THE EXPLICIT LOCAL LANGLANDS CORRESPONDENCE FOR G,

ANNE-MARIE AUBERT AND YUJIE XU

ABSTRACT. We develop a general strategy for constructing explicit Local Lang-
lands Correspondences for p-adic reductive groups via reduction to LLC for super-
cuspidal representations of proper Levi subgroups, using Hecke algebra techniques.

As an example of our general strategy, we construct explicit Local Langlands
Correspondence for the exceptional group G2 over a nonarchimedean local field,
with explicit L-packets and explicit matching between the group and Galois sides.
We also give a list of characterizing properties for our LLC. For intermediate
series, we build on our previous results on Hecke algebras. For principal series, we
improve previous works of Muic etc. and obtain more explicit descriptions on both
group and Galois sides.

Moreover, we show the existence of non-unipotent singular supercuspidal rep-
resentations of G2, and exhibit them in mized L-packets mixing supercuspidal
representations with non-supercuspidal ones. Furthermore, our LLC satisfies a
list of expected properties, including the compatibility with cuspidal support.
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Let F' be a non-archimedean local field and G a connected reductive algebraic
group over . Let GV be the group of C-points of the reductive group whose root
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datum is the coroot datum of G. The Local Langlands Conjecture predicts a sur-
jective map'

L-parameters
irred. smooth

/iso. —» i.e. cont. homomorphisms /GY-conj.,
repres. 7 of G(F')

Or: Wg x SLQ((C) — GV % Wr

where W is the Weil group of F. The fibers of this map, called L-packets, are
expected to be finite. In order to obtain a bijection between the group side and
the Galois side, the above Conjecture was later enhanced. On the Galois side, one
considers enhanced L-parameters.

Many cases of the Local Langlands Conjecture have been established, notably:

for GL,(F'): [HT01, Hen00, Sch13];

for SL,,(F'): [HS12] for char(F') = 0 and [ABPS16b] for char(F") > 0;

for GSp,(F'): [GT11] for char(F') = 0 and [Ganl15] for char(F') > 0;
quasi-split classical groups for F' of characteristic zero: [Art13, Moell] etc.

For classical groups, the main methods in literature are either (1) to classify repre-
sentations of these groups in terms of representations of the general linear groups
via twisted endoscopy, and to compare the stabilized twisted trace formula on the
general linear group side and the stabilized (twisted) trace formula on the classical
group side, or (2) to use the theta correspondence.

In this article, we take a completely different approach—from the above exist-
ing literature—to the construction of explicit Local Langlands Correspondences for
p-adic reductive groups via reduction to LLC for supercuspidal representations of
proper Levi subgroups. We apply this general strategy and construct explicit Lo-
cal Langlands Correspondence for the exceptional group Go over an arbitrary non-
archimedean local field of residual characteristic # 2,3, with explicit L-packets and
explicit matching between the group and Galois sides. Our methods are inspired by
previous works such as [Moul7, AMS18, AMS21, FOS21, Sol18].

More precisely, we use a combination of the Langlands-Shahidi method, (extended
affine) Hecke algebra techniques, Kazhdan-Lusztig theory and generalized Springer
correspondence—in particular, the AMS Conjecture on cuspidal support [AMSI18,
Conjecture 7.8]. For intermediate series, i.e. Bernstein series with supercuspidal
support “in between” a torus and G itself (in our case, the supercuspidal support
has to lie in a Levi subgroup isomorphic to GLg), we use our previous result on
Hecke algebra isomorphisms and local Langlands correspondence for Bernstein series
obtained in [AX22], which builds on the work of many others such as [Ber84, Sol22,
Sol20, Heill]. For principal series (i.e. Bernstein series with supercuspidal support
in a torus), we improve on previous work of Muic’s [Mui97] and obtain more explicit
description on the group side; and we use [Roc98, Ree02, ABPS16a, ABP11, Ram03]
to match the group and Galois sides.

176 avoid overunning the margins, we use abbreviations “irred.” for “irreducible”, “repres.” for

“representations”, “iso.” for “isomorphism”, “cont.” for “continuous” and “conj.” for “conjugacy”.
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For supercuspidal representations, we make explicit the theory of [Kall9, Kal21]
for the non-singular supercuspidal representations and their L-packets. For singular?
supercuspidal representations, which are not covered in loc.cit. , we use [AMSIS,
Conjecture 7.8] (see Property 10.1.9) to exhibit them in mized L-packets with non-
supercuspidal representations. These mixed L-packets are drastically different from
the supercuspidal L-packets of [Kall9, Kal21].

Furthermore, our LLC satisfies several expected properties, including the expec-
tation that Irr(S,) parametrizes the internal structure of the L-packet II,(G), where
S, is the component group of the centralizer of the (image of the) L-parameter ¢.

1.1. Main results. We now state our main results. Let Irr*(G) be the Bernstein
series attached to the inertial class s = [L,o] (for more details, see (3.3.2)). Let
®.(G) denote the set of GV-conjugacy classes of enhanced L-parameters for G. Let
35" (G) C ®(G) be the Bernstein series on the Galois side, whose cuspidal support
lies in sV = [LY, (¢4, po)], i.e. the image under LLC for L of s (for more details, see
§2.4). For any s = [L,0]g € B(G), the LLC for L given by o — (¢, ps) is expected
to induce a bijection (see [AMS18, Conjecture 2] and Conjecture 10.1.12):

(1.1.1) I (GQ) = @27 (G).

For the group Gg, by [AX22, Main Theorem]|, we have such a bijection (1.1.1) for each
Bernstein series Irr®(G) of intermediate series. On the other hand, the analogous
bijection to (1.1.1) holds for principal series Bernstein blocks thanks to [Roc98,
Ree02, ABPS16a, AMS18].

Let G = Go(F) and p # 2,3. Combined with the detailed analysis in all of §5
through §9, we construct an explicit Local Langlands Correspondence

LLC: Irr(G) =5 &.(G)

1.1.2
(11:2) T = (Pr, Pr),

and obtain the following result (see Theorem 10.2.1).

Theorem 1.1.1. The explicit Local Langlands Correspondence (1.1.2) verifies

I, (G) = Irx(Sy,) for any m € Irr(G), and satisfies (1.1.1) for any s € B(G),
where sV = [LY, (¢s, po)av, as well as a list of properties (see §10.1) that uniquely
determine it (up to very few minor choices®).

In other words,

(1) to each explicitly described 7 € Irr(G), we attach an explicit L-parameter
©r and determine its enhancement p, explicitly;

(2) to each ¢ € ®(G), we describe (the shape of) its L-packet II,(G), and give
an internal parametrization in terms of p € Irr(Sy);

(3) Moreover, for non-supercuspidal representations, we specify the precise par-
abolic induction that it occurs in.

2which we define to be simply the ones that are not non-singular in the sense of [Kal21]
3speciﬁed in Theorem 10.2.1
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We now comment on several works related to our paper.

A few weeks after our paper first appeared, Gan and Savin had also claimed a
construction of a local Langlands correspondence using completely different meth-
ods. For the convenience of the reader, we briefly comment on the differences between
our work and theirs:

(1) Our LLC is completely explicit, with explicit tables, explicit Kazhdan-Lusztig
triples, explicit information on the L-packets and their packet members, etc.
In particular, explicit computations of unipotent classes (in Kazhdan-Lusztig
triples) such as the ones in our paper have found many important applications
in number theory (see for example [Tho22]).

(2) Our construction and proofs of LLC are purely local, whereas Gan-Savin’s
construction is a consequence of the global construction of Kret-Shin [KS16]
(and the earlier works of Chenevier etc.). As such, our construction and
proofs work for cases even in the lack of global constructions; yet on the
other hand, due to the explicit nature of our construction, it is not hard to
check local-global compatibility when, indeed, global constructions are made.

(3) It is still unclear whether Gan-Savin’s construction gives the LLC nor the
right unique characterization. Contrary to what is claimed, Gan-Savin’s con-
struction involves many choices. For example, Gan-Savin’s construction re-
lies on Bin Xu’s construction of L-packets for PGSpg, which are not known
to be canonical. Moreover, Gan-Savin’s characterization does not establish
stability.

(4) On the other hand, our construction is compatible with that of [Kall9,
Kall6], for which stability is known [FKS19].

(5) Our strategy for constructing the LLC works for arbitrary reductive groups
and does not rely on the existences of theta correspondences.

(6) Furthermore, our methods provide explicit local Langlands correspondence
in a uniform way, independent of the characteristic of F.

We also note the construction of an LLC for generic supercuspidal representations
for Go in [HKT19] using global methods and theta correspondences. It would be
very interesting to compare our construction with that of loc. cit..

Moreover, as mentioned earlier, our work complements that of [Kall9, Kal21] as
our constructions cover even the non-supercuspidal representations, and specifically
the L-packets that miz supercuspidal representations with non-supercuspidal ones,
i.e. the L-packets that do not appear in loc. cit.. Note that such “mixed” L-packets
necessarily consist of singular supercuspidal representations not addressed in the
constructions of loc. cit..

Lastly, it would also be interesting to compare our construction with those of
[Zhu20], [FS21] and [GL17].

NOTATION. Let F be a local non-archimedean field. Let or denote the ring of
integers of F, pr the maximal ideal in op and kr := op/pp the residue field of F.
The group of units in 0 will be denoted o03. We assume that kr is finite and denote
by ¢ = qr its cardinality. Let vp := || | p denote the normalized absolute value of F.
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We fix a separable closure Fy,, of F' and denote by Wr C Gal(Fiep/F') the absolute
Weil group of F'. Let Ir = Gal(Fyep/F) be the inertia group of F, and Pp the wild
inertia group (i.e., the maximal pro-p open normal subgroup of Ir). We denote by
F,r the maximal unramified extension of F' inside Fi, and by Frr the element of
Gal(Fy,;/F) that induces the automorphism Fr: a — a9 on the residue field kp of Fyy.
Then Wg = Ir x (Frp). Let Wlﬁier denote the closure of the commutator subgroup of
W, and write W2P = Wp/War. We take W), := W x SLy(C) for the Weil-Deligne
group of F.

For n a positive integer, let u,, denote the group on nth roots of unity and let (,
be a primitive nth root of the unity.

For b € F*/F*2 let Uy(1,1) be the quasi-split unitary group, and Uy(2) the
compact unitary group in two variables in F(v/b).

For H any reductive algebraic group, we denote by H° the identity component
of H and by Zg the center of H. Let h be an element of H. We denote by Zg(h)
the centralizer of h in H and by Ag(h) := Zy(h)/ Zyu(h)° the component group of
Zu(h).

Let G be a connected reductive algebraic group defined over F, let G,q = G/Zg
be the adjoint group of G and let Ag denote the maximal split central subtorus of
G. Let Wg = Wg(T) denote the Weyl group of G with respect to a maximal torus
T. By a Levi subgroup of we mean an F-subgroup L of G which is a Levi factor
of a parabolic F-subgroup of G. We denote by G, A, T, L the groups of F-rational
points of G, A, T, L, respectively. Let X*(L) := X*(L)p be the group of all rational
characters y: L — GLj.

Let B(G, F') denote the (enlarged) building of G. For = a point in B(G, F), let G5
denote the subgroup of G fixing z, and Gz o C G, the associated parahoric subgroup.
Let G o+ denote the pro-p unipotent radical of G, and G, the reductive quotient
of Gz 0. If 7 is a representation of G, o we denote by T = 71 its inflation to G 0.
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2. REVIEW ON ENHANCED L-PARAMETERS

Let G be a connected reductive algebraic group defined over F', and G := G(F)
the group of F-rational points of G. The main purpose of this section is to recall
in §10.1 a list of properties that are expected to be satisfied by the local Langlands
correspondence for G. In later sections, we will use these properties to build an
explicit local Langlands correspondence for the exceptional group Go.

2.1. Definitions and Examples. Let GV be the complex reductive group with root
datum dual to that of G. We suppose that the group G is F-split.

A Langlands parameter (or L-parameter) for G is a continuous morphism ¢: Wg x
SLy(C) — GV such that ¢(w) is semisimple for each w € W, and that the restriction
¢lsra(c) of ¢ to SLz(C) is a morphism of complex algebraic groups. Since G'is F-
split, the Weil group W acts trivially on GV. Hence the L-group of G is the direct
product G¥ x Wp and L-parameters may be taken with values in GV. The group
GV acts on the set of L-parameters, and we denote by ®(G) the set of G-conjugacy
classes of L-parameters for G.

Definition 2.1.1. [Vog93| The infinitesimal parameter of an L-parameter ¢ for G
is a morphism \,: Wr — G defined by
(2.1.1) Ap(w) == ¢ (w, (”wy/? |91/2>> for any w € Wg.

1wl

Obviously, if ¢ has trivial restriction to SLa(C), then it coincides with its infini-
tesimal parameter.

Definition 2.1.2. An L-parameter ¢ (resp. its infinitesimal parameter \,) is

(1) bounded if o(WF) is bounded;

(2) discrete if p(W}) (resp. Ap,(Wr)) is not contained in any proper Levi sub-
group of GV;

(3) supercuspidal if it is discrete and has trivial restriction to SLa(C).

Remark 2.1.3. An L-parameter is supercuspidal if and only if its infinitesimal
parameter is supercuspidal (since they coincide). On the other hand, if A, is discrete,
then ¢ is also discrete. Indeed, if ¢ is a non-discrete L-parameter, then (W) C LY
for some proper Levi subgroup LY of GY. Then, (2.1.1) implies that A,(Wp) is
contained in LY, thus ), is also non-discrete. However, in general there exist discrete
L-parameters with non-discrete infinitesimal parameters.

Let Irr(G) be the set of isomorphism classes of irreducible smooth representations
of GG. A supercuspidal irreducible representation m of G is compact modulo cen-
ter, and so a fortiori, it is square integrable modulo center. Let Irrecusp(G) denote
the subset of Irr(G) formed by the isomorphism classes of supercuspidal irreducible
representations of G. The Langlands correspondence for G is expected to partition
Irr(G) into finite sets, called L-packets, indexed by ®(G). If 7 € Irr(G), and ¢,
denotes the L-parameter of 7, we denote by II,(G) the L-packet attached to ¢:

(2.1.2) I, (G) :={r € Irr(G) : vr = ¢}.
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In order to both characterize the images of supercuspidal representations under the
LLC and parametrize the elements of every L-packet, we need to enhance the L-
parameter by a representation of a certain finite group (as explained in Defini-
tion 2.1.10). In order to to do this, we start by recalling in §2.1.1 the notion of
cuspidal unipotent pair introduced by Lusztig in [Lus84b, Definition 2.4].

2.1.1. Cuspidal unipotent pairs. Let G be a complex Lie group, u a unipotent element
in G and p an irreducible representation of Ag(u), which is the group of component
of the centralizer of w in G. The pair (u,p) is called cuspidal if it determines a
G-equivariant cuspidal local system on the G-conjugacy class of u in the sense of
Lusztig [Lus84b]. We denote by B(U(9) the set of G-conjugacy classes of cuspidal
unipotent pairs. The pairs (u, p) such that p is cuspidal are called cuspidal unipotent
pairs. If (u, p) is cuspidal, then u is a distinguished unipotent element in G (that is, u
does not meet the unipotent variety of any proper Levi subgroup of G), see [Lus84b,
Proposition 2.8]. However, in general, there exist distinguished unipotent elements
whose conjugacy classes do not support cuspidal local systems.

Example 2.1.4. The case § = TV: The pair (TV,triv) is the unique cuspidal
unipotent pair in 7.

For GL,,(C) and SL, (C), the unipotent conjugacy classes are completely described
by the sizes of the Jordan blocks of the elements in these classes. Therefore, the
unipotent conjugacy classes correspond to partitions of n. We denote by €, (or just
v for abbreviation) the unipotent class corresponding to the partition v: it consists of
unipotent matrices with Jordan blocks of sizes equal to the parts of the partition v.
For example, the trivial class is parametrized by the partition (1") := (1,1,...,1),
and the regular unipotent class corresponds to the partition (n). Note that the
centralizer of a unipotent element of GL,(C) is always connected.

Example 2.1.5. The pair ((1),triv) is a cuspidal unipotent pair in GL;(C), and
there is no cuspidal unipotent pair in GL,(C) for n > 2. Any Levi subgroup of
GL,,(C) is isomorphic to a product of the form GL,, (C) x GL,,(C) x - -- x GLy,(C)
with ny+no+- - -+n, = n, thus admits a cuspidal pair only if ny =ne =--- =n, =1,
i.e. is a maximal torus J. The pair ((1"), triv) is a cuspidal unipotent pair in 7.

Example 2.1.6. The cuspidal unipotent pairs in SL,(C) are the pairs (C,),p),
where p is an order-n character of p, (see [Lus84b, (10.3.2)]).

Example 2.1.7. A Levi subgroup of SL,,(C) is isomorphic to a product of the form
S(GLy, (C) x GL,,(C) x - -+ x GL,,.(C)), i.e. the subgroup of GLy, (C) x GL,,(C) x
-+ X GLy, (C) consisting of elements with determinant equal to 1. We will denote it
as My, ..,

The case where n = 3 will be of special interest to us, as we have SL3 as a pseudo-
Levi subgroup of Gac. Denote by p[¢3] and p[¢Z] the two order-3 characters of 3.
Thus the cuspidal unipotent pairs in Mz = SL3(C) are (C3), p[¢3]) and (€3, p[¢3]).
The group Mz ; has no cuspidal unipotent pair (see the proof of [Lus84b, (10.3.2)]),
and the unique cuspidal unipotent pair in the maximal torus M3y of G is ((13), triv).
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2.1.2. L-packets. We shall use the following notations:
(2.1.3) Zev (p) = Zav(p(Wr)) and Gy := Zav(p(Wr)).
We also consider the following component groups

(2.1.4) Ay =7av(p)/Zav(p)° and S, :=Zgv(p)/Zav - Zav(p)°.
We recall that Ag(u,) denotes the component group of Zg_ (uy,). By [Moul?7, § 3.1],
(2.1.5) A, >~ Ag, (up), where u, := ¢ (1,(§1)).

Remark 2.1.8. In the case where G = Gga, we have Zgv = {1}. Thus S, =
Zav (9)] Zav(9)° = Ay

Definition 2.1.9. An enhancement of ¢ is an irreducible representation p of S,.
The pairs (p, p) are called enhanced L-parameters for G.

The group GV acts on the set of enhanced L-parameters in the following way

(2.1.6) 9-(p.0) = (999~ "9 p)-
We denote by ®.(G) the set of GV-conjugacy classes of enhanced L-parameters.

Definition 2.1.10. An enhanced L-parameter (¢, p) € ®e(G) is called cuspidal if ¢
is discrete and (u, p) is a cuspidal unipotent pair in .

We denote by P cusp(G) the subset of @(G) consisting of GV-conjugacy classes
of cuspidal enhanced L-parameters.

Example 2.1.11. The proper Levi subgroups of SO4(C) are isomorphic to one of
the following groups: GL2(C), GL;(C) x SO2(C), GL1(C) x GL1(C).

The group SO4(C) has a unique cuspidal unipotent pair: ((3,1), p) (see [Lus84b,
Corollary 13.4]). The group GL;(C) x SO2(C) has no cuspidal unipotent pair, and
((12), triv) is the unique cuspidal unipotent pair in GL;(C) x GL1(C).

The construction of enhanced L-parameters (¢, p) for G is based on the generalized
Springer correspondence for the group §,, which we now recall in §2.2.1.

2.2. Complex groups. In this subsection, we recall several results involving com-
plex reductive groups. Let § be a connected reductive group over C, and let U(9)
denote the unipotent variety of G.

2.2.1. Generalized Springer Correspondence. Let Dg(U(S)) be the constructible G-
equivariant derived category on U(9), and Pervg(U(G)) its subcategory of G-equivariant
perverse sheaves. We denote by Ug(G) the set of G-conjugacy classes of pairs (u, p),
with w € G unipotent and p € Irr(Ag(u)), where Ag(u) = Zg(u)/Zg(u)°. The
elements of Ug(G) are called enhanced unipotent classes.

Let I1C(C, €) be the Deligne-Goresky-MacPherson intersection cohomology com-
plex (see [BBD82], [GM83] or [Lus84b, (0.1)]) of the closure of € with coefficients
in €. The simple objects in Pervg(U(G)) are the IC(C, €), where C is a unipotent
class in G and € is an irreducible G-equivariant Q,-local system on €. We recall that
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there is a canonical bijection p — &, between Irr(Ag(u)), where u € C, and the set
of isomorphism classes of irreducible G-equivariant local systems on C.

Let P = LU be a parabolic subgroup of G, with Levi factor £ and unipotent radical
U. By a P-resolution of an algebraic variety X, we mean a variety Y endowed with
a free P-action and a smooth P-equivariant morphism ¥ — X. From [BL94, §3.7],
we recall the integration functor

(2.2.1) vi: D3(U(S)) = Dg(U(9)),
given by: for any object A of D%(U(G)) and Y a G-resolution of U(G),
(222) (FA)(Y) = (gv ) A(Y)[2dim §/F],

where ¢y : P\Y — G\Y is the quotient functor and A(Y") is defined by regarding Y
as a P-resolution of U(G). Let

(2.2.3) m: U(P) = U(G) and p: U(P)— U(L)

denote the inclusion and projection, respectively. Then the parabolic induction func-
tor is the functor

(2.2.4) I%C? = fyﬂ% o my o p*: Pervg (U(L)) — Pervg(U(9)).

If F1, is a simple object in Perv; (U(L)), then igcﬂ;(?g) is semisimple. A simple object
F in Pervg(U(G)) is called cuspidal if for any simple object F; in Pervg (U(L)), F
does not occur in i%cip(f&) (equivalently, if r%cfp(i}‘) = 0) for any proper parabolic

subgroup P of § with Levi factor £. The functor iic? is left adjoint to r%dj = pom*.

Let J, := IC(C,E,), where (C,p) € Ues(9). Then F, occurs as a summand of

i% cpIC(Ceusps Ecusp) ), for some quadruple (P, £, Ceysp, Ecusp), where P is a parabolic

subgroup of § with Levi subgroup £ and (Ceusp, Ecusp) 1S a cuspidal enhanced unipo-
tent class in £ (see [Lus84b, § 6.2]). Moreover, the triple (P, £, Ceusp, Ecusp) is unique
up to G-conjugation (see [Lus84b, Proposition 6.3]). We denote by € := pe,,., the
(equivalence class of) irreducible representation of Ag(u) which corresponds to €cusp,
and by t:= (£, (Ceusp, €))g the G-conjugacy class of (£, (Ceusp, €)). We call t the cus-
pidal support of (C, p) and denote by B(Ue(G)) the set of cuspidal supports for the

group G. Then the cuspidal support map for Ug(G) is defined to be the map
(2.2.5) Scg: Ue(G) — B(Ue(9)),

which sends the G-conjugacy class of (C, p) to its cuspidal support t = (£, (Ceusp, €))g-
For simplicity, we often refer to the unipotent class Ccyusp in £ by a unipotent element
v in it.

By [Lus84b, Theorem 9.2], the fiber of (2.2.5) is in bijection with Irr(Wy), where
Wy := Ng(£)/L is a finite Weyl group, i.e.

(2.2.6) ch_l(t) ~ Irr(Wy) for any cuspidal support t = (£, (Ceusp, €))g-
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2.3. Cuspidal support map of enhanced L-parameters. Let (¢, p) be an en-

hanced L-parameter for G. Recall that u, := ¢ (1,($1)). Then u, is a unipotent

element of the (possibly disconnected) complex reductive group G, defined in (2.1.3),
and p € Irr(Ag, (uy)) by (2.1.5). Let t, := (L%, (v¥, €?)) denote the cuspidal support
of (uy, p), ie.

(2.3.1) (L7, (v¥,€*)) == Scg,, (uy, p)-

In particular, (v¥,€?) is a cuspidal unipotent pair in £¥.

Upon conjugating ¢ with a suitable element of Zge (up), we may assume that the
identity component of £¥ contains ¢ ((1, (S 291 ))) for all z € C*. Recall that by the
Jacobson-Morozov theorem (see for example [Car93, § 5.3]), any unipotent element
v of £L¥ can be extended to a homomorphism of algebraic groups

(2.3.2) ju: SLa(C) — L% satisfying j, ({ 1) = v.
Moreover, by [Kos59, Theorem 3.6], this extension is unique up to conjugation in
Zse(v)°. We shall call a homomorphism j, satisfying these conditions to be adapted
to p.

By [AMSI18, Lemma 7.6], up to G"-conjugacy, there exists a unique homomor-
phism j,: SLo(C) — £ which is adapted to ¢, and moreover, the cocharacter

(2.3.3) Xew: 29 (L,(5.20)) 50 (55" 9)

has image in Z3,. We define an L-parameter ¢,: Wr x SLa(C) = Zgv(Z3,) by
(2.3.4)
oo (w, ) := (w, 1) - Xpu(Jw]|*?) - ju(z) for any w € Wr and any z € SLy(C).

lwl'/? 0

Remark 2.3.1. Let w € Wg and x,, := ( 0 [w|-1/?

). By (2.1.1), we have

(2.3.5) Apy (w) = pu(w, Ty) = p(w, 1) - X@,v(”wnlﬂ) < Jo(Tw)
= 0w, 1) 9(L2w) - u(1") - Gu(@) = p(w, ) = Ap(w).

Definition 2.3.2. [AMS18, Definition 7.7] The cuspidal support of (¢, p) is
(2.3.6) Sc(,p) 1= (Zav(Z22), (pus s €9)).

2.4. Bernstein series of L-enhanced paramters. Let LV be the Langlands dual
group of L and tyv: LY < GV the canonical embedding. Define

(2.4.1) Xnr(LY) = {C: Wg/Ir — 79} .

