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Outline of this talk

Background on Boolean function property testing

Next generation of problems and models:

• Distance estimation / Tolerant testing

• Relative-error testing

Focus on recent results, open questions, directions for future work
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Background:  Property testing [BLR93]

High level idea:  determine whether an unknown “massive object” 

• has some property of interest

• or is far from having the property

while inspecting only a tiny fraction of the object 

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}
Our interest:  testing Boolean functions 

Unknown                                        is a truly massive object, of size

?
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Background: Boolean function property testing

Our access to    is via queries for          at chosen values of  

YES or NO

If f has the property If f is “far from having the property”

<latexit sha1_base64="sA0r5NFIWDDDqMK9M95YViyf1Is=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCBymJlOqx6MVjBfsBTSyb7aZdutmE3Y1aYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK5b2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R1dTv31PpWKRuNXjmHohHggWMIK1kXrF0mPPQS4TyE3tU8ed3BmtbFfsGdAycTJShgyNXvHL7UckCanQhGOluo4day/FUjPC6aTgJorGmIzwgHYNFTikyktnp0/QsVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif1430cGFlzIRJ5oKMl8UJBzpCE1zQH0mKdF8bAgmkplbERliiYk2aRVMCM7iy8ukdVZxapXqTbVcv8ziyMMhHMEJOHAOdbiGBjSBwAM8wyu8WU/Wi/Vufcxbc1Y2cwB/YH3+AIImkuI=</latexit>

x1 2 {0, 1}n
<latexit sha1_base64="tNrfN/4hRYYFaEbdUIyLjgCd45Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1ArLT33vvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBlm2Ofg==</latexit>

f(x1)

<latexit sha1_base64="rYH3sZi1toEoDBUWDM4ycw2EDlU=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0XwICWRoh6LXjxWsB/QxLDZbtqlm03c3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpW3721pZXVvf2CxsFbd3dvf2SwfllopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD4c3Ubz9RqVgs7vU4oV6E+4KFjGBtJL9UHvmPyGUCuZl95riTB4H8UsWu2jOgZeLkpAI5Gn7py+3FJI2o0IRjpbqOnWgvw1Izwumk6KaKJpgMcZ92DRU4osrLZrdP0IlReiiMpSmh0Uz9PZHhSKlxFJjOCOuBWvSm4n9eN9XhlZcxkaSaCjJfFKYc6RhNg0A9JinRfGwIJpKZWxEZYImJNnEVTQjO4svLpHVedS6qtbtapX6dx1GAIziGU3DgEupwCw1oAoERPMMrvFkT68V6tz7mrStWPnMIf2B9/gBCHJNM</latexit>

xq 2 {0, 1}n
<latexit sha1_base64="s95Z+bNgbwm9oT/CPoz5uIkyczc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpM1yYpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rUeqNJPizoxj6kd4IFjICDZWaoblp97Daa9YcivuDGiZeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDST5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpnlW880r1tlqqXWVx5OEIjqEMHlxADW6gDg0gcA/P8ApvjnRenHfnY96ac7KZQ/gD5/MH962Ovg==</latexit>

f(xq)

Testing algorithm Function

10
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Adaptive versus non-adaptive testing algorithms

Non-adaptive algorithm:  all q queries made “in parallel”
<latexit sha1_base64="sA0r5NFIWDDDqMK9M95YViyf1Is=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCBymJlOqx6MVjBfsBTSyb7aZdutmE3Y1aYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK5b2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R1dTv31PpWKRuNXjmHohHggWMIK1kXrF0mPPQS4TyE3tU8ed3BmtbFfsGdAycTJShgyNXvHL7UckCanQhGOluo4day/FUjPC6aTgJorGmIzwgHYNFTikyktnp0/QsVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif1430cGFlzIRJ5oKMl8UJBzpCE1zQH0mKdF8bAgmkplbERliiYk2aRVMCM7iy8ukdVZxapXqTbVcv8ziyMMhHMEJOHAOdbiGBjSBwAM8wyu8WU/Wi/Vufcxbc1Y2cwB/YH3+AIImkuI=</latexit>

x1 2 {0, 1}n

<latexit sha1_base64="tNrfN/4hRYYFaEbdUIyLjgCd45Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1ArLT33vvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBlm2Ofg==</latexit>

f(x1)

