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In this paper, we develop an approximate wide-bandwidth upper bound to the absorption enhancement
in arrays of metaparticles, applicable to general wave-scattering problems and motivated here by oceanbuoy energy extraction. We show that general limits, including the well-known Yablonovitch result in
solar cells, arise from reciprocity conditions. The use of reciprocity in the stochastic regime leads us to a
corrected diﬀusion model from which we derive our main result: an analytical prediction of optimal array
absorption that closely matches exact simulations for both random and optimized arrays under angle and
frequency averaging. This result also enables us to propose and quantify approaches to increase performance through careful particle design and/or using external reﬂectors. We show, in particular, that the use
of membranes on the water’s surface allows substantial enhancement.
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I. INTRODUCTION
One of the most inﬂuential theoretical results for solarcell design has been the ray-optical Yablonovitch limit
[1–8], which provides a bound to how much surface texturing can enhance the performance of an absorbing ﬁlm
averaged over a broad bandwidth and angular range. In
this paper, we obtain approximate broadband and broadangle absorption limits for a case in which the traditional
Yablonovitch result is not useful: dilute arrays of “metaparticles” (synthetic absorbers and scatterers). Known limits bound the absorption at every wavelength [9,10], but
they tend to be loose when considering large bandwidths
since coherent eﬀects average out [5,11]. Here, we ﬁnd
limits on the absorption for arrays of particles that can be
described by the radiative-transfer equation (RTE) [12,13].
In particular, we show that an isotropic diﬀusive regime is
optimal for maximizing absorption. This allows us both to
obtain analytical upper bounds [Eqs. (7), (10)] and identify the ideal operating regime of absorbing metaparticle
arrays.
In optics contexts, scattering particles can be used to
enhance absorption in thin-ﬁlm or dye-sensitized solar
cells [14–17]. Most previous work focused on numerical optimization using the full-wave equations [14,15]
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or, in the case of dye-sensitized solar cells, RTE for
random arrays [16,17]. In Ref. [18], approximate analytical estimations of absorption enhancement were given
in cases of optically thin and thick layers under assumptions of weak absorption, normal incidence and isotropic
diﬀerential cross section. In this work, we are actually
motivated by arrays of buoys designed to extract energy
from ocean waves [19–22] depicted in Fig. 1. Previous numerical-optimization work [23–26], in particular,
a recent extensive computational study on large arrays
[23,26], showed promising results through the design of
buoy positions. The question we are trying to answer
in this work is more general: given the absorbing and
scattering properties of an individual metaparticle, is
there a limit on the total enhancement and how can it
be reached? The Yablonovitch limit cannot be applied
to all metaparticle arrays since it requires an eﬀectivemedium approximation, which is only accurate for either
dilute weakly interacting dipolar particles [27] or for
strongly interacting particles with suﬃciently subwavelength separation [28], neither of which is true of the
ocean-power problem. Moreover, the Yablonovitch limit
is independent of the precise nature of the scattering texture, whereas in our case the whole point is to extrapolate the array properties from the individual-scatterer
properties.
In this paper, we deﬁne the interaction factor q(θ )
[29,30] as the ratio of the power extracted by the array
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II. RECIPROCITY
The original intuition behind the ray-optical Yablonovitch limit is that the optimal enhancement is achieved
through an isotropic distribution of light inside the device
[1,2]. This can be thought of as a reciprocity condition.
Reciprocity [13] implies that rays at a given position cannot emerge in the same direction from two diﬀerent paths.
In consequence, if a given point in the absorber is to be
reached from as many ray bounces as possible, the rays
must be entering or exiting that point from all angles. More
formally, we show in Appendix A that reciprocity can be
applied to the full Maxwell equations in order to relate
the enhancement to the density of states (accomplished in
another way by Ref. [10]), leading to

4π ρd 
q =
q(θ)f (θ)d ≤
max f ,
(1)
n ρv θ
4π

FIG. 1. Upper left: We bound absorption for very general
arrays of “particles,” including arrays of buoys that extract
energy from ocean waves. Upper right: Ocean-surface displacement η for a cylindrical buoy array [23], where A is the amplitude
of waves incident from left (arrow). Lower: Sketch of RTE
system.

to that of the equivalent number of isolated particles for a
given incident angle θ . We ﬁrst point out that previously
known limits in both solar cells and ocean buoys arise
from reciprocity constraints on the full-wave equations
(Sec. II). The use of reciprocity in the radiative-transfer
equation leads to a general limit [Eq. (7)], valid for any
geometrical conﬁguration in RTE regime, that is reached
through an isotropic distribution of intensity in the ideal
case of small absorption (Sec. III). This optimal solution justiﬁes the use of a corrected radiative-diﬀusion
model [Eq. (10)] that predicts the frequency-averaged
performance of random arrays, but also the angle- and
frequency-averaged performance of the optimized periodic array with better than 5% accuracy. This corrected
model can be used to estimate the upper bound on q
(which is proportional to the spatially averaged intensity
in RTE framework) even in regimes where the standard
diﬀusion model is not expected to be accurate. This result
allows us to quickly evaluate the performance beneﬁts
of diﬀerent metaparticle designs and array conﬁgurations,
and we show that substantial improvement is possible
if the scattering cross section is increased (relative to
the absorption cross section) and/or if partially reﬂecting strips are placed on either side of the array (Sec.
IV). More speciﬁcally, we show that the use of bending membranes on the water’s surface around the buoys
signiﬁcantly increases the interaction factor. We ﬁnally
use the corrected radiative-diﬀusion model to ﬁnd optimal
parameters that maximize q.

where q refers here to the absorption enhancement compared to the single pass, averaged over both polarizations,
and
 over a directional spectrum f (θ) with normalized ﬂux
( 4π | cos θ |f (θ)d = 1), ρd  is the average density of
states in the device, ρv the free-space density of states,
and n the index of the absorbing medium. The previous
equation becomes an equality in the case of isotropic incidence and small absorption. Yablonovitch limit can then be
recovered in bulk media (ρd = n3 ρv ) for an incident ﬁeld
conﬁned to a cone of aperture 2θi [f = (1/π sin2 θi )δ(θ <
θi )]: q ≤ 4n2 /sin2 θi .
A similar procedure can be followed in the ocean-buoy
problem. By applying the appropriate reciprocity relation
derived from the wave equation, the Haskind-Hanaoka
formula [31], to the absorption of an optimal array of
buoys [29], one can bound the interaction
factor q for

a given directional spectrum f (θ) [ 2π f (θ)dθ =1] by [[9],
Appendix B]