There is a canonical bijection between X, (LY) and X,,(L) (see [Hail4, §3.3.1]).
The group X, (L") acts on the set of cuspidal enhanced L-parameters for L in the
following way: Given (i, p) € ®o(L) and & € X, (VL), we define (£, 0) € ®o(L) by
€p =@ on Ip x SLo(C) and ({¢)(Frp) := gcp(FrF). Here ¢ € Z7v .1, represents 2.
We denote by Xu(LY).(¢s, po) the orbit of (ps, ps) € Pe(L).
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Definition 2.4.1. Let sV := [LY, (¢o, po)]gv be the GV-conjugacy class of

(LY, Xur(LY)(¢0, po))-
Let B(G") be the set of such sV.

We define
(2.4.2)

Ngv(syv) i= {n € Ngv(LY) : ™(¢e, 0¢) ~ (@, 0c) @ x” for some x" € %nr(LL)} ,

where Y, = [LY, (¢s, po)lav € B(LY) and denote by Wévv the extended finite Weyl
group W(LY) := Ngv(sY.)/LV.
By [AMSI8, (115)], the set ®(G) is partitioned into series a la Bernstein as

(2.4.3) o.(G)= [] @@,
sVeEB(GY)

where for each s, the subset ®(G)* is defined to be the fiber of sV under the
supercuspidal map Sc defined in (2.3.6).

2.5. Explicit Construction of enhanced L-parameters. We give a construc-
tion of enhanced L-parameters for the irreducible constituents of any parabolically
induced representations from any supercuspidal pair (L, o)g for which the “crude lo-
cal Langlands correspondence” is established. We emphasize that it does not require
knowledge of the internal structure of the corresponding L-packets for L, but only the
definition of ¢,. Our construction extends—and is inspired by—[KL87], [Ree02, §4.2],
[ABPS16a, §4.1] and [ABPS17b, §5], which all treat principal series cases (i.e. when
L is a torus).

Let L be a Levi subgroup of G and let o be an irreducible supercuspidal represen-
tation of L. Suppose that an L-parameter p,: Wg x SLa(C) — LV for L has been
constructed. Then we define

(2.5.1) t:=¢,(Frp,1) and H) := Zgv(¢olrp)-

Let u be a unipotent element of H)Y such that tut~! = u?. Similar to (2.3.2), the
unipotent element u can be extended to a morphism

(2.5.2) ju: SLa(C) — H satisfying j, (§ 1) = u.

Definition 2.5.1. We attach to the pair (o, u) an L-parameter ¢, : WrxSLy(C) —
GV defined by

-1
o (w0, (59)) = o w) - gu ("0 O0n) s for any we W
(2.5.3) ' 01 0 Juw|~1/2
Pou (1, ([1) 1)) =u
We define the group
(2.54) Sow = G0 = Zav (Pou(Wr)),

and we observe that Hy =G| -
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2.5.1. Loop groups.

Proposition 2.5.2. [Reel(, Proposition 3.8] Suppose G is a connected reductive
group over C and o is a semisimple automorphism of G. Then (§7)° is a reductive
quotient of the twisted loop group LS where 0 is a pinned automorphism of G in the
same outer class as o. Moreover §% = (G79)° is connected if G is simply connected.

Proof. By a classical result of Steinberg’s [Ste68, p.51], o stabilizes a Borel subgroup
and a maximal torus T C B C §. Thus we may write by [Reel0, Lemma 3.2]
o = Bocy, where 6 preserves some pinning for (B, T), ¢t € 79 and ¢, is the conjugation
by t. Write t = s - tyn;, where s € X, (T%) ® R} and tyn € X.(T%) ® S1. By taking
Ouni :=0o0c¢,, ., we have (§7)° = ((G7uni)°)%.

Consider R/Z = S with which we take a lift tuni € X (‘J’e) ® R of tyn;. Then
tuni corresponds to a point on some facet F on the apartment in the building of
L9 associated to the maximal untwisted loop (i.e. C((cw))-split) torus Lf((T9)°) =
L((T79)°). We have that (G%=ni)° is the reductive quotient at this facet F. Consider

exp

R — R, and let 5 € X,(T?)®R be the pullback of s. Let 3’ be the facet containing

F+esforall 0 < e < 1. Since (§7)° = ((§7i)°)% is a Levi subgroup of (§7ui)°, we
have that (G7)° is the reductive quotient at F’. This proves the proposition except
for the last statement, which is also a result of Steinberg’s. g

3. REVIEW ON REPRESENTATIONS OF p-ADIC GROUPS

Let R(G) denote the category of all smooth complex representations of G. This
is an abelian category admitting arbitrary coproducts.

3.1. Supercuspidal support. Let m € Irr(G). There exists a parabolic subgroup
P = LU of G and a supercuspidal irreducible representation o of L such that w
embeds in i%c. If P/ = L'U’ is a parabolic subgroup of G' and ¢’ a supercuspidal
irreducible representation of L', then 7 is isomorphic to a subquotient of iJGD,o’ if and
only if there exists an element of G conjugating (L, o) and (L, ). The G-conjugacy
class (L,0)¢g of (L, o) is called the supercuspidal support of m. We denote by Sc the
map defined by Sc(7) := (L, 0)q.

Two supercuspidal pairs (L,o1) and (L, 09) are G-conjugate if and only if o1 and
o9 are in the same orbit under Wg (L) := Ng(L)/L.

3.2. Langlands classification. Let B be a Borel subgroup of G defined over F,
and let T C B be a maximal F-torus in G. A parabolic subgroup P of G, with Levi
subgroup L is said to be standard if P > B(F) and L D T(F'). Let a} := R X*(L).
We denote by v +— X, the isomorphism from aj to the group of positive real valued
unramified characters of L as defined in [SZ18, (2)].

Definition 3.2.1. A standard triple (P, w,v) for G consists of:

e P a standard parabolic subgroup of G;
e 7 an irreducible tempered representation of the standard Levi subgroup L of
P;
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e v € a} areal parameter which is reqular and positive, i.e. properly contained
in the positive chamber determined by P (for more details, see for instance
[SZ18, §1.3]).

Let (P, m,v) be a standard triple for G. Let i%: 93(L) — 2(G) be the normalized
parabolic induction functor. Then ig(ﬂ' ® x») has a unique irreducible quotient
(3.2.1) J(Pm,v) = J(i3(r @ x.)),
called the Langlands quotient of ig(w@)xu), and the map J defines a bijection between
the set of all standard triples for G and Irr(G) (see [Kon03, Theorem 3.5)).

Let U denote the unipotent radical of the Borel subgroup B and U := U(F).
A character x: U — C* is called generic if the stabilizer of x in T(F) is exactly
Zg(F). Such a pair w := (U, x) is called a Whittaker datum for G. There are only

finitely many G-conjugacy classes of Whittaker data for G, since the group G,q(F)
acts transitively on the set of these pairs.

Definition 3.2.2. A smooth irreducible representation 7 of G is called to-generic if
Homg (7, Ind$ x) # 0.

3.3. Bernstein series. Let L be a Levi subgroup of a parabolic subgroup P of
G, and let X,;(L) denote the group of unramified characters of L. Let o be an
irreducible supercuspidal smooth representation of L.

Notation 3.3.1. We write:

e (L,o0)qg for the G-conjugacy class of the pair (L,o);

e 5:=[L,0]g for the G-conjugacy class of the pair (L, Xn (L) - o).
We denote by B(G) the set of such classes s. We set sy, := [L,0]L.

Let R*(G) be the full subcategory of J3(G) whose objects are the representations

(m, V') such that every G-subquotient of 7 is equivalent to a subquotient of a parabol-

ically induced representation i%(o’), where i is the functor of normalized parabolic

induction and o’ € X,,(M) - 0. The categories R*(G) are indecomposable and split
the full smooth category R(G) into a direct product (see [Ber84)):

(3.3.1) RG) = [ ®©.

s€B(G)
We denote by Irr®(G) the classes of irreducible objects in 9R%(G) —i.e. irreducible
representations whose supercuspidal support lies in s— and call Irr*(G) the Bernstein
series attached to s. By (3.3.1), Bernstein series give a partition of the set Irr(G) of
isomorphism classes of irreducible smooth irreducible representations of G:
(3.3.2) nr(G) = | | Ir*(G).

s€B(G)
For s = [L,0]g € B(G), we define
(3.3.3) Ng(sp) :=={9g€ G : 9L =L and 90 ~ x ® o, for some y € X, (L)},
where s;, = [L,0|r € B(L) and denote by W¢ the extended finite Weyl group
NG (5 L) / L.
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3.4. Formal degrees. Let A denote the maximal F-split torus of the center of G,
and A := A(F). Let m be an irreducible square-integrable representation of G on a
Hilbert space V. Let fdeg(m) € R~ denote the formal degree of w. By definition,
we have

(3.4.1) /G | (m(a)ons o), g = feg(m)™ - (e1,00) (s )

holds for all vy, v}, v, vy € V| where (-,-) is a G(F)-invariant inner product on V.
We remark that fdeg(m) depends on the choice of the Haar measure dg on G. We
normalize the measure dg as in [GG99]. When G splits over an unramified extension
of F, by [FOS21, (6)], the volume of the parahoric subgroup G, is then

(342) VOI(G:E’O) _ q— dim(Gz,O)/2|Gx’0|p/'

3.5. Unipotent representations. Let z € B(G, F) and let 7 be an irreducible
cuspidal unipotent representation of G, . Let 7V denote the contragredient of the
inflation 7 of 7 to G40. Consider the algebra H(G, T) of locally constant locally
supported End(7")-valued functions f satisfying f(p1gp2) = 7" (p1)f(g9)7" (p2) for
any p1,p2 € G0 and g € G.

We have an anti-involution on H(G, 7) given on the Iwahori-Matsumoto basis (T,)
by T, := T,-1. It induces a Hermitian form h on H(G, 7) defined by h(fi, f2) =
(fif2)(1). Let H?(G,T) denote the corresponding completion. A finite dimensional
simple left (G, 7)-module 7°¢ is called square-integrable if it may be realized as
an H(G,T)-submodule M, s of H?(G,T). There is a positive real number d(7’),
depending only on the isomorphism class of 77t such that

(3:5.1)  h(fi, f2) - h(gr, g2) = d(x™) - h( /177, foga) for any f1, f2, 91,92 € Mo

Proposition 3.5.1. Let w be a unipotent square-integrable irreducible representation

of G such that 7 := Homg, ,(T,7) # 0. We have
_ dim7

N VOI(G%())
Proof. See [Ree97, Proposition 9.1]. O

Generalizing his work with Kazhdan [KL87], Lusztig proved in [Lus95] that, when
G is simple of adjoint type, the unipotent representations of GG are in bijective corre-
spondence with G-conjugacy classes of triples (¢, u, p), where s € GV is semisimple,
w is unipotent such that tut~' = u9, and p is the isomorphism class of an irreducible
representation of the component group of the mutual centralizer in GV of ¢ and w,
such that p is trivial on the center of G¥. This result was extended to an arbitrary
group G in [FOS21].

One can replace u by n = In(u), a nilpotent element in the Lie algebra g¥ of GV
so that an indexing triple is (¢,n,p), where ¢ is a semisimple element in GV, n a
nilpotent element in g¥ such that Ad(¢)n = gn, and an irreducible representation p
of the component group A(t,n) := Zgv (t,n)/Zgv (t,n)°, where Zgv(s,n) := Zgv (t)N

(3.5.2) fdeg() -d(m™).
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Zgv(n) and Zgv(n) is taken with respect to the adjoint action of G¥ on g¥. We will
use this form of the indexing triples in the examples in later sections.

3.6. Supercuspidal representations. In this section, we briefly recall the general
construction of supercuspidal representations of G = G(F'), where G is an arbi-
trary tamely ramified reductive group and the residual characteristic p of ' does not
divide the order of the Weyl group of G. We also describe different kinds of super-
cuspidal representations that will occur: regular (resp. non-singular) supercuspidal
representations, depth-zero supercuspidal representations and unipotent supercusp-
idal representations.

3.6.1. Deligne-Lusztig theory. Let G be a connected reductive algebraic group de-
fined over a finite field F,. We denote by G a connected reductive algebraic group
defined over I, with root datum dual to that of G. Recall from classical Deligne-
Lusztig theory [DL76, §10] and [Lus84a, (8.4.4)] that the set of equivalence classes
of irreducible representations of G(IF,) decomposes into a disjoint union

(3.6.1) Ir(G(Fy)) = [ E(G(F,), 5),
(s)

where (s) is the G"(F,)-conjugacy class of a semisimple element s of G"(F,), and
E(G, s) is the Lusztig series defined as below in (3.6.3). More precisely, the decompo-
sition is obtained as follows: as proved in [DL76, Corollary 7.7], for any irreducible
representation 7 of G(IF), there exists an Fy-rational maximal torus T of G and a

character 6 of T(F;) such that 7 occurs in the Deligne-Lusztig (virtual) character

R%(G), i.e. such that (7, R%(G))Q(]Fq) # 0, where the character of 7 is also denoted by

7, and (, )G(F,) is the usual scalar product on the space of class functions on G(Fy):

(3.6.2) (f1, f2)ew,) = ICE)T D filg) f2(9).

g€G(Fq)

If & = 1 (i.e. the trivial character of T(FF;)), then the representation 7 is called
unipotent.

If the pairs (T,6) and (T',6') are not G(F,)-conjugate, then R%(G) and R%(H’)
are orthogonal to each other with respect to (, >@(Fq), but they may have a common
constituent as they are virtual characters. This has motivated the introduction of
the following weaker notion of conjugacy: the pairs (T,6) and (T’,60') are called
geometrically conjugate if there exists a g € G, such that T" = 9T and such that
for any non-negative integer m, we have 6’ o Npmp, = 0 o Ngm|p, oad(g), where
Fr: G — G is the geometric Frobenius endomorphism associated to the F,-structure
of G (hence we have G = G(F,)), and Ngm gy : ™
by Npymjpe(t) ==t - Fr(t) - Fr?(¢) - -- Fr™ 1 (2).

The G(IF,)-conjugacy classes of pairs (T, §) as above are in one-to-one correspon-
dence with the GY(F,)-conjugacy classes of pairs (T",s) where s is a semisimple
element of G"(F,), and TV is an Fj-rational maximal torus of GY containing s.

— T* is the norm map given
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Then the Lusztig series (G, s) is defined as
(3.6.3) {7 € Irr(G): 7 occurs in R%(H) where (T, 0)g corresponds to (T, s)gv }.

By definition, £(G, 1) consists only of unipotent representations.
By the various works of Lusztig, there is a bijection

(3.6.4) E(G(Fy),s) = E(G(Fy),1)

T > Tunip,

where GY := Zgv (s) denotes the centralizer of s in G", and hence plays the role of
an “endoscopic” group of G:

e In the case where G has connected center, the existence of the bijection (3.6.4)
was established in [Lus84a, Theorem 4.23].

e For an arbitrary G, the group G_ may be disconnected, and one needs to first
extend the notion of Deligne-Lusztig character to this case in the following
way. Let G.° be the identity component of GY. For T" an F,-rational
maximal torus of G;»° and 6" a character of T"(F,), we define

GY GY(F GY°
(3.6.5) R (0%) :=Tndgs S (R (6Y)),

Then &(GY (F,), 1) is defined as the set of irreducible coonstituents of R%Y (1)
and the equivalence (3.6.4) was established in [Lus88, §12]. -

Proposition 3.6.1. The bijection (3.6.4) satisfies the following properties:
(1) It sends a Deligne-Lusztig character R%(G) in G (up to a sign) to a Deligne-

\
Lusztig character R% (1), where 1 denotes the trivial character of T" (see

[Lus88, §12]).
(2) It preserves cuspidality in the following sense:
if T € Irr(G(Fy), s) is cuspidal, then
(a) if s € GY(F,), then the largest Fy-split torus in the center of G coincides
with the largest F-split torus in the center of G (see [Lus84a, (8.4.5)]),
(b) the unipotent representation Tunip is cuspidal.
(3) The dimension of T is given by

Gaolp :
(3.6.6) dim(r) = (zG;O<s§>’?Fq>rp/ dim(runip)
where |- |y is the largest prime-to-p factor of |-| (see [DM91, Remark 13.24] ).
Let Wg(T) := Ng(T)/T and 6 € Irr(T(F,)). We define
(3.6.7) We(T,0)™ := {w e We(T)™ : 0 = 6}.
By [DL76, Theorem 6.8], we have

(3.6.8) (RF(0), B5(0))gr,) = [Wa(T, )7,
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where (, )g(r,) 18 as in (3.6.2). We recall that 6 is said to be in general position if
Wg(T,0) = {1} (see [DL76, Definition 5.15]).

Lemma 3.6.9. Let 7 € &(G(F,), s) be such that G := Zgv(s) is a torus. Then

T= j:R%(G), where 6 is in general position.

Z
Proof. When G, := Zgv(s) is a torus, we have Tynip = 1 = RT%V (#)

tion 3.6.1(1), we obtain 7 = :ER%(H). Therefore B

(1). By Proposi-

(3.6.10) (R3(0), Rp(0)) = (r,7)g = 1.

Then it follows from (3.6.8) that |Wg(T,0)| = 1, i.e. 6 is in general position. O

3.6.2. Depth-zero supercuspidal representations. Let G be a connected reductive al-
gebraic group defined over F' and S an F-torus of G. Then S possesses an ft-Néron
model (a smooth group scheme over o of finite type), the neutral connected compo-
nent of it is called the connected Néron model of S and denoted by &° (see [BLR9O0,
§10]). Let S := S(F') and Sy := &°(op).

We suppose that the torus S is a mazimally unramified elliptic mazimal torus
(as defined in [Kall9, Definition 3.4.2]), i.e. such that S = Zg(T), where T is the
maximal unramified subtorus of S. Since T is a maximal split torus over F;, we
have the apartment Aeq(S, Fr) C Bred(G, Fyr). Since S is defined over F' and
elliptic, this apartment is Frobenius stable, and contains a unique Frobenius-fixed
point, which we denote by x. Then z is a vertex of Bieq(G, Fyy) by [Kall9, Lemma
3.4.3]. Therefore G is a maximal parahoric subgroup of G. We denote by G its
reductive quotient, which is the group of IF¢-points of a connected reductive algebraic
group G, o over F,.

The special fiber of the (automatically connected) ft-Neron model of T embeds
canonically as an elliptic (i.e. anisotropic modulo center) maximal torus T of the
reductive group G,. More explicitly, T(kp) C G, (kpr) is the image in G(F'), 04 of
S(F") N G(F"),, or equivalently of T(F') N G(F’),, for every unramified extension
F' of F [DeB06, Lemma 2.2.1(3)]. Every elliptic maximal torus of G, o arises in this
way by [DeB06, Lemma 2.3.1].

In [DL76, Definition 5.15], Deligne and Lusztig defined two regularity conditions
for a character 6 of T(F,), which we now recall:

e 0 is said to be in general position if its stabilizer in (Ng(T)/T)(F,) is trivial.
e 0 is said to be non-singular if it not orthogonal to any coroot.
If the centre of G is connected, 6 is non-singular if and only if it is in general position
by [DL76, Proposition 5.16]. The character 6 is said to be regular if its stabilizer in
(NG (S)/S)(F) is trivial (see [Kall9, Definition 3.4.16]). If 6 is regular, then it is in
general position (see [Kall9, Fact 3.4.18]).

Definition 3.6.2. [Kall9, Definition 3.4.16] Let 0 be a depth-zero character of S.
Then O is said to be regular if its restriction to Sy equals the inflation of a regular
character of T(IF,).
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Let 7 be an irreducible depth-zero supercuspidal representation of G. Then there
exists a vertex & € Byeq(G, F') and an irreducible cuspidal representation 7 of G, (Fy),
such that the restriction of m to G, contains the inflation of 7 (see [Mor96, §1-2]
or [MP96a, Proposition 6.6]). The normalizer Ng(Gg) of Gy in G is a totally
disconnected group that is compact mod center, which, by [BT84, proof of (5.2.8)],
coincides with the fixator Gi) of [x] under the action of G' on the reduced building
of G. The 7 is compactly induced from a representation of Ng(Gy0):

(3.6.11) = C-Indgm (7).

Definition 3.6.3. [Kall9, Definition 3.4.19] The representation = is said to be reg-
G
ular if 7 = £R;"°(0) for some pair (T,6), where T is an elliptic maximal torus of

G, and 0 is a regular character of T(F,).

Let m be an irreducible depth-zero supercuspidal representation of G. Let z €
Bred(G, F) and T € Irteysp (G, (Fy)) such that the restriction of m to G, contains 7.

Proposition 3.6.4. If G is simply connected, then w is reqular if and only if T =

G
+R""(0), where T is an elliptic mazimal torus of G, o and 0 is a character of T(F,)
that is in general position.
In particular, if T € E(G, o(Fy), s) and Zgy, (s) is a torus, then 7 is regular.

Proof. By [Kall9, Lemma 3.4.10], we have an exact sequence

(3.6.12) 1 — Ng,(8)/So = Na(S)(F)/S = G /[Gzo: S]— 1,
and the natural map

(3.6.13) Ng, 4(8)/So — Ng, (T)(Fy)/T(F,)

is bijective. Since G is simply connected, the parahoric subgroup G o coincides with
the fixator G in G of x (see [BT84, §5.2.9]). Combining (3.6.12) and (3.6.13), we
have

(3.6.14) Ne, (S)/S0 =~ Na(8)(F)/S ~ Ng, (T)(Fy) /T(Fy).

Thus by (3.6.14), 6 is regular if and only if it is in general position. The last assertion
follows from Lemma 3.6.9. O

Suppose G is simply connected, then G| = Gy for any = € B(G,F). Let
7 € Irr(G) be a depth-zero supercuspidal representation of G. By (3.6.11), there is
7 € Irr(G4 o) such that

(3.6.15) m=cIndg  T=:iF .
Proposition 3.6.5. The formal degree of w is given by

dim(Gy,0)/2 dim(Tynip)

(Zg, o (5))" (Fg) |y

(3.6.16) fdeg(r) =
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Proof. We have (see for instance [Sch21, Lemma 18] or [DR09, § 5.3])

dim 7
3.6.17 fd =—.
(3.6.17 &%) = oGy
Combining (3.6.6) and (3.4.2), we have
(3.6.18)
Gm s di uni dim(Ge,0)/2 g uni
fdeg () = ooy 1md(_7 GP) . _ 4 dvlm(T v)
oy, D Ely -0 ™0 P[Grly gy () Byl

g

3.6.3. Positive-depth supercuspidal representations. In this section, we assume that
G splits over a tamely ramified extension of F', and that p does not divide the order
of the Weyl group Wg of G. Let E/F be a finite extension. By a twisted E-Levi
subgroup of G, we mean an F-subgroup G’ of G such that G’ ®r E is a Levi
subgroup of G @ E. If E/F is tamely ramified, then G’ is called a tamely ramified
twisted Levi subgroup of G. A tamely ramified twisted Levi sequence in G is a
finite sequence G = (GY G1,--- ,G%) of twisted E-Levi subgroups of G, with E/F
tamely ramified (see [YuOl, p 586]). We recall that an anisotropic algebraic group
over F'is a linear algebraic group that does not contain non-trivial F-split tori.

Definition 3.6.6. A cuspidal G-datum is a tuple D := (é, y, 7m0, qg) consisting of

(1) a tamely ramified Levi sequence G = (G° ¢ G C --- ¢ G = G) of twisted
E-Levi subgroups of G, such that Zgo/Z¢g is anisotropic;

(2) a point y in B(G?, F) N A(T, E), whose projection to the reduced building
of G¥ is a vertex, where T is a maximal torus of G? (hence of G?) that splits
over E;

(3) a sequence 7 = (19, 71,...,7q) of real numbers such that 0 <rg <r; <--- <
rg_1 <rgifd >0, and 0 < rg if d = 0;

(4) an irreducible depth-zero supercuspidal representation 7% of G°;

(5) a sequence qg = (¢, d1,- .., ¢q) of characters, where ¢; is a character of G!
which is trivial on G;MiJr and nontrivial on GZ,H for 0 <7 < d—1, such that

® ¢, is trivial on Ggm .+ and nontrivial on GZJ, , gy <rg, and ¢4 =1
if rg_q = rq (with r_; defined to be 0).

e Moreover, ¢; is G'Tl-generic of depth r; relative to y in the sense of
[YuO1, §9] for 0 < i <d—1.

All supercuspidal representations arise from cuspidal G-data if p does not divide
the order of the Weyl group of G (see [Fin21]). When G = Gy, this condition says
that p # 2, 3.

Let S be a maximal torus in G and be a character of depth zero. As before, let T
denote the maximal unramified subtorus of S. Let F’/F be an unramified extension
splitting T and R,es(G, T) denote the set of restrictions to T of the absolute roots
in R(G,S).
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Definition 3.6.7. [Kal21, Definition 3.1.1] A depth-zero character 0p: S(F) — C*
is called F'-non-singular if for every a € Ryes(G, T) the character 0roNp/p oaV: F' —
C* has non-trivial restriction to opr.

Definition 3.6.8. [Kal21, Definition 3.4.1] Let 6r: S — C* be a character. The
pair (S, 0r) is said to be tame F-non-singular elliptic in G if
e S is elliptic and its splitting extension E/F' is tame;
e Inside the connected reductive subgroup G of G with maximal torus S and
root system

R:={a € R(G,8)|0r(N(a"(Eg,))) = 1},

the torus S is maximally unramified.
e The character ff is F-non-singular with respect to G in the sense of Defi-
nition 3.6.7.

