0), (1,−1)}.
(iii) The condition 1.1.13(γ) is verified if and only if G1 (defined in 1.1.12) is reductive and
that, for h ∈ X, the interior automorphism inth(i) induces a Cartan involution of its group
adjoint.

(i) Let V be the sum of Vi. This is a faithful representation of G. A Hodge structure is
determined by the corresponding Hodge filtration (plus the grading by the weights if we are
not in the homogeneous case): in weight n = p + q, we have V pq = F p ∩ F q

. The map ϕ of
X in the Grassmannian of VC: h 7→ the corresponding Hodge filtration, is thus injective. We
will verify that it identifies X to a complex sub-variety of this Grassmannian; this proves (i):
the complex structure over X induces from that of the Grassmannian is the only for which
ϕ is holomorphic.
Let L be the Lie algebra of G and p : L → End(V ) its action on V . The action p is a
morphism of G-modules, injective by hypothesis. For every h ∈ X, this is also a morphism
of Hodge structures. The tangent space to X in h is the quotient of L by the Lie algebra
of stabilizer of h—to know the subspace L00 of L for the Hodge structure of L defined by
h. The tangent space to the Grassmannian in ϕ(h) is End(VC)/F 0(End(VC)). Finally, dϕ is
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the composite

L/L00 End(V )/End(V )00

LC/F
0LC End(VC)/F 0 End(VC)

p

∼= ∼=

p

Since p is an injective morphisms of Hodge structures, dϕ is injective; its image is that of
LC/F

0LC, a complex sub-space, hence the assertion.
(ii) The transversality axiom signifies that the image of dϕ is in F−1 End(VC)/F 0 End(VC),
i.e. that LC = F−1LC.
To prove (iii), we will make use of [7,2.8], recalled below. Recall that a Cartan involu-
tion of a real linear algebraic group (not necessarily connected) G is an involution σ of G
such that the real form Gσ of G (of complex conjugation g → σ(g)) is compact: Gσ(R)
is compact and meets every connected component of Gσ(C) = G(C). For C ∈ G(R) of
central square, a C-polarization of a representation V of G is a G-invariant bilinear form
Ψ, such that Ψ(x,Cy) is symmetric and definite > 0. For every g ∈ G(R), we have thus
Ψ(x, gCg−1y) = Ψ(g−1x,Cg−1y): the notion of C-polarization only depends on the G(R)-
conjugate class of C.
Recall. 1.1.15 [7,2.8]. Let G be real algebraic and C ∈ G(R) of central square. The following
conditions are equivalent:
(i) intC is a Cartan involution of G;
(ii) Every real representation of G is C-polarizable;
(iii) G admits a real C-polarizable faithful representation.
We will note that the condition 1.1.15(i) leads that G0 is reductive—to have a compact form.
It only depends on the conjugate class of C.
To prove 1.1.14(iii). Let G2 be the smallest algebraic subgroup of G through which the
restrictions of h ∈ X to U1 ⊂ C∗ factorize. For a bilinear form Ψ : V ⊗ V → R(−n) satis-
fying 1.1.13(γ), it is necessary and sufficient that (2πi)nΨ : V ⊗ V → R is invariant under
the h(U1)—thus under G2—(this expressed that Ψ is a morphism), and a h(i)-polarization
According to 1.1.15, 1.1.13(γ) equals: inth(i) is a Cartan involution of G2.
We deduce first that G1 is reductive: G2 is, to get a compact form, and G1 is a quotient
of product Gm × G2. Since G2 is generated by the compact subgroups, its connected cen-
ter is compact: it is isogenous to the quotient of G2 by its derived group. The involution
θ = inth(i) is thus a Cartan involution of G2 if and only if it is one of its adjoint groups,
and we conclude noting that G1 and G2 have the same group adjoint.
The conditions in 1.1.14 only depends on (G,X), we have the

COROLLARY 1.1.16. The conditions 1.1.13(α), (β), (γ) do not depend on the chosen faith-
ful family of representations Vi.

COROLLARY 1.1.17. The space X of 1.1.13 are the hermitian symmetric domains.

A. Prove X of this type. We come back successively to suppose:
(1) That G = G1: replace G by G1 does not change X, neither the conditions 1.1.13.
(2) That G is adjoint: by (1), G is reductive, and its quotient by a central finite sub-group
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is the product of a torus T by its adjoint group Gad. The space X is identified again to a
connected component of the space of morphisms of S/Gm in Gad: if such a morphism lifts
to a morphism of S in G, with a projection given in T , the lifting is unique. The conditions
enunciated in 1.1.14 remain verified.
(3) That G is simple: decompose G into a product of simple groups Gi; this decomposes X
into a product of spaces Xi relating to Gi.
Thus let G be a simple adjoint group, and X a G(R)+-conjugate-class of non-trivial mor-
phisms h : S/Gm → G, satisfying the conditions of 1.1.14(ii),(iii). The group G is non-
compact: if not, inth(i) would be trivial (by(iii)), LieG would be of type (0, 0) (by (ii)) and
h would be trivial. Let h ∈ X. According to (iii), its centralizer is compact; there thus
exists over X a G(R)+-equivariant Riemannian structure. According to (ii), h(i) acts on the
tangent space Lie(G)/Lie(G)00 of X in h by −1: the space X is symmetric Riemmanian.
We finally verify that it is Hermitian symmetric for the complex structure 1.1.14(i). It is of
non-compact type (curvature< 0) because G is non-compact.
B. Reciprocally, if X is a hermitian symmetric space, and that x ∈ X, we know that the
multiplication by u (|u| = 1) over the tangent space Tx to X at x extends an automorphism
mx(u) of X. Let A be the group of automorphisms of X, and h(Z) = m(z/z) for z ∈ C∗. The
centralizer Ax of x commutes with h, and the condition of 1.1.14(ii) is thus verified: Lie(Ax)
is of type (0, 0), and Tx = Lie(A)/Lie(Ax) of type {(−1, 1), (1,−1)}. Finally, we know that
A is the neutral component of G(R), for G adjoint, and that the symmetric Riemannian
space X is with curvature< 0 if and only if the symmetry h(i) provides a Cartan involution
of G (see Helgason [8]).
1.1.18. Indicate two variants of 1.1.15 (cf. [7, 2.11]).
(a) We give a real reductive algebraic group (0.2) G, and G(R)-conjugate class of morphisms
h : S → G. We suppose that wh—noted as w—is central, thus independent of h (condition
1.1.13(α)), and that inth(i) is a Cartan involution of G/w(Gm).
Since G is reductive, w(Gm) admits a supplement G2: a connected invariant subgroup such
that G is quotient of w(Gm) × G2 by a finite central subgroup. It is unique: generated by
the derived group and the largest compact sub-torus of the center. It contains the h(U1)
(h ∈ X), and inth(i) is a Cartan involution. If V is a representation of G, its restriction to
G2 admits thus a h(i)-polarization Φ. If V is of weight n, w(Gm) acts by similitudes, thus G
likewise: for a suitable representation of G over R, Φ is covariant. For this representation, R
is of type (n, n); this allows G to act on R(n), in a way compatible with its Hodge structure,
and to see Ψ = (2πi)−nΦ as a G-invariant polarization form: V ⊗ V → R(−n).
(b) Suppose that G is deduced by scalar extensions to R of GQ over Q, and that w is de-
fined over Q. The group G2 is thus defined over Q because this is the unique supplement
of w(Gm), and every character of G/G2 is defined over Q, because this group is trivial or
isomorphic, over Q, to Gm. If a (rational) representation V of GQ is of weight n, the G-
invariant bilinear form V ⊗ V → Q(−n) forms a vector space F over Q. The set of those
which are of polarization (rel. h ∈ X) is the trace over F of an open of FR, and this open is
non-empty according to (a). There thus exists a polarization form Ψ : V ⊗V → Q(n) which
is G-invariant.
We will take care that the forms in (a) and (b) are not always of polarization for every
h′ ∈ X: if h′ = int(g)(h), the formula Ψ(x, h′(i)y) = gΨ(g−1x, h(i)g−1y) shows that the
form (2πi)nΨ(x, h′(i)y) is symmetric and definite—but positive definite or negative definite
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according to the action of g over R(−n).

1.2. Classification.
In the sequence of this paragraph, we use the relation 1.1.17 between Hermitian symmetric
domains and moduli spaces of Hodge structures, to reformulate certain results of [1] and [8],
and give some supplements.
1.2.1. Consider the system (G,X) formed of a real simple adjoint algebraic group, and of a
G(R)-conjugate class of real algebraic group morphism h : S → G, satisfying (the notations
are those of 1.1.1,1.1.11).
(i) The adjoint representation Lie(G) is of type {(−1, 1), (0, 0), (1,−1)} (in particular, h is
trivial over Gm ⊂ S);
(ii) inth(i) is a Cartan involution;
(iii) h is non-trivial or—which amounts to the same (cf. 1.1.17)—G is non-compact.
According to 1.1.17, the connected components of space X thus obtained are the irreducible
Hermitian symmetric domains.
The hypotheses (ii) assure that the Cartan involutions of G are the inner automorphisms,
therefore that G is an inner form of its compact form (cf. 1.2.3). In particular, G, being
simple, is absolutely simple.
The G(C)-conjugate class of µh : Gm → GC does not depend on the choice of h ∈ X. We
will note it MX .

PROPOSITION 1.2.2. Let GC be a complex simple adjoint algebraic group. Every system
(G,X) forms a real form G of GC, and of X satisfying 1.2.1(i), (ii), (iii) associates MX .
We obtain thus a bijection between GC(C)-conjugate classes of system (G,X), and GC(C)-
conjugate classes of non-trivial morphisms µ : Gm → GC satisfying the following condition.
(*) In the representation adµ of Gm over Lie(GC), only appear the characters z, 1 and z−1.

To verify 1.2.2, we use the eduality between Hermitian symmetric domains, and compact
symmetric Hermitian spaces:
1.2.3. Let G be a real form of GC, X a G(R)-conjugate class of morphisms of S/Gm in G,
and h ∈ X. The real form G corresponds to a complex conjugate σ over GC; define G∗ as
the real form of complex conjugate int(h(i))σ:

G∗(R) = {g ∈ C|g = int(h(i))σ(g)}.

The morphism h is again defined over R, of S/Gm in G∗: we have h(C∗/R∗) ⊂ G∗(R); define
X∗ as the G∗(R)-conjugate class of h. The construction (G,X)→ (G∗, X∗) is an involution
over the set of GC(C)-conjugate classes of systems (G,X) forms of a real form G of GC, and
of a G(R)-conjugate class of nontrivial morphisms of S/Gm in G. It exchanges the (G,X)
as in 1.2.2, and the (G,X) such that G is compact and that X satisfies 1.2.1(i).
We know that the compact real forms of GC are all conjugated with one another. Since if
g ∈ GC, normalize a real form G, we have g ∈ G(R) (this is because that G is adjoint), the
duality brings back 1.2.2 to the following statement:
LEMMA 1.2.4. Let G be a compact form of GC. The construction h→ µh induces a bijec-
tion between
(a) G(R)-conjugate classes morphisms h : S/Gm → G, satisfying 1.2.1(i), and
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(b) GC(C)-conjugate class of morphisms µ : Gm → GC , satisfying 1.2.2(*).

Let T be a maximal torus of G, and TC its complexification. We first verify that the map
h 7→ µh : Hom(S/Gm, T )→ Hom(Gm, TC) is bijective. If W is the Weil group of T , we know
that

Hom(U1, T )/W
∼=−→ Hom(U1, G)/G(R)

and
Hom(Gm, TC)/W

∼=−→ Hom(Gm, GC)/GC(C)

The map h→ µh thus induces a bijection

Hom(S/Gm, G)/G(R)
∼=−→ Hom(Gm, G)/GC(C)

and, so that h verifies 1.2.1(i), it is necessary and sufficient that µh verifies 1.2.2(*).

1.2.5. Let G be a simple adjoint complex algebraic group. We are going to enumerate the
conjugate class of nontrivial morphisms µ : Gm → G satisfying 1.2.2(*), in terms of Dynkin
diagram D of G. Remember that the latter is canonically attached to G— in particular, the
automorphisms of G acts on D—we can identify its vertices to conjugate classes of maximal
parabolic subgroups.
Let T be a maximal torus, X(T ) = Hom(T,Gm), Y (T ) = Hom(Gm, T ) (the dual of X(T ) for
the pairing X(T ) × Y (T ) → 0 Hom(Gm,Gm) = Z), R ⊂ X(T ) the set of roots, B a simple
root system, α0 the opposite of the largest root and B+ = B ∪ {α0}. The vertices of D are
parametrized by B, and those of Dynkin diagram expanded D+ by B+.

A conjugate class of morphisms of Gm in G is a unique representative µ ∈ Y (T ) in the
fundamental chamber 〈α, µ〉 ≥ 0 for α ∈ B. It is uniquely determined by the positive
integers 〈α, µ〉 (α ∈ B) and, G being adjoint, these can be arbitrarily prescribed. The
condition 1.2.2(*), for µ non-trivial, this rewrites as

(∗)′ 〈α0, µ〉 = −1

Let’s write the largest root as linear combination of simple roots,
∑

α∈B+

n(α)α = 0, with

n(α0) = 1, and call special the vertices of D+ such that, for the corresponding root α ∈ B+,
we have n(α) = 1. We know that the quotient of the group of coweights by that of co-roots
acts on D+, and in a simply transitive way over the set of special vertices. The special
vertices are thus the conjugates under Aut(D+) of the vertex corresponding to α0, and their
number is the index of connection |π1(G)| of G (cf. Bourbaki [4, VI, 2 ex 2 and 5a]).
The condition (*)’rewrites as:
(*)” For a simple root α ∈ B corresponding to a special vertex of D, we have 〈α, µ〉 = 1.
For the other simple roots, 〈α, µ〉 = 0.

