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Abstract. Given a directed graph G, the spread of G is the largest distance between any two

eigenvalues of its adjacency matrix. In 2022, Breen, Riasanovsky, Tait, and Urschel asked what n-

vertex directed graph maximizes spread, and whether this graph is undirected. We prove the more
general result that the spread of any n×n non-negative matrix A with ∥A∥max ≤ 1 is at most 2n/

√
3,

which is tight up to an additive factor and exact when n is a multiple of three. Furthermore, our

results show that the matrix with maximum spread is always symmetric.

The spread of an n× n complex matrix M is the diameter of its spectrum Λ(M): that is,

diam(Λ(M)) = max
λ,λ′∈Λ(M)

|λ− λ′|.

General upper and lower bounds on s(M) have been established by Mirsky [24, Theorem 2] and by
Johnson, Kumar, and Wolkowicz [14, Theorem 2.1].

Consider a (possibly directed) graph G = (V,E) of order n. The adjacency matrix A of G is the
n×n matrix whose rows and columns are indexed by the vertices of G, with entries satisfying Ai,j = 1
if (i, j) ∈ E and Ai,j = 0 otherwise. The spread of the adjacency matrix of a graph G is

diam(Λ(A)) = max
λ,λ′∈Λ(A)

|λ− λ′|,

which is called the spread of the graph G. In the special case when the graph G is undirected, the
adjacency matrix is symmetric, so its eigenvalues are real and can be ordered λ1(A) ≥ λ2(A) ≥ · · · ≥
λn(A). Then, diam(Λ(A)) = λ1(A)− λn(A). In 2001, Gregory, Hershkowitz, and Kirkland initiated a
detailed analysis of the spread of a graph [13], leading to a large literature on the subject under various
conditions and matrix representations. See, for instance, [1, 2, 3, 7, 9, 10, 15, 17, 18, 19, 20, 22, 25, 27, 28]
and the references therein.

In 2022, Breen, Riasanovsky, Tait, and Urschel characterized the graphs with maximum spread
among all n-vertex undirected graphs, both allowing and not allowing loops [5], which solved a main
conjecture of Gregory, Hershkowitz, and Kirkland for n sufficiently large. To state their results, we
let ∥A∥max = maxi,j |Aij | denote the largest magnitude entry in a matrix A, and A ⊗ B denote the
Kronecker product of two matrices A and B.

Theorem 1 ([5, Theorem 1.1 & 1.3, Corollary 1.4]). Let A be an n×n symmetric non-negative matrix.
Then

λ1(A)− λn(A) ≤ 2n√
3
∥A∥max,

with equality if and only if n = 0 mod 3 and A = Pπ

((
1 1 1
1 1 1
1 1 0

)
⊗ Jn

3

)
Pπ, where Jk is the k× k all-ones

matrix and Pπ is a permutation matrix. Furthermore:
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(1) Any matrix A that maximizes
(
λ1(A)−λn(A)

)
over all n×n symmetric non-negative matrices

with ∥A∥max = 1 is a (0, 1) matrix and has spread at least 2n/
√
3− 1/(2

√
3n).

(2) The matrix A that maximizes
(
λ1(A) − λn(A)

)
over all n × n zero-diagonal symmetric non-

negative matrices with ∥A∥max = 1 is exactly the adjacency matrix of the join of a clique on
⌊2n/3⌋ vertices and an independent set on ⌈n/3⌉ vertices for all n sufficiently large. This

matrix always has spread at least (2n− 1)/
√
3 for n > 1.

In the same paper, the authors detailed a number of open problems, beginning with the following:

“What digraph of order n maximizes the spread of its adjacency matrix ... Is this more
general problem also maximized by the same set of graphs as in the undirected case?”
[5, Sec. 8]

While many refinements and related results have been produced recently [6, 12, 16, 21, 26], the
above question remains open. Here, we answer this question in the affirmative, generalizing Theorem
1 to all non-negative matrices:

Theorem 2 (Directed Spread Theorem). Let A be an n× n non-negative matrix. Then

diam
(
Λ(A)

)
≤ 2n√

3
∥A∥max,

with equality if and only if n = 0 mod 3 and A = Pπ

((
1 1 1
1 1 1
1 1 0

)
⊗ Jn

3

)
Pπ, where Jk is the k× k all-ones

matrix and Pπ is a permutation matrix. Furthermore,

(1) the matrix A that maximizes diam
(
Λ(A)

)
/∥A∥max over all n × n non-negative matrices is

symmetric for all n, and
(2) the matrix A that maximizes diam

(
Λ(A)

)
/∥A∥max over all n × n zero-diagonal non-negative

matrices is exactly the adjacency matrix of the join of a clique on ⌊2n/3⌋ vertices and an
independent set on ⌈n/3⌉ vertices for all n sufficiently large.