In [Kall9, Kal21], Kaletha describes how to construct supercuspidal representa-
tions 7g g, of G from tame F-non-singular elliptic pairs (S,60p) in G. The represen-
tation 7g g, is obtained in two steps. One starts by unfolding the pair (S,6F) into a
cuspidal G-datum Dgg, = ((i,y,f', 7Y, (E) as in Definition 3.6.6. The properties of
S and 0 provided by Definition 3.6.8 allow us to go to the reductive quotient and
use the theory of Deligne-Lusztig cuspidal representations in order to construct 7,
the so-called depth-zero part of the datum Dgg,.. The second step involves applying
Yu’s construction [YuO1] to the obtained G-datum.

Since p does not divide the order of the Weyl group of G, it does not divide the
order of the fundamental group of Gger.

Definition 3.6.9. [Kall9, Definition 3.7.9] A supercuspidal representation of G is
said to be regular if it arises via Yu’s construction from a cuspidal G-datum D such
that the representation 7° of G© is regular in the sense of Definition 3.6.3.

Let Sg C S be the connected component of the intersection of kernels of all
elements of Rg4, and R(G,Sy) be the image of R(G,S)\Rp+ under the restriction
map X*(S) — X*(So).

Definition 3.6.10. [Kal21, Definition 4.1.4] A torally wild supercuspidal L-packet
datum of G is a tuple (S, 7", x0,0r), where

e S is a torus of dimension equal to the absolute rank of G, defined over F'
and split over a tame extension of F

e jV: SV — GV is an embedding of complex reductive groups whose GV-
conjugacy class is I'p-stable;

® 0 = (Xag)ap are tamely ramified y-data for R(G, Sp);

e Op: S(F) — C* is a character; subject to the condition that (S, 0F) is a tame
F-non-singular elliptic pair.

Formal degrees of arbitrary-depth tame supercuspidal representations in the sense
of [Yu01] can be computed as in [Sch21, Theorem A]. Let G be a semisimple F-group,
and let D be a cuspidal G-datum with associated supercuspidal representation w. Let
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R; denote the absolute root system of G, for the twisted Levi sequence (G%)o<;<q-
Let exp,(t) := ¢".

Proposition 3.6.11. The formal degree of 7 is given by

(3.6.19)
. d—1
dim p 1 . 1 . 0 1
f = - — — — i i — i .
deg(m) [G?y] : G2’0+] exp, (2 dim G + 5 dim G, , + 5 ZE:O ri(|Rit1] — |R |)>

Remark 3.6.12. The Formal Degree Conjecture of [HII08], which describes the
formal degree fdeg(m) of any irreducible smooth representation 7 of G in terms of
adjoint gamma factor, has been proved for regular supercuspidals in [Sch21, Theo-
rem B, for non-singular supercuspidals in [Oha21, Theorem 9.2], and for unipotent
supercuspidals in [FOS20, Theorem 3].

4. PRELIMINARIES ON Gy

Let G = Gg be the exceptional group of type Gg over F, and let G = Go(F)
denote its group of F-rational points. Let T be a maximal F-split torus in G and
(€1,€2,€3) be the canonical basis of R3, equipped with the scalar product ( | ) for
which this basis is orthonormal. Then « := &1 — 9 and [ := —2e1 + €9 + €3 define a
basis of the set R(G,T) of roots of G with respect to T, and

(4.0.1) R(G,T)" :={a, 8,a+ f,2a + B,3a + f,3a + 28}
is a subset of positive roots in R(G, T) (see [Bou68, Planche IX]). We have
(4.0.2) (o) =2, (B]8) =6, and («|B)=-3.

The root « is a short root, and  is a long root. Let B = TU be the corresponding
Borel subgroup in G and B = TU for the opposite Borel subgroup. For any root
v € R(G,T), we denote by 7" the corresponding coroot and by s, the fundamental
reflection in W defined by ~:
/
20 |’Y)'y, for any v’ € R(G, T).

(vlv)

(4.0.3) sv(Y) =" = (v, 7" =~

We set a := 54, b:= sg and r := ba.
The group X*(7T') of rational characters of T has the following description

(4.0.4) X*(T)=7ZQ2a+ B)+ Z(a+ B).
We identify T with F* x F'* by
Na: T — F* x F*
t = ((2a+ B)(t), (a + B)(t)).
Let nl,: F* x F* — T be the inverse morphism of 7,. We have

(4.0.6) a(nl(ty,t2)) = tity ", Blnh(tt)) =t '3
o a(nl(t1,t2)) = (t2,t1), bnh(t1,t2)) = (t1, t1t5")

(4.0.5)
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3a+ 28
B a+ 3 2c + 3a+
5m/6
—a o
—304—,8 —20&—5 —a—/B _’6
—3a — 26

FIGURE 1. Diagram for Ga(F)

Any pair (£1,&2) of characters of F'* define a character of T' that we denote by
&1 ® &. For each root v € R(G,T), we fix root group homomorphisms z: ¥ = G
and Z-homomorphisms (,: SLa(F) — G as in [BT72, (6.1.3) (b)]. We have

(4.0.7)

1 u 1 0 v t 0
x,y(u) = (y ) x—'y(“) =(—y and vy (t) = (y 1
0 1 u 1 0 t—

For v € {a, B}, let P, be the maximal standard parabolic subgroup of G generated
by 7, and M, be the centralizer of the image of (7/)" in G, where 4/ is the unique
positive root orthogonal to v, i.e.

(4.0.8) s 3a+ if v = a,
o " 13a+28 ify=p.

Then M, is a Levi factor for P,, and M,, Mg are representatives for the two
conjugacy classes of maximal Levi subgroups of G.

We extend (,: SLo(F) — M, := M, (F') to an isomorphism (,: GLa(F) — M,
via

t 0 t 0
(4.0.9) Gy = Gy , forte F*.
0 1 0 t!
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Then the restriction to 7' of the inverse map of ¢, coincides with the isomorphism
ny: TSF* x F*, where 1, is as in (4.0.5), while

ng: T — F* x F*
t— ((a+ B)(t), a(t)).

(4.0.10)

It follows from (4.0.6) that

(4.0.11) (ng omh)(t, t2) = (ta, t1ty ), for t1,ts € F*.

The long roots {£8, £(3a+ ), £(3a+203)} form the root system of SL3(F"). Hence
SL3(F') embeds in Go(F) as the subgroup generated by the groups U, with v long.

The Weyl group W of G is generated by the reflections s, and sz satisfying
relations

(4.0.12) s> s% =1 and (sa85)° = 1.

a pr—
Thus W is the dihedral group of order 12. Let 7(¢) € W denote the rotation through
¥ with center at the origin. The elements of W are described in Table 1, along with
their actions on the character £ ® & of T'= F* x F*.

w w w(é1 ® &2)
1 1 §1®&
Sa a 84
sg b §&HET

r(r/3) | ab | &Te&&
r(57/3) | ba G& e
S3a-+8 aba | &M ®&G&E
Satp | bab | &1@&E!
r(2m/3) | abab | &' @&
r(4m/3) | baba | & @&t
Soa+p | ababa {1_152_1 ® &a
S30428 | babab 52_1 ® 51_1
r(m) | bababa 51_1 ® 52_1

TABLE 1.

The group G is simply connected. The nodes of its extended Dynkin diagram are
0 := —3a — 20 (the opposite of the highest root), @ and § (in particular § is the
extended node, and «, (3 are respectively short and long roots):
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o———=

) B @

The affine Weyl group of G is generated by ss, s, and sg. There are three G-
conjugacy classes of maximal parahoric subgroups of GG, obtained by deleting one
node from the extended Dynkin diagram. We denote by G, (deleting node 9), G,
(deleting node «) and G, (deleting node [3) a set of representatives of these classes.
Their reductive quotients are G,, ~ Ga(F,), G;, ~ SL3(F,) and G, ~ SO4(F,) ~
SLa(Fy) x SLa(Fy)/{£1} ~ SO4(Fy), see [GY03, p.338].

Remark 4.0.1. By (3.4.2) the volume of the Iwahori subgroup Jg, of G is

(4.0.13) Vol(Ig,) = 1 _ql)Q,

since the reductive quotient of J is a torus isomorphic to F,™ x F,*.

Let GV denote the Langlands dual group of G, i.e. the complex Lie group with
root datum dual to that of G. We identify TV with C* x C* by
nﬁv:TV — C* x C*
t— (28" +a”)(t), (8" +a”)(t)).
The group GV is an exceptional group of type Go, with positive roots the set
(4.0.15) R(GY, T)" ={a",BY,a" + 8", 0" +28",a" +33",2a" + 38"},
in which oV is a long root and 3Y a short root. Let g¥ and t" denote the Lie

algebras of GV and TV respectively. The adjoint action of GV on gV defines a Cartan
decomposition

(4.0.16) '=t'e & ¢, withg!=Cep.

YVER(GY,TV)
For each vV € R(GY,TV), let Uf//v be the associated root subgroup in GV. We fix
root group homomorphisms zv: C — U,YVV.

(4.0.14)

4.0.17. Let U(GY) denote the unipotent variety of G¥. For two unipotent classes €,
¢ in GV, we write €' < C if €’ is contained in the Zariski closure of €. The relation <
defines a partial ordering on U(GY). In the Bala-Carter classification, the unipotent
classes in GV are

(4018) 1 S Al S ;&1 S Gg(al) S GQ.
They are described in the following Table 2 (see [CM84, §8.4]). Amongst these five
unipotent classes, three are special: 1, Ga(a1) and Go. In [Ram03], 1, Aj, Al, Ga(ay)
and Go are referred to as the trivial, minimal, subminimal, subreqular and reqular
(also called principal) unipotent orbit, respectively.

By (4.0.16), for any v € R(GY,T")", we can choose e, € g¥, f, € g*., and h, € t
such that

(4.0.19) [hysey] =v(hy)ey,  [hys f3] = —v(hy)fy and  [ey, fy] = hy.
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Label | Diagram | Dimension
1 00 0
Ay 10 6
Ay 01 8
Ga(ar) 20 10
Ga 2 2 12

TABLE 2. : Bala-Carter classification for Go(C).

The weighted Dynkin diagram of the minimal orbit A; shows that 8Y(h) = 1 and
aV(h) = 0, if (e, f,h) is an SLy-triple where e is a nilpotent element which corre-
sponds to A;. From the table above, we know that h = hogv v works. It follows
that eggvyqv is a representative of the nilpotent orbit corresponding to A;. The
root 3Y + " is short. Since all the short roots are conjugate under the Weyl group
WY = Ngv(TV)/T" of GV, the corresponding spaces gY, are also conjugate un-
der WV. Since the orbits are closed under multiplication by a non-zero scalar and
dim g\W/v = 1, any non-zero vector in a space g\v/v with v¥ a short root spans the
minimal nilpotent orbit of GV.

We recall the Springer correspondence for G2(C) from [Car93, p.427] in Table 3:
to each irreducible character, it attaches a pair (u, p) consisting of (the conjugacy
class of) a unipotent element u in G¥ = Go(C) and an irreducible representation p
of the group A, := mo(Zgv(u)). There is one p missing, which is the case where the
component group A, is the symmetric group S3 and p is the sign character of Ss.

characters of W | unipotent | A, | enhancement
P16 triv triv triv
/1/73 Ay triv triv
$2,2 gl triv triv
2.1 Ga(ay) S3 triv
13 Ga(a1) | S3 P21
¢1,0 Ga triv triv

TABLE 3. : Springer correspondence for Go(C).
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4.0.20. The group SO4(C): We realize the group SO4(C) ~ SLY xSL§ /{£1} as the
subgroup of Go(C) generated by T and the images of x,v and x9gv4qv. Then the
Weyl group of SO4(C) with respect to T is {1, sqv, S28v4aV, Sav - - - S28v4qv ;. The
group SO4(C) admits 4 unipotent classes that are labelled as (3,1), (2,2), (2,2)",
(1) (see for instance [Lus84b, § 11.3]). A representative of the nilpotent class corre-
sponding to (2,2)" is e,v, and a representative of the nilpotent class corresponding
to (2,2)" is egpviqv. The closure order on the unipotent classes of SO4(C) is given
by the following;:
(3,1)

- ~
(4.0.21) (2,2) (2,2)" .

~N 7

(1)

The classes (3,1) and (1) are said to be non-degenerate, and the classes (2,2), (2,2)”
degenerate.

unipotent class in SO4(C) | unipotent class in Go(C) | Ago, (u)
(3,1) Ga(ar) 142
(2,2) Ay {1}
(2,2)" Ay {1}
(1) 1 {1}

TABLE 4. Unipotent classes of SO4(C).

4.0.22. The group SL3(C): The long roots {+a",+(38Y + o), £(38Y + 2a")}
form the root system of SL3(C). Hence SL3(C) embeds in G2(C) as the subgroup

generated by T and the images of v with " long. We can define an explicit such
embedding j32 SLg((C) — GQ((C) as

1 u 1
(4.0.23) 73 1 =zov(u), 73 1 = 233V 4qv (0)
1 u 1
1 131
(4.024)  jslu 1 =z _ov(u) and j3 to = v (t1,t2),
1 eyt

where
(4.0.25) Ngv: Cx C* =TV
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is the inverse morphism of 7gv.

In general, the center of § := SL,,(C) is isomorphic to the group p, of n-th roots
of unity of n. If u € C,) (the regular unipotent class), then the component group A,
of the centralizer of u in G is isomorphic to u,. In particular, the unipotent classes
of SL3(C) can be summarized as in Table 5.

unipotent class in SL3(C) | unipotent class in G2(C) | Asr,(u)
3 Ga(ar) 3
(2,1) Ay {1}
(1,1,1) 1 {1}

TABLE 5. : Unipotent classes of SL3(C).

4.0.26. The group GLy(C): There are two different cases depending on whether
GL4(C) corresponds to a Levi subgroup of Gy(C) attached to a short or a long root
Y. We have W¢ = {1,s,v}. The unipotent classes in this case are summarized in
Table 6.

unipotent class in GL2(C)

representative of nilpotent orbit

unipotent class in Gy(C)

Agr, (u)

regular

6»YV

Ay if ~Y is long
Ay if 4V is short

1

trivial

0

1

1

TABLE 6. : Unipotent classes of GLa(C).

5. THE GALOIS SIDE FOR Gy

In this section, we study Langlands parameters into G = Gy(C), and determine
all non-supercuspidal members in their L-packets assuming the properties in §10.1.
We assume p # 2, 3.

Proposition 5.0.1. The following are equivalent for ¢ : Wg x SLy(C) — GV
(1) o(Wp) is abelian.
(2) Zgv(S) contains a maximal torus of GV.

Proof. We claim that any abelian subgroup of GV = G3(C) is contained in a torus
except for a single exception that is a unique conjugacy class of abelian subgroups
isomorphic to u3. The claim is equivalent to the statement that Zgv (S) contains a
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maximal torus of GV for any S C GV abelian. Since closed subgroup of G satisfies
the descending chain condition, it suffices to prove this for finitely generated abelian
group. Using Proposition 2.5.2, for s € S non-trivial we have Zgv (s) is isomorphic
to one of SL3(C), SO4(C), GL2(C) or GL;(C)2. The whole centralizer Zgv(S) =
Z7,. (s)(S) contains a maximal torus of SL3(C), SO4(C), GL2(C) or GL1(C)?, except
for the case of SO4(C) for which an exception happens when S maps to the unique
subgroup of SO4(C)/us = (PGLy(C))? that is isomorphic to u3. Together with s,
this implies that S is an order 8 subgroup of GV isomorphic to . O

Recall that we have chosen in (4.0.15) a set of positive roots for GV and its maximal
torus TV. We denote by A : (C*)? = TV the isomorphism satisfying a(\(z1, 22)) = 21
and B(\(z1,22)) = 22. The Weyl group Wgv(TV) is generated by two reflections,
one sending A(z1, z2) — )\(zl_l, 2122) and the other sending \(z1, z2) — A(2123, 22_1).

Example 5.0.2. \(1,(3) has centralizer isomorphic to SL3(C), and is conjugate to
AL, ¢ 1), making its orbit the unique one with this centralizer.

5.0.1. There are two obvious strategies to start with:

(1) Classify ¢ in terms of ¢|sr,(c);

(2) Classify ¢ in terms of ¢|w,.
The two strategies are somewhat orthogonal. As in line with standard literature, we
also use the second strategy in the cases where p(SL2(C)) = 1. One of the upshots
in our approach is that we use a combination of both strategies.

5.1. Classification of ¢ in terms of ¢|gy, (). This is the first strategy. For a gen-
eral Langlands parameter ¢: Wg x SLa(C) — GV, the possible shapes for ¢lsr,(c) are
in bijection with unipotent orbits of G (see §4.0.17 for the notations for unipotent
orbits). We have the following cases.

(1) ¢ (§1) is regular, i.e. it lies in the G unipotent class. In this case, we have
Zav (p(SL2(C)) = {1} and the L-parameter ¢ is discrete, by Property 10.1.2,
we obtain a singleton L-packet consisting of the Steinberg representation
Sta, of G.

(2) ¢ (§1) is subregular, i.e. it lies in the subregular unipotent class Ga(a1).
In this case, Zgv(¢(SL2(C)) = S3. To see this: ¢[gr,(c)) factors through
SLy(C) — SL3(C) — GY. Up to GY-conjugation, we may assume that
e ((&,2)) = A(t,1), such that Zgv({A(t,1) | t € C*}) = GLy(C) is given
by the short root 3 of GV. This GL2(C) acts on the sum of root spaces cor-
responding to {aV,aV + Y, a" +28Y,a" + 38}, which is a 4-dimensional
representation of GLo(C) that is isomorphic to Sym3(std). One can check
that ¢ ((§1)) is an element in general position in Sym?®(std) and thus has
centralizer S3, i.e. the permutation group of the 3 roots of a separable poly-
nomial of degree 3.

In this case, p(Wp) is any subgroup of Ss, and ¢ is always discrete. We
remark that the order 2 element in S3 = Zgv(¢(SL2(C)) has centralizer
isomorphic to SO4(C), while the order 3 element has centralizer isomorphic
to SL3(C). The subregular unipotent ¢ ((§ 1)) lies in the regular unipotent
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orbit in both SO4(C) and SL3(C) by Tables 4 and 5. Since the group ¢(Wr)
can have order 1, 2, 3 or 6, we have an L-packet of size 2+1, 1+1, 1+2 or 1+0
respectively (here we write the number of non-supercuspidal representations
plus the number of supercuspidal representations).

e The case where |p(IWp)| = 1 is the unipotent case, and will be addressed

(3) When ¢ ((§1)) is in the Ay (resp. Ap) unipotent class, i.e. p(SLy(C)) is
a short (resp. long) root SLy(C) in GV, its centralizer Zgv (¢(SL2(C)

in Theorem 5.1.2(3f) and Table 15. More precisely, this L-packet has
size 3: it contains two unipotent representations in the principal series,
the representations m(1) and 7(1)" from Table 15, and one unipotent
supercuspidal representation from §10.3.1(1).

The case where |p(Wr)| = 2 will be discussed in §5.2.1(3a).

The case where |p(Wr)| = 3 will be discussed in §5.2.1(2a).

Lastly the case where |o(Wp)| = 6 will be discussed in §5.2.1(2c¢).

) =

SL2(C) is a long (resp. short) root SLa(C). We have two sub-cases:

(a)
(b)

©(Wp) C Zgv(¢(SL2(C))) is not contained in a torus of Zgv (p(SL2(C))),
in which case ¢ is discrete. This case is treated in §5.2.3.

©(Wp) is contained in a torus TV C Zgv (¢(SL2(C))). In this case, either
Zow () = TV, or Zaw (¢) = Za (9(SLa(C))). We always have S, = 1,
and the L-packet consists of a single principal series by Proposition 5.0.1.

(4) ¢(SLa(C)) is trivial. We leave it to later case-by-case discussions in §5.2.1
and §5.2.2.

As a consequence of the above discussions, we immediately obtain the following.
Corollary 5.1.1. When ¢ is non-discrete, either p(SLa(C)) is trivial, or p(SLa(C))

is a short or long SLo(C) in GV. In the latter case(s), S, = {1} and the L-packet
consists of a single principal series.

Let Fyo denote the bi-quadratic extension over F with Gal(Fya/F) = pu2. We
now study our LLC using Properties 10.1.1, 10.1.2, 10.1.6 and 10.1.9.

Theorem 5.1.2. A parabolically induced representation of G = Go(F') has two or
more non-isomorphic constituents exactly in the following cases:

(1) The parabolically induced representation iIGDa from a Levi subgroup M =
GL2(F) of a supercuspidal representation o of M s.t.

(a)

(b)

The Levi M = Mg = GLg(F) is associated to the long root and o =
055 ® 1/;1, where og, s the unique supercuspidal representation of GLa
whose corresponding L-parameter under the LLC for GLo has image Ss,
and @vE denotes tensoring with vE' o det : GLo(F) — C*. In this
case, the parabolic induction i% (o) has a discrete constituent m(o) and
another non-tempered constituent J (o), where w(o) corresponds to the
L-parameter in 5.2.1(2c) such that |sy,c) meets the Ga(a1) unipotent
class, while J(o) has trivial ¢|g1,(c)-

The central character wy of o has order 2 (and is non-trivial); moreover,
if 0 2 0g,, then GLa(F') cannot be the one attached to the long root.
In this case, iga has two non-isomorphic constituents ™ and 7' that are
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both non-discrete and tempered, one of which is generic. Both m and 7'
correspond to the L-parameters ¢ in 5.2.1(4c) for the depth-zero case,
or 5.2.2(2¢) for the positive-depth case. In particular, we always have
Plsry(c) = 1 in this case.

The central character w, = 1/1?1. In this case, the parabolic induction
has a discrete constituent m(o) which corresponds to the L-parameters
in §5.2.3, and another non-tempered constituent J(o) which has trivial
¢lsL,(c)-

parabolically induced representation from the order 2 character x of

(F*)? such that ¢y: Wp — (C*)? satisfies ker(¢) = Wr,, for the bi-
quadratic extension Fpo over F.

In this case, the parabolically induced representation has two non-isomorphic
constituents m and 7' that are both non-discrete and tempered, one of which is
generic. Both m and ©' correspond to the L-parameter ¢ given in 5.2.1(3c).
In particular, we have ¢|gr,c) = 1.

Representations in the above two cases (1) and (2) are the only non-discrete rep-
resentations of G whose L-packets are not singleton packets. In both cases, the
L-packet has two members that are exactly the two irreducible constituents in the
same parabolic induction.

(3) The parabolically induced representation of 6: T — C* with 6 o \Y = vp for
some coroot A\: F* — T. We have the following cases:

(¢)

(b)

(c)

(d)

(¢)

(f)

There is a unique such X € RY(G,T). In this case, the parabolically
induced representation has two mon-isomorphic constituents. They are
both non-discrete.

There are exactly two such A € RY(G,T) that are both short with 120°
angle, or both long with 60° angle. In this case, the parabolic induction
again has two non-isomorphic constituents, both non-discrete.

There are two such A € RY(G,T) and they are perpendicular to each
other. In this case, the parabolic induction has four constituents. One of
them is discrete and corresponds to an L-parameter with Zgv(p(Wp)) =
SO4(C) and p|sr,(c) subregular.

There are exactly two such X € RV(G,T) that are both long with 120°
angle. In this case, the parabolic induction has four constituents. One of
them is discrete and corresponds to an L-parameter with Zgv (p(Wg)) =
SL3(C) and ¢[g1,,(c) subregular.

There are two such A\ € RY(G,T) with 150° angle in between. In this
case, the parabolic induction has the Steinberg representation as a con-
stituent, and has three other non-discrete constituents.

There are four such A € RV(G,T). In this case, the parabolic induction
has 5 constituents. Two of them are discrete and correspond to the two
non-supercuspidal members in the L-packet (which is a unipotent L-
packet of size 3 containing also the supercuspidal representation w[—1])
for the L-parameter with o(Wr) = 1 and ¢|s1,(c) subregular.



LOCAL LANGLANDS CORRESPONDENCE FOR G2 31

In cases (3b), (3¢) and (3f), the character 0: T — C* is unique up to the action of
the Weyl group W¢ (one character for each of the two configurations in (3b)). In
case (3c), we have that 0 (up to Wg-action) is determined by an order-2 character
F* — C*, i.e. by a quadratic extension. In case (3d), we have that 0 (up to Wg-
action) is determined by an order-3 character up to inversion, i.e. it is determined
up to a Galois cubic extension.

Proof. For non-discrete L-parameters, a case-by-case study conducted in §5.2.1 and
§5.2.2 shows that the only cases where S, # 1 are: §5.2.1(3c), §5.2.1(4c) and
§5.2.2(2e). These cases belong to case (2) in Theorem 5.1.2. For discrete Langlands
parameters, Lemma 5.2.1 below implies that @\SLQ(C) # 1 is necessary to obtain non-
supercuspidal representations. Hence one can refer to the classification of ¢ in §5.1,
and match them with the case-by-case study in sections §5.2.1, §5.2.2 and §5.2.3
to obtain a complete list of discrete non-supercuspidal representations of G. These
results are listed in cases (1a), (1c), (3c), (3d), (3e) and (3f).

Outside the above discussed cases, we have S, = {1}. Therefore, in order to
have two different constituents, we need two non-supercuspidal L-parameters with
the same supercuspidal support. We start with a Langlands parameter ¢: Wp x
SLy(C) — GV, and consider the trivially enhanced Langlands parameter (p,1). Then
Property 10.1.9 specifies the supercuspidal support as follows: We take a maximal
torus TV C G, := Zgv(¢(Wp)). Let LY := Zgv(TV). The cuspidal support Sc(p, 1)
of (p,1) is the trivially enhanced Langlands parameter (¢, 1), where ¢: Wp — LV is

(5.1.1) p(w) = p(w, ("0 ).

