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ABSTRACT. Let f and g be two cuspidal modular forms and let F be a Coleman family passing through
f, defined over an open affinoid subdomain V' of weight space W. Using ideas of Pottharst, under certain
hypotheses on f and g we construct a coherent sheaf over V' x W which interpolates the Bloch-Kato Selmer
group of the Rankin-Selberg convolution of two modular forms in the critical range (i.e the range where the
p-adic L-function L, interpolates critical values of the global L-function). We show that the support of this
sheaf is contained in the vanishing locus of Lj.
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1. INTRODUCTION

In [LLZ14] (and more generally [KLZI5]) Kings, Lei, Loeffler and Zerbes construct an Euler system for the
Galois representation attached to the convolution of two modular forms. This Euler system is constructed
from Beilinson—Flach classes, which are norm-compatible classes in the (absolute) étale cohomology of the
fibre product of two modular curves. It turns out that these Euler system classes exist in families, in the
sense that there exist classes

BF € HY (QUu), DD, M(F)*EM(9)"))
which specialise to the Beilinson—Flach Euler system at classical points. Here F and G are Coleman families
with associated Galois representations M (F) and M(G) respectively, and D'*(T', —) denotes the space of
locally analytic distributions on I' & Z 5.

The above classes are constructed in and shown to satisfy an “explicit reciprocity law” relating the
bottom class (m = 1) to the three variable p-adic L-function constructed by Urban [UrbI4]. This relation can
then be used to prove instances of the Bloch-Kato conjecture for the Galois representation attached to the
convolution of two modular forms (including the case of an elliptic curve twisted by an Artin representation).

Building on the work of Nekovaf, Pottharst [Pot13] describes how one can put the Bloch-Kato Selmer
group of a Galois representation into a family. More precisely, given a family of Gg-representations over a
rigid analytic space X, he constructs a coherent sheaf S on X which specialises to the Bloch-Kato Selmer
group at certain “crystalline” points of X, i.e. points where the Galois representation is crystalline at p.
This gives rise to the natural question:

e Do the Beilinson-Flach classes .BF g 1g ) (and hence the three-variable p-adic L-function) control the
behaviour of S§?
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In this paper, we provide a partial answer to this question.

1.1. Summary of results. Fix an odd prime p > 5. To explain the results we introduce the following
notation. Let N > 1 be an integer prime to p and let f and g be two normalised cuspidal newforms of levels
'y (N7) and T’y (N2) and weights k + 2 and k' 4+ 2 respectively, such that Ny, Ny both divide N and &', k > 0.

We assume that k # k', and that one of the p-stabilisations of f and both of the p-stabilisations of g are
noble (Definition [3.2.2)). This implies that all three of these modular forms can be put into Coleman families.
We denote the weight space parameterising all continuous characters Z; — C by W and for an integer 4,
we denote the character z — ! simply by i.

Let F be a p-adic field and F and G two Coleman families over affinoid domains Vi, C Wg and Vo C Wg
passing through p-stabilisations of f and g respectively (see Definition for the definition of Wg). We
impose the following hypotheses on f and g:

(1) The image of the Galois representation attached to the convolution of f and g is big (see (BI) §7.3)).
(2) The inertia invariants at ramified primes of the Galois representation attached to the convolution of
f and g is free (flatness of inertia, see .
(3) f and g are not congruent modulo p to forms of a lower level (minimally ramified, see .
(4) The p-adic L-function attached to the convolution of f and g does not have a trivial zero, which is
a condition on the Fourier coefficients of f and g (condition (NLZ) for the point x corresponding to
f and g in §7.3).
Under these hypotheses, there exists a coherent analytic sheaf S on X := V; x V5 x W, such that for all
x = (k1,ko,j) € X with kq, ko, j integers and 1 < ko + 1 < j < ky, the specialisation of S satisfies

Sx 2 Hy(Q, [M (Fr,) @ M(Gr,)](1 + 5))"

where M(—) denotes the Galois representation attached to a modular form (in the sense of Deligne) and
the right-hand side is the (dual of the) Bloch-Kato Selmer group. We recall the construction of this sheaf
in section |8 following [Pot13], §3.4]; the construction relies on the machinery of Selmer complexes developed
by Nekovai [Nek06] and Pottharst [Potl3].

To be more precise, one can construct a family D of overconvergent (o, I')-modules corresponding to
the representation M := [M(F)*®M (G)*](—j), where —j denotes the twist by the inverse of the universal
character of W, and it is shown in [Liul5] that this family has a canonical triangulation (provided that V;
and V5 are small enough). In section [8) we define a Selmer complex with unramified local conditions away

from p, and at p we choose local conditions defined by the cohomology of a family D" of two-dimensional sub
(¢, T')-modules appearing in the triangulation of D; at classical weights, the local condition at p specialises

to a so-called Panchishkin submodule, i.e. the Hodge-Tate weights for ﬁ: (resp. Dy /E: ) are positive (resp.
non-positive). Then, under some very mild conditions, this local condition corresponds to the Bloch-Kato
local condition for the specialisation of the representation M. We define S to be H? of this Selmer complex.

In [Urb14] (and JAII7, Appendix II]) Urban constructs a three variable p-adic L-function, denoted L,
associated to F and G over X := V; x Vo x W. This p-adic L-function is constructed via the theory of families
of nearly overconvergent modular forms and interpolates the critical values of the Rankin—Selberg L-function
at classical specialisations. We recall the interpolation property of L, in section @ In analogy with the
Bloch—Kato conjecture — which predicts that the Bloch—-Kato Selmer group is controlled by the L-function
for the corresponding representation — we expect that the sheaf S is controlled by the three variable p-adic
L-function.

More precisely, the ring O(X) is a disjoint union of p — 1 integral domains indexed by characters 7 of
the group (Z/pZ)™ (each of which correspond to an irreducible component of W). For each character 7,
let e, denote the corresponding idempotent of O(X) projecting to the domain indexed by 7. Since X is
quasi-Stein, a coherent sheaf on X is determined by its global sections, so we will pass between these two
perspectives freely. We expect the analogue of [KLZ17, Theorem 11.6.4] to hold in our situation, namely

Conjecture. Suppose that e, - L, # 0. Under the hypotheses on f and g above, we expect that:

e ¢, S is a torsion e, - O(X)-module.
e The 0th Fitting ideal
Fitto(en . S)
divides the ideal sheaf generated by the p-adic L-function ey - Ly.



BOUNDING SELMER GROUPS FOR THE RANKIN-SELBERG CONVOLUTION OF COLEMAN FAMILIES 3

Note that the factor Q appearing in loc.cit. is unnecessary for our formulation since it is invertible in
O(X). A particular case of this conjecture is that the support of the sheaf is contained in the vanishing
locus of the p-adic L-function. We prove a partial result in this direction.

Theorem A. Let Sy denote the specialisation of the above sheaf at k' in the second variable. If Vi is small
enough and the above hypotheses hold for f and g, then

suppSi C{x e Vi x {k'} x W: L,(x) =0}
where “supp” denotes the support of a sheaf.

Remark 1.1.1. By Krull’s principal ideal theorem, the vanishing locus of the three-variable p-adic L-function
has codimension < 1 in X. Furthermore, since L, # 0, there exists a character 7 such that e, - L, # 0.
In this case, the vanishing locus of e, - L, has codimension one in V; x Vo x W,,, where W, denotes the
component of weight space indexed by 7.

To prove Theorem we actually show that if x is a point in V3 x {k’} x W and L,(x) # 0 then the group
~2 ~2,
H f((@, M) vanishes. Here H,(Q, M) is the cohomology in degree 2 of a certain Selmer complex attached to
h

the representation My (see §7.2)), which will be shown to coincide with the specialisation of S at x. To show
that this group vanishes, we generalise the proof of Theorem 8.2.1 in [LZ16] to non-classical specialisations;
this relies heavily on the theory of (¢, I')-modules and involves a careful analysis of the Perrin-Riou logarithm
(see section [6]).

Unfortunately, with the current methods we were unable to prove a three-variable version of this result.
Indeed, a crucial step in the proof relies on the fact that Gx- is the p-stabilisation of a classical modular form
of level Ns, whose other p-stabilisation is noble. By putting the other p-stabilisation into a Coleman family,
we obtain two linearly independent Euler systems which can be used to bound the Bloch-Kato Selmer group,
rather than just the strict Selmer group (this is also the technique used in the proof of [LZ16, Theorem 8.2.1]).
For a general (non-classical) weight ko, the specialisation Gy, will be the unique point on the eigencurve with
associated Galois representation M(Gy,), so the above strategy will not work.

1.2. Notation. Throughout the paper fix a prime p > 5. If K is a field then we often denote its absolute
Galois group by G = Gal(K*P/K), where K*P denotes a fixed maximal separable closure of K.

Let R be a topological ring and G a topological group. We say M is a G-module over R (or an R[G]-
module) if M is a continuous R-module equipped with a continuous homomorphism p : G — Autg M. We
will often work within the category of R[G]-modules. This is not an abelian category in general, but it is
additive and has kernels and cokernels, so we can still talk about its derived category. If M is an R[G]-module
and the action is commutative (i.e. the map p factors through GP), then we write M* to mean the module
M with the action given by g-m = p(g~!)m for all g € G and m € M.

We will often take R to be a Q,-Banach algebra (or more generally, the global sections of a rigid analytic
space). In this case we write R® for the subring of power-bounded elements. When R is a reduced affinoid
algebra, this coincides with the unit ball with respect to the supremum norm.

For an R[G]-module M, let M* := Homeont (M, R) denote the dual representation of M and, where
appropriate, we write M(n) to mean the representation M tensored with the n-th Tate twist. We fix a
compatible system of p-th power roots of unity in Qp, so in the case where M is a Galois representation,
M(1) is just M twisted by the cyclotomic character xcyqo. In this paper, the cyclotomic character will always
have Hodge-Tate weight 1.

If M is an R[G]-module, then we denote its i-th group cohomology by Hi(G, M). If Gk is the absolute
Galois group of a field K then we will also sometimes write H* (K, M) for H (G, M).

When talking about left (resp. right) exact functors F, we write RF (resp. LF) for the right (resp. left)
derived functors of F. In particular, if M is a R[G]-module then we write RI¢ont (G, M) for the image of
the complex of continuous cochains of M in the derived category of R-modules.

If X is an object defined over a ring R and we have a homomorphism R — R’, then we denote the base
change of X to R’ by Xg/.

For a positive integer m, we let uS, denote the group scheme (over Q) of m-th roots of unity.

Finally, we note that throughout the paper, any étale cohomology group refers to continuous étale coho-
mology in the sense of Jannsen [Jan8§|.
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2. MODULAR CURVES

In this section we will define the modular curves that will be used throughout the paper. Let #* := C—R
denote the upper and lower complex half-space and denote the finite adeles of Q by A¢. For a compact open
subgroup K C GLa(Ay), we let

(2.0.1) Vi = GL2(Q)\ [H* x GLa(Ay)/K] .

We assume that K is sufficiently small so that Yx has the structure of a Shimura variety. This Shimura
variety has a canonical model over @ (which we will also denote by Yx) and we will refer to this as the
modular curve of level K. In this paper, we are interested in the following choices of K.

Let m, N be two positive integers such that m (N + 1) > 5. Then the subgroup

Koy = {( : fl ) € GLy(Z)

is sufficiently small and we denote the corresponding modular curve by Y (m,mN) = Y, . If m =1
we simply denote this curve by Y;(N). The modular curve Y (m, mN) represents the contravariant functor
taking a Q-scheme S to the set of isomorphism classes of triples (E, P, @), where E/S is an elliptic scheme,
P is a torsion section of order m and @ is a torsion section of order mN, such that P and @) are linearly
independent, in the sense that the map Z/mZ x Z/mNZ — E(S) given by (a,b) — aP + bQ is injective.
There is a natural morphism Y (m,mN) — 2 given by the Weil pairing on the points P, N@Q, and the fibres
of this map are smooth, geometrically connected curves.
For an integer N > 1 not divisible by p, we also set

K1(N(p)) ::{(CC‘ Z)EGLQ(i)‘CEO mod pNZ, d=1 modNZ}.

=0 mod mZ
1 mod mNZ

This is a sufficiently small subgroup and we denote the corresponding modular curve by Y7 (N (p)). This has
a moduli interpretation as the contravariant functor taking a Q-scheme S to the set of isomorphism classes
of triples (E, P,C), where F/S is an elliptic scheme, P is a torsion section of order N and C is a finite flat
subgroup scheme of E[p] (the p-torsion of F) of order p.

It will also be useful to introduce several maps between these modular curves.

e For a positive integer d, we define the following map
(2.0.2) Eq4: Y(dm,dmN) — Y (m,mN)

as the morphism which sends a triple (E, P, Q) to the triple (E/{(mP), P mod mP,dQ mod mP),
where (mP) denotes the cyclic subgroup generated by mP.
e Recall pf, denotes the group scheme (over Q) of m’th roots of unity. We define the following map
(2.0.3) tm: Y (m,mN) — Y1(N) Xq t,,

as the morphism given by (E, P,Q) — ((E/{P),mQ mod P), (P, NQ)), where (—, —) denotes the
Weil pairing on E[m] and (P) is the subgroup generated by P.
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e Let N’ be a positive integer dividing N. We define the following map
(2.0.4) syt Yi(Np) = Yi(N'(p))

» N/
scheme generated by the p-torsion section N - Q.

to be the morphism sending (E, Q) to (E N Q,(N - Q>>, where (N - Q) denotes the cyclic group

The first two maps are compatible in the following sense.

Lemma 2.0.5. Let m, N be two positive integers with m(N + 1) > 5 and let d be a positive integer. Then
we have the following commutative diagram

Y (dm,dmN) —2 Y (m, mN)

td'ml J{tm,

Yi(N) X pgy, — Yi(N) X piy,
where the bottom map is induced from the d-th power map 3, — py,-

Proof. Immediate from the definitions. O

3. FAMILIES OF MODULAR FORMS AND GALOIS REPRESENTATIONS
3.1. Weight space.

Definition 3.1.1. Let A := Z, [[Z;]]. The weight space W is defined to be the rigid generic fibre of the
formal spectrum Spf A. It represents the functor taking a rigid analytic space X over Sp@Q, to the set
Homeont(Z,5, Ox (X)*). Let

K Ly — N C Ow (W)™
denote the tautological character.

