ENTRY GROWTH IN GAUSSIAN ELIMINATION

RIKHAV SHAH AND JOHN URSCHEL

ABSTRACT. Gaussian elimination is one of the oldest algorithms in mathematics, and the most popular
method for solving an unstructured linear system. Its stability in finite precision is controlled by its growth
factor, which measures how large the entries produced during elimination can become. Understanding the
worst-case behavior of this quantity has been a central problem in numerical analysis since the 1940s.

Here we make a significant leap in that understanding, settling several open problems. In particular,
we determine the asymptotic behavior of the maximum growth factor under complete and rook pivoting,
proving that both are quasi-polynomial in dimension. We also show that the exponential growth under partial
pivoting persists for sparse matrices and that randomized partial pivoting suffers the same instability. In
contrast, we show that every non-singular matrix has a row permutation with polynomial growth, though
finding the optimal row permutation is NP-complete.

1. INTRODUCTION

Solving a linear system Ax = b is one of the oldest problems in mathematics, and the technique now
known as Gaussian elimination is one of the oldest and most popular approaches. In Gaussian elimination,
an n x n matrix A is factored into the product of a lower and upper triangular matrix L and U by a sequence

of rank-one transformations, resulting in the sequence of matrices A®) = A and A®) = (agf))?;:kl for k
equals 1 to n — 1, satisfying '
k n—k
AR =z, VW X, where A= |Wr Xkl ko 1.1
k Rk k Yk Zk n—k ( )
The sequence A© ... A" is shift-invariant, i.e., A0 is the ¢*" step of Gaussian elimination applied

to A®) | and defining A®+1) as a function of A%*) recovers the Gaussian elimination algorithm itself. The
resulting LU factorization of A is encoded by the first row and column of each of the iterates. In particular,
a(‘j_‘l)l 1 (i—1)
—j+1, . . i— . .
Li; = % for i>j and Uij = alfj_i+1 for i <j.
a1y
The LU factorization of a matrix, conditional on normalizing L to be unit lower triangular, is unique if
it exists. Unfortunately, a matrix does not have an LU factorization if one of its leading submatrices Wy,
is singular, in which case a permutation of the rows (and/or columns) may be necessary. What’s more,
performing these computations in finite precision can produce cascading round-off errors. This error is
controlled by a quantity known as the growth factor
1ol

growth(A) = max { (12| — ”A”max},

max

where |||/, s the entry-wise infinity norm. In order for the Gaussian elimination procedure to compute
the LU factorization of a matrix in a numerically stable way, the growth factor of that matrix must not
be too large. Roughly speaking, the number of bits of precision required for stable computation scales as
log(growth(A)), see [GVL13, Theorem 3.3.1] and [Hig02, Theorem 9.3 & Lemma 9.6] for details.
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For this reason, in practice the matrix A is replaced by the matrix PAQ, where P and () are permutation
matrices that can be chosen quickly, with the idea that growth(PAQ) may be significantly smaller than
growth(A). The application of P and @ can then be undone by downstream tasks after Gaussian elimination
is completed. The rule governing which permutation matrices P and @ are chosen for a given matrix A is
referred to as a pivoting strategy, and the top left entry of each step of Gaussian elimination is referred to as
the pivot. In this work, we prove several results related to the growth factor of Gaussian elimination under
various pivoting strategies.

1.1. Pivoting Strategies. Before presenting our contributions, we first formally define the pivoting strate-
gies under consideration. Complete pivoting, which takes the largest magnitude entry of the matrix as the
pivot, is the most traditional pivoting strategy. Its analysis dates back to the seminal 1947 Numerical In-
verting of Matrices of High Order by Goldstine and von Neumann [vING47], often referred to as the “first
modern paper on numerical analysis” [Gol93], and the stability of Gaussian elimination under complete
pivoting has been a major open problem ever since. In 1961, Wilkinson produced a quasi-polynomial upper

1
bound for the growth factor under complete pivoting of 2,/nn4 108(") and remarked that “no matrix has been

encountered for which [the growth factor for complete pivoting] was as large as 8 [Wil61].” Bisain, Edelman,
and Urschel recently improved this upper bound to approximately n?-2971°¢™ [BEU25]. In the same decade
that Wilkinson commented on the small growth factors encountered in practice, a folklore conjecture that
the growth factor under complete pivoting was at most n arose. It “became one of the most famous open
problems in numerical analysis” [Hig02, pg. 181]. This conjecture later was shown to be false in dimension
13 in floating point arithmetic by Gould [Gou91] (extended to exact arithmetic by Edelman [Ede92]), and
Edelman and Urschel recently showed it to be false for all n > 11 by a multiplicative constant [EU24].
Afterward, Fedorovskii produced examples of matrices with growth on the order of n'°%7/ 2() ynder complete
pivoting [Fed25]. However, the gap between lower and upper bounds for the growth factor under complete
pivoting in the literature remained large. We refer the reader to [Hig02, EU24, Urs25] for more details.

In contrast, partial pivoting, which takes the largest magnitude entry in the first column as the pivot,
is completely understood in the worst case. In his 1965 text The Algebraic Figenvalue Problem [Wil65],
Wilkinson proved the upper bound of 2"~! and produced an example matrix, commonly referred to as the
Wilkinson matrix, that achieves it. Later, Higham and Higham characterized the full class of matrices with
growth 27~1 [HH89]. An exponentially large growth factor is a prohibitive barrier to accurate computation in
floating point arithmetic. For example, Gaussian elimination with partial pivoting is completely inaccurate
when solving a 100 x 100 linear system involving the Wilkinson matrix in double precision [Urs25]. Despite
this, due to the low cost and memory access requirements of partial pivoting, Gaussian elimination with
partial pivoting is the premier computational technique for solving a linear system and is the algorithm
utilized by the built-in linear system solver in nearly every programming language. Much of the analysis and
debate regarding partial pivoting regards whether large growth can occur in practice, and to what extent
large growth is unstable (i.e., a small random perturbation leads to small growth). We refer the reader to
[TS90, TB22, Urs25] for more details.

Due to the horrible worst case behavior of partial pivoting, a number of alternate pivoting strategies have
been suggested. One of the most notable is rook pivoting, which takes the largest magnitude entry in its row
and column as the pivot. Rook pivoting serves as a compromise between partial and complete pivoting: the
strategy appears to be relatively fast in practice [Fos97, PN00], like partial pivoting, but as Foster proved in
[Fos97], it is known to have at most a quasi-polynomial growth factor %n?’ log(n)/4  like complete pivoting.
However, the largest known growth factor for rook pivoting is only of order n'%%9 proven by Edelman
and Urschel [EU24]. As with complete pivoting, the gap between lower and upper bounds in the literature
remained quite large. Another alternative which has received recent attention is the use of a randomized
version of partial pivoting, which chooses the pivot from the first column probabilistically, with weights
depending on the relative magnitudes of the entries.

For the purposes of worst-case analysis, when we consider pivoting strategies such as partial, rook, or
complete pivoting, we need not concern ourselves with the choice of permutation matrices during the algo-
rithm, only with the final row and column permuted matrix. For this reason, it suffices to restrict ourselves
to the set of matrices which require no pivoting under a given pivoting strategy, and analyze the growth
factor without pivoting over those sets. To that end, we define the following three classes:
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(1) CP,(R): A € GL,,(R) is completely-pivoted if for all k,
‘alﬁ)‘ > max max
i,jE[n—kK]

a;;

(k) ‘

(2) RP,(R): A € GL,(R) is rook-pivoted if for all k,

i {laf
a > max max- |a
’ 1 jE[n—K] L

s

(3) PP,(R): A € GL,(R) is partially-pivoted if for all k,

(k)
j1

‘an)‘ > max max’a )

jE[n—kK]

where [n] := {1,...,n}. In addition, in this work we analyze two randomized pivoting strategies, which
correspond to distributions on permutation matrices. Each permutation matrix P can be identified with
the permutation sequence (m1,...,m,), where e;Peﬂj = 1. Let A[S,T] denote the submatrix of a matrix
A indexed by row indices S and column indices 7. The two randomized pivoting strategies we consider are
volume pivoting, characterized by certain marginals

P ~ VOL(A) : Pr({m,...,mx} = S) o< (det A[S, [k]])?, (1.2)
and randomized partial pivoting, which is fully defined
det A[S + {3}, [k + 1]] |

det A[S, [k]]

It is not obvious from the definition of VOL that a distribution with those prescribed marginals exist; indeed
part of our contribution is showing that this is the case (Lemma 3.2).