1.2.6. In total, the GC(C)-conjugate class of system (G,X) as in 1.2.2 are parametrized by
the special nodes of Dynkin diagram D of GC. In particular, for G a real form given by
GC, X is determined by the corresponding special nodes s(X) (G(R) ⊂ GC(C) is indeed its
proper normalizer). The nodes corresponding to X−1 = {h−1|h ∈ X} are the transform of
s(X) by the opposition involution.
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In 1.2.3, G and G∗ are the inner forms of one of the other. If there exists X verifying 1.2.1(i),
(ii), (iii), G is thus an inner form of a compact form. In other terms, the complex conjugation
acts on the Dynkin diagram of GC by the opposition involution.

PROPOSITION 1.2.7. Let G be a real simple adjoint algebraic group, and suppose that
there exists morphisms h : C∗/R∗ → G verifying 1.2.1(i),(ii), (iii). The set of these mor-
phisms then have two connected components, exchanged by h 7→ h−1. Each has for stabilizer
the neutral component G(R)+ of G.

The hypothesis (ii) ensures that the centralizer K of h(i) is a compact maximal sub-

group of G(R). In particular, π0(K)
∼−→ π0G(R). It has the same Lie algebra as the

centralizer of h. The latter is a connected algebraic group—as centralizer of a torus—
and compact—as subgroup of centralizer of h(i). It is thus topologically connected and
Centr(h)= K+ = K ∩ G(R)+. The center of K+ is of dimension 1: the complexification
of K+ is the centralizer of µh therefore, according to (∗)′′, a Levi subgroup of a maxi-
mal parabolic subgroup. We can also deduce from it that the representation of K+ over
Lie(G)/Lie(K+) is irreducible (cf. [8, proof of V, 1.1]). The morphism h is thus an isomor-
phism of S/Gm with the connected center of K+, and, K+ determines h up to a sign. A
fortiori, h(i) determines h up to a sign. Thenceforth
(a) The map h 7→ h(i) is 2:1.
(b) It sends isomorphically the orbit G(R)+/K+ of h under G(R)+ to the set G(R)/K of
every Cartan involution in G(R).
The proposition thus results.

COROLLARY 1.2.8. Let (G,X) be as in 1.2.1, and s the corresponding vertex of Dynkin
diagram of GC.
(i) If s is not fixed by the opposition involution, G(R) and X are connected.
(ii) If s is fixed by the opposition involution, G(R) and X have two connected components;
the components of X are exchanged by h 7→ h−1, and by the g ∈ G(R)−G(R)+.

Note that the case (i) is again characterzed by the equivalent conditions
(i’) The system of relative roots of G is of type C (rather BC);
(i”) X is a tube domain.

1.3. Symplectic embeddings.
1.3.1. Let V be a real vector space, equipped with a non-degenerate alternating form Ψ.
The corresponding Siegel half-space S+ admits the following description: this is the space of
complex structures h over V , such that Ψ is of type (1,1) (to identify (1.1.3) between com-
plex structures and Hodge structures of type {(-1,0),(0,-1)} and that the form Ψ(x, h(i)x) is
symmetric and positive definite.
If we replace “positive definite” by “definite”, the double Siegel half-space S± obtained is
a conjugate class of morphisms h : S → CSp(V ) (CSp =symplectic similitudes; in [5], this
group is noted as Gp).
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1.3.2. Let G be real adjoint algebraic group (0.2) and X a conjugate class of morphisms
h : S → G. We suppose we have checked the conditions (i), (ii) of 1.2.1, and we replace (iii)
by
(iii’) G is without compact factor.
The system (G,X) is thus a product of systems (Gi, Xi) as in 1.2.1, and Xi correspond to a
special vertex of Dynkin diagram of GiC (1.2.6).
Consider the diagram

(G,X)← (G1, X1)→ (CSp(V ), S±)

where G is the adjoint group of reductive group G1, and where X1 is a G1(R)-conjugate class

of morphisms of S in G1. We have a section G̃ → G1, so that V is a representation of G̃.
Our goal is the determination 1.3.8. of nontrivial irreducible complex representations W of

G̃, which is essentially equivalent to appearing in the complexification of a representation
thus obtained. This problem is resolved by Satake in [11].

Lemma 1.3.3. It suffices to show that there exists (G1, X1)→ (G,X), as above, and a linear
representation (V, ρ) of type {(−1, 0), (0,−1)} of G1, such that W figures in VC.

Replace G1 by the subgroup generated by the derived group G′1 and by the image of h,
we come back to suppose that inth(i) is a Cartan involution of G1/w(Gm). There thus
exists over V a polarization form Ψ (1.18(a)), such that ρ is a morphism of (G1, X1) in
(CSp(V ), S±).

1.3.4. Consider the following projective system (Hn)n∈N : N is ordered by divisibility,
Hn = Gm, and the transition morphism of Hnd in Hn is x 7→ xd (lim projHn is the uni-
versal covering—in the algebraic sense—of Gm). A fractional morphism of Gm in a group
H is an element of lim inj Hom(Hn, H). The same applies to the group S. For µ : Gm → H
fractional, defined by µn : Hn = Gm → H, and V a linear representation of H, V is sum
of sub-spaces Va for (a ∈ (1/n)Z) such that, via µn, Gm acts on Va by multiplication by
xna. The a such that Va 6= 0 are the weights of µ in V . Likewise, a fractional morphism
h : S → H determines a fractional Hodge decomposition V r,s of V (r, s ∈ Q).

LEMMA 1.3.5. For h ∈ X, let µh be the fractional lifting of µh to G̃C. The representation
W of 1.3.2 are those such that µh only has two weights a and a+ 1.
The condition is necessary: falling h under h1 ∈ X1, we have µh1 = µh · ν, with ν central.
Over V , µh1 has the weights 0 and 1. If −a is the unique weight of ν over W irreducible in
VC, the only weights of µh over W are a and a + 1. For W nontrivial, the action of Gm via
µ̃nh (n sufficiently divisible) is non-trivial (because GC is simple), thus non-central, and the
two weights a and a+ 1 appear.
The condition is sufficient: take for V the real vector space underlying W , and for group

G1 the group generated by the image of G̃, and by the group of homotheties. For h ∈ X,

of fractional lifting h̃ to G̃, let h1(z) = h(z)z−az1−a. If Wa and Wa+1 are the subspace of

weights a and a+1 of W , h̃ acts on Wa (respectively Wa+1) by (z/z)a (respectively (z/z)1+a),
and h1 by z (respectively z): h1 is a real morphism of S in G1, of projection h in G, and V
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is of type {(−1, 0), (0,−1)} rel. h1. It remains only to apply 1.3.3.

1.3.6. Translate the condition 1.3.5. in terms of roots. Let T be a maximal torus of GC, T̃

its inverse image in G̃C, B a system of simple roots of T , and µ ∈ Y (T ) the representative in
the fundamental chamber of the conjugate class of µh(h ∈ X). If α is the dominant weight
of W , the smallest weight is −τ(α), for τ the opposition involution. It’s about expressing
that 〈µ, β〉 only takes two values a and a+ 1, for β a weight of W . These weights all being
of the form (α+ a Z-linear combination of roots), and the 〈µ, z〉, for r a root, being integer,
the condition expressed by 〈µ,−τ(α)〉 = 〈µ, α〉 − 1, let

(1.3.6.1) 〈µ, α + τ(α)〉 = 1

Determine the solutions of (1.3.6.1). For every dominant weight α, 〈µ, α+τ(α)〉 is an integer,
because α + τ(α) is Z-linear combination of roots. If α 6= 0, it is > 0, otherwise µ could
cancel every weight of the corresponding representation. A dominant weight α satisfying
(1.3.6.1) therefore cannot be the sum of two weights:

LEMMA 1.3.7. Only the fundamental weights can verify 1.3.6.1.

1.3.8. According to 1.3.7, the desired representation W is factorized by a simple factor Gι

of G, and their dominant weights is a fundamental weight; it corresponds to a vertex of
Dynkin diagram Dι of GιC. The necessary ad sufficient condition (1.3.6.1) only depends on
the projection of µ in GιC; this one corresponds to a special vertex s of Dι (1.2.6), and s to
a simple root αs. The number 〈µ, ω〉, for ω a weight, is the coefficient of αs in the expression
of ω as Q-linear combination of simple roots. For ω fundamental, the coefficients are given
in the table of Bourbaki [4]. They are given by the following table, where are listed the
Dynkin diagrams equipped with a special vertex. Each vertex corresponds to a fundamental
weight ω, and we assigned it the number 〈µ, ω〉. These vertices correspond to the weights
that satisfy (1.3.6.1) are underlined.
Table 1.3.9. In the table, ... indicates an arithmetic progression. (see the table on P15 of
Deligne).

REMARK 1.3.10. (i) For G exceptionally simple, any representation W does not verify 1.3.2.
(ii) For G classical simple, except the case DH

l (l ≥ 5), the representation W of 1.3.2 form a

faithful system of representations of G̃ (to know, the algebraic connected component of the
automorphism group of a vector space over H equipped with a non-degenerate anti-hermitian
form—an inner form of SO(2n)).

2. Shimura Varieties.
2.0. Preliminaries.
2.0.1. Let G be a group, Γ a subgroup and ϕ : Γ→ ∆ a morphism. Suppose given an action
r of ∆ over G, which stabilizes Γ, and such that
(a) r(ϕ(γ)) is the inner automorphism intγ of G;
(b) ϕ is compatible with actions of ∆, on Γ by r, and on itself by inner automorphisms:
ϕ(r(δ)(γ)) = intδ(ϕ(γ)).
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Form the semi-direct product G o ∆. The conditions (a), (b) return to say that the set of
γ · ϕ(γ)−1 is a distinguished subgroup, and we define G ∗Γ ∆ as the quotient of G o ∆ by
this subgroup.
We note that the hypothesis leads that Z = ker(ϕ) is central in G, and that Im(ϕ) is a
distinguished subgroup of ∆. The lines of diagram (2.0.1.1) are exact, thus an isomorphism

Γ\G
∼=−→ ∆\G ∗Γ ∆

and, highlighting, a right action of G ∗Γ ∆ over Γ\G. For this action, G acts by right trans-
lations, and ∆ by right action r−1.
If G is a topological group, that ∆ is discrete, and that the action r is continuous, the
group G ∗Γ ∆, equipped with the quotient topology of that of Go∆, is a topological group,
G/ ker(ϕ) is an open subgroup, and the map (2.0.1.2) is a homeomorphism.
The construction 2.0.1 makes sense in the category of algebraic groups over a field. If G is a

reductive group over k, we have a canonical isomorphism G = G̃ ∗Z(G̃) Z(G) (for the trivial

action of Z(G) over G̃).

2.0.2. Let G be an algebraic group over a field k, and Gad the quotient of G by its center Z.
The action by inner automorphisms of G over itself (x, y)→ xyx−1 : G×G→ G is invariant
by Z × {e} acting by translation, thus factorize by an action of Gad over G. Take care that
the action of γ ∈ Gad(k) over G(k) is not necessarily an inner automorphism of G(k) (the
projection of G(k) in Gad(k) is not always surjective). A typical example is the action of
PGL(n, k) over SL(n, k).
Likewise, the “commutator” map (x, y) = xyx−1y−1 : G × G → G is invariant by Z × Z
acting by translation, and it factorizes by a “commutator” map ( , ) : Gad ×Gad → G.

All this, and the fact that these “commutators” and “inner automorphisms” satisfy the iden-
tities is best seen by descent, i.e. by interpreting G as a sheaf of groups over a suitable site,
and Gad as the quotient of this sheaf of groups by its center. In characteristic 0, if we are
only interested in the points of G over extensions of k, it suffices to use Galois descent—cf.
2.4.1, 2.4.2.

Variant. For G reductive over k, the groups G and G̃ have the same group adjoint, and the

previous constructions over G and G̃ are compatible. In particular, the commutator map
( , ) : G×G→ G a canonical factorization

( , ) : G×G→ Gad ×Gad → G̃→ G.

We deduce that the quotient of G(k) by the distinguished subgroup ρG̃(k) is abelian.

2.0.3. Let k be a global field of characteristic 0, A the ring of its adeles, G a semi-simple

group over k and N = ker(ρ : G̃ → G). Let S be a finite set of places of k, AS the ring of

S-adeles (restricted product extended to v /∈ S) and let ΓS = ρG̃(AS) ∩ G(k) (intersection
in G(AS)). It’s the group of elements of G(k) which, at every place v /∈ S, can be lifted in

G̃(kv) (remember that ρ : G̃(A)→ G(A) is proper).

The following long exact sequence of cohomology identifies G(k)/ρG̃(k) to a subgroup of
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H1(Gal(k/k), N(k)), and ΓS/ρG̃(k) to the elements locally zero at the places v /∈ S, from

this subgroup. In particular, ΓS/ρG̃(k) is contained in the subgroup H1(Gal(k/k), N(k))
of classes whose restriction to every monogenic subgroup is trivial (argument and notations
of [12]). If Im Gal(k/k) is the image of Galois in AutN(k), we have H1(Gal(k/k), N(k)) =

H1(Im Gal(k/k,N(k)) (loc. cit.); in particular, ΓS/ρG̃(k) is finite.