The space W is isomorphic to a union of p — 1 wide open discs (recall that we have assumed p > 2).

Definition 3.1.2. Let E be a finite extension of Q, with ring of integers OF, and let ¢ be a wide open disc
in Wg := W Xgp(q,) SP(E). Define Ay := Ow(U)°, the subring of power-bounded elements of Oy (U) (so
A is non-canonically isomorphic to Og [t]), and write

Ky - Z;; — Azj
for the map induced by k.

Definition 3.1.3. The m-accessible part of the weight space, denoted W,,, is the union of wide open discs
defined by the inequality

|s(14p™ ) — 1|pi1 <|pl.
We will eventually restrict our attention to Wj.

Definition 3.1.4. A classical point of VW is a point corresponding to the character z +— 2z* for some
nonnegative integer k.

Remark 3.1.5. The previous definition is an abuse of notation, since the weight z + x(2)z¥, for x a finite
order character, can be the weight of a point on the eigencurve corresponding to a classical modular form.
But we will not need to consider this more general class of weights.

3.2. Families of overconvergent modular forms.

Definition 3.2.1. Let E be a finite extension of Q, with ring of integers O, and let U C (W) g be a wide
open disc containing a classical point. A Coleman family F over U (of tame level N) is formal power series
oo an(F)g™ € qAy [q] satisfying the following properties:

(1) a1(F) =1 and a,p(F) € Au[%]x.
(2) For all but finitely many classical weights k contained in U, the restriction of F to k is the g-expansion
of a classical modular form of weight k + 2 and level 'y (V) N Ty(p) that is a normalized eigenform

for the Hecke operators (away from Np).
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We denote the character associated to F by ez, so that for all but finitely many classical weights k in ¢/ the
specialisation of €z at k coincides with the nebentypus of Fj.

The following definition gives a criterion for when a modular form lies in a Coleman family.

Definition 3.2.2. We say that a cuspidal eigenform f of level I'1(N) N To(p) and weight k + 2 is noble if
the following two conditions are satisfied.
o fis the p-stabilisation of normalised cuspidal newform f’ of level I'; (V) such that the roots {ay/, B/ }
of the Hecke polynomial
X2 7 ap(f/)X +pk+15f’ (p)
are distinct. Here a,(f’) is the p-th Fourier coefficient of f” and e/ is the nebentypus.
o If the Up-eigenvalue of f has p-adic valuation k + 1 then the local Galois representation attached to
f" at p is not the direct sum of two characters.

Lemma 3.2.3. Let f be a noble eigenform of weight k + 2. Then for any sufficiently small 4 5 k in W,
there is a unique Coleman family F over U such that Fr, = f.

Proof. This is essentially proved in [Bell2] Lemma 2.8]. In particular, the lemma shows that if z is an
E-point on the eigencurve of weight k + 2, then there is a neighborhood V > x and an open disc Y C W
such that V — U is finite flat of degree dim Mli+2,(a:)’
forms of weight k + 2 that are Hecke eigenforms with eigenvalues given by z. Suppose x is noble; then it
has slope less than k + 1, so Coleman’s control theorem [Col96l Thm. 6.1] implies that M ,I +2,(x) COnsists of
classical modular forms. Moreover, x corresponds to a newform, so the subspace of classical modular forms
is one-dimensional (see for example [Lan95, Thm. VIII.3.3]). |

where M, ,I +2,(2) is the space of overconvergent modular

3.3. Locally analytic distribution modules. Now we begin defining a family of Galois representations
on W as in [LZ16 §4].

Let Y = Y1(N(p)) be the modular curve at level I'; (N) NT'o(p), and let 7: £ — Y be the universal elliptic

curve over Y. Let

H =R, Z,(1)
be the relative Tate module of £. We will define several pro-sheaves of “functions and distributions on
2. By this, we mean the following. Let Y (p*>°,p*°N) denote the pro-scheme @1” Y(p",p"N) and
t: Y(p™,p>°N) — Y the natural projection; it is a Galois covering, and its Galois group can be identi-
fied with the Iwahori subgroup Uy(p) C GLa(Z,) (with respect to the standard Borel).

The pro-sheaf t*5# is canonically isomorphic to the constant pro-sheaf H, where H = Z?). We will
define several spaces of functions and distributions on subsets of H that are equipped with actions of Uy (p).
Since a Uy(p)-module determines a Uy(p)-equivariant pro-sheaf on Y (p>°, p>°N), these spaces will descend
to pro-sheaves on Y.

Firstly, we recall the definition of two locally analytic distribution modules following [LZ16, §4.2].

Definition 3.3.1. Let Ty, Tj) be the subsets of H defined by
Ty = 2% X Zp, Ty=ply x LS
and let Xo(p), £ (p) be the submonoids of My(Z,) defined by

7y Z Z Z
fp— 14 P ! — p P
The monoids Xg(p) and X (p) act on the right on Ty and T, respectively.

Let R be a complete topological Zj-algebra, and let w: Z) — R* be a continuous homomorphism.
Suppose there exists an integer m > 0 such that the restriction of w to 1 + p™*!Z, is analytic. We are
primarily interested in the following cases:

(1) R = Ay, w = Ky for some finite extension E/Q, and some U C Wp,) .
(2) R = Op, w(z) = z* for some finite extension E/Q, and some nonnegative integer k.

Definition 3.3.2. Let T' be either Ty or 7. Let Ag, ,,(T') denote the space of functions f: 7' — R satisfying
the following properties:
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(1) The function f is homogeneous of weight w, i.e. f(Av) = w(\)f(v) for any v € T, X € Z.
(2) The function f is analytic on discs of radius p~™, i.e. for any v € T, the restriction of f to v+ p™T
is given by a power series with coefficients in R.

Let
D3, 1 (T) := Homp cont (A, 1 (T), R)
Dy (T) = D'Z},m(T) (1/p] -
When R = Ay, w = Ky, we will denote the modules by
AZ?{,m’ D;j{’m, Dy .
When R = Og, w(z) = z*, we will denote the modules by
AS Di.m.-

k,m> k m?
The modules A3, (T), Dy, ,,,(T), Dwm(T) inherit an action of ¥o(p) or X(p) from the action on T
If the disc U contains the point corresponding to the homomorphism z + z¥, then the specialization map
Ay — Z,, induces a homomorphism
Ditm = Dy
and similarly there are specialization maps with D° replaced by A° or D.

As mentioned at the beginning of this subsection, each of the modules defined above determines a pro-sheaf
onY. Welet Dy, (%), D, (7 ), be the pro-sheaves corresponding to Dy, ,,,(To), Dy, ,,,(Ty), respectively.

3.4. Galois representations. Now we define families of Galois representations coming from the cohomology
of the sheaves defined above. For a wide open disc U C (W) g we set By = Au[%].
Definition 3.4.1. As before, let Y = Y7 (N (p)) denote the modular curve of level 'y (N) N To(p). Set

M3, 1 (H0) = Hey (Y, Dy () (=14

My, () = 0y (Yg, D5, 1 (94))(1).

Proposition 3.4.2 ([LZI6, Thm. 4.6.6]). Let fy be a noble eigenform of weight ko + 2, and let F be the
Coleman family passing through fo. If the disc U 3 kg is sufficiently small, then:
(1) The modules
My (F) = My o(H) [Tn = an(F) Vn > 1]
My (F)* == My o) [T, = an(F) ¥Yn >1]

are direct summands (as By-modules) of My o(6) and My o( ) respectively, where [—] stands
for isotypic component and T, is the transpose of the usual Hecke operator. Fach is free of rank 2
over By.

(2) The Ohta pairing (see [LZ16l, §4.3]) induces an isomorphism of By [Ggl-modules
My (F)* =2 Homp,, (My(F), By) .
Given two Coleman families F and G defined over U;,Us C Wpg, respectively, WeAWﬂl write M :=
My, (F)*®My, (G)* for the family of Galois representations on Uy x Uy given by the By, ® By,-module
My, (F)*®@pMy,(G)*
and to ease notation, we will often omit the subscripts when the spaces U; and Us are clear. Furthermore

we will often restrict this representation to open affinoids V; C U; and Vo C Us; in this case M is a Banach
module over the affinoid algebra Ow (V; x V3) that is free of rank four.

Definition 3.4.3. Let A be a Q,-affinoid algebra and M an A-valued (continuous) representation of Gg.
Let D'*(T", A) denote the space of locally analytic distributions with values in A; this comes equipped with
an action of Gg given by

(3.4.4) /fdg 14) /f dp(x)

where [g] denotes the image of g € Gg in I' = Gal(Q(up~)/Q), and is isomorphic (as A[Ggl-modules) to
Ow(W)'®A. The cyclotomic deformation of M is deﬁned to be

M(—k) == D"™(T, M) := M&g, D"*(T, A).
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with the diagonal Galois action.
Similarly, for any A € R>g, let D, (T",Q,) be the space of Q,-valued distributions on I' of order A as in
[Col10), §11.3], with Galois action given by the same formula in (3.4.4). Define Dy(I', M) := D(T,Q,)®q, M.

3.5. Some properties of locally analytic distribution modules. We mention some properties of the
modules defined above that will be useful in section [l

Definition 3.5.1. Define A(H) to be the space of continuous Z,-valued distributions on H, and let A(5)
be the corresponding pro-sheaf on Y. This coincides with the sheaf of Iwasawa modules for 57, i.e. A(J7) is
the pro-system of étale sheaves corresonding to the inverse system (Z/p"Z[s€ /p"F)),~, with the natural
transition maps. -

For any nonnegative integer k, let TSym* H be the space of degree k symmetric tensors over H, i.e. it is
the subgroup of H®* that is invariant under the action of the symmetric group Si. Let TSym” % be the
corresponding pro-sheaf on Y.

For j > 0, set AUI(#) .= A() @ TSym? # and AVl = AUl(#) ® AUl(#). Then there is a Clebsch-
Gordon map (see [LZ16, §3.2])

CGUL: M) — (AV(6) @Al (90)) ().
For any U, m, there is a natural restriction map
A(A) = Dy (T)

and for any nonnegative integer k, TSym" H can be identified with the space of distributions on homogeneous
degree k polynomial functions on H. Hence there is a natural surjection

DR (T) — TSym* .

3.6. The three-variable p-adic L-function. Let f and g be two normalised cuspidal eigenforms of weights
k+2,k" 4+ 2 and levels I'1 (V1) and I'; (N2) respectively, where k > k' > 0. Let x be a Dirichlet character of
conductor N, and suppose that p does not divide Ny - No. To this data one has the associated (imprimitive)
Rankin—Selberg L-function, defined as

L(£,9.%5) = Lin, Nonvy) (E£EgX 25 =2 =k — k') - >~ an(f)an(g)x(n)n*
(nN)=1
for Re(s) sufficiently large. Here the subscript (N1 N2N,,) denotes the omission of the Euler factors at primes
dividing N1 NoN,. This L-function differs from the automorphic L-function attached to the representation
Tf ® Ty ® x by only finitely many Euler factors. Since we have assumed k # k', the function L(f, g, x, —)
has analytic continuation to all of C (see [Loel8| §2.1]).

Using the theory of nearly overconvergent families of modular forms as described in [AI17], Urban has
constructed a three-variable p-adic L-function which interpolates critical values of the above Rankin—Selberg
L-function. More precisely, suppose that there exist noble p-stabilisations of f and g (as in Definition
and let F and G be Coleman families over affinoid domains V; and V5, passing through these p-stabilisations.
We can shrink V4 and V5 to ensure that all classical specialisations of F and G are noble (see Remark
— if F, denotes such a specialisation then we let F7 denote the associated newform, and similarly for G.

Theorem 3.6.1 (Urban). There exists an element L,(F,G,1+j) € O(Vi x Vo x W) satisfying the following
interpolation property:
o For all integers ki, ko, j satisfying k; € V; and 0 < ko +1 < j < k1, and all Dirichlet characters x of
p-power conductor, we have
GG — kg — 1)lik1—he

L,(Fk,, 145+ =C(Fky,Gky, 1+ + . - -
P( k1 gk2 J X) ( k gkz J X) 772J+1_k222]+2+k1_k2<]:]$1;]:;?1>N1

L(FR .Grox~ 1+ 4)

where C(Fg,, Gr,, 1 + 7+ Xx) 48 an explicit product of Euler factors and Gauss sums.

Proof. This follows from the interpolation property in [Urb14, Theorem 4.4.7] (which is valid by the results
of [AI17, Appendix IT]). The calculation is only for N = 1 but its generalisation is immediate. See also the
computation of the Rankin—Selberg period in [Loel8| Prop 2.10]. |
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In the following section we will recall the construction of the Beilinson—Flach classes in families. It turns
out that this p-adic L-function L, is closely related to the images of these Beilinson—Flach classes under
Perrin-Riou’s “big logarithm”. This will be important in Proposition [6.2.2] later on.

4. BEILINSON—FLACH CLASSES

In this section we recall the construction of classes
BFY T € HY Q) DT, M))

where M = My, (F)*®My,(G)* following [LZ16]. These classes are obtained from so-called Rankin-Iwasawa
classes under the pushforward of a certain sequence of morphisms. In particular we show that these classes
satisfy certain norm relations which interpolate the (tame) Euler system relations at classical weights.

None of the results in this section are new, apart from perhaps Proposition and §4.4] although we
suspect this is already known to the experts.

4.1. Rankin—-Iwasawa classes. Let (€, P,Q) denote the universal triple over the curve Y := Y (m, mN)
as defined in section [2} and recall that

H = Ay, = Rm,Zy(1)

denotes the relative p-adic Tate module of £/Y. Here m: £ — Y denotes the structure map and Z,(1) is the
Tate twist by the cyclotomic character. This is a locally free étale pro-sheaf on Y of rank 2.

