
18.786. (Spring 2014) Problem set # 5 (due Tue Mar 18)

1. Prove Lemma 3.17.(2) in [Gee]. (Hint: The explanation immediately following Definition 2.2.4 in
[CHT08] is that it is true “because I(D) is 1 +Mn(mR�

ρ
) invariant”.1 Your mission is to elaborate on

this sentence. The bijection in Exercise 3.11 might be useful.)

2. Also prove the following assertions in part (1) and part (3) of [Gee, Lemma 3.17]:

• Recall that we constructed the ideal I(D) of R�
ρ as the unique minimal ideal in the set of ideals

I ⊂ R�
ρ such that (R�

ρ /I, ρ
�
ρ mod I) ∈ D. Show that it is ker(GLn(R�

ρ )→ GLn(F))-invariant.

• Verify that D(I) as defined in part (3) satisfies the first five conditions of [Gee, Definition 3.16].
(As I said during the class the last condition is trickier. See [BLGHT11, Lemma 3.2] for the
argument if you are interested.)

3. Do [Gee, Exercise 3.19] in the following instances: State the analogues of the bijection between (1)-(4)
in Exercise 3.11 (only for the universal lifting ring) as well as the analogues of Corollaries 3.12 and 3.14.
Give lower bounds for the Krull dimensions of R�

ρ and Runiv
ρ similar to the ones below Corollary 3.14.

You need not provide details – it suffices to briefly indicate how to modify the previous arguments.

4. Give a proof of [Gee, Proposition 3.26]. (Feel free to borrow ideas from the proof of [BLGGT, Lemma
1.2.3] but write up in your own language.)
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1I changed the notation to be consistent with [Gee].
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