M
q =
q(θ)f (θ)dθ ≤
2π max f ,
(2)
θ
kσ
a
2π
where k is the wavenumber, σa the single-buoy absorption,
and M the number of degrees of freedom for the buoy
motion (1–6, e.g., 1 for only heave motion). This result
implies that for isotropic incidence, we have q ≤ 1 at
the resonance frequency (the frequency at which the single
buoy reaches its maximum absorption M /k), while it can,
in principle, be larger at other frequencies. Although this
sets a general limit valid at any frequency for any structure, we show in the following that it is not tight when
considering the frequency-averaged performance.
III. RTE LIMITS
We consider a two-dimensional array of scattering and
absorbing particles distributed inside a region S bounded
with a curve C (Fig. 1).
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In the case of dilute and nonstructured arrays, coherent scattering eﬀects average out. This allows one to
use the radiative-transfer equation that only involves speciﬁc intensity I (r, θ), and that is applicable to ensemble
averages of random arrays at a single frequency [12,13]:

 


eθ · ∇r I = −ρσe I + ρσs

Similarly to our previous discussion of reciprocitybased limits from the wave equation, we now use reciprocity constraints on RTE to obtain general limits on the
interaction factor q.
One can ﬁrst deﬁne a surface Green’s function
Gs (r, θ; r , θ  ) [32] giving I (r, θ) for an incident ﬁeld
Ii (ri , θi ) = δ(θi − θ  )δ(ri − r ) and no internal sources
= 0. Similarly, a volume Green’s function Gp (r, θ ; r , θ  )
can be deﬁned as the intensity I (r, θ) obtained with no incident ﬁeld Ii = 0 and a point source (ri , θi ) = δ(θi − θ  )δ
(ri − r ).

We recall that the ﬂux density F is deﬁned
 as 2π I eθ dθ .
Conservation of energy [12] then leads to C F · nout dr =
Pe − Pa , where Pe and Pa are the generated and absorbed
power,
respectively. For a unit source, we have Pe =

(r,
θ)drdθ
= 1 so that
S

eθ ·nout >0

Gp (r, θ; r , θ  )(eθ · nout )drdθ = 1 − Pa . (4)

To bound this last expression, we need a lower bound for
Pa . By noting that the intensity at any point is larger than
the single-pass value (obtained after extinction without

2π


e−ρσe |r−r |
δ[angle(r − r ) − θ  ]dr
|r − r |

σa
= Hρσe (r , θ  ),
σe

(3)

A. General limit

C



S

S

dθ  p(θ, θ  )I + ,

Gp (r, θ ; r , θ  )drdθ

Pa = ρσa
≥ ρσa

where σs , σa , and σe denote, respectively, the scattering,
absorbtion, and extinction cross sections of the individual particles (σe = σs + σa ), p the normalized diﬀerential
cross section, ρ the particles’ density, eθ the unit vector
with direction θ, and internal sources.
We conjecture that a similar averaging of coherent
eﬀects arises from averaging over frequency and/or angle,
and below we demonstrate numerically that this allows
RTE to make accurate predictions even for a small number
of random samples or for optimized periodic arrays. This
is similar to optical light-trapping, where Yablonovitch’s
model can predict the frequency- and angle-averaged performance of textured solar cells even though it cannot
reproduce the exact spectral or angular response [5,11].

 

multiple scattering), we have

(5)

where Hρσe (r , θ  ) deﬁned in the previous equation can
be interpreted as the power absorbed by a medium without scattering and with an absorption coeﬃcient ρσe in
the presence of a unit source at the point r emitting in
direction θ  .
Finally, we relate Gs to Gp through reciprocity using
Gp (r, θ ; r , θ  )|eθ · nout | = Gs (r , π − θ  ; r, π − θ) [32]. We
conclude from Eqs. (4) and (5) after a simple change of
variable that
 
C

eθ ·nout <0

Gs (r , θ  ; r, θ )drdθ ≤ 1 −

σa
Hρσe (r , π − θ  ),
σe
(6)

with equality always realized in the absence of absorption.
Since the interaction factor in RTE is given by q =
 2π
 0 I (r , θ  )dθ  r /Ii , where Ii is the incident intensity and
.r is the average over r in S, we can therefore bound the
interaction factor q for a given directional spectrum f (θ )
(fraction of power incident from angle θ):
 



q =
C

2π



eθ ·nout <0

f (θ)Gs (r , θ  ; r, θ )r drdθ  dθ


σa
≤ 2π 1 − h(ρσe ) max f ,
θ
σe

(7)

where h(ρσe ) = Hρσe (r , θ  )r ,θ  ≥ 0. In the case of a
“slab” of thickness d, we can show that (Appendix C)
2 1 − e1 (xd)
,
h(x) = 1 −
π
xd


ei (x) =

π/2

e−x sec α cosi αdα.

0

(8)
Note that the bound in Eq. (7) reaches its maximal value
2π max f in the limit of small absorption. This maximal
value, which does not assume optimal single-buoy absorption, generalizes then the previous ocean-buoy bound,
giving q ≤ 1 for isotropic incidence f = 1/2π at any
wavelength in RTE regime. In addition, q = 1 is always
realized in the small absorption limit. This special case is
sometimes referred to as Aronson’s theorem [33].
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The equality in Eq. (7) is reached for