Suppose there exists more than one ¢ with the same @. Denote by ¢ their common
@. We have @\SLQ(@) =% 1 for at least one ¢. The case where ¢ is discrete is considered
in the case-by-case study in sections §5.2.1, §5.2.2 and §5.2.3. We devote the rest of
this proof to the case where ¢ is non-discrete.

By Corollary 5.1.1, when ¢ is non-discrete, we have that HY = TV is a max-
imal torus. The group LV := TV - ¢(SLy(C)) is a (short root or long root) Levi
subgroup isomorphic to GLy(C), for which we denote by AV € RY(LY,T") given by
AV(t) =@ ((§,%)) with X as the corresponding root. The fact that ¢|y, : Wp — TV
commutes with ¢(SLa(C)) is equivalent to the fact that Ao |y, = 1, which is more-
over equivalent to saying that

(5.1.2) Ao ¢ = || as characters on Wpg.

By Local Langlands for tori, ¢ = @: Wr — TV corresponds to some §: T — C*,
and (5.1.2) is equivalent to saying that oA = |- |. Every step of the argument above
is reversible, therefore, if we start with a ¢: Wr — TV satisfying (5.1.2) for some
root A € R(GY,TV), we obtain a corresponding non-discrete ¢ with ¢[gy, ) #Z 1 and
@ = ¢. It then remains to resolve the question of whether there can be more than
one choice for such A.

If there is only one choice for such A, then we obtain two ¢’s satisfying ¢ = ¢; one
of them satisfies ¢[gr,(c) =1 and p|w,, = ¢. This is precisely case (3a).
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If, however, there are more than one such A, then they generate a lattice
A=NeRG,TY) [ dod=]|"]|).

We have A C X*(TV) with index at most 3. When A = X*(TV), we have that
¢ is uniquely determined by A’s. There can be either two or four such \’s of the
configuration in case (3b), (3e) or (3f). In case (3b), the two choices of A are conjugate
under the Weyl group action, and thus there is only one possible ¢ satisfying ¢ = ¢
and @|sp,(c) # 1.

In case (3e), we have two different choices for A, giving rise to two non-discrete
©’s satisfying @ = ¢. Nevertheless, there is also a discrete ¢ with @ = ¢, which is
the one satisfying ¢|w, =1 and ¢ ((§ 1)) is the regular unipotent class.

In case (3f), we have two different choices for A, giving rise to two non-discrete ¢’s
satisfying ¢ = ¢. Nevertheless, there is also a discrete ¢ with ¢ = ¢, which is the one
satisfying ¢|w, =1 and ¢ ((§ 1)) is the subregular unipotent class. Moreover, there
is a non-trivial local system on the subregular unipotent orbit (which is the unique
one of rank 2) that lives in the principal series. This gives one another non-trivial
enhancement of the same ¢ giving our 6 as the supercuspidal support.

In case (3c), we have two different choices for A, giving rise to two non-discrete
¢’s satisfying ¢ = ¢. We also have a non-discrete L-parameter satisfying ¢|w, = ¢
and (p\SLQ(C) = 1. Suppose that the two choices for A are denoted by A1 and Ao,
where \; is short. Write A} := %)\1 — %/\2 and )\, = %/\1 + %)\2. Thus we also have
X € R(GY,TV), but X; o ¢ is different from | - | by an order-two character. This
order-two character corresponds to n: Wg — TV where Zgv(n) = SO4(C) such that
A, A2 € R(Zgv(n), TV). We then consider the discrete Langlands parameter ¢ :
Wg x SL2(C) — GY such that ¢lw, =n and ¢(SLa(C)) C Zgv(n) = SO4(C) meets
the regular unipotent orbit in SO4(C). The trivial enhancement of this L-parameter
also has supercuspidal support ¢ (while the other enhancement is cuspidal).

Case (3d) is completely analogous to (3c), except that 7 now has order three and
Zav(n) = SL3(C). We note that there exists a Weyl group element that stabilizes
everything else but sends 1 to n~'. This finishes the proof. O

5.1.3. Before we proceed, let us summarize the results of Theorem 5.1.2 in the
following Table 7 and Table 8.

For a character §: T — C*, we write 0 = & ® &, where & = 6o 3Y and & =
0o (aV + BY) with Vv, 8¥ as in (4.0.15). We remark that this identification is
compatible with (4.0.5). Thanks to Theorem 5.1.2, we have a table for parabolic
inductions I(£;®&2) that contain at least two non-isomorphic irreducible constituents
that are principal series. In the second to last column of Table 7, each item begins
with ¢ ((§ 1)) as its first tag, followed by tags among {d.,n.d., t.,n.t.,g.,n.g.} for the
adjectives “discrete”, “non-discrete”, “tempered”, “non-tempered”, “generic”, and
“non-generic”, respectively. On the other hand, all the principal series not appearing
in Table 7 should have only one irreducible constituent up to isomorphism.
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(A, n.t.), (Ar,nt.), (1,n.t.)

Label Input ISR Constituents of ig (&1 ® &) Table
2 2= =1, 1,n.d.,t.,g.
(2) 15 = (1) - ( g) Table 23
§5.2.1(3¢) 1ZmZEn,#£1 (1,n.d., t.,n.g.)
(30) n: F* — C* s.t. (A1,n.d.), (1,n.t.),
a
(3) n? #1# (nuvr)?, nRVp the first tempered Table 13
n#vk, n# vy if and only if ||77u},/2|| =1
(A1,n.d.), (1,n.t.), Table 21
(3a) n: F* — C* s.t.
nQNUE 1.51.5 the first tempered Table 22
(30) £ 1Lvp? 12
if and only if |nv 7| =1 Table 24
3c Go(ay),d., g.), Table 16
(3¢) E/F quadratic VF @NE/F ~ (Gz(a1), d )
§5.2.1(3a) (A1, n.t.), (A1,n.t.), (1,n.t.) Table 17
3d Go(ay),d., g.), Table 19
(3d) E/F Galois cubic | ng/p ® ng/rpvr (G2(a1),d-,8.)
§5.2.1(2a) (A1, n.t.), (A1,n.t.), (1,n.t.) Table 20
Go,d.,g.),
(3e) None vE @ U _ (G2,d.8) Table 18
(A1, n.t.), (A1, n.t.), (1,n.t.)
Go(ay),d.,g.), (Ga(ay),d., n.g.),
(3f) None l®vp (G2(ar),d8.), (Galar) 8 Table 15

TABLE 7. Principal series with more than one non-isomorphic con-
stituents.

5.1.4. On the other hand, for a supercuspidal representation o of GLo(F'), we also
consider the parabolic induction i% (o), whose irreducible constituents are referred
to as intermediate series. We denote by w,: GL1(F) — C* the central character of
the supercuspidal representation o. We also denote by ¢ ® v, the representation o

tensored with GLa(F) det, GLi(F) “E, €, such that Wogus, = W vE.

We shall also consider a particular supercuspidal representation of GLa(F') that
is denoted as og, and is characterized by the property that: its corresponding Lang-
lands parameter Wr — GL2(C) has image isomorphic to S3; such a supercuspidal
representation exists if and only if ¢ = —1(3), in which case it is unique, at depth-
zero and has central character w, unramified of order two. We have the following
Table 8 for parabolic inductions that contain at least two non-isomorphic irreducible
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constituents that are intermediate series.

Cases Choice of GLo(F) | Condition on o Constituents of i%(o)
3(1c ~
(10 short Wy = Vi (A1,d.,g.),(1,n.t.)
5.2.3
3(1lc
(1) long wy = V! (A1,d.,g.),(1,n.t.)
5.2.3
3(1b)
w2=1,
5.2.1(4c) short (1,nd.,t. g.),(1,nd., t., ng.)
we £ 1
5.2.2(2e)
3(1b)
w2 =1,
5.2.1(4c) long §_£ y (I,n.d.,t.,g.),(1,nd., t.,ng.)
we Z1, 0 ZF og
5.2.2(2e¢) ’
3(1a) N )
long o= o5, Uy (Ga(a1),d.,g.), (1,n.t.)
5.2.1(2¢)

TABLE 8. Intermediate series with more than 1 non-isomorphic con-
stituents.

5.2. L-parameters for Go.

5.2.1. Depth-zero L-parameters. In the rest of this chapter, we follow the second
strategy outlined in §5.0.1 to finish the classification of ¢, i.e. we classify ¢ in
terms of ¢|w,. Let us denote by G := Zgv(p(Pr)) and SV = Zgv(e(Ip)) =
Zgy(p(IF)). Recall that Gy = Zgv(p(Wr)) = Zgv(p(Fr)), and we have S, =
7m0(Zg, (#(SL2(C))))-

For each configuration of ¢|y,, we have that ¢ is discrete if and only if (G,)° is
semisimple and ¢(1, (1)) is a distinguished unipotent element u = uy, in (G,)°. In
this case, p € Irr(S,) is cuspidal in the sense of §2.1.1. In fact, the following holds
(thanks to the small rank of Gg).

Lemma 5.2.1. For discrete L-parameters, except in the case where |y, is trivial
and S, = S, we have that u is regular unipotent in G, and p € Irr(S,) is cuspidal
if and only if either p is non-trivial or G, is finite.

Proof. The assertion is obvious when G, is finite. We now assume that dim G, > 0.
Each connected Dynkin component for G, is of type Ay, Ay or Ga. The only non-
regular but distinguished unipotent appears in the Gy case for which ¢y, is trivial
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and S, = S3. For the remaining cases, u is regular. Pulling back to the simply-
connected cover of G, any local system on the regular unipotent orbit of SLy(C),
SL3(C) or G2(C) is cuspidal if and only if it is non-trivial. O

We remark that when w is regular unipotent, we have S, = Zg,, .

We are now ready to proceed with a detailed case-by-case discussion. The central-
izer SV := Zgv(p(IF)) is the fixed subgroup of a finite-order automorphism of G".
Since G is simply-connected, SV is connected. It can be one of the following cases:

(1) SV =GV, i.e. p(Ip) is trivial. In this case, the L-parameter is unipotent and
an explicit LLC has been constructed by [Lus95] (see also [Ree94, p.480] and
[Mor96]).

(2) SV = SL3(C). In this case, p(IF) is generated by a conjugate of A(1,(3).
Since A(1,(3) is also conjugate to A(l,C;l), this makes |7, unique. By
Proposition 2.5.2, G, := Zgv(p(Fr)) can be SL3, GLo, GL3, Spy, SO3 or
GL;. In the case G, = GLo, GL% or GL1, we have that G, is not semisimple
and thus ¢ is not discrete. In these cases Zgv () is always a torus making
S, = {1}. In the cases G, = GL2 or GL?, Fr acts on SL3(C) by inner
automorphism, necessarily fixing Zgy,,c) = ¢(Ir). Hence p(Wp) is abelian.
By Proposition 5.0.1 the L-packet consists of only a principal series. When
S, = GL1, ¢(Wp) is non-abelian and by Proposition 5.0.1 we get an L-
packet consists of a single non-discrete constituent of a parabolic induction
from GLo(F'). We discuss the rest of the cases:

(a)

G, = SL3. This is to say that p(Wr) C Zgv(SL3(C)) = ¢(IF), i.e. ¢|lw,
factors through Gal(E/F') for some degree 3 ramified Galois extension,
which necessarily forces ¢ = 1(3). In such case there are 3 choices of
E. For each choice we have a unique discrete Langlands parameter
with S, = p3 by Lemma 5.2.1. Any such L-packet consists of one non-
supercuspidal representation and two supercuspidal ones. When ¢ is
not discrete, the centralizer Zg (¢ (SL2(C)) is either SL3(C) or GL;(C)
so that S, = {1}. By Proposition 5.0.1 we obtain an L-packet consisting
of a single principal series.

S, = Spy(C). In this case p(Fr) acts on S¥ = SL3(C) by an outer auto-
morphism. The unique outer class for SL3 is represented by g ~ (g*)~!
which acts as inversion on Zgy, ¢y = @(Ir). This implies ¢ = —1(3).
Moreover, such an outer automorphism with fixed subgroup Sp,(C) is
unique up to SL3(C)-conjugacy because in Proposition 2.5.2 there is a
unique Sp, vertex of the loop group SUj /C((t)). Hence there exists a
unique such ¢ that is discrete, with S, = Zg, (c) = p2. The L-packet
consists of one non-supercuspidal representation and one supercuspidal
representation. By Property 10.1.9, the non-supercuspidal is the generic
constituent of the parabolic induction from Mg ~the long root GLo(F')—
of the depth-zero supercuspidal representation of GLy(F') corresponding

to Wp <, (Z/3) x (Z/4) & GLy(C) with some unramified twist spec-
ified by Property 10.1.9. Here 7 is the unique irreducible yet faithful
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representation of (Z/3) x (Z/4), and ¢™ maps Ir onto Z/3 and some
lift Fr to (0,1). More precisely, this depth-zero supercuspidal represen-
tation of GLa(F) corresponds to the tame L-parameter Wp — GLo(C)

that sends a generator of tame inertia to (% C91) and a lift of Fr to
3

iglt/ . . .
0 ig'/? In fact, this L-parameter is also of long SLo-type as in

iqgt/? 0
§5.q2.3, and the above description is generalized there.
If otherwise ¢ is non-discrete, then ¢(SL2(C)) = 1, S, = m(9y) =
{1}. By Property 10.1.9, we have a singleton L-packet consisting of a
tempered representation contained in the parabolic induction from the
long root GLo(F') given by the finite-order homomorphism 7: Wp —
GL2(C) described in the previous paragraph.

(¢) 94 = SO3. Again in this case ¢(Fr) acts on S¥ = SL3(C) by an outer
automorphism and hence ¢ = —1(3). There is again a unique discrete
such ¢. In this case S, = {1} and the L-packet consists of a single
non-supercuspidal generic discrete series. Under 10.1.9 it is given by
the generic constituent of the parabolically induced representation from
the long root GLa(F') of the depth-zero supercuspidal representation
of GLa(F) corresponding to Wr — S3 < GLg(C) with some unrami-
fied twist specified by Property 10.1.9. Specifically, it is the depth-zero
supercuspidal representation corresponding to the tame L-parameter

Wr — GL2(C) that sends a generator of tame inertia group to (Cg 491 )
3

and a lift of Fr to (qlo/Q q;ﬂ). We remark that compared to the non-

supercuspidal representation in (2b), the two depth-zero supercuspidal
representations of GLo(F') differ by an order 4 unramified twist.

If otherwise ¢ is non-discrete, then p(SL2(C)) =1, S, = m(9,) = {1}.
By the 10.1.9, we have a singleton L-packet consisting of a tempered
generic representation contained in the parabolic induction from the
long root GLa(F) given by the finite-order homomorphism from Wg to

GL2(C) that sends a generator of tame inertia to <<03 491 ) and some lift
3

of Fr to (? 6) so that ¢(Wg) = S3, somewhat similar to the previous
paragraph.

(3) §¥ = 804(C). In this case, p(Ir) = Zgo,(c) is up to conjugate the unique
order 2 subgroup of GV. This is because ¢(Ir) has to be generated by either
A1, —=1), A(=1,1) or A(—1,—1), yet the above three elements are themselves
conjugate.

(a) If ¢ is discrete, we need the centralizer G, := Zgv (¢(Fr)) to be semisim-
ple which is only possible when G, = SV, ie. ¢(Fr) € Zgv(SY) =
Zsv = pa. In this case ¢|w, factors through Gal(E/F') for some de-
gree 2 ramified Galois extension. There are two such choices. For each
choice we have a unique Langlands parameter with S, = Zso,(c) = pe-
Each L-packet consists of one non-supercuspidal representation and one
supercuspidal representation.



(b)

(¢)

LOCAL LANGLANDS CORRESPONDENCE FOR G2 37

Suppose ¢ is non-discrete. Then ¢(Fr) commutes with ¢(Ir) = Zgv =
po. The centralizer Zgv (p) C SY =2 SO4(C) is connected except for one
case when G, = Zgv(¢) = S(02(C) x O2(C)), in which case ¢(Fr) is
mapped to a non-central order 2 element in SO4(C) (and all of them
live in a single orbit). Outside the exception case, by Proposition 5.0.1
we always get a singleton L-packet consisting of a representation in the
principal series.

For the exception case, we have a unique such L-packet. By Prop-
erty 10.1.9, it has two tempered members. Each of them is contained in
a principal series coming from a biquadratic order 2 character.

(4) SY = GLy(C). In this case, §, = Zgv (p(Fr)) can be GLg2, GL1, Sp, or Os.

(a)
(b)

The only discrete ¢ arises in the unique semisimple case G, = Spy. In
this case ¢ is of SLao-type in §5.2.3.

Otherwise ¢ is non-discrete. We note that ¢(Ir) is contained in Zgv =
Z¢c1,(c) = GL1(C). In the case when G, = GL2(C), S, = {1} and ¢(Fr)
commutes with Zgv, and hence we fall into the situation of Proposition
5.0.1. When G, = Spy or GLi, ¢(Wp) is non-abelian yet S, = {1}.
By the 10.1.9, we get an L-packet consisting of a single representation
contained in the parabolic induction from GLy(F') (short root GLa(F')
in Gif S¥ C GV is short root GL2(C), and both long otherwise) given by
©|w, which has non-abelian image and thus necessarily supercuspidal.
Lastly, when G, = O2(C), we have p(SL2(C)) = 1, but S, = uy. In this
case, SV = GL2(C) is contained in its normalizer which is isomorphic
to SO4(C) C GV, while p(Fr) normalizes SV in an outer manner. Up to
inner conjugation, there is a unique automorphism of GLg(C) with fixed
subgroup isomorphic to O2(C). Hence within SO4(C), up to conjugation,

e c{( o )lsestcerbiam=(, ).

Also, recall ¢(SL2(C)) = 1. We need ¢(Ir) large enough such that

too={( . Viseoqui( L) iseer]
) () 1eee

By Property 10.1.9, the L-packet consists of two non-discrete tempered
representations, both contained in a parabolic induction from GLy(F')
(short root GL2(F) in G if S¥ C GV is short root GLy(C), and both
long otherwise) given by |, that has non-abelian image and thus
necessarily supercuspidal.

We now make a few remarks. We have Zgo,(c)(O2(C)) = O2(C), while
Zs04(c)(SO2(C)) = GLg(C). In particular, the supercuspidal represen-
tation of GLg(F') is characterized by the property that its L-parameter
has image in O2(C) where Fr is sent to the non-trivial component and
Ir is sent to SO2(C). In other words, the central character of the su-
percuspidal representation of GLy(F') is the unramified order-two char-
acter. Conversely, any supercuspidal representation of GLg(C) whose
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central character has order-two has its corresponding Langlands param-
eter mapping into some O2(C) (but not into SO2(C)) by Lemma 5.2.4.
By Property 10.1.9, its parabolic induction to G has a non-discrete con-
stituent living in an L-packet of 2 members. By Property 10.1.1, these
2 members are both tempered. See also §5.2.2(2e) for the case where
the supercuspidal representation of GLg(F') has positive-depth, and its
central character is again of order two but possibly ramified.
(5) SV = GL1(C)? is a maximal torus of GV. We have the following cases:

(a) For discrete ¢, ¢(Fr) acts on SV through an elliptic element in W, such
that S, = (p2)?, p3 and pu1, respectively, when the Weyl group element
has order 2, 3 or 6. In this case, the Langlands parameter is regular
supercuspidal, and the Local Langlands has been determined in [Kall9].
The size of the L-packet is 4, 3 or 1 respectively.

(b) For non-discrete ¢, ¢(Fr) acts on SV through some non-elliptic element
w in the Weyl group Wg, giving us a non-discrete ¢. Thus we have
that w is either trivial or a reflection. When w is trivial, S, = m(SV) is
connected and Proposition 5.0.1 applies. When w is a reflection, we have
S =mo(Zsv(Fr)) = (Xu(SY)r)tor = {1}. Hence we have a singleton L-
packet consisting of an irreducible constituent of the parabolic induction
of a supercuspidal representation of GLo(F').

5.2.2. Positive-depth L-parameters. In this case, Gy is a proper Levi subgroup of
GV, which is either GL2(C) or GL1(C)2. We have

(1) When G =2 GL;(C)? is a maximal torus of GV, the whole Wr acts on Gy
through a subgroup of the Weyl group, giving S, = (u2)?, 3, p2 or trivial,
and thus an L-packet with 1, 2, 3 or 4 members. The members are regular
supercuspidal representations if X,(GY)"F is trivial. Otherwise, Wp acts
on X, (Gy) via at most a single reflection. In this case we have S, = {1}
(as in §5.2.1(5a)). When W acts trivially on X,(GY), Proposition 5.0.1 ap-
plies. Otherwise, when Wy acts by a reflection we have a singleton L-packet
consisting of a constituent of the parabolic induction from a supercuspidal
representation of GLy(F).

(2) When G = GL2(C), there are several cases for which S¥ = Zgy (¢(Ir)). We
first assume @ is discrete:

(a) SY D SLy(C). In this case we necessarily have G, = SLy(C) for ¢ to be
discrete. This implies that ¢ is of SLa-type, and we refer to §5.2.3.
(b) SV is a maximal torus, in which case G, = S, = SV[2] & (u2)? is a
regular supercuspidal L-parameter with 4 members in its L-packet.
(c) SY is a torus of rank 1. In this case G, = S, = SY[2] = 9 is a regular
supercuspidal L-parameter with 2 members in its L-packet.
(d) SV = 0y(C) is disconnected. In this case G, = S, = (u2)? is a non-
singular supercuspidal L-parameter with 4 members in its L-packet.
Lastly, we turn to the non-discrete case in which dim G, > 0. We claim that
we always have G, connected and thus S, = {1} except when Zgv(¢) =
G, = SY = 0y(C). This is done by investigating the possibilities for G, in
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cases (2a)(2b)(2¢) above. In the last case (2d) when SV = O5(C), to have
non-discrete L-parameter we have either G, = SO(C) or G, = O5(C). 1
the former case we have again S, = {1}. Yet in the latter case:

(e) When G, = O5(C), the L-parameter has the same centralizer and double
centralizer (a different O3(C)) as in §5.2.1(4c). Hence the L-packet con-
sists of two non-discrete tempered constituents of parabolic inductions
of supercuspidal representations of GLy(F') with the same properties as
described in §5.2.1(4c), except for one difference: the central character of
the supercuspidal representation of GLo(F') may be unramified or rami-
fied. Since G, = O2(C), we have Zgv(9y,) = O2(C), therefore the central
character is the order-two character specified by ¢: Wp — m(Zgv(9y))-

5.2.3. L-parameters and representations of SLa-type.

Definition 5.2.2. We say that an L-parameter ¢ : Wg x SLy(C) — GV is of short
SLa-type, if it is discrete and ¢(SL2(C)) is a short root SLy in GY = Go(C). We say
that an L-parameter ¢ : Wg x SLy(C) — GV is of long SLa-type, if it is discrete and
©(SLy(C)) is a long root SLg in G¥ = G2(C). We say that it is of SLa-type if it is of
either short or long SLo-type.

When ¢(SLy(C)) is a short (resp. long) root SLo(C), we have that Zgv (¢(SL2(C)))
is a long (resp. short) root SLy(C), such that the two SLy(C)’s live in an SO4(C) C
GY = G2(C). In particular, we have the following.

Lemma 5.2.3. A discrete L-parameter is of short (resp. long) SLa-type if and only
if o(Wg) lies in a long (reps. short) SLo(C) C GY. An L-parameter for which
©(Wg) is contained in such an SLa(C) is discrete if and only if ¢|w, is a discrete
L-parameter into SLa(C). Moreover, two L-parameters of short (resp. long) SLa-type
are conjugate if and only if the corresponding discrete L-parameter into SLa(C) are
conjugate.

Proof. It only remains to show the last statement. Note that the normalizer of a
short or long SLy(C) in GV is the aforementioned SO4(C). The conjugacy actions of
this SO4(C) on SLy(C) are all inner (factoring through the corresponding PGLy(C)),
hence the claim. O

Recall from 2.1.2(3) the definition for a discrete L-parameter ¢: Wrp — HY (for
some H") to be supercuspidal-a terminology that makes sense since it is expected,
and indeed implied by Property 10.1.9, that the L-packet II,(G) consists of only
supercuspidal representations. We will study the supercuspidal L-parameters ¢ such
that ¢(Wp) is contained in SLy(C). We have the following group-theoretic result on
the LLC for GLg (or PGLo):

Lemma 5.2.4. Suppose H C GLo(C) is a solvable subgroup with Zgy,,c)(H) finite.
Then H s contained in the normalizer of a unique maximal torus TV C GL2(C),

and Zgy,cy(H) = Zsp,(c) = 12
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5.2.1. Hence any supercuspidal L-parameter into SL2(C) always corresponds to a
compound L-packet (i.e. a Vogan L-packet) of two members, consisting of an ir-
reducible supercuspidal representation of PGLg(F') and another finite-dimensional
irreducible representation of the compact inner form of PGLy(F'). We observe that
for our original L-parameter ¢, we have Zgv () = Zgr,(c)(¢(Wr)) = p2 by Lemma
5.2.4. Hence the L-packet II,(G) consists of a non-supercuspidal representation and
a supercuspidal representation by Lemma 5.2.1. Let P be a parabolic subgroup
of G with Levi subgroup isomorphic to GLa(F'). Here the GLo(F') corresponds
to the short (resp. long) root if ¢ is of short (resp. long) SLo-type. By Prop-
erty 10.1.9, the non-supercuspidal member has the following supercuspidal support:
olwy: Wg — SLy(C), which gives us a supercuspidal 7 of PGLa(F'). We consider
Ts := T ® (vp o det)® as a representation of GLa(F'). Then the non-supercuspidal of
G is the generic constituent in i%7, 1 (both s = £ work).