In contrast to Breen, Riasanovsky, Tait, and Urschel’s proof of Theorem 1 (which involves nearly
70 pages of complicated mathematics and computation), the proof of Theorem 2 (given Theorem 1) is
incredibly simple and intuitive. The main idea is that, while the use of the complex plane allows for
larger distances in theory, complex eigenvalues come in pairs, making them slightly too “expensive”
for maximizing the spread of eigenvalues.

The key ingredient in our proof is the following lemma regarding the maximum magnitude and real
part of non-real eigenvalues of non-negative matrices, which may be of independent interest.

Lemma 3. Let A be an n × n non-negative matrix with ∥A∥max ≤ 1. Any eigenvalue µ of A with
Im(µ) ̸= 0 satisfies

|µ|2 ≤ min

{
n2 + nλmax − 2λ2

max − γ

4
, λ2

max

}
(1)

and

Re(µ)2 ≤ min

{
n2 + 3nλmax − 4λ2

max − γ

8
, λ2

max

}
, (2)

where λmax is the Perron eigenvalue of A and

γ := nλmax −
n∑

i,j=1

min{Aij , Aji}+
n∑

i,j=1

(
1 + min{Aij , Aji} −A2

ij −A2
ji

)
≥ 0.

Proof of Lemma 3. First, we note that, by Perron-Frobenius, Re(µ)2 ≤ |µ|2 ≤ λ2
max, immediately

handling half of Inequalities (1) and (2).
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Next, we verify that γ ≥ 0 and prove Inequality (1). Consider the matrix Â ∈ Rn×n with Âij =
min{Aij , Aji} for all i, j ∈ {1, . . . , n}. We may express the squared Frobenius norm ∥A∥2F =

∑n
i,j=1 A

2
ij

in terms of n, λmax, and γ:

n∑
i,j=1

A2
ij =

1

2

n2 + nλmax −
n∑

i,j=1

(1 + min{Aij , Aji} −A2
ij −A2

ji)− (nλmax − 1T Â1)


=

1

2
(n2 + nλmax − γ). (3)

The quantity γ is the sum of the two addends nλmax−1T Â1 and
∑n

i,j=1(1+min{Aij , Aji}−A2
ij−A2

ji).

The former is non-negative by the non-decreasing property of the spectral radius [23, Corollary 2.1]
and the Courant-Fischer theorem:

λmax(A) ≥ λmax(Â) ≥ 1T Â1

1T1
=

1T Â1

n
, (4)

and the latter is non-negative because ∥A∥max ≤ 1. Let Λ̃(A) denote the multiset of eigenvalues of A
with one copy of λmax, µ, and µ removed. The lower bound

∥A∥2F ≥
n∑

i=1

|λi|2 = λ2
max + 2|µ|2 +

∑
λ∈Λ̃(A)

|λ|2

combined with Equation (3) produces the remainder of Inequality (1):

|µ|2 ≤ ∥A∥2F − λ2
max

2
≤ n2 + nλmax − 2λ2

max − γ

4
.

Furthermore, we may also bound the sum of the squared moduli of the remaining eigenvalues:∑
λ∈Λ̃(A)

|λ|2 ≤ ∥A∥2F − λ2
max − 2|µ|2

≤ n2 + nλmax − γ

2
− λ2

max − 2|µ|2

=
n2 + nλmax − 2λ2

max − γ

2
− 2|µ|2. (5)

Finally, using the trace of A2, we prove the remainder of Inequality (2). We have, by Inequality (4),

trace(A2) =

n∑
i,j=1

AijAji ≤
n∑

i,j=1

min{Aij , Aji} ≤ nλmax.

On the other hand, the trace of A2 can also be written in terms of eigenvalues, giving the lower bound

trace(A2) = λ2
max + µ2 + µ2 +

∑
λ∈Λ̃(A)

λ2

≥ λ2
max + µ2 + µ2 −

∑
λ∈Λ̃(A)

|λ|2

≥ λ2
max + µ2 + µ2 + 2|µ|2 − n2 + nλmax − 2λ2

max − γ

2
by Inequality (5)

= 4Re(µ)2 − n2 + nλmax − 4λ2
max − γ

2
.



4 MAXIMUM SPREAD OF NON-NEGATIVE MATRICES

Combining the lower and upper bounds for trace(A2) yields our desired result

4Re(µ)2 − n2 + nλmax − 4λ2
max − γ

2
≤ nλmax

=⇒ 4Re(µ)2 ≤ nλmax +
n2 + nλmax − 4λ2

max − γ

2

=⇒ Re(µ)2 ≤ n2 + 3nλmax − 4λ2
max − γ

8
.