Let ¢ > 1 be an integer prime to 6mN. In [Kinl6], Kings constructs Eisenstein classes CEis@p arising
from motivic classes whose de Rham realisations recover the usual Eisenstein series of weight k + 2 (see also
IKLZ15| §4]). In addition to this, he constructs so-called Eisenstein-Iwasawa classes

&Ly mn € HY (Y (m,mN), A(H)(1))
which interpolate . Eis@p via the “moment maps”
mom* : A(#) — TSym* 2.
From these classes one obtains Rankin-Iwasawa classes in the following way.

Definition 4.1.1. Let ¢ > 1 be an integer that is coprime to 6mN. We define the Rankin—Iwasawa class to
be

RI v 1= [(1)2 0 A 0 CGV| (T )
which lies in the cohomology group H3, (Y (m, mN)?, AU71(2 — j)). Here

e CGU! is the Clebsch-Gordon map described in Definition m
e A:Y(m,mN) — Y(m,mN)? denotes the diagonal embedding where, by abuse of notation, we write
Y (m,mN)? for the fibre product

Y(m,mN) x,o Y(m,mN).

e ui: Y(m,mN)? — Y (m,mN)? denotes the automorphism which is the identity on the first factor
and acts on the moduli interpretation as

(E,P,Q)— (E,P+NQ,Q)
on the second factor.
The Rankin-Iwasawa classes satisfy the following norm compatibility relations.

Proposition 4.1.2. Let ¢ > 1 be an integer prime to 6Np and let m be an integer prime to 6¢cN. Let |
be a prime not dividing 6¢cNp and recall that we have defined the following morphism Z;: Y (Im,ImN) —
Y (m,mN) in (2.0.9).

(1) Ifl divides m then the Rankin—Iwasawa classes satisfy the following norm compatibility relation

(51 % B« (RTY) ona) = (UL UL - RTE

m
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(2) If I does not divide m then the Rankin—Iwasawa classes satisfy the following norm compatibility
relation

(B x El)*(cRI%]z,lmN,l) =Qr- CRI%] mN,1
where @l is the operator

—Voy + (T, 1)) + (L+ DE (O e, O = (O 0 T2) = (2, )7 i))or

T DT oy = P (PL(72), 120 (7%)) oy
and

o T] (resp. U]) is the transpose of the usual Hecke operator T} (resp. U;) on'Y (m,mN).

e [a].: AUI(F) — AVI(#) is the map induced from multiplication by a on the first factor and
the identity on the second.

o (b) is the diamond operator on'Y (m,mN) which acts on the moduli interpretation as (E, P, Q)
(E,b71PbQ).

e 0 is the automorphism of Y (m, mN) which acts on the moduli interpretation as (E, P,Q)
(E,IP,Q).

Proof. In the notation of [KLZ17, §5], the map (Z; x Z;), is the composition (pr; X pry).(pPry X pry). and if
I[|m one can check that (pr; X pry). commutes with (U/,U]). The first part then follows by combining the
norm relations in Theorem 5.3.1 and Theorem 5.4.1 in op. cit. For the second part, this is just Proposition
5.6.1 in op. cit. (Il

4.2. Beilinson—Flach classes in families. Let E be a finite extension of Q, with ring of integers Og, and
Uy, Us C Wh)E two wide open discs, where Wy C W is the wide open subspace of 0-accessible weights (see
Definition E[) Recall that A(J) and Dy, () = Dy, o( A7) are the sheaves of continuous (resp. locally
analytic) Z,-valued (resp. Ay,-valued) distributions on %, the subsheaf of . which is locally isomorphic

to T.
Consider the map of sheaves
. o o 1
(a.2.) NIDH) Dot () = (D) B D5, (5) ) 1

induced from the composition

(4.2.2) A(A) @ TSymd A — Df,, () @ TSymi 7 s Dy, (A7)

described in [LZ16l Definition 5.3.1]. We will not need an explicit description of these maps, but we do note
that we have the following commutative diagram.

Lemma 4.2.3. We have the following commutative diagram of sheaves

A7) @ TSym! A —— Dy, (H)
[.® idl llmi—j
A7) @ TSym! 4 —— Dy, ()
where the horizontal arrows are the composition in and, as usual, | is a prime not dividing Np and
Ki 18 the universal character of U;.
Proof. One can check this étale locally and this follows from the homogeneity condition in the definition of
Dy, and the fact that &5 o ([I]. ®id) = 177 ([I]. ®id) o &}. O

We are now in a position to define the Beilinson—Flach classes. Consider the following composition, which
we will denote by 7,,

Y (m,mNp)? == Y1 (Np)? x pg, — Y1(Ni(p)) x Yi(Na(p)) x p3,

where t,,: Y(m,mNp) — Y1(Np) x u, is the map defined in (2.0.3) and the second map is induced from
the maps sy, : Y1(Np) — Y1(N;(p)) as defined in (2.0.4)).
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Definition 4.2.4. We define the Beilinson—Flach class
BFLET € HE (Vi(N1(p)) % Yi(Na(p)) X 5, Dy aaa) (F4)(2 = 5)

m

to be the pushforward of CRIU]M Np,1 under 7, composed with the map in ()

Let F and G be Coleman families over U; and Us respectively. To specialise the Beilinson—Flach classes
at F and G one introduces the following differential operators (vj) on Ay, [1/p] given by the formula

5)- e o

where V; is given by (V,;f)(z) = %f(tx)}tzl (see [LZ16, Proposition 5.1.2] for more details). Let V4 and V5
be open affinoid subdomains in U; and Uy respectively and j > 0 an integer not contained in either V; or

V5. Then the operators (le) and (vj2) are injective and there exist unique classes

SBFTGI ¢ HY (Qpm), [My, (F)* @My, (G)7](—4))

such that (le) (ij)CB.FLi’lg’j] equals the image of CB]_—LL;HUQJ] under the Abel-Jacobi map AJr g defined
below.

Definition 4.2.5. The Abel-Jacobi map AJr ¢ is defined to be the composition
HZ, (Y1 (N1(p) % Yi(N2(p) X 9 ity 1) (75)(2 = 7))
— H' (Q(um), H: (Y1(N1(p))g % Y1(N2(p))gs P ) (95) (2 = )
= H' (Q(m), Hee (Y1 (N1(p)gs Doy (5)(1))@ He (Y1 (N2(p)) g, Pty (55 (1)) ()
— B (Qm)s [Myy (F)* @My, (6)] (=)

where the first map arises from the Leray spectral sequence (using the fact that Y1(N1(p))g x Y1(Na2(p))g
is an affine scheme, so its étale cohomology vanishes in degree 3 and above); the second isomorphism is the
Kiinneth formula (again using the fact that Y;(V;(p))qg is affine) and the third map is the projection down
to the Galois representations associated to F and G.

The Beilinson—Flach classes associated to F and G satisfy norm compatibility relations similar to those
for the Rankin—Iwasawa classes.

Proposition 4.2.6. Let ¢ > 1 be an integer prime to 6Np and let m be an integer prime to 6¢N. Letl be a
prime not dividing 6cNp and let F and G be two Coleman families over the affinoid subdomains Vi and Vs
respecively. Suppose that j > 0 is an integer not contained in Vy or Vs.

(1) Ifl divides m then the Beilinson—Flach classes satisfy the following norm-compatibility relation

ml,1

m F.G. F.G.
coresggzml)) (cB}"[ J]) = (ar(F)ai(G)) CB./—"L%l 7

(2) Ifl doesn’t divide m then the Beilinson—Flach classes satisfy the following norm-compatibility relation

Mm) ml,1
where Q;(X) € O(Vy x Va)[X, X 1] is the polynomial
Q(X)=— X"+ a(F)a(9)

- F,G.5 —j - F.G.3
coresggu 0 (CB]-'[ j]) = Qo) CB]:'[m,l 7l

+ (1 + 1)t r2e 2 (Deg (1) — 1Mer(l)ai(G)? — 172eg (Dar(F)*) X

+ lerma?]:(l){Eg (l)al (]-')al(g)X2 o l1+2m+2m2€]__(12)6g (l2)X3

where, as before, oy is the image of the arithmetic Frobenius at | in Gal(Q(pm)/Q).
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Proof. Consider the composition
HE (Y (m, mNp)* AU/ (2 — )
5 HE (Y1(N1(p) x Ya(Na(p)) x pg,, ADIN ()
— H (Y1 (N1(p) x Y1(Na(p)) X 15, Dty ) (7))

By applying Lemma the morphisms (Z;). and coresggz “”)) are compatible under the map

(4.2.7) HE (Y (m,mN)?, APIN(2 — 7)) — HY Q) [M (F)* &M (G)*)(—4))

obtained by composing the above map with AJr g.
Immediately we see that if [ divides m then

vl V2 Q(pm1) [F,G,j] mi v V2 F.G,
( i ) ( i ) coresQEZ B]:lm 1 - coresQEZm)) i f B]:Em 1 9l
— (@(Fai(S)) (VjF) (v;) BFIF G

where the second equality follows from part 1 of Proposition and the fact that 7] acts as multiplication
by a;(F) (resp. a;(G)) on M(F)* (resp. M(G)*). Note that under the morphism ¢,, the operators U] and
T/ are compatible. Since j is not contained in V; or V3, the operator (le) (ij) is invertible and we have the
required relation.

For the second part recall that by part 2 in Proposition the Rankin—Iwasawa classes satisfy (Z; x
El)*<‘3RIi{1]1,lmN,1) Qi - RIV We have the following commutative diagram:

m,mN,1"
HZ (Y (m, mpN)?, AV (2 — ) —— HY(Q(um), [M(F)* @M (G)*](~1))

@zl lezu—fofl)

HE (Y (m,mpN)?, A2 — ) —— HHQ(pm), [M(F)*©M(G)7](—5))
where the horizontal arrows are the maps in (4.2.7). Indeed, M (F)* can be described as the quotient of
HE (Y1(N1(p))g, D (1)

such that 7} acts as multiplication by a;(F) and (I) acts as multiplication by e#(I)~!. We have a similar
description for M(G)*. Furthermore, the action of o; becomes the natural action of o; under the horizontal
map in the above diagram (this is an application of the push-pull lemma for étale cohomology). Finally, by
Lemma m [1]. becomes multiplication by I%:~7. This shows that the above diagram is commutative and
completes the proof of the proposition. O

4.3. Interpolation in the cyclotomic variable. In this section we recall how to interpolate the Beilinson—
Flach classes .BF,, 7, g’j Vin the cyclotomic variable j. As a consequence, we show that the three-variable
Beilinson—Flach classes satisfy a norm-compatibility relation closely related to the Euler system relations.

Let p= = ||a,(F)|| (resp. p~>2 = |[|a,(G)||) where || - || denotes the canonical supremum norm on
o) (Which exists because we have restricted our Coleman families to reduced affinoid subdomains). Let
A= A1+ X2 and h > X a positive integer. Define the following elements

, BFETT
Tpj = (ap(Fap(G))™" W

for 0 <j<h,n>1, and set

o - p] B]:[]: ,G,7]
0 (1 ap(]:)ap(g)) (=1)7;!

for 0 < j < h. These elements are compatible under corestriction and satisfy a certain growth bound (see
[LZ16, Proposition 5.4.1]), so by Proposition 2.3.3 in op. cit. there exists a unique element

BFTI € HYQ(ptmpeo ) DA(T, M))T = HY(Q(ptn), DA(T, M))
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satisfying
j 7.9
/ Xiycl CBfEn,l ] = Tn,j

n

for all n, j. Here M = My, (F)*®My,(G)* and T, C T is the unique subgroup of index p"~!(p — 1) (we set
Iy =T). The class CB.FLJ:’lg} is independent of the choice of h.

Proposition 4.3.1. The Beilinson—Flach classes CB.FLJ:)’lg] satisfy the following norm compatibility relations:
e Ifl divides m then

corengZ:L)) (CBFEQFI]) = (a(F)ai(G)) - CBJ-‘K’E].

e Ifl doesn’t divide m then

m F, -j - 7,
coresggﬁin)) (chz[mg]) = QI o) - cB}'LnJg}

where Qi(X) is the polynomial defined in Propositz'on and j is the universal character I' —
Dy (T, E) (i.e. the homomorphism taking x — ev, where ev, is the evaluation-at-x map).
Proof. Let Q;(X) denote the polynomial appearing in Proposition and let [ be a prime not dividing
6mpNc. Set
Vyp = Ql(lfjal_l) . CB]-"[F’Q] — cores2(Him) (CB]:[f7g]> .

m,1 Q(pm) Im,1
Then for all n,j > 0 the specialisation fF X’V is zero; so v, interpolates only zero classes. By uniqueness,
this implies that v, = 0. A similar argument works for I|m. (Il

4.4. Euler system relations in families. In Proposition[4.3.1] we showed that the Beilinson-Flach classes
satisfy norm compatible relations. It turns out that we can adjust these classes so that we obtain cohomology
classes satisfying the Euler system relations.
As before, let M = My, (F)*®My,(G)* and let P;(X) denote the polynomial det (1 — Frob; ! X|M*(1)),
where Frob; denotes any lift of the arithmetic Frobenius at {. Then one can observe that
QX)=X""(1-1A =12 2er(Deg(1)X?) — IPI(X))

so in particular Q;(X) = —X 'P;(X) modulo I — 1. Such a congruence allows us to adjust the classes
BF L]; lg ) so that we obtain Euler system relations.

Proposition 4.4.1. Let ¢ > 1 be an integer prime to 6pN and let A denote the set of all square-free
positive integers which are coprime to 6pNc. Then for all m € A, there exist cohomology classes czif’g] €
HY(Q(tm), D™*(T", M)) such that

(1) The bottom class satisfies cZF’g] = CBf[li’g].