PROPOSITION 2.0.4. (i) ΓS only depends on the set of places v ∈ S where the decomposi-
tion group Dv ⊂ Im Gal(k/k) is non-cyclic. In particular, it does not change if we add to S
the places at infinity.

(ii) ΓS/ρG̃(k) is identified to subgroup of finite group H1(Im Gal(k/k,N(k)) formed of classes
of zero restriction at every decomposition subgroup Dv, v /∈ S. In particular, for big S, we

have ΓS/ρG̃(k) = H1(Im Gal(k/k,N(k)).

The restriction of an element of H1(Im Gal(k/k,N(k)) to a cyclic decomposition group is
automatically zero, hence (i). For (ii), we can suppose that S contains the places at infin-

ity. The Hasse principle for G̃ (for the classes coming from center) thus assures that every
element of group (ii) is effectively realized as class of obstruction.

COROLLARY 2.0.5. Every sufficiently small S-congruence subgroup of G(k) is in ΓS.

If U is an S-congruence subgroup, U/U ∩ ρG̃(k) is finite: the obstruction to lifting in G̃(k)
gets killed in a Galois extension of degree and of bounded ramification, so is in H1(Gal, N(k))
for Gal a finite quotient of Gal(k/k). The S-congruence conditions thus allows us to pass

from this H1 to ΓS/ρG̃(k), cf. [12].

REMARK 2.0.6. It should be noted that if G̃ satisfies the strong approximation theorem

rel. S, every S-congruence subgroup U ⊂ ΓS of G(k) is sent to ΓS/ρG̃(k).

COROLLARY 2.0.7. For every archimedean place v, a sufficiently small S-congruence sub-
group U of G(k) is in the topological connected component G(kv)

+ of G(kv).

Since G̃(kv) is connected, we have G(kv)
+ = ρG̃(kv) and U ⊂ ΓS = ΓS∪{v} ⊂ G(kv)

+ (2.0.4.
and 2.0.5).

COROLLARY 2.0.8. The subgroup G(k)ρG̃(AS) of G(AS) is closed, topologically isomor-

phic to ρG̃(AS) ∗ΓS G(k) (i.e. ρG̃(AS) is an open subgroup).

It is a subgroup because, seen 2.0.2, ρG̃(AS) is distinguished in G(AS), with a commutative

quotient. Let T ⊃ S be sufficiently large such that G̃(k) is dense in G̃(AT ) (strong approxi-
mation). Note kT−S as the product of kv for v ∈ T − S. For K a compact open subgroup of
G(AT ), we have

G(k)ρG̃(AS) = G(k)ρ(G̃(k) · G̃(kT−S)× ρ−1K) ⊂ G(k)(ρG̃(kT−S)×K).
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According to 2.0.5, for K sufficiently small, we have in G(AT ) : G(k) ∩ K ⊂ ΓT , hence in

G(AS) : G(k) ∩ (ρG̃(kT−S)×K) ⊂ ΓS ⊂ ρG̃(AS). The intersection of G(k)ρG̃(AS) with the

open subgroup ρG̃(kT−S)×K is thus contained in ρG̃(AS), and the corollary results.

COROLLARY 2.0.9. If G̃ satisfies the strong approximation theorem rel. S, the closure of

G(k) in G(AS) is G(k) · ρG̃(AS).

2.0.10. Let T be a torus over k and S a finite set of places containing the archimedean
places. Let U ⊂ T (k) be the group of S-units. According to a theorem of Chevaelly, every
subgroup of finite index of U is a congruence subgroup (see [12] for an elegant demonstra-
tion). It follows that if T ′ → T is an isogeny, the image of a congruence subgroup for T ′ is
a congruence subgroup for T .

2.0.11. Let G be reductive over k, ρ : G̃→ Gder the universal covering of its derived group,
and Z0 the neutral component of its center Z. Here are some corollaries of 2.0.10 (we sup-
pose that the finite set S of places contains the archimedean places).

COROLLARY 2.0.12. For U of finite index in the group of S-units of Z(k), there exists a
compact open subgroup K of G(AS) such that

G(k) ∩ (K ·Gder(AS)) ⊂ Gder(k) · U.

Apply 2.0.10. to the isogeny Z0 → G/Gder: for K small, an element γ of G(k) in K ·Gder(AS)
has a small image in (G/Gder)(k), for the topology of S-congruence subgroups, which can
be lifted to a small element z of Z(k), and γ = (γz−1) · z.

COROLLARY 2.0.13. The product of a congruence subgroup of Gder and a subgroup of
finite index of group of S-units of Z0(k) is an S-congruence subgroup of G(k).

COROLLARY 2.0.14. Every sufficiently small S-congruence subgroup of G(k) is contained
in the topological neutral component G(R)+ of G(R).

Apply 2.0.13, 2.0.7 to Gder, and 2.0.10. to Z0.

2.0.15. We know that Gder(k)ρG̃(A) is open in G(k)ρG̃(A) (because inverse image of {e} ⊂
the discrete subgroup G/Gder(k) of (G/Gder)(A)). According to 2.0.8, G(k)ρG̃(A) is thus a
closed subgroup of G(A). We let

(2.0.15.1) π(G) = G(A)/G(k)ρG̃(A).

The existence of commutators 2.0.2 show that the action of Gad(k) over π(G), deduced from
the action 2.0.2 of Gad over G, is trivial.
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2.1. Shimura Varieties.
2.1.1. Let G be a reductive group, defined over Q, and X a G(R)-conjugate class of mor-
phisms of real algebraic groups of S in GR. We suppose verify the following axioms (the
notations are those of 1.1.1 and 1.1.11):
(2.1.1.1) For h ∈ X, Lie(GR) is of type {(−1, 1), (0, 0), (1,−1)}.
(2.1.1.2) The involution inth(i) is a Cartan involution of group adjoint Gad

R .
(2.1.1.3) The group adjoint does not admit factor G′ defined over Q on which the projection
of h is trivial.
The axiom 2.1.1 assures that the morphism wh(h ∈ X) has values n the center of G, thus
is independent of h. We note it wX , or simply w. A few simplifications appear when we
suppose that:
(2.1.1.4) The morphism w : Gm → GR is defined over Q.
(2.1.1.5) inth(i) is a Cartan involution of group (G/w(Gm))R.
According to 1.1.14(i), X admits a unique complex structure such that, for every represen-
tation V of GR, the Hodge filtration Fh of V vary holomorphically with h. For this complex
structure, the connected components of X are Hermitian symmetric domains. The proof of
1.1.17 also shows that if we break down Gad

R in simple factors, h is projected trivially over
the compact factors, and that each connected component of X is the product of Hermitian
symmetric spaces corresponding to non-compact factors. The axiom 2.1.1.3 can again be

expressed as that Gad (resp. G̃, it comes back to the same) has no factor G′ (defined over

Q) such that G′(R) is compact, and the strong approximation theorem assures that G̃(Q) is

dense in G̃(Af ).

2.1.2. The Shimura variety KMC(G,X)—or simply KMC—are the quotient KMC(G,X) =
G(Q)\X × (G(Af )/K) for K a compact open subgroup of G(Af ). According to 1.2.7, and
with the notations of 0.3, the action of G(R) on X made of π0(X) a principal homogeneous
space under G(R)/G(R)+. Since G(Q) is dense in G(R) (real approximation theorem), we

have G(Q)/G(Q)+

∼=−→ G(R)/G(R)+, and, if X+ is a connected component of X, we have

KMC(G,X) = G(Q)+\X+ × (G(Af )/K).

This quotient is the disjoint sum, indexed by the finite set G(Q)+\G(Af )/K of double classes,
of quotients Γg\X+ of Hermitian symmetric domain X+ by the image Γg ⊂ Gad(R)+ of sub-
groups Γ′g = gKg−1 ∩ G(Q)+ of G(Q)+. The Γg are arithmetic groups, hence an analytic
space structure over Γg\X+. The article [2] provides a natural structure of quasi-projective
algebraic variety over this quotient, thus over KMC(G,X). If Γg is without torsion (this is the
case for K sufficiently small); it results from [3] that this structure is unique. More precisely,
for every reduced scheme Z, an analytic morphism of Z in Γg\X+ is automatically algebraic.

2.1.3. We have

π0(KMC) = G(Q)\π0(X)× (G(Af )/K) = G(Q)\G(A)/G(R)+ ×K = G(Q)+\G(Af )/K.

Since G(Af )/K is discrete, we can replace G(Q)+ by its closure in G(Af ). The connectedness

of G̃(R) assures that ρG̃(Q) ⊂ G(Q)+. By the strong approximation theorem for G̃, ρG̃(Q)
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is dense in ρG̃(Af ), and G(Q)−+ ⊃ ρG̃(Af ). Therefore,

(2.1.3.1) π0(KMC) = G(Q)+ρG̃(Af )\G(Af )/K

= G(Af )/ρG̃(Af ) ·G(Q)+ ·K = G(Af )/G(Q)+ ·K,

since ρG̃(Af ) is a distinguished subgroup, with an abelian quotient. Likewise, setting
π0π(G) = π0π(G)/π0G(R)+, we have

(2.1.3.2) π0(KMC) = G(A)/ρG̃(A) ·G(Q) ·G(R)+ ×K
= π(G)/G(R)+ ×K = π0π(G)/K

In particular, π0(KMC) only depends on the image of K in G(A)/ρG̃(A).

2.1.4. For K variable (smaller and smaller), the KMC form a projective system. It is

equipped with a right action of G(Af ): a system of isomorphisms g : KMC
∼=−→ g−1KgMC. It

is convenient to consider rather the scheme MC(G,X)—or simply MC—projective limit of

KMC. The projective limit exists because the transition morphisms are finite. This scheme
is equipped with a right action of G(Af ), and it gives the KMC = MC/K.
We propose to determine MC and its decomposition in connected components.
DEFINITION 2.1.5. Fix a connected component X+ of X. The neutral component M0

C of
MC is the connected component which contains the image of X+ × {e} ⊂ X ×G(Af ).
DEFINITION 2.1.6. Let G0 be a group adjoint over Q, without factor G′0 defined over Q
such that G′0(R) is compact and G1 a covering of G0. The topology τ(G1) on G0(Q) is that
admitting for fundamental system of neighborhoods of the origin the images of congruence
subgroups of G1(Q).

We will noteˆ(rel. G1), or simply ,̂ the completion for this topology. Let ρ : G̃0 → G1 be

the natural map, denote − the closure in G1(Af ), and let Γ = ρG̃0(A)∩G1(Q). Since G̃0(R)
is connected, Γ ⊂ G1(Q)+. We have (2.0.9, 2.0.14)

(2.1.6.1) G0(Q)ˆ(rel. G1) = G1(Q)− ∗G1(Q) G0(Q) = ρG̃0(Af ) ∗Γ G0(Q),

(2.1.6.2) G0(Q)+̂(rel. G1) = G1(Q)−+ ∗G1(Q)+ G0(Q)+ = ρG̃0(Af ) ∗Γ G0(Q)+.

PROPOSITION 2.1.7. The neutral component M0
C is the projective limit of quotients Γ\X+,

for Γ an arithmetic subgroup of Gad(Q)+, open for the topology τ(Gder).

According to 2.1.2, this is the limit of Γ\X0, for Γ the image of a congruence subgroup of
G(Q)+. The Corollary 2.0.13 allows us to replace G by Gder.

2.1.8. The projection of G in Gad induces an isomorphism of X+ with a G(R)+-conjugate
class of morphisms of S in Gad

R and, according to 2.1.7, M0
C(G,X) only depends on Gad, Gder

and on this class. Formalize this remark. Let G be a group adjoint, X+ a G(R)+-conjugate
class of morphisms of S in G(R) which verifies (2.1.1), (2.1.2), (2.1.3) and G1 a covering of G.
The connected Shimura variety (rel. G, G1, X+) is the quotient Γ\X+, for Γ an arithmetic
subgroup of G(Q)+, open for the topology τ(G1). We note M0

C(G,G1, X
+) their projective

limit, for Γ smaller and smaller. We will note that the action by transport of structure of
G(Q)+ over M0

C(G,G1, X
+) extends by continuity to an action of completed G(Q)+̂ (rel.
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G1).
With the notations of 2.1.7, and the identification above of X+ with a G(R)+-conjugate class
of morphisms of S in Gad

R , we have

M0
C(G,X) = M0

C(Gad, Gder, X+).

2.1.9. Let Z be the center of G, and Z(Q)− the closure of Z(Q) in Z(Af ). According to
Chevalley (2.0.10), this is the completion of Z(Q) for the topology of subgroups of finite
index of group of units; it takes isomorphically the closure of Z(Q) in π0Z(R)× Z(Af ).
For K ⊂ G(Af ) compact open, we have Z(Q) ·K = Z(Q)− ·K (in Z(Af )), and

KMC = G(Q)\X × (G(Af )/K) =
G(Q)

Z(Q)
\X × (G(Af )/Z(Q) ·K)

=
G(Q)

Z(Q)
\X × (G(Af )/Z(Q)− ·K).

The action of G(Q)/Z(Q) over X × (G(Af )/Z(Q)−) is proper. This allows us to pass to the
limit over K:
PROPOSITION 2.1.10. We have

MC(G,X) =
G(Q)

Z(Q)
\X × (G(Af )/Z(Q)−).