P ~ RANDPP,(A) : Pr(mgsr =i {m,...,m} = 9) x

(1.3)

1.2. Our Contributions. Here we make major progress on a number of questions regarding the growth
factor under various deterministic and randomized pivoting strategies.

First, we prove that the growth factor under partial pivoting can remain exponentially large even for
sparse matrices. The worst-case bound of 277! is achievable by matrices with as few as 4n — 4 non-zero
entries, and this is tight. Matrices that are locally sparse, i.e., with at most k& non-zeros per row and column,
can also have exponentially large growth under partial pivoting. For example, there exist matrices with at
most three non-zeros per row and column with growth at least ™!, where ¢ is the golden ratio. In contrast,
any partially pivoted matrix with at most two non-zeros per row and column has growth factor at most two.

Theorem 1.1 (Theorem 2.2 & Theorem 2.3 / Sparse exponential growth of partial pivoting). For every
n > 2, there is a matriv A € PP,(R) with nnz(A) = 4n — 4 and growth(A) = 2"~'  and this is the
minimum value of nnz(A) possible for any matriz in PP, (R) with growth 2"~1. In addition, for every
k> 1 andn >k, there is a matric A € PP, (R) with at most k+ 1 non-zero entries per row and column and
growth(A) = r’ =1 > (2—21"F)"=1 where ry, is the unique solution to x* = x* =1+ . . +2+1in (2—2'7F2).
Any matriz A € PP, (R) with at most two non-zero entries per row and column has growth(A) < 2.

Despite this, we prove the existence of a randomized row pivoting strategy with polynomially bounded
growth factor in expectation. In particular, we produce polynomial estimates for the Frobenius norms of
L and U, which translate immediately to polynomial estimates for growth. We compare these estimates to
Frobenius norm lower bounds produced by Sylvester Hadamard matrices for any row permutation and lower
bounds produced by arbitrary Hadamard matrices for any row and column permutation.

Theorem 1.2 (Theorem 3.1 / Existence of a low growth row permutation). For every n and matriz A €
GL,(R), VOL(A) is a well-defined probability distribution on permutations. If P ~ VOL(A) then PA has
an LU factorization with probability one, E||L[|% < (3 4+ o(1))n®, E||U|% < (5 + o(1))n®||All3,,, and
E growth(PA) < (% +0(1))n?.

Theorem 1.3 (Theorem 3.4 & Theorem 3.5 / Lower bounds over all pivoting strategies). Let n = 2,
H € GL,(R) be the Sylvester Hadamard matriz, and P be any permutation matriz such that PH has an LU
factorization. Then |L||% = n!°®23 and ||U||% = n'°%26. Purthermore, for any Hadamard matriz A of any
dimension n > 1 and any permutation matrices P and Q such that PAQ has an LU factorization, we have
ILI3 > Lnlogn and U5 > 5n2.



While the existence of a row permutation with polynomial growth is an encouraging result, we also note
that, in general, finding the row permutation that minimizes the growth factor is NP-complete. Furthermore,
we show that randomized partial pivoting, the best candidate for a fast row pivoting strategy with polynomial
growth factor, can have a growth factor that is nearly exponential.

Theorem 1.4 (Theorem 4.2 / Hardness of minimizing growth). Let £ be the language consisting of tuples
(A, g) € GLy(Z) X 374 for which there exists a permutation P such that growth(PA) < g. L is NP-complete.

Theorem 1.5 (Theorem 5.2 / Large growth of randomized partial pivoting). For every n and p € (0,00),
there is a matriz A € GL,(R) such that if P ~ RandPP,(A), then growth(PA) > % (/1987) with high
probability.

Finally, we turn our attention to pivoting strategies that allow both row and column permutations.
It was long thought that rook and complete pivoting were both likely to have polynomial growth factor.
Known upper bounds for both are currently quasi-polynomial, while the known lower bounds for both are
sub-quadratic. Here we prove the existence of matrices for which rook and complete pivoting have quasi-
polynomial growth.

Theorem 1.6 (Theorem 6.2 / Quasi-polynomial growth of rook pivoting). For every n, there is a matric
A € RP,,(R) with growth(A) > n(i—oL)lg(n),

Theorem 1.7 (Theorem 7.11 / Quasi-polynomial growth of complete pivoting). For every n, there is a
matriz A € CP,,(R) with growth(A) > nfes2(n))

This characterization of the asymptotic behavior of the growth factor under complete pivoting answers
one of the oldest and most fundamental open questions in numerical analysis.
2. SPARSE MATRIX GROWTH UNDER PARTIAL PIVOTING

The growth factor under partial pivoting is known to be at most 2" ~!, as the entries of successive iterates
can only double in size at each of the n — 1 steps of Gaussian elimination. In his 1965 text The Algebraic
FEigenvalue Problem [Wil65], Wilkinson showed that this upper bound is achieved by

1 0 - 01
1

A= 10 1|
1 - -1 11
1 - -1 -1 1

now commonly referred to as the Wilkinson matrix. Later, Higham and Higham characterized the subset of
PP, (R) that achieves the 2"~1 growth factor in the following theorem

Theorem 2.1 ([HH89, Theorem 2.2]). Every A € PP, (R) with growth(A) = 2"~1 is of the form

A=DM [Tv Gd} , where T = E;] ,
D € GL,(R) is a £1 diagonal matriz, M € GL,(R) is unit lower triangular with M;; = —1 for i > j,

T € GL,_1(R) is an upper triangular matriz, d = (1,2,4,...,2" 1T € R", and 0 is a scalar such that
0 =[Awn| = [|A]

max’

The exponential growth factor exhibited by both the Wilkinson matrix and the class of matrices described
in the above theorem leads to catastrophic errors in floating point arithmetic [EUZ24, Urs25]. Within the
numerical analysis community, there has been an ongoing discussion as to whether such matrices ever arise
in practice. Examples of exponential growth coming from application were produced by Wright for two-
point boundary value problems [Wri93] and by Foster for quadrature for Volterra integral equations [Fos94].
One notable aspect of Wright’s example is that, unlike the Wilkinson matrix, the matrices in question were
sparse, with at most three non-zero entries per row and growth factor approaching on/2,
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Here, we make progress in two directions. First, we exactly characterize how sparse a matrix can be and
still attain growth 2" ~!. Second, we prove lower bounds for how large the growth factor of a matrix with at
most k non-zeros per row and column can be.

Theorem 2.2. Let n > 2 and A € PP, (R) with growth(A) = 2"~1. Then nnz(A) > 4n — 4, with equality
achieved by the matrix

-+ 3 !
i -1

A= : % 1
: -1 1
i 1

Proof. First, we note that the theorem statement is immediate when n = 2. Now, let n > 3 and consider the
desired lower bound nnz(A) > 4n — 4 using the formulation of A € PP,,(R) with growth(A4) = 2"~! provided
by Theorem 2.1. In Theorem 2.1, the matrix D simply re-signs rows, and leaves the sparsity structure
unchanged. Therefore, we may instead analyze B := M {f Qd]

The first column of B equals T11Me; for non-zero 177, and the last column equals 1. This already

accounts for 2n non-zero entries in B. It suffices to show that the remaining n — 2 columns all have at least
two non-zero entries in them.

Consider column j for 1 < j < n. Because T is upper triangular,
Tjr1; =€ M~ Be; =0,

where e/, M~! = (2/71,2772,...,2,1,1,0,...,0) is non-zero in its first j + 1 entries. Therefore, either
nnz(Be;) > 2 or the first j + 1 entries of Be; are zero. But, by the non-singularity of the leading j x j
submatrix of M, the first j entries of fej are also zero. In particular, T;; = 0, a contradiction.