C{eθ



σa
Gs (r , θ  ; r, θ )dr = 1 − Hρσe (r , θ  ) δ(θ − θm ),
σe
·nout <0}
(9)

where θm = arg max f . This means that the interaction
factor should be equal to zero for any incident angle different from θm . In the ideal case of small absorption, the
optimal Gs becomes independent of θ  , which corresponds
to isotropic interior intensity, similar to the Yablonovitch
model. Therefore, in order to explore optimal solutions of
RTE, we solve it under the assumption of nearly isotropic
intensity, which is well known to lead to a diﬀusion model
[12,13,32]. We emphasize that not all RTE systems are diffusive, but our result above shows that the optimal q is
attained in an isotropic diﬀusive regime.
B. Radiative-diﬀusion model
Unless otherwise stated, we restrict ourselves to scatterers distributed inside a slab of thickness d (Fig. 1).
In addition to RTE parameters and reﬂection coeﬃcients at the boundaries (Ri ), the radiative-diﬀusion solution uses an asymmetry factor (μ) [[34], Appendix F] of
the single particle (Fig. 3). The intensity is then given
by I = IRI + Id : IRI is the reduced intensity, solution
of cos θ∂x IRI = −ρσe IRI , and Id is the diﬀuse intensity
approximated by U(x) + (1/π )F(x) · eθ , where U veriﬁes
a diﬀusion equation with ﬂux-matching boundary conditions [Appendix D]. By deﬁning the cross sections per
unit of length as υs,a,e = ρdσs,a,e , the model predicts an
interaction factor q of
 


ξ(υd )
q(θ) = q0 (θ) η D
+C +1 ,
(10)
ξ(υe sec θ)
= γ υa (υe − υs μ) is the diﬀusion coeﬃcient
where
[γ = 2 (respectively = 3) in 2D (respectively, 3D)], ξ(x)
is the function (1 − e−x )/x, C = γ [υs (υe + μυa )]/[υd2 −
(υe sec θ)2 ], D is given by the boundary conditions, q0 (θ)
is the reduced factor, and η is an additional correction term
that we discuss later. General formulas for q0 (θ ) and D are
given in Appendix E, but in the absence of reﬂecting walls
(Ri = 0) they simplify to q0 (θ ) = ξ(υe sec θ) and

A major problem is that it does not guarantee q = 1 for
isotropic incidence and negligible absorption, even though
we previously mentioned that this is the case for any solution of RTE. The reason behind this problem is that the
term IRI is not isotropic even for an isotropic incidence. For
large thicknesses, however, the contribution of the term
IRI becomes negligible and the diﬀuse term Id can ensure
an isotropic solution. This simply means that the higherorder terms in the expression of Id cannot be neglected for
small thicknesses. In order to keep the simplicity of the
diﬀusion solution, we suppose that the eﬀects of higher
order terms can be incorporated by the introduction of a
scalar term in the diﬀuse intensity ηId instead of Id . η
is then deﬁned so as to ensure the condition q = 1 for
isotropic incidence and zero absorption. This procedure
is somewhat similar to the approach in Ref. [36] except
that we use a constant factor η since we are interested
in the total q and not the spatially resolved I . In order
to deﬁne η, we study the limit of negligible absorption
for which υd → 0, C → −2 cos2 θ , and D → cos2 θ(1 −
e−υe sec θ ) + (π/4) cos θ (1 − e−υe sec θ ). After simpliﬁcation, the condition q = 1 allows us to deﬁne η as
η=

2

D=−

1
υd

(1 + e−υd ) + β υe (1−p ) (1 − e−υd )

,

1

(11)
where p1 = σs μ/σe and β = π/4 (respectively = 1) in 2D
(respectively, 3D).
Equation (10) with η = 1 is obtained from the standard
diﬀusion model. However, it is also known that the diﬀusion solution is inaccurate for small thicknesses [35–37].

β + π8 γ −

2γ
3υe

−

1
[1
υe

− e1 (υe )]

− βe1 (υe ) + γ2 e2 (υe ) +

γ
e (υ )
υe 3 e

.

(12)
We note that, as expected, η → 1 for an absorber that is
thick compared to the extinction length. From our discussion above, this corrected radiative-diﬀusion model can
now be used to estimate the upper bound on the interaction factor even in regimes where the standard diﬀusion
model is not expected to be accurate (optically thin or large
absorption).
IV. OCEAN-BUOY ARRAYS

υd2

p1 cos θ)
(1 − e−υe sec θ )
C(1 + e−υe sec θ ) + β (C+γ
(1−p ) cos θ

π
2

A. Example
We now present a validation of the accuracy of Eq. (10)
in a model of an ocean-wave energy converter (WEC)
consisting of a truncated cylinder in heave motion (Fig.
1). The isolated-buoy properties can be obtained analytically [38–40] and are depicted in Fig. 3: they are designed
[23] to have an absorption resonance that matches the
typical Bretschneider spectrum [41] of ocean waves. We
choose the array density based on an earlier optimized periodic three-row WEC arrangement [23]. For this density,
we then compare the exact numerical scattering solution
calculated for both random and optimized-periodic arrays
(using the method from Ref. [23]) to both the analytical
radiation-diﬀusion q from Eq. (10), with and without the
correction η, and the numerical solution of RTE model by
a Monte Carlo method [42].
In Fig. 2 (upper plot), our corrected model agrees to
< 2% accuracy with exact solutions for random arrays at
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At ﬁrst glance, our model does not agree in Fig. 2
with the performance of the optimized periodic array from
Ref. [23]: the periodic array, which was optimized for
waves near normal incidence, is better at θ near 0◦ and
worse elsewhere. However, when we also average over θ
(from a typical ocean-wave directional spectrum [43]), the
result (shown as a parenthesized number in the legend of
Fig. 2) matches Eq. (10) within 5%. If we average over
all angles assuming an isotropic distribution of incident
waves, the results match within 1%. Similar results have
been observed for thin-ﬁlm solar cells, in which an optimized structure can easily exceed the 4n2 Yablonovitch
limit for particular incident angles, but the Yablonovitch
result is recovered upon angle averaging [4,5,8,11].
Finally, we note in Fig. 2 (lower plot) that RTE results
respect indeed the bound in Eq. (7) for isotropic incidence. In particular, we conﬁrm that random arrays achieve
q = 1 for small absorption (i.e., small wavelength in our
case). The periodic array, on the other hand, does not satisfy this relation unless it is frequency averaged. We also
mention that the limit Eq. (7) is very loose for anisotropic
incidence and cannot be reached without using external
reﬂectors as discussed in Sec. IVB below.
B. Larger interaction factor

FIG. 2. Upper: Frequency-averaged interaction factor qs vs
incident angle θ for Nx × Ny = 3 × 30 arrays of buoys from
exact solution [23] (solid lines), compared to standard-diﬀusion
(black dashed lines), corrected-diﬀusion (red dashed lines), and
radiative-transfer (RTE with Monte Carlo simulation, dots) models. (q = array absorption divided by isolated-buoys absorption.)
The average buoy spacings (randomly chosen via a Gamma distribution) are dx /h = 1.73, dy /h = 3.63, with h = ocean depth
(the density is ρ = 1/dy dx ). Numbers in the legend are qs
averaged over θ for a typical ocean-wave directional spectrum
cos2s θ with s = 4 [43]. Inset: q vs wavelength at θ = 0, where
shaded regions are one standard deviation from the mean value
(blue line) for 100 random structures. Lower: q for isotropic
incidence. Results compared to the limit in Eq. (7).