□

Lemma 3 immediately implies that for any eigenvalue µ with Im(µ) ̸= 0, its modulus and real part
are bounded by constant multiples of n.

Corollary 4. Let A be an n × n non-negative matrix with ∥A∥max ≤ 1. Any eigenvalue µ of A with
Im(µ) ̸= 0 satisfies

|µ| ≤ n

2
and |Re(µ)| ≤ 3 +

√
57

24
n.

Proof. The desired result follows immediately from Lemma 3 and the observations that

max
x∈[0,1]

min

{
1 + x− 2x2

4
, x2

}
=

1

4
and max

x∈[0,1]
min

{
1 + 3x− 4x2

8
, x2

}
=

(
3 +

√
57

24

)2

,

achieved at x = 1/2 and x = (3 +
√
57)/24, respectively.

□

For the proof of Theorem 2, we also require the following four lemmas.

Lemma 5 (Bendixson’s inequality, [4, Theorem II]). Let A ∈ Rn×n. Any eigenvalue λ of A satisfies

λmin

(
A+AT

2

)
≤ Re(λ) ≤ λmax

(
A+AT

2

)
.

Lemma 6. Let A be an n × n non-negative matrix with ∥A∥max ≤ 1. Then the real part of every
eigenvalue of A is at least −n/2.

Proof. This follows immediately from the standard bound λmin(B) ≥ −n/2 for n× n symmetric non-
negative matrices with entries of magnitude at most one [8, Proposition 3] and Lemma 5. □

Lemma 7. The matrices ( 1 1
1 0 ),

(
1 1 1
1 1 1
1 1 0

)
,

(
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 0

)
, and

(
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 0 0
1 1 1 0 0

)
have eigenvalue spread

√
5, 2

√
3,

√
21, and

√
33.

Lemma 8 ([11, Theorem 7.2.3]). Let A,E ∈ Cn×n, U∗AU = D +N be a Schur decomposition of A,
where D is diagonal and N is strictly upper triangular, and µ ∈ Λ(A+ E). Then

min
λ∈Λ(A)

|λ− µ| ≤ ∥E∥2
n−1∑
k=0

∥N∥k2 .

Using the above lemmas, we are now prepared to prove Theorem 2.

Proof of Theorem 2. Suppose, contrary to the theorem statement, that there exists an n × n non-
negative non-symmetric matrix A with ∥A∥max = 1 that maximizes diam

(
Λ(A)

)
/∥A∥max over either

all n× n non-negative matrices or all n× n zero-diagonal matrices. By Lemma 5,

max
λ,λ′∈Λ(A)

∣∣Re(λ)− Re(λ′)
∣∣ ≤ diam

(
Λ

(
A+AT

2

))
.
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Since A is non-symmetric, (A+AT )/2 is not a (0, 1) matrix. Therefore, by Theorem 1, the maximum
diam(Λ(A)) is not achieved by a pair of real-valued eigenvalues. In addition, by Corollary 4, the
modulus of a non-real eigenvalue is at most n

2 , so |λ− λ′| ≤ n for any two non-real eigenvalues λ and

λ′. We note that n is less than both 2n√
3
− 1

2
√
3n

and 2n−1√
3

for n ≥ 4, and by Lemma 7 is non-optimal

for n < 4. Therefore, diam(Λ(A)) cannot be achieved by a pair of non-real eigenvalues either, and we
need only consider the case where one eigenvalue is real and the other is non-real.

Let λ be the non-real eigenvalue and λ′ be the real one. By Lemma 6, λ′ ≥ −n
2 . If λ

′ ≤ n
2 , then both

λ and λ′ lie in the disk of radius n
2 centered at the origin, so |λ− λ′| ≤ n, which is not the maximum

spread. Otherwise, if λ′ > n
2 , then |λ−λ′| is less than |λ−λmax|, where λmax is the Perron eigenvalue.

Therefore, diam(Λ(A)) must be achieved between the Perron eigenvalue, denoted by λmax, and some
non-real eigenvalue, denoted by λ.

By Lemma 3,

|λmax − λ|2 = λ2
max − 2λmax Re(λ) + |λ|2

≤ λ2
max + 2λmax

√
n2 + 3nλmax − 4λ2

max − γ

8
+

n2 + nλmax − 2λ2
max − γ

4

= n2f(λmax/n, γ/n
2),

where

f(x, η) := x2 + 2x

√
1 + 3x− 4x2 − η

8
+

1 + x− 2x2 − η

4
.