<latexit sha1_base64="rYH3sZi1toEoDBUWDM4ycw2EDlU=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0XwICWRoh6LXjxWsB/QxLDZbtqlm03c3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpW3721pZXVvf2CxsFbd3dvf2SwfllopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD4c3Ubz9RqVgs7vU4oV6E+4KFjGBtJL9UHvmPyGUCuZl95riTB4H8UsWu2jOgZeLkpAI5Gn7py+3FJI2o0IRjpbqOnWgvw1Izwumk6KaKJpgMcZ92DRU4osrLZrdP0IlReiiMpSmh0Uz9PZHhSKlxFJjOCOuBWvSm4n9eN9XhlZcxkaSaCjJfFKYc6RhNg0A9JinRfGwIJpKZWxEZYImJNnEVTQjO4svLpHVedS6qtbtapX6dx1GAIziGU3DgEupwCw1oAoERPMMrvFkT68V6tz7mrStWPnMIf2B9/gBCHJNM</latexit>

xq 2 {0, 1}n
<latexit sha1_base64="s95Z+bNgbwm9oT/CPoz5uIkyczc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpM1yYpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rUeqNJPizoxj6kd4IFjICDZWaoblp97Daa9YcivuDGiZeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDST5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpnlW880r1tlqqXWVx5OEIjqEMHlxADW6gDg0gcA/P8ApvjnRenHfnY96ac7KZQ/gD5/MH962Ovg==</latexit>

f(xq)
YES or NO

Adaptive algorithm:  later queries can depends on response to 
earlier ones

YES or NO 5



All Boolean functions

Property P Far from P

Must accept these 
with high probability

Must reject these with 
high probability

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏ For this talk, 
we’ll take 
for simplicity

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}

Distance to property      = distance to 
closest function with the property:

6



First-generation Boolean function property testing:
some flagship results

Monotonicity

Juntas

1
0 1

1
01

0n 0n

1n 1n

7



A property testing classic:  Monotonicity

Monotone:

Monotone Far from monotone

Far from 
monotone:1

0 1

1
01

1n 1n

Definition: A function                                        is monotone if 
<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}
whenever

0n 0n

All Boolean functions 8



Monotonicity testing: We now have tight bounds!

Best known algorithm: -query algorithm [KMS15]
(non-adaptive, one-sided) 

• improved earlier algorithms making 
queries 

[GGLRS00], [CS13], [CST14]

• Key ingredients:  directed isoperimetric theorems about the 
hypercube

Best known lower bound: -query lower bound 
[CCCPS26, M26], even for adaptive, two-sided algorithms 

• Based on extremal monotone Boolean functions 
for which constant fraction of               is 
”robustly on the boundary” 

0n

1n

9



Another classic:  Juntas
Definition:  A k-junta is a function                                        that depends 
on at most k of the n input variables.

Example:  Here’s a 4-junta:

k-junta Far from k-junta

• -query algorithm is 
known which can learn k-juntas, so 
can test k-juntas with that many 
queries

• Is dependence on n necessary?
Exponential dependence on k?

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}

1 0

11

0 1

10



Junta testing: We have tight bounds!

Best known algorithm: -query algorithm [B09]

• Improved earlier                                 -query algorithms [B08,FKRSS04]

• For non-adaptive algorithms,                  -query algorithm given in [B08]

Best known lower bound: -query lower bound [CG04]

• For non-adaptive algorithms,                  -query lower bound is 
known [CSTWX17]

# queries needed: completely independent of ambient dimension n

11



The take-away so far:  Some of the classic property testing problems are 

now well-understood in the original model.