θ < 80◦ , as long as the results are frequency averaged.
The importance of frequency averaging is shown by the
q-frequency spectrum shown in the inset for θ = 0◦ . For
an ensemble of random structures, this spectrum exhibits
a large standard deviation (gray shaded region), due to the
many resonance peaks that are typical of absorption by randomized thin ﬁlms [3,5], but the frequency average mostly
eliminates this variance and matches our predicted q(θ).
Precisely such an average over many resonances is what
allows the Yablonovitch model to accurately predict the
performance of textured solar cells even though it cannot
reproduce the detailed spectrum [5,11].

Given this model, we can now explore ways to increase
the interaction factor q. By examining the dependence of
q in Eq. (10) on the parameters (Fig. 4), we ﬁnd that for a
ﬁxed scattering-to-absorption ratio σs /σa , q reaches a maximum qmax for an intermediate value of scattering per unit
length ρdσs , whereas it increases monotonically with μ. A
maximum μ is achieved by increasing μ1 (forward scattering) and decreasing μ2 (lateral scattering). The optimal
value of ρdσs and qmax both increase with σs /σa ; as the single particle absorbs more, the interaction factor decreases
and the optimal conﬁguration requires a larger spacing
between the particles. The maximum q is then achieved
in the limit of small absorption (ρdσa
1) and large scattering (ρdσs
1) for which we obtain a perfect isotropic
diﬀuse intensity.
From Fig. 3, we see that we have σa /σs ≈ 1 at the
resonance of the WEC. In this case, the enhancement is
expected to be smaller than 1 around the resonance, and
optimal structures will tend to have a large spacing dy . (If
the array was optimized for small wavelengths λ, where
σs
σa , then a larger q could be obtained at those wavelengths, but qs would be worse because the optimal spacing
in this case is too small for good performance at the resonance.) Still, multiple scattering signiﬁcantly improves
the broadband performance of our array: our q ≈ 0.99
is larger than the q0  ≈ 0.78 that is obtained from RTE in
absence of multiple scattering (reduced factor q0 ). The performance is still lower than the 1.65 that would be obtained
for σs
σa in the ideal isotropic regime discussed below,
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FIG. 3. Properties of a single truncated-cylinder wave energy
converter (WEC) in heave (vertical) motion, with radius a =
0.3h and draft H = 0.2h, where h is the ocean depth. The WEC
has an isotropic response with respect to the direction of the incident ﬁeld. Left: Scattering and absorption cross sections of a single buoy normalized to the cylinder diameter (σ/2a). The ocean
spectral energy density (energy per horizontal surface) is chosen
as Bretschneider [41] with resonant frequency matching that of
the body and is shown in units of ρgH 2 T (ρ is the water density,
g the acceleration of gravity, T the mean wave period, and H
the signiﬁcant wave height). Right: Asymmetry factors, deﬁned
as the average of cos φ and cos 2φ for the two-dimensional differential scattering cross section. These parameters enter into
the diﬀusion equation as μ = (μ1 − μ2 )/(1 − μ2 ) and with σs
replaced by σs (1 − μ2 ) [[34], Appendix F].

essentially because σa /σs is too small and the structure
is too thin (as for example quantiﬁed by the transport
mean-free path d/ltr = υs (1 − μ) ≈ 0.5 for 2a/λ  0.3) to
practically achieve an isotropic diﬀuse intensity.
Alternatively, we show that q can be enhanced by
putting partially reﬂecting strips around the array. Similar to light trapping by total internal reﬂection [1,2], one
possibility is to use a strip of a lower-“index” [31] medium
(compared to the array’s ambient medium) on either side
of the array. In the ocean-buoy problem, this can for example be achieved by either a depth change or the use of a
bending surface membrane, which can lead to a near-zero
index [44,45]. This modiﬁes Eqs. (2)–(4) with additional
reﬂection coeﬃcients Ri , as given in Appendix E.
In Fig. 4, we show the eﬀect of an increase in the scattering cross section and/or the index contrast for the same
array studied before. By combining both eﬀects, a large
(> 3) spectral interaction factor can be achieved at normal
incidence. At the same time, waves incident at large angles
will be reﬂected out, so that the interaction factor integrated over isotropic incidence is still smaller than 1. For a
given directional spectrum and scattering cross section of
a single buoy, the optimal interaction factor is achieved for
a speciﬁc value of the index contrast, as can be seen in Fig.
4 (right).

FIG. 4. Upper: Dependence of q(0◦ ) on parameters in absence
of reﬂecting boundaries. In the left plot, we take σs /σa = 5. In
the right plot, we show the optimal ρdσs and qmax for diﬀerent
values of σs /σa and μ. Lower: Eﬀect of a change in the index
contrast and scattering cross section on the bandwidth-averaged
factor qs for the same array in Fig. 2. We tune the index n1 along a
strip surrounding the array, with n0 being the index of the array’s
ambient medium. We suppose that the WEC has new scattering cross section σ̃s , but keep the same absorption cross section.
Left: qs at normal incidence. Right: qs averaged over θ with a
directional spectrum of cos2s θ and s = 4.