COROLLARY 2.1.11. If the conditions 2.1.4 and 2.1.5 are verified, we have MC(G,X) =
G(Q)\X ×G(Af ).
In this case, Z(Q) is discrete in Z(Af ) and Z(Q)− = Z(Q).
COROLLARY 2.1.12. The right action of G(Af ) factorize by G(Af )/Z(Q)−.

2.1.13. Let Gad(R)1 be the image of G(R) in Gad(R), and Gad(Q)1 = Gad(Q)∩Gad(R)1. The
action 2.0.2 of Gad on G induces a (left) action of Gad(Q)1 on the system of KMC

int(γ) : KMC
∼=−→ γKγ−1MC

and the limit on MC. For γ ∈ Gad(Q)+, this action stabilizes the neutral component (thus
all the components. cf. hereafter) and there induces the action 2.1.6.
Convert this action to a right action, denoted ·γ. If γ is the image of δ ∈ G(Q), the
action ·γ coincides with the action of δ, seen as element of G(Af ): for u ∈ MC image of
(x, g) ∈ X ×G(Af ), u · γ is image of

(γ−1(x), int−1
γ (g)) = (δ−1(x), δ−1gδ) ∼ (x, gδ) mod G(Q)to the left.

In total, we are again getting a right action over MC of group

(2.1.13.1)
G(Af )

Z(Q)−
∗G(Q)/Z(Q) G

ad(Q)1 =
G(Af )

Z(Q)−
∗G(Q)+/Z(Q) G

ad(Q)+.

PROPOSITION 2.1.14. The right action of G(Af ) over π0(MC) made of π0(MC) a principal
homogeneous space under its abelian quotient G(Af )/G(Q)−+ = π0π(G).
This results immediately by passage to the limit of formulas 2.1.3.
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2.1.15. Since Gad(Q) acts trivially on π(G) (2.0.15), and that Gad(Q)+ stabilizes at least one
connected component (2.1.13), the group Gad(Q)+ stabilizes them all. For the action 2.1.13
of group (2.1.13.1) over MC, the stabilizer of each connected component is thus

(2.1.15.1)
G(Q)−+
Z(Q)−

∗G(Q)+/Z(Q) G
ad(Q)+ = 2.0.13G

ad(Q)+̂(rel.Gder).

Summary 2.1.16. The group G(Af )/Z(Q)− ∗G(Q)/Z(Q) G
ad(Q)1 acts to the right on MC. The

profinite set π0MC is a principal homogeneous space under the action of abelian quotient
G(Af/G(Q)−+) = π0π(G) from this group by the closure of Gad(Q)+. This closure is the
completion of Gad(Q)+ for the topology of images of congruence subgroups of Gder(Q). The
action of this completion over the neutral component, once converted into a left action, is
the action 2.1.8.

2.2. Canonical Models.
2.2.1. Let G and X be as in 2.1.1. For h ∈ X, the morphism µh (1.1.1, completed by 1.1.11)
is a morphism over C of algebraic groups defined over Q: µh : Gm → GC. The dual field
(=reflex field) E(G,X) ⊂ C of (G,X) is the field of definition of this conjugation class. If
X+ is a connected component of X, we will note occasionally E(G,X+).
Let (G′, X ′) and (G′′, X ′′) as in 2.1.1. If a morphism f : G′ → G′′ sends X ′ in X ′′, we have
E(G′, X ′) ⊃ E(G′′, X ′′).

2.2.2. Let T be a torus, E a number field, and µ a morphism, defined over E, of Gm in
TE. The group E∗, viewed as algebraic group over Q, is Weil’s scalar restriction RE/Q(Gm).
Applying RE/Q to µ, we obtain RE/Q(µ) : E∗ → RE/QTE.
We also have the norm morphism NE/Q : RE/QTE → T (over the rational points, this is the
norm, T (E) → T (Q)). Hence by composition a morphism NE/Q ◦ RE/Q(µ) : E∗ → T . We
simply note it NRE(µ), or even NR(µ). If E ′ is an extension of E, µ is again defined over
E ′, and

(2.2.2.1) NRE′(µ) = NRE(µ) ◦NE′/E.

2.2.3. Suppose in particular T is a torus, h : S → TR and X = {h}. If E ⊂ C contains
E(T,X), the morphism µh is defined over E, hence a morphism NR(µh) : E∗ → T . Passing
to adelic points modulo the rational points, we can deduce a homomorphism of idele classe
group C(E) of E in T (Q)/T (A), and, by passage to set of connected components, a morphism

π0NR(µh) : π0C(E)→ π0(T (Q)/T (A)).

The global class field theory identifies π0C(E) with the abelianized Galois group of E.
The group π0(T (Q)\T (A)) is a profinite group, projective limit of finite groups T (Q)\T (A)/T (R)+×
K for K compact open in T (Af ). This is π0T (R) × T (Af )/T (Q)−. The Shimura variety

KMC(T,X) is the finite set T (Q)\{h} × T (Af )/K = T (Q)\T (Af )/K. The projective limit
T (Af )/T (Q)−, calculated in 2.1.10 is the quotient of π0(T (Q)\T (A)) by π0T (R).
We will call reciprocity morphism the morphism rE(T,X) : Gal(Q/E)ab → T (Af )/T (Q)−

inverse of composite of the isomorphism of global class field theory (0.8), of π0NR(µh) and
of the projection of π0T (A)/T (Q) over T (Af )/T (Q)−. It defines an action rE of Gal(Q/E)ab

over the KMC(T,X) : σ 7→ the right translation by rE(T,X)(σ).
The universal case (in E) is the one where E = E(T,X) : it results from (2.2.2.1) that the
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action rE of Gal(Q/E) is the restriction to Gal(Q/E) ⊂ Gal(Q/E(T,X)) of rE(T,X).

2.2.4. Let G and X be as in 2.1.1. A point h ∈ X is said special, or of type CM, if
h : S → G(R) factorize by a torus T ⊂ G defined over Q. We will note that if T is such a
torus, the Cartan involution inth(i) is trivial over the image of T (R) in the adjoint group,
and that this image is thus compact. The field E(T, {h}) only depends on h. This is the
dual field E(h) of h.
We will transport this terminology to points of KMC(G,X) and of MC(G,X) : for x ∈
KMC(G,X) (resp. MC(G,X)), class of (h, g) ∈ X × G(Af ), the G(Q)-conjugate class of h
only depends on x. We’ll say that x is special if h is, that E(h) is the dual field E(x) of x,
and that the G(Q)-conjugate class of h is the type of x.
Over the set of special points of KMC(G,X) (resp. of MC(G,X)) of given type, correspond-
ing to a dual field E, we will define an action r of Gal(Q/E). Thus let x ∈ KMC(G,X) (resp.
MC(G,X)), class of (h, g) ∈ X ×G(Af ), T ⊂ G a torus defined over Q through which h fac-
torizes, σ ∈ Gal(Q/E), and r̃(σ) a representative in T (Af ) of rE(T, {h})(σ) ∈ T (Af )/T (Q)−.
We pose r(σ)x = class of (h, r̃(σ)g). The reader should verify that this class only depends
on x and σ. The action thus defined commutes with the right action of G(Af ) on MC(G,X).

2.2.5. A canonical model M(G,X) of MC(G,X) is a form over E(G,X) of MC(G,X),
equipped with the right action of G(Af ), such that
(a) The special points are algebraic;
(b) Over the set of special points of type τ given, corresponding to a dual field E(τ), the
Galois group Gal(Q/E(τ)) ⊂ Gal(Q/E(G,X)) acts by the action 2.2.4.
By “model” we mean: a scheme M over E(G,X), equipped with a right action of G(Af ),

and with an equivariant isomorphism M ⊗E(G,X) C
∼=−→MC(G,X).

Let E ⊂ C be a number field which contains E(G,X). A weakly canonical model of
MC(G,X) over E is a model over E of MC(G,X), equipped with the right action of G(Af ),
which satisfies (a) and
(b*) same condition as (b), with Gal(Q/E(τ)) replaced by Gal(Q/E(τ)) ∩Gal(Q/E).

2.2.6. In [5,5.4,5.5], inspired from the methods of Shimura, we have shown that MC(G,X)
admits at most a weakly canonical model over E (for E(G,X) ⊂ E ⊂ C), and that, when
exists, it is functorial in (G,X).

2.3. Construction of canonical models.
In this numero, we determine cases where the following criterion applies, shown in [5,
4.21,5.7], for constructing canonical models.
Criterion 2.3.1. Let (G,X) be as in 2.1.1, V a rational vector space, equipped with a
non-degenerate alternating form Ψ, and S± the corresponding double Siegel half-spaces (cf.
1.3.1). There exists an embedding G ↪→ CSp(V ), sending X in S±, thus MC(G,X) admits
a canonical model M(G,X).
PROPOSITION 2.3.2. Let (G,X) be as in 2.1.1, w = wh(h ∈ X) and (V, ρ) a faithful rep-
resentation of type {(−1, 0), (0,−1)} of G. If inth(i) is a Cartan involution of GR/w(Gm),
there exists an alternating form Ψ over V , such that ρ induces (G,X) ↪→ (CSp(V ), S±).
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By hypothesis, the faithful representation V is homogeneous of weight −1. The weight w is
thus defined over Q, and we take for Ψ a polarization form as in 1.1.18(b).

COROLLARY 2.3.3. Let (G,X) be as in 2.1.1, w = wh(h ∈ X), and (V, ρ) a faithful repre-
sentation of type {(−1, 0), (0,−1)} of G. If the center Z0 of G is deployed over a field of CM
type, there exists a subgroup G2 of G, of the same derived group and by which X factorizes,
and an alternating form Ψ over V , such that ρ induces (G2, X) ↪→ (CSp(V ), S±).

The hypothesis over Z0 amounts to saying that the largest compact sub-torus of Z0
R is de-

fined over Q. We take G2 generated by the derived group, this torus, and the image of w,
and we apply 2.3.2.

2.3.4. Let (G,X) be as in 2.1.1, with G Q-simple adjoint. The axiom (2.1.1.2) assures that
GR is inner form of a compact form. Let’s exploit this fact.
(a) The simple components of GR are absolutely simple. If we write G as obtained by Weil’s
scalar restriction: G = RF/QG

s with Gs absolutely simple over F , it signifies that F is totally
real. Put the notations: I = the set of real embeddings of F , and, for v ∈ I, Gv = Gs⊗F,vR,
Dv = Dynkin diagram of GvC. We have GR =

∏
Gv, GC =

∏
GvC, and the Dynkin diagram

of GC is the disjoint sum of Dv. The Galois group Gal(Q/Q) acts on D and I, in a way
compatible with the projection of D onto I.
(b) The complex conjugation acts on D by the opposition involution. This one is central
in Aut(D). Since then, Gal(Q/Q) acts on D via a faithful action of Gal(KD/Q), with KD

totally real if the opposition involution is trivial, quadratic totally imaginary over a totally
real field if otherwise.

2.3.5. We have X =
∏
Xv, for Xv a Gv(R)-conjugate class of morphisms of S in Gv. For

Gv compact, Xv is trivial. For Gv non-compact, Xv is described by a vertex sv of Dynkin
diagram Dv of GvC (1.2.6).
A few notations: Ic = the set of v ∈ I such that Gv is compact, Inc = I − Ic, Dc (resp.
Dnc)= the union of Dv for v ∈ Ic (resp. v ∈ Inc), Gc (resp. Gnc)= the product of Gv for
v ∈ Ic (resp. v ∈ Inc); likewise for the universal covering; finally, Σ(X) = the set of sv for
v ∈ Inc. The definition 2.2.1 given:
PROPOSITION 2.3.6. The dual field of (G,X) is the subfield of KD fixed by the subgroup
of Gal(KD/Q) which stabilizes Σ(X).

2.3.7. Suppose there exists a diagram

(2.3.7.1) (G,X)← (G1, X1) ↪→ (CSp(V ), S±).

The universal covering G̃ of G lifts to G1, which allows us to restrict the representation V to

G̃. The quotient of G̃ which acts faithfully is by hypothesis the derived group of G1. Apply
1.3.2, 1.3.8 to the diagram

(Gnc, X)← (ker(G1R → Gc)
0, X1)→ (CSp(V ), S±).



24 PIERRE DELIGNE TRANSLATED BY YUJIE XU

We find that the nontrivial irreducible components of the representation VC of G̃ncC factorizes

by one of the G̃vC (v ∈ Inc), and that their dominant weights are fundamental, from one of
the types allowed by the Table 1.3.9. The set of dominant weights of irreducible components

of the representation VC of G̃C is stable under Gal(Q/Q). Since Gal(Q/Q)acts transitively
on I, and that Inc 6= ∅, we find that
(a) Every irreducible component W of VC is of the form ⊗v∈TWv, with Wv a fundamental
representation of GvC (v ∈ T ⊂ I), corresponding to a vertex τ(v) of Dv. We will denote
S (V ) the set of τ(T ) ⊂ D for W ⊂ VC irreducible.
(b) If S ∈ S (V ), S ∩Dnc is empty or reduiced to a single point sS ∈ Dv(v ∈ Inc), and, in
the Table 1.3.9. for (Dv, sv), sS is one of the marked vertices.
(c) S is stable by Gal(Q/Q). We have S 6⊂ {∅}.
If a set of sides S of D satisfy (b) and (c), we will note that G̃(S )C the quotient of G̃C

which acts faithfully in the representation corresponding to G̃C. The condition (c) assures
that it is defined over Q. The most interesting case is the one where
(d) S is formed of parts of one element.