(2) Ifl is a prime such that lm € A (so in particular 1t m), we have the following Euler system relation

Q(pim F.G —j -1 F,
coresgh™) 25 = P10y 1) 29

Note that Py (I7X) = det (1 — Frob; * X|M*(1 +j)).
Moreover, (259 differs from CB.FE,];’lg] by an element of O(Vy x Vo x W)°[(Z/mZ)™].
Proof. This follows from the same argument in [LLZT4l §7.3]. O

Unfortunately, in general, there is no way to force these classes to lie in a Galois stable lattice inside
Dla(l", M), so we do not get an Euler system for this representation. However, this is possible after special-
isation so long as we use a weaker notion of an Euler system.

Corollary 4.4.2. Let x = (ki1,k2,m) € Vi x Vo x W defined over a finite extension E/Q,, and let T(n™!)
be a Galois stable lattice inside Mp(Fi,)* @ Mp(Gr,)*(n™1). Assume that ky # ka. Let ¢ > 1 be an integer
prime to 6Np and let N be a finite product of primes containing all primes dividing 6cNp. Let S denote
the set of positive integers divisible only by primes not dividing N. Then for m € S and Vi and V3 small
enough, there exist cohomology classes

em € H (Q(im), T(n™ )
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which satisfy
Q(pim) _ Cm if llm
COTQ(papy) Clm = { P~ DoY) e iflfm

where 1 is a prime not dividing N' and Py(n~*(1)X) is the specialisation of P;(173X) at (k1,ka,7). Further-

more, the bottom class ¢y is a non-zero multiple of ch[lﬁ’g].

Proof. Firstly, note that H(Q(jtmpe=), Mx) = 0 for all m € S, where
My = Mp(Fi,)" ® Mp(Gr)*(n71).

Indeed this is true because we have assumed ki # ko, for the following reason. Shrinking V; and V5 if
necessary, we can assume that My is (absolutely) irreducible. Hence any twist of My by a character is also
irreducible. But if M, has any non-trivial invariants under the group Ggas then there is a one-dimensional
submodule of My on which Gg acts via a character. This is a contradiction to irreducibility.

Therefore, by applying Proposition 2.4.7 in [LZ16], there exists a constant R > 0 independent of m such

that R - CB]:[}-’Q] specialised at x lands in the cohomology of the Galois stable lattice T'(n~1).

m,1

But since .2} 9 differs from CB]—'E’IQ] by an element of O(V; x Vo x W)°[(Z/mZ)*], this implies that
the specialisation of R - CZLZ:’Q] lands in the cohomology of the Galois stable lattice T'(n~!). We set ¢, to
be the specialisation of R - CZK’Q] at x.

By Proposition[£:4.1] we obtain the Euler system relations for the classes c¢,,, and this proves the Corollary
for all m € A, where A is the subset of S consisting of all square-free integers.

But we can extend the classes {¢;, : m € A} to a collection of classes indexed over the set S by defining
¢m to be

R 1 ‘Q(an)
Cm = H Jvi(m)—1 reb@(ﬂm’) Cm?
llm

where m’ is the radical of m (i.e. the product of all prime factors that divide m) and v;(m) is the l-adic
valuation of m. We don’t lose integrality of the classes because all integers in S are coprime to p. O

5. PRELIMINARIES ON (p,I')-MODULES

5.1. Period rings. In this section we (briefly) recall the period rings that will be used throughout the paper.
Since we only work with representations of Gg,, we specialise immediately to this case and refer the reader
to [Ber(3] for the definitions over more general p-adic fields; proofs and their corresponding references for
all of the assertions in this section can also be found in op. cit..

Let C,, denote a fixed completed algebraic closure of @, and let v, denote the unique valuation on C,
such that v,(p) = 1. Set O("Cp = l'glacp /p, where the inverse limit is over the p-th power map, and fix
e = (en) € O%p a compatible system of p-th roots of unity, i.e. &, is a p™-th root of unity such that
e =¢€n.

Let A* denote the (p-typical) Witt vectors of O%p and let Bt = A+[%]. One has a canonical homomor-
phism

0: Bt — C,
whose kernel is a principal ideal of BT generated by w := ([g] — 1)/([¢/] — 1) where &’ = (En+1)n>0 and []
denotes the Teichmiiller lift. We set ¢ := log([¢]) to be the period of Fontaine.

We define the de Rham period rings BIR and Bgg to be the (ker #)-adic completion of BT and the fraction
field of B respectively. Similarly we define the crystalline period rings BY,, and Be,s to be the divided-
A ; F.[t71] respectively. The field Bgr comes equipped
with a decreasing filtration given by Fil’ Bqr = tlBji'R and since B;is C Bgr, the ring B,is also inherits a
filtration from Bggr. Furthermore, Beyis comes equipped with a Frobenius endomorphism ¢ extending the
natural Frobenius on B™T.

In addition to these constructions, we define overconvergent period rings as follows. For r, s two positive

rational numbers, let A" denote the p-adic completion of A+ [[Efl]ﬂ [E;I]S] and set BIrsl = Alrs] [1/p].

power envelope of BT (with respect to w) and Beys = B
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We define f’)li’; to be the intersection EL’; ‘= Np<setooBl™ and if we set 7 = [¢] — 1, then this ring contains
the following subring

BT]T = = k M ak 6 Qp .
rig,Qp {f(ﬂ) Z a7 f(z) converges for 0 < vp(z) <

k=—o0

S =

Note that the period ¢ defined previously is equal to log(1 + ).

The union of these rings, namely Biig,(@p = hg’lBI{g,@, is the Robba ring associated to the p-adic field
Qp and can be identified with all power series in Q, [[W,Wfl]] that converge on an annulus of the form
{x € C, : 0 < wvp(x) < 1/r} for some positive rational number . We let Bjig@p C Biig@p denote the subring
of power series which converge on the whole open unit disc, i.e. f(x) converges for all v,(z) > 0. Both of
these rings come equipped with an action of Frobenius given by the formula

(P N)m) = f(L+7)" = 1)
and I' := Gal(Q, (pp=)/Q)) given by the formula

(- £)(m) = F(1+m)¥o) 1)

where v € I and xcyer: I' = Z,; is the cyclotomic character. The morphism ¢ has a left inverse, denoted by
1, which satisfies the following relation

1
(- Hm) == > f(1+mE~1)
Y
gr=1

where the sum is over all p-th roots of unity.
If A is an affinoid Qp-algebra, we define the Robba ring over A to be the completed tensor product
Biig e ®A, and similarly we denote the subring of bounded power series by Bji'g@p ®A. As above, both of
these rings come equipped with an action of ¢, ¥ and I' by the exact same formulae.

5.2. Overconvergent (p,I')-modules over affinoid algebras.

Definition 5.2.1. Let A be an affinoid algebra over Q,. We say that D is a (¢, I')-module over B;rig’@p ®A if
D is a finite projective (Biig,(@p@)A)—module with commuting semilinear actions of ¢ and T', such that p(D)

generates D as a (BIig Qe ®A)-module.

If M is a Galois representation over an affinoid algebra A (i.e. a finite projective A-module with a
continuous A-linear action of Gg) then Berger and Colmez [BCO8| (and more generally Kedlaya and Liu
IKL10]) have constructed a functor

t
M — Dy, (M)

which associates to a Galois representation a (¢, I')-module over the Robba ring Biig@pé)A. This agrees
with the usual functor as constructed by Berger [Ber02] when A is a finite field extension of Q,.

For the rest of this section let A = E be a finite field extension of Q, and let D be a (¢,I')-module over
Biig,Qp ®E. By taking the “stalk at (,» — 17 one can define a Q,(pp~)((t)-module Dgir with a semilinear
action of I' (see [Nak14]). We set

Dgr := DYy and Degis := D[t 1"
and note that both Dgr and D, are finite-dimensional vector spaces over E.

Definition 5.2.2. Let E/Q, be a finite extension and D a (¢,I')-module over Blig Qp®E'

(1) We say that D is de Rham (resp. crystalline) if the E-dimension of Dggr (resp. Deis) is equal to the
rank of D as a Blig@p ®E-module.

(2) If D is de Rham then Dgr comes equipped with a decreasing filtration induced from the ¢-adic
filtration on @, (ppe) [t]. The Hodge-Tate weights of D are defined to be the negatives of the jumps
in the filtration on Dgr (so in particular the cyclotomic character has Hodge—Tate weight 1).
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If D is a crystalline (¢,T')-module then one can associate a sub- (Brng ®E)-module of D, denoted
N.ig(D), that is free of rank equal to the rank of D and is stable under I". Furthermore ¢ restricts to
a morphism

¢ Niig(D) — Niig(D)[g ']
where ¢ = ¢(m)/m; and if D has non-negative Hodge-Tate weights, then Ny;z(D) is in fact stable under ¢
This submodule is called the Wach module associated to D and will be important in section [6] when we recall
the construction of the Perrin-Riou logarithm. For more details on the construction and properties of this
module, see [Pot12, §3]. Note that if D comes from a crystalline p-adic representation V' and N(V') denotes
the usual Wach module (over B&p) associated with V', then N, (D) satisfies the relation

Nrig‘(D) = N(V) ®B+ Br]g Qp-

Here Bé is a period ring which can be identified with the subring Z, [7] [1/p] C Brlg Q,

5.3. Cohomology of (p,I')-modules. If D is a (p,I')-module over Brig@p@)A, then we define the Herr
complex

Cs. (D):=D L pop 2L p
concentrated in degrees 0,1,2, where ~ is a choice of topological generator for I' (such an element exists

because we have assumed p > 2). We define RI'¢ont (Qp, D) to be the corresponding object in the derived
category of bounded complexes of (continuous) A-modules, and we denote the cohomology of this complex

by H'(Q,, D) := H'(C} (D))
By [Pot13, Thm. 2.8], for any A-representation M of Gg, there is a canonical quasi-isomorphism

chont (Qp7 ) = chont (Qp7 rlg(M)> .

Since (D) generates D as an Bilg Q, ®A-module, the map ¢: D — D has a unique semilinear left inverse

1. As the following lemma shows, the cohomology of D can be computed with 1 in place of .
Lemma 5.3.1 ([KPX14, Proposition 2.3.6]). Let C}, (D) be the bottom row of the commutative diagram

Dgp 1,v— 1D€BD1 v¥,0— 1

lid ﬂp@ld l b

pU=5p o plorYsip

(here the top row is Cg . (D)). Then the map Cg, (D) — Cy, (D) defined above is a quasi-isomorphism.

We finish this section by stating an Euler—Poincaré characteristic formula for (¢, I')-modules, which will
be used in the proof of Theorem

Proposition 5.3.2 ([Liu08, Theorem 5.3]). Let A = E be a finite field extension of Q, and D a (¢,T')-module

over Brlg @ ®E. Then, fori=0,1,2, Hi((@p7 D) are finite-dimensional vector spaces over E and

2
= Z ) dimg H (Q,, D) = — rank D
=0

where rank D is the rank of D as a (B! e ®FE)-module.

rig,

5.4. Iwasawa cohomology. Recall that for an affinoid algebra A, we denote its unit ball by A°. Let M be
a Galois representation over A and let T be a Galois stable lattice inside M (i.e. a sub-A°-module that is
stable under the action of Gg and satisfies T'[1/p] = M). The classical Iwasawa cohomology of M is defined

to be
i i 1
Qoo M) 1= (@H <@<upn>,T>> H
where the inverse limit is over the corestriction maps, and the (analytic) Iwasawa cohomology of M is

fw(Qoo, M) := H(Q, D™(T", M))
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where D'#(T', M) denotes the space of locally analytic distributions on I', valued in M. For a finite place v
of Q, the Iwasawa cohomology groups Hy, 1, (Qy,00, M) and Hi,, (Qy 0o, M) are defined analogously. These
two constructions satisfy the relation

%W(QOO7 M) = 21.Iw(@007 M)®Zp[[F]]Dla(Pﬂ A)

Remark 5.4.1. Our notation for Iwasawa cohomology differs from that in [LZ16]; in op. cit. Hy, denotes
classical Twasawa cohomology, whereas in this paper it refers to analytic Iwasawa cohomology.

Definition 5.4.2. Let D be a (¢,I')-module over Biig’@p@)A. The Iwasawa Herr complex is defined to be

cr.(D): DXL D
concentrated in degrees 1 and 2, where 1 is the left inverse to ¢ as discussed in the previous section. We
denote the cohomology of this complex by Hi,, (Q,, D).

We have the following relation between Iwasawa cohomology for M and Iwasawa cohomology for DIi g(M ).
Proposition 5.4.3. Let M be a Galois representation over an affinoid algebra A. Then one has the following
isomorphism

tw(@p.oe, M) = Hiy (Q, DL, (M),
In particular Hi, (Qp o, M) vanishes for i #1,2.

Proof. See Corollary 4.4.11 in [KPX14]. O

6. SOME P-ADIC HODGE THEORY

In this section we recall the construction of the Perrin-Riou logarithm following [Pot12, §3] and use this
map to show that if the p-adic L-function doesn’t vanish then we obtain two linearly independent classes in
H'(Q,, D~ (n~")), where D~ (') is a certain 2-dimensional (¢, I')-module defined in . Throughout
this section, F is a finite extension of Q, and D will denote a (¢,I')-module over the Robba ring Bjig’(@p@)E.

Recall from section that if D is a crystalline (¢,T')-module then one can associate to D the Wach
module Ny (D). This is a sub (B$g7Qp®E)—module of D that is free of rank equal to the rank of D and is
stable under I". It will be useful to impose the following hypothesis on D:

(H) The Hodge-Tate weights of D are non-negative and p" is not an eigenvalue of ¢ on D, for all

integers n > 0.
The reason for imposing this hypothesis is to ensure that the “big logarithm” as constructed in [Pot12] §3]
lands in the lattice Deyis @ Aso.

Lemma 6.0.1. Let D be a crystalline (¢,T')-module satisfying hypothesis (H). Then

(1) The inclusion Nyig(D) — D induces an isomorphism Nyig(D)¥=1 =2 DY=! where 1 is the left inverse

to @ coming from the trace map (see .