5.2.4. Table for discrete L-parameters. As a summary, we give a table for discrete
L-parameters that are neither unipotent nor supercuspidal. In each row, any Galois-
theoretic input as indicated gives a (unique) discrete L-parameter.

into SLy(C) o 4 even
>4 ev

Label Galois-theoretic input o(Wr) S, Sole(($1)
§5.2.1(2a) E/F ramified Galois cubic
73 SLs 13 | subreg
§6.0.1(2¢) (only exist when ¢ = 1(3))
§5.2.1(2b)
= -1(3) (Z/3) % (Z/4) | SLy(long) || long
§6.0.1(1c)
§5.2.1(2¢) qg=—1(3) S3 SO3 (subreg.) | 1 | subreg.
§5.2.1(3a) ‘ .
E/F ramified quadratic 7]2 SO4 io | subreg.
§6.0.1(3c)
non-split extension
supercuspidal L-parameter
§5.2.3 of {1} by Z/n, SLs (short) | pe | short
into SLQ(C)
n > 4 even
non-split extension
supercuspidal L-parameter
§5.2.3 of {£1} by Z/n, SLp (long) | p2 | long

Note that the second row is indeed a special case of the last row when the L-parameter
is tame, n = 6 and |p(Ip)| = 3.
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6. SUPERCUSPIDAL REPRESENTATIONS OF Gg

Our goal here is to attach, to every irreducible supercuspidal representation of
Go(F), a cuspidal enhanced Langlands parameter into GV. When the supercuspidal
representation is unipotent, this has been done in [Lus95], and when the super-
cuspidal representation is non-singular, this has been done in [Kall9, Kal21]. In
this section, we shall focus on the cases not covered in pre-existing literature. By
[Kim07, Fin21], all supercuspidal representations of G(F') are tame supercuspidal
representations in the sense of [YuO1] when p # 2, 3.

6.0.1. Depth-zero supercuspidal representations. As recalled in §4, there are three
maximal parahoric subgroups with reductive quotient Go, SLg and SO4 over kr =
[F,. By (3.6.11), depth-zero irreducible supercuspidal representations are in bijection
with irreducible cuspidal representations on these reductive quotients G,. By (3.6.4)
and Proposition 3.6.1, any such cuspidal representation is labeled with

(i) a semisimple conjugacy class (s) with s an isolated element of GY, i.e. Zgv(s)
is not contained in a [F4-rational Levi subgroup of any proper F q—raaénal
parabolic subgroup of Zgv (s);

(ii) a unipotent cuspidal regresentation of the group of the kp-rational points
of the reductive algebraic group H := Zgv (s)V, where kp = F,. We denote
H := H(kp). )

(1) We begin with the case G, = Go, i.e. z = 29 and G, is the hyperspecial
maximal parahoric subgroup of G. By [Bon05, Prop. 4.9, Theorem 5.1 and
Table 1], the group H" can be Gg, SL3, SUs, (split) SO4, Uy or any elliptic
maximal torus. By [CR74], when H" is of type Ag,

(6.0.1) HY(Fy) = (Zgy (s))(Fq) =

Lz

SLs(q) ifg=1 mod 3,
SUs(q) if¢g=-1 mod 3.

By the classification of unipotent cuspidal representations in [Lus78],

e neither SL3(IF;) nor SO4(F,;) has cuspidal unipotent representations. In-
deed, for m > 2, the group SOg,,(F,) has a (unique) cuspidal unipotent
representation only if m is the square of an integer;

e SU,(F,), n = k(k + 1)/2 are the only projective unitary groups that
possess unipotent cuspidal representations, and each one of them has
a unique unipotent cuspidal representation, which corresponds to the
partition (k,k—1,...,1) of n.

Thus the only possibilities for H(F,) equipped with a cuspidal unipotent
representation are Go(F,), SU3(F,), or torus.

(a) In the first case, i.e. when H = Gy, the corresponding supercuspidal and
cuspidal representations are unipotent. The group Ga(F,) has four cus-
pidal unipotent irreducible representations (see [Lus78, Theorem 3.28]),
denoted as Ga[1], Ga[—1], Ga[¢3] and Ga[¢3]. Their dimensions are com-
puted in [Car93, p. 460] and recorded in Table 9. The corresponding
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(6.0.2)

(6.0.3)

(6.0.4)

(6.0.5)
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irreducible supercuspidal unipotent representations are
m[Ga] =i, Gol¢] for ¢ € {1,-1,¢, G}
With Haar measure on G normalized as in (3.4.2), by 3.6.16 the repre-

sentation m[(] has formal degree

q q

fdeg(7[¢]) = o~ - dim Go[(] = - dim Gao[(].
g( [C]) ‘G2(Fq)‘p’ 2[C] (q6 _ 1)(q2 _ 1) Q[C]
Representation Ga[¢] | Dimension of Ga[(] fdeg(m[(])
(a=1)*(¢>+1) ’—q+1
Ga1] Sy | sy
—1)(g®—1 2
G[1] ez A1)
2 1\2
Ga(Cs], Ga[¢3] Hhe m

TABLE 9. Unipotent supercuspidal irreducible representations of

Gao(F

).

Remark 6.0.1. Let P(X) =}, X ") be the Poincaré polynomial
of Wg, with £ the length function on W;. We have

6 _
p(x)= XFDECZL
By (6.0.3) and (4.0.13), we have
R RO
Mes(rle) = =17 g ™ = Ve, - Pl

In the case where H" is any elliptic maximal torus, the representation
7 is kp-non-singular. Since G, is a hyperspecial maximal parahoric
subgroup of G, the notion of kp-non-singularity and F-non-singularity
agree in this case. Thus the supercuspidal representation 7 is non-
singular (equivalently it is also regular).

In the last remaining case where HY = SUjz. Note that Zsy, = Zgv
needs to contain s as a non-zero rational point, which implies that ¢ =
—1(3). Conversely, if ¢ = —1(3), the Coxeter torus of G, has two order-
3 elements whose centralizers are SUs. In fact, all order-3 elements
s € Go(F,) with Zg,(s) = SL3(F,) lie in a single geometric orbit. Since
SUs is connected (Gg is simply connected), all such rational order-3
elements lie in a rational orbit. Hence there is one choice for HY = SU;
when ¢ = —1(3), and no choice when ¢ = 1(3). When ¢ = —1 mod 3,
the group (Z@¥O (s))(F,) is the special unitary group SU 3(F,), and Tynip

is the unique irreducible cuspidal unipotent representation of SU 3(IF,),



(6.0.6)

(6.0.7)

(6.0.8)

(6.0.9)
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which is parametrized by the partition (2,1) of 3. It is clear that in this
case, the representation 7 is kg-singular, in particular, the representation
7 is singular by [Kal21, 3.1.4]. Consequently, there exists one singular
non-unipotent cuspidal representation 7 of G, (IF,) when ¢ = —1(3), and
none otherwise. Therefore, when ¢ = —1(3), there is a singular depth-
zero supercuspidal representation of GG, and we need to find the non-
supercuspidal representation in its L-packet. We do so by computing
the formal degree of 7. By [Car93, §13.7], dim(7unip) = ¢(¢ — 1). By
(3.6.6)

‘Gxo ’p’
(Zgy ()" (F)ly

dim(r) =

dim(ﬂmip) .

We have
SU3(Fg)| = ¢°(a** + 1)(¢ = 1)(¢"/? + 1).
By (3.4.2), we have
Vol(Gay) = ¢ ™MD2|Gyy |y = 471Gy |-
Since T = igmov', by combining (3.6.6), (6.0.7) and (6.0.8), we have

dim7 dim(Tynip)

fdeg(m)

T Vol(Gay)  [(Zgy, ()Y (Ey-a

(2) Next we look at the case where G, = SLs, i.e. # = x;. The center of

SLs3, which consists of the scalar matrices aIds such that a® = 1, is finite,
hence disconnected. By [Bon05, Proposition 5.2], the possibilities for H" are
PGL3 (i.e. when d = 1 and s = Id loc.cit.) and TV x usz (i.e. when d = 3
and s = diag (1, (s, Cg) mod Fg for the primitive third root of unity (3, by
loc.cit. in this case the Weyl group of H® = Zgy (s)° is trivial, thus H®° = T")
or TV is an elliptic maximal torus of PGLj3 (they are all rationally conjugate).
Let us discuss these cases:

(a) H = SL3, The group SL3 does not admit cuspidal unipotent representa-

tions, so the case H = SL3 does not occur.

(b) HY = T. This happens if s € T(FF,) is not of order 1 or 3. In this case,

one checks that Zgv(s) is a torus, i.e. we get only regular supercuspidal
representations.

(c) HY = Txus. This happens if s is an order-3 element in T(F,) & IE‘;3 JF<.

Such an element exists if and only if ¢ = 1(3). Note that while all the
T’s are conjugate, the two order-3 elements are not rationally conjugate
in PGL3(F,), because they map to the two different non-trivial classes in
coker(SL3(F,;) — PGL3(F,)). Hence when ¢ = 1(3), we have two choices
of such s’s. The Deligne-Lusztig induction for each s is a direct sum of
3 cuspidal representations of SL3(F,) of the same dimension. Hence we
get 2 families, of 3 singular supercuspidal representations all of the same
formal degree.
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Using (3.6.16), we compute the formal degree as follows (note that p #
2,3): we have |u3|y = 3 and |T| = q;%ll =q¢*>+q+1, thus
q2/2 .1 q

fdeg(if 7)= = :
8., ) PP +q+1) 3(P+qg+1)

Hence we obtain

fdeg(igCCI T) = g

3 +q+1)

(3) Lastly, we look at the case G, = SO4. A centralizer subgroup in @l =~ SOy

(6.0.12)

has

unipotent cuspidal representations only if its identity component is a

torus. Hence we begin with TV C G any representative of the unique
rational conjugacy class of elliptic maximal torus. Abstractly, TV = U; x Uy
over F, so that TV (F,) = (Z/(q + 1))%. We discuss three scenarios:

(a)

(b)

s € TY(F,) is not perpendicular to any coroot of G. In this case we
have non-singular supercuspidals, and in fact regular ones because GV
is simply connected.

s € TY(F,) is perpendicular to a unique pair of coroots +a" of G. The
cocharacter lattice is generated by oV and another \. If o is a short
coroot, then s is not perpendicular to any other coroots if and only if
(2M\)(s) = A(s)? # 1. If oV is a long coroot, then s is not perpendicular
to any other coroots if and only if A(s)? # 1 # A(s)®. The rational
conjugacy class of s is determined by {\(s)*'}. Hence there are in
general % such s unless ¢ = —1(3) and a" is a long coroot, in which
case there are ‘15—3 such s. Each s gives a singular supercuspidal matched
with those in §5.2.1(4), or rather the tamely ramified L-parameters in
§5.2.3.

s € TV is perpendicular to two pairs of coroots of G, which correspond to
SO04(C) € G2(C). This is the case when s is the unique (up to rational
conjugacy) order 2 element in T"(F,) with Zgy(s)® = TV. In this case
Zgyv(s) = TV % po. Indeed,

(Zgy (5))(Fq) = {(91,92) € O (Fg) x O3 (Fy) : det(gr) = det(g2)},

where O, denotes the non-split form of Oz. The group SO, (F,) has
a unique cuspidal unipotent representation, the trivial representation.
Thus O, (F,) admits two cuspidal unipotent representations: the trivial
one and the sign representation. So (Z@¥2 (s))Y(F,) has two cuspidal

unipotent irreducible representations: 1 ® 1 and sgn ® sgn. Both have
dimension one. In this case, one can check that Zgv(5)° = Zgv(5) =
SO4(C), and thus Zgv (¢|1,) = SO4(C). In particular, Zgv (¢|w,) is not
finite, and the corresponding supercuspidal representations of Go(F') are
singular. The Deligne-Lusztig representation is the direct sum of two
cuspidal representations of the same dimension. Hence we get two su-
percuspidal representations to be matched in the L-packets in 5.2.1(3a).
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We have |O; (F,)| = 2(¢+1), which gives |05 (F,) x O3 (F,)| = 4(q+1)?
by [Car93], and hence

|05 (Fq) x Oy (Fg)l

(6.0.13) (Zgy (5))(Fq) = 5 =2(¢+1)%
By (3.6.16), the formal degree of ingT is given as follows:
g2 ¢

.0.14 fdeg(if 7) = =
(60 ) eg(IGxZT) 2(q+1)2 2(q+1)2)

which agrees with the formal degree for 7(n2) from Table 17.

6.0.2. Positive-depth supercuspidals. Since p # 2,3 any supercuspidal representation
m of G is constructed via a Yu datum D. The latter includes a tamely ramified
twisted Levi sequence in G is a finite sequence G = (G'cGlc---cGi=aqG)
of twisted Levi subgroups of G that splits over a tamely ramified extension E of
F (ie., G4 := G' xp FE is a split Levi subgroup of Ggl for each i), such that
Zgo is anisotropic (since Zg = {1}), a positive-depth character on GY(F), and a
depth-zero supercuspidal of GO(F). If the depth of 7 is positive then we have d > 1.
The group G being F-split, we have Gg = G. The only possibilities for GOE are
G, GLy(FE) or a maximal E-split torus S. Thus the only possibilities for G° are G,
a torus or a unitary group (a priori it could be either U(1,1) or Uy, but since Zgo
is anisotropic, only the compact unitary group U,(2), for the quadratic extension
F(V/b) is possible)).

The representation 7 is regular (resp. non-singular) if and only if the depth-zero
supercuspidal of G°(F) is. Hence the question is largely about classifying such G°
and their depth-zero supercuspidal representations. We note that G is determined
by Zg := Zgo, an anisotropic subtorus of G satisfying Zy (z,) = Zo. Also since we
need G to have some positive-depth character, 1 < dim Zy < rank G = 2. We now
discuss the possibilities for Z.

(1) dimZp = 2 is a maximal torus of G. In this case, we obtain only regular
supercuspidal representations of positive depths.

(2) dimZo = 1 such that GY/Zo = PGL; is split. In this case, all depth-zero
supercuspidals of G coming from cuspidals of reductive quotients of G° are
non-singular.

(a) It is regular unless,

(b) Zg is ramified such that G = U, is ramified for which the reductive
quotient Spy has a unique pair of non-singular (but not regular) super-
cuspidal representations. Since there are two ramified quadratic exten-
sions, we obtain two possible G® and 4 such non-singular supercuspidal
representations in the L-packet in §5.2.2(2d).

(3) dimZo = 1 such that G°/Zg is anisotropic, i.e. a compact inner form of
PGLs. In this case,

(a) GO(F) has regular depth-zero supercuspidal representations

(b) G°(F) also has singular depth-zero supercuspidal representations. Any
such singular depth-zero supercuspidal representation of G°(F) has the
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property that its restriction to the derived subgroup is the trivial rep-
resentation. Since GY der \= (Go)der is simply connected, such a singular
supercuspidal representation is a character of G°(F)/GY,,(F). They all
arise from L-parameters of SLo-type as in §5.2.3 and live in a mixed
packet together with another non-supercuspidal representation, as de-
scribed in Paragraph 5.2.1.

7. NON-SUPERCUSPIDAL REPRESENTATIONS OF (g

Let s = [L,0]q, where L is a proper Levi subgroup L of G = Ga(F). Let o
be an irreducible supercuspidal representation of L. In the case of G = Gy(F),
the Levi L being isomorphic to either GLa(F') or F* x F*, all of its irreducible
supercuspidal representations are regular. Thus o is a regular supercuspidal, and we
can consider an L-parameter ¢,: Wg — LV for o, as defined in [Kall19] or [BH06a].
Both constructions coincide as shown in [OT21].

Lemma 7.0.1.
(1) If M =T, we have W§ # {1} if and only if s = [T, @€|g ors = [T, ® 1]q
with & an irreducible character of F*.
(2) If M = M, or M = Mg, we have W& # {1} if and only if o is self-dual.
Proof. (1) Recall the definition from 3.3.3, we have
(7.0.1) We={weW : w- (& ®&)=x(§& ®@&) for some x € Xun(T)} .
Let 0° := §1| ® §2| . Then we have

(7.0.2) We={weW : w-0°=0°}.
Let & = gi’t’fm' By Table 1, it follows that we have W§ = {1} if and only if

§#1L §#L §8#1 §#&6, ()G #1, §(&)°#1
Hence we have Wg # {1} if and only if we are in one of the following cases:

(i) We have &7 = £5. We may and do assume that & = & = &.
(ii) We have & = 1. We may and do assume that & = £ and & = 1.

(2) This is clear. See for example [AX22, 4.1.9] (or [Sha89]). O

Proposition 7.0.2. Suppose that Wi # {1}. Then the possibilities for s and W¢
are as follows:

(1 )5—[T llg. Here W =W.

= [T, ¢ ® 1]g with § ramified non-quadratic. Here W§ ~ 7./27.

= [T, {®€] ¢ with € ramified, neither quadratic nor cubic. Here W, ~ 7./27.
= [T,¢ ® &]q with & ramified quadratic. Here W ~ 7./27 x 7./ 27.

= [T, ¢ @ &g with £ ramified cubic. Here W§, ~ Ss.

= [Mg,0lg with o self-dual. Here W§ ~ 7./27.

= [Ma, 0lg with o self-dual. Here WE ~ 7./27.
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Proof. We first consider the case M = T and describe the W-orbits. We have

(703) W-(®&={x¢ o™, &, €108, ¢? 2ol
It follows that

(7.04) W-(E@¢) = {5 ®E, € 1,_11 ®_§1 L ?ff ?s qua.dratic,
ERE E®ET, £ RE ¢ if £ is cubic.
We have
1 if £ is trivial,
3 if £ is quadratic,
(7.05) W- el = 4 ifg is gubic,
6 otherwise.

On the other hand, we have

(7.06) W (@) ={®l, 18¢ o, ¢'ol, 10!, ¢'ad)
If £ is quadratic, then we have

(7.0.7) W-(ol)={{®¢ ¢®l, 1o}

Thus we have

1 if & is trivial,
(7.0.8) [W-(£®1)] =<3 if £ is quadratic,
6 otherwise.

This gives the following possibilities for s:
(2) If & = 1 and & = £ with £ a ramified non-quadratic character, by (7.0.6) we
have

(7.0.9) s = [[¢ele = [[1egde = [0 e
= [I¢'ele = [Tedle = [T @

It follows from Table 1 that

(7.0.10) o ={e, b} 2 Z/27.

(3) If & = & = £ with € a ramified character that is neither quadratic nor cubic,
by (7.0.3) we have

= [T¢wede T 0 le = IE0¢ e
= 16708 = [[6@¢%e = [M&?@¢e
It follows from Table 1 that
(7.0.12) WE = {e,a} = 7,/27.

(7.0.11)
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(4) If & = & = & with € a ramified quadratic character, since s = [T,&; ® &g =
[T,’(U : (51 & §2)}G7 we have s = [T7£® g]G = [T’£® 1]G = [T7 1® g]G Then Table 1

gives
wW* = {e,a,babab, bababa} = {e, a,r3, ar3}
= (Sa,S3a+28) = ZL/27 x 7|2
(5) If & = & = &, with £ a ramified character of order 3, we have
(7013)  s=[T¢@e=[1¢ 0 o= 10 e =16 ® e
It follows from Table 1 that
(7.0.14) W¢ = {e, a, bab, abab, baba, ababa} = Ss.

(6)&(7) We now consider the cases M = M, and M = Mg. We have Ng(M)/M ~
Z/2Z. Since o is self-dual, by [AX22, 4.1.9] we have W& = Ng(M)/M, thus W§ ~
Z]2Z. O

8. THE INTERMEDIATE SERIES

Let s = [M, 0], where o is a supercuspidal irreducible representation of M €
{M,, Mg}. Let w, denote the central character of o. Let P be a parabolic subgroup
of G with Levi subgroup M, and let i% (o) denote the (normalized) parabolic induc-
tion of 0. Since M ~ GLa(F), the representation o is a regular supercuspidal in
the sense of Definition 3.6.9. Therefore, the L-parameter ¢, has trivial restriction
to SLa(C). Thus the corresponding unipotent class in GLy(C) is trivial, and any
cuspidal local system on this class is trivial (see §2.1.1 for details).

8.0.1. The short root case. When M =~ M, by [Sha9l, Proposition 6.2]:

(1) When w, # 1, i%(0) is reducible and there are no complementary series.
(2) When w, = 1, i%(0) is irreducible, and i%(c ® v$.) is irreducible unless
s =41/2.

o iG(o® V};/ 2) has has length 2: it has a unique generic discrete series sub-
representation m(o) and a unique irreducible pre-unitary non-tempered
Langlands quotient, J(o).

e All the representations i%(c ® v§) for 0 < s < 1/2 are in the comple-
mentary series and s = 1/2 is the edge of complementary series.

Since 7(0) is a discrete series, by [Sol22, Proposition 9.3], it corresponds to a discrete
series of the Hecke algebra H*(G). On the other hand, by [AX22, Tables 4.5.6 and
4.5.8], the Hecke algebra H*(G) is isomorphic to an extended affine Hecke algebra
which is either of type Xl(q, q) or has trivial parameters. In the first case, we can
apply [Ram03, Table 2.1]. Since the representation (o) is tempered, by [Ram03,
Table 2.1], it has unipotent class e,,, which corresponds to Kl by Table 6. When
H*(G) has trivial parameters, we obtain the enhanced L-parameters as in Table 8
(using the explicit formula in Definition 2.5.1).
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Representation

indexing triple

enhanced L-parameter

(ta7 6a17 1)

(S%Al, 1)

(ta,0,1)

(800717 1)

49

1/2

TABLE 10. : LLC for the irred. constituents of i%(c ® v;/”) attached

to § = [My, 0|c where w, unramified.

8.0.2. The long root case. When M ~ M,, by [Sha90, Theorem 8.1, Proposition
8.3]:
(1) If o, = Indmw/ﬂ (x), [K : F] =2, x € K*, then i%(o) is irreducible if and only
if either x|px =1, or x|px =1 and x> = 1.
(2) The representation I(&/i,0) is reducible with a unique x-generic subrepre-
sentation (o) which is in the discrete series. Its Langlands quotient J(o) is
never generic. It is a pre-unitary non-tempered representation.

Remark 8.0.1. Since p is odd, the case where o is extraordinary (so-called ezcep-
tional in [BHO6D]) mentioned in [Sha90] does not occur (see [BHO6b, Theorem 34.1
and Theorem 44.1]).

Representation | indexing triple | enhanced L-parameter
(o) (ta€ays 1) (SOU,AU 1)
J(U) (tav 0, 1) (‘100,1’ 1)

TABLE 11. : LLC for the irred. constituents of i%(c) attached to s = [Mg, |-

Since the representation (o) is a discrete series, by [Sol22, Proposition 9.3], it
corresponds to a discrete series of the Hecke algebra H*(G). On the other hand, by
[AX22, Tables 4.5.2 and 4.5.4], the Hecke algebra H*(G) is isomorphic to an extended
affine Hecke algebra which is of type Kl(qg’, q), Xl(q, q) or has trivial parameters. In
the Al(q,q) case, we can apply [Ram03, Table 2.1]. Since 7(o) is tempered, by
[Ram03, Table 2.1], it has unipotent class e,,, which corresponds to A; by Table 6.
When H*(G) has trivial parameters, similarly, we obtain the enhanced L-parameters
as in Table 8 (using the explicit formula in Definition 2.5.1). When H*(G) is of type
Ay (¢, q), we use Property 10.1.9 to find the singular supercuspidal representation
that shares the same L-packet as this intermediate series representation, and then
use (2.5.1) again to explicitly construct the enhanced L-parameter. This is done in
Theorem 5.1.2.
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8.0.3. Formal degrees for depth-zero intermediate series. Consider a depth-zero rep-
resentation m € Irrg(G) where s = [M,o]|g and M € {M,,Mg}. Since the depth
is preserved via parabolic induction, the supercuspidal representation o of M ~
GLa(F) has also depth-zero and we have o = c-Ind}, w,,0(T), where My o ~ GLa(oF)
and T denotes the extension to F* M, o of the inflation to M,y of a cuspidal irre-
ducible representation of M, o ~ GLy(F;). By (3.6.4) the representation 7 corre-
sponds to the unipotent representation Tynip € E(ZM;’O(s), 1). In this case, ZMZO(S)
is either GLg(FFy) or a torus. Since GLy(IF,) carries no cuspidal unipotent representa-
tions, ZMZO(S) can only be a torus, and thus 7yni, = 1. In particular, dim(7unip) = 1.
On the other hand, we have

(8.0.1) My,o| = |GL2(Fq)| = a(¢* — 1)(g — 1).
Thus, since |T] = (¢ — 1), we have
. Myoly . (¢* = D(g—1)
(8.0.2) dim(7) = —— - dim(7ynip) = ———5— =¢ + 1.
T

By [KY17], the pair (Gy,0,T) is an s-type in G, and a G-cover of (M, T) (see also
[Mor99] or [MP96b]). Since Gy 9 = M, ¢, by (3.4.2) we have
¢*—1
.
Therefore by a generalized version of Proposition 3.5.1, we have

(8.0.3) Vol(Gy) = ¢ ™MD2 Gy oly =g * — 1) =

dim 7 _d(ﬂﬁ> (g + 1)qd(71'9{).