If S verifies (b), (c), the set S ′ of {s} for s ∈ S ∈ S verifies (b), (c), (d), and G̃(S ′)

dominated G̃(S ).
In the table below—deduced from 1.3.9—we give
The list of cases where there exists S verifying (b),(c). According to 1.3.10, it cannot be
the case that if G is from one of the types A,B,C,D, and these types will be successively
reviewed.
The set S verifying (b),(c),(d) maximal, and the corresponding group G̃(S ) (it dominates

all G̃(S ), for S verifying (b),(c)).
Table 2.3.8.
Types A,B,C. The only S verifying (b),(c),(d) is the set of {s}, for s an endpoint—
corresponding to a short root for the types B,C—of a diagram Dv (v ∈ I). The covering

G̃(S ) is the universal covering.
Type Dl (l ≥ 5). For there to exist S verifying (b),(c), it is necessary and sufficient that
the (Gv, Xv) (v ∈ Inc) are either all of type DR

l , or all of type DH
l . Distinguish these cases:

Sub-case DR
l . The S verifying (b),(c),(d) maximal is the set of {s} for s at the “right” end

of a Dv. The covering G̃(S ) is the universal covering.
Sub-case DH

l . The unique S verifying (b),(c),(d) is the set of {s} for s the “left” endpoint

of a Dv. The covering G̃(S ) of G is of the form RF/QG̃
∗, for G̃∗ the double covering of G

formed of SO(2l), cf. 1.3.10.
Type D4. Replace S , verifying (d), by S = {s|{s} ∈ S }. The condition (b) on S becomes:
S is contained in the set E of endpoints of D, and S ∩ Σ(X) = ∅. For the definition of
Σ(X) see 2.3.5. The parts of E stable under Gal(Q/Q) maximal for this property is the
complement of Gal(Q/Q) ·Σ(X). It meets each Dv at 0,1, or 2 points. In the first case, there
does not exist S verifying (b), (c). In the second (resp. 3rd), it (resp. its complement) is
the image of a section τ of X → I, invariant by Galois; τ(I) is disjoint from (resp. contains)
Σ(X). Calling τ(v) the “right” vertex of Dv, we recover the situation of Dl (l ≤ 5):
Sub-case DR

4 . There exists a section τ of X → I with τ(I) ⊃ Σ(X). This section is thus
unique, and the situation is the same for DR

l , l ≥ 5.
Sub-case DH

4 . We give a section τ of X → I with τ(I)∩Σ(X) = ∅. If we are not in the case
DR

4 , this section is unique, and the unique S verifying (b),(c),(d) is the set of {s} for s the
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“left” endpoint of a Dv. The covering G̃(S ) of G is of the form RF/QG̃
s, for G̃s a double

covering of Gs which is described in terms of τ .
For the rest of this work, it will be convenient for us to redefine the case DH

4 as excluding
DR

4 . With this terminology, there exists S verifying (b),(c) if and only if (G,X) is from one
of the types A,B,C,DR, DH and, except for the type DH, there exists S verifying (b),(c),(d)

such that G̃(S ) is the universal covering of G.

2.3.9. We will have to consider quadratic totally imaginary extensions K of F , equipped
with a set T of complex embeddings: one above each real embedding v ∈ Ic. Such a T
defines a Hodge structure hT : S → K∗R over K (considered as a rational vector space, and
over which K∗ acts by multiplication): if J is the set of complex embeddings of K, we have
K ⊗C = CJ , and we define hT by requiring that the factor of index σ ∈ J is of type (−1, 0)
for σ ∈ T , (0,−1) for σ ∈ T , and (0, 0) if σ is above Inc. The main result of this numero is the:

PROPOSITION 2.3.10. Let (G,X) be as in 2.1.1, with G Q-simple adjoint, and from one of
the types A,B,C,DR, DH. For every quadratic totally imaginary extension K of F , equipped
with T as in 2.3.9, there exists a diagram

(G,X)← (G1, X1) ↪→ (CSp(V ), S±)

for which
(i) E(G1, X1) is the composite of E(G,X) and E(K∗, hT ).
(ii) The derived group G′1 is simply connected for G of type A,B,C,DR, and the covering
of G described in 2.3.8 for the type DH.

Let S be the largest set of vertices of Dynkin diagram D of GC such that {{s}|s ∈ S} verifies
2.3.7(b),(c). We determined in 2.3.8. the Galois group Gal(Q/Q) acts on S, and we can
identify S to Hom(KS,C), for KS a suitable product of extensions of Q, isomorphic to sub-
field of KD since Gal(Q/KD) acts trivially on D, thus on S. In particular, KS is a product
of fields totally real or CM. The projection S → I corresponds to a morphism F → KS.

For s ∈ S, let V (s) be the complex representation of G̃C of weights dominant the fundamen-
tal weights corresponding to s. The isomorphism class of the representation ⊕V (s) is defined
over Q. This is not enough for us to be able to define over Q; the obstruction is in a suitable
Brauer group. However, a multiple of this representation can always be defined over Q. Thus

let V be a representation of G̃ over Q, with VC ∼ ⊕V (s)n, for suitable n. We will note Vs
the unique factor of VC isomorphic to V (s)n. These factors are permuted by Gal(Q/Q) in a
way compatible with the action of Gal(Q/Q) on S, and the decomposition VC ∼ ⊕Vs thus
correspond to a structure of KS-modules over V : over Vs, KS acts by multiplication by the
homomorphism corresponding to KS in C.

Note G̃′ the quotient of G̃ which acts faithfully over V . This is the covering of G considered
in (ii).

Let h ∈ X, and let’s lift h to a fractional morphism (1.3.4) of S in G̃′R. We deduce a frac-
tional Hodge structure on V , of weight 0. Let s ∈ S, and v its image in I. The type of the
decomposition of Vs is given by the Table 1.3.9:
(a) If v ∈ Ic, Vs is of type (0, 0);
(b) If v ∈ Inc, Vs is of type {(r,−r), (r− 1, 1− r)} where r is given by 1.3.9: it is the number
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which affects the vertex s of Dv, equipped with special vertex which defines Xv.
We define a Hodge structure h2 of V , keeping Vs of type (0, 0) for v ∈ Ic, and, for v ∈ Inc,
by renaming the part of type (r,−r) (resp. (r − 1, 1 − r)) of Vs as being of type (0,−1)

(resp. (−1, 0)). If G2 is the algebraic subgroup of GL(V ) generated by G̃′ and K∗S, the
Hodge structure h2 is a morphism S → G2R. Noting X2 its G2(R)-conjugate class, we have
(G2, X2)→ (G,X), and E(G2, X2) = E(G,X).
Endow K⊗F V with the Hodge structure h tensor product of that of V and that of K (2.3.9).
We have (K ⊗F V ) ⊗ R =

⊕
v∈I

(K ⊗F,v R) ⊗R (V ⊗F,v R). This decomposition is compatible

with the Hodge structure, and on the factor corresponding to v ∈ Ic (resp. v ∈ Inc), the
Hodge structure is the tensor product of a structure of type {(−1, 0), (0,−1)} over K⊗F,v R
(resp. V ⊗F,v R) by one of type {(0, 0)} over V ⊗F,v R (resp. K ⊗F,v R). In total, h3 is of
type {(−1, 0), (0,−1)}. If G3 is the algebraic subgroup of GL(K⊗F V ) generated by K∗ and
G2, the Hodge structure h3 is a morphism S → G3R.
If X3 is the conjugate class of h3, we have (G3, X3) → (G,X). The derived group of G3 is

G̃′, and E(G3, X3) is the composite of E(G2, X2) = E(G,X) and of E(K∗, hT ). To obtain
the (G1, X1) we’re looking for, it only remains to apply 2.3.3 to (G3, X3) and to its faithful
linear representation K ⊗F V .

REMARK 2.3.11. The construction given generalizes to provide a diagram (2.3.7.1) where
S (V ) is any set of parts of D satisfying 2.3.7(b),(c). In gross:
(a) If S verify 2.3.7(b),(c), we define KS by Hom(KS ,C) = S , we construct a represen-

tation V of G̃ such that S (V ) = S , and the decomposition VC =
⊕

VS (S ∈ S ) provides
over V a structure of KS -module;
(b) the fractional Hodge structure of VS is of type (0, 0) for S above of Ic, of type {(r,−r), (r−
1, 1− r)} with r described—as above—by the point of S above of Inc otherwise;
(c) We convert {(r,−r), (r − 1, 1− r)} to {(0,-1),(-1,0)} as above;
(d) To convert the (0, 0) to {(−1, 0), (0,−1)}, we tensor V , over KS , with K ′S of type CM
equipped with a suitable Hodge structure h.

By this method, we obtain for (G1, X1) a derived group G̃(S ), and a dual field composite
of E(G,X) and E(K ′∗S , h). Note that, same for S verifying (b),(c), (d), the conversion
indicated from (0, 0) is more general than that of 2.3.10

REMARK 2.3.12. For the types A, with Σ(X) fixed by the involution of opposition, B,C
and DR, the dual field E(G,X) is the subfield (totally real) of KD fixed by the subgroup
of Gal(KD/Q) which stabilizes Ic. If Ic = ∅, this is Q. If Ic (resp. Inc) is reduced to an
element v, this is v(F ). The E(K,hT ) are extensions of E(G,X).
REMARK 2.3.13. For these types, and DH, the Vs of 2.3.10, for v ∈ Inc, are of type
{(−1

2
, 1

2
), (1

2
,−1

2
)}. This allows, in 2.3.10, us to replace G2 by the subgroup of GL(V ) gener-

ated by F ∗ and G̃′. If Ic = ∅, we can likewise replace by the subgroup of GL(V ) generated

by Q∗ and G̃′, and the criterion 2.3.2 applies directly to this group, hence (G1, X1) with
E(G1, X1) = E(G,X) (=Q except for the case DH).

2.4. Reciprocity Laws: preliminaries.
The constructions of this numero will allow, to the numero 2.6, us to calculate the reciprocity
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law of canonical models, i.e. the action of Galois group on the set of geometrically connected
components.
Although they express themselves better in the language of fppf descent, we expressed them
in that of Galois descent, the believer more familiar with non-geometers. This exposed
to a few repetitions and inconsequences, and introduced hypotheses of separability or of
characteristic 0.
Let G be a reductive group over a global field k. With the notation of 2.0.15, our goal is to
construct canonical morphisms of the following two types.
a. For k′ a finite extension (we will suppose separable) of k, and G′ deduced from G by
scalar extensions to k′, a norm morphism

(2.4.0.1) Nk′/k : π(G′)→ π(G).

b. For T a torus, and M a conjugate class, defined over k, of morphisms of T in G, a
morphism

(2.4.0.2) qM : π(T )→ π(G).

If m ∈ M(k), qM will be the morphism qm induced by m; the difficulty is to show that this
morphism does not depend on the choice of m, and to construct qM likewise if M does not
have a representative defined over k.
The properties of functoriality of this morphism will be obvious upon their definition.

2.4.1. We will utilize systematically the language of torsors (which I prefer to that of co-
cycles), and that of the Galois descent, in the form that Grothendieck gave (cf. SGA 1, or
SGA 4 1/2[Arcata]).

Galois descent : Let K be a finite separable extension of a field k. To construct an object
X over k (for example a torsor), it suffices to construct (a) for every separable extension k′

of k, as there exists a morphism of k-algebras of K in k′, an object Xk′ over k′; (b) for k′′

an extension of k′, a morphism χk′′,k′ : Xk′ ⊗ k′′
∼=−→ Xk′′ ; and to verify (c) a compatibility

χk′′′k′′χk′′k′ = χk′′′k′ .
In practice, this means that to construct X, we can suppose the existence of auxiliary objects
which exists only over a separable extension K of k—to show the X constructed does not
depend—up to a unique isomorphism—on choice of such an auxiliary object.
REMARK 1. The Galois descent is a particular case of the localization in etale topology; a
construction as in (a),(b),(c) above will be often introduced by the adverb “locally”.

EXAMPLE 2.4.2. Explain the canonical lifting utilized in 2.0.2 of the commutator map.
The use of the Galois descent—rather fppf—obliges us to suppose that the projection of G
onto Gad is smooth, and to consider that ( , ) : Gad(k) × Gad(k) → G(k), rather than the
morphism Gad × Gad → G. If x1, x2 ∈ Gad(k), we can, locally, write xi = ρ(x̃i)zi with zi in
the center of G. The element x̃i is unique, up to multiplication by an element of center of

G̃. The commutator of x̃1 and x̃2 does not depend on the arbitrarity in the choice of x̃i, and
we put (x1, x2) = x̃1x̃2x̃

−1
1 x̃−1

2 .
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2.4.3. For G an algebraic group over a field k, a G-torsor is a scheme P over k, equipped
with a right action of G which makes it a principal homogeneous space. The trivial G-torsor
Gd is G equipped with the action of G by right translations. We identify the points x ∈ P (k)

with trivializations of P (isomorphisms ϕ : Gd

∼=−→ P ) by ϕ(g) = xg.
If f : G1 → G2 is a morphism, and P a G1-torsor, there exists a G2-torsor f(P ) equipped with
f : P → f(P ) verifying f(pg) = f(p)f(g), and it is unique up to a unique isomorphism. We
will be interested in the category [G1 → G2] of G1-torsors P equipped with a trivialization
of f(P ). For morphisms, we take the isomorphisms of G1-torsors, compatible with the G2-
trivialization. We denote H0(G1 → G2) the group of automorphisms of (G1d, e) (this is
ker(G1(k)→ G2(k))) and H1(G1 → G2) the set (pointed by (G1d, e)) of isomorphism classes
of objects.
Each x ∈ G2(k) defines an object [x] of [G1 → G2]: the trivial G1-torsor G1d, equipped with
the trivialization x of f(G1d) = G2d. When it is not confusing, we will simply note it x.
The set of morphisms of [x] in [y] is identified to {g ∈ G1(k)|f(g)x = y}: to g, associate
u → gu : G1d → G1d. An object is of the form [x] if and only if, as G1-torsors, it is
trivial—hence an exact sequence

(2.4.3.1) 1→ H0(G1 → G2)→ G1(k)→ G2(k)

→ H1(G1 → G2)→ H1(G1)→ H1(G2)

(this does not describe the inverse image of p ∈ H1(G1); to describe it, we must proceed by
torsion, as in [13]).