(2) Let ¢*N,ig(D) denote the sub (BIgVQp(%E)—module of D generated by ¢(Nyig(D)). Then there is an

inclusion

(@*Nrig(D))wZO C Dcris RE (B:’i_ng@E)w:O
(3) We have an inclusion
Noig(D) C ¢"¢*Nyig (D) C ¢*Nyig(D)

where hy is the smallest Hodge—Tate weight of D and q = ¢(m) /7.

Proof. Let hy < hy < --- < hg be the Hodge—Tate weights of D. Since D has non-negative Hodge—Tate
weights and p™ is not an eigenvalue for ¢ for all n > 0, the quantity a(D) := max{—hy, A(D) + 1} is non-
positive, where (D) is the largest integer (or —oo if there is no such one) such that ¢ — p*(”) is not bijective
on Dgis. The first part then follows from [Pot12] Theorem 3.3].

For the second part, we note that from the second bullet point in Theorem 3.1 in op. cit.

h
t -
Nuig(D) C () (Dexis ® (Biig g, @F)) C (Dexis @ (B

- rig,0, )
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where the last inclusion follows because the Hodge—Tate weights are non-negative. Since ¢ is an isomorphism
on D.is, ¥ is also an isomorphism and we have ¢*(Deyis ® (BI@QP RF)) = (Deris ® (Bjig’@p ®E)). Combining
these facts we obtain the inclusion in part 2.

Similarly the third part follows from the third bullet point in Theorem 3.1 in loc. cit., using the fact that
h1 > 0 and that g € Bjig’Qp. O

6.1. Perrin-Riou’s big logarithm. Let A, denote the global sections of Wg - this can be identified with
a subring of the ring of power series E[A] [y — 1], where A is the torsion subgroup of I" and + is a topological
generator of I'/A. The ring (B, o ®E)¥=" has an action of I' which extends to an action of A via the
Mellin transform:

Mm: A = (Bfipq,OE)" "
fy=1) = fly-1-(1+m)

Therefore (BIg,Q,, ®F)¥=0 can be viewed as a free A-module of rank one.
Definition 6.1.1. Suppose that D is a crystalline (p, I')-module satisfying hypothesis (H). The Perrin-Riou
logarithm £ = Lp : Hllw((@p, D) — Deis®A is defined as the composition of the following maps:

Hi,(Qp, D)= DY=' =  Nyg(D)~!
8 (" Nygg(D))P=0

— Dcris®E(B$g’Qp

®E)w:0 l> Dcris®EAoo
where the second, third and fourth maps exist by Lemma Here the last map is given by the inverse
of the Mellin transform described above. Since all of the maps above are functorial in D, we see that L is a

map of A-modules that is also functorial in D.

In the case that D comes from a crystalline p-adic representation, the map L is a special case of a
more general construction by Perrin-Riou ([PR0O0]) which was later interpreted using (¢, I')-modules by Lei,
Loeffler and Zerbes ([LLZ11]). This was generalised to potentially crystalline (¢,T")-modules by Pottharst
([Pot12]) and to de Rham (¢, I')-modules by Nakamura ([Naki4]). The key property of this map is that it
interpolates the Bloch—Kato logarithm and dual exponential maps at certain classical specialisations. More
precisely, let n: I' — (E’)* be a continuous character, where I' = Gal(Q,(up~)/Qp), and consider the
induced map Ao — E’ which we will also denote by 7. Then we have two specialisation maps: the first on
Iwasawa cohomology

pr, _
Hiy (Qp, D) —= H'(Qp, D (0 ))
induced from the map on the Herr complexes C7, (D) — C’;M(D(nfl)) which in degree one is given by

2+ (0,z) (recall that by Lemma the cohomology of a (p,I')-module can be calculated with ¢ in place
of ¢). The second specialisation map is

~ ev
Dcris®Aoo — Deyis ®Qp E'

induced from 7: Ac — E’. Then for classical n (i.e. n = Xzycl for some integer j) there is a commutative
diagram

Hllw (@;m D) £ ” Dcris®Aoo

prnl J{ev,,

Hl(QP’DE/(nil)) 77777 ” Dcris®El

where the dotted arrow is (up to some Euler factors) the Bloch—-Kato logarithm in the range j < h;, and the
dual exponential map in the range j > hy, where h; is the smallest Hodge-Tate weight of D (see [Nak14]).
We will study this map at non-classical specialisations.

Proposition 6.1.2. Let D be a crystalline (¢,T')-module that satisfies hypothesis (H). The map L = Lp
satisfies the following properties:
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(1) Let k > 0 be an integer and let w_y, denote the automorphism of As which sends v € T to the
element Xeyel(7)"¥v. Then we have a commutative diagram

wjk Hllw(Q;mD) — H%W(QP’D(]C))

w*_chl J/‘CD(k)

wik (Dcris®Aoo) L) D(k)cris®Aoo

where for a Aog-module M, w* , M denotes the pull-back M ®p__ o , Aoo-
(2) For any character n: T — (E')* there exists a Ay -linear morphism making the following diagram
commaute:

Hllw(Q;mD) £ ” Dcris®Aoo

prnJ/ J{ev,,

where E' is a finite extension of E.

Proof. The first part follows from carefully tracing through the definitions.
For the second part it is enough to show that if pr, (z) = 0 then ev,(L(z)) = 0, because then we can just

define the map by taking a lift to H{,,(Q,, D). If pr, () = 0 then there exists y € D¥=' such that

= (y—n(7))y
But £ is Ay-linear so (after base-changing D and Ay, to Dps and (A ) g respectively)

L(x) = (v —=n()L(y).

But this is precisely mapped to zero under ev,,. O

From the above proposition we obtain the following corollary which will be useful in later sections.

Corollary 6.1.3. Let D be a (¢, T')-module satisfying hypothesis (H) and D1, D C D two sub-(p,I')-modules
satisfying Deris = (D1)eris ® (D2)eris- Let 1 and xo be two elements of Hllw(@p, D) that lie in the images of
the maps Hi,(Q,, D1) — H{, (Q,, D) and Hi, (Q,, D) — Hi,(Q,, D) respectively. Then for any character
n: G — E* the elements pr, (z1) and pr, (z2) are linearly independent if both ev,L(x1) and ev,L(z2) are
non-zero.

Proof. This follows from functoriality of £ and the existence of the bottom map in part (2) of Proposition
Indeed, if both ev, £(z1) and ev,L(z2) are non-zero, then because they lie in different direct summands
of Deyis they must be linearly independent in Deris®@Aoo. O

6.2. Application to Beilinson—Flach classes. Returning to the situation in the paper, let f and g denote
eigenforms satisfying the assumptions in section so we have Coleman families 7, G, Gg over V1, V5, Vf
passing through the p-stabilisations fy, gq,gs respectively. Here f, denotes the p-stabilisation of f that
satisfies Upf = af; and similarly for g, and gg. Since we have assumed that the weights of f and g are
not equal, we can choose V; such that it doesn’t contain the character k’. In this subsection G and V5 will
denote either G, and V5* or Gz and VQB respectively.

Let My, (F) and My, (G) denote the Galois representations associated to F and G and let DIig(]-' )* and

D!, (G)* denote the (¢,T)-modules of My, (F)* and My,(G)* respectively. If V; and V, are small enough,

rig
both of these modules come with a canonical triangulation which we will denote as

+1 T * Il x _ gomf * -t *
0= F 7D, ()" = Dy (1) = FDy, (1) = F D ()" = 0

rig rig

for ?=F or ? = G. In fact there is an explicit description for both the kernel and the cokernel (see [LZI16]
Theorem 6.3.2]).

Let k1 be a (not necessarily classical) weight in V7 and 1 a character of I' = Gal(Qp(tp=)/Qp), and let

E be a finite extension of Q, that contains the fields of definition of k1 and 1. Recall that k¥’ + 2 denotes
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the weight of g. Let M(Fy,) and M(Gy ) denote the specialisations of My, (F) and My, (G) at k; and &’
respectively, and note that we have isomorphisms

M((Ga)r) 25 Mpl(g)
M((Ga)r) ™5 Mg(g)

both of which follow from the fact that ¢ is classical and the Galois representation doesn’t change after p-
stabilisation. We let DLg(]-"kl)*7 Diig(gk/)* and Diig(g)* denote the (¢, I')-modules associated to M (Fy, )*,
M(Gp)* and Mpg(g)* respectively. By specialising the triangulation above and applying pr® or pr? if
necessary, we obtain triangulations for these three (p, I')-modules.

Let D~ be the (¢,I')-module
(6.2.1) D~ =77D|

rig

(Fr)" © F°Dl(9)".

Since g is classical, D~ is crystalline with Hodge-Tate weights 0,1 + k' and by the explicit description in
[LZ16, Theorem 6.3.2], p™ is not an eigenvalue for ¢ on D_._ for any integer n > 0 (so D~ satisfies hypothesis
(H)). Consider the following submodules

cris

Di=D* = p°(F 7D}, (F)" ® F Dl (Gu)r)")
D,=D" = p’ (Z D}, (F) ® F DL (G))")

where pr® and pr? are the isomorphisms described above. Again, by the explicit description in loc. cit.,

(D1)eris and (D2)eis are both rank one sub ¢-modules of D_;, on which ¢ acts by multiplication by oz]__-i By 1

v1

and a}il a;l respectively. Since we have assumed that g is p-regular (i.e. oy # 4) we must have D_, =
(Dl)cris @ (D2)cris'

Let ¢ > 6 be an integer that is coprime to 6/Np and let 2{* be the image of the Beilinson-Flach class

BF [1]7:1,%] (see 31) under the composition
HY(Q, D™(T, M(Fi,)* @ M((Ga)i)")) = Hiyy (Qp,00, M (Fi,)* @ M(9)*) = Hyyy(Qp, D7)

and similarly for 21’8 , where the first map is restriction to the decomposition group at p composed with the
isomorphism pr®. Recall that L,(F, g,1+j) is the two-variable p-adic L-function associated to the Coleman
family F and the universal twist j (see [Urb14] or [LZ16, §9]).

Proposition 6.2.2. We can choose the auziliary integer ¢ such that, if Ly(Fi,, 9,1 +n) # 0 then pr, (21)
and pr,, (zlﬁ) are linearly independent in H*(Q,, D~ (n~1)).

Proof. Recall that D~ is a crystalline (¢, I')-module satisfying hypothesis (H). Therefore we have the Perrin-
Riou logarithm

L: H{,(Qp, D7) = D, &A.

By part (1) in Proposition this map agrees with the map (also denoted by L) constructed in [LZ16|
Theorem 7.1.4] after specialising at (k1,%’). Indeed the map in loc. cit. is defined as the pull back of
Lp-(—1-ky under the automorphism w_; .

By the “explicit reciprocity law” of Theorem 7.1.5 in op. cit. we see that ev, (L(z7)) and evn(ﬁ(zlﬁ)) are
both non-zero if the quantity

(6.2.3) (¢ e th =21 (€ Yey ()7 ) (1) A (i)~ Ly (Fiy, 001+ )

is non-zero, where Ay (Fk,) denotes the specialisation of the Atkin-Lehner pseudo-eigenvalue of F (see
IKLZ17, §2.5] for the definition of the Atkin-Lehner operators). Since our assumption at the start of
implies that k; # k', we can choose the integer ¢ such that the first factor in is non-zero. The result
then follows by applying Corollary [6.1.3} O
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7. BOUNDING THE SELMER GROUP

Let f and g be two cuspidal new eigenforms satisfying the assumptions in section and let F be a
Coleman family over Vi C Wpg passing through a p-stabilisation of f. In this section we show that, if V;

~2 P
is taken to be small enough and certain hypotheses are satisfied, then the cohomology group H;(Q, Mx)
vanishes if L, (x) = 0. Here x = (k1, k',n) € Vi x{k'}xW is a tuple of weights, M denotes the representation

[M(Fr,)* ®@ M(g9)*](n~1) and ﬁi (Q, My) is the second cohomology group of the Selmer complex defined in
section [7.2] below.

7.1. Cohomological preliminaries. In [Nek06], Nekovar defined the concept of a Selmer complex - an
object in a certain derived category whose cohomology is closely related to the usual definition of Selmer
groups. This construction is useful because the resulting complex has nice base-change and duality properties;
attributes that one doesn’t necessarily have for the classical Selmer groups. In [Pot13], Pottharst extends
this construction to families of Galois representations over well-behaved rigid analytic spaces. This is the
tool we will use to construct a sheaf interpolating the Bloch—Kato Selmer groups. We now summarise this
construction.

Let A be an affinoid algebra over Q, and let M be an A-valued representation of Gg = Gal(Q/Q) (i.e.
a finitely generated, projective A-module with a continuous action of Gg). Let ¥ be a set of places of Q
containing p, oo and all primes where M is ramified, and assume that ¥ is finite. Let G5 denote the Galois
group of the maximal algebraic unramified-outside-> extension of Q and, for a place v € X, let G,, denote a
fixed decomposition group in Gy associated to the place v.

Definition 7.1.1. A collection of local conditions A for M is a set of pairs {(A,,ty) : v € X} where A, is
an object in the derived category of bounded complexes of (continuous) A-modules, and ¢, is a morphism

Ay 25 RT cont (G, M).
One defines the Selmer complex Rf(Gg, M; A) in the following way.

Definition 7.1.2. Let A be a set of local conditions for M. Then the Selmer complex Rf(Gz, M; A) is the
mapping fibre

RI(Gx, M;A) := Cone (chom(ag, M)ye P A, == DRI con (G, M)) [—1].

vEX vEY

We denote the i-th cohomology of this complex by H {(Gs, M;A).

If A, is quasi-isomorphic to a complex of finitely generated A-modules concentrates in degrees [0, 2] (all
our local conditions in this paper will satisfy this), then Rf(Gg7 M; A) is quasi-isomorphic to a complex of
finitely generated A-modules, concentrated in degrees [0, 3] (see [Pot13] §1.5]).

This construction also works in more general situations. For example, if X is a quasi-Stein rigid analytic

space then Rf(Gg, M; A) is quasi-isomorphic to a complex of coherent O x-modules, concentrated in degrees
[0, 3] (this is situation (4) described in [Potl3, §1.5]).