(8.0.4) fdeg(m) = Vol(Gy) TP

8.0.5. In the following table, we compute the quantity d(72') and d(73") as in [Ree97,
§9]. Recall that if ¢, # qo, we must have |R(O)| = 1, and the formal degrees of
square-integral modules for H(qq, qo) are given by

gago — 1 % 90 — g0
8.0.6 d(r2) = d(m) = .
(8.0.6) (s (¢a +1)(q0 + 1) 7o) (o +1)(q0 +1)
On the other hand, if the Hecke algebra H(q,, qo) is of rank one, and g, = g, there
are |R(0O)| square-integrable H(qq, go)-modules n ® 75, one for each character n of

R(0). They all have the same formal degree

qa — 1

Qo +1°

We compute these quantities d(7) in the following table 8.0.8, following [AX22, Table
4.5.2]. To distinguish between simple modules of Hecke algebras and irreducible rep-
resentations, we use the notation d(7’*) to denote formal degrees for simple modules
for Hecke algebras H(qa, qo)-

(8.0.7) d(n® %) = |R(O)|7*

8.0.8. Table for long root essentially depth zero cases.
We refer the reader to [AX22] for the notations.
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H(G.p)
r D Wo XAt R(O) | Wy N d(7*0) fdeg(m)
qdr 4
.p -1 241
_ unramified 1|41 non-comimn, (qgil)(qﬂ), <qq3§1>q
X cubic 4. qr ws(flw A
r=20 (G, M), (y, 1), (Jwy,(la o)) unramified non-comm, 2 4 (¢+1)
£1 =1 [#£1 o e
X cubic q%, q2F ! a
ramified non-comm, -1 a
=1 . =1]#1 a7t i
X cubic qr,qr
ramified
#1 * =1 C[R(O)] x C[O] 0 0
X cubic
1 subic _ 1 non-comm, -1 B
= X not cubic | = # 1 g+
N/A qr,qr
#1 * =1| C[R(9)] x C[O] 0 0
r 7é 0 (((A/Iv G)7]\1)7(y,L)7(7’7 0)7(¢)71)’(]My10791\4)> 7£ 1 N/A =1 =1 (C[O] 0 0
TABLE 8.0.8.

8.0.9. As can be seen from the table, the first row has equal formal degree as
in the singular non-unipotent supercuspidal representation from (6.0.9), i.e. they
both have formal degree q??ij-l' In particular, we have obtained an L-packet mixing
a singular non-unipotent supercuspidal with an intermediate series representation
with supercuspidal support being a supercuspidal representation associated to the

long root M ~ Mg.

Remark 8.0.2. Recall that the singular supercuspidal representation from (6.0.9)
can only occur when ¢ = —1 mod 3, which is also precisely the condition for this
intermediate series representation in the first row of Table 8.0.8 to occur. Recall
from [AX22, (4.2.6)] that

(8.0.10) wo (@) + x°x' (@) = 0,

which can only occur when ¢ = —1 mod 3.

9. THE PRINCIPAL SERIES

9.1. Notation and background. Let T be an F-split maximal torus in G, and
let TV denote its Langlands dual torus, which is a maximal torus in GV. The
principal series consists of all G-representations that occur in parabolic inductions
of characters of T' := T(F') to Ga(F'). Let Tp denote the maximal compact subgroup
of T. Since T is F-split,

(9.1.1) T ~ F* @5 X.(T) ~ (0 x Z) @z X (T) = Ty x X, (T).

Since W = W (the Weyl group of G with respect to T) acts trivially on F*, these
isomorphisms are W-equivariant if we endow the right hand side with the diagonal
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W-action. Thus (9.1.1) determines a W-equivariant isomorphism of character groups
(9.1.2) Irr(T) = Irr(Tp) x Irr(XA(T)) = Irr(Tp) x X (T).

How Irr(7}) is embedded depends on the choice of wr. However, the isomorphisms
(9.1.3) Irr(Tp) = Hom(o5, TV) and X (T) = Hom(Z,TV)=T".

are canonical. Let ¢, be the image of o € Irr(T") under the canonical map
(9.1.4)
Irr(T) = Hom(F* ®z X.(T),C*) ~ Hom(F*,C* @z X*(T)) ~ Hom(F*,T").

We define
(9.1.5) ¢ 1= Polx top =TV,

Note that unramified twists do not modlfy ©ol, X and conversely, (9.1.4) determines

¢® up to unramified twists. On the other hand, two elements of Irr(T") are G-conjugate
if and only if they are W-conjugate, so the W-orbit of ¢® contains the same amount
of information as s. We define

(9.1.6) J° := Zev (Im(cs)).

By [Roc98, pp. 394-395], when G has connected center, the group J° is connected and
its Weyl group is isomorphic to the group W* (see (3.3.3)). Let J° denote the group
of F-rational points of the F-split reductive algebraic F-group whose Langlands dual
is the group J°.

In [Roc98, §3], Roche constructed an s-type (K°,7°) in the sense of [BK98|. By
[Roc98, Theorem 8.2], the algebra H (G, 7°) and H(J*?, 19) are isomorphic via a fam-
ily of *-preserving, support-preserving (and hence inner-product preserving) isomor-
phisms. By [Roc98, proof of Theorem 10.7], these isomorphisms preserve square-
integrability and, for corresponding m € Irr?(G) and 7' € Irr?(J*®), with the appro-
priate normalization of volume factors, we have

(9.1.7) fdeg(m) = d*(xh).

9.2. Principal series for Gy. For v € {a,ﬁ} we set
(9.2.1) (& ®&) = zT v (61 ® &2)-
By using (4.0.11) we obtain

(9.2.2)

I*(&1®&)®(viodet) = I*(Grpebry) and TP (G @&)@(vhodet) = 1P (GLri&i& ).

As recalled in [Mui97, Proposition 1.1], the principal series I7(£; ® &2) reduces if and

only if (5’1 ®E&)oyY = V%l Let 6(&) denote the unique irreducible subrepresentation
of iCL2(P) GLQ(F)( 1/25®

ig (v Y 2§ ® Fl/ 2§ ), it is also the unique irreducible quotient of i
11;/ 25). Similarly, £ o det is the unique irreducible quotient (resp. subrepresentation)
f1gL2(F (v 1/2§® Vi 1/2 €) (resp. igLQ(F)( _1/2§® 1/25)). Thus, in the Grothendieck
groups R(M,), R(Mg) we have

(9.2.3) I°(v2¢@vp'2e) = 6(¢) + €odet  and TP(vp ¢ ®@up) = 6(¢) + € o det,
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(9.2.4) I°(vp' Pe@vp?0) = 5(¢) +€odet  and TP (v *¢ @ vpt) = 6(€) + £ odet.
Let s € C. For an admissible representation 7 of GLa(F), we write
(9.2.5) I(s,m) = ilcj7 (m® (vpodet)), and I,(m):=1,(0,7).

When 7 a tempered irreducible representation and s > 0, the representation I (s, )
has a unique irreducible quotient denoted by J (s, 7).

We denote by I(£1®&2) the parabolically induced representation of o = £ ®&. We
will describe the irreducible components of the parabolically induced representation
I(& ® &) following the methods developed in [Mui97, §3 and §4].

Remark 9.2.1. Recall (see [BZ77, Theorem 2.9]) that, for any w € W, the Jordan-
Holder series of I(§1 ® &) and I(* (&1 ® &2)) have the same irreducible quotients.

If wy, wo are unitary characters of F* and s; > so > 0, then the representation
I(vitwi ® vilwy) has a unique irreducible quotient denoted by J(s1, 52, w1, w2).

Lemma 9.2.6. [Rod75, Theorem 7] We suppose that G is F-split. Let P be a
parabolic subgroup of G with Levi subgroup L, and ¢ an irreducible smooth repre-
sentation of L.

(a) If o is generic, then i%(0) contains a unique generic irreducible component.
(b) If o is not generic, then no irreducible component of i%(c) is generic.

By transitivity of the parabolic induction we have

(9.2.7) [(©1©&) =i (MG ®&)) =1 (s, I7(& © &) @ vp° o det)).
By using (9.2.2), we get
(9.2.8) I(61® &) = In(s, I(G1vp® @ &ovp®)) = Ig(s, 1P (Gvp® @ &67Y).

Lemma 9.2.9.
(1) If & = vp&s, then we have
I(&1 ® &) = La(s, 0> *€2)) + La(s, v 0 det)

= Ig(s, 5(1/;/2_552)) + I5(s, V},/Q_Sgg o det).

(9.2.10)

(2) If & = v'&, then we have
I(& ® &) = In(s, 6(vp 7)) + In(s, vp > ¢, 0 det)
= I5(s,6(vp /> 7°6)) + Ig(s, v /* "¢ o det).
Proof. The result follows from the combination of (9.2.8) with (9.2.3) and (9.2.4). O

(9.2.11)

For v € {a, 8}, denote by r,: R(G) — R(M,) the normalized Jacquet restriction
functor r]%. For v,+" € {a, B}, let WMy My 16 the subset of W defined in [BZ77,
§2.11]. By [DM91, Lemmas 5.4-5.6], it consists in the elements w € W satisfying

(9.2.12) U(syw) = L(sy) +€(w) and L(wsy) = L(w) + £(s4).
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Then, from Table 1, we obtain

(9.2.13) WMaMa — {1, 58, Sa+8, S30+8} » WMsMo — (7 ba, baba}
(9214) WMQ’MB = {17 a’by abab} ) WMB’MB = {]-a Say $2a+8) 8304+2/8}
(9.2.15)

wMeT — 1, s, ab, Sq+8, abab, babab} WwhMe — (7 s, ba, Sq+8, baba, babab} .

Lemma 9.2.16. Let £ € Irr(F*). We have
(9.2.17)

To (In(5,6(€))) = vE6(€) +rp° (6 )+ I (VEC U e ) + 1 Peup?e2).
(9.2.18)
ro (I5(s,6(€))) = 8(vip) +vicodet +1*(VEE vy e ) 41wy e v 6 72).

Proof. (1) Since 14(s,6(€)) = In(v36(€)) and Ng(My)/Ma = {1, 530443}, by [BZ77,
Geometrical Lemma in §2.12], we get

ta (Ia(5,6(£))) = Vi8(€)+ 83045 (V56(6))+1 %080t gory™ (VR8(€))+I o gory ™ (Vi (£)).

By [Zel80, Proposition 1.11.(b)], we know that v76(§) is the unique submodule of

the length two representation I*(v 5+1/2§ ® vy 1/2§), and 17* (v56(§)) = V;H/Qﬁ ®

v 1/25 On the other hand, we have 33a+5(1/F5(§)) = v;°5(¢71). Hence, we get

ta (Ia(s,0(8))) = vO(©)+v*0(€ )+ 0sa(vy 2ery 26 1 %0sars (v Pery %),
By Table 1, we have

splvp ey 20 = vp@en P and saps( e e = i e

Finally, we obtain (9.2.17).
(2) By (9.2.14) and [BZ77, Geometric Lemma|, we have in R(M,):

(9.2.19) rq0lg=1¢ or¥5 + I obaoré\w/[’3 +I1¢ obabaoryﬁ.
Again by [Zel80, 1.11], we have
M, s s s—
v (V36 (€)) = v e @ v e,
By Table 1, we have ba(v s+1/2£® o 1/25) =vEE " 1/25 and baba(u}+1/2£®
Vi 1/25) =, 1/2§®1/_2‘9§ 2. Hence, we get
M, s s —
(baory ") (vi8(€) = viE @ v e
(baba o vy ) (vi3(€)) = vy P¢ @ vpE
Then (9.2.19) gives

ta (I5(5,0(9))) = I* (v Pgowy PO+ (v avy ™ 2+ vy Hear e ).
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s+1/2

Since I*(v s-1/2

EQup 178 = 0(vig) + v o det by 9.2.3, we have

ro (Ig(s,6(€))) = 6(vi€) +vptodet +1° (VEE v e N v 1wy e e ).
[l

Lemma 9.2.20. Notations as above. We have
(9.2.21)
rol(VE @) = I*(VE ®@&)+I%(vp @ui ) + I (v & ) +1° (v @vg'é ).

Proof. By (9.2.8), we have
(9.2.22) I(wE @ &) = I (s, I*(VE'F @ &ovp?)).

First note that In(s, [*(VE' ™ @ &up®) == I (vp I (VE 5 @ &up®)) = I(I* (v @
&2)). By [BZ77, Geometrical Lemmal, we have in R(M,):

(9.2.23)

af, Fl—s =5)) = J@ F1 7™ F1 - Mo MaIa F1
ta (la(s, I*(VE' ° @ &) = I*(VE' ® &2) + s3at5 0 IO (V' @ &) +ip* o sgorp I (v © &)
(9.2.24) i 0 seqp 0 T T (VE @ &).

The first term in (9.2.23) gives s3a4p 0 [*(VE! ® &) = I°(vE' ® vE'&). Since

r%“[“(ylfl ® &) = V;El ® & and 3/3(1/?1 ® &) = Z/Iflfg ® §2_1, we have

(9.2.25) e osgorle (Vi @ &) = I*(VE' & @ &71).

To see the last term in (9.2.24), we have

(9:2.26) 17 0 sarg oy I*(VF! ©&) =i 0 sapp(vF ©&) = I°(VF @ vi'& ).

Thus we have

To (In(s, I*(VE' ™° @ &up®)) = I°(VE @&)+1% (v @uE &)+ (v 606 )+ (v ovg' 6 ).
O

Remark 9.2.2. We observe that (9.2.17) coincides with the one computed in [Mui97,
Proof of Proposition 4.1] in the particular case where s = 1/2 and ¢ is quadratic. We
have also noticed the following typos in [Mui97, §2]: in the computation of r, o I, ()
the element wo,4 g must be replaced by w43, and moreover ws,23 must be replaced
by w34+ in the computation of r, o I5(7), it should be I* instead of I°.

Lemma 9.2.27. Notations as above. We have
(9.2.28)

15 I(VE'®&) = vE @b+rE e G ovE vl el WE HvE G T e 6 T erE
Proof. By (9.2.8) again, we have

(9.2.29) 1ol (vF' ® &) = 1o (Ia(Wpl* (Vi 5 @ &up?)) = ro (I.(I*(VE ® &))) .

By [BZ77, Geometric Lemma] applied to (9.2.15), we have

ol (V! ©6) = vi' © G tif o spory " I © &) +if o abory FIN(F 0 6)

+ it o ababo (VE @ &) + im0 babab o (VF ® &) + i 0 sqrp 0 (VF @ &)
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: Lg
Since r? 2I“(y}f1 ® &) = y}fl ® &2, we have

1ol (VE @ &) = vE @ & + sp(VE @ &) + ab(vE @ &)
+abab(vi' © &) + babab(v ® &2) + satp(VE' @ &)
= eatrileeg +6 erf'e
+ V}%lg;l ® V;l i 551 ® U}%l + V}q;l ® églygl.
Thus we have the desired equality. O

In the following, we will classify the principal series cases according to the pos-
sibilities for 5. We will use the dual figure of Figure 1 in which the role of a and
B is played by BY and «V, respectively to help us analyze the roots. Note that o
(resp. 3Y), which is long (resp. short), corresponds to the long (resp. short) root ag
(resp. ag) in the notations of [Ram03, § 6], as shown in [Ram03, Fig.6.1]. Since the
root ¥ (resp. 8Y) is long (resp. short), eqv = €4, (resp. egv = €q,) is a representa-
tive of A; (resp. A). Since a¥ 4 Y is short, eqv4pv is a representative of Ay (see
[Ram03, Table 6.3].

9.3. Case s = [T, {®¢&]|q. We may write 0 = x1£® x2§, with £ a ramified character
of F*, and x1, x2 unramified characters of F'*. We write x1 = v} and x2 = v}? for
s1,80 € C.

~If both v;!¢ and v?€ are unitary, by [Key82, Theorem Go], I(vp€ @ vj2§) is
reducible if and only if v;}¢ and v;?¢ are two distinct quadratic characters, in which
case it is of multiplicity 1 and length 2. In this case, the two irreducible constituents
are in the same L-packet and they are both tempered. One is generic and the other
one is not. See Theorem 3.

~Otherwise (i.e., at least one of v, v;7¢€ is non-unitary), by [Mui97, Proposition
3.1], I(vi € @ v32€) is irreducible unless we are in one of the following situations:

(1) s1 = =+1, £ =1, sg arbitrary (resp. sy arbitrary, so = £1, £ = 1);
(2) vpt2e? = vihs
(3) S1 — S92 = :|:1;
(4) V%Sl+82§3 — 1/251;
(5) 1/;1"_282{3 — V}%l'

We now explain how cases (1) and (2) are equivalent, using Remark 9.2.1 and Table
1: in case (1), & ® & = vE @ vi2 = % (V2 @ v5*) by Table 1, which then falls
under case (2) by Remark 9.2.1. Similarly, case (5) is equivalent to case (4) by using
the action of s,.

We will treat case (2), case (3) and case (4) separately.

We recall first that the character £ admits a polar decomposition

(9.3.1) ¢ =vhw, wheret € R and w is unitary,

(see for instance [Tat79, (2.2.1)]). Writing s := so + ¢t = 1/2, we obtain

(9.3.2) W= V;Z_Silﬂf.
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9.3.1. Case (2) within Case s = [T,£ ® {]. In case (2), we have

(9.3.3) vite = v e
Thus we have
_s _ s ababa
(9.3.4) (6 ®&) = IwpPF et ouze) "2 TwF @ &)

(a) Case 1/1?@52 ¢ {I/F ®1,vp @ v, 1/1;1 ®1, 1/1;1 ® 1/1;2}: In this case, Ia(ylfl_s®
&ov%)) is irreducible, but I(vE' ® &) is reducible. We compute the irreducible con-
stituents in the following.

(i) When & is quadratic, this is covered in Tables 16 and 17 (depending on
whether & is unramified or not). In this case, I(vE' ® &) has length 4.
(ii) When & is non-quadratic, since I(vE' ® &) bababa I @ &), By Lemma
9.2.20, we have
(9.3.5)
ral (Vg @6 ) = 1MV @6 )H (Vi v & DI (v & @) +1° (v 9 &),
Let (v} ® &) = n(vE' ® &) be an irreducible subrepresentation of
IWH @ &) = I(vE ® &), Comparing (9.3.5) with (9.2.21), we obtain
that 1, [(VE' ® &) and 1o I (V5 @&, 1) share the terms I (Vi @ vE'é; ) and
(v @ vEEs). Thus we have

(9.3.6) 1om(VE @ &) = IY(WE @ vEtG ) + T(WE @ vEG) = rar(vE @ 6.

By [Rod81, Corollary,p.419], S = {s3,45} and I (5! @£;) has length 219 = 2.
Let J(vE' ® &) denote the irreducible quotient of I(vF! ® &), and we have
(9.3.7) I @ &) =r(i' @ &)+ J(vE @ &).
In this case, we have the following two Tables depending on what & is
like.

(a) When &5 is ramified cubic, §° = SL3(C). By [ABP11, p. 145] this case
corresponds to case t, in [Ram03, Table 4.1]. By [Roc98, Theorem 9.4]
the representation ﬁ(ylfl ®&2) corresponds to an Iwahori-spherical, non-
square-integrable, tempered representation of PGL3(F') and hence is
tempered. It is indexed in [Ram03, Table 4.2] by the triple (¢, €y, 1)

with ¢, = s9s1t. The list of irreducible constituents is summarized in
Table 12.

Representation | enhanced L-parameter

TV ® &) (¢,a151)
J(vi' ® &) (¢0,1,1)

TABLE 12. : LLC for irred. constituents of I(Z/lf1 ® &) where & is
ramified cubic.
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(b) When & is ramified neither quadratic nor cubic, J° = GLy(C). The list
of irreducible constituents is summarized in Table 13.
More precisely, this corresponds to case t, in [Ram03, Table 2.1], where
the tempered representation corresponds to the regular unipotent class
eq, in GLg(C). By Proposition 7.0.2, we have W§ = {1,sg}. Thus by
Table 6, this corresponds to the unipotent class A; in Go(C).

Representation | enhanced L-parameter
(i @ &) (054,71
J(vi' ® &) (0,1,1)

TaBLE 13. : LLC for irred. constituents of I(v;' ® &) where & is
ramified neither cubic nor quadratic.

(c) When &; is unramified non-quadratic, J° = Ga(C). The list of irreducible
constituents is summarized in Table 14. We observe that

(9.3.8) I(W' 26 @v2E) = I5(1/2 — 52,6 @ Star,) @ I5(1/2 — 52,6 o det).

It shows that m(vF!' ®&) = I5(1/2—s2,£ ' ®StgL,) is tempered. Thus
this case corresponds to the case t, in [Ram03, Table 6.1].

Representation | enhanced L-parameter

T(vi' © &) (¢,a151)
J(i' © &) (¢0,1,1)

TABLE 14. : LLC for irred. constituents of I(Z/If1 ® &) where & is
unramified non-quadratic.

(b) Case vi' @ & € {vpP@1,vp® Viovat @ Lvpt @ 1/1;2}: Since, by Table 1, we

have I(vp ® 1) bababa I(vp' ®1) and I(vr ® v2) bababa I(va' @ vz?), we are reduced

to consider ylfl ®& € {Z/F ®1L,vrp® y%} The LLC for the irreducible components
of I(vp ® v2) will be computed in Table 18.

By [Mui97, Proposition 4.3], the representation I(vp ® 1) contains exactly two
irreducible subrepresentations 7(1) and 7(1)’, which are square-integrable, and we
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have in R(G)

(9.3.9) I,(1/2,6(1)) = (1) + Jo(1/2,6(1)) 4+ J5(1/2,6(1))
(9.3.10) 15(1/2,6(1)) = w(1) + m(1)" + Jp(1/2,(1))
(9.3.11) 1o(1/2,1q1,) = m(1) + J5(1/2,6(1)) + J(1/2,7(1,1))
(9.3.12) I5(1/2,1GL,) = Ja(1,7(1,1)) + J5(1/2,6(1)) + Ja(1/2,6(1)).

Hence I(vp ® 1) has length 6: its other irreducible constituents are J,(1/2,0(1)),
J5(1/2,6(1)), Jg(1,7m(1,1)), the latter occurring with multiplicity 2.

Lemma 9.3.13. The representation 7(1)" is generic.

Proof. By [Rod75, Theorem 8|, the representation §(1) = Stgr, is generic. Hence
by (9.3.9), both I,(1/2,6(1)) and Iz(1/2,5(1)) contain a generic irreducible com-
ponent, and that none of the representations 7 (1), Jg(1/2,d(1)), Jg(1,7(1,1)) and
Jo(1/2,6(1)) is generic. Thus, m(1)’ is generic. O

Using [Ram03, Table 6.1] Case t., we obtain the enhanced unipotent conjugacy
classes, which give the enhanced L-parameters, and the dimensions of the involved ir-
reducible representations, as in Table 15. More precisely, J,(1/2, (1)) has dimension
1 and corresponds to e,v, which corresponds to the minimal unipotent class A;. On
the other hand, Jg(1/2,6(1)) corresponds to trivial unipotent class. The two square-
integrable representations 7(1) and 7(1)’ correspond to ey +e4vy25v, which, as men-
tioned in [Ram03, Table 6.3], is a representative of the nilpotent class corresponding
to Gg(a1). For any representative u of Ga(a1), we have Ag,c)(u) =~ S3, the sym-
metric group on three elements, which has irreducible representations indexed by the
partitions (3), (21), (13) of 3, where (3) is the trivial one. The generic representation
7(1)" corresponds to (t.,Ga(a1),(3)), while 7(1) corresponds to (t.,Ga(a1),(2,1)).
There are five indexing triples, as in Table 15. Note that this table is consistent with
the list for 77:/%(756) in [ABP11, p.143].

Indexing triple unipotent orbit | representation
(te,0,1) 1 Jz(1,7(1,1))
(te,eqv,1) Ay Ja(1/2,0(1))
(e, epvyav,1) A J5(1/2,6(1))
(te,eqv + €28v4av, (21)) Ga(ay) (1)
(te, €av + €25V 4av, (3)) Ga(ar) (1)




60 ANNE-MARIE AUBERT AND YUJIE XU

Representation | enhanced L-parameter | dimension
(1) (00,Ga(a1)> (3)) 3
m(1) (5,Ga(a1): (21)) 1
Jp(1,7(1,1)) (¢0,1,1) 3
Jp(1/2,5(1)) (p,x,0 1) 2
Ja(1/2,6(1)) (boa151) 1

TABLE 15. : LLC for the irreducible components of I(vp ® 1).

9.3.2. Case (3) within Case s = [T,¢£ ® €]q.
In case (3), & = Vi€ = Vi %2& = vEl&. By (9.2.10) we have

[(61 ® &) = Io(s, 6> 7°62)) + Ln(s, v *63 o det)

— Ia(S,(S(V;?_Sil/2£)) + Ia(s,l/}?—sﬂ:l/Qé. Odet).
By [Mui97, Theorem 3.1 (i)], if the character w defined in (9.3.2) is unitary, then
I, (s, 5(1/;2_5i1/2§)) and I, (s, V;Q‘Simg o det) are irreducible unless

s=+1/2, V;Z_Sil/gf is quadratic, s = +3/2, V;Q_Sil/zf =1 ors==+1/2, V;Q_Silﬂﬁ is cubic.

(9.3.14)

When they are irreducible, we compute the L-parameters for irreducible constituents
and record them in Table 21 (when ¢ is unramified) and Table 22 (when ¢ is ramified).

When they are reducible, we have in R(G):

(a) Case (s = £1/2, V;275i1/2§ = 17 quadratic):

[(& @ &) = Iy P @ v i) = 1w v P @ vy o),
and thus Lemma 9.2.9 applies to this case, and we have

(9315) I(gl ®£2) = Ia(s,é(?’]g)) —l—Ia(S,T/Q odet).
We now plug in s = £1/2 and obtain

1(& ® &) = I(vE'n2 @ 1) = La(£1/2,8(112)) + La(£1/2, 72 0 det).