• Tolerant testing / distance estimation

• Relative-error testing

Rest of this talk: Much less is known in other frameworks!

12



Making testing harder:  Tolerant testing [PRR04]

Usual testing setup: must distinguish
vs  

The tolerant testing setup: 
must distinguish
vs 

Harder algorithmic problem:  less structure in yes-case.

Property P Far from P<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

Too far from P
Property P

e1

e2

13



Tolerant testing and distance estimation

“Fully tolerant” tester:  can handle 
any

Too far from P
Property P

e1

e2

Equivalent to distance estimation:  given black-box access to f, estimate 
distance to property     , i.e. distance to closest function with the property:

• Well motivated: may be unrealistic to hope that “good” functions 
perfectly have the property of interest.

• Surge of recent research progress
14



Tolerant monotonicity testing:  recent lower bound 
progress!

Folklore upper bound:               queries (nonadaptive) via 
agnostic learning [BT94,KKMS05]

Key idea: “hiding” somewhat-monotone structure 
using boundary of the majority function

Too far from PProperty P

e1

e2

[PRW19]:                   -query non-adaptive lower bound if                 is tiny

0
1

1
0
0

0
0
1

hypercube over
unknown set of n/2 
“control variables”

hypercubes over
the other n/2 
“action variables”

15



[CDLNS24]:                 -query non-adaptive l.b. even  if                 is constant

Too far from PProperty P
e1

e2

1
0
1

0
0
0

1
0
1

0
0
0

1
0
0

0
0
1

0
0
1

1
0
0

Tolerant monotonicity testing:  recent lower bound 
progress!

Hides somewhat-monotone structure using the 
boundary of the extremal monotone function
mentioned earlier

hypercube over
unknown set of  
“control variables”

hypercubes over
the other  
“action variables”

16



What we don’t have for tolerant monotonicity testing:
positive results!

• As we said earlier, via  learning, get               -query tester

• [LRV22]:  better dependence on  

• Can we do better in the dependence on n?

17



Tolerant junta testing: recent algorithmic progress!

Initial work gave nontrivial but not fully tolerant algorithms [BCELR16] 

1 0
11

0 1

More recently, fully tolerant testing algorithms have been achieved:

• [DMN19] breakthrough:      -query algorithm (adaptive)

• [ITW21]:                 adaptive queries  

• [NP24]:                nonadaptive queries (tight for nonadaptive!)

• [CPS26]:                    adaptive queries  

18



[DMN19]:    -query adaptive distance estimation

Let                                                   be the closest     -junta to    .  
[DMN19] learns to high accuracy (up to knowing which variables it 
depends on).

• Variables with very low influence                don’t matter.  Say variable     
is interesting if it is influential* in   , i.e.                 is large.

Key goal: Get oracle access to the interesting variables.  

Accomplished using

• Random restrictions of     to ``knock down’’ Fourier weight to level 1: 
restriction      has              large.

• Hastad-inspired operator that simulates oracle access to 
19



Now can use brute force:

• Try every size- subset     of these               coordinate oracles

• For each such     , empirically estimate distance of best junta-over-
to   

• Algorithm’s output: minimum estimated distance over all

[DMN19] give a way to obtain a set of poly(k) “coordinate oracles” which 
include oracles for all of the interesting variables.  

Net effect:  It’s enough to solve junta testing problem over 

[DMN19]:    -query adaptive distance estimation, cont.

20



[NP24]:             -query nonadaptive distance estimation

Builds on the [DMN19] “coordinate oracle” ideas:  
it’s enough to solve distance-to-k-junta estimation for (n=poly(k))-variable 
Boolean functions. Here we’ll pretend n=2k.

Simple but crucial insight:  Junta distance estimation is closely connected 
to mean estimation:

Key new idea in [NP24]:  -local estimator for           .  