Finally, it is instructive to look at the ideal case of
small absorption and large scattering, for which Eq. (10)
simpliﬁes to
q(θ) = [1 − R1 (θ)]

π
+ cos θ cos θ,
4α

(13)

where R1 is the reﬂection coeﬃcient of
the front surface
 π/2
and α = (1 − r1 )/(1 + r2 ) with ri = −π/2 R1 (θ ) cosi (θ )
 π/2
dθ/ −π/2 cosi (θ)dθ . Equation (13) still gives 1 when
averaged over isotropic incidence, but the interaction
factor is larger near normal incidence. Without reﬂectors
(R1 = 0), the maximum value of q at normal incidence
is 1 + (π/4), and the previous directional spectrum gives
q ≈ 1.65. This maximum value of q(0) does not reach
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the arbitrarily large enhancement allowed by Eq. (7). However, q(0) can still be made suﬃciently large by including
a reﬂector designed for transmission near normal incidence
and reﬂection elsewhere (since α → 0).
C. Surface membrane
We now use a speciﬁc example to demonstrate a larger
interaction factor q using surface membranes surrounding
the WEC array. For large-scale applications, such membranes could be designed to have the desired properties
by connecting ﬂoating pontoons with elastic elements of
appropriate stiﬀness.
A thin bending membrane on the water surface changes
the “refractive index” (∼ k/ω) through the following dispersion relation (e.g., Ref. [46]):
ω2 = gk tanh(kh)

1 + Cb (kh)4
,
1 + m · kh tanh(kh)

(14)

where ω is the frequency, g the acceleration of gravity, k the wavenumber, Cb is a dimensionless bending
coeﬃcient, m is the mass of the membrane relative to the
mass of the water beneath it, and h is the water depth. We
simply assume m = 0 in the following.
At a ﬁxed ω, the membrane decreases k (decreases
the “index”) compared to the surrounding medium. This
change of index leads to a reﬂection oﬀ the membrane’s
edges. In particular, total internal reﬂection traps the water
waves similarly to light trapping in solar cells, which
increases the interaction factor q. The reﬂection coeﬃcient, which depends on ω, Cb , the incident angle, and
the membrane’s width w, can be computed by applying
appropriate boundary conditions on either side of the membrane and using a transfer-matrix method as reviewed
in Appendix G. We note that evanescent modes need to
be included because of the change in dispersion relations.
The index contrast increases with Cb (increasing stiﬀness), which increases the range of angles undergoing total
internal reﬂection, making a more eﬀective mirror. Since
no waves are coming from the rear of the array, the optimal
membrane behind the array should be a perfect reﬂector
(Cb → ∞, limited only by the attainable practical Cb ).
We can now use our corrected diﬀusion model to predict the upper bound for the previously studied array as
we change Cb . For each value of Cb1 and Cb2 representing the front and rear membranes, respectively, we
ﬁnd the optimal membrane widths that maximize the
radiative-diﬀusion bound. The resulting optimized qs 
values are shown in Fig. 5 (upper plot). We ﬁrst note
that the frequency- and angle-averaged interaction factor qs  increases signiﬁcantly (> 1.8) compared to the
qs  = 1.00 without the membranes. We also conﬁrm that
qs  increases with Cb2 (rear membrane) as expected. On
the other hand, there is an optimal value for Cb1 depending

FIG. 5. Upper: qs  with a directional spectrum of cos2s θ and
s = 4 for diﬀerent values of Cb1 and Cb2 corresponding to the front
and back membranes, respectively. Each point is obtained after
optimizing over the membranes’ thicknesses. Lower: Frequencyaveraged interaction factor qs vs incident angle θ for the previously studied array using additional membranes with parameters
(Cb1 , Cb2 ) = (0.048, 2) and w1 = w2 = 1.6h.

on the directional spectrum f (θ). For a focused incident
ﬁeld, only angles near normal incidence matter so that
Cb1 can be increased allowing more of the waves scattered by the WECs to be trapped. On the other hand, for
a broad directional spectrum, a large value of Cb1 prevents waves incident from wide angles from reaching the
WECs.
For our array, supposing for example that the maximal
attainable value of Cb2 is equal to 2, the optimal value for
Cb1 is 0.048 with optimal widths equal to 1.6h for both
the front and rear membranes. The frequency-averaged
interaction factor qs for the optimal parameters is shown
in Fig. 5 (lower plot). Our predicted bound (red dashed
line = corrected diﬀusion) is indeed larger than the actual
performance of the array as modeled by RTE (orange dots).
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That is mainly due to the relatively small scattering cross
section compared to the absorption cross section. As illustrated in the inset of Fig. 5 at small wavelengths where
σs is large (Fig. 3), we see that an increase in the scattering
cross section leads to arrays with performance closer to the
radiative-diﬀusion bound.
We ﬁnally mention that in the case of using a perfect
back reﬂector, qs  can reach a value of 2.26 for Cb1 = 0.06
and w1 = 1.65h.

The far-ﬁeld term can be written as Esa = fs (k̂)(ejkr /r)êa ,
√
= (1/η)(k̂ × Esa ) with η = μ0 / 0 , and similarly
for

the far ﬁeld of the scattered ﬁeld “b,” so that S∞ [Esa ×
Hsb − Esb × Hsa ] · k̂ dS = 0.
We then expand the integrand of the left term in (A1) to
obtain
Hsa


S∞

V. CONCLUSION

[Esa

×

Hinc
b

−

Einc
b

×

Hsa ]

1
=−
η



fs (k̂)ejkr(1+k̂·k̂0 )

[(êa · êb )(1 − k̂ · k̂0 ) + (êa · k̂0 )(êb · k̂)]rdk̂.

We believe that the angle- and frequency-averaged limits presented in this paper provide guidelines for future
designs to achieve a large q factor, which may open the
path for the realization of large arrays of buoys for eﬃcient
ocean-energy harvesting. In particular, the use of external reﬂecting elements such as surface membranes seems
a promising approach. The results are also applicable to
other problems where multiple scattering eﬀects are used to
achieve enhancement, including scattering particles inside
an absorbing layer. One can, for example, recover the
standard Yablonovitch-4n2 result from our approach in an
appropriate limit (Appendix H), but the real power of our
result is that it allows the study of the eﬀect of singlemetaparticle properties, angle of incidence, and reﬂecting
boundaries.

