THE LARGEST 5™ PIVOT MAY BE THE ROOT OF A 615T DEGREE
POLYNOMIAL
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ABsTRACT. This paper introduces a number of new techniques in the study of the famous question
from numerical linear algebra: what is the largest possible growth factor when performing Gaussian
elimination with complete pivoting? This question is highly complex, due to a complicated set of
polynomial inequalities that need to be simultaneously satisfied. This paper introduces the JuMP +
Groebner basis + discriminant polynomial approach as well as the use of interval arithmetic compu-
tations. Thus, we are introducing a marriage of numerical and exact mathematical computations.

In 1988, Day and Peterson performed numerical optimization on n = 5 with NPSOL and obtained
a largest seen value of 4.1325.... This same best value was reproduced by Gould with LANCELOT in
1991. We ran extensive comparable experiments with the modern software tool JuMP and also saw
the same value 4.1325.... While the combinatorial explosion of possibilities prevents us from knowing
whether there may not be a larger maximum, we succeed in obtaining the exact mathematical value:
the number 4.1325... is exactly the root of a 61st degree polynomial provided in this work, and is a
maximum given the equality constraints seen by JuMP. In light of the numerics, we pose the conjecture
that this lower bound is indeed the maximum. We also apply this technique to n = 6, 7, and 8.

Furthermore, in 1969, an upper bound of 417 ~ 4.94 was produced for the maximum possible
growth for n = 5. We slightly lower this upper bound to 4.84.

Dedication: This paper is dedicated to the memory of Nick Higham, who was fascinated by Gaussian
elimination [Higham et al., 2021, Higham, 1989, 1990a,b, 1993, 2002, 2011, Higham and Higham,
1989], and the conjecture and the techniques in this paper. We are saddened that we could not, at the
time, tell him all the details. We miss him greatly. He was a good friend and a great numerical linear
algebraist.

1. THE MAXIMUM GROWTH FACTOR SEQUENCE FOR n =1,...,5

What number might be in the n = 5 position in the sequence 1, 2, 2%, 47?7 This sequence, known since
the 1960s, consists of the largest growth factors for complete pivoting. Growth “chasers” have long
attempted to nail down the value for the next dimension, n = 5. The value 4.1325... was produced
by the NPSOL optimization package in 1988 [Day and Peterson, 1988], by the LANCELOT package
in 1991 [Gould, 1991], by the JuMP (Julia for Mathematical Programming) package in 2024 [Edelman
and Urschel, 2024|, and, again, by LANCELOT in 2026 [Gould, 2026].

This paper shows the exact value of 4.1325... to have an unexpected form. We show that this
number is the root of a 61st degree polynomial with integer coefficients. We further conjecture that
this lower bound is indeed the maximum (Conjecture 2.1). With the benefit of hindsight, we can see
that this surprising form of an answer, the root of a 61st degree polynomial, could escape prediction.
While the super-exponentially many possible configurations of tight constraints prevents us from fully
proving this conjecture, we prove that this value is indeed tight when restricted to the set of constraints
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suggested by JuMP (Theorem 2.2). Our technique, involving non-linear optimization software, Grobner
bases, and discriminants, provides a new approach to the growth factor problem. This approach can be
readily applied to larger dimensions, and produces lower bounds for n = 6, 7, and 8, which we suppose
are maximums as well. They are 5 for n = 6, a root of a sixth degree polynomial for n = 7, and 8
for n = 8 (see Subsection 2.5). In addition, using a combination of mathematical analysis and interval
arithmetic, we produce an improved upper bound of 4.84 for the maximum growth factor when n =5
(Theorem 3.5), the first improvement upon Tornheim’s 1969 bound of 41 [Tornheim, 1969].!

While some experts in numerical linear algebra might imagine that this problem ought to be easier,
we note that many such similar sounding problems can prove to be notoriously difficult.? The resolution
of the maximum growth for n = 5 will likely require an impressive marriage of mathematics and
computation, one that may not yet be possible in 2026.

1.1. Gaussian elimination with complete pivoting. Here we briefly remind the reader of the
definition of Gaussian elimination with complete pivoting and the associated growth factor. For a
historical account of the growth factor problem in Gaussian elimination, we refer the reader to Higham’s
classic text Accuracy and Stability of Numerical Algorithms [Higham, 2002, Chapter 9|, [Edelman and
Urschel, 2024, Section 1.1], and [Urschel, 2025]. Here and in what follows, we restrict ourselves to real
n X n matrices.
Gaussian elimination is an algorithm for writing a matrix A as the product of a lower triangular
matrix L and an upper triangular matrix U by iteratively applying the following block formula:
a yT 1 0f |« y?
S R E [ o

where « is a scalar, x, y are vectors, and B is a matrix. If B — % = L,U; for a lower unitriangular
Ly and upper triangular Uy, then the LU factorization of A is given by
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Let || - ||max denote the largest magnitude entry of a matrix. The quantity
U l[max
o) = e { [l 51 . (1)
Al s

is called the growth factor and appears in standard error estimates for Gaussian elimination in floating
point arithmetic. The worst case stability of Gaussian elimination is governed by the size of the growth
factor (a small growth factor implies numerical stability, see [Higham, 2002, Theorem 9.5]). In order
for the growth factor to be small, or even finite, pivoting of the rows or columns of the matrix may be
needed. Complete pivoting is a strategy that swaps rows and columns so that, at each step, the pivot
(o in Equation (1.1)) is the largest magnitude entry of the matrix.

Let A;.j k¢ denote the submatrix of A with rows {é,7+1,...,7} and columns {k,k+1,...,¢}, and

A(k) = Ak:n,k:n - Ak:n,l:k—l [Alzk—l,lzkz—l]_l Al:k—l,k::n S R(n—k+1)><(n—k+1) (14)

denote the (n — k 4+ 1) x (n — k + 1) matrix resulting from k — 1 applications of Equation (1.1), with
entries indexed from k to n (i.e., the top left entry of A®) has index k, k). For example, A is the
original n x n matrix A, A® is the (n — 1) x (n — 1) matrix B — zy” /a from Equation (1.1) resulting

IThe recent mathematical improvement [Bisain et al., 2025] on Wilkinson’s upper bound for the growth factor under
complete pivoting does not improve upon Tornheim’s bound for n = 5.

2For example, the number of multiplies required to compute the product of two 3 x 3 matrices remains open [Heule et al.,
2021].
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from one step of Gaussian elimination, and A is the 1 x 1 matrix with the last pivot as its sole entry.
We say that a matrix A is completely pivoted if
AP < 1A% forallij=k,...on, k=1,...,n—1. (1.5)

)

Computationally, this matrix A is never explicitly formed; only the associated permutation vectors are
computed, yielding a PAQ = LU factorization for some permutation matrices P and @. However, for
mathematical analysis, we may ignore the initial matrix prior to complete pivoting, and work directly
with the completely pivoted one. In addition, for a completely pivoted matrix, the above definition for
the growth factor reduces to g(A) = maxyeqi,.. n} |[Urk| and, when considering the maximum growth
factor over n X n completely pivoted matrices, it suffices to maximize |U,,| [Edelman and Urschel,
2024, Lemma 5.1].