Finally, we verify that the example matrix A with nnz(A) = 4n — 4 in the theorem statement is partially
pivoted and has growth factor 27!, Indeed, the iterates of this matrix are given by

4 3 2"
i : 1 gne
AR = too1 g | for ke -3, fﬁ”2>_.< ; 2n2>, A= = (n-1)
-1 2*
: 2+

Theorem 2.3. Let k > 1, n > k, v be the unique solution to zF = 2P 1+ . 4+ +1 in the interval
(2-217F2), 5, = Efill_] r." for j=1,...,k, and A € Mat,(R) be given by

1 i=jj<n
~1 1<i—j<k

A--:
” si Jj=mn1<k

0 otherwise
Then A € PP, (R), has at most k+ 1 non-zero entries in each row and column, and
growth(A) =" > (2 - 21_k)n_1.
In addition, any A € PP, (R) with at most two non-zero entries in each row and column has growth(A) < 2.
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Example 2.4. When n = 6 and k = 2 and k = 3, respectively, the matrices associated with Theorem 2.3
are given by

1 1 1 1
1 1 1/¢ 1 1 1/1h + 1/1p2
1 -1 1 1 -1 1 1/%
1 -1 1 and 1 -1 -1 1 ’
1 -1 1 1 -1 -1 1
-1 -1 1 -1 -1

1+2‘[ is the golden ratio and ¢ = ( + \/19 +3v33 + \/19 S\ﬁ)

Proof of Theorem 2.3. First, we verify that the given matrix A, parameterized by k, has the desired prop-
erties. By inspection, A has at most k£ + 1 non-zero entries in each row and column, and, because A is lower
triangular save for the last column, with entries below the diagonal bounded by the diagonal entries, A is
partially pivoted. To observe the growth factor, it suffices to give the LU factorization explicitly. Let L be
unit lower triangular with —1 on the first k& subdiagonals and zeros elsewhere and U be upper triangular
with U;; = 1 for i < n, U;, = 7‘};_1 for all ¢ and zeros elsewhere. Then, because U is the identity matrix in
its first n — 1 columns, and the first n — 1 columns of L agree with the first n — 1 columns of A, it suffices
to analyze the last column of A. We have

where ¢ =

min{k,i—1}
1—
(LU )i =it — Z rlk g
j=1
For ¢« < k, using the identity 1 = r,;l +...+ r,;k,
-1 k o k1l
(LU )in Zr; = ]—rlk ! 1—27’,;3 :7,;;127,’;3: = si,
j=1 j=i =1
and, for i > k,
k
(W= = = Gt o) 0

n—1

In addition, by definition, 1 = s1 > s9 > ... > s = 7",;1 > 0, so growth(A) = r;’”". That the root ry is
unique and indeed in the interval (2 — 2'7%,2) follows by Rouche’s theorem on (2% — %=1 — ... —1). 234
(see, e.g., [Sha22, Lemma 3.4]).

Now consider a matrix A € PP, (R) with at most two non-zero entries per row and column. We induct
on the following claim: A%*) has at most two non-zero entries per row and column, every row and column of
A®) with two non-zero entries has infinity norm at most ||A| ..., and every row and column of A%*) with one
non-zero entry has infinity norm at most 2 || A|| The matrix A certainly satisfies this claim. Now suppose
A®) also satisfies this claim for some k < n—1. If the pivot is the only non-zero entry in either the first row or
column, A®*1 is simply A®*) with the first row and column removed, and therefore also satisfies the claim. If

max”

(k) # 0 and agj = 0 for some 7 and j, then, in this case, A(k“) is simply A®*) with the first row and column

removed and only the entry agj updated. The update — 21 alj)/a(k) is at most [|Alf ., 1
by the claim, |a1 )| < JJ4] and, by A € PP, |a(k)/agk)| <1.If a(k) =0, then |a(k+1) <114
and still there are at most two non-zero entries in its row and column, as the column containing a§1) and the
row containing ag ) have been removed. If a(k) # 0, then |a§kJ1r1J) | < |a(k)| + |a(f)a1J)/a(k)| < 2]|4]

(k+1
However, because a 75 0, there are no other non-zero entries in the row or column of % 1 J) 1- Therefore,

in magnitude, as,

max’ max’

max”*

AK+D also satisfies the desired claim, thus proving the claim for all k.
From here, it follows immediately that growth(A) < 2, as A € PP, (R) implies that ||L|lmax = 1 and our
proven claim implies that |Ul|max < 2||Allmax-
(I



3. EXISTENCE OF Low GROWTH Row EXCHANGES

Partial pivoting exchanges rows so that the resulting lower triangular matrix L has max norm one.
Unfortunately, this can result in the entries of U becoming as large as 2"~'. This tradeoff is lessened by
using complete pivoting, for which ||L|lmax = 1 and the entries of U grow at worst quasi-polynomially.
However, this requires row and column exchanges, and still doesn’t produce a polynomial growth factor.
Here, we consider a fundamental existence question: does there always a exist a row permutation that
produces polynomial growth? By analyzing the randomized pivoting algorithm P ~ VOL(A), we answer this
question affirmatively.

This question shares many characteristics with the concept of rank revealing factorizations and maximum
volume pivoting in numerical linear algebra (see [GE96, Pan00, SG20, DGTY24]). A k x k matrix locally
maximizes volume if its squared determinant cannot be increased by swapping out a row or column. This is
naturally related to Gaussian elimination, as the entries of L and U are ratios of determinants:

L det Al — 1]+ (i}, [j] _ det A[[i, i— 1] U {3}]
Y det A[[], []] T det Ali — 1, [i - 1]]

Unfortunately, there is a natural obstruction to applying these results directly. For any fixed k, one can
find a large volume set of k rows in the first £ columns of A, and these choices do not need to be nested
as k varies. However, a row pivoting strategy for Gaussian elimination requires a single chain of choices
S1 C Sy C...C Sy, where |Sk| = k. Using VOL pivoting, we build a random chain with a determinantal
distribution based on det(A[Sk, [k]])2, commonly referred to as volume sampling [DRVW06, DR10] or a fixed
size determinantal point process (DPP) [KT12].

The only structural result about DPPs that we require is the stochastic monotonicity of projection pro-
cesses. If Hy C Ha are subspaces of £2(E) for some countable set £ and P*i denotes the projection DPP
associated with the orthogonal projection onto H;, then P?! is stochastically dominated by P72, see [Lyo03,
Theorem 6.2]. By Strassen’s coupling characterization of stochastic domination [Str65], the two processes
therefore admit a coupling (51, S2) such that S; C Sy almost surely. Applying this result successively to the
nested column spaces

for i>j and U;

for i<j  (3.1)

Col(A[:, [1]]) € Col(A[, [2]) € -+ € Col(A)
produces the required random nested chain, while preserving the volume-sampling marginal at every level.

Theorem 3.1. For every A € GL,(R), VOL(A) is a well-defined measure on permutations and if P ~
VOL(A) then PA = LU satisfies

3 3 2
2 n> + o5n 2 n® 4+ 3n° + 2n 2
ElLlp < —5— and  E|Ulp < ————Il4l,,.
Since ||| pax < Il g and [|[A]l} Lo < VR Al s this additionally implies that E growth(PA)? < %4 +0(n?).