• Takes as input    ’s values only on radius- Hamming ball around 

• Outputs estimate of   21



Key result from [NP24]: Can do this with             

• Extremal polynomials, “approximate inclusion-exclusion” machinery

Using this for junta testing:  

• Try all     -variable subsets  

• For each one, run local estimator to estimate

Crucially, this can be done for all      using same set of                 nonadaptive
queries!

[NP24]:               -query nonadaptive distance estimation, cont.

-local estimator for           :  

• Takes as input    ’s values only on radius- Hamming ball around 

• Outputs estimate of   

22



Tolerant junta testing: recent progress 
on lower bounds!

Adaptive lower bounds: harder, but some progress:

• [CP23]:                         -query lower bound, where 

1 0
11

0 1

Non-adaptive problem: settled!

• [CDLNS24]:               -query lower bound  (sharpened by [NP24])

• Construction is similar in spirit to tolerant monotonicity lower bound

0

1
Random function over n/2-dimensional
hypercube of “control variables”

0
0
0

0
0
0

1
0
1

1
0
1

0

1

Structured functions over n/2-dimensional  
hypercube of “action variables”; 
distance to constant differs in yes-case vs no-case

23



Future work, tolerant testing:

• Narrowing the gap for adaptive tolerant junta testing?

• -query algorithm, but lower bound is only 

• Tolerant testers for other classes?

24



Outline of this talk

• Distance estimation / Tolerant testing

• Relative-error testing

25



Relative-error testing

1017 cells 5 x 106 cells

Motivation: what about “small” massive objects?

Many interesting Boolean functions                                        
output 1 on only a vanishingly small fraction of all inputs in              ,
e.g., on           inputs (a             fraction)             

But all ”sparse” functions are close to the constant-0 
function – at least, vis-à-vis our usual distance notion…

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}
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Inspiration from graph property testing

”Dense graph” property testing model: 
Distance between two     -node graphs is fraction of 
all        potential edges that need to be added or 
deleted to transform one graph into the other.

Not suitable for testing sparse graphs with 
edges.

Alternative model for sparse graphs [GR02]:
for    -regular graphs, distance between 

two graphs measured relative to , not       .
27



Relative-error testing over 

Standard model distance notion:

• Algorithm also has access 
to independent uniform
satisfying assignments 
of 

• Relative-error distance notion:

Early work in similar model by 
[RT10]:  testing  sparse 
image properties 
over domain
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How does this relate to the standard model?

Comparison with standard model:

• Relative-error never easier than standard-model testing

• Relative-error can be much harder than standard-model testing:

• [CDHLNSY24]:  There is a simple property that’s trivially 
testable (with zero queries!) in standard model, but requires           
queries in relative-error model.
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Algorithm also has access to 
uniform sat assts

Relative-error distance notion:

What’s the deal with relative-error testing
for our favorite properties?

Relative-error testing over 
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Some recent work on relative-error testing
of well-studied  properties

Some results to date:   

1. Monotonicity

2. Halfspaces

3. Juntas and junta subclasses

4. Conjunctions and Decision Lists

5. DNF formulas
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Relative-error monotonicity testing

Question:  How easily can we test 
sparse functions for monotonicity?

0

1n
1

Let  S = number of satisfying assignments 
to unknown    .

Never worse than n --- at most polynomially harder
than standard-model testing

[CDHLNSY24]:  Tester that uses O(log S) samples + queries

0n

0

With sparsity, can ”confine” hard functions to a small region 
of the cube where there is “less monotonicity to detect”

32

[CDHLNSY24]:  W((log S)2/3) samples + queries 
needed, even for adaptive algs.
(Improved to W((log S)1-c) by new [CCCPS26] result!) 