2.4.4. If f is an epimorphism, of kernel K, it returns to the same to give the G1-torsor
P G2-trivialized by x ∈ f(P )(k), or the K-torsor f−1(x) ⊂ P : the natural functor [K →
{e}]→ [G1 → G2] is an equivalence.
More generally, if g : G2 → H induces an epimorphism of G1 onto H, and that Ki =
ker(Gi → H), the natural functor is an equivalence [K1 → K2]→ [G1 → G2].

2.4.5. If G is commutative, the sum s : G × G → G is a morphism, and we define the sum
of two G-torsors by P +Q = s(P ×Q). If G1 and G2 are commutative, we add up likewise
objects of [G1 → G2], which becomes a Picard category (strictly commutative) (SGA 4,
XVIII, 1.4).
All the above is true for the sheaf of groups over any topos.

2.4.6. If k′ is a finite extension of k (the case where k′/k is separable will suffice) and G′

an algebraic group over k′, the functor of Weil scalar restrictions Rk′/k is an equivalence of
categories of G′-torsors with that of Rk′/kG

′-torsors. This corresponds to Shapiro lemma
H1(k′, G′) = H1(k,Rk′/kG). If G′ is deduced by scalar extensions of G-commutative—over
k, we have a trace morphism Rk′/kG

′ → G—where a trace functor Trk′/k of G′-torsors in
the G-torsors. More generally, for G1 → G2 a morphism of commutative groups we find an
additive functor

(2.4.6.1) Trk′/k : [G′1 → G′2]→ [G1 → G2].

Such functors are described with great generality in [SGA 4, XVII, 6.3].
For k′/k separable, we can give a simple definition by descent: locally, k′ is the sum of [k′ : k]
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copies of k, [G′1 → G′2] is identified to the category of [k′ : k]-tuples of objects of [G1 → G2],
and Trk′/k to the sum.
When the groups are noted multiplicatively, we will rather speak of the norm functor Nk′/k.

2.4.7. Let G be a reductive group (0.2) over k, and ρ : G̃ → G the universal covering of its

derived group. The particular case of 2.4.3 which is important to us is [G̃→ G]. Let Gad be

the group adjoint of G, Z the center of G, and Z̃ that of G̃. The morphism G̃→ Gad is an
epimorphism, where an equivalence (2.4.4)

(2.4.7.1) [Z̃ → Z]→ [G̃→ G].

Since Z and Z̃ are commutative, [Z̃ → Z] is a strictly commutative Picard category (2.4.5).

Using the equivalence (2.4.7.1), we make [G̃ → G] also such a category. We will calculate

[x1] + [x2] in [G̃ → G], and the data of associativity and of commutativity. We suppose

ρ : G̃→ Gder separable to be able to proceed by Galois descent. Writing (locally) xi = ρ(gi)zi,
with zi central. We have isomorphisms gi : [zi] → [xi] and g1g2 : [z1z2] → [x1x2], where an
isomorphism

(2.4.7.2) [x1] + [x2]
g1+g2←−−− [z1] + [z2] = [z1z2]

g1g2−−→ [x1x2].

If we change decomposition: xi = ρ(g′i)z
′
i, with gi = g′iui (ui ∈ Z̃), the diagram (see Deligne

P30) is commutative. The isomorphism (2.4.7.2).

(2.4.7.3) [x1] + [x2] = [x1x2]

is thus independent of choice facts. The reader should easily check that, via this isomorphism,
the data of associativity is deduced from the associativity of product, and that the data of
commutativity is (x1, x2) : [x2x1] → [x1x2]. You should also check that if yi = ρ(gi)xi
(i = 1, 2), the sum of gi : [xi]→ [yi] is

g1 + g2 = g1 intx1(g2) : [x1x2]→ [y1y2],

where int designates the action of G on G̃ (defined by transport of structure, or via the

action 2.0.2 of Gad = G̃ad).

The category [G̃→ G] being Picard, the set H1(G̃→ G) of isomorphism classes of objects is

an abelian group. The formulas above show that the injection G(k)/ρ(G̃(k))→ H1(G̃→ G)

is a homomorphism. According to (2.4.3.1), this is an isomorphism if H1(G̃) = 0.
Let k′ be a finite extension of k, and note by a ′ the scalar extension to k′. The equivalence
(2.4.7.1) allows us to deduce from 2.4.6.1 a trace functor (which we will baptize as norm)

(2.4.7.4) Nk′/k : [G̃′ → G′]→ [G̃→ G].

PROPOSITION 2.4.8. If k is a local or global field, the morphism deduced from (2.4.7.4) by

passage to the set of isomorphism classes of objects induces a morphism of G(k′)/ρG̃′′(k′) in

G(k)/ρG̃(k):

(2.4.8.1)

G(k′)/ρG̃(k′) G(k)/ρG̃(k)

H1(G̃′ → G′) H1(G̃→ G).
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If H1(G̃) = 0, the vertical right arrow is an isomorphism, and the assertion is evident. This
nullity is for k local non-archimedean field. For k local archimedean, the only interesting
case is k = R, k′ = C, and the commutative diagram

Z(C) H1(G̃C → GC)

Z(R) H1(G̃→ G)

NC/R

show that (2.4.8.1) is again defined—with values in the image of Z(R) (and same for its
neutral component).

For k global, and x ∈ G(k′)/ρ(G̃(k′)), the image of Nk′/k(x) ∈ H1(G̃→ G) in H1(G̃) is thus
locally zero. According to Hasse principle, this is zero. We only use the Hasse principle here

for the cohomology classes in the image of H1(Z̃), so that the factor E8 does not create any

trouble. The image Nk′/k(x) is thus in G(k)/ρG̃(k), as promised.

2.4.9. For k local non-archimedean of ring of integers V , k′ not ramified over k, of ring of in-

tegers V ′, and G reductive over V , the morphism 2.4.8 induces a morphism of G(V ′)/ρG̃(V ):
we see it by repeating the arguments which preceded on V , the Galois descent being replaced
by the etale localization (right here, formally identical to a Galois descent over the residue
field).
We can thus adelize 2.4.8: for k global, the restricted product of morphisms 2.4.8, for the
completion of k, is a morphism

Nk′/k : G(A′)/ρG̃(A′)→ G(A)/ρG̃(A).

Dividing by the global trace morphism, we obtain finally the morphism (2.4.0.1)

Nk′/k : π(G′)→ π(G).

In the same way the construction of morphism (2.4.0.1) is based on that of functor (2.4.7.1),
that of (2.4.0.2) will rest on the

Construction 2.4.10. Let G be connected reductive over k, ρ : G̃→ G the universal covering
of the derived group, T a torus over k, and M a conjugate class, defined over k, of morphism
of T in G. We will define an additive functor

qM : [{e} → T ]→ [G̃→ G].

We will give two variant constructions.
1st method. Locally, there exists m in M . Put X(m) = Z · m(T ) ⊂ G and Y (m) =

ρ−1X(m) = Z̃ · (ρ−1m(T ))0. The group X(m) and Y (m), extensions of torus by a central
subgroup of multiplicative type, are commutative. They give rise to a diagram

(1)m

Z̃ Y (m)

Z X(m) T

If g in G conjugates m in m′, it conjugates (1)m in (1)m′ (we make it act on G̃ by the action

of G̃ad = Gad). Moreover, the isomorphism int(g) of (1)m with (1)m′ does not depend on
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the choice of g: if g centralizes m, it centralizes Z, m(T ), Z̃, as well as (ρ−1(T ))0 (a torus
isogenous to a sub-torus of T ), thus X(m) and Y (m). Two m in M being locally conjugate,
this allows us to identify between them the diagrams (1)m, and to deduce a unique diagram

(1)
Z̃ Y

Z X T

defined over k.
We define qM as being the composite functor

qM : [{e} → T ]→ [Y → X]
∼=←−

2.4.4
[Z̃ → Z]

∼=−→ [G̃→ G].

2nd method. We suppose ρ : G̃→ Gder separable, to proceed by Galois descent. The objects

of [{e} → T ] having no automorphisms, a functor of [{e} → T ] in [G̃ → G] is simply a law

which to t ∈ T (k) assigns a G-trivialized G̃-torsor qM([t]). We proceed by Galois descent.
Locally there exists m ∈M(k). Let qm be the functor [t]→ [m(t)]. We will define a transitive
system of isomorphisms between the qm. Once this is done, we will be able to define qM as
being any of the qm.

To define ιm′,m : qm
∼=−→ qm′ , we choose g such that m′ = gmg−1 (new application of the

descent method) and we put ιm′,m([t]) : [m(t)] → [m′(t)] is (g,m(t)) ∈ G̃(k). We have
m′(t) = (ρ(g,m(t)))m(t), and it remains to verify that (g,m(t)) is independent of g.
The space C of g which conjugates m in m′ is connected and reduced, as torsors under the

centralizer of torus m(T ). The function (g,m(t)) of C to G̃ has a projection ρ(m,m(t)) =
m′(t)m(t)−1 in G constant. The fibre of ρ being discrete, it is constant.
The construction is recapitulated in the commutative diagram

(2.4.10.1)

qM([t])

qm([t]) qm′([t])
(g,m(t))

(where qm([t]) = [m(t)],m′ = gmg−1).
Let’s construct the data of additivity of qM . This is the data, for each t1, t2 ∈ T (k), of an
isomorphism qM([t1t2])→ qM([t1]) + qM([t2]), these isomorphisms being compatible with the

data of associativity and of commutativity for the sum in [G̃ → G]. We define them by
descent: for m ∈ M , and m′ = gmg−1, the following diagram is commutative (see Deligne
P33) (oblique arrows 2.4.10.1), and defines the desired isomorphism independently of m.

Its commutativity expresses a certain identity, in G̃, between commutators (2.4.2), and the
projection of this identity in G results from the fact that the written arrows have a meaning.
For the proof, we note that locally (descent) this is the projection of an identity analogue

for G̃× Z0—of actual projection in G̃× Z0, thus actual in G̃.
The compatibility with associativity and with commutativity is seen by descent, by fixing
m; we utilize that the commutator 2.4.2 is trivial on m(T ).
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2.4.11. Complements. (i) The construction 2.4.10 is compatible with scalar extension: not-
ing by a ′ the scalar extension of k to an extension k′ of k, we define in an evident way an
isomorphism of additive functors making the diagram commutative (see Deligne P33)
(ii) We can repeat the construction 2.4.10 over any base; the Galois descent is to be replaced
by the etale localization.
(iii) The construction 2.4.10 is compatible with norm functor. To define the isomorphism
of additive functors making the diagram commutative (see Deligne P33) (notations of (i),
with k′/k finite separable), and verify its properties, the simplest is to proceed by descent:

locally, k′ becomes a sum kI of copies of k, [G̃′ → G′] becomes [G̃′ → G]I , the norm (trace)
becomes the sum, and are all trivial.

2.4.12. For k local non-archimedean, H1(G̃) = 0 and, passing to set of isomorphism classes

of objects, we deduce from 2.4.10 a morphism qM : T (k) → G(k)/ρG̃(k). For G reductive
over the ring of integers V of k, T a torus over V and M over V , it induces a morphism of

T (V ) in G(V )/ρG̃(V ) (2.4.11(ii)).

For k archimedean, we can encounter an obstruction in H1(G̃), but it disappears for x in
the neutral (topological) component T (k)+ of T (k): by 2.4.11(ii), it depends continuously

on x, and is zero for x = e. We again have a morphism T (k)+ → G(k)/ρG̃(k).
For k global, taking the restricted product of these morphisms for the completions of k, we
find

(2.4.12.1) qM : T (A)+ → G(A)/ρG̃(A).

If T (k)+ = {x ∈ T (k)|for v real, x is in T (kv)
+}, the Hasse principle, utilized as in 2.4.8,

provides

(2.4.12.2) qM : T (k)+ → G(k)/ρG̃(k).

Since T (A)+/T (k)+
∼=−→ T (A)/T (k) (real approximation theorem for the torus), we finally

obtain by passage to quotient the morphism (2.4.0.2) promised: qM : π(T )→ π(G).