(A2)

The integral can be evaluated using the method of stationary phase [47]. The function g(θ, φ) = 1 + k̂ · k̂0 = 1 +
cos θ cos θ0 + sin θ sin θ0 cos(φ − φ0 ) has two extrema at
±k̂0 . The integrand is null at the ﬁrst, so only the second
1 0
matters. The Hessian matrix at −k̂0 is given by 0 sin θ 2 .
0
We then conclude that the integral we want to evaluate is
equal to
1
1
1
− j
[2(êa · êb ) − (êa · k̂0 )(êb · k̂0 )]
η sin θ0 /2 kr
j 4π
fs (−k̂0 )r sin θ0 = −
(A3)
(êa · êb )fs (−k̂0 ),
η k
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where êa is evaluated at −k̂0 .
We ﬁnally conclude from (A1) that
−ês · Eb (r0 ) = 4π(êa · êb )fs (−k̂0 ),

APPENDIX A: ENHANCEMENT FROM
RECIPROCITY OF MAXWELL’S EQUATIONS
Although the end result is not new, we wish to emphasize that the underlying ideas of the Yablonovitch and
LDOS limits are closely tied to reciprocity. This is an alternative to the derivation in Ref. [10], which diﬀers in that
it directly uses the reciprocity (or generalized reciprocity)
from Maxwell’s equations. As was also emphasized in
Ref. [10], the result also applies to linear nonreciprocal
systems, since the density of states of transposed-related
materials is the same [G (r, r) = Gt t (r, r) [13] ].
Here for simplicity, we consider a reciprocal system in
the derivation. We have then


[Ea × Hb − Eb × Ha ] · k̂ dS = [Ea · Jb − Eb · Ja ]dV.
S∞

(A4)

which is the reciprocity relation relating the far ﬁeld of a
point source at r0 in the direction −k̂0 to the ﬁeld at r0 due
to an incoming plane wave from the same direction.
Now, we use the Poynting theorem to compute the far
ﬁeld of the point source:
1
η





Re[Ea × H∗a ] · k̂dS

≤ − Re[J∗a · Ea ]

|fs (k̂)| dk =
2

= Im[Ea (r0 ) · ês ]

1
.
ωμ

(A5)

V

(A1)

If we choose [Ja = (1/j μω)ês δr0 , Einc
a = 0] and (Jb = 0,
¯
inc
jk k̂0 ·r
Eb = e
êb ), then Ea = ḠE (r0 , r0 )ês .

At this point we are able to combine (A4) and (A5) to ﬁnd
our main result about the enhancement. We consider an
incoming
angular distribution f (k̂0 ) with a normalized ﬂux

[ 4π | cos θ |f (k̂0 )dk̂0 = 1]. By integrating over all coming
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can, in principle, be controlled externally (velocity of the
body that can be controlled through an external mechanical mechanism). Considering the eﬀect of the incoming
wave and interaction between bodies, the total absorption
can be written as a quadratic function in terms of the amplitudes of the diﬀerent sources as in Ref. [29] for example.
Maximizing the absorption allows us to ﬁnd the optimal
amplitudes as a function of the scattered ﬁeld and the
radiated ﬁelds from the sources. This gives [29]

angles and polarizations of the “b” ﬁeld, we have

|Eb |2 f (k̂0 )dk̂0
êb


|Eb · ês |2 f (k̂0 )dk̂0

=
êb ,ês



= (4π )2

|êa · êb |2 |fs (−k̂0 )|2 f (k̂0 )dk̂0
êb ,ês


= (4π )2
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|fs (−k̂0 )|2 f (k̂0 )dk̂0

Pmax =

ês

≤ (4π )2

max f
k

Im[Ea (r0 ) · ês ]
ês

= (4π )2

max f
¯ (r , r )]
Tr[ImḠ
E 0 0
k

= (4π )2

max f π c2
ρd (r0 ),
k ωn2

(A6)

which relates rigorously the enhancement and the LDOS.
We can use this result to compute the absorbed power
and deduce the enhancement compared to the single pass
for a cell of surface S and eﬀective thickness d. We have
 
1 
Pabs  = ω 0
|Eb |2 f (k̂0 )dk̂0
2
V
êb

1
≤
2



3
2 πc
max f
0 (4π )
ωn2


ρd .

(A7)

V

The total incident power, taking
 into account the two polarizations, is given by (1/2η) f (k̂0 )| cos θ |dk̂0 × 2 × S =
S/η, and the normalized single-pass absorption is αd =
[(  /n)(ω/c)]d. The enhancement is then given by
q =

Pabs 
4π ρd 
max f ,
≤
Pinc αd
n ρv

(A8)

where ρv = ω2 /2π 2 c3 is the free-space density of states.
This inequality becomes an equality in the case of negligible absorption and isotropic incidence [f = (1/2π )].
For a bulk dielectric, we have ρd = n3 ρv so that q ≤
2
2n for isotropic incident light, which is the standard limit
in the absence of a back reﬂector.
APPENDIX B: INTERACTION FACTOR FROM
RECIPROCITY IN OCEAN WAVES
In this section we review the result in Ref. [9] and
emphasize that it is also a consequence of reciprocity,
which shows the similarity with the LDOS limit in solar
cells.
The problem of ocean-wave energy extraction using
oscillating bodies is formally equivalent to the problem
where there are discrete sources of which the amplitude

1 ∗
F (θ)R−1 Fe (θ),
8 e

(B1)

where Fe (θ) is the force applied on the bodies for an incident wave from the direction θ and R is the resistance
matrix (radiation damping matrix).
One would try to see the eﬀect of the reciprocity relations discussed before on the maximum absorption in this
context. The exact equivalent of Eq. (A4) is already known
in the ocean-wave problem as the Haskind-Hanaoka formula that relates the force applied on a body due to an
incident wave to the radiated ﬁeld when the the body acts
as a source [31]. It leads to
4
Fe,i (θ) = − ρo gAcg Ai (θ + π ),
k

(B2)

where A is the amplitude of the incident wave, Ai is
the far-ﬁeld amplitude of the radiation mode i, k is the
wavenumber, cg is the group velocity, ρo is the water
density, and g is the gravity of Earth.
The use of this formula on the maximum absorbed
power by an array of oscillating bodies leads to the bound
on the power absorbed by the array. For a given
 incident angular distribution f (θ) normalized so that 2π f (θ )
dθ = 1:

Pmax  = f (θ)Pmax (θ)dθ

≤ max f
Pmax (θ)dθ

1
[R−1 ]i, j
Fe,∗ i Fe, j dθ.
(B3)
= max f
8 i, j
2π

Using B2 and the fact that Ri, j = (2/π k)ρo gcg Re( 2π A∗i
Aj ) [29], we conclude that

