18.786. (Spring 2014) Problem set # 1 (due Thu Feb 13)

1. Prove that a profinite group I' (with profinite topology) is compact, Hausdorff, and totally discon-
nected. (The last condition means that every connected proper subset of I' has at most one element.)

2. [Gee, Exercise 2.2] Let F be a field. Show that a continuous homomorphism p : Gal(F/F) — GL,(C)
factors through Gal(E/F) for a finite extension E/F in F and that p has image in GL,(Q) possibly
after conjugation by an element of GL,(C). (Here Q is viewed as the algebraic closure of Q in C.)

3. Complete the proof of the Brauer-Nesbitt theorem. Let’s recall the setup. Let k be a field, I" be a group,
Vj be an nj-dimensional vector space over k, and p; : I' = G Ly (V) be semisimple representations of
I', where j =1,2. If
vy eT, det(l—pi(7)T) = det(l— p2(7)T)

(i.e. the characteristic polynomials are the same for the two representations) then your problem is to
prove that p; =~ ps. Freely use the following lemma (proved in class):

Lemma 0.1. Let r > 1. Let R be an associate k-algebra (which may not be commutative) and
My, ..., M, be simple (left) R-modules which are mutually non-isomorphic and finite dimensional over
k. Then there exist eq,...,e, € R such that the multiplication map e; is the identity map on M; and
the zero map on M; for all j # i.

4. Let n € Z>1. Let £ be a prime. Let L be a finite extension of Q;, Or, be its ring of integers, and put
A= O7F.
e Show that 14+¢™-Endp, (A) is a pro-¢-subgroup of GLo, (A) for each m € Z>;. (Here the subscript
Or, indicates that one considers Op -linear endomorphisms and automorphisms, respectively.)

e Let I' be a profinite group whose order is “prime to £” in the sense that every finite group quotient
of I' has prime-to-£ order. Suppose that p: ' = GLp, (A) is a continuous homomorphism whose
image is contained in 1+ ¢- Endp, (A). Then prove that p is the trivial representation.
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