2.5. Application: a canonical extension.

2.5.1. Let G be a reductive group over Q. We suppose that G̃ does not have factor G′

(defined over Q) such that G′(R) is compact. The theorem of strong approximation ensures

that G̃(Q) is dense in G̃(Af ). The case that matters to us is that of a group as in 2.1.1.
Resume the calculation of 2.1.3. For K compact open in G(Af ),

(2.5.1.1)
π0(G(Q)\G(A)/K) = G(Q)\π0(G(R))× (G(Af )/K) = G(Q)\G(A)/G(R)+ ×K

= G(Q)+\G(Af )/K

and we can replace G(Q) (resp. G(Q)+) by its closure in G(Af ). This one contains ρG̃(Af ),
a distinguished subgroup in abelian quotient of G(Af ), and, with the notations of 2.0.15,

(2.5.1.2) π0(G(Q)\G(A)/K) = π(G)/G(R)+ ×K = π0π(G)/K = G(Af )/G(Q)+ ·K.
Passing to the limit over K, we deduce that

π0(G(Q)\G(A)) = π0π(G) = G(Af )/G(Q)+−.

Let π0π(G) be the quotient G(Af )/G(Q)−+ of π0π(G) by π0G(R)+ (0.3). The sequence

(2.5.1.3) 0→ G(Q)−+/Z(Q)− → G(Af )/Z(Q)− → π0π(G)→ 0
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is exact. The action of Gad on G induces an action of Gad(Q) on this exact sequence. The

existence of commutator (2.0.2) shows that the action of Gad(A) on G(A)/ρG̃(A) is trivial—a
fortiori that of Gad(Q) on π0π(G). The map of subgroup G(Q)+/Z(Q) of G(Q)−+/Z(Q)− in
Gad(Q)+ verifies the conditions of 2.0.1. The group G(Q)−+/Z(Q)− ∗G(Q)+/Z(Q) G

ad(Q)+ is
none other than the completion of Gad(Q)+ for the topology τ(Gder) (2.1.6). Applying the
same to construction ∗Gad(Q)+ at the term central of 2.5.1.3, we obtain finally an extension

(2.5.1.4) 0→ Gad(Q)+̂(rel.Gder)→ G(Af )

Z(Q)−
∗G(Q)+/Z(Q) G

ad(Q)+ → π0π(G)→ 0.

2.5.2. Because Gad is not functorial in G, the functoriality of this sequence is painful to
explain. We will content ourselves with the following two cases:
(a) When we only consider central group extension of a given group adjoint, and the mor-
phisms compatible with the projection over this group adjoint, (2.5.1.4) is functorial in G in
an evident sense.
(b) Let H ⊂ G a torus and, contrary to general conventions, denote Had its image in Gad.
This being the case in applications, we suppose Had(R) compact—thus connected since
Had is connected. This hypothesis assures that Had(Q) is discrete in Had(Af ), and that
H(Q) ⊂ G(Q)+. Set Z ′ = Z ∩H. The commutative diagram

G(Af ) G(Af )/G(Q)−+ = π0π(G)

H(Af ) H(Af )/H(Q)− = π0π(H)

provides a morphism of exact sequences

(2.5.2.1)

0 Gad(Q)+̂(rel.Gder) G(Af )
Z(Q)−

∗G(Q)+/Z(Q) G
ad(Q)+ π0π(G) 0

0 Had(Q) H(Af )
Z′(Q)−

∗H(Q)/Z′(Q) H
ad(Q) π0π(H) 0

2.5.3. Let G be as in 2.5.1, E a finite extension of Q, T a torus over E and M a conjugate
class defined over E of morphisms of T in G: M : T → GE. By passage to π0, the composite
morphism of (2.4.0.1) and (2.4.0.2)

NE/QqM : π(T )→ π(GE)→ π(G)

provides a morphism π0π(T ) → π0π(G) → π0π(G). We will note (G,M) its inverse, and
E ′E(G,M) the extension inverse image by r(G,M) of the extension (2.5.1.4):

0 Gad(Q)+̂(rel.Gder) E ′E(G,M) π0π(T ) 0

0 Gad(Q)+̂(rel.Gder) G(Af )
Z(Q)−

∗G(Q)+/Z(Q) G
ad(Q)+ π0π(G) 0

=

Let u : H → G be a morphism as in 2.5.2(a) (Had = Gad), and N a conjugate class,
defined over E, of morphisms of T in H. We suppose that u sends N into M . By functo-
riality, u thus defines an isomorphism of quotient of E ′E(H,N) by ker(Gad(Q)+̂(rel.Gder) →
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Gad(Q)+̂(rel.Hder)) with E ′E(G,M).
For H → G a torus as in 2.5.2(b), equipped with m : T → HE in M , we find a morphism of
extensions

0 Gad(Q)+̂(rel.Gder) E ′E(G,M) π0π(T ) 0

0 Had(Q) · · · π0π(T ) 0

=

2.5.4. Let E,G, T,M be as above, with G adjoint. Consider the systems (G1,M1, u) formed
of a central extension u : G1 → G of G (Gad

1 = G), defined over Q, and of a conjugate class
of morphisms M1 of T in G1, defined over E, which lifts M . Over Q, for m1 in M1 of the
image m in M , the centralizer of m1 is the inverse image of centralizer of m: this is true
for their Lie algebras, they are connected as centralizers of torus, and the centralizer of m1

contains the center of G1. We thus have M1

∼=−→M .

LEMMA 2.5.5. There exists systems (G1,M1, u) for which Gder
1 is an arbitrarily prescribed

covering of G.

It suffices to show that we can obtain a universal covering G̃. Over Q, for every m in

M , the neutral component of the inverse image by m of covering G̃ of G is a covering

π : T̃ → T of T . It does not depend on m, thus is defined over E, and M lifts to a

conjugate class M̃ of morphisms of T̃ in G̃E. By passage to quotient by ker(π), we deduce

from M̃ × Id : T̃ → G̃E × T̃ a lifting M ′
1 : T → (G̃E × T̃ )/ ker(π). This lifting is with values

in a group G′E, defined over E, of group adjoint GE. It remains to replace G′E by a group

defined over Q. Let’s write G′E = G̃E ∗Z̃E Z
′
E. The idea is to replace Z ′E by the coproduct,

over Z̃E, of its conjugates: if we pose

Z = RE/Q(Z ′E)/ ker(TrE/Q : RE/Q(Z̃E)→ Z̃)

and G1 = G̃ ∗Z̃ Z, we have G′E ⊂ G1E, and M ′
1 provides the desired lifting.

Construction 2.5.6. Up to a unique isomorphism, the extension E ′(G1,M1) only depends on
M and Gder

1 .
Take two systems (G′1,M

′
1) and (G′′1,M

′′
1 ), with the same derived group. Consider the neutral

component G1 of fibre product of G′1 and G′′1 over G, and a class M1 = M ′
1 ×M M ′′

1 . The
diagram of extensions

E ′(G′1,M
′
1)
∼=←− E ′(G1,M1)

∼=−→ E ′(G′′1,M
′′
1 )

provides the isomorphism we’re looking for.

DEFINITION 2.5.7. Let G be a group adjoint, G′ a covering of G and M a conjugate class,
defined over E, of morphisms of T in G. The extension EE(G,G′,M) of π0π(T ) by the
completion G(Q)+̂ (rel. G′) is the extension E ′E(G1,M1), for any system (G1,M1) as in 2.5.4,
such that Gder

1 = G′.
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For F an extension of E, the class M provides, by scalar extension of E to F , a conjugate
class MF of morphisms of TF in GF ; the corresponding extension EF (G,G′,M) is inverse
image of EE(G,G′,M) by the norm NF/E : π0π(TF )→ π0π(T ):

0 G(Q)+̂(rel.G′) EF (G,G′,MF ) π0π(TF ) 0

0 G(Q)+̂(rel.G′) EE(G,G′,M) π0π(T ) 0

= NF/E

The extensions EE(G,G′,M) are all deduced from EE(G, G̃,M) by passage to quotient: re-

place G(Q)+̂ (rel. G̃) by its quotient G(Q)+̂ (rel. G′).

2.5.8. Let H → G a torus, with H(R) compact, and m ∈M , defined over E, which factorizes
by H. For every system (G1,M1) → (G,M) as above, let H1 be the neutral component of
the inverse image of H in G1, and m1 the element of M1 above m (2.5.4.). Take the inverse
image by r(H1, {m1}) of morphisms of extensions (2.5.2.1):

G(Q)+̂(rel.G′) EE(G,G′,M) π0π(T )

H(Q) · · · π0π(T )

=

We see as in 2.5.6 that, up to a unique isomorphism, this diagram does not depend on the
choice of (G1,M1). As in 2.5.7, this diagram, rel. a covering G′ of G, deduced from the same

diagram, rel. G̃, by passage to quotient. We also have the same functoriality in E which is
in 2.5.7. In particular, for m in M , defined over an extension F of E, which factorizes by H
we find a morphism of extensions

(2.5.8.1)

0 G(Q)+̂(rel.G′) EE(G,G′,M) π0π(T ) 0

0 H(Q) · · · π0π(TF ) 0

NF/E

We will use this diagram in the following way: if EE(G,G′,M) acts on a set V , and a point
x ∈ V is fixed under H(Q) ⊂ G(Q), it makes sense to ask that it be fixed “by π0π(TF )” i.e.
by the image subgroup of the extension in 2nd line.

2.5.9. Specialize the hypotheses in the case that interests us. We start from a system (G,X)
as in 2.1.1, with G adjoint, and we fix a connected component X+ of X. We take for E a
finite extension, contained in C, of E(G,X), and we do T = Gm,M = the conjugate class
of µh, for h ∈ X. It is defined over E.
The group π(T ) is the idele class group of E, and the global class field theory identifies π0π(T )
to Gal(Q/E)ab. If G′ is a covering of G, the inverse image by the morphism Gal(Q/E) →
Gal(Q/E)ab of the extension EE(G,G′,M) is an extension

(2.5.9.1) 0→ Gad(Q)+̂(rel.G′)→ EE(G,G′, X)→ Gal(Q/E)→ 0.
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The universal case is that where E = E(G,X), and where G′ = G̃: according to 2.5.7,
EE(G,G′,M) is the inverse image of Gal(Q/E) ⊂ Gal(Q/E(G,X)) in EE(G,X)(G,G

′, X),

and EE(G,G′, X) is a quotient of EE(G, G̃,X).

2.5.10. Let h ∈ X+ be a special point: h factorizes by H ⊂ G, a torus defined over Q. Since
inth(i) is a Cartan involution, H(R) is compact. We can thus apply 2.5.8 to H and to µh
(defined over the extension E(H, h) of E(G,X)). By inverse image, we deduce from (2.5.8.1)
a morphism of extensions

(2.5.10.1)

G(Q)+̂(rel.G′) EE(G,G′, X) Gal(Q/E)

H(Q) · · · Gal(Q/E · E(H, h))

2.6. The reciprocity law of canonical models.
2.6.1. Let (G,X) as in 2.1.1 and E ⊂ C a number field which contains E(G,X). Suppose
that MC(G,X) admits a weakly canonical model ME(G,X) over E. The Galois group
Gal(Q/E) acts thus on the profinite set π0(MC(G,X)) of geometric connected components
of ME(G,X). This action commutes with that of G(Af ), by defined hypothesis E. According
to 2.1.14, the (right) action of G(Af ) made of π0MC(G,X) a principal homogeneous space
under the abelian quotient π0πG = G(Af )/G(Q)−+. The Galois action is thus defined by a

homomorphism rG,X of Gal(Q/E) in π0π(G), called the reciprocity. Convention of sign: the
(left) action of σ coincides with the (right) action of rG,X(σ). This morphism factorizes by
the abelianized Galois group, identified by the global class field theory to π0π(GmE), where

(2.6.1.1) rG,X : π0π(GmE)→ π0π(G).

2.6.2. Let M be the conjugate class of µh, for h ∈ X. Since E ⊃ E(G,X), it is defined over
E. Composing the morphisms 2.4.0, we obtain NE/QqM : π(GmE)→ π(GE)→ π(G).
By passage to π0, we can deduce

(2.6.2.1) π0NE/QqM : π0π(GmE)→ π0π(G)→ π0π(G).

THEOREM 2.6.3. The morphism (2.6.1.1), gives the action of Gal(Q/E) on the set of geo-
metric connected components of a weakly canonical model ME(G,X) of MC(G,X) over E,
is the inverse of morphism π0NE/QqM of 2.6.2.

The idea of the proof is that, for each type τ of special points (2.2.4), we know the action
of a subgroup of finite index Galτ of Gal(Q/E) over the special points of this type (by def-
inition of weakly canonical models)—thus over the set of connected components since the
map which to each point associates its connected component is compatible with the action
of Galois. That the action of Galτ obtained is the restriction to Galτ of the action defined by
the inverse of π0(NE/Q)qM is verified in 2.6.4 above, and it remains to verify that the Galτ
generates Gal(Q/E).
A type τ of special points is defined by h ∈ X factorizing by a torus ι : T → G defined over
Q. The corresponding subgroup Galτ is Gal(Q/E) ∩Gal(Q/E(T, h)) = Gal(Q/E · E(T, h).
According to [5,5.1], for every finite extension F of E(G,X), there exists (T, h) such that
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the extension E(T, h) of E(G,X) is linearly disjoint from F . This is more than enough to
ensure that the Galτ generates Gal(Q/E).

2.6.4. Let T and h be as above, and µ = µh. The morphism µ : Gm → T is defined
over E(T, h) and the morphism π0NR(µh) of 2.2.3 deduced, by application of functor π0,
from NE(T,h)/Q ◦ qµ : π(GmE(T,h)) → π(T ). We deduce that the action of Gal(Q/E) ∩
Gal(Q/E(T, h)) on the special points of type τ is compatible with the action of Gal(Q/E(T, h))ab =
π0π(GmE(T,h)) on π0(MC(G,X)) deduced, by application of functor π0, of the inverse of

ι ◦NE(T,h)/Q ◦ qµ : π(GmE(T,h))→ π(T )→ π(G).