N
σa,max
=

2π

N
σa,max
(θ)f (θ)dθ ≤

NM
2π max f , (B4)
k

N
= Pmax /( 12 ρo g|A|2 cg ) is the maximum absorpwhere σa,max
tion cross section of the array, N is the number of buoys,
and M is the number of degrees of freedom for the buoy
motion (1–6 [29], e.g., 1 for only heave motion).
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This result is general and does not depend on assumptions on the scatterers. It means that the interaction factor
N
q = σa,max
/N σa1  is bounded by M /(kσa1 ) for isotropic
incidence. For buoys in heave motion, which are studied in
this paper, we have M = 1 and σa1  = σa1 (the absorption
cross section of the single buoy does not depend on the
incident angle).
Note that Eq. (B4) is also valid for a single buoy.
Depending on the symmetries of the buoy, the actual
absorption may be smaller (for an axisymmetric buoy, we
always have kσa1 ≤ 3 [31]).
It is important to realize that this bound is equal to 1
at the resonance frequency [the k where σa1  reaches the
maximum M /k from (B4)], while it can, in principle, be
larger at other frequencies.
APPENDIX C: GENERAL RTE LIMIT FOR A
“SLAB”
We compute the function h in Eq. (7) for a slab of thickness d (with perfectly transmitting boundaries). We assume
that the slab is normal to the x axis.
We ﬁrst write the integral H using polar coordinates
(r, θ):
Hα (x , θ  ) =



π/2

−π/2


+



x
cos θ

αe−αr δ(θ − θ  )dθ dr

0

π/2

−π/2



d−x
cos θ

αe−αr δ(θ − θ  )dθ dr. (C1)

0

After simpliﬁcation, we have then
 2π  d
1
Hα (x , θ  )dx dθ 
h(α) =
2π d 0
0


 π/2
2
−αd sec θ
=1−
e
cos θdθ .
1−
π αd
0

ﬁrst-order
series in θ. We also note that the diﬀuse ﬂux is

Id eθ dθ = F.

Inorder to obtain U and F we apply the operators dθ
and eθ dθ on (D1). This leads to
∇r · F = −2πρσa U + 2πρσs URI

1
URI (r) =
dθ IRI (r, θ )
2π

1
1
dθ J ŝ,
∇r U = − ρσtr F +
π
π


where σtr = σe (1 − p1 ) and σe p1 = dθ  p(ŝ, sˆ )[ŝ · sˆ ], so
that p1 = σs μ/σe , where μ is the average of the cosine of
the scattering angle.
Equations (D2) allow us to solve for U and F. Combining them, we obtain a diﬀusion equation for U:
∇ 2 U − (ρσd )2 U = −2ρ 2 σtr σs URI +

dθ J ŝ.


Id (ŝ · n̂)dθ =

R(θ)Id (ŝ · n̂)dθ,

(D4)

ŝ·n̂<0

where n̂ is the normal to the surface directed inwards.
Using the formula for Id we obtain
2(1 − r1 )U +

APPENDIX D: DIFFUSION EQUATION

Now, considering the diﬀusion approximation, we write
Id (r, θ) = U(r) + (1/π )F(r) · eθ . This could be seen as a



Now we need to add appropriate boundary conditions.
Supposing that we have a reﬂection coeﬃcient R on the
surface, this should be Id (r, θ ) = R(θ)Id (r, π − θ) for ŝ
directed towards the inside of the medium. However, considering the assumed formula for Id the condition cannot
be satisﬁed exactly. A common approximate boundary
condition is to verify the relation for the ﬂuxes:

ŝ·n̂>0

Here we reproduce the diﬀusion equation as in Refs. [12]
and [13] but adjusting the numerical coeﬃcients for a twodimensional medium.
We ﬁrst separate the intensity as I = IRI + Id , where IRI
is the reduced (coherent) intensity and I = Id is the diﬀuse
(incoherent) intensity. The reduced intensity is related to
the single scattering and obeys eθ · ∇r IRI = −ρσe IRI . So
from the RTE, the diﬀuse intensity obeys

eθ · ∇r Id = −ρσe Id + ρσs dθ  p(θ, θ  )Id + J ,
(D1)



J = ρσs dθ p(θ, θ )IRI .

1
∇·
π

(D3)



(C2)

(D2)

where ri =

 π/2

−π/2

(1 + r2 )
F · n̂ = 0,
2

R(θ) cosi (θ)dθ/

 π/2

−π/2

(D5)

cosi (θ)dθ.

APPENDIX E: GENERAL EXPRESSION FOR THE
INTERACTION FACTOR
We give the expression for q in the presence of reﬂecting
boundaries with angle-dependent reﬂection coeﬃcients Ri
(R1 refers to the boundary facing the incident wave).
Using the same notation as in Sec. III, we have
q0 (θ) =

(1 − R̃1 )(1 + R̃2 Y)
1 − R̃1 R̃2 Y2

with R̃i = Ri (θ) and Y = e−υe sec θ .

034033-10

ξ(υe sec θ ),

(E1)
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D is given through boundary conditions by D =
where


A+B
,
1+R̃2 Y

 
α1 + β υυtrd
(α1 − β υυtrd )e−υd A
=X
υd −υd
υd
(α2 − β υtr )e
(α2 + β υtr )
B
⎡

⎤
C
C(1 + R̃2 Y2 )α1 + β υυtre cos
+ γ p1 cos θ (1 − R̃2 Y2 )
θ

⎦,
= −⎣
C
C(1 + R̃2 )α2 − β υυtre cos
θ + γ p1 cos θ (1 − R̃2 ) Y
(E2)

with υtr = υe − υs μ, αi = (1 − ri1 )/(1 + ri2 ) and rip =
 π/2
 π/2
p
p
−π/2 Ri (θ) cos (θ )dθ/ −π/2 cos (θ )dθ. We recall that
(γ = 2, β = π/4) [respectively (γ = 3, β = 1)] in 2D
(respectively, 3D).
The correction term η, which ensures that the interaction
factor for isotropic incidence and zero absorption is 1, is
deﬁned as
2



π−
η=



2

i=1

0

π/2



i=1

π/2

0

q(i)
0 dθ

(i)
q(i)
0 D0 (θ , υe , υtr )

ξ(υe sec θ)


− γ cos

2

θq(i)
0

,
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term so that p(θ , θ  ) = μ2 δ(θ − θ  ) + (1 − μ2 /2π )[1 +
2μ cos(θ − θ  )], where μ = (μ1 − μ2 )/(1 − μ2 ). This
approximation matches the Fourier decomposition of p
up to the second term. By incorporating this expression
in RTE [Eq. (3)], one recovers a second RTE with p
replaced by (1/2π )[1 + 2μ cos(θ − θ  )] and σs replaced
by σs (1 − μ2 ). So the diﬀusion approximation can be made
more accurate by replacing μ by (μ1 − μ2 )/(1 − μ2 ) and
σs by σs (1 − μ2 ). This is known as the Delta-Eddington
approximation [34].