Proof. The existence of the distribution VOL with the desired marginals (1.2) is given by Lemma 3.2. The
expected squared Euclidean norms for each column of L and row of U are given by Lemma 3.3, so we simply
sum these expressions,

- - n® + 5n
ELI% = Y BILEAE <nt Y ko —k)= 0,
= . . PP
2 2 n n n
E Uz =EUL:+ D ENUR+ 101" < [JAll s + Al D (k+1)(n—k) = —%
k=1 k=1
O
Lemma 3.2. Given A € GL,(R), let ITj;, be the orthogonal projection onto the span of the leading k columns
of A. Then there is a distribution, which we denote VOL, on permutations (wy,...,m,) of [n] such that
Pr({m,...,m} = 5) = det II;[S, S]. (3.3)

for all k € [n]. Furthermore, these distributions are equivalently formulated as
Pr({m,..., 7} = S) o (det A[S, [K]])?.
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Proof. The equivalence of the forms comes from the orthogonal projection formula,
I = Al [K]J (AL [K]) T AL (KD AL (K]
Looking at the [S, S] submatrix of both sides and taking determinants gives

(det A[S, [k;H)Q
det(A[:, [K]]TAL, [K]])

which indeed defines a probability distribution by Cauchy-Binet. For each k, let Sy be the random element
of ([Z]) such that

det(II;[S, S]) =

Pr(Sg = 5) = det I1,[S, S].
By [Lyo03, Theorem 6.2], Sk11 stochastically dominates Sk, and, by Strassen’s coupling theorem [Str65],

this is equivalent to the existence of a coupling such that Sy C Sky1. By applying this theorem pairwise, we
have an entire nested sequence

@ZSQC51CSQC“'CS”:[7L], |Sk|:k.
Set m; to be the unique item in S;\S;—1 to obtain the desired distribution VOL(A) on permutations. O

Lemma 3.3. Let P be a permutation sampled according to VOL(A) of Lemma 3.2. Then PA admits an LU
factorization, PA = LU, where L is unit lower triangular and U is upper triangular, and

E|L[ K> <14+k(n—k)  and  E|U[k, <kZ||AeZ||

for all k € [n].

Proof. Set C' = [k]. In order for an LU factorization to exist, one needs each leading pivot block to be
invertible. That is, if S is the set of the first k pivots, then we need det A[S, C] # 0. From the definition of
VoOL(A), we see that if det A[S,C] = 0, S will be the set of first & pivots with probability 0; i.e. det A[S,C] # 0
for the S sampled by VOL(A) occurs with probability 1.

Let (71,...,m,) be the permutation from Lemma 3.2 and set S = {my,...,m}, 8" = {m1,...,Tk41}. By
Cramer’s rule,
det A[S — {m} + {m:}, C]

det A[S",C + {c;}]
det A[S, C] ’ '

Lix =
F det A[S, C]

Uky1; =
We first handle L.

1L KIIP =1+ Z [La|* =1+ Z

det A[S — {m} + {m:}, C]|?

det A[S, O]
i=k+1 1=k+1 (34)
det A[S — {x} + {«'}, C]|?
<
! +;7§S det A[S, C]

Notice taking expectations with Pr(S) o (det A[S, C])? the denominator cancels giving us

Y5 2mes 2mgs(det AS —{r}+{n'}, C))?
> g(det A[S, C)?

E|LEHIP <1+

where the outer sum is over S € (I"). Notice S — {7} +{n'} is just another element of (")), and it is counted
exactly k(n — k) times which gives ||L[;, k]||> < 1+ k(n — k). We now handle U in a similar fashion.

det A[S",C +{c
U+ LR = 3 Ul = Z 5.0 +4 J”\
+

A det A[S, C]
<2 >

c/'gC ' ¢S

det A[S + {7}, C + {¢}]|?
det A[S, C|
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Once again taking expectations with Pr(S) o (det A[S, C])? causes the denominator to cancel giving us

det A[S + {7'},C + {c'}]|?
E U+ 1,1 <ZZS > ongsldet Al {W}2 {c'}]
c'gC > sldet A[S, C1]

(3.6)

where the outer sum is over S € ([ ]) Notice S+ {n’} is an element of (k[+]1)

times in the sum. Applying Cauchy-Binet to the numerator and denominator gives for B = AT A,

U+ 17 < (k1) detB[(;;;g[gv e b)Y B

and it is counted exactly k+ 1

' gC o' gC
where the final step used det B[C + {¢'},C + {¢'}] < det(B[C,C]) - By, a consequence of Hadamard’s
maximum determinant inequality. Replacing k£ with k — 1 gives the stated result. (|

Here, we provide a lower bound as well, giving some indication as to how close Theorem 3.1 is to being
tight. There is a well known lower bound of n for the growth of an n x n matrix over any pivoting strategy.
Indeed, for any Hadamard matrix H (note any row or column permutation of a Hadamard matrix is also
Hadamard) with an LU decomposition H = LU, we have |U,| = n [HH89]. In order to produce lower
bounds for ||L||F and ||U| r under row permutations we utilize Sylvester Hadamard matrices.
®k

b be the n = 2% dimensional Sylvester Hadamard matriz, and

Theorem 3.4. Let k € N, Hj, = 1 —1
P be any permutation matrix for which PHy, has an LU factorization PHy, = LU. Then

L)% = 3" = nloe2? and  ||U||% = 6F = nloe6,

G )=GY06 %)

and so, by the Kronecker mixed product property,

) [0 ]-0)E Y

This completes the proof for Hy.

What remains is to show that PHy, if it has an LU factorization, has the exact same Frobenius norms for
L and U. We proceed by induction on k for the larger class of signed and row permuted Sylvester matrices
A = DPHy, where D is a 41 diagonal matrix. We induct on the identities ||L||% = |[L7!|% = 3*. This
immediately implies our desired result, as AAT = 2K[, so UUT = 2FL='L~T and ||U||% = 2%||L~Y||2.

The base case of k¥ = 0 is immediate. Now, let n = 2¥~!. The rows of Hj consists of the n pairs
(el'Hy_1,el'Hy_1) and (el Hy_1,—el Hy_1) for i € [n]. The first n rows of A consists of precisely one row
from each of these pairs and possibly re-signs them, and the last n rows consists of the other row from each
pair, otherwise the leading n x n principal minor of A would be zero. Therefore A takes the form

H f)ﬁf]

Proof. We have

A= |2 I
H DH

where H are H are signed row permutations of Hy_1, and D and D are £1 dlagonal matrices. Let Q be the
signed permutatlon matrix that reorders and re-signs H to H ie., H= QH Then QDQT = —D and so

QDH*fDH We have
H DH I 0l|H DH
H DH Q I||o 2DH

Because A has an LU factorization and the leading principal minors of A equal the leading principal minors
of the second matrix 1n the above decomposition, both H and DH have LU factorizations, which we induct
on. Let H = LU and DH = LU. Then A has the LU factorization

H DH L o||U L-'DH
H DH QL L||o U-L-'QDH

9



and

The matrix @ is orthogonal, and so, by induction,
7 7 7 7 7 k— k
ILIE = IL1% + IQLIE + ILIF = 2| LI% + | L]F = 3 x 3"1 =3
and
IL7HE = IL7HE + L7 QUE + IL7HF = 2| L7 E + [L7HE =3 x 37 = 3.
|
Given the opportunity to reorder both rows and columns, the uniformity of the Frobenius norms of L
and U no longer persists for Sylvester Hadamard matrices. However, we can produce a lower bound for any

Hadamard matrix, thus providing a lower bound for any Hadamard matrix under row and column pivoting
(as this class is closed under both operations).

Theorem 3.5. Let n > 2 and H be an n x n Hadamard matriz with an LU factorization H = LU. Then

" (k—1)*1 _nlogn - Kk en
Il 20y S —2 =5 end U2 (- D+ e 2
k=1 k=1

2

Proof. Let A% := 1 and A} = Hle U2, k = 1,...,n, be the squared determinant of the leading k x k
principal submatrix of U. By summing the squares of the diagonal entries and the n — 1 off-diagonal entries
in the first row of U, we have

Ul > (n =1+ 5"
k=1 k-1

and, summing the squares of the diagonal entries of U1,

n AQ
[P
A
k=1 k

By Hadamard’s inequality, and the fact that H is Hadamard matrix, A? < k* for k € [n — 1], and AZ = n™.
Now, define z), = log A?. We have g = 0, z,, = nlogn, and 0 < z), < klogk for k € [n — 1]. Consider the
functions

f(:l:) = Z TR =Tk -1 and g(:z:) = Z e~ (@r—aK-1)
k=1 =1

Both are the sum of exponentials of linear functions, and so are convex functions over the convex set
0 <axy < klogk for k € [n — 1]. Let * be the corner point ) = klogk for k € [n — 1]. We have

@) _ apars o _ K (R DET
Oz, (k— 1)kt Kk
and
dg(x*) —(zr—TK-1) —(®p1—2k) (k= 1)1 Kt
- _ Ty —Tp_ x TE) 0.
e e +e ik + e+ )R <

Therefore, Vf(x*)(y —«*) > 0 and Vg(x*)(y — «*) > 0 for all feasible y, and so * is the minimizer of
both f and g over the convex set. This gives the lower bounds

- Kk _ = (k= 1)kt
||UH%Z(”—1)+ZW and  |U IH%’ZZT'
k=1 k=1

Finally, because H is a Hadamard matrix, ||L||% = [[HU Y% = n||[U!||%. O
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4. HARDNESS OF OPTIMAL ROwW EXCHANGES

The majority of research regarding pivoting in Gaussian elimination involves fixing a pivot strategy and
analyzing the resulting element growth. One notable exception is the theorem [HH89, Theorem 2.1] of
Higham and Higham, which provides a lower bound for growth over all row and column permutations.
Using this theorem, they provided numerous examples of matrices that have growth(PAQ) > n/2 for all
permutation matrices P and @ [HH89, Equations 2.1 to 2.6]. Here, we show that recognizing matrices that
admit a bounded growth row ordering is NP-complete, even for the fixed threshold of growth equal to one.

