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Plan
• UNDERSTAND MASCOT! 

• Pole diagram revisited 

• Laplace transform 

• Laplace transform 

• Laplace transform 

• … 

• Homework/PSet questions?



Pole diagrams

Questions. 1. We have seen that when b (or R) is small the resonant
peak is narrow; that is, as soon as ! di↵ers much from !r, the gain becomes
very small. Make a prediction about how the Nyquist trajectory will be
traversed, based on this observation. That is, will G(!) move at steady rate
along its trajectory, or will it move faster in some portions than in others?

2. Show that the Nyquist plot, for this system, is given by a circle of radius
1/2 with center at the complex number 1/2 (minus the origin).

The Nyquist plot forms the basis for an important test of the stability of
a system, the “Nyquist criterion.” This is beyond the scope of this course,
but you can find out about it elsewhere.

5. The System Function

We have seen that an LTI system generally does something very simple to
certain input signals, namely those of the form ei!t. It simply multiplies such
a signal by a complex, the complex gain G(!). In terms of the di↵erential
equation the compelx gain is given by the formula

G(!) =
Q(i!)

P (i!)
.

Both these facts encourage the following question: what is the exponen-
tial system response to a more general exponential input signal, one of the
form

est , s a complex constant ?

This is a reasonable question. For example, the input signal might be a
damped sinusoid, something like e�t/10 cos(⇡t).

Exactly the same reasoning we used earlier leads to perfectly parallel
conclusions. We will use a di↵erent letter to denote the multipicative factor,
in order to avoid confusion with the special case given by the complex gain.

The exponential sytem response of an LTI system to the input
signal est, for s any complex constant, is of the form

H(s)est.

If the LTI system is controlled by the di↵erential equation

P (D)x = Q(D)y

then

H(s) =
Q(s)

P (s)
.
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(where G(!) is a complex number to be determined, depending on ! and
the system parameter). Making the substitution,

P (D)zp = P (D)G(!)ei!t = G(!)P (i!)ei!t ,

so
G(!)P (i!)ei!t = Q(i!)ei!t .

Cancelling the exponential and dividing through, we find

G(!) =
Q(i!)

P (i!)
.

This complex number is the complex gain. It contains both the gain of
the system and the phase lag:

g(!) = |G(!)| , �(!) = � arg(G(!)) .

(The negative of the argument, because we are talking about the phase lag
rather than the phase gain.)

13. Activity

Recall that we modeled our system by means of the di↵erential equation

mẍ+ bẋ+ kx = bẏ

where y(t) is the input signal and x(t) is the system response. (Your exper-
iments only dealt with the case m = 1, but you should now let m take on
any positive value.) We are interested in the case

y(t) = cos(!t) .

You took the specific values m = 1, b = 1, k = 2, and ! = 1, and
estimated the gain of the steady state solution to be 0.71. Your assignment
now is to use the methods we have developed to check this, and get an exact
value for the gain. So here are your instructions.

1. Specialize the equation above to the given values of m, b, k, and !.

2. Write down a complex replacement for this equation. (That is, replace y

by e

it.)

3. Find an exponential solution z(t).

4. Use the trick above to find the amplitude of the real part of the exponen-
tial solution. (You don’t have to write down the real part of z(t) explicitly,
since we are only interested in its amplitude.)
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Pole diagrams and stability

STABLE <=> Poles of H(s) in region Re(s)<0

http://mathlets.org/mathlets/amplitude-response-pole-diagram/

http://mathlets.org/mathlets/amplitude-response-pole-diagram/