Note that by [BDK86, Lemma 5.4(iii)], we have
(9.3.16)

10(=1/2,6(n2)) ~ 1a(1/2,6(12)) and  In(—1/2,m2 o det) ~ I4(1/2,n o det).
Therefore in the above we treat £1/2 cases together.

Recall from (9.3.2), we have that 72 = w is unitary. Thus [Mui97, Proposition 4.1
(ii)] applies, and
(9.3.17) Ia(s,0(n2)) = m(n2) + Ja(s, 6(12))
(9.3.18) In(s,m2 o det) = Jg(1,m(1,m2)) + Ja(s,d(m2))-
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Combined with (9.3.15), we have

(93.19)  I(& ®&) = m(n2) + Jp(1, 7(1,m2)) + J5(1/2,0(n2)) + Ja(1/2,0(n2)).

We observe that I(v2® v}) babbaba I(v: ®vp) in R(G).

e When 7y is unramified quadratic, J° = Go(C) as in [ABP11, § 4], and the L-
parameters for irreducible constituents are recorded in Table 16. More precisely, we
are in case t4 in [Ram03, Table 6.1] (see also [ABP11, p.17]), there are four indexing
triples

Indexing triple unipotent orbit | representation

(tq,0,1) 1 Jg(1,m(1,m2))

(ta, €av,1) Ay Ja(1/2,0(n2))

(td, €2V +av, 1) A J5(1/2,0(m2))
(td, eav + €avi2pv, 1) Ga(ay) m(n2)

Note that (¢4,0,1) corresponds to the trivial unipotent in g°. In the Langlands
classification (see for instance [SZ18]) (s1t4,{1}) corresponds to the unique J, term;
since (s1tq4,{1}) corresponds to e,v, which is a representative of the minimal nilpotent
orbit in J°. Likewise, the parameters (t4,{2}) and (sas152tg, {2}) correspond to the
two Jg terms. The element e,v + eqvyogv corresponds to the subregular unipotent
orbit Ga(ap) in J° (see [Ram03, Table 6.3]).

Representation | enhanced L-parameter
77(772) (@U,Gg(al)v 1)
Jﬁ(lvﬂ-(lﬂm)) (9007171)
J5(1/2,6(n2)) (055,21)
Ja(1/27 5(772)) (SDU',A17 1)

TABLE 16. LLC for the irreducible components of I(vp ® n2) for ns
unramified quadratic.

e When 75 is ramified quadratic, by Proposition 7.0.2, we have J° = SO4(C) as in
[ABP11, § 8]. By [ABPS16a, Theorem 4.7], we are reduced to compute the Kazhdan-
Lusztig triples for the F-split group SO4(F'). Since SO4(C) ~ SLy(C)xSLy(C)/{£1},
we have H(SO4(C),J) ~ (SL2(C) x SLy(C))%/?Z by [Ree02, §1.5]. By [ABP11, proof
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of Lemma 8.3], both I(vp ® 12) and I(vpne @ 12) have length 4. The L-parameters
for irreducible constituents are recorded in Table 17. More precisely:

Lemma 9.3.20. 7 (7)) is generic.

Proof. The proof is very similar to that of Lemma 9.3.13. Recall from (9.3.17) that
I,(s,0(n2)) = 7(n2) + Ja(s,d(n2)). Since d(n2) is generic, I,(1/2,(n2)) must contain
a generic representation as an irreducible constituent. On the other hand, since
72 o det is not generic, by Lemma 9.2.6, all of the irreducible constituents occuring
in Ig(1/2,m2 o det) are non-generic. In particular, by [Mui97, 4.1(ii)], Jo(1/2,0(12))
is not generic. Therefore m(n2) must be generic. O

Since m(n2) is generic, it has trivial enhancement as in the first row of Table 17.
By [Roc98], we have

(9.3.21) Irr(H(G, %)) = Trr(H(J%, 1)).

Since 7(n32) is a discrete series, its image under (9.3.21) is also a discrete series, which
by [ABP11, §8.0.3] corresponds to a Kazhdan-Lusztig triple with unipotent class in
SO4(C) the regular unipotent class, i.e. by Table 4 the subregular unipotent Ga(a1) in
Ga2. On the other hand, consistent with the tables in [Ram03] and our previous tables,
Jz(1,7(1,m2)) corresponds to the trivial unipotent class. It now remains to distribute
J3(1/2,0(n2)) and Jo(1/2,0(n2)) among the two unipotent classes (2,2) and (2,2)"”
in SO4(C). By the indexing triples in [Ram03, §2], J3(1/2,(n2)) corresponds to eq,,
which corresponds to egv, which then corresponds to 111.

We now compute the formal degree of m(n2): by [Roc98, Theorem 10.7], up to
normalization factors of volumes, we have

(9.3.22) fdeg(m(n2)) = d(Sto, ),

where Stgo, is the Steinberg representation of SO4(F). Since |Z(GY)| = 2 and
|A(s,u)| = 1, by [CKK12, Theorem 4.1], we have

1 g—1 ¢—-1 , ¢
3.2 d(St, Yy =2 . L~ . 4 =5 T e
(9 3 3) (S 504) 9 q2 -1 q2 —1 q 2(q + 1)2
Thus we have
2
q
9.3.24 fd T 2(q+1)2

which agrees with the formal degree for the singular supercuspidal computed in
(6.0.14).

(b) Case (s = +3/2, v32 " F12e = 1): & = w26 = 3T/ and & = vEg = v /77
[(& ©&) = (v P evT?) = 1wET P e i),

and thus Lemma 9.2.9 applies to this case, and we have

(9.3.25) I(& ® &) = Io(s, 6(VE*7°6)) + Lo (s, 5> 7°¢; o det).
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Representation | enhanced L-parameter
77(772) (@U,Gg(al)a 1)
Jp(1,7(1,72)) (00,1, 1)
Jﬁ(1/2,6(7]2)) (S0072171)
Ja(1/275(772)) (SDU,AI’]')

TABLE 17. LLC for the irreducible components of I(vg @ n2) for ng
ramified quadratic.

We now plug in s = £3/2 and the explicit values for {3, and obtain
I(61® &) = W @ vEY) = I,(£3/2,6(1)) + I.(£3/2, 1cL,)-
By [BDK86, Lemma 5.4(iii)], we have
(9.3.26)  I,(—3/2,0(1)) ~ I1,(3/2,0(1)) and I,(—3/2,1qL,) =~ I.(3/2,1GL,).

Therefore it suffices to treat the £3/2 cases together. When s = 3/2, by [Mui97,
Proposition 4.4], we have the following decomposition into irreducible constituents:
(9.3.27)

1,(3/2,0(1)) = Sta, + Ja(3/2,6(1)) and I1,(3/2,1qL,) = la, + J5(5/2,6(1)).

We thus obtain
(9.3.28) (&1 ® &) =I(WE @vE') = Sta, + Ja(3/2,6(1) + 1a, + J5(5/2,6(1)).

In the notation of [Ram03, Table 6.1] the central character of the irreducible
components of I(v% ® vr) is denoted t,. Thus two representations have dimension
1 (the trivial representation 1g, and the Steinberg representation Stg,) and the two
have dimension 5. These four irreducible representations are also listed in [ABP11,
p.143] as the elements of 7'('\_/%(15(1). For each root vV in R(GY,TV) let denote by

eyv an element of the root space g)y/v. The representation Stg, is square-integrable,
hence in particular it is tempered. From [Ram03, Table 6.1], it has indexing triple
(ta,eav +epgv,1). Then the first row of [Ram03, Table 6.3] shows that it is attached
to the regular unipotent class Go. By [Ram03, Table 6.1], the indexing triple of 1, is
(ta,0,1), and those of J,(3/2,d(1)) and Jg(5/2,0(1)) are (tq,eqv,1) and (t4,egv,1)
or (tq,egv,1) and (tq,eqv,1). Also, by [Ram03, Table 6.3], since 3 is short, we
have that egv corresponds to the minimal unipotent class A, while e,v corresponds
to the subminimal one A;. In this case, §° = Go(C) as in [ABP11, §4], and the
L-parameters for irreducible constituents are recorded in Table 18. More precisely,
we are in case t, in [Ram03, Table 6.1] and there are four indexing triples as in
Table 18 (note that this table is consistent with the case w&%(ta) in [ABP11, p.143)).
Table 18 shows that there are four L-packets. Each L-packet is a singleton, hence
the attached group G, is connected.
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Indexing triple | unipotent orbit | representation
(ta,0,1) 1 lag,
(ta,epv,1) Ay J3(5/2,6(1))
(ta,eqv,1) Ay Ja(3/2,0(1))
(ta,eqv +e€pv, 1) Go Sta,

Representation | enhanced L-parameter

Sta, (0,G25 1)
Ja(3/2,6(1)) (¢0,415 1)
J3(5/2,6(1)) (04,5 1)

lg, (¢o,1,1)

TABLE 18. : LLC for the irreducible components of I(v% ® vp).

(c) Case (s = +£1/2, uff_Sil/Qg = 13 cubic):

I ®&) = I(V}?ﬂﬂ

and thus Lemma 9.2.9 applies to this case, and we have the decomposition into
irreducible constituents:

(9.3.29) I(& @ &) = In(s,0(n3)) + Ia(s,m3 o det).
We now plug in s = £1/2 and obtain
I(6 ® &) = (W n @ n3) = In(£1/2,5(n3)) + Lo (£1/2,73 o det).
By [BDKS86, Lemma 5.5(iii)], we have
In(=1/2,0(n3)) = In(1/2,6(n3 1)) and In(—1/2,m30det) = I,(1/2,m5" o det).

The following essentially follows from [Mui97, Proposition 4.2(ii)], for the reader’s
convenience, we include a more detailed proof than loc.cit.. When & is cubic, con-
sider the following two cases.

(1) If 3s + 1/2 = £1, ie. s = 1/6 or —1/2, then I°(v2¢& @ v;" 2¢1) in
(9.2.18) becomes

1/2 1/2 1/2
ms @ vt ) = IwE Wy s @ vt Png),

I*(WE2 @uy ey = s(uETY2e2) 4 ) 2F262 6 e,
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and the term Io‘(y;,+1/2§ ® v;*¢72) in (9.2.17) becomes

1P @ v e2) = 52 2e) 4 v P 2¢ o det

By [Mui97, Theorem 3.1], we only need to consider the case where s = —1/2.
In this case, we have

(9.3.30)

ra(la(s,8())) = vid(€) +vp"0(67") + v 0(€) + vt g o det +1° (v "¢ @wpgTh).

Thus plugging s = —1/2 in the above and comparing with the analogous for-

mula for 1o (I (s), 6(§71)), we obtain that 1o (In(—1/2,5(€))) and 1o (Io(—1/2,8(671)))
share the common terms 1/}1;/25(5) + 1/},/25(571) (note that this is only true

for very specially chosen values of s), thus

(9.3.31) ra(m(§)) = v/ %5() + v o),
and collecting the differing terms we obtain

(9.332)  ro(Ju(—1/2,8(€))) = 6(vp ' 2€) + v/ 2 ¢ o det +1 (i ¢ L @ vpe Y.
In summary, we have

(9.3.33) Ia(=1/2,8(6)) = 7(€) + Ja(~1/2,5()).

(2) If 3s — 1/2 = +1, i.e. s =1/2 or —1/6; similarly, by [Mui97, Theorem 3.1],
we only need to consider the case where s = 1/2. In this case, we have
(9.3.34)
ta(la(s,6(€))) = vpo(€)+vp°6(6 ) tup *8(€™ ) vy ¢ odet +1% (V" H2¢@u, ™€),

Thus plugging s = 1/2 in the above and comparing with the analogous for-
mula for ro (I (s,6(£71))), we obtain that 1o (1o (1/2,6(€))) and 1o (14 (1/2,6(£71)))
share the common terms V},/ 5(8) + V}/ ?5(¢1), thus
(9.3.35) ra(m(€)) = v *8(¢) + v *8(6 ),
and collecting the differing terms we obtain
(9.336)  Ta(Ja(1/2,0(6))) = vp 20(67Y) + 1€ o det +1° (vt @ v '€).
In summary, we still have
(9.3.37) 1a(1/2,6(8)) = 7(£) + Ja(1/2,6(8)).
The Jacquet restrictions for J,(s, £ o det) can be computed similarly.
9.3.38. Returning to the specific setting involving 73, we obtain:
Io(1/2,6(n3 ")) = m(n3™) + Ja(1/2,6(n5))  and
1,(1/2,m5" odet) = Ja(1, (65", 651)) + Ju(1/2,6(n3")).
In summary, we obtain the following decomposition into irreducible constituents:

(9.3.39)
I(&®&) = I(vE'ns@ns) = w(ny ) +Ja(1/2,6(n5 ") +T5(1, 7(d5", 63 ) +Ja(1/2,6(n3)).
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When 73 is unramified, it follows from [ABP11, p.142] that we are in the case
of infinitesimal character t, of [Ram03, Table 6.1]. The representation 7(ni') is a
2-dimensional square-integrable representation, with non-real central character (see
[Ram03, §6]). The three other irreducible representations are non-tempered. It has
indexing triple (¢, eqv + €38v4qv,1). As observed in [RamO03, p. 25], it follows from
[Stu71, Satz 1°], that eqv + eggviqv is a representative of the subregular unipotent
orbit Ga(ap). The representation Jg(1,7(55",5F)) has dimension 2 and its indexing
triple is (f,0,1). The representations J,(1/2,5(ni')) and J,(1/2,8(nF)) are both
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of dimension 4, with indexing triples (t¢, e, 1) and (t, eq433,1).

Indexing triple unipotent orbit | representation
(te,eav +e33viav, 1) Ga(a1) m(n¥)
(teyeqv, 1) Ay Ja(1/2,6(n3))
(tese3pviav, 1) Ay Ja(1/2,0(n3))
(te,0,1) 1 Ta(1,m(d5",65))

In this case, J° = G2(C) as in [ABP11, § 4], and the enhanced L-parameters are

as in Table 19:

TABLE 19. : LLC for the irreducible components of I(I/}:Elng ®n3) for

Representation

enhanced L-parameter

()
Ja(1/2,6(n3"))
Ja(1/2,6(n3))

Jp(1,7(55",6F))

(¢0,Ga(ar) 1)
(Yo, 1)
(Y55 1)
(¢0,1,1)

13 cubic unramified.

9.3.40. When 73 is ramified, the group J° is isomorphic to SL3(C) with simple roots
a¥ and 38V + 2a¥. We compute the L-parameters by combining the case t, in
[Ram03, Table 4.1] with Table 5. There are four indexing triples as in the following

table.
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Indexing triple unipotent orbit | representation
(ta,0,1) 1 Js(L, (85", 65))
(ta, eav,1) Ay Ja(1/2,6(n5))
(ta; €387 4207, 1) Ay Ja(1/2,6(ng))
(ta, €av + €3pvi2av, 1) Ga(ar) w(ny ")

By [Ram03, Table 4.2], eqv + e3gv12qv corresponds to the regular nilpotent orbit in
SL3(C), which gets sent to the subregular nilpotent orbit in Gy(C) by Table 5. By
[Ram03, Table 4.2] again, e3gv42qv corresponds to the subregular nilpotent orbit in
SL3(C), which gets sent to the subminimal nilpotent orbit in Gg by Table 5 again.
Here u' and w” are unipotent such that their conjugacy class [v/] = [u”] = A} in Ga,
but the restriction |y, depends on ‘u and u” itself, rather than their conjugacy
class; therefore we are able to arrive at different L-parameters gofL A, and gogy A, for

the two irreducible constituents J,(1/2,8(n3?)) and Ju(1/2,8(nT)).

Representation | enhanced L-parameter

m(n5)

(@U,Gz(m)a 1)

Ja(1/2,6(n3")) (Dhas 1)
Ja(1/2,0(nF)) (Y85 1)
Jﬁ(Lﬂ((séﬂv(S;)) ((Pcr,lal)

TaBLE 20. LLC for the irreducible components of I(v&'nz ®ns3) for
13 cubic ramified.

We now compute the formal degree of m(n3): by [Roc98, Theorem 10.7], up to
normalization factors of volumes, we have

(9:3.41) fdeg(m(ns)) = d(Stpar, ),
where Stpar, is the Steinberg representation of PGL3(F’). By [Opd16, Theorem 4.11],

1/2 _ —1/2

.3.42 0 = -1 —1 = -1, q q = 4 .
(9.3.42) d(Stpar,) =3 B8], =3 P32 3Pt qr 1)
Thus we have

q
9.3.43 fd =
( ) eg(ﬂ(ﬁ?,)) 3((]2 Tq+ 1)

which agrees with the formal degree for the singular supercuspidal in (6.0.11).
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9.3.3. Case (5) within Case s = [T,{ ® {|q.
In case (5), & = vité = vp22¢ vt = & %F Thus

(9.3.44) 1€ © &) = 1562 @ &) "2 T(E'G © &).

Thus Lemma 9.2.9 applies to this case, and we have
(9.3.45) (& ® &) = I(E 6 ® &) = In(s, 6(vE"> ")) + In(s, vE"/* "¢ o det)

Recall from (9.3.2) that w = fygt = fu}rﬁl/z = yﬁl/%sfg is unitary. Therefore
[Mui97, Theorem 3.1 (i)] applies to this case, and I, (s, 5(1/;1/2_552)) and I, (s, 1/251/2_5.520
det) are irreducible unless

+1/2—s +1/2—s

s=%x1/2, vg & = & is quadratic, s=343/2, v &2=1 ors==+1/2 V}j,fl/Q_S{Q is cubic.

When they are irreducible, we compute the L-parameters for irreducible constituents
and record them in Table 21 (when & is unramified) and Table 22 (when & is
ramified).

e When & is unramified, we are in case t, of [Ram03, Table 6.1] (see also [ABP11,

§4]) and J° = Gac, and we compute the L-parameters in Table 21. Note that

since 6(1/251/27852) is discrete series, the induced representation I,(s, (5(1/?1/273{2))

is tempered, which thus corresponds to the ey, unipotent class, i.e. the minimal
unipotent class Aq in Go.

Representation indexing triple | enhanced L-parameter
+1/2—
Lo(s,0(F °T°@)) | (tgrears 1) ($o,4151)
Lo(s, v Godet) | (t,,0,1) (po1,1)

TABLE 21. : LLC for irred. constituents of case (5) within (£ ® &)
where £ is unramified.

e When & is ramified, we compute the L-parameters in different cases.

(i) When ¢ is neither quadratic nor cubic, we are in case (3) of Proposition

7.0.2, where W§, = Z/2Z = {1,s,} and J° = GL2(C). We are in case t, of

[Ram03, Table 2.1]. Again since 5(V}j,51/ 2_852) is discrete series, the induced

representation Ia(s,é(yjfl/ 27852)) is tempered, which thus corresponds to
the e,, unipotent class, which corresponds to A; in G by Table 6. Thus we
obtain Table 22.
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Representation indexing triple | enhanced L-parameter
:l: —
Lo(s, 05 7€) | (tasears D) ($o.1.1)
In(s,vE* "¢ 0det) | (tq,0,1) (00.1,1)

TABLE 22. : LLC for irred. constituents of I(§; ® &) attached to
Case (5) of s = [T, € ® &] where ¢ is ramified.

(ii) When ¢ is quadratic, we are in case (4) of Proposition 7.0.2, where W2, =
Z])2Z x Z/27Z and J° = SO4(C). However, this case cannot happen here
(although it’ll occur elsewhere in our other subsections), because in this case
&9 is quadratic and I, (s, 5(V§1/2_S§2)) and I, (s, 1/251/2_5520det) are reducible,
contradicting our assumption on irreducibility in this current subsection. (In
fact, we indeed expect to have a length 4 table rather than length 2.)

(iii) When ¢ is cubic, we are in case (5) of Proposition 7.0.2, where W§ = S3
and J° = SLj ¢. Likewise, this case cannot happen here (although it’ll occur
elsewhere in our other subsections), because in this case & is cubic and

I, (s, (5(1/;51/2_8{2)) and I, (s, yzfl/Q_sfg odet) are reducible, contradicting our

assumption on irreducibility in this current subsection. (In fact, we indeed

expect to have a length 4 table rather than length 2.)

When they are reducible, we have in R(G):
(a) Case (s = £1/2, 1/;51/2_552 = 19 quadratic):
[(& © &) = Iy P @ vy ) = I v P @ vy i),
and thus Lemma 9.2.9 applies to this case, and we have
(9.3.46) I(& ®&2) = 1n(s,0(n2)) + Ia(s,n2 o det).
We now plug in s = £1/2 and obtain
I(& © &) = L(vin2 @ ) = La(£1/2,6(n2)) + La(£1/2,72 o det).

Note that by [BDK86, Lemma 5.4(iii)], we have
(9.3.47)
Io(—1/2,0(n2)) ~ 1,(1/2,0(n2)) and In(—1/2,m30det) > I,(1/2,m2 o det).

Therefore in the above we treat +1/2 cases together. Recall from (9.3.2), we have
that 72 = w is unitary, thus we can apply [Mui97, Proposition 4.1 (ii)] and obtain

(9348)  I(& ®&) = m(n2) + Jp(L, 7(1,m2)) + J5(1/2,0(n2)) + Ja(1/2,0(n2)).

The LLC for these irreducible constituents was already computed in Table 16 (when
72 is unramified) and Table 17 (when 7y is ramified).
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b) Case (s = £3/2, ySQ*Sﬂ/zf = 1): we have & = v2€ = V311/27 and & =
F F F

qugg = V;1/2+8.4 Thus
16 8 &) = W52 @ ySTY2) _ [(E1,5712 g 571/2),

and thus Lemma 9.2.9 applies to this case, and we have
(9.3.49) I(& ® &) = Io(s, 6(VE27°6)) + Lo (s, 5> 7°¢, 0 det).
We now plug in s = £3/2 and the explicit values for {3, and obtain

16 ® &) = I(vE2 @ vEY) = I,(£3/2,6(1)) + 1o(+3/2, 1oL, )-
By [BDK86, Lemma 5.4(iii)], we have
(9.3.50)  In(—3/2,0(1)) ~ I1,(3/2,0(1)) and I,(—3/2,1qL,) =~ I.(3/2,1GL,).

Therefore it suffices to treat the £3/2 cases together. When s = 3/2, by [Mui97,
Proposition 4.4], we have the following decomposition into irreducible constituents:
(9.3.51)

1,(3/2,0(1)) = Sta, + Ja(3/2,6(1)) and I,(3/2,1qL,) = la, + J3(5/2,6(1)).

We thus obtain
(9.3.52) (&1 ® &) =I(E @vE') = Sta, + Ja(3/2,6(1) + 1a, + J5(5/2,6(1)).
The LLC for these irreducible constituents was already computed in Table 18.

(c) Case (s = £1/2, ufffSil/Qg = 13 cubic):
(6 ©&) = vy Pns @ v Png) = 10E v Pns 0 v ),

and thus Lemma 9.2.9 applies to this case, and we have the decomposition into
irreducible constituents:

(9.3.53) I(&1 ® &) = 1n(s,6(n3)) + Ia(s,m3 o det).
We now plug in s = £1/2 and obtain
1610 &) = H(vE s @ 15) = La(£1/2, (1)) + Ta(1/2, 13 o det).
By [BDK86, Lemma 5.5(iii)], we have
In(=1/2,0(n3)) = In(1/2,6(n3 1)) and In(—1/2,m30det) = I,(1/2,m5 " o det).
By [Mui97, Proposition 4.2(ii)], we have
In(1/2,6(n3 ")) = 7(n5™") + Ja(1/2,6(n3"))  and
La(1/2,7E" 0 det) = J(L, (651, 67Y) + Ja(1/2,5(0F1)).

In summary, we obtain the following decomposition into irreducible constituents:

(9.3.54)
[(610&) = T(vE pa@ns) = 1(nE)+Ja(1/2, 6(nEN)) +J5(1, (051, 63 )+ Ja(1/2,5(nT)).

The LLC for these irreducible representations was already computed in Tables 19
and 20.

4Note that here &1 should be thought of as the “new” &; after applying the Weyl group actions.
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9.4. Case s = [T,£ ® 1]¢ with ¢ ramified. Consider the induced representation
I(vpE@vp).

~If I(vi € @ v}?) is unitary, by [Key82, Theorem Go], it is reducible if and only if
v;? and vy € are distinct quadratic and unitary. When reducible, it is of length 2,
and we obtain Table 23 (notations as in [ABP11)).

Representation | Kazhdan-Lusztig triple
77(”?5(87/?) ([8i75i]>[171]71)
T (VpE@viR) ([s4, sil, [1,1], sgn)

TABLE 23. : LLC for the irreducible constituents of unitary I(v;¢®
Vi) attached tos = [T,¢ ® 1]g with £ ramified.

~If I(v;*¢ ® vj?) is non-unitary, by [Mui97, Proposition 3.1], I(vp¢ ® vj?) is
irreducible unless we are in one of the following two cases:
(1) v2 = vEl ie. sy = +1 and s is arbitrary

(2) v t2e2 = vt e, ¢ is ramified quadratic and 2s1 + s2 = +1.

Remark 9.4.1. The case s = [T,£ ® &'] for £ # £ both ramified either reduces to
the case for [T, ® 1] or the case for [T, £ ®¢£], so there is no need to discuss this case
separately.

9.4.1. Case (1) within Case s = [T,¢ ® 1|¢ with ¢ ramified.
In this case,
(&0 &) =I(viEovy') =16 @ vg).
(1) When & is quadratic, this is similar to the cases covered in Tables 16 and
17.
(2) When &; is non-quadratic (already assumed to be ramified), this is similar
to the cases covered in Table 12 and Table 13.