In a three-dimensional medium, μi = 4π Pi (cos θ)
p(cos θ )d, where Pi is the ith Legendre polynomial.
APPENDIX G: REFLECTION COEFFICIENT
WITH MEMBRANES
We consider a plane wave arriving from medium (1),
that is a free-surface ocean with ﬁnite depth h, at angle θ
with respect to the x axis. We suppose that we have a thin
membrane (2) on the water surface extended from x = 0 to
x = w. Change in the dispersion relation leads to diﬀerent
wavenumbers kin verifying
ω2 = gk1n h tanh(k1n h) = gk2n h tanh(k2n h)(1 + Cb (k2n h)4 ),
(G1)

dθ
(E3)

with


α2 + υ2βtr X0,1 + α1 + υ2βtr X0,2
(1 + R̃2 Y)D0 (θ, υe , υtr ) =
,
2β
(α + α2) + 2α1 α2
υtr 1
(E4)

where Cb is a bending coeﬃcient of the membrane. ki0 corresponds to a (real) propagating wave while the other kin
correspond to (pure imaginary) evanescent waves.
We ﬁrst compute the transfer matrix between medium
(1) and medium (2). We write the velocity potential in each
medium i as
N

where

X0 =

φi =



γ cos2 θ(1 + R̃2 Y2 )α1 + 2β cos θ(1 − R̃2 Y2 )
.
[γ cos2 θ (1 + R̃2 )α2 − 2β cos θ(1 − R̃2 )]Y
(E5)

(i)
Superscripts for q(i)
0 and D0 refer to the boundary that is
facing the incident wave.

APPENDIX F: ASYMMETRY FACTOR
The asymmetry factor usually used in diﬀusion
models
is [12,13] μ = μ1 , where in general μi =

cos(iθ)p(θ)dθ
[where we take p(θ , θ  ) = p(θ − θ  )].
2π
Since the diﬀusion result depends only on υs , υa , and
μ1 , it can be seen as approximating the diﬀerential scattering cross section by p(θ − θ  ) = (1/2π )[1 + 2μ1 cos
(θ − θ  )].
The Delta-Eddington approximation [34] allows us
to incorporate the second moment of p by including the forward-scattering peak using a “delta-function”

n

n

fn,i (z) αn,i eikx,i + βn,i e−ikx,i eiky y ,

(G2)

n=0
n 2
where (kx,i
) + ky2 = (kin )2 and fn,i (z) = Nn,i cosh kin
(z
water’s free surface). Nn,i = 1/
 + h) (z = 0n is the
1 + [sinh(2ki h)/2kin h] is deﬁned so as to ensure that
0
fn,i , fn,i  = −h fn,i2 dz = 1. We also note that ( fn,1 )n form an
orthogonal basis while ( fn,2 )n are not orthogonal but still
complete (in the limit of N → ∞) [46]. Finally, for a propagating wave incident from medium (1) with angle θ, we
have ky = k10 sin θ .
The boundary condition requires continuity of φ and ∂x φ
at x = 0. We write then
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fn,1 (αn,1 + βn,1 ) =
n

fn,2 (αn,2 + βn,2 )
n

n
fn,1 (αn,1 − βn,1 )ikx,1
=
n

n
fn,2 (αn,2 − βn,2 )ikx,2
.
n

(G3)
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By projecting the previous equations on fn,1 , we can deduce


n
2ikx,1
αn,1 =

n
m
+ kx,2
)αm,2
i(kx,1

m

n
βn,1
2ikx,1


n
m
+i(kx,1
− kx,2
)βm,2 fn,1 , fm,2 
 n
m
i(kx,1 − kx,2
=
)αm,2

(G4)

m


n
m
+i(kx,1
+ kx,2
)βm,2 fn,1 , fm,2 .
This allows us to deﬁne the transfer matrix as X1 = M12 X2 ,
where Xi = (α0,i , α1,i , . . . , β0,i , . . .). M21 is subsequently
−1
deﬁned as M12
.
We ﬁnally write the global transfer matrix as M =
M12 Mp M21 , where Mp is a diagonal matrix that propagates
the modes along the membrane and that is deﬁned as
n

Mp,(n,n) = eikx,2 w ,
n

Mp,(n+N +1,n+N +1) = e−ikx,2 w ,

0≤n≤N

(G5)

We can now write Xout = MXin where Xin = (I , R) =
(1, 0, . . . , r, β1,1 . . .) and Xout = (T, 0) = (t, α1,1 , . . . , 0, . . . .).
By writing M =

M1 M2
M3 M4

, we have

T = M1 I + M2 R,

0 = M3 I + M4 R,

(G6)

which allows us to compute the transmission and reﬂection
coeﬃcients as
R = −M4−1 M3 I ,

T = M1 I + M2 R.

(G7)

We check of course that |t|2 + |r|2 = 1.
APPENDIX H: SCATTERING PARTICLES
EMBEDDED IN A LOW-ABSORBING LAYER
We consider scattering particles embedded in a layer of
index n and negligible absorption in the presence of perfect
back reﬂector (R2 = 1). In the limit of large scattering we
obtain
q(θ ) = 3 cos2 θ +

2
cos θ,
α1

(H1)

where θ is the refraction angle [< θc = asin(1/n)] and

3/2
.
α1−1 = n2 1 + 1 + 1/n2
For isotopic incidence [ f = (n2 /π )δ(θ < θc )], we have


n2 θc
q(θ)f (θ )d = 2π
q(θ ) sin θ dθ = 4n2 .
q =
π 0
4π
(H2)
In the presence of bulk scattering, the Yablonovitch limit
is indeed maintained for isotropic incidence but can be
overcome at normal incidence.
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