1.2. The algebraic complexity of the growth factor. Recall that an algebraic number is a root of
a non-zero polynomial in one variable with integer coefficients, and the degree of an algebraic number
is the minimum degree for which such a polynomial exists. The definition of g(A), paired with the
constraint structure of completely pivoted matrices, implies that the maximum growth factor over
n X n completely pivoted matrices is always an algebraic number (by the Tarski-Seidenberg theorem
[Scheiderer, 2024, Theorem 1.5.8]). We can even provide an upper bound on the degree of that number:

Proposition 1.1. The largest possible growth factor for a n x n real matriz under complete pivoting
2
is an algebraic number of degree at most (2n)™ ~1.

Proof. Let n > 1. Without loss of generality, we may restrict ourselves to the compact set

{AeR™™| |A|| = Ay =1}, (1.6)

max

The maximum growth factor is non-decreasing with n [Edelman and Urschel, 2024, Lemma 5.1], so we
may consider only the maximum value of the last pivot over this set, combined with the completely
pivoted constraints. In addition, without loss of generality, we may require that the pivots A,(clz) are
positive for all k, i.e.,

det(A1:p1:6) >0 for k=1,...,n, (1.7)

without affecting the maximum growth factor. Using the Schur complement, the constraint |A$)| <

\A,(C]Z)\ may be equivalently represented using determinants of submatrices
—det(Arg,1:) < det(Arp_10piy1:0—10{5}) < det(Arg,1:x)- (1.8)
Let us add the additional variable g and constraint
gdet(Arn—1,1:m-1) < det(A). (1.9)

The maximum growth can be viewed as maximizing g over the semi-algebraic set (a set defined by
polynomial equalities and inequalities) we just defined, which has n? variables (4;; for (i,7) # (1,1)
and g¢) and is defined by polynomials of degree at most n. By [Jeronimo et al., 2013, Theorem 1],
the maximum value of g on this compact semi-algebraic set is an algebraic number of degree at most
27" 1= = (2p)"" 1, O

When n = 5, Proposition 1.1 provides an upper bound of 1024 for the degree of the solution, which
appears strikingly pessimistic in comparison to our conjecture that the true maximum is the root of a
615! degree polynomial (Conjecture 2.1).
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2. A JUMP + GROEBNER BASIS + DISCRIMINANT POLYNOMIAL APPROACH

In 1988, 1991, and 2024 [Day and Peterson, 1988, Gould, 1991, Edelman and Urschel, 2024], previ-
ous researchers investigated numerical optimization as a means of finding large growth factors. In this
work, we think of numerical optimization as an important first step, to be followed by algebraic poly-
nomial techniques facilitated by modern computation. We emphasize that these techniques are exact,
i.e., there are no rounding errors. As investigating the full combinatorial explosion of possible equality
structures seems prohibitive, we rather allow the numerical optimization to suggest the equality struc-
ture to investigate. Once provided, the remaining computations are exact rigorous mathematics. This
technique, which uses numerical optimization to set boundary constraints and then performs rigorous
mathematics to produce an optimum on that set, can be viewed as an analogue of the techniques
introduced in [Edelman and Urschel, 2024], which uses numerical optimization to produce candidate
matrices with large numerical growth and then performs rigorous mathematics to convert them into
large growth completely pivoted matrices in exact arithmetic.

Our technique is as follows. First, we perform numerical optimization with the JuMP package. Next,
we fix the tight constraints produced by the numerical optimization, and leave slack matrix entries as
variables. Using the equality constraints, we solve for as many of these variables as we can. This
is the easy part of the process. What follows is much more difficult. Next, we use Groebner basis
computations to eliminate non-linear polynomially dependent variables. Finally, if needed, we use the
discriminant polynomial to perform an exact optimization.

Below, we demonstrate this technique in depth for n = 5, and also briefly for n = 6,7,8. The
remainder of this section is as follows. In Subsection 2.1, we provide simple Mathematica code and
a detailed discussion that illustrates our technique for obtaining this 61°¢ degree polynomial. In Sub-
sections 2.2 and 2.3, we give more details regarding Groebner bases and discriminant polynomials. In
Subsection 2.4, we convert our analysis from Subsection 2.1 into a proof that this root of a 61%¢ degree
polynomial is the maximum growth factor over all completely pivoted matrices with a certain set of
equality constraints. Finally, in Subsection 2.5, we briefly discuss the results of applying the JuMP +
Groebner basis + discriminant approach to n =6, n =7, and n = 8 as well.

2.1. Our structure for n = 5. We investigate in depth a specific elimination sequence structure that
we have seen many times in our JuMP experiments and that leads to the growth 4.1325... reported
in experiments by [Day and Peterson, 1988, Gould, 1991]. At the end of this investigation we will be
able to conclude that the reported value of 4.1325. .. is exactly the root of a 615! degree polynomial.

For “at a glance” viewing, the elimination sequence of interest is portrayed pictorially with card
suits denoting complete pivoting equality constraints. We stress that these equality constraints are not
inputs to an optimization run, but rather are outputs:

AL AG) =
1 1 a3 aiy ais
T age asy —1 1 E i _: i x =& E s
—1 a3zs a3z —1 —1 s NN < x s <> X X R B Y ,[ 2% ] (21)
y a1 1 1 x O x
> -1 1 -1 1 —h X XX

The Mathematica code used to compute the 61°¢ degree polynomial is remarkably short, and included
here in Figure 1 with a screenshot and online at [Chen]. The brevity is a consequence, in part, of
the power of Mathematica’s GroebnerBasis function. We provide an explanation of the technique,
annotated with reference to the corresponding Mathematica input cells from Figure 1, referenced in
blue for readability. So as to not interrupt the explanation, we provide key outputs only after the
explanation.
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)= ClearAll["Global  «"]
A ={{1, 1, a3, ais, ais},
{x, ax, ax, -1, 1},
{-1, asz, as3, -1, -1},
{y, aa2, 1, 1,1},
{z, -1, 1, -1, 1}};
n@l= (* Three Steps of Elimination =)
F=A[[23555,23;5]]1-A[[2555, 133 1]].Inverse[A[[1 ;51,1355 1]1]1.A[[1351,23;5]];
G=A[[3;55,33;5]1-A[[3355,13;2]]1.Inverse[A[[13;2,1352]]1]1.A[[13;2,3;;55]];
H=A[[4555,45;5]]1-A[[43;5, 1;553]].Inverse[A[[13;3,1;;3]]1.A[[1;;3,43;5]];