9.4.2. Case (2) within Case s = [T,{ ® 1]¢ with £ ramified quadratic. When
¢ is ramified quadratic, we are in case (4) of Proposition 7.0.2 via the action of W,
where Wi, = 7Z/27 x 7./2Z and

(9.4.1) J* = 804(C) ~ SLY(C) x SL§(C)/{+£1}.

In this case, let x := v} where £ is ramified quadratic, and we have
(9.4.2)

_ babab _ b
[(G®&)=Iwieovi' ™) = I(xox i) "2 I0AvE o x 1) 2 I @ x).

Thus Lemma 9.2.9 applies to this case, and we have

(94.3) 1(61®&) = IWpTE@vpe) = La(s,6(E*7"x)) + La(s, vE/* *x o det).
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Recall from (9.3.2) that w = vt = V;Q_Sil/Z is unitary, thus
(9‘4.4) V;—‘Fl/2isx _ V;S+82i1/2€ — W

is unitary. Therefore [Mui97, Theorem 3.1] applies to this case and I, (s, d (1/;1/ s X))
and I, (s, V;El/z_sx odet) are irreducible unless

s=F1/2, VEI/Q_SX = x is quadratic, s= F3/2, VEI/Q_SX =1 ors=F1/2, 1/?1/2_8)( is cubic.

Clearly the second and third cases cannot happen (since £ is ramified quadratic), thus
we are left with only the first possibility, i.e. I,(s, (5(1/;51/2_5)()) and I, (s, y;fl/Q_SXo

det) are irreducible unless

s=F1/2, w= 1/;1/2st = x is quadratic.
Now, since both x = v3'€ and & are quadratic, we have 1 = 1/12,81, and thus s; = 0.
Thus we have £ = x = w is unitary and quadratic.
(1) When they are irreducible i.e. when s # £1/2, we compute the L-parameters
for irreducible constituents and record them in Table 24. By Lemma 9.2.6 (a),
since the representation §(§) of GLa(F') is generic, I, (s, 1/;1/2_85(5)) = i]Gg‘1 (6(8))
is also generic. By Lemma 9.2.6 (b), since the representation {odet of GLa(F')

is not generic, I, (s, 1/;51/2_55 odet)) = i]@a (€ o det) is also non-generic.

Representation | enhanced L-parameter

i, (6(6))) (Po,A151)
i?/[a (§ 0 det) (‘po,h 1)

TABLE 24. : LLC for the irreducible constituents of I((vE! @ €)
attached to Case (2) of s = [T, £ ® 1]¢ with £ ramified quadratic.

(2) When they are reducible i.e. s = F1/2 and w = V;El/Q_SX = x is quadratic,
we have in R(G):
a) Case (s = +1/2, u$1/2fsx = 1y quadratic)®:
F n

1(51 2 52) _ I(u}il/gnz ® V;:H/Qm) _ I(V#V?EUZW ® V;¢1/2772)7

and thus Lemma 9.2.9 applies to this case, and we have

(9.4.5) I(&1 ® &) = 1a(s,0(n2)) + La(s,m2 o det).

SNote that although we have used the same notation 72 as in the previous sections, this 72 is
not necessarily the same character as the 72 from the previous sections; here we are simply abusing
notations.
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We now plug in s = £1/2 and obtain

(& ® &) = I(vE'ne @) = In(£1/2,6(12)) + Ia(F1/2,m2 0 det).
Note that by [BDK86, Lemma 5.4(iii)], we have
(9.4.6)
In(=1/2,6(m2)) ~ 1n(1/2,6(n2)) and In(—1/2,m2 0det) ~ I,(1/2,m2 o det).

Therefore in the above we treat +1/2 cases together. As in (9.4.4), o = w
is unitary, by [Mui97, Proposition 4.1 (ii)] we have

947 I(& @ &) =7(n2) + Jp(1,7(1,m2)) + Jp(1/2,0(n2)) + Ja(1/2,6(n2))-
The computation of LLC for these irreducible constituents was already done

in Table 17.
(b) Case (s = +3/2, Vlfl/%sx = 1): recall that x = vi'¢. Plugging it in
we get
(9.4.8) vEPT s = psFe — 1,
Since ¢ is ramified quadratic in this case, the above equation (9.4.8) cannot
happen.

(c) Case (s = +1/2, Z/EI/Q_SX = 13 cubic): This case also cannot happen
since £ is ramified quadratic.

10. MAIN RESULTS

10.1. List of properties of the LLC. In this subsection, we state several proper-
ties that are expected to be satisfied by the local Langlands correspondence. Recall
from Definition 2.1.2 that the L-packet of irreducible representations of G' attached
to the L-parameter ¢ is denoted by II,(G).

Property 10.1.1. [Bor79, §10.3] Let ¢ be an L-parameter for G.

(1) ¢ is bounded if and only if one element (equivalently any element) of II,(G)
is tempered;

(2) ¢ is discrete if and only if one element (equivalently any element) of II,(G)
is square-integrable modulo center;

(3) ¢ is supercuspidal if and only if all the elements of II,(G) are supercuspidal.

Property 10.1.2. ([Art06, §2|, and [Kall6, Conjecture B]) The elements of II,(G)
are in bijection with Irr(S,).

Property 10.1.3. [SZ18, §7.2] Let (P, 7, v) be a standard triple for G. We have

(10.1.4) PJ(Pmy) = LLY © Pr@x.>
where is J(P,7,v) is the Langlands quotient defined in (3.2.1) and ¢pv: LY — GV
is the canonical embedding.

In general, the bijection mentioned in Property 10.1.2 depends on the choice of a
Whittaker datum o := (U, x)—up to conjugation by G—(see for instance the SLo(F)-
example in [GR10, pp.484-485]). We will denote this bijection as

(10.1.5) ot I, (G) — Trr(S,).
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An L-packet is called to-generic if it contains an element which is t-generic in the
sense of Definition 3.2.2.

Property 10.1.6. [Sha90, Conjecture 9.4] If ¢ is bounded, then the L-packet I1,(G)
is tv-generic for some Whittaker datum to. Moreover, the conjectural bijection
: I, (G) — Irr(S,) maps the w-generic representation to the trivial representation
of S,.

Lemma 10.1.7. Supercuspidal L-packets satisfy Property 10.1.6.

Proof. The depth-zero case follows from [Kal2l, Lemma 4.2.1]. For the reader’s
convenience, we recall the argument here. By [Kal2l, Lemma H.1], w determines,
uniquely up to G(F)-conjugacy, an absolutely special vertex x € B(G, F') such that
x has depth-zero at x for some (U,x) € w. By w-genericity, the supercuspidal
7 € Il is induced from an irreducible representation of G(F'), containing a x,-
generic representation of G(F), 0. By [Kall9, Lemma 3.4.12], up to G(F')-conjugacy,
there exists exactly one admissible embedding j : S — G such that the vertex x
corresponds to the maximal torus j(S) C G. A to-generic member of the L-packet
IL, necessarily arises from the non-singular Deligne-Lusztig packet [W(j(s)ﬁj)] (as
defined in [Kal21, p.35]). By [DLM92, Proposition 3.10], there exists a unique x,-
generic irreducible component of the Deligne-Lusztig character £ ;( $).69) (as defined

in [Kal21, Definition 2.6.8 and p.34]), and hence a unique irreducible representation
of G(F), containing it after taking the restriction. Its compact induction to G(F)
gives the unique tv-generic element of the Deligne-Lusztig packet [Tr(j(s)ﬂj)]. As
remarked in loc.cit., the positive-depth case can be deduced from the depth-zero
case via the local character expansions of [Spil§]. O

We now state a compatibility property of the LLC with supercuspidal supports.
First we recall the following conjecture from [Vog93, Conjecture 7.18], or equivalently
[Hail4, Conjecture 5.2.2].

Conjecture 10.1.8. Let P be a parabolic subgroup of G with Levi subgroup L and
o a smooth irreducible supercuspidal representation of L. For any irreducible con-
stituent 7 of igo, the infinitesimal L-parameters A, o4, and A, are GV-conjugate.

The following Property 10.1.9 generalizes Conjecture 10.1.8 (see Remark 2.3.1).
Let £(G) be a set of representatives for the conjugacy classes of Levi subgroups of G.
By [ABPS17a, Proposition 3.1], for any L € £(G) there is a canonical isomorphism
between W¢ (L) and Wev (LY).

Property 10.1.9. [AMS18, Conjecture 7.8] The following diagram is commutative
Irr(G) LLC y Be(G)

1-1
(10.1.10) s{ lsc
Uree( Irseusp(L)/Wa (L) =25 e Pecusp(L)/Wa (L)

Remark 10.1.1. When L = G, the diagram (10.1.10) collapses to the bottom hori-
zontal line, and Property 10.1.9 states that the (isomorphism classes of) irreducible
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supercuspidal representions of G correspond under the local Langlands correspon-
dence to the (GV-conjugacy classes of) cuspidal enhanced Langlands parameters (see
also [AMS18, Conjecture 6.10] and [Aubl9, Conjecture 5.2]):

(10.1.11) LLC: Irrscusp(G) 5 (I)e&uSP(G)'

Note that Property 10.1.9 is known to hold for unipotent representations by
[FOS20, Theorem 2], for all representations of general linear groups and split clas-

sical p-adic groups by [Moul7], and all representations of special linear groups by
[AMS18].

Conjecture 10.1.12. [AMS18, Conjecture 2| For any s = [L, o] € B(G), the LLC
for L given by o — (¢, pr) induces a bijection

(10.1.13) I (G) = 057 (G),
where ¥ = [LY, (00, po)]av-

Conjecture 10.1.12 is proved for split classical groups [Moul7, §5.3|, for GL,,(F)
and SL, (F) [ABPS16b, Theorems 5.3 and 5.6], for principal series representations
of split groups [ABPS17b, §16]. For the group Ga, a bijection between Irr®(G) and
@' (G) has been constructed in [AX22, Theorem 3.1.19].

Recall from [AX22], we have an isomorphism

(10.1.14) I (G) = @3 (G)

for each Bernstein series Irr*(G) of intermediate series. On the other hand, the bijec-
tion (10.1.14) holds for principal series blocks thanks to [Roc98, Ree02, ABPS16a,
AMS18].

Moreover, we verify the following two properties for our LLC.

Property 10.1.15. [Sha90] The quantity fddiiig)) is constant in an L-packet.

By Harish-Chandra (see [Wal03, Proposition II1.4.1]), any tempered non-discrete
series irreducible representation 7 is a subrepresentation of ig(é), where P is a par-
abolic subgroup of G with Levi factor L and ¢ is a discrete series representation of
L, and the G-conjugacy class of pair (L, d) is uniquely determined.

The following is a standard expected property of LLC.

Property 10.1.16. The L-parameter of 7 is the composition of the L-parameter of
§ with the natural inclusion LY — G and p, = ps.

10.2. Main result. Construction of the Local Langlands Correspondence
LLC: Irr(G) =5 & (@)

™ = (P, pr)-
Recall from (3.3.2) and (2.4.3) that we have

orf(G) = | | Ir*(G) and @.(G)= || ¢ (G).
s€B(G) sVeBY(G)

(10.2.1)
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When 7 € Irr(G) is not supercuspidal, we have s = [L, o|g where L is a proper Levi
subgroup of G. Hence, L is isomorphic to either F* x F* or GLy(F). Let p,: Wj —
LY be the L-parameter attached to o by the Local Langlands Correspondence for
L (see [BHO6b]). The L-packet II, (L) is always a singleton (in particular, the
enhancement p, is trivial). The LV-conjugacy class of ¢, is uniquely determined
by o, and we have ¢(yodet)go = Po @ @y, i.e. [AX22, Property 3.12(1)] holds. This
allows us to define

(10.2.2) sV :=[LY, (ps, 1)]cv.
Let ™ — (¢r, px) be the bijection
(10.2.3) I (G) = 5 (G),

established in [AX22, Main Theorem]| (for intermediate series) and in [ABPS16a] (for
principal series). We have given explicit Kazhdan-Lusztig triples and L-packets in
§9 and §8 (see also Tables 7 and 8).

We consider now the case where 7 is supercuspidal. Hence we have s = [G,7]¢
for 7w an irreducible supercuspidal representation of G.

(a) When 7 is non-singular supercuspidal, we define (¢, pr) to be the enhanced
L-parameter constructed in [Kal21]. In particular, when 7 is regular (in the
sense of Definition 3.6.9), the enhanced L-parameter (¢, pr) coincides with
the one constructed in [Kall9].

When F' has characteristic zero and p > 7(e(F|Qp) + 2), where e(F|Q,) is
the ramification index of F//Q, (see the proof of [FKS19, Proposition 4.3.2]),
the GV-conjugacy class of (o, pr) is uniquely determined by 7 [FKS19, The-
orem 4.4.4], since we have S;rﬂ = S, as Gg is adjoint.

(b) When 7 is a unipotent supercuspidal representation of G, we define (¢, pr)
to be the enhanced L-parameter constructed in [Lus95] and [Mor96, § 5.6].

(c) Let m be a non-unipotent depth-zero singular supercuspidal representation
of G. As recalled in (3.6.15), we have m = ing, where z is a vertex of the
Bruhat-Tits building of G and 7 € €(Gy, s) with s # 1. We have three cases:

e = z1: From §6.0.1(1)(c), when ¢ = —1(3), we have one rational Lusztig
series &€(Gy,,s1) giving a singular depth-zero non-unipotent supercuspidal
representation m;, which by Property 10.1.9 lives in the same L-packet as
an intermediate series representation (o) given precisely in Table 8.0.8, as
explained in 5.2.1(2b). The L-packet in this case is given by

(10.2.4) I, (G) = {m,7(0)}.

Property 10.1.15 is verified in this case by comparing (6.0.9) and the quan-
tities in Table 8.0.8, as explained in Paragraph 8.0.9.

e © = x9: From §6.0.1(2), when ¢ = 1(3), we have two possible rational
Lusztig series &(Gy,, s2[(3]) and &(Gy,, s2[¢3]) for the primitive third root of
unity (3, where s3[(] = diag (1,¢,¢?) mod Fx for ¢ € {(3, (2}. Each Lusztig
series &(Gy,, s[C]) contains three cuspidal representations: 73 [¢], 72[¢], T5[C].
Let ¢ € {3,¢3}. Let i € {1,2,3}, and let 75(¢) denote the representation

iS, (73lc)).
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There are three (depth-zero) ramified cubic characters ni, n3 73 of F*,
corresponding to three ramified cubic extensions E%, Eg, Eg over F. For
each i € {1,2,3}, let o} := vE'ni @ 1} (a character of T ~ F* x F*), and
let p(n4): Wr x SLg(C) — GV be the L-parameter for G defined by

(10.2.5) P(05) = ot us

using the formula (2.5.1), where the G'-conjugacy class of u is Ga(a1) (the
subregular unipotent class in Go(C)). The restriction of ¢(n3) to W factors
through Gal(E4/F). We define

(10.2.6) Pri(ca) = Pi(c) = P (13):
We have G, ~ SL3(C), the unipotent element u is regular in G, (see Table 5),
and S, ~ p3. From Table 20, we have ¢(n5) = Pre(yi)» Where m(ny) is a
discrete series representation in Irr*(G) for s = [T, o%]¢.
Thus we obtain three L-packets of size 3, for each i = 1,2, 3,

(10.2.7) M, (G) = {m5(Ca), m5(C), w(n5)}-
Each L-packet Hsﬂ(né )(G) contains the two depth-zero singular supercuspidal
representations 75(¢) for ¢ € {(3,¢3}, and a depth-zero discrete series 7(n})
in the principal series such that J° = SL3(C). Here 7(n}) is given precisely in
Table 20 with 1% ramified of depth-zero. Property 10.1.15 is verified in this
case by comparing (9.3.43) and (6.0.11).

e © = x3: From §6.0.1(3), we have one rational Lusztig series &(Gg,, s3[(2])
for the primitive square root of unity (2, where s3[(2] = diag (1,2, (2, 1)
mod F. The Lusztig series €(Gy,, s3[C2]) contains two cuspidal representa-
tions: 74[¢2] and 72[Co]. Let i € {1,2}, and let 7(¢2) denote the representa-
tion igzg (74[¢a])-

There are two (depth-zero) ramified quadratic characters n%, 7]% of F*,
corresponding to two ramified cubic extensions Ei, E2 over F. For each
i € {1,2}, let 0 := vp ®n4 (a character of the torus T ~ F* x F*), and let
©(n%): Wg x SLa(C) — GV be the L-parameter for G defined by

(10.2.8) P(15) = Poi s

using the formula (2.5.1), where the G'-conjugacy class of u is Ga(a1) (the
subregular unipotent class in G(C)). The restriction of (n53) to Wr factors
through Gal(ES/F'). We define

(10.2.9) Pri (o) = P1ID).
We have G, ~ SO4(C), the unipotent element w is regular in G, (see Table 4),
and S, ~ pp. From Table 17, we have ¢(n) = Pr(ni)> Where m(ns) is a

discrete series representation in Irr®(G) for s = [T, ob] .
Thus we obtain two L-packets of size 2, for each i = 1,2,

(10.2.10) M) (G) = {m5(C2), m(n2)}-
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Each L-packet Hw(né )

resentations 7%((2) and a depth-zero discrete series 7(n}) in the principal se-
ries such that J° = SO4(C). Here 7(n}) is given precisely in Table 17 with n}
ramified of depth-zero. Property 10.1.15 is verified in this case by comparing
(9.3.24) and (6.0.14).

(d) Let m be a positive-depth singular supercuspidal representation of G. As
in §6.0.2(3b), such a singular supercuspidal representation necessarily arises
from an L-parameter of SLa-type as in Definition 5.2.2, and lives in a mixed
L-packet together with another non-supercuspidal representation described
as follows. In this case, Zgv(p) = Zgp,(c)(¢(WFr)) = p2 by Lemma 5.2.4.
Hence the L-packet II,(G) consists of a non-supercuspidal representation
and a supercuspidal representation by Lemma 5.2.1. Let P be a parabolic
subgroup of G with Levi subgroup isomorphic to GLa(F'). Here the GLa(F')
corresponds to the short (resp. long) root if ¢ is of short (resp. long) SLo-
type. By Property 10.1.9, the non-supercuspidal member has the following
supercuspidal support: ¢|w, : Wg — SLy(C), which gives us a supercuspidal
7 of PGLy(F). We consider 75 := 7 ® (vp o det)® as a representation of
GL2(F). Then the non-supercuspidal of G in this L-packet is the generic
constituent W(Ti%) in igfi% (both s = +3 work), as detailed in Tables 10

(G) contains one depth-zero singular supercuspidal rep-

and 8.0.8. Our L-packets are given by
(10.2.11) I,(G) = {wsing,w(ri%)}

Let G be the group of F-rational points of the exceptional group Go. We suppose
that the residual characteristic of F' is different from 2 and 3.

Theorem 10.2.1. The Local Langlands Correspondence defined in (10.2.1) satis-
fies Properties 10.1.1, 10.1.2, 10.1.3, 10.1.9, 10.1.6 and 10.1.16, and satisfies Prop-
erty 10.1.15 for depth-zero L-packets®.

Moreover, Properties 10.1.1, 10.1.2, 10.1.3, 10.1.9 and 10.1.16 uniquely determine
the bijection (10.2.1) (up few choices’).

Proof. By Property 10.1.3, the L-parameter ¢, of each irreducible non-tempered
representation 7 of G is uniquely determined by (10.1.4). Since the L-packets of the
representations of the proper Levi subgroups of GG are all singletons, the L-packet
II,, (G) is a singleton (see also Theorem 5.1.2). Hence, by Property 10.1.2, we have
pr = 1. Thus the map (10.2.1) is uniquely characterized for non-tempered represen-
tations. This finishes the case of non-discrete series tempered representations.

Property 10.1.6 holds for supercuspidal L-packets by Lemma 10.1.7. For the mixed
L-packets, this can be seen directly from paragraph (10.2) and the tables loc.cit.,
where we specify which member in a given L-packet is generic.

Since we have already treated the discrete series in (10.2), we are done. O

10.3. Summary of L-packets.

bye certainly expect this property to hold for positive-depth L-packets as well.
"See (10.2).



LOCAL LANGLANDS CORRESPONDENCE FOR G2 79

10.3.1. Unipotent L-packets. For unipotent irreducible representations, a Local Lang-
lands Correspondence was constructed by Lusztig in [Lus95] for any simple p-adic
reductive group G of adjoint type. In the special case where G = Ga(F'), when
the representation is also supercuspidal, it follows from [Mor96]. Moreover, a set of
enhanced L-parameters

(10.3.1) {(plc] ple]) = ¢ € {1,-1,¢5, G5}

was described by Morris in [Mor96, § 5.6]. Writing s'[(] := s, and u[C] := uy,
we have
(1) Zgv(s'[1]) =~ G2(C), u[l] € Ga(a1), Syp) =~ S3, and p[1] is the sign represen-
tation of S3 (i.e., it sends every element to its sign: for example, (12) — —1
and (132) — 1);
(2) Zgv(s'[-1]) = SO04(C), u[-1] € Ga(a1), Sy—1) =~ Z/2Z, and p[-1] is the
non-trivial representation of Z/27Z;
(3) Zgv(s'[¢]) =~ SL3(C), u[¢] € Ga(ar), Sy =~ Z/37Z, and p[¢] is a non-trivial
representation of Z/3Z for ¢ € {(3,¢3}.
As remarked in [Mor96, §5.6], the unipotent class is always the subregular ones
Ga(ay). However, since s'[1] # §'[—1], §'[1] # §'[(3], and s'[—1] # s'[(3], cases (1), (2)
and (3) give different L-packets. We describe unipotent packets in these sections:
e §6.0.1(1)(1a),
e §5.2.1(1).
The unipotent discrete series of Go(F') belong to the following L-packets (see also
[Ree94, p. 482] and [CFZ21, Table 2.7.1)):

(1) H<P1 (G) = {StG2}v

(2) My (G) = A{m (1), 7(1), x[1]},

(3) I, (G) = {m(n2), m[—1]}, with 7y unramified,

(4) 1L, (G) = {m(n3), 7[¢3], w[¢3]}, with n3 unramified,

where Stg, is the Steinberg representation of G, and the representations Stg,, m(1)’,
m(l), m(n2) and m(n3) are in the principal series of G (these representations are
Iwahori-spherical, i.e. they have non-zero Iwahori invariant vectors). Their enhanced
L-parameters are also computed in [Ree94], using the Kazhdan-Lusztig parametriza-
tion established in [KL87]. Note that {Stq,} from Table 18 is a singleton L-packet,
and coincides precisely with the L-packet labeled as €o(71) in [Ree94, p.480]. The
enhanced L-parameters for the representations Sta,, 7(1)’, 7(1), m(n2) and 7 (n3) be-
long to the same series S (@), where sV = [TV, (g0, 1)]qv. Here po: Wg/Ip — TV,
and 1 is the trivial representation of Sy, = {1}.

10.3.2. Ezplicit Supercuspidal L-packets.

(1) Depth-zero supercuspidal L-packets

5.2.1(5a): regular supercuspidal L-packets of sizes 4,3,1
6.0.1(1)(1b): regular supercuspidal L-packets
6.0.1(2)(2b): regular supercuspidal L-packets
6.0.1(3)(3a): regular supercuspidal L-packets
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(2)
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Positive-depth supercuspidal L-packets

e 5.2.2(1), 5.2.2(2b), 5.2.2(2¢): regular supercuspidal L-packets of size
1,2,3,4.

e 6.0.2(1): regular supercuspidal L-packets

e 6.0.2(2a): regular supercuspidal L-packets

e 5.2.2(2d) +— 6.0.2(2b): non-singular (non-regular) positive-depth su-
percuspidal L-packet of size 4.

e 6.0.2(3a): regular supercuspidal L-packets

Non-unipotent non-supercuspidal depth-zero packets. We only list the non-

singleton packets here. For a complete description of the singleton packets, see §5.

10.3.4.

[ABP11]

6.0.1(1c) +— 5.2.1(2b): In this case, we obtain one L-packet, consisting

of one singular supercuspidal representation coming from reductive quotient

Gay ~ G2(Fy) and Zgv (s) ~ SU3(F,), and an intermediate series representa-
Gy,

tion m(o) whose cuspidal support lives in GL5™ and corresponds to a simple
module of a Hecke algebra 3(*(() with unequal parameters {¢>,q}. In this
case the formal degree for the L-packet should be ngﬁ. This case only occurs
when ¢ = —1 mod 3.

6.0.1(2¢) +— 5.2.1(2a): In this case, we obtain three L-packets, each L-
packet consisting of two singular supercuspidal representations coming from
reductive quotient G,, ~ SL3(F,) and Z@L (s) = TV x ps3, and a generic
principal series representation m(n3) from Table 20, where 73 is a ramified
cubic character. The unipotent class attached to these three L-packets is the
subregular unipotent class Ga(a1), which comes from the regular unipotent
of SL3(C).

6.0.1(3c) +— 5.2.1(3a): In this case, we obtain two L-packets, each L-packet
consisting of one singular supercuspidal representation coming from reductive
quotient G, ~ SO4(F,) and Z@¥2 (s) =~ S(O2 x O2)(F,) (here we take the
non-split form of O), and a generic principal series representation 7 (7)) from
Table 17, where 1y is a ramified quadratic character.

Non-unipotent non-supercuspidal (i.e. singular) positive-depth packets.

5.2.2(2a) +— 6.0.2(3b): size two L-packet as described in Paragraph 5.2.1,
mixing an intermediate series representation with a singular supercuspidal.
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