Proposition 7.1.3. Selmer complexes satisfy the following properties:

(1) (Duality, [Pot13, Theorem 1.16]) Suppose that the local condition A, is quasi-isomorphic to a perfect
complex of A-modules concentrated in degrees [0,2], for allv € 3. We define the dual local conditions
A*(1) to be {(A%(1),j5[-2])}, where

v

AR(1) = Q5 [-2] 2% R o (Goy M)*[~2] = R eons (G, M* (1))

v

and Q, is the mapping cone of v, we write j, : Rl cont(Gy, M) — Q. for the natural map and (—)*
denotes the dual (in the underived sense).
One has an isomorphism

RI(Gyx, M*(1); A*(1)) 2 RI(Gs;, M; A)*[-3].
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(2) (Comparison of local conditions) If A" = {(Al,i]) : v € £} is another set of local conditions and

v v

{7v} are morphisms such that t, is equal to the composition
AL Ay 2 Rl cont Gy, M)

then we obtain a Poitou—Tate style long exact sequence

P H(Q,) — H'(Gs, M; A') = H'(Gx, M; A) & DHY(Q.) —
vEX vEX
— H*(Gy, M; N) — H*(Gs, M; A) —» P H*(Q.)
vEXD

where Q. is the mapping cone of T,.

Proof. For the second part, this is immediate from the definition of the Selmer complexes associated to the
local conditions A and A'. O

In we will use the Poitou-Tate long exact sequence described above to show that the cohomology of
the Selmer complex vanishes in degree two if the corresponding value of the p-adic L-function is non-zero.
In particular we will use the following result:

Proposition 7.1.4. If the map £ in part (2) of Proposition is surjective then we have an injective map
H?(Gy, M; N') — H*(Gy, M; A).
In particular, if ITIQ(GE,M; A) wvanishes then so does ﬁQ(Gg, M;A").

7.2. Convolution of two Coleman families. Let x = (k1,k’,n) € V1 x {k'} x W be a tuple of weights
defined over a finite extension E/Q,.

Let My denote the representation [M (F,)*®@M(g)*](n~!) and let X be a finite set of places of Q that con-
tains p, oo and all the primes where My ramifies. Let Dy := Diig(ﬁx) denote the (¢, T')-module associated

to M and recall that we have a two dimensional quotient DLg (My) — D~ (n~') =: DZ, where D~ is defined
as in 1) We denote the kernel of this quotient by D . For v € ¥\{p} we call (Rl“cont(Gv/Iv,MxI”), ly)
the unramified local condition at v, where ¢, is the natural map induced by inflation. We are interested in

the following examples of local conditions:

e (Relazed) For v € ¥ take A, to be the set of unramified local conditions for v # p and
Arol,p = chont (Gpaﬂx) :‘) RFcont(Gp>MX)~

We denote the cohomology of the associated Selmer complex by ﬁzel((@, My).
e (Strict) For v € ¥ take Ay, to be the set of unramified local conditions for v # p and

Astr,p =0— chont (GP,MX).

We denote the cohomology of the associated Selmer complex by ﬁztr(Q, My).
o (Panchishkin) For v € 3 take Ay to be the set of unramified local conditions for v # p and
Af,p = RFcont(Gp7 DI) — Rl—‘cont(@p; Dllg(ﬁx» = chont(Gp7Mx)~
We denote the cohomology of the associated Selmer complex by ﬁ} (Q, My). The reason for choosing
this local condition is because it is closely related to the Bloch-Kato local condition when x lies in

the critical range (the range where the p-adic L-function interpolates critical values of the global
L-function). We will discuss this relation in

Remark 7.2.1. (1) All three of the above Selmer complexes do not change if we enlarge the set X, so we
suppress this auxiliary set from the notation.

(2) The relaxed and strict conditions are dual to each other. The dual of the Panchishkin local condition

is a Panchishkin local condition for D}, (Mx)*(1) = D};, (Mx (1)).
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Let ¢ > 6 be an integer prime to 6 Np and recall from that, for an integer m coprime to 6 Ncp, there

is a Beilinson—Flach class

BF T € B (Qum), DT, M)
where M = My, (F)*®My,(G)*. By specialising these Beilinson-Flach classes at x and identifying M ((Gu)x')
and M ((Gg)w) with Mg(g) as before, we obtain classes in H' (Q(pm ), Mx).

In section [£.4] we showed that these classes satisfy certain norm relations and that we could produce an
Euler system from these classes. More precisely, let Tk be a Galois stable lattice inside M. Then there exist
collections {c2, € H'(Q(im), Tx) : m € S} and {c, € H'(Q(um), Tx) : m € S} satisfying the Euler system
relations, and c{* and cf are equal to non-zero multiples of the specialisations of .BF [fl’g"‘} and BF [Lfl’gﬁ D at
X respectively.

We choose the integer ¢ in such a way that the conclusion of Proposition holds at the point x (this
choice may depend on x). After making this choice, the classes c2,, ¢ satisfy the following local conditions.

Proposition 7.2.2. Keeping the same notation as above, the classes ¢, cl, satisfy the following properties:

~1 _

(1) Both ¢ and ¢, are unramified outside p. In particular, both ¢ and ¢ lie in H,,(Q, My). This
implies that the collection {c,, : m € S} forms an Euler system in the sense of Definition 2.1.1 in
[Rub00], with condition (ii) replaced by (ii)’(b) (see §9.1 in op. cit.).

(2) Let &, denote the images of ¢, ¢ under the map

ﬁiel((@?MX) i} Hl (@Iﬂ D;)
where £ is given by first restricting to p and then mapping to the quotient (this map is the same map
as in Proposition if we compare the relazed and Panchishkin local conditions defined above).
Then, if ¢ and E are both non-zero, they are linearly independent. In particular this happens when
Lp(fk17g7 1 +77) 7é 0.

Proof. The first part is the same proof as in [LZ16, Theorem 8.1.4]. For the second part, note that ¢§ and

Ef are two elements satisfying the conditions of Corollary The result then follows from Proposition
[6.2.2 O

7.3. A vanishing result. Let F be a Coleman family over an affinoid domain V. For ease of notation we
set ar 1= a,(F) and similarly for specialisations of F. Moreover, recall that if the specialisation of F at k;
is a noble eigenform (so it is the p-stabilisation of an eigenform h) then « Fe, = Qh and fj denote the roots
of the Hecke polynomial at p associated to h, and satisfy a8, = p¥1+ley,(p). In this case, we will also write
Bre, == Bn (although the notation S is of course meaningless).

The goal of this section is to show that if the p-adic L-function doesn’t vanish at x then the Selmer group
ﬁi((@,ﬂx) is trivial. The strategy is to combine Propositions and @I by comparing the Panchishkin
and relaxed local conditions. In particular, we must show that the hypothesis in Proposition [7.1.4]is satisfied.
Unfortunately this is not true in general and fails when My has a “local zero”, i.e. the local Euler factor of
My at p vanishes at s = 1. Therefore we impose the following hypothesis on My:

(NLZ) None of the products

{a]:kl Qg, QF,, ﬁga a]_-‘;l EFk, (p)agu 04;‘,11 EFk, (p)ﬁg}
are equal to p’/ for some integer j (recall that x = (k1,k’,7)).

Remark 7.3.1. The (NLZ) hypothesis is an open condition, i.e. if it holds at the point x then it also holds for
all specialisations in an open neighbourhood of x. In particular, if F is a Coleman family passing through
a p-stabilisation of f defined over an affinoid subdomain V; C Wg, and if the (NLZ) hypothesis holds for f
and g, i.e. none of the products

{ayag, arBy, Brag, BrBge}
are equal to a power of p, then we can shrink V; so that the (NLZ) hypothesis holds for all specialisations
of M at x = (k1,k',n) € Vi x {k'} x W.

The second ingredient to proving the vanishing result is to apply the “Euler system machine” to the
representation M. To be able to apply this we need to assume the following “Big Image” hypothesis.
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(BI) There exists an element o € Gal(Q/Q(up~)) such that My /(o — 1)My is one-dimensional (over E).

Remark 7.3.2. It turns out that for the “Big Image” hypothesis to hold we only need to assume that the
image of the mod p representation of M, is sufficiently large, and this is almost always the case provided
that Fj, and g are not of CM type and Fj, is not Galois conjugate to a twist of g. In particular, since the
mod p representation of a Coleman family is locally constant, this implies that the “Big Image” hypothesis
will hold in an open neighbourhood of the point x. We provide justifications for this in the appendix (§A).

Under these two assumptions we have the following vanishing result.

Theorem 7.3.3. Keeping the same notation at the start of section assume that the (NLZ) and (BI)
~2 _
hypotheses hold. If Ly(Fk,,g,1+ 1) # 0 then Hy(Q, Mx) = 0.

Proof. Consider the local conditions A = A, and A’ = Ay and suppose for the moment that, as in the
statement of Proposition the map ¢ is surjective. Then there is an injective map

H(Q, M) — o (Q, M)

so it is enough to show that ITIfel(Q,Mx) = 0.
Let Ty be a Galois stable lattice inside My and set A = My (1)/Tx(1). Then by the duality of the relaxed

and strict local conditions we see that ITIfel((QTx)V = Homo,, (ITIfel((@Tx), E/Og) is equal to ITIitr((@A)
(see [Nek06] for more details). Furthermore, since H,(Q, My) = H,,(Q, Tx)[1/w], where w is a uniformiser

~1
for Op, it is enough to show Hy,(Q, A) is finite.

Recall that {c?, } forms an Euler system for T'x and the bottom class cf' is non-zero because Ly, (Fy, , g, 1+n)
is non-zero. Coupling this with the (BI) assumption, we can apply [Rub00, Theorem 2.2.3] and conclude that

ﬁ;r((@, A) is finite. Indeed, by comparing the strict and relaxed local conditions, the group I:I;r((@, A) differs
from the strict Selmer group in op.cit. by the group H’(Q,, A), which is finite because H(Q,, M, (1)) = 0.
So we are left to show the map ¢ is surjective.

The mapping cone @), is precisely the same thing as the image of the Herr complex C’;W(D; ) and by the
local Euler characteristic formula (Proposition for (¢,T')-modules, we have x(Dy) = —2. Therefore
if we show that H°(Q,, Dy ) and H?(Q,, Dy ) both vanish, then this would imply that H'(Q,, Dy ) is two-
dimensional. Combining this with part 2 of Proposition [7.2.2] this would imply that the map ¢ is surjective.

By duality we have H*(Q,, Dy ) = H°(Q,, (Dy )*(1))* and from the explicit description of the triangulation
(ILZ16l Theorem 6.3.2]) we have the following short exact sequences:

0 — [B, o, ®El(az agey(0) (X - n7") — Dy — [B]

rig,(@p®E](a]_-‘,:l agl)(n_l) —0

0 — [Bl, o, ®E)(ar,, ag) (Xeyer - 1) — (Dx)*(1) — [Bly, o @E(ar, oy 'eg(p) (Xepy - 1) — 0

where we denote by [Biingp(@E]()\)(w) the one-dimensional (p,I')-module over Biig’(@p@)E with a basis e
such that p(e) = Ae and v-e = w(y)e for all v € T".

From the above sequences, one sees that if either H*(Q,, Dy ) or H*(Q,, Dy ) didn’t vanish then this would
contradict the (NLZ) hypothesis. O

Remark 7.3.4. To prove the above theorem, we only needed to assume that the two products ar, a4 and

ar,, Bg are not equal to a power of p. However, in the following section we will relate ﬁi(@,ﬁx) to the
usual Bloch—Kato Selmer group at classical specialisations, and for this we will need to assume that all four
products in the statement of (NLZ) are not equal to a power of p.

Furthermore, for most non-classical specialisations we do not have to impose a (NLZ) condition. Indeed
by Proposition 2.1 and Théoreme 2.9 in [Col08], it is often the case that H'(Dy) is automatically two-
dimensional unless the weights in x are classical.

7.4. Relation to the Bloch—Kato Selmer group. Theorem is a generalisation of [LZ16, Theorem
8.2.1] to non-classical specialisations. Indeed, suppose that k; and n = Xiyd are classical and we have
k' +1 < j < ki. Then by the duality property of Selmer complexes and the fact that the Panchishkin
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condition is self-dual, we have ﬁi((@,ﬁx)* = ﬁ;(@,ﬁi(l)) But by the (NLZ) hypothesis, we have the
following equalities:

o HY(Q,, (D)*(1)) =0.

o H(Qy, Dx/D5) = H°(Q,, D) = 0.
Indeed, by the conditions on the Hodge—Tate weights, we have

o H(Q,, (DF)*(1) = (D) (V)&

s HO(va Dy/Dy) = (DX/DI)Sa:l-

cris
But ¢ has eigenvalues {p~' ™/ Bx, ag,p™" 7 BF, By} and {pjoz;;l a;l,pja}il By '} on (DF)*(1)eris and (Dy /Dy )exis
respectively, and these products can never be equal to 1 by the (NLZ) hypothesis. Therefore, by [Pot13|
Proposition 3.7], we see that

~1 —k o
where the latter is the Bloch-Kato Selmer group. This recovers Theorem 8.3.1 in [LZI6]. In fact the proof
of Theorem [7.3.3]is modelled on the proof in loc. cit..

8. THE SELMER SHEAF

In the previous section we showed that (under certain hypotheses) if the specialisation of L, is non-

~92 _

zero then H f((@, M) = 0. It turns out that we can package together all of these cohomology groups into a
coherent sheaf over V7 x Vo x W using the machinery of Selmer complexes. We follow closely the construction
in [Pot13].

8.1. Assumptions. Recall that WW/Q, denotes the rigid analytic space parameterising continuous characters
I' = Gal(Q(up=)/Q) — C. Let Vi and V3 be two affinoid subdomains of (W)g and set X = V3 x Vo x W.
Then X has admissible cover U = (Y,,),>1 given by

Yn:‘/lxvéan

where W, is the open affinoid subdomain of W parameterising all characters n that satisfy |77('y)pn71 -1, <
p~1, where v is a topological generator of I'/Tors. The restriction maps O(Y,+1) — O(Y;,) have dense
image. Hence X is a quasi-Stein space.