mel= (*+ Eliminate linearly dependent variables and place in H, only x,y,z left &)
lins =
Solve[ {F[[1, 1]] ==F[[2, 1]] == -F[[4, 1]] = F[[3, 2]] = -F[[2, 311,
G[[1, 111 =G[[2, 1]] = -G[[1, 3]] = -G[[3, 2]1, H[[1, 1]] =H[[1, 2]]},
{@22, a3z, As2, 313, 323, A3z, A14, A15}]1[[1]]}
n7=H = H/. lins // FullSimplify;
= (* Two more equalities and the growth -itself x)
SimpDen[e_] := First[(Numerator@Together[e /. Equal - Subtract] =0)1];
ng)= pl = H[[1, 1]] = -H[[2, 1]] // SimpDen; p2 = H[[1, 1]] == H[[2, 2]] // SimpDen;
p3 = g =2H[[1, 1]] // SimpDen;
inf10j:= (* Eliminate y with Groebner Basis x)
gyoutput = GroebnerBasis[ {pl, p2, p3}, {X, ¥, z, 8}, V13
n11}= gz = Factor[gyoutput[[1]11[[7]];

nfi2)= Factor [Discriminant[gz, z]]1[[6]]

FI1GURE 1. The 61st degree polynomial with only 12 Mathematica input cells

In the above, 14 of the 25 entries in A are filled in with +1s, following JuMP’s output. Thus we
have 11 unknowns to find. Three are labeled z, y, z and eight more are labeled with the form a;; (In[1]).
The next three steps of Gaussian Elimination A, ..., A® labeled F,G, H in (In[3]), are determined
exactly by the Gaussian elimination procedure (see Equation (1.4)).

There are ten equality constraints that we impose on A®, A®) and A® based on JuMP that are
denoted by the unboxed card suits. They are all of the form of a 4 equality with the (boxed) upper
left entry: = (44) + (3)) + (3&%). We found that we can eliminate eight of the 11 variables (those
labeled a;;) using 8 of these 10 equality constraints. Specifically we use (44) + (3¢) + (1) leaving
two more (&)s for later (In[6]). The result of the elimination appears in Equations (2.2) through (2.9).
We then substitute Equations (2.2) through (2.9) into the 2 x 2 matrix A®), H in the code (In[7]).

We now have three unknowns z,y, z and two equality constraints, (2&). These equality constraints
are rational functions, yet we need polynomial constraints for what follows, so we form a common
denominator (In[8]), which is used when we set up the aforementioned last two equality constraints
(2&) (In[9]). We also introduce a new variable, the growth g (In[9]). These create three polynomial
equalities that we label p;,ps and p3. These polynomials are documented below in Equations (2.10)
through (2.12). The big step is to take the polynomials p1,pe,ps in z,¥, z, and g and compute the
Groebner basis to eliminate the variable y (In[10]). Each element of the Groebner basis is an equality
that must hold. Upon factoring every factor is a possible equality. We found that the 7% one was the
operative one so we save it in the variable gz, named because that factor only involves g and z (In[11]).

Finally we compute the discriminant of gz with respect to z, factor that, and take the 6" factor,
which provides the correct 615¢ degree polynomial that we are looking for (In[12]).
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Next, we provide the output. The below linear constraints follow (Out[6]).

a22:1+m+z (22)
as — 2 (2.3)
—2— 21 — 2y — 22y — z + 2z + 2022 + yz + 3wvyz + 22%yz + 222 + dxz? + 20227 + 2922 + 3wy2? + 2% + 12 + y2B (2 4)
a. =
42 —2 =22+ xz + 2222 + x2?
z
__Z 2.5
ay3 y ( )
(2y + 22y + 222 + 22%2 — 2yz — bayz — dxlyz — x2? — 32222 — 22322
=292 = BayR® +aPy2? + 20%y2” — w2’ — 2?28 a2 4 0%y + wy2?) (2.6)
423 = y(=2 — 2z + 2+ 3zz + 2222 + yz + 2zyz + 22 + w22 + yz?) '
(—2y — 22y — 22 — 222 + 3wyz + 22%yz + 292 + dwy?z + 22 + 3222 + 20222 + 3y2?

e — +3zyz? + 2y%2% — wy?2? — 2229222 + 23 + 228 — 2wy — 9?23 — 3wy?2® — 2t — y22Y) (2 7
33 y(—=2 — 2z + 2+ 3xz + 2022 + yz + 2xyz + 2% + x2? + yz?) ’
P (2.8)

x +
as = 282 (2.9)

1+

The aforementioned relationship p; arises from the 2 x 2 matrix A by letting & in the (1,1) position
equal the —é in the (2, 1) position. This gives the first complicated polynomial relationship (Out[9]):

p1:0=—4yz — 122yz — 16x2yz — 813yz - 4y22 — 4xy22 — 4yz2 — 811/32 + 89023/22 + 28z3y22 + 16w4yz2
+ 103/222 + 28:vy222 + 28:70231222 + 12x3y222 + 2y322 + 4$y322 — 423 — 1222% — 120223 — 42323
+ 4yz3 + 22xyz3 + 52z2y23 + 34133/23 - 8x4yz3 - 8m5yz3 + 81/223 + 9xy223 — 6zzy2z3
— 241311223 — 161431223 — by — 2121/323 + 224 + 1222 4 262221 + 2422 + 82124
+ 5yzt 4 21ay2t 4 Talyzt — 37ady2t — 322yt — 415yz4 - 4y2z4 — 13zy224 - 3012y224 21
—2723y% 2% 4 4oty 2t + daByPet — 382t — 20yB 2t + 22282t 4 225  Tar® 4 4225 — 92320 ( ' 0)
—122%2° — 42 2% — 9ay2® — 362°%y2° — 312°y2® + 4ady2® — 2220 — 9ay?2® — 14a?y?2°
+ 10;1:3y225 + 121‘4y225 + 3wy3z5 —222% — 82220 — 102325 — 42420 — yzG - 8:L‘y26 - GwaZG
+ 9m3yz6 + 81‘4yz6 — 2my2z6 + 81‘21/226 + 131‘3y226 + y3z6 —xz’ — 222" — 23+ wyz7

+ 6x2yz7 + 513y27 + 2xy2z7 + 612y227 + zyzS + chzyz8 + zy228

The aforementioned relationship p, arises from the 2 x 2 matrix A by letting & in the (1,1) position
equal the & in the (2,2) position. This gives the other complicated polynomial relationship (Out[9]):

p2:0=—4dayz — 8$2yz - 4x3yz + 4y22 + 12xy22 + 12z2y22 + 4x3y22 — 422 — 12227 — 122222 — 42322