Several related elimination-ordering problems are known to be computationally hard. For instance, com-
puting a minimum-fill ordering for sparse symmetric elimination is NP-hard [Yan81], determining the pivots
selected by partial or complete pivoting is P-complete [Vav89], recognizing matrices admitting a perfect par-
tial elimination scheme is NP-hard [BKS13], and global maximum volume column selection, which underlies
maximum-volume and rank-revealing pivoting, is NP-hard [CMI09)].

Our reduction uses incidence matrices between variables and clauses. Let ¢ € [n] index variables, j € [m)]
index clauses, and, for an assignment b € {0,1}", let Mp € {0,1}"*™ be such that (Mp);; = 1 when setting
x; = b; implies that the jth clause is true. The j** coordinate of 1T M, is the number of literals of the ;"
clause satisfied by b. The use of such a matrix in a hardness reduction is not novel; our new ingredient here
is to place My inside a block Gaussian elimination gadget so that elimination produces the row

3 1
21T - 21T M.
2 2

The key property of this vector is that its j*™ entry is at most 1 exactly when the j* clause is satisfied.

Definition 4.1. Let f be a 3-CNF formula with variables x; indexed by [n] and clauses ¢; indexed by [m].
For an assignment b € {0,1}", let M} be the matrix (Mp);; = [[(z; = b;)) = ¢;]] and define

1 n 1 n m
1 -17| 1
I I Mo | n )
Af = T _%I M, S Mat2n+m+2(§Z).
1 19T T
I m

Notice that Ay is of polynomial order in n and m and can be constructed in polynomial time given f.

Theorem 4.2. If f is satisfiable, then there is a permutation P such that growth(PAy) = 1. If f is not
satisfiable, then for every permutation P, one has growth(PAy) > %

Proof. Suppose that f is satisfiable. We construct a permutation P such that growth(PAy) = 1. First note
that [|Ay|l, .. =1, so it suffices to bound ||L||,,.. and ||U]], .. by one. For an assignment b € {0,1}", let P,
be the associated permutation that transposes rows 1+ ¢ and 1+ ¢+ n if and only if b; = 1. Then

1 n 1 n m

1 —-17 | 1

I 1D My |

PpAy = I 1D Miy| n
1 14T T
11T 1

11



where D = I — 2diag(b) is a diagonal +1 matrix. We apply one further permutation, which swaps the third
and fourth block rows, to form Py:

1 n 1 n m
1 -1 | 1
- 1 %D My | n
PbAf = % %1T 1 1T
1 f%D My | n
I m
By inspection, ﬁbAf = LU, where
1 n 1 n m 1 n 1 n m
1 1 1 —17 1
I " I 95 M, n
L=1|1 197 and U= 14T 39T _ 19T
I I n D Miy—My | »
Il m 1 m
We have ||L| .. = 1 and ||U]],,,,, = max{1,[|31 - %MJIHOO} If b is indeed a satisfying assignment, then

My has 1,2, or 3 non-zero entries in each column, all equal to 1, and so MJl € {1,2,3}™. This means
|U] pax = 1 and growth(ﬁbAf) =1, as desired.

Conversely, suppose that there exists a permutation P with growth(PAy) < % The first pivot must come
from the first block, as using the fourth block leads to ||L]| ..., > 2. Now, consider the next n pivots chosen.
Again, during these n steps, using the fourth block leads to || L[, .. > 2, so the (1 + )" pivot must have
index 1 + 4 or 1 4+ 4 + n, corresponding to the choice b; equals 0 or 1. In particular, the first n + 1 rows of
the permutation P must agree with a permutation P, for some b. There is only one choice for the (n + 2)"¢
pivot, the entry in the third block row, and so the third block row and fifth block column of the resulting
U must contain 317 — 217 M. In order for growth(PAy) < 2, we must have |31 — %MJIHOO <3 In
particular, every entry of Mb—r 1 must be positive, which means that b is a satisfying assignment of f. |

Theorem 4.2 immediately implies our desired Theorem 1.4. Indeed, the factorization provided in the above
proof is valid for any choice of b, independent of whether it satisfies f or not, and provides a certification that
Ap € GLapymy2(R) N Mat2n+m+2(%Z)7 as the diagonal blocks 1, I, 1, —D, and I of U are all non-singular.
To see that this language is a member of NP, we note that the computation of a minor of a matrix can be
done in polynomial time, and its bit length is bounded. The existence of an LU factorization of a matrix
and the entries of the LU factorization, if it exists, are therefore computable in polynomial time.

5. LARGE GROWTH OF RANDOMIZED PARTIAL PIVOTING

Recall that randomized partial pivoting, RANDPP,, is a procedure for performing row exchanges where
the next pivot index 741 is selected according to the marginal distribution

det A[S + {3}, [k + 1]] |

det A[S, [k] ! (5:1)

Pr(mppr = i[{m,....,m} =5)

where 71, ..., T are the pivot rows chosen at steps 1 through k of the algorithm. By (1.1),
AW = A[s°, [K]] — A[S°, [K|ALS, [K)] 1 A[S, [K]],
and so, indexing the rows and columns of A%*) using the indices of S¢ and [k]¢, respectively,

o) = ay; — A}, [MIALS, [k ALS, {5}].

L)
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Therefore, by Schur’s formula,
P

det A[S + {i}, [k + 1]]
det A[S, [k]]

When p — o0, one recovers ordinary deterministic partial pivoting (up to random selection among ties);
when p — 0, one obtains uniform pivoting. Neither extreme is desirable: partial pivoting has exponential
growth in U in the worst case, and uniform pivoting is liable to select tiny pivots, leading to arbitrarily large
growth in L. For this reason, the numerical analysis community has focused on intermediate values of p,
most naturally p = 1 and p = 2, which favors large pivots, and, hence, usually moderate multipliers, while
also occasionally deviating from the greedy trajectory.

A folklore expectation that followed naturally was that this process should introduce enough randomness
to ensure polynomial growth with high probability. We are not aware of a formal statement of this conjecture
in the published literature, but similar ideas have appeared. The complete pivoting analog to RANDPP,, is

k)|?
ik

Pr(mpp1 = i| A®)

to select both a row and column index, in proportion to a power of the entry, |a§f) |P; this was introduced
for p = 2 by [GW26]. In addition, there is a more specialized analog in the positive-definite setting, where
one samples the row and column indices to be the same, in proportion to a power of the diagonal entry,
x |aF|P [CETW25].

Separately, randomization is known to yield results elsewhere in the elimination process. Average-case
and smoothed analyses randomize the input matrix and establish polynomial growth or precision bounds for
Gaussian inputs and Gaussian perturbations [TS90, CP07, SST06, HT24]. Randomized complete pivoting
instead uses a random sketch of the Schur complement to locate an approximately maximal pivot, obtaining
complete pivoting-type growth bounds with high probability [MG15]. In both cases, the source and role of
the randomness differ from that of RANDPP,,, though they highlight the apparent utility of randomization.