Of the functoriality of N and of q, it follows that this composite is NE(T,h)/Q ◦ qM :

π(GmE(T,h)) π(TE(T,h)) π(T )

π(GE(T,h)) π(G)

qµ

qM

equal to NE(G,X)/Q ◦ qM ◦NE(T,h)/E(G,X):

π(GmE(T,h)) π(GE(T,h)) π(G)

π(GmE(G,X)) π(GE(G,X)) π(G)

qM

=

qM

Since the norm NE(T,h)/E(G,X) corresponds, via the class field theory, to the inclusion of

Gal(Q/E(T, h)) in Gal(Q/E(G,X)), we have the promised action.

2.7. Reduction to derived group, and theorem of existence.
In this numero, scheme signifies “scheme admitting an ample invertible sheaf”. This will
allow us to pass without scruples to quotient by a finite group. The stability of this condi-
tion will be evident in the applications, and I will not check it every step. All this is only a
question of convenience.

2.7.1. Let Γ be a locally compact totally discontinuous group. We will be interested in the
projective system, equipped with a left action of Γ, of the following type.
(a) A projective system, indexed by the compact open subgroups K of Γ, of scheme SK .

(b) An action ρ of Γ over this system (defined by the isomorphisms ρK(g) : SK
∼=−→ SgKg−1).

(c) We suppose that ρK(k) is the identity for k ∈ K. For L distinguished in K, the ρL(k)

define an action on SL of finite group quotient K/L, and we suppose that (K/L)\SL
∼=−→ SK .

Such a system is determined by its projective limit S = lim projSK , equipped with the
action of Γ: we have SK = K\S. We will call S a scheme equipped with a left continuous ac-
tion of Γ. We define the same continuity of a right action by the condition S = lim projS/K.

2.7.2. Let π be a profinite set, equipped with a continuous action of Γ. We suppose that the
action is transitive, and that the orbits of a compact open subgroup are open: for e ∈ π, of
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stabilizer ∆, the bijection Γ/∆→ π is a homeomorphism.
If Γ acts continuously on a scheme S, equipped with a continuous map equivariant in π, the
fibre Se is equipped with a continuous action of ∆: for K compact open in Γ, K ∩∆\Se is
the fibre in the image of e of K\S → K\π, and Se is the limit of these quotients.

LEMMA 2.7.3. The functor S → Se is an equivalence of categories of schemes S, equipped
with a continuous action of Γ and of a continuous map equivariant in π, with the category
of schemes equipped with a continuous action of ∆.
The inverse functor is the functor of induction of ∆ to Γ: formally, indΓ

∆(T ) is the quotient
of Γ× T by ∆ acting by δ(γ, t) = (γδ−1, δt); this makes sense because the action of ∆ on Γ
is proper; for K compact open in Γ, we have

K\ IndΓ
∆(T ) = K\Γ× T divided by ∆

=
∐

γ∈K\∆=K\π

(γKγ−1 ∩∆)\T.

The detailed verification is left to the reader.

2.7.4. Let E be a field, and F a Galois extension of E. The Galois group Gal(F/E) acts
continuously on Spec(F ). More generally, if X is a scheme over E, it acts continuously (by
transport of structure) on XF = X ×Spec(E) Spec(F ). We have (Galois descent)

LEMMA 2.7.5. The functor X → XF is an equivalence of the categories of schemes over E
with the category of schemes over F , equipped with a continuous action of Gal(F/E) com-
patible with the action of this Galois group over F .

2.7.6. Let E ↪→ Q be a number field, Γ a locally compact totally discontinuous group, π a
profinite set, equipped with an action of Γ as in 2.7.2, except we take here a right action,
and e ∈ π. We also give ourselves a left action of Gal(Q/E), commuting with the action
of Γ. Let Γe be the stabilizer of e. If we convert the right action of Γ to a left action, we
obtain a left action of Γ×Gal(Q/E). The stabilizer of e, for this action, is an extension E
of Gal(Q/E) by Γe.

0 Γe E Gal(Q/E) 0

0 Γ Γ×Gal(Q/E) Gal(Q/E) 0

=

2.7.7. When the action of Γ made of π a principal homogeneous space under an abelian
quotient π(Γ) of Γ, the action of Galois is defined by a morphism r : Gal(Q/E) → π(Γ),
such that σ · x = x · r(σ), E does not depend on e: Γe is the kernel of the projection of
Γ onto π(Γ), and the extension E is the inverse image, by r, of the extension Γ of π(Γ) by Γe.

2.7.8. Consider the scheme S over E, equipped with a continuous right action of Γ and of a
Gal(Q/E) map and Γ-equivariance of SQ in π. We denote Se the fibre at e. This is a scheme
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over Q, equipped with a continuous (left) action of the extension E , and the action of E
over Se is compatible with its action, via Gal(Q/E), on Q. Combining 2.7.3 and 2.7.5, we find

LEMMA 2.7.9. The functor S → Se is an equivalence of categories.
The case we are interested in is where the S/K are of finite type over E, for K compact open
in Γ, and where the map of SQ over π identifies π to π0(SQ). These conditions correspond

to: the K\Se, for K compact open in Γe, are connected and of finite type over Q.

2.7.10. Let G be a group adjoint, G′ a covering of G, X+ a G(R)+-conjugate class of
morphisms of S in GR, verifying the conditions of 2.1.1, and E ⊂ Q a finite extension of
E(G,X+). A weakly canonical (connected) model of M0(G,G′, X+) over E consists of
(a) A model M0

Q of M0(G,G′, X+) over Q, i.e. a scheme M0
Q over Q, equipped with an

isomorphism of schemes over C which is deduced by scalar extension with M0(G,G′, X+);
(b) A continuous action of EE(G,G′, X+) (2.5.9.1) on the scheme M0

Q, compatible with the

action of quotient Gal(Q/E) of EE over Q, and such that the action of subgroup G(Q)+̂(rel.
G′) (a Q-linear action this time) provides by scalar extension to C the action 2.1.8;
(c) It is required that for every special point h ∈ X+, factorizing by a torus H → G defined
over Q, the point of M0(G,G′, X+) defined by h—fixed by H(Q)—is defined over Q and (as
closed point of M0

Q) fixed by the image of extension in second line of (2.5.10.1) (rel. µh).

When E = E(G,X), we talk about (connected) canonical model.

2.7.11. The following functoriality properties are immediate.
(a) Let the systems (Gι, G

′
ι, X

+
ι ) be as in 2.7.10, in finite number, and E ⊂ Q a num-

ber field containing the E(Gι, X
+
ι ). If the M0

Qι is the weakly canonical model, over E, of

M0
C(Gι, G

′
ι, X

+
ι ), the product is a weakly canonical model of M0

C(
∏
Gι,

∏
G′ι,

∏
X+
ι ) over E.

(b) Let (GG′, X+) be as in 2.7.10, and G′′ a covering of G, quotient of G′. If M0
Q is a

weakly canonical model, over E, of M0
C(G,G′, X+), its quotient by ker(G(Q)+̂(rel.G′) →

G(Q)+̂(rel.G′′)) is a weakly canonical model, over E, of M0
C(G,G′′, X+).

2.7.12. Let G be a reductive group over Q, X as in 2.1.1, X+ a connected component of
X and E ⊂ Q a finite extension of Q, containing E(G,X). If MC(G,X) admits a weakly
canonical model ME(G,X) over E, this last one is unique up to a unique isomorphism [5,
3.5]. The action (2.0.2) of Gad on G induces thus an action, by transport of structure, of
Gad(Q)+ on ME(G,X). Convert this action to a right action. Combined with the action of
G(Af ), it provides a right action of

G(Af )

Z(Q)−
∗G(Q)/Z(Q) G

ad(Q)+ =
G(Af )

Z(Q)−
∗G(Q)+/Z(Q) G

ad(Q)+.

After scalar extension to C, this is the action (2.1.13).
Let π be the profinite set π0(MQ(G,X)) = π0(MC(G,X)), and e ∈ π the neutral compo-
nent (2.1.7) rel. X+. The functor 2.7.9 transformed ME(G,X), equipped with the natural
projection of MQ(G,X) in π, into a scheme M0(G,X) over Q, equipped with a continuous
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action of the extension (2.5.9.1).

PROPOSITION 2.7.13. The equivalence of categories 2.7.9 match the weakly canonical mod-
els of M(G,X) over E and the weakly canonical models of M0(Gad, Gder, X+) over E.
In the definition 2.2.5 of weakly canonical models, we imposed the action of a subgroup
Gal(Q/E(τ)) ∩ Gal(Q/E) of Gal(Q/E) on the set of special points of type τ . These form
a single orbit under G(Af ), and the action prescribed commutes with the action of G(Af ).
In the definition 2.2.5, we can thus simply require that for a special point of type τ its con-
jugates by Galois are as prescribed. In particular, it suffices to consider the systems (H, h)
formed of a special point h ∈ X+ factorizing by a torus H defined over Q, and, for each
system of this type, to prescribe the conjugates under Gal(Q/E(H{h})) ∩Gal(Q/E) of the
image of (h, e) ∈ X×G(Af ) in MC(G,X). We thus find the variant [5,3.13] of the definition:
MC(H{h}) trivially a canonical model (this is a profinite set, and we take the model over
E(H, {h}) for which the action of Galois on these points is the action prescribed), and we
impose a natural morphism MC(H, {h})→MC(G,X) to be defined over E · E(H, {h}).
We leave it to the reader to verify that the equivalence of categories 2.7.9 transformed this
condition of functoriality to the one which defines the connected weakly canonical models.

2.7.14. Let G be a real adjoint algebraic group, and X+ a G(R)+-conjugate class of mor-
phisms S/Gm in GR. Denote M as the conjugate class of µh, for h ∈ X+: a conjugate class
of morphisms of Gm in GC. If G1 is a reductive group of group adjoint G, a lift (??) X+

1 of
X+ to a G1(R)+-conjugate class of morphisms of S in GR defines a lift M(X+

1 ) of M : the
conjugate class of µh, for h ∈ X+

1 (cf. 2.5.4).

LEMMA 2.7.15. The construction X+
1 →M(X+

1 ) puts in bijection the lifts of X+ and those
of M .
The construction h→ µh is a bijection of the set of morphisms h of S in a real group G with
the set of morphisms µ of Gm in GC which commutes with their complex conjugates: we have
h(z) = µ(z)µ(z). Via this dictionary, the problem becomes to verify that if µ1 : Gm → GC
commutes with µ1. This results from the rigidity of torus: the morphism intµ1(z)(µ1) coin-
cides with µ1 for z = 1, and lifts µ1 for every value of z. It is thus constantly equal to µ1.
This dictionary allows us to translate 2.5.5 to the

LEMMA 2.7.16. Let G,G′ and X+ be as in 2.7.10. There exists a reductie group G1, the
group adjoint G and of derived group G′, and a G1(R)0-conjugate class X+

1 of morphisms of
S in G which lifts X+ and such that E(G,X+) = E(G1, X

+
1 ).

2.7.17. This lemma, and the equivalence 2.7.13, allow us to transport to weakly canonical
models of connected Shimura varieties the results of [5] over the weakly canonical models
of Shimura varieties, and establish an equivalence between the problems of corresponding
construction.

COROLLARY 2.7.18. Let (G,X) be as in 2.1.1, X+ a connected component of X and
E ⊂ Q a finite extension of E(G,X). In order that M(G,X) admits a weakly canonical
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model over E, it is necessary and sufficient that M0(Gad, Gder, X+) admits one. In particu-
lar, the existence of such a model only depends on (Gad, Gder, X+, E).

COROLLARY 2.7.19. (Cf. [5,5.5,5.10,5.10.2]). Let G,G′, X+ and E be as in 2.7.10.
(i) M0(G,G′, X+) admits at most a weakly canonical model over E (uniqueness up to a
unique isomorphism).
(ii) Suppose that, for every finite extension F of E, there exists a finite extension F ′ of E in
Q, linearly disjoint from F , and a weakly canonical model of M0(G,G′, X+) over F ′. Thus,
there exists a weakly canonical model of M0(G,G′, X+) over E.

The corollaries 2.7.19 and 2.3.1, 2.3.10 provide many canonical models.

THEOREM 2.7.20. Let G be a Q-simple adjoint group, G′ a covering of G, and X+ a
G(R)+-conjugate class of morphisms of S in GR, verifying (2.1.1.1), (2.1.1.2), (2.1.1.3). In
the following case, M0(G,G′, X+) admits a canonical model
(a) G is of type A,B,C and G′ is the universal covering of G.
(b) (G,X) is of type DR and G′ is the universal covering of G.
(c) (G,X) is of type DH, and G′ is the covering 2.3.8 of G.

Applying 2.7.11, 2.7.18, we deduce the
COROLLARY 2.7.21. Let G be a reductive group, X a G(R)-conjugate class of morphism
of S in GR, verifying the conditions of 2.1.1, and X+ a connected component of X. In
order that M(G,X) admits a canonical model, it is sufficient that, (Gad, X+) is a product of
system (Gι, X

+
ι ) of type considered in 2.7.20, and that the covering Gder of Gad is a quotient

of product of coverings of Gι considered in 2.7.20.