— 5yz2 - 5$y22 + 12123122 + 2013y22 + 8x4y22 — 2;122'2 — 81y222 - 14z2y222 - 16953y222

—8xy%2? — 322 — 3y — 22%y32% 4 223 4 1222° 4 262223 + 240323 4 82423

+6yz® + 20my2® + 1722y23 — 923y2® — 162 y2® — 405y2® — 229223 — 142223

— 1123%22% 4+ da*y?23 + 4259223 + 209323 + 202523 + 2% + T2t + 42?2t — 9232* (2.11)

—122% 2% — da® 2t 4 yzt — bay2t — 242yt — 2123yt 4 4aPyz2t — 8uy?2t — 622y22t

+ 10w3y224 + 12x4y224 + y3z4 + l‘y3z4 —2x2° — 8x22° — 102°2° — da*z® — 2y25

- 7zyzs - 4z2y25 + 9m3y25 + 8$4yz5 — 2y225 — xy225 + 83521/22:5 + 13m3y225

— 228 — 22225 — 2320 4 zyzG + 6x2y26 + 5z3yzG + 2xy226 + 6x2y226 + xyz7 + x2yz7 + :vy2z7
Finally there is the introduction of the growth factor g that gives the equality g = 2 &. This may be
rewritten as yet another polynomial expression (Out[9]):

p3: 0= 29222 + gr2® + grz — 2gx — 29 — 8122 — dx2® — 4oz + 8x — 2yz® + 2yz — 222 + 22 + 8. (212)

As described above, we compute a Groebner basis of the above three polynomials in g and x,y, z
(Out[10]). Any polynomial in the basis has the property that it must equal 0 if the input polynomials
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are equal to 0. The first (as computed by Mathematica) of the polynomials in that basis is

(9—2)%(z—1)%2%(gz +29 — 62— 8) (g+ 2> —z — 4)2(2122 +22% + 2z — 22 — 2)2

x (97210 — 3695210 + 548¢°210 — 45604* 210 + 2230493210 — 6374442210 + 977929210 — 6144021°
—5g72° +176¢°2° — 26284°2° + 21472¢*2° — 103008¢°2° + 287744¢%2° — 429056g2° + 261120z°
29728 — 88¢%28 + 1640g° 2% — 16512¢ 2% + 96384¢° 2% — 3253769%2% + 589824¢2% — 4505602°
229727 — 664¢°27 4 8168¢°27 — 51488¢127 + 167424427 — 218112¢%2"7 — 116736927 + 42393627
— 199725 4 636¢°25 — 8972¢° 2% + 679209 2% — 291744¢%25 + 69043292 2% — 793088725 + 2990082°
—41972° + 1024¢°2° — 9588¢°2° + 36288¢"2° + 75209°%2° — 4848649%2° + 1393664¢2° — 12912642°
329724 — 944452* 4 11424465 2* — 714247 2* 4 237312¢%2* — 372992922 + 134144g2* + 1720322*
409723 — 7929523 + 4688¢° 2 + 57609 2> — 184064¢° 2> + 840192¢%23 — 1642496¢2> + 122060823
— 1697 2% 4 4644°%2% — 5408¢° 2% 4 322569 2% — 1036809°2% + 171008¢% 22 — 118784¢2% + 1638422
— 16972 + 224952 — 17152¢% 2 + 131072¢g° 2 — 442368¢%2 + 72089692 — 4587522

(2.13)

— 644° + 1408¢° — 12800g™ + 61440g° — 16384092 + 977929 + 2293769 — 131072)

Taking the discriminant of the final big factor with respect to z allows us to perform a maximization,
as described in Section 2.3. The computed discriminant (Out[12]) is

—295147905179352825856 (—6 + g) (—4 + ¢)32 (—2 + ¢)® (40 — 129 + g2) P5(g), (2.14)

where P5(g) is a 615t degree polynomial

Ps(g) = — 400768351683901408958416200638054732473753927680 + 44858654168511257437882301452335743887184693821449
— 245147647644115049834759815676025889180133820989449% + 872172267297995644876545545709615326376208262758404°
— 227272096308101830763401243729746552751035059798016¢* + 4627098194313325791356135030902108811529297864949769°
— 766717614581304313114392121166832616680006210289664¢° + 10635844367780762411821123356786218905998514664243209"
— 1260890928707415271320049672620311457803946132766720g° + 12977385776066553796764333383605454799997278890229765°
— 1174034757320339655369158795901049591606791293108224¢"0 + 9429634645770895260444222062693959949770922058055685
— 677934188506657333601022620611924661223810387673088¢*2 + 439257245648213960218425406267346647338070336077824¢"°
— 257972856502979631073226298004753211978646395289600¢™ + 1379906085612326108664392778235351185500176918773764"°
— 67501782245716434625321022717049489901181623861248¢ % 4 30300948936890380444641188810690357840398421852160¢""
— 12517004528640474114410312100200354935951234957312¢'® 4 47690639047406419934611524478638844748359993917444"°
— 1678801195187379807996886928950958962405971853312¢%° + 546626688596819879421936148562972655095260381184¢°*
— 1647084880817376710052609113043898562009293127689%% + 45913441353285356544812597189623621359713124352¢9%°
— 11824394908442237813782015042429910964838072320¢* + 28055051419813368651425295288698752077209272329%°
— 610122837879497813508978054510894441606152192¢% + 120517644367496052573488222809065538013102080g%7
— 212596138896299014443128107466808891539456009%° 4 3232473902649233225492038672001558428778496¢%
— 385658581119287455693748758468032752254976¢°° + 228063080211263428310100919677536436224009°"
+ 4894535361089103056466100216447232901120¢°% — 2321369271980741328279078542236324986880¢
+ 6016965615997238821763269692013842268169! — 1237754389942323378789194086955624693764°°
+ 21961720969887997312065520856381521920¢¢ — 3468454832875402800794241505433747456¢°7
+ 494585628535060280610858619094695936¢°° — 640969872819670894857982967933829124°°
+ 7566621187666403129807306257072128¢° — 8129910338587427081507326509711364*" + 792181746223822972582633039462404 "2
— 6951821319653222073914715275264¢"% + 542828623292663115763310526464¢** — 36902811774200980940618924032¢*°
+ 2088035191940616804066754560g'¢ — 86850177265000967745748992¢"7 + 11761292275910989992919044*
+ 223725965850750547116032¢%° — 29310655078216507848704¢° + 2327920657178572930048¢°! — 1430681100483215544324°>
+ 7211069563930583552¢°% — 302975406829565568¢°* + 10602327706308288¢°° — 305386806375072¢°¢ + 70792179625444°7
— 1272832658649°® + 166878306097 — 14211126950 + 590494%%

(2.15)

Note that the roots of the first four terms cannot achieve the maximum growth factor, as g = 2,4,6
cannot be maximal and g2 — 12g+40 does not have real roots. There is only one root of the 61°¢ degree
polynomial Ps(g) that is real and has an absolute value between 4 and 5. This root is the relevant
growth factor. Here, it is listed to 200 decimal places
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g = 4.1325170786 3247285422 3346853277 3712699527 9153779908 7694544180 5219674378 3429681764 8258551799 8548302263 (216)
0152515659 8878252716 0955420993 4703653072 2238973129 2506908826 4378769458 9154507591 7179407904 4884836275

Nick Gould reported to us that Lancelot in quad precision gave 4.132517078632472854223346853277
[Gould, 2026], which agrees with our exact number to 30 digits.