Here, we disprove any such conjecture that sampling P ~ RANDPP,(A) results in low growth with
high probability. In particular, we provide an example for which the growth is nearly exponential. Our
construction is the @ factor from the QR decomposition of the following ill-conditioned transposed Jordan
block

z
1 =z
N = 1= = QR (5.2)
1 =z
for z = exp ( — 1a) ~1— -1 for a tunable o € (0, 1) which is allowed to depend on n. Our strategy is
pn pn
to show that the final pivot chosen by RANDPP,(Q) concentrates toward the end of the matrix. That is, if
T1,..., Ty is the random sequence of pivot indices chosen by RANDPP, (@), then m, will concentrate on the

set [n —o(n),n]. Under this event, the growth of @ under RANDPP,, pivoting will resemble the growth of Q
with no pivoting up to n — o(n) iterations, which is exponential in z.

Lemma 5.1. If (7y,...,7,) ~ RANDPP,(Q), then Pr(m, > n—n®) > 1 —ne""/(e+1),

Proof. The central insight is that the expression for the distribution of the next pivot index from (5.1) is
invariant to the multiplication of A on the right by non-singular upper triangular matrices. In particular,

det(Q[S, <] B[, [K]]) = det(QLS, [¥]]) det(R[[], [K]]),
and so
RANDPP,(N) = RANDPP,(Q).

This is quite convenient, as RANDPP (V) is easier to control.
Note that the first £ columns of N only have non-zero entries in the first £ + 1 rows, and so the first k&

pivot indices are tightly contained in {m,...,mx} C [k + 1]. The set {m1,..., 7} has exactly one element
missing from [k + 1]. Four our purposes, it is convenient to think not of sets of pivot indices, but of the
sequence of row indices that are not pivots: let my11 be the unique element of [k + 1] — {m,...,m}. Note

that m,, = m,.
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The relevant submatrices have a particularly nice block diagonal structure

z

1

N ([ +1] = {myy1}, [K] = oz :

1
where the upper left (my — 1) x (my — 1) block is lower triangular with diagonal entries equal to z, and the
lower right (kK — my + 1) x (k — my + 1) block is upper triangular with diagonal entries equal to 1.
Consequently,
det N[k + 1] — {mpy1}, [K]] = 2™+ 71,
which translates to
Pr (M1 = mpgr | {71, oo} = [k + 1] = {mpp1}) oc 2FF2mmesp,

(5.3)
Pr(mpr1 =k +2|{m,...,me}t=[k+1] — {mp41}) x 1,

and all other probabilities equal to 0. Notice that this uniquely determines my4o: if 11 = myy1, then
mpyo = k+2, and if T 1 = k+ 2, then mg o = mgy1. By changing variables to d; = k — my, this becomes
a Markov chain

. .. 1
6k+1 _ 5k + 1 Wlth probablhty m )

0 otherwise
From this, one can bound the height of the excursions of J; from 0
t
oy —1
Pr(5k+t =1 | 5k = 0) = (1 + ij) .
j=1
Notice that e™! < 2P < 1 is satisfied for j < 1/(plog(1/2)) = n®, so for t > n® we have

a

n n a
oy —1 e n
Pr(5k+t:t|6k:0)§j1;[1(1+zﬂp) S<e+1) Sexp<—6+1>.

Stated differently, each excursion d; makes from a given 0 value has length at most n® with probability
1—e ""/(et1) By applying a union bound over starting points of the excursion, we have that the maximum
of the 5, (and therefore 6,,) is bounded by n® with probability ne=""/(¢*1). Finally, 6, < n® is equivalent
to m, =m, >n—n* O

Theorem 5.2. Let Q be as in (5.2) for a € (0,1) and P ~ RANDPP,(Q). Then for PQ = LU we have

l—-a _ 1 — =@ .
Pr<U”max 2 exp<nn>) 2 1—ne ™ /(€+1),
p

In particular, with o = (log 8 + loglogn)/logn, we have

Pr( U] > exp n— 16logn > 1 — pl=8/(e+)
max 8p10gn

Proof. Because P(Q is orthogonal, we have for PQ) = LU that

which is the 7t® entry of the last column of ). By construction Qe,, is the unique unit vector (up to sign)
orthogonal to the leading n — 1 columns of N, and so must be proportional to

QenOC(l —z (=2)?% .. (7Z)n71)

14
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Note that this vector has norm at least one. When P ~ RANDPP,(Q), Lemma 5.1 says that ,, is at least

n — n® with probability 1 — ne™"", and so the 7t entry of Qe, is at most 277" =1 in absolute value.
Therefore,
N l—a _ 1—n©@
10 e > U] 2 570" = exp =)
p
with probability 1 — ne—""/(e+1), O

6. QuAasl-PoLyNOMIAL GROWTH OF ROOK PIVOTING

Here, we construct a sequence of matrices for which Gaussian elimination with rook pivoting exhibits
growth nli—e()logzn  Thig ig nearly within a factor of two of the exponent in Foster’s upper bound
HE2 logy n oy p0.52logy n [Fos97]. Our construction is recursive. At each step, random orthogonal matrices
are used to spread the mass sufficiently to ensure the rook pivoting condition is satisfied, with the orthogonal
factors arranged so that they cancel as elimination proceeds, allowing for a recursive structure.

First, we present two concentration bounds for the entries of products involving Haar-distributed matrices,

which we use in this section and the next. Here, we only need the first bound for the special case Y = I.

Lemma 6.1. Fiz any X € R"*P, Y € R"*? and M € R™"*"™. Set L =log(2pq/d). If Q ~ Haar(O(n)), then

2L
Pr(HXTQYHmaX S IX M52 Y152y n) >1-9 (6.1)

M|pVL | |M|L
sonxnmnynm<|| e, I ))zm ©2)

and

tr M
n

X'y

n

Pr<HXTQTMQY -

max

for an absolute constant C.

Proof. Consider an arbitrary pair of columns = Xe; and y = Ye;. By rotational invariance, = " Qy/(||z|[|y||)
is distributed as the first coordinate of a uniform random vector sampled from the unit sphere S*~!, which,
as a standard concentration result, satisfies

T
Pr L: Qy’ >l S2€772/2
lzlllyll ~ vn

for every v > 0, see, e.g., [BT, Lemma 2.2]. Taking z = V2L and applying a union bound over the pq pairs
of columns of X and Y gives the first result (6.1).

For the second estimate, express x and y in an orthonormal basis for their span, e.g. * = Fa and y = Eb
for ETE = I and Col(E) = span{z,y}. Then Z = QF is a Haar-distributed sample from the Stiefel
manifold of order at most two, and

TabT @M +ba" @ MT
2

' Q"TMQy=a"Z"MZb=vec(Z) vec(Z).

AT ab’ ba " T
Set M = ®M-&-2 QM
7.1(1)], which claims

Pr( vee(Z)" M vee(Z) - ;tr(ﬁ)' > t) < 2exp (—cmm<(” — D (n— 2>t)>

M2 M|
for ¢ = 7/10000. Observe that tr(M) = = ytr(M), M|z < |lz||yll[|M]|l 5, and [|M]| < |z||yl[|M]].

M| VL 4+ ML
n n

. In particular, we may apply the Stiefel Hanson-Wright inequality [GS23, Theorem

Setting ¢ to be a sufficiently large multiple of ||z|| ||y||< ) and applying union bound over pq

pairs of columns of X and Y gives (6.2). O

Theorem 6.2. There is a universal constant C such that for each n € N, there is a rook pivoted matriz
A € RP,,(R) with growth(A) > nilos2(n)~Cloglogn,
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Proof. Tt suffices to prove the theorem statement when n is a power of two by considering the matrix
(Al axe Tn—2liogs n) & A where A € RPyiogsm) (R). Let Qo = [1], Q1 = Iz, and Q ~ Haar(O(2%)) be
independent random Haar orthogonal matrices for k > 2. Define s € Ry recursively by so = 1 and

k
sp =44/ Q—kmax(sj 1j < k).