Let As := O(X), A, := O(Y,,). Note that for all n > 1, A4, is flat over An.

Let F and G be two Coleman families over V; and V5 passing through p-stabilisations of f and g respec-
tively, and let M denote the representation M (F)*®M (G)*. Fix a Galois stable lattice T inside M, i.e. a
free rank four O(V; x V;)°-submodule that is stable under the action of Gg.

Let M = D'*(I", M) denote the cyclotomic deformation of M, and for any n > 1 we set M,, = M(—ky,),
where (—k,) denotes the twist by the inverse of the universal character of W,,. Then we also obtain a Galois
stable lattice T, := T'(—k,,) inside M,,.

Let ¥ be a finite set of places containing p, co and all primes where M ramifies. Then M is a family of
Gyx-representations over the space X and we place ourselves in situation (4) in [Pot13l §1.5].

By an Oy-module we mean a compatible system of A,-modules. Let RIcon:(Gx, M) denote the image

of the complex of continuous cochains C2 (G, M) in the derived category of Op-modules. Explicitly,

Ce...(Gx, M) is defined by the rule
Y’ﬂ = Cc.ont(GZ’ Mn)
where we note that M,, = I'(Y,,, M).
Lemma 8.1.1. (1) Rl cont(Gs, M) is a perfect complex, in the sense that it is quasi-isomorphic to a
complex D*, concentrated in finitely many degrees, such that T'(Y,, D®) is a finite projective A,-

module.
(2) Letty, : Y, — X denote the inclusion. Then

LL;RFcont(G&M) = chont(GZa My).

Proof. For the first part, this follows from the discussion in [Pot13] §1.2], and the second part is just Theorem
1.6 in op.cit.. O
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Since X is a quasi-Stein space we also have an alternative description of RIcont(Gs, M), namely as the
image of the complex %inn C2 (G, My,) in the derived category of A.-modules. By the above lemma

cont
and Kiehl’s theorem, RI¢on(Gs, M) is quasi-isomorphic to a complex of locally free (of finite rank) Ox-
modules, so in particular its cohomology groups are coherent sheaves on X. Furthermore, since X is quasi-
Stein, a coherent sheaf on X is determined by its global sections, so we will often use these two descriptions
interchangeably. We say an A.,-module is coadmissible if it arises as the global sections of a coherent sheaf
on X.

As in for a collection A = {A,},¢cx of local conditions

Ay 5 Rl eont (G, M) A, € DA -Mod)

where DEJ’Q] (As-Mod) is the derived category of complexes of A,-modules concentrated in degrees [0, 2]
whose cohomology groups are coadmissible, we can construct the Selmer complex Rf(Gg,H; A) which is
an object in the derived category of A,-modules, concentrated in degrees [0, 3], whose cohomology groups
are coadmissible (see [Pot13), §1.5]).
We impose the following assumptions on f and g. Let 2o = (k,k’,0) € X, where k + 2 and k' + 2 are the
weights of f and g respectively, and choose n such that xy € Y,,.
(1) (Flatness of inertia) If py denotes the prime ideal of AS corresponding to the point xg, then we let
A7 o, and T), , denote the localisations of A7 and T, at po. For every place v € ¥ not equal to p,
we let I,, denote the inertia subgroup of the fixed decomposition group at v.
Then we assume that Té}’po is a flat AS-module, for all v € ¥\{p}. Since AS is a commutative
Noetherian local ring, this is equivalent to T,{j’po being free.
In particular, by generic flatness this implies that there exists a Zariski open subset U of Y},
containing z¢ such that (T;,){ is a flat O(U)°-module.
(2) (Minimally ramified) Let mo denote the maximal ideal in A, containing a uniformiser @ of F and
the prime ideal py corresponding to xg. Then A /mg = k, where k is the residue field of O, and
the “mod p representation” of T}, at the point x( is defined to be

T]ﬁp = (Tn ®A$L IFP)SS

where ss stands for semi-simplification and the tensor product is via the map AS — A /mg < F,,.
We assume that we have the following equality

dimy, Ty /mg = dimg (T3 )™
for all v € X\{p}. In other words, f and g are not congruent to forms of a lower level.

Remark 8.1.2. We give examples of pairs of modular forms satisfying the above assumptions in the appendix
(E2).

Lemma 8.1.3. Assume that the conditions (1) and (2) above hold. Then, after possibly shrinking Vi and
Vo, we have

e Foralln>1 and v € X\{p}, Tl is a flat AS-module.

o Letp € W, be a closed point and let x = (k,k',n) (so x € Y, ). If m denotes the maximal ideal of

AS containing w and the prime ideal associated to x, then for all v € X\ {p}
. . = sy o
dimy T2 /m = dimg, (T, ®a0 Fp)»)

where k = AS /m and the tensor product in the right-hand side is via the map A2 — k — F,.

Proof. By shrinking V; and V5 if necessary, we can assume that the set U in (1) above contains V; x Vo x U’
for some open affinoid U’ C W,,. The lemma then follows from the fact that any character of I restricted to
I, is trivial, for v # p. (|

8.2. The Selmer sheaf. We first fix some notation. If D; and Ds are rank two (¢,T')-modules over
BT

rig,Q, ®F equipped with a triangulation

0—-.2"D;,—>D;,—.% D, -0
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where .Z* D, are rank one (p, T')-modules, then we set
FO*D = F9D10.F*D,
for &, & € {+, —, 0}, where D = D;®Ds.

Let Dlig
O(V1)®O(Va). As in section assuming V; and V5 are small enough we have two possible triangulations
for Diig(M), namely

{0} c Z*ttD! (M) c Z*+°D!

rig rig

(M) denote the (p,I')-module over Biig’Qp ®A associated to the representation M, where A =

(M) c Z7+°D!

rig

(M) + .Z°*D!_(M) c D!

rig rig

(M)

and
{0} c F*tDI (M) c Z°tD]_(M) c ZT°D},_ (M) + .Z° D! (M) c Dl (M)

rig rig rig rig rig
differing only by the middle term in the filtration. o
Let x = (k1, k2, 7) be a classical point in X satisfying 0 < ko < k1 and denote the specialisation of M at

x by M. The Hodge Tate weights of M, are

7]7 k2+17]7 k1+17‘7a k1+k2+27]
We want to define a sheaf that interpolates the classical Bloch—Kato Selmer group; the correct local condition
that we will need to take will therefore depend on the range we want to interpolate over. For example

e Suppose that x lies in the geometric range, i.e. one has 0 < 7 < min{k;, k2}. Then one can take the
local condition at p to be the cohomology of #° + .%Z°T. Indeed, this specialises to a Panchishkin
submodule at x (recall that a Panchishkin submodule of a de Rham (¢, I')-module D is a submodule
D™ such that D (resp. D/D™) has positive (resp. non-negative) Hodge—Tate weights).

e Suppose that x lies in the critical range, i.e. one has ks +1 < j < k1. Then one can take the local
condition at p to be the cohomology of .#1°.

In this paper we are interested in interpolating in the critical range, since it is precisely the range where the
p-adic L-function interpolates (critical) values of the global L-function.

We denote by Diig (M) the family of (¢, T')-modules over X satisfying T'(Y,,, Diig(ﬁ)) = Diig(Mn). This
comes equipped with the triangulations .# O*DIig (M) defined previously, i.e. .# O*Dzig (M) is the family of
(¢, T')-modules satisfying

L(Ye, F*D], (3)) = FO*D];, (M)(~r2)
where (—ky,,) denotes the twist by the inverse of the universal character of W,.
We consider the following set of local conditions A = {A,},ex where

e For v # p, A, is the unramified condition, i.e. A, is the complex
Ay = Rl con(Go /Lo, M) = RE cone (G, M)
e For v = p we take A, to be the Panchishkin local condition given by
Ay = Rl coni (Gp, FH°DL_(M)) = RTcont(Gp, DI (M)) = RT cont (G, M)

rig rig
where RT cont (Gp, 9+ODIig (M)) denotes the image of the family of Herr complexes C (ﬁ"’oDLg
in the derived category of Oy-modules, as defined in §5.3]
By Lemma if V; and V4 are small enough (which we will assume from now on) then the above local

conditions lie in Df8’2](AOO—Mod) so we can talk about the corresponding Selmer complex.

(M))

Remark 8.2.1. We have defined the local conditions in terms of Oy-modules, but this is equivalent to
specifying local conditions in terms of coadmissible modules by [Pot13l, Theorem 1.13] and the discussion
preceding it.

Definition 8.2.2. Let RT' #(Gx, M) denote the Selmer complex associated to M and the local conditions
A, with cohomology groups denoted by H} (Q, M).

As explained in the paragraph preceding Proposition the groups H } (Q, M) are coherent sheaves on
X and satisfy ﬁ}(@,ﬂ) =0for:+#0,1,2,3.

Theorem 8.2.3. We can take Vi and Vo small enough such that the following hold:
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(1) For eachn >0, A, is a flat As,-module and the natural map
Rff(GZ,M) ®Aoo An — Rff(GE,Mn)

is an isomorphism, where Rff(Gg,Mn) denotes the Selmer complex associated to M,, = T'(Y,,, M)
with unramified local conditions at v # p and the Panchishkin condition Cg ., (§+°Diig(Mn)) at p.
(2) Let x be an E'-valued point in' Y, and v a prime in ¥ not equal to p. Then the natural map

I, 37 Vo
(M;")x = (M)
s an isomorphism and hence we have an isomorphism

RT(Gx, M,) ©%, « E' = RT(Gs, My)

where Rff (Gs, M) is the Selmer complex associated to My with unramified local conditions away
from p and the Panchishkin condition C;ﬁ(ﬁz""’DT (My)) at p (compare with the definition in

rig
section .

We will prove this theorem in the next section. Combining this with Theorem [7.3.3] we obtain the
following corollary.

Corollary 8.2.4. Let f and g be two modular forms as in section[I.1] and let F and G be Coleman families
over Vi and V, passing through p-stabilisations of f and g respectively. Let M denote the cyclotomic defor-
mation of M(F)*®@M(G)* as above, and let S = ﬁi(@,ﬂ) denote the coherent sheaf obtained as the second
cohomology group of the Selmer complex attached to M.

(1) Suppose that the (NLZ) hypothesis holds for f and g and that the “flatness of inertia” and “minimally
ramified” hypotheses hold for M and xo = (k,k’,0). Then, shrinking Vi and Vy if necessary, for all
x = (ki,ko,j) € X with ki,ko,j integers satisfying 1 < ko +1 < j < ky, the specialisation of S
satisfies

Sx = Hp(Q, [M(F,) @ M(Gr,)I(1 + 5))"
where the right-hand side is the (dual of the) Bloch-Kato Selmer group.

(2) (Theorem [A]) Suppose that the (NLZ) hypothesis holds for f and g, and that the (BI), “flatness of
inertia” and “minimally ramified” hypotheses hold for M and xo = (k,k’,0). Then, shrinking Vi if
necessary, we have the following inclusion

supp Sir C {L, =0}

where “supp” denotes the support of a sheaf, L, is the three-variable p-adic L-function and Sy
denotes the specialisation of S at k' in the second variable.

Remark 8.2.5. If we take V5 to be small enough then the conclusion of part (2) of the above Corollary holds
for all classical specialisations in V5 (provided that the same hypotheses also hold). More precisely, if ko is
a classical weight in V5 then

sSupp Sk2 c {LP = 0},
or to put it another way, the “slices” of S in the second variable are controlled by the p-adic L-function L,
provided that the weight in the second variable is classical.

The reason for this is as follows. By [Bell2l Lemma 2.7], if V5 is small enough then any classical spe-
cialisation of G is the p-stabilisation of a new eigenform h of level I'1 (N3), and both p-stabilisations of h are
noble. This allows us to prove the analogue of Theorem for the pair f, h of modular forms (instead of
f and g). Here we are crucially using the fact that & # k'

Proof. Let x € X be an E’-valued point. By Theorem we have the following isomorphism

~

RI;(Gy, M) ®% _, E' = RT;(Gx, M)
which gives the following Tor-spectral sequence
B : Tor’s (ﬁ}(@,ﬁ),E’) = H(Q, ).
If x does not lie in the support of ﬁ?(@,ﬁ) then, since fl} (Q, M) =0 for i > 4, we see that
H} QM) ®a... B' = H}(Q Mx).
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If x = (k1, ko, j) where ki, ko, j are integers satisfying 1 < ks + 1 < j < ky, then by the discussion in section
[7-4] we see that the right hand side of the above isomorphism is isomorphic to the dual of the Bloch-Kato
Selmer group for the representation Mi(l) This proves part 1 assuming that x does not lie in the support
of H}(Q,M).

Now let x = (k1,k',n) € X with ky and n not necessarily classical. Assume that L,(x) # 0. Then we can
apply Theorem which says that ﬁ?(@,ﬂx) =0.

Let m denote the kernel of the map A, — E’ and let Ay denote the localisation of Ao, at m. Since
S= ﬁfc (Q, M) is a coadmissible module

S ®Aoo Aoo,m

is a finitely generated Ao m-module; so by Nakayama’s lemma we must have S ® 4., Aoom = 0. But this
precisely means that x is not in the support of S (because the set of points where the stalk of a coherent
sheaf is non-zero is automatically closed). This proves part 2 for the points that don’t lie in the support of
f7(Q, ).

But since M (F) and M (G) are irreducible, we have PNI]?;(Q,M) = 0. Indeed by duality

H}(Q, M,)" = HY(Q, M;;(1)) € H(Q, M;;(1)

and H*(Q, M} (1)) = Homg, (M(F)*, M(G)(ky, + 1)). If this group is non-zero then because M(F)* and
M(G)(kn + 1) are irreducible, they must be isomorphic as representations. But (taking Vi and V5 to be

small enough) the generalised Hodge—Tate weights of these representations can never be the same (because
k#£K). |

8.3. Proof of Theorem We start by proving the following lemma.

Lemma 8.3.1. Suppose that Vi and Va are small enough so that Tl is a flat AS-module, and suppose that
the “minimally ramified” hypothesis is satisfied. Then for any maximal ideal m in A, the natural map

(M) /m — (M, /m)"
is an tsomorphism.