We first computed the real roots of P5(g) numerically, but we also applied Descartes’ rule of signs
to confirm rigorously that there was only one real root in (4,5) and no real roots in (—5,0). The first
computation was performed by replacing g with (5t+4)/(¢t+1) which maps 0 to 4 and oo to 5. There is
then one sign change to the coefficients of the polynomial: they are negative up to t° and positive from
19 onward. Similarly, replacing g with —5/(¢ + 1) gives a polynomial with all negative coefficients,
indicating no real roots in (—5,0).

To a few digits, the matrix that achieves this growth is

1.0 1.0 0.581691 —0.453225 —0.194706
—0.617533 0.835692 —0.997327 -1.0 1.0

-1.0 0.453225  0.854664 -1.0 -1.0
—0.779151 0.635656 1.0 1.0 1.0
0.453225 —-1.0 1.0 —-1.0 1.0

and the first three steps of Gaussian elimination are

1.45322 —0.638114  —1.27988 0.879763
1.45322 1.43635 —1.45322 —1.19471
1.41481 1.45322 0.646869  0.848295
—1.45322 0.736363 —0.794587 1.08825

2.07447 —0.173344 —2.07447
2.07447 1.89292 —0.00821026
0.0982495  —2.07447 1.96801

2.06626 2.06626
—2.06626 2.06626 |’

finally giving 4.13251659953668686.... The above 5 x 5 matrix turns out to be the matrix JuMP
consistently output when tasked with numerical optimization over 5 x 5 matrix space. The confluence
of numerics and algebraics leads us to

Conjecture 2.1. The largest possible growth factor for a 5 x 5 real matriz under complete pivoting is
exactly the lower bound proven in this paper, i.e., the unique real root g in the interval [4,5] of the 615¢
degree polynomial Ps(g) in Equation (2.15).

Finally, to fully specify the matrix, we need to specify x,y and z. These are all also roots of 615
degree polynomials. They were obtained by further manipulations of the GroebnerBasis command in
Mathematica.

The polynomials are the “x” polynomial:

+ 1324 232146z + T86564793359518422 + 31 22% + 1079975226407260352" + 3930084402688304162° + 13487467548160410542° + 3516:

3331880336227 + 57543917562327577922% + 52141923472199811262°
+ 255505152644187422812"° + 2577560696444127673902" " + 14784769299178145607352'2 + 59443505444662613173362'% + 188414843988501837678762 + 50067185659426716770294' + 115768365699336480978060°
+ 2388115202154071604050202" T + 4469760574065171945172812"® + 766681291506732020731084z'” + 12094784662776035578119000% + 1 2 -

+ 27957678467720849868758562> + 305
+ 1790219701110818¢

08362371408557764482* + 305279236023028727176384827" + 281252682461 26 4 2452431 10920027 + 20918041135021230897768162>

2797442 + 1534589964580390467( 30 4 19797586

5571672761106242°" + 3019354798532078402° + T108658388496727723210242° + 148276802

- 2502160807303826: 5625 + 119963441 6 6% + 4773496 3T 4 137 766649625 + 5212838581177002216962% — 323 7057263405661442° — 3371166500901150918656*
- 4816336834562 — 15512097502107951042562** — 86200191147 941447* — 4339075843081913528322% — 1993283207126293329922'° — 839244851744673341442"7 — 7922
117631169636471603202" 2176270 — 1288020887487414; 3885952632180091842°% — 1068188853104803842"* — 257363117885358082" — 52056374289367042°" — 8418106513817602°°

~ 1017612809011202"7 — 81036973178882" — 2769079500802 + 90+ 134217728025

the “y” polynomial:

24100440737218560 + 614707117564852224y + 7409397905060361984y” 4 78240y + 207757114018048548288y" + 1 5 4 46101873115781145849605° + 13019703705952018408248,7
+ 274 32y° + 4 9 354040 + 238839746461916970817831y'! + 603731 y'? 4 1034576259342255535202382y 1
+ 7596 4 410871 1% + 9341147077215643094414853y' 7 + 61 18— 1539706 71185y
-+ 17347899649663175808914197y%" + 1 1y%2 — 3442 7( 5 y? — 1 3461190607537754507y>¢
+ 354456 628y + 22173683920054147384680566y°° + 26186639305431858851376694y%7 + 1256281088¢ 862% + 3169052942979959644884648**
1930946179734364548724116y™ 1207803 5 10y*" — 155084 566y — 648927173612250605474346y™ + 684621102957720618449534y>" + 824194874798279989919762y*

— 127135702414578921921010y + 250336340224205802864718y7 — 125201124031225616814118y — 409103002046171218385

06y + 29577504846979094411450y™0 — 33393326478241128181556y*"
+ 19969543071878938354596y*2 — ' 4 2147602211195475968945y " — 243130574811470985046y*° — 86457949373884105780y"° + 18360567359353845507y 17

+ 1439232788089387529y* — 7387602599581203171y" + 49704287439711712; — 1618245509195375249y°" + 279795470991728013y2 — 23449866473147039y°* + 354830570976547y>"

+ 3237056985881y + 8653830126003y — 1021857916784y — 128403012545 + 20004989245™ — 60012576y + 324051

and the “z” polynomial:
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027 — 5210685876 1
7_11 18
827 + 208012386142114:2°
+2427161563848542"

92274688

— 1793151225 — 1502055512% + 266323322 + 1012068157 — 33124442% — 15655827 + 15540827 — 10562 — 6216:%° + 7202

2.2. The role of the Groebner basis. The Groebner basis computation takes as inputs a sequence
of polynomials in several variables and, if successful, outputs another sequence of polynomials with
at least one variable eliminated. The key property is that if all the input polynomials are 0 at its
arguments, then so is every output polynomial.

In our computation for n = 5 we had the three polynomials pi, p2, ps in the four variables x, y, z and
g. The command (In[10]) in our Mathematica code asks for the elimination of y. There are several
output polynomials but we listed the first one in Equation (2.13) as it is key for our computation. That
polynomial depends on z, g and z but not y. The elimination of y has been used to describe Groebner
bases as a generalization of Gaussian elimination to polynomials.