Define X}, € Matyr (R) recursively by Xo = [1] and

_[ sl Qf
XkJrl_[—Xka 0"

Our construction is simply the matrix Xg 1 for K = logy(n) — 1, conditioned on a particular positive
probability event. Our analysis is in two parts: showing that X1 has the desired growth and that X
is rook-pivoted with positive probability. Both parts require control on the row norms of Xy, i.e. the matrix
norm || X To this end, note by definition that

H2—>oo'
1 X113 00 < max (11 XuQul3 e 57+ 1) < max (1 X4l13, 0 » 2max(s; 5 j < F)?)
so by induction,
1 Xklly o < V2max(s; : j < k).
Furthermore, s, is eventually decreasing so supycy sk =: C is finite. We therefore have

X K41 o < 1 XK411l0s0e < V2C.

max —
On the other hand, observe that 2 steps of Gaussian elimination applied to X} results in iX’“’ and
thus Gaussian elimination on X1 eventually results in the scalar (sgsg—1--- 8180)_1. Additionally, s <
4C 2% SO

91 (K*+K)

e oy 2 AU e,
K+1llmax .

which establishes our growth claim. We now turn our attention to pivoting. Let & be the event that

X
&1 occur by selection of Q¢ = [1], Q1 = I, and sg = 1, 51 = 4//2. For each k > 2, conditioned on the

values of Q1, ..., Qk—1, the matrix X}, is a fixed matrix with || Xy |, = HX,IHlH2 < V2max(s; : j < k).
Lemma 6.1 therefore gives

8k ) 1
Pr( Xk @b e = 5) = Pr(HXkamx > /55 V2max(s; 1 j < k)) <3

k 1
Pr([|Qkll oy = s8) < Pr<”Qkaax =4y 21«) <3

where the second inequality used the trivial max(s; : j < k) > 1. By union bound, the probability of either
event occuring is strictly less than 1. Finally, Pr(€x N---N&) = Hszl Pr(&|Ek—1N---N&) > 0, which
establishes X}, € RP,x (R) with positive probability. |

growth(Xgy1) >

< si. Observe that the intersection & N --- N Ex implies that X 41 is rook-pivoted. & and

(6.3)

7. QUASI-POLYNOMIAL GROWTH OF COMPLETE PIVOTING

Here, we produce a sequence of completely pivoted matrices with quasi-polynomial growth factor. Com-
bined with the quasi-polynomial upper bound of approximately n°-2°71°¢™ [BEU25], our result settles the
asymptotic behavior of the growth factor under complete pivoting.

Lemma 7.1 ([LTTJ20, Theorem 1.3]). If G is an n x n Gaussian matriz then
Pr(HG_luF < min {n/t, \/n/t}) < 2e~<t”
for allt > 0 and some absolute constant c.
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Lemma 7.2 ([CD05, Lemma 4.1]). If G is an n x m Gaussian matriz then

(tn)nfm+1
Pr(am(G) < t\/ﬁ) < m

for all t > 0.

Lemma 7.3. Let W ~ Haar(O(n)). Then with probability 1 — e~ ™, every m x m submatriz X of W with
nd/7T<m< % simultaneously satisfies

2
> en®/7

(PP

for an absolute constant c.

Proof. We prove the claim for a fixed m x m submatrix X and then take a union bound over all such
submatrices. Let G; € R™*™ and Gy € R(»~™)*™ he independent standard Gaussian matrices. Then

X LG (GTG+ GGy V2,

and therefore for the appropriate coupling of X and (G1, Gs),

= o ([2]) 7 )

Applying Lemma 7.1 in dimension m, with t = n®/7 < m, gives

Pr(||GT I} < 577 ) < 2exp(—en®/7). (7.2)
On the other hand Lemma 7.2 applied to [gl] , gives
2

(o [8]) <) < oy < () s

where the last inequality used m < %. We will set ¢ = 1= here. It follows from (7.1) to (7.3) and m > n®/7

that
' 1 8/ 10/7 2¢ \"/?
Pr(HX I < 1002) < 2exp(—ent®/7) + (100) |

Notice 1/2¢/100 < % and that the total number of submatrices of an n x n matrix is at most 4", so union
bound gives the result. O

Lemma 7.4. Let W € O(n) be any orthogonal matriz. For every m x m non-singular submatriz X of W,
there ezists a square non-singular submatriz’ Y of W of order min(m,n — m) with

W/ X)p > (Y™ (7.4)

e

Moreover,
1

W/ X) | pax = i

(7.5)

Proof. Decompose
W= [ X ng] '

War  Was
By the Schur formula for the inverse, ((W~™1)g2)~! = (W/X). But since W is orthogonal, W~ = W so
(W/X) = (Wap) ™

Since Way is the submatrix of an orthogonal matrix, all of its singular values are at most 1. Thus, all singular
values of (W/X) are at least 1, so (n —m)? ||(T/V/X)||max > H(W/X)HF > n — m, establishing (7.5).

Now consider m > n/2. Since taking the transpose does not change the Frobenius norm, we may take
Y = Was to obtain (7.4) with equality. Now consider m < n/2. The n — m singular values of Way are
exactly the m singular values of X with n — 2m copies of 1. In particular, [|[Ws'||# > | X so we may
take Y = X. O
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Lemma 7.5. For all sufficiently large n, there is W € O(n) N CP,(R) such that

1
Wl < Oy (7.6)

If W) s the residual matriz after j steps of complete pivoting on W, then

J
> )
= €077

me‘ (7.7)

max

Proof. Sample W ~ Haar(O(n)). We will show it has the desired properties with positive probability. Recall
that W) is a Schur complement of W. First we control W) for j € [n5/7,n —n%7]. By Lemma 7.4, (7.4),
for each j, there is a min(j,n — j) x min(j,n — j) submatrix Y; of W with

W, = 1571,

By Lemma 7.3, ||YJ_1|| P2 en*/7 for all j simultaneously with probability at least 1 — e”. Using (n —
P WD|E > |[WO|[, this becomes

4/7

) cn j
HW ’ ‘ max Z n —j Z 4Cn10/7 (78)
where the second inequality uses j(n — j) < %nz. Now, consider j < n%7. By Lemma 7.4, (7.5), we directly
have
. 1 1 ]
) _— J
HW] ‘maxZ \/n—j Z \/ﬁ Z n10/7' (79)
Finally, consider j > n — n%/7. Again by Lemma 7.4, (7.5), we directly have
- 1 1 n J
() _
. > gy e = > e o

Together, (7.8) to (7.10) give (7.7) with high probability. Next, (7.6) holds with high probability by
Lemma 6.1. Finally, permuting rows and columns preserves ||-||, .., S0 we may freely permute the rows
and columns of W so that W € CP,,. Taking the union bound over these events gives the desired construc-
tion. ([l

Definition 7.6. For A # 0, let A = A/ ||Al|. Denote by B(A) the 4n x 4n random matrix

I 0 n7/3OQT n2/15 4
B( 0 I n11/6OWQT 0
n/3WQ 0 0 0
0 ntt/60 T 0 0

where W is the particular orthogonal matrix of Lemma 7.5 and @ ~ Haar(O(n)).

It will be useful to have written down what B looks like after a certain number of Gaussian elimination
steps (without pivoting) have been performed. For the first 2n iterations, the upper-left identity blocks cause
a leading row and column to be combined as an outer produced and placed on the lower right, as the Schur
complement. Let Ej be the trailing n — k columns of the identity and P, = I — EkE,;r be the projection
matrix onto the first k coordinates. Then

Ik 0 n?/SOEkTQT n2/15E];FA\
0 In n11/6OW T 0
Bk — @ |, o0<k<n (7.11)
n7/30WQEk 0 _n14/30WQPkQT _nll/SOWQPkA
0 nll/ﬁOwT 0 0
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We start getting population into the (4,3) block after the first identity is completely eliminated,

j— ‘ n11/60E];FWQT 0
Brtk) — 0 _pl4/301 —n11/30WQE ’ 0<k<n (7.12)
nll/ﬁOwTEk —n11/30WTP;€WQT 0

and after the second identity is eliminated,

nl4/301y n”/?’OWQ/Al

B(2n) — _
nt1/30QT 0

(7.13)

In both cases, we benefit from the cancellations QQT = I and W 'W = I once the projection P, = I has
filled out. After the remaining eliminations,

BG™ = pt/15 4, (7.14)

In order to show that this is the complete-pivoting path, we need to argue that the upper left entry of
each B(k)7 BOHE) for 0 < k < n is equal to the max-norm.

Lemma 7.7. n7/30 < ||B(A)|| < 3n7/30 surely.