Proof. As explained previously (see Lemma following the “minimally ramified” assumption), the result
is invariant under twisting in the third variable, so we may assume that we’re working over the space

V =V x V1 x {0}.

Shrinking V7 and V5 if necessary, we may assume that V' is an irreducible affinoid space over E. Let R denote
its global sections - this is an integral domain. Let I = I, be an inertia group and set M = M (F)* @M (G)*,
thought of as a representation over R. It is enough to prove that the natural map

(M) /m — (M /m)’

is an isomorphism, for all maximal ideals m of R.

Let | - |g denote the norm on E (normalised so that |p|g = 1/p) and for any finite field extension E’ of
E, let | - |g denote the unique norm on E’ extending | - |g. Since R is a reduced affinoid algebra it comes
with a Banach norm given by

|If]] := supg, | f mod mly(m)
where k(m) denotes the residue field of m.

Let R° denote the unit ball inside R and from now on E’ will denote the residue field of a maximal ideal m
inside R. If R — E' is the continuous surjective homomorphism corresponding to m then, by the description
of || - || above, we see that R° is mapped into the unit ball Og inside E’. Let p = m N R°. We also let my
denote the maximal ideal corresponding to the point (k,k’,0), and let py = mg N R°.

Since O embeds isometrically into R° we have

O < Ro/p — Opgr.

Now R°/p is an integral domain with fraction field E’, so R°/p is an Og-algebra that is finite free of rank
[E' : E] as an Og-module (R°/p is torsion-free and Op is a principal ideal domain). Let @’ be a uniformiser
of E’ and set J = (w’) N R°/p. This corresponds to a maximal ideal of R® which we will denote by n.
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Let k and k' denote the residue fields of O and O respectively. Then we have
k< R°/n—Fk

Take T' C M to be a Galois stable R°-lattice (which exists by compactness). The representation T/pT ® O
is a Galois stable lattice inside M/mM and the “mod p representation” attached to M/mM is

((T/pT @ Op) ® O /w') @ F,)™ = (T/nT @ o jn Fp)

where ss stands for semi-simplification. Since the “mod p representation” for a Coleman family is constant,
we have

Ss

ss

(T/0T ®@po o Fp)™ 2 (T/10T ®go yuy Fp)
Here we are using the property that if v and v/ are two representations then (v ® V)% = (v @ (V/)%)%.
Now consider the short exact sequence

0—nT —T—T/nT —0

Taking inertia invariants and using the fact that (nT)! = nT’, we see that

(8.3.2) T! /aT! — (T/nT)".
Similarly we have two more injective maps

(8.3.3) T! jpT! < (T/pT)’
(8.3.4) (T/pT)" JJ — (T/nT)".

The map in factors as modulo J followed by , i.e. it factors as
T! nT! — (T/pT)" |J < (T/nT)"
and the first map is injective. We then have
T' /0T! @go o By — (T/0T) @ F), < (T/nT @ F,)"
and we obtain the following sequence of inequalities:
dimpe /o 77 /07! < dimpge o (T/0T)"
dimg (T/nT @ F,)’
dimg, ((T/nT @ F,)*)"
(8.3.5) = dimg, (T/neT @ F,)*)" .

All of these inequalities become equalities when n = ng by the “minimially ramified” assumption.
Now we use the fact that 77 is a flat R°-module. In particular, the localisation (77), is free and so

dimpe / T7 /0 = dimpge /o (T1)n/n = dime T! @ go K

IN

IN

where IC denotes the fraction field of R° (recall that R° is an integral domain). Hence the quantity
dimpe /y T!/n is constant and so all inequalities in 1) become equalities, for general n. This implies
that the map

T! /oT! — (T/pT)" JJ

is an isomorphism.
Consider the exact sequence
0 — T /pT! — (T/pT) — W — 0

where W is a finitely generated R°/p-module. Then we have W/JW = 0, which implies that W[L1] = 0.
Indeed, W is a finitely generated Og-module and w € J. Since inverting w commutes with taking inertia
invariants, we localise the above sequence and we see that the natural map

M /mM? — (M/mM)’
is an isomorphism, as required. O

We are now in a position to prove Theorem [8:2.3]
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Proof of Theorem[8.2.3 1t is clear from the definition of A,, as the global sections of Y, that A, is a flat
As-module. So for the first part we need to check that taking cohomology and constructing the local
conditions both commute with — ®4_ Aj.

By part 2 in Lemma [81.1] and finiteness, we have

Rl—‘cont (G;M) (®AOC An = RFcont (G; Mn)

for G = Gy or G = G,. Similarly M s a family of representations over X of the group G, /I, and, after

—I, . o
shrinking V7 and V5, we can assume that M " is a flat family, in the sense that
T(Y,, M) = M

is a flat A,-module, for all n. The pair (G,/I,, M!*) satisfies “hypothesis A” in [Pot13], so in fact (by the
same proof) the conclusion in part 2 of Lemma holds for G, /I, and M in place of G, and M, i.e.

LL;RFcont(Gv/Ivv MIW) = RFcont(Gv/Iva Méu )
Again by finiteness this implies that
R cont (Go /Lo, M) @4 Ap 2 Rleone (G /Ip, M)

To complete the proof of part 1, we just need to check that the local condition at p commutes with
base change to A,. By [Pot13l Theorem 2.5], the Herr complex C;,7(§+ODIig(M)> is quasi-isomorphic to a
complex C* of coadmissible A,-modules. Since A,, is a flat A,.,-module we have

{ ~ oo L ~ e
C*®a Ap = C*®, Ap 2C (F DL, (M,)).
By finiteness of cohomology, this implies that the natural map
Rl cont (Qp, Z DY, (M)) ®4., An = Rl coni(Qp, D], (M,))
is an isomorphism.

Let x be an E’-valued point in Y,,. We now restrict ourselves to the setting where we have a representation
M, over A, which comes from a A?-lattice T, C M,,. Shrinking Vi and V5 if necessary, we can assume
that Tl» is a flat A2-module for all v € ¥ not equal to p. Furthermore, by Lemma specialisation
at x commutes with taking inertia invariants. The result then follows from [Pot13 §3.4] (see in particular
equation (3.3)). O

APPENDIX A. JUSTIFICATION OF HYPOTHESES

In this appendix we give justifications for the hypotheses made throughout the paper.

A.1l. The “Big Image” hypothesis. Let f and g be normalised new cuspidal eigenforms of levels I'1 (N7)
and I'1 (Ny), weights k 4 2,k + 2 and characters 5 and ¢, respectively. Let Ly and L, be the coefficient
fields of f and g. Assume that f and g are not of CM type and that f is not a Galois twist of g, i.e. there
doesn’t exist an embedding v : Ly — C and a Dirichlet character x such that f7 = g ® x.

Let V be a p-adic representation of Gg with coefficients in a finite extension F of QQ,. Recall the “Big
Image” hypothesis from section [7.3

(BI) There exists an element o € Gal(Q/Q(up~)) such that V/(o — 1)V is one-dimensional (over E).

Let p be a prime in the compositum L = L;L, and consider the representation V' = My (f)*® M, (g)*.
Then it is shown in [Loel7] that for all but finitely many primes p, the “Big Image” hypothesis holds for
the representation V. Let p be such a prime (lying above a prime p > 7 say) and suppose that we have a
Coleman family F defined over V; passing through a p-stabilisation of f. Then it is not immediately obvious
whether we can shrink V; such that the “Big Image” hypothesis holds for the representation

M(Fy,)* © M(g)*

for all specialisations k; € Vi, even if we were to restrict k1 to just classical weights. In this section we
show that this is indeed possible by using the fact that the mod p reduction of the above representation is
constant, for V; small enough.
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Lemma A.1.1. Let G be a profinite group, let p: G — GL,,(Og) be a continuous representation, and let
p: G — GL,(kg) be the corresponding residual representation. Suppose there exists go € G so that p(go) has
eigenvalue 1 with multiplicity one. Then there exists g € G such that p(g) has eigenvalue 1 with multiplicity
one.

Proof. Take g = limnﬁoo(go)pn!. Indeed, to show this sequence converges in G it is enough to show that
its image in any finite quotient of G is eventually constant, and this is a routine check. Furthermore, the
eigenvalues of p(g) are the Teichmiiller lifts of the eigenvalues of p(gp), so 1 is an eigenvalue for p(g) with
multiplicity one. O

In particular, the above lemma can be applied to the tensor product of a pair of Galois representations
whose residual representations are “good” in the following sense.

Definition A.1.2. For i = 1,2 let 0; : Gg — GLa(F,) be (continuous) Galois representations. We say the
pair (o1,02) is good if
e \; := detoog; : GQ(%OC) — I_F; is a Dirichlet character of conductor NNV;, and p doesn’t divide the
order of the group (Z/NZ)*, where N is the lowest common multiple of Ny and Ns.
e There exists an element u € (Z/NZ)* such that the group

{(01(9),02(9)) € GLz(Fp) X GL2(Fp) 19 € Goeuyee)}
contains the subgroup generated by SLo(F,) x SLo(FF,) and the element

(o o )-(o )

If we want to specify the element u we also call (01,092, u) good.

Lemma A.1.3. Assume p > 7 and let E be a finite extension of Q,. Let p1, p2: Gg — GL2(OFg) be two
p-adic representations, and let p1, pe denote the corresponding residual representations. If there exists an
element w € (Z/NZ)* such that (p1, p2,u) is good and x1(u)x2(u) # 1, then p1 ®g p2 satisfies condition
(BI).

Proof. Since p > 7, there exists 2 € F* such that 27 2x1 (u) and 22 (u) are different from 1. Since (p1, p2, u)
is a good triple, there exists an element gy € Gy, ) such that

p1(90) = (“5 xlgl(u)> p2(g0) = <x01 xxg(u)>'

The eigenvalues of p1(go) ®p2(go) are {1, 27 2x1(u), 2%x2(u), x1(u)x2(u)}, so the eigenvalue 1 has multiplicity
one and we may apply Lemma [A.T1] O

A.1.1. Ezamples of good triples (01,02, u). Returning to the situation at the start of section let p be a
prime of the compositum L = L¢L, lying above a prime p > 7. We have Galois representations

Prpt Go = GL(M¢, (f)7)
Pgp: Go = GL(My, (9)")

_ 1 14K

Lk and det °Pgp =€y Xeyal - Let o1 and o2 denote the reductions modulo p

which satisfy det op} , = 6171 Xeyel
of p}, and py ., respectively.
Then it is shown in [Loel7] that, for a very large amount of primes p, (o1,02) is a good pairﬂ In
particular, for all but finitely many p which split completely in L/Q the triple (o1, 02,u) is a good triple for
any u € (Z/NZ)*, where N = 41cm(Ny, Na).
Now suppose that F and G are two Coleman families over open affinoids Vj,V, passing through p-
stabilisations of f and g respectively. Let

M = My, (F)"®My, (G)"

IThe Galois representations considered in [Loel7| are actually ps , and pg,p but the results easily carry over to our situation.
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be the tensor product of the Galois representations attached to F and G and take V; and V5 to be small
enough such that M is constant modulo p. Note that the representations

pir: Gg — GL(My, (F)°)
py: G — CL(My,(9)")

satisfy det op’-(g) = £7'(g) and det op5(g) = egl(g), for all g € Go(u,~)- In particular, we can shrink V;
and V3 so that ez, = ey and eg,, = ¢, for all specialisations x = (k1,k2) € Vi X Va.

Then, assuming & (u)eq(u) # 1 modulo p, by Lemma[A.1.3we have that the (BI) condition holds for the
representation My for any specialisation at x € V; x V5.

A.2. The “flatness of inertia” and “minimally ramified” hypotheses. An example of a pair of
modular forms f and g that satisfy the “flatness of inertia” and “minimally ramified” hypotheses are as
follows. Let ¢ and {5 be two distinct primes > 7 both different from p, and let f and g be two normalised
cuspidal new eigenforms of levels I'1 (¢1) and T’y (¢2), weights k + 2 and k' + 2, and characters e; = &1 and
€4 = €3 respectively. Suppose that €1 and €5 are both non-trivial modulo p. Let E be a p-adic field containing
an(f), an(g) and the images of £; and 3, and suppose that ae, (f) and ag,(g) are both non-zero.

Let p; and py denote the restriction of Mg(f) and Mg(g) to the inertia group at ¢ and 5 respectively. By
[CW12] §5], the local components at ¢; of the automorphic representations associated to f and g are prinicipal
series representations; therefore by the local Langlands correspondence (and local-global compatibility) we
have

pi=lde !
where 1 is the trivial character.

Let F and G be Coleman families over V; and V5, passing through p-stabilisations of f and g respectively.
Let M denote the representation My, (F)*®@My,(G)* and let M; denote the restriction of M to the inertia
group Iy, .

Since inertial types are locally constant, we can shrink Vi and V5 so that for every classical weight
k = (k1, ke) € V1 x V4 the specialisation of M satisfies

Mx=2101®e; Dey

for ¢ = 1,2. It is not hard to see that the action of I, on M factors through a finite quotient isomorphic to
(Z/0; 7)™ (it is true on a Zariski dense subset) and that M; must decompose as

M;Z1®1De; e

Indeed the action factors though a finite group and we can define idempotents corresponding to each di-
rect summand. Taking ¥ = {{1,¢3,p,00} we see that the “flatness of inertia” and “minimally ramified”
hypotheses hold for f and g (provided that Vi and V5 are small enough).

A similar argument can be applied if either (or both) of ¢; are trivial, except now the local component
can be an unramified twist of the Steinberg representation and the action of inertia factors through a (not
necessarily finite) abelian quotient. However we are primarily interested in the case €1 - e9 # 1 anyway,
otherwise the “Big Image” hypothesis would not hold for the representation Mg(f)* ® Mg(g)*.
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