If we factor any polynomial in the output sequence then one of the factors is necessarily zero when
the input polynomials are zero.

Groebner bases have many other properties and applications. One good starting reference is [Sturm-
fels, 2005].

2.3. The role of the discriminant polynomial. Suppose we define g(z) implicitly through a poly-
nomial equation P(g, z) = 0, and we wish to find a candidate local maximum of g as a function of the
parameter z. We can differentiate P(g(z),z) = 0 to obtain

Pg% + P, =0
which implies
dg _ I
"B

Therefore a stationary point satisfies
P(g,2) =0, and P,(g,z) =0,

as long as P,(g,z) # 0.

A well known method for solving P = P, = 0 is to think of P(g,z) as a polynomial in z with
coefficients depending on g. We are then asking for which g does this polynomial have a double root.
We recall that the discriminant polynomial Disc, P is a polynomial in g whose roots provide the possible
g for which P = P, = 0. In Mathematica, this polynomial may be readily computed with the command
Discriminant [P, z] and thus a potential maximum growth factor g is obtained as a root of a
univariate polynmomial in g.

2.4. The growth value 4.1325... is optimal for Sequence (2.1).

Theorem 2.2. Quver all completely pivoted matrices that satisfy the equality constraints portrayed in
(2.1), the largest growth factor is obtained exactly as the root of Ps(g) that is approzimately 4.1325. ...

Proof. We recall that at least one of the factors in the discriminant (2.13) must be 0. We must, one

by one, consider the other factors and show them to be extraneous. We provide a Mathematica code

that goes through the computations in [Chen|, and here we report on the methodology and results.

Case 1: (g — 2): g =2 is lower than the maximum so it is readily dismissed.

Case 2: (z —1): If we let z — 1, we obtain the top left entry of H = A® is 2 leading to a growth of
at most 4 < 4.1325.. ..

Case 3: z: If we let z — 0, we again obtain the top left entry of H = A® is 2, as in Case 2.



10 THE LARGEST 57" PIVOT MAY BE THE ROOT OF A 61°T DEGREE POLYNOMIAL

Case 4: (gz+2g— 6z —8): We asked Mathematica to compute the Groebner basis with p1, ps, p3, and
(92 +2g — 62 — 8). The first element of the result is

P+ D(xz+ 22 +2-1D)(22% + 222 + 22— 22 —2)2

X (z8 + 1127 + 3820 + 5425 — 32 — 5523 — 1422 + 442 + 8) .

So now we must examine each of these five possibilities, one by one, as well.
Case 4a: z: z = 0 was already dismissed.
Case 4b: (z+1): z =1 forces y to be 0 or 1. If y = 0 then A; 3 blows up, and if y = 1, then
Hy1 = 2 which has already been ruled out.
Case 4c: (vz + 2%+ 2z —1): This can be rewritten as x = # which forces Az > to be 1/z
hence z = —1 (as z = 1 is ruled out), but this forces = 1 which in turn blows up As .
Case 4d: (2222 + 22?4+ 22z — 2z — 2): adding this to the Groebner basis forces either y = —1,
z =1, or z =0, all already ruled out.
Case 4e: (28 + 1127 4+ 3825 4 5425 — 32% — 5523 — 1422 4 442 + 8): Of the eight roots, only
one is in [—1,1], z = —0.17852433207456908 . . .. Case 4 requires, g = %, which is a
monotonically increasing function, and z must be bigger than 0.14 to give a better maximum
than the one we have, so this is also ruled out.
Case 5: (2222 + x2? + 2z — 2r — 2): Adding this to the Groebner Basis only allows y to be —1 or z
to be 0 or 1, all already ruled out. U

2.5. What about n =6, 7, and 87 In 1988, Day and Peterson numerically found growth 5 for n = 6
and growth 6 for n = 7 [Day and Peterson, 1988] with NPSOL, in 1991 Gould matched these numbers
with LANCELOT [Gould, 1991]. In 2024, we also found growth 5 for n = 6, but found a larger growth
of 6.05... for n = 7 [Edelman and Urschel, 2024]. The JuMP-+GroebnerBasis-+Discriminant method
can also be readily applied to these situations, and produces 5 for n = 6 and a root of a polynomial of
degree 6

P;(g) = 3¢° — 86¢° + 688¢* — 11369> — 5888¢2 + 12032g + 22528
for n = 7. This polynomial has only one real root with absolute value between 3 and 16, namely

g = 6.056953473721059619788033246920631605921538842353885034320248936556863912133036 . . . .

See [Chen| for the associated Mathematica files for n = 6 and n = 7. Interestingly, the method is
notably simpler in dimensions n = 6 and n = 7, but for two different reasons. When n = 5, the matrix
is fairly complicated and there are only 23 equality constraints, one too few to define the 24 variables
of a matrix with first pivot 1. When n = 6, the JuMP computed matrix has a very simple form, with
only 6 entries not equal to +£1. For this reason, no Groebner basis is needed and the discriminant
approach is overkill for the resulting optimization problem

maximize |v? — 5| subject to z € [~1,1].

When n = 7, the JuMP computed matrix is more complicated, but also has at least n? — 1 equality
constraints, removing the need for any optimization, after the computation of a Groebner basis. Finally,
we note that when n = 8, numerical optimization suggests growth equal to 8, a value known since the
1960’s, and achieved by Sylvester’s 8 x 8 Hadamard matrix. However, interestingly, in 2024, we found
non-Hadamard 8 x 8 matrices that also achieve growth 8 [Edelman and Urschel, 2024, Table 1].

If our lower bounds turn out to be the true maximum growth factors, the first 8 largest growth
factors are indeed a strange mathematical sequence: 1,2, 2%, 4, (a root of a 61%¢ degree polynomial), 5,
(a oot of a 6" degree polynomial), and 8.
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TABLE 1. Bounds for n =5

n =5 growth reference

5.0625 = (21)2 well-known
5.005 [Cohen, 1974]
4.94 [Tornheim, 1969]
4.84 Theorem 3.5
4.1325... Conjecture 2.1

3. UPPER BOUNDS ON THE GROWTH OF 5 X 5 MATRICES WITH COMPLETE PIVOTING

Using mathematical analysis combined with interval arithmetic in the form of branch-and-bound
algorithms, we improve the upper bound for the growth factor of 5 x 5 completely pivoted matrices. We
remind the reader that interval arithmetic is an exact numerical computation in that computed results
are an interval such that the true answer in the absence of rounding is contained in that interval.