By inspection, we have f(x, 0) < 1.315609 < 4/3 for x ∈ [0, 1]; the maximum is achieved by setting
λmax equal to n times the largest root of 7 + 61x− 2x2 − 592x3 + 576x4. Therefore,

diam
(
Λ(A)

)
= |λmax − λ| <

√
1.315609n2 = 1.147n. (6)

We note that 1.147n is strictly less than 2n/
√
3 for all n, strictly less than 2n/

√
3 − 1/(2

√
3n) for

n > 6, and strictly less than (2n− 1)/
√
3 for all n sufficiently large. Now consider n ≤ 6. By Theorem

1, n = 3 and n = 6 achieve the bound 2n/
√
3. By Lemma 7, when n = 5 the maximum spread is at

least
√
33 > 1.147n. When n = 2, A has no non-real eigenvalues. All that remains is n = 4.

By Lemma 7, when n = 4 the maximum spread is at least
√
21. By inspection, f(x, 0) < 21 for

all x ̸∈ [0.85177, 0.89726] (so λmax must be in [3.4071, 3.58903]) and maxx∈[0,1] f(x, 1/200) < 21 (so η

must be less than 1/200); see Figure 1. Therefore, γ < 42 × 1/200 = 2/25.

By definition, γ ≥ 4λmax − 1T Â1, so

0.02 >
γ

4
≥ λmax −

1T Â1

4
≥ 0.

Since λmax ∈ [3.4071, 3.58903], we obtain that 1T Â1
4 ∈ [3.3871, 3.58903], which means that the sum of

the entries of Â is in [13.5484, 14.35612]. Let round(·) of a matrix denote the matrix resulting from
entrywise rounding. In addition,

n∑
i,j=1

∣∣∣Âij − round(Â)ij

∣∣∣ ≤ 2

n∑
i,j=1

|Aij − round(A)ij |

≤ 4

n∑
i,j=1

Aij(1−Aij) = 2

n∑
i,j=1

(Aij(1−Aij) +Aji(1−Aji))

= 2

n∑
i,j=1

(max{Aij , Aji}+min{Aij , Aji} −A2
ij −A2

ji) ≤ 2γ < 0.16. (7)
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(a) Plot of y = f(λmax
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, 0)
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Figure 1. (a) The left plot shows y = f(λmax

n , 0) (blue) and y = 21
16 (orange). The

blue curve is below the orange line for all x ̸∈ [0.85177, 0.89726], which is marked by red
dashed lines. (b) The right plot shows y = f(λmax

n , 1
200 ) (blue), which is always below

y = 21
16 (orange). A simple calculation shows that the maximum value of f(λmax

n , 1
200 )

is approximately 1.31229, which is less than 21
16 .

Therefore, 1T round(Â)1 = 14. The bound 2
25 > γ ≥ 1 +Aii − 2A2

ii implies that zeros cannot occur on

the diagonal, so round(Â) has the following form, up to row and column permutations:

round(Â) =


1 1 1 1
1 1 1 1
1 1 1 0
1 1 0 1

 .

The bound 2
25 > γ ≥ 1+min{Aij , Aji}−A2

ij −A2
ji ≥ 1−max{Aij , Aji}2 implies that max{Aij , Aji} ∈

[0.95917, 1], so the rounded value of the maximum entry equals 1. As a result, there is only a single
possibility for round(A), up to reflection across its diagonal:

round(A) =


1 1 1 1
1 1 1 1
1 1 1 1
1 1 0 1

 .

The spectrum of this matrix round(A) is (0, 0, 2 −
√
3, 2 +

√
3). To finish the proof, we apply the

eigenvalue perturbation bound from Lemma 8 to round(A). Let E = A − round(A). Given that the
sum of squared magnitudes of the eigenvalues of round(A) is 14 and the squared Frobenius norm of
round(A) is 15, the Frobenius norm of the strictly upper-triangular part of the Schur decomposition of
round(A) is ∥N∥F = 1. In addition, by Inequality (7),

∥E∥2 ≤ ∥E∥F ≤
n∑

i,j=1

|Aij − round(A)ij | ≤ γ.
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By Lemma 8, for any µ ∈ Λ(A),

min
λ∈Λ(round(A))

|λ− µ| ≤ ∥E∥2
n−1∑
k=0

∥N∥k2 ≤ ∥E∥F
n−1∑
k=0

∥N∥kF ≤ 4γ.

Therefore,

diam(Λ(A)) ≤ diam(Λ(round(A))) + 8γ < (2 +
√
3) + 16/25 <

√
21,

a contradiction. □
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