Testing halfspaces

Another basic class:  halfspaces over 1
0

Algorithm combines junta-testing 
techniques and central limit theorems

[MORS10]:  In standard model, halfspaces are testable with 
constantly many queries, independent of
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Relative-error halfspace testing

1

0

Relative-error model: Some results are known [CDHNSY24]: 

• -query alg. for halfspaces over        under 
Gaussian distribution (with some fine print…)
• Ingredients:  robust extremal isoperimetric properties of halfspaces under 

Gaussian distribution, Gaussian standard-model halfspace testing

• -query lower bound for halfspaces over 

Much harder than standard setting -
big contrast with monotonicity!

Intuition: central limit theorems give absolute-error
bounds, which are very poor in terms of relative-error 
performance “way out at the tails.”
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Testing juntas and junta subclasses: Standard model

Standard model: Intensively studied.

• Testing     -juntas:               -query algorithms [B09]  

• Testing subclasses of k-juntas:                                     queries 
[DLMORSW07,B20]
• “testing by implicit learning”

Many Boolean functions can naturally be viewed as 
subclasses of k-juntas:

• Decision trees of size k

• Branching programs of size k

• Boolean circuits of size k

• Etc
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Relative-error testing juntas and junta subclasses

Relative-error model:  [CPPS25] showed testing juntas, junta 
subclasses with relative error is no harder* than in standard model!

• Testing     -juntas:               -query algorithm
• Some twists on distribution-free junta testing approach of [B20]

• Testing subclass of     -juntas:                                   queries
• More twists:  need high accuracy “even where D doesn’t put any weight”
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Testing Conjunctions and Decision Lists: 
Standard model

Conjunctions: We all know what a conjunction is.

Decision lists: x6 à x4 à ………… à x11 à 1à à à

01 0

Standard model:

• -query-algorithm for conjunction testing [PRS02]

• -query algorithm for decision list testing [DLMORSW07,B20]
• “testing by implicit learning” for functions that are approximated by juntas

(every decision list is   -close to a                -junta)
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Relative-error testing of conjunctions and decision lists

Relative-error model:  [CPPS25] showed testing conjunctions and 
decision lists is no harder than in standard model!

• Testing conjunctions:              -query algorithm

• Testing decision lists:                queries
• Uses new (but simple) decomposition of “sparse” decision lists:

x6 à x4 à x7 ………à x1 à x3 à … à x11 à 1

à à à

00 0

à

1

à

0

“head” is a (possibly long) conjunction, 
“tail” is a decision list that’s     -close to a                -junta 38



Testing DNF formulas:
Standard model

Definition:  An s-term DNF formula is an s-way OR of ANDs 
(of any size) of literals:

Standard model:

• -query-algorithm for testing s-term DNFs [DLMORSW07,B20] 
• “testing by implicit learning” for functions that are approximated by juntas

(every s-term DNF is   -close to a                      -junta)

x1 x2 xn. . . . . . .  

fan-in s 
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Testing DNF formulas with relative error

Relative-error model:  [CPPS25] showed testing s-term DNF is 
at most polynomially harder than in standard model!

• Testing s-term DNF:                    -query algorithm
• New structural decomposition of s-term DNF into “clusters” (sub-DNFs)

• This decomposition is not known to the tester!

• “Factor out” a long conjunction from each cluster: what’s left is a “junta DNF”

• Tackle each ”junta DNF” using relative-error-for-junta-subclass technology

• Presence of other clusters introduces significant complications…

x1 x2 xn. . . . . . .  

fan-in s 
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Future work, relative-error testing:
General conditions that suffice for relative-error testability?

Goal:  Unified way to go beyond junta subclasses?

• Results for conjunctions, decision lists, DNFs, are somewhat 
ad hoc…

• …is there an analogue to standard-model “testing by implicit learning” 
results for functions approximated by juntas?  

41



Wrapping up

42

Question:  Can these models be combined:
Tolerant relative-error testing?

• Tolerant testing / distance estimation

• Relative-error testing

New(ish) models of Boolean function property testing:

Clean and appealing open questions



Thank you!
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