Let py, = |A§£€)| be the k*" pivot in Gaussian elimination. Recall that the maximum growth factor over
n x n completely pivoted matrices is equal to the maximum n** pivot p,, over n x n completely pivoted
matrices A with A;; = 1. Therefore, in what follows, we only concern ourselves with maximizing
the fifth pivot ps over completely pivoted normalized matrices (defined in Subsection 3.2). Given a
completely pivoted normalized 5 x 5 matrix A, ps is equal to the product of the 3"¢ pivot ps (or
alternatively, the last pivot of the top left 3 x 3) and the 37¢ pivot of the normalized bottom right 3 x 3
after two iterations of Gaussian elimination of A. Combined with the fact that the growth of 3 x 3
matrices is at most 2% this gives an upper bound of (2%)2 = 51—16 for the growth. This bound has been
lowered to 5.005 in [Cohen, 1974] and 417 = 4.94 in [Tornheim, 1969] (which happened to be five years
earlier).

Still, the gap between the current best known upper bound for the 5 x 5 case and our lower bound
of 4.1325... remains significant. We make mild progress on this gap, reducing the upper bound slightly,
to 4.84 (Theorem 3.5). There is nothing inherently special about this value; it can be readily lowered
by simply lowering a handful of numbers in the associated code and suffering a slightly longer runtime.
The main contribution here is the presentation of new ideas for addressing this problem. However, the
presented technique, even when taken to its natural limit, certainly falls short of 4.1325.... To fully
close this gap, further innovations are required.

3.1. High level technique. As noted above, we can combine bounds for the top 3 x 3 and the
bottom 3 x 3 parts of a 5 x 5 elimination to produce an upper bound of 5% for ps. Our technique is
an improvement of this idea in two respects.

We might summarize at a glance what follows by drawing the reader’s attention to Figure 2, Figure
3, and Inequality (3.1). First, using mathematical analysis, we produce a (necessary, but not sufficient)
test to determine if a given 3 x 3 matrix with large growth could occur as A®) of a completely pivoted
normalized 5 X 5 matrix with large third pivot (Inequality (3.1)). In essence, we have created a test
that shows the incompatibility of large growth 3 x 3 matrices with each other, so that we may conclude
that they never occur together as A®) and the top left 3 x 3 of A, respectively. Then, using interval
arithmetic and branch-and-bound techniques, we obtain a description of what 3 x 3 matrices with large
growth can look like (Figure 2), so that we may apply our test to them. Finally, we implement this
mathematical test using exact computation (Figure 3), which allows us to rule out the existence of
certain large growth 5 x 5 matrices (Theorem 3.5).

3.2. A test for 3 x 3 matrices. The growth factor of a matrix A is invariant under rescaling i.e.
g(A) = g(AA) for any A # 0. In addition, the growth factor is invariant under multiplying rows or
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columns by —1. Hence, when studying the growth factor of n x n matrices, by rescaling and multiplying
rows and columns by —1, we may assume that || A|| =1, A;; =1and A;;,A;; > 0fori=2,... n.
We define such matrices to be normalized.

The following lemma provides a necessary condition for a 5 x 5 matrix to have growth factor g
by reducing to a problem involving the approximation of certain normalized completely pivoted 3 x 3
matrices by certain rank 2 matrices.

max

Lemma 3.1. Let A be a completely pivoted 5 x 5 matriz with Ayy =1 and ||A||,,.. = 1 and let p; be
the pivots of A. Then there exists a completely pivoted matriz C € R3*3 and vectors u,v,z,y € R3
such that

||ng —uvT fpgxyTH <1 (3.1)

max —

pC =AY Ol =1, Nulloo s olle s 2l - lyllo < 1.
Moreover, if we denote ph to be the 3rd pivot of C, then psps = ps = g(A).

Proof. We may perform two iterations of Gaussian elimination on A to obtain a representation of the
bottom right 3 x 3 after two steps. Here, a,b, c are scalars, u,v, ',y are vectors in R? and M is a
matrix in R3*3:

1 a 7
A=|b ¢ y7T (3.2)
u ' M
T T T
(2) _ |c—ab y' —bv _. |£p2 P2y
4 2 —au M —uw” “per M —w” (3.3)
A®) = M — w? F poay” =: p3C (3.4)

where we defined 2 = py ' (2' — au) and y = p; ' (v’ — bv). Since A is completely pivoted, so are A()
and A®) and thus we have ||z, |lyll, < 1.

In the above, we have defined C' via A®) = p3C where ps is the third pivot and C' is a completely
pivoted 3 x 3 matrix with ||C||, .. =1 so that g(A) = p3g(C).

Since || Al| . = 1, we have [[u|| . [|v]l ., M| 0 < 1. Rearranging, we have

max max —

Hng’ + uv? :I:pg:cyTH <1. (3.5)

max —

We may multiply v and « by the appropriate signs (which doesn’t change their norms) to get the
result. (]

Without loss of generality, C' can be taken to be normalized by multiplying rows and columns of A
by —1 (recall that multiplying rows or columns of A does not change the growth factor). Thus, we can
bound g(A) by showing that if g(C') = p; and p3 are large, then Inequality (3.1) cannot hold.

3.3. Construction of covers. Here, we compute approximations from above of the set of completely
pivoted normalized 3 x 3 matrices C' whose growth factor is sufficiently large. More precisely, we build
sets S99 and Ss.15 in the form of unions of dyadic boxes constructed using interval arithmetic, such
that Ss.o contains all completely pivoted normalized 3 x 3 matrices C' with g(C) > 2.2, with a similar
statement for Sy 15.

Remark 3.2. The choice of the pair of numbers 2.15 and 2.2 are mostly arbitrary, based on our
tolerance for computational run time. The key property of this pair is that 2.2 = 4.84, our desired
upper bound, and 2.15 is such that 2.15 x 2.25 = (2.2 — .05)(2.2 + .05) < 2.22 = 4.84.
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We construct the sets Sy 5 and S7 5 out of boxes B of the form

R A
B=|I} In I (3.6)
I, I Iz

where the I;; and [ jj' are dyadic intervals of the form

Lje{[k2% (k+1)2 Y ke Zn[-2%2* - 1]} (3.7)
Ihe{k2™ (k+1)27Y ke Zn[0,2* — 1]}

Thus, each box B is a subset of R3*? and has side lengths %6 in all coordinates except in the degenerate
case corresponding to Bi1. The total number of such boxes B can be calculated as 24X44%5 = 236 ~
6.87 x 10'9.

We now formally state tne properties of the sets Ss 5 and So.15 computed.

Lemma 3.3 (Pruning boxes). There exists explicitly computable subsets Syo C R3*3 and So 15 C R3*3
such that

e Sy and Sso are a union of 1882 and 19511 disjoint boxes (of the form B) respectively.

o Fvery matriz in Ss.o and So.15 is normalized and So.2 C So.15.

e Syo contains all completely pivoted normalized matrices C with g(C) > 2.2 and Sa.15 contains
all completely pivoted normalized matrices C with g(C) > 2.15.