Proof. For the lower bound, simply inspect the (3, 1) block. For the upper bound, one can replace each block
of B with its spectral norm and take the Frobenious norm of the resulting 4 x 4 matrix,

1 0 n7/30  p2/15
0 1 nll/GO 0

n7/30 — Hn7/30WQH < |B(A)| < 1720 . . 0 < 3p7/30,
0 n11/60 0 0 h

O

In the following lemmas, we implicitly invoke Lemma 6.1 several times, where ¢ is some sufficiently small
polynomial in n, say § = n~'0, so that the stated overall probability claims hold by a simple union bound.

Lemma 7.8. If [|A| > in7/30 and || A| <1 then ||B(k)||

max < N <1 for 0 < k < n with probability at least
1—-1/n.

ma:

Proof. Start with the nonzero blocks within the lower right quadrant,
[nPWRE| < T W Q) 5 0 Vlogn
max

Hnu/GOWTH < VSO ||| < 19760, flog, (7.15)
Now for the nonzero blocks in the upper right quadrant,
HnY/?’OE;QT‘ . < HTJ/BOEIIQT‘ . < /30 1Ol < n=8/% flogn
WA BT A <215 Al 1] < a2 o
Finally, the nonzero blocks in the lower right quadrant,
HNMBOWQPICQT . < pl4/30 ||WEQP]€QTHmax 1 pl4/30 HWQP]CQT _ WEQP’CQTHmax
< Jop,—31/30 log 7 + n14/30 <\/E\/@ n 10gn>
n n (7.17)
S0 logn
Hnll/?’OWQPkg . < n—2/15\/@
Notice that all entries are strictly less than the pivot, which is 1. O
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Lemma 7.9. HB("*"“)HmaX <1 for 0 < k < n with probability at least 1 — 1/n.

Proof. Start with the nonzero blocks in the off-diagonal part,
Hnu/eoEl;rWQTHmax < p11/60 HWQTHmaX < n*19/60\/@

Hnll/GOWTEkH < pl1/60 W] < n—19/60\/@.
max

max v

(7.18)

Now for the top two blocks in the lower right quadrant,

Hn14/3oW) < n_1/30\/@
max (7.19)

Hnll/BOWQA\‘ < pl1/30 HWQA\‘ < n’4/30\/@
Lastly,
Hnn/?’OWTPkWQT‘ <n~215 flogn
Notice that all entries are strictly less than the pivot, which is 1. O

Lemma 7.10. If A € CP,(R), ||A|l
1-1/n.

< 1, |A]| = in™/3%, then B®™) € CPs, with probability at least

max

Proof. In order to express the matrix B"*+%) we first break W and Q into additional blocks. Fix 0 < k < n,
and split W and @ after the first & rows and columns,

Wi, Wi Wiz Q1:
W = ’ = s = s
[Wz,:] {Wzl WQJ @ [le
where W11 € RFX* We can also write Wa. = EJW, Q2. = EkTQ. Splitting the first block row and
column of B®™ according to this further partitioning gives

n14/30W11 n14/30W12 n11/30W1:Qg
Ben) — _ n14/30W21 n14/30W22 n”/SOWg,;QE ) (7.20)

n11/3oQ1T,: n“/?’OQ;: ‘ 0

Denote the Schur complement
S = (W/Wi1) = Wy — W21W1_11W12.
Applying the Schur-complement formula directly to (7.20) gives
B@n+k) _ —nBOWL, O, QA
777,11/30@; 0

- [_nm/:sow21

nll/goQT:| (—n14/30W11)71 [—n14/30W12 80y, QA
- 1:

B _pl4/30g _nll/SOSQQ:A\ (7 21)
—nO(W,.Q)TS  n¥QIWL WL QA '

In the last equality, the lower-left block is simplified using Q. — Q1. W;;'Wia = (W2.Q)" S, which follows
from the block inverse formula and W~! = W . Because W is completely pivoted, the upper left entry | S|
is ||S]],,.,c» Which is controlled by Lemma 7.5, [|S]|,..., > kn~'%/7. We must show the other three blocks have
max-norms smaller than

n14/30 HS”

so that complete pivoting on B®*"+%) yses S;;. To this end, note that in addition to kn='%7, we have
another lower bound on [|S].. from the Frobenius norm: Schur formula for the inverse gives S~ = W),

so every singular value of S is at least 1; thus, ||S|| . = =Sl = ﬁ

max
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We first control the upper right block. Observe that it is equal to n'!/30 (EkST)TQA\, and HEksT H1—>2 <

VI =k 18] e 1All152 < [IA]] < 150
/1
g n11/30 V1 — k ||S||max Oin (7 22)
< 0730 1og 10| as

Next we control the lower-left block. Observe it is equal to n''/3°QTW T ELS, and |W ' ELS|1 52 =

HS||1—>2 S V1 — k HS”max’ S0
0y ——— /1
rg n11/50 n—k ||S||max Oin (7 23)
< 50 Tog 11

Finally, the main component of the proof is controlling the lower right block. Set M), = I — W E,SE;
and notice tr(M},) = k. The Schur formula for the inverse means this block is equal to n8/3°Q T My QA. Since
W T E), and Ej, are isometries, the nonzero singular values of W' ExSE,| and S coincide. Consequently,

[Millp < v+ (n—k)|S] Myl <1+ (n—E)[|S]

Hnll/?’OSQQ:ﬂI

Hnll/go(Wz;Q)TS’

max ? max *

Therefore,
~ ~ N ko~
[n*°QT Q4| <0 |QTMQA-EQTMQA| 40O A
< n8/30((\/ﬁ+ (TL - k) HS”max) V logn + (]‘ + (TL - k) HS”max) 10gn> (724)

~ n n

02k | A,

The lower bounds on |||, mean that the first term is dominated by O(n®/3° ||S||,,.. logn). By ||A| = n7/3°
and ||S||, ., > kn~1%7 the second term is bounded by n™/1%||S||  -n~1/210 Both are less than the target
n/15 S]] . as required.

This means that the pivot for n iterations on B™ are all the upper-left entry. After these iterations are
performed, the resulting matrix is

BOM — p3300T W1 W QA = n®/* 4.
Since n8/30 A € CP,(R), we conclude B" € CPy, (R). O
Theorem 7.11. For each sufficiently large n, there is a matriz A € CP,(R) with growth(A) > exp (Q(log‘2 (n))).

Proof. If we obtain the result for geometrically spaced n, then it follows for all n by padding with the
identity. Lemmas 7.8 to 7.10 imply that B(A) € CP4,(R) with high probability for n sufficiently large if

|All, o = 1 and ||A] > in7/30. Let ng be sufficiently large. Set Ag to be the complete pivoting of %
for s = %”623/3(]7 so that A € CPy,(R), [|Aol|hax = 1, and ing/go < || Aol = 11+7f§§ < Sng/go. Then set
ny = 4Fng and Ay, = B(A;) conditioned on the positive probability event that B(Ay) € CPy4,(R). Notice
by Lemma 7.7 that one maintains inZ/BO < Al < 3nz/30 and by Lemma 7.8 [|Ax||,,.. < 1. Then
4/15 1
growth(Ag41) > WTngOWth(Ak) > gn11€/30 growth(A).

Repeatedly apply this, we obtain

growth(Aj,) > 3—(Ic+1)(4kn0)1/30(4k—1n0)1/30 . (no)l/SO > 3—(}34,-1)4%”;3% — OA(k+1)%)

log(nk /mo) -0

o (log(ng)), we obtain the desired result. O

Since k =

Remark 7.12. One can construct A achieving the bound of Theorem 7.11 so that it is the unique element
in {PAQ} N CP,(R), i.e., there is no freedom in implementing complete pivoting. To do this, just multiply
on both sides by diag(1,e=%,e72¢,...) for sufficiently small £ > 0.
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proven before the advent of either ChatGPT or Claude. Interaction with Al significantly improved
the human only results.
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factor under complete pivoting would not have been completable in such a short time period without
the involvement of Al.

The authors welcome questions regarding the role of AI in this work and comments regarding the best
methodology for disclosing human-AT interactions, as no universal norms seem to currently exist yet.
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