We note that in principle one can refine the side lengths of the boxes B to be 27! for [ > 4 to
obtain better approximations of C5 o and Cs.15. However this is expensive computationally due to the
high dimensionality of the problem. The numbers 1882 and 19511 are not special, only that they are
significantly smaller than the total number of such boxes 23¢ and small enough for computation to be
feasible.

The proof involves computing the sets S5 2 and Ss.15 explicitly. In Figure 2 we plot two-dimensional
slices of them by projecting onto two entries of the matrices at a time. We note that the sets S o and
So.15 appear to cluster around 3 particular matrices in R3*3. These matrices are marked in black dots
in Figure 2 and they correspond exactly to the three completely pivoted normalized 3 x 3 matrices that
achieve the maximum growth of 2.25. We list them below for completeness:

1 1 05 1 1 05 1 05 1
1 —05 -1, 05 -1 1], 1 -1 —05
05 -1 1 1 —-05 -1 05 1 -1

Proof. Computer assisted with interval arithmetic. The key component of the computation involves a
routine check_growth(B, g) whose inputs are a box B C R**3 (not necessarily with side lengths 274)
and a growth factor tolerance g > 2. This routine returns t rue whenever B is guaranteed to contain
no completely pivoted normalized matrices C with g(C) = p§ > g, and false when the routine cannot
guarantee this (though it may still not contain any such matrices).

Let C be a completely pivoted normalized 3 x 3 matrix and pj, ps be its pivots (recall that g(C) = pf).
We quote the following facts from [Cohen, 1974] which are used in the routine:

e The maximum growth factor of a 2 x 2 matrix is 2 and as such, for a 3 x 3 matrix to have
growth factor pj = g, we must have p, > 2. As such, if g > 2 then we must have C’Qg) <-4,

where C:g) = (9 — C31C2 i.e. the 2,2 entry after 1 iteration of Gaussian elimination.
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FIGURE 2. 2D Projections of Sy and S3.15 onto entries As; and Ajo (left), entries
Asp and Aj3 (middle), and entries Asy and Ass (right). Note that Spo C Sa.15 and
thus every box plotted that is part of Ss 5 is also part of S 15.

e If p > 2 then the sign pattern of the bottom right 2 x 2 after one iteration of Gaussian
elimination must be one of the following

X %k
_+7 * = =, * - -
- - x4 - ¥ -

e Defining a;; and as as in Theorem 1.1 of [Cohen, 1974] (whose values depend on the above sign
patterns), we have

.1 1 1\
p3 < —ajag |14+ —+— | .
4 (651 (6%)

We also have that p} < 3p) — p2.

Using these above facts, we can check when these facts are violated using interval arithmetic to de-
termine whether B contains no completely pivoted normalized 3 x 3 matrices with growth p5 > g for
some prespecified g > 2.

The rest of the computation involves a standard branch-and-bound procedure to refine an initial
box By = {C eR¥3: 1 = 1,|C)| yax = 1, C12, C13, C21, C31 > O} to side lengths %, pruning away
any box which check_growth determines to contain no high growth matrices. The output in the
case g = 2.2 is a set S5.o consisting of 1882 boxes and in the case g = 2.15 is a set So.15 consisting of
19511 boxes. The programs and their details for execution can be found at [Chen] and were executed

using 64 threads in approximately 12 hours on Julia 1.10.4.. O

3.4. Infeasibility of Inequality (3.1). The sets Soo and Ss 15 from Lemma 3.3 enclose the set of
completely pivoted normalized 3 x 3 matrices. Our goal is now to show that given a completely pivoted
5 x 5 matrix A, if the pivots py and ps take certain values (depending on whether g = 2.2 or g = 2.15)
then Inequality (3.1) cannot be satisfied for C' € S, and thus p3C cannot be the matrix obtained after
two steps of Gaussian elimination from a completely pivoted matrix A. This is summarized in the
following lemmas:
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Lemma 3.4. For any matriz completely pivoted normalized matriz C with p§ > 2.2 and ps = 2.15,
>1 (3.9)

p2:%+1/%*p3, we have
max

for any w,v,z,y € R3 such that |Jul| . [|v]l .zl ¥l <1
Similarly, the above statement also holds for any completely pivoted normalized matriz C' with p§ >

2.15 and ps = 2.2, ps = 3 + \/g.

Proof. Computer assisted with interval arithmetic. By Lemma 3.3 it is sufficient to prove the statement
for all C € S5 and C € S5 15.

Fix a box B in S5 or S5.15. We define a routine calc_range which given positive scalars po, p3, a
box B and interval ranges for u, v, y, z, computes an interval containing minge g Hng —uvT — pgxyTH
The routine then returns true if the lower bound of the interval is strictly greater than 1.

The computation follows a standard branch-and-bound procedure and verifies that for all 1882
boxes in Sy 5 and p3 = 2.15 that Equation (3.9) holds, and similarly for all 19511 boxes in Ss 15 and
pP3 = 2.2. O

[psC — uv™ — poxy

We now move on to the proof of the improved bound for the maximum growth of 5 x 5 completely
pivoted matrices.

Theorem 3.5. For all completely pivoted 5 x 5 matrices, g(A) < 4.84.

Proof. Let A be a completely pivoted 5 x 5 real matrix. Suppose for contradiction g(A) > 4.84. Then

by denoting ps to be the 3rd pivot of A and p4 to be the 3rd pivot of C' where AB) = paC, we know

that g(A) = psph. Since ps, ps < 2.25, we must have ps > 2.15 and p} > 2.15 otherwise psp; < 4.84.
Note that from [Cohen, 1974], we know that for any completely pivoted 3 x 3 matrix with pivots py

and ps, we must have
3 9 3 9
——4/=-—p3<py <= - — ps. .
5 \/4 P3_P2_2+\/4 D3 (3.10)

Now suppose that ps > 2.15 and ps > 2.2 so that C' € S32. Then, by Lemma 3.1, Inequality (3.1)

holds for some value of ps > 2.15 and ps < % + 1/% — p3.
Since 2}% <1 and épiz < 1 we can rescale u and z to obtain that Equation 3.1 holds for the

5+ %—;D3
case p3 = 2.15 described in Lemma 3.4, a contradiction. A similar statement holds if we assume instead
that p3 > 2.2 and p4 > 2.15 so that C € S315. We thus obtain two cases since the case ps < 2.15 was

already ruled out (Figure 3).

o If ps € [2.2,2.25] then p)y < 2.15
o If p3 € [2.15,2.2] then pj < 2.2

Maximizing the product pspf over both cases, we obtain ps < 4.84, contradicting our original assump-
tion. (]
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FIGURE 3. Under the assumption that psp; > 4.84, the gray section is ruled out
trivially. Computations involving Ss o and S5 15 rule out the red and blue regions
respectively.
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