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Property Testing

Q: Can we decide if a massive object has a desired property while inspecting a tiny fraction?

For example,

▶ graphs △-freeness, expansion, . . .
▶ Boolean functions monotonicity, linearity, . . .
▶ distributions uniformity, log-concavity, . . .
▶ matrices PSD-ness, sparsity, . . .
▶ geometric objects convexity, halfspaces, . . .

and many more. . .
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An Example

Q: Test if f : {0, 1}n → {0, 1} is f ≡ 0?

▶ Clearly Ω(2n) queries in the worst case
▶ Natural relaxation:

– Accept w.h.p. if f ≡ 0
– Reject w.h.p. if f “far” from constant-0

Pr
[
f(x) ̸= 0

]
≥ ε

{0, 1}n

fx {0, 1}
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Property Testing ≡ Approximate Decision Making

ε

P

Definition: A tester for a property P is a randomized algorithm which,
given access to an unknown function f : {0, 1}n → {0, 1}, w.p. 2/3:

▶ Accepts if f ∈ P, and
▶ Rejects if f is ε-far from P.

Can often be done much more efficiently than learning f
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A Glorious Field

▶ Applications throughout TCS
Coding theory, PCPs, hardness of approximation,
learning theory, quantum complexity, . . .

▶ Rich set of techniques
Fourier analysis, regularity lemmas, CLTs,
communication complexity, . . .
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This Talk

: Active vs. Passive Access

Q: Test if f : {0, 1}n → {0, 1} is f ≡ 0?

▶ Clearly Ω(2n) queries in the worst case
▶ Natural relaxation:

– Accept w.h.p. if f ≡ 0
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This Talk: Three Passive Models
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Sample-Based Testing

{0, 1}n

f (x, f(x)) for x ∼ {0, 1}n

Recall that dist(f, P) = min
g∈P

Pr
x∼{0,1}n

[f ̸= g]

Can be much harder than standard testing:

▶ Monotonicity: 2Ω(n) samples vs. Θ(
√

n) queries
x ⪯ y =⇒ f(x) ≤ f(y)

▶ Juntas: Ω(log n) samples vs. Θk(1) queries
f depends on only k ≪ n coordinates

▶ Linearity: Ω(n) samples vs. Θε(1) queries
f(x ⊕ y) = f(x) ⊕ f(y)
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Talk Outline: Three Passive Models

Sample-Based Testing Truncated Statistics Testing Under Promises
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An Appetizer
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An Old Story:

Smallpox in the 18th Century

▶ 1760: No vaccines yet, only inoculation
▶ D. Bernoulli: Life expectancy if all inoculated?
▶ First example of inference from truncated data

D. Bernoulli. Mem. Math. Phys. Acad. Sci. Paris (1776).
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Truncated Statistics Today

▶ Biased & truncated data leads to bad models
▶ Ongoing explosion of work on learning from

biased, truncated & missing data
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Truncated Statistics Today

If
convex-truncated normal

linear-truncated uniform

. . .

then can do
linear regression

parameter learning

. . .

Q: Do these assumptions hold?
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Setup

Question: Can you detect truncations of a distribution D?
(For simplicity, suppose D is a standard Gaussian)

1000 samples from N(0, 1)2 1000 samples from truncated N(0, 1)2

13



Setup

Question: Can you detect truncations of a distribution D?

(For simplicity, suppose D is a standard Gaussian)

1000 samples from N(0, 1)2 1000 samples from truncated N(0, 1)2

13



Setup

Question: Can you detect truncations of a distribution D?
(For simplicity, suppose D is a standard Gaussian)

1000 samples from N(0, 1)2 1000 samples from truncated N(0, 1)2

13



Setup

Question: Can you detect truncations of a distribution D?
(For simplicity, suppose D is a standard Gaussian)

1000 samples from N(0, 1)2

1000 samples from truncated N(0, 1)2

13



Setup

Question: Can you detect truncations of a distribution D?
(For simplicity, suppose D is a standard Gaussian)

1000 samples from N(0, 1)2 1000 samples from truncated N(0, 1)2

13



Setup

Question: Can you detect truncations of a distribution D?
(For simplicity, suppose D is a standard Gaussian)

1000 samples from N(0, 1)2 1000 samples from truncated N(0, 1)2

13



A Natural Question: Testing Truncated Distributions

Question:

Given i.i.d. sample access to either
▶ N(0, 1)n or
▶ N(0, 1)n conditioned on some unknown set K ⊆ Rn,

how many samples needed to distinguish the two cases?

(As a function of dimension n)
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Testing Truncated Distributions: Two Issues

Truncation is “too small”
Pr[x ∈ K] ≈ 1

Truncation is “too complex”
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Testing Truncated Distributions

New Question:

Given i.i.d. sample access to either
▶ N(0, 1)n or
▶ N(0, 1)n conditioned on some unknown set K ⊆ Rn

such that
Pr[x ∈ K] ≤ 0.9 and K is not “too complex”,

how many samples needed to distinguish the two cases?

(As a function of dimension n)
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Testing Convex Truncations

Question: Given i.i.d. sample access to either
▶ N(0, 1)n or
▶ N(0, 1)n conditioned on some convex set K ⊆ Rn such that

Pr[x ∈ K] ≤ 0.9,
how many samples needed to distinguish the two cases?

[DNS, Math. Stat. Learn. ’25]: Θ (n) samples necessary & sufficient

17



Testing Convex Truncations

Question: Given i.i.d. sample access to either
▶ N(0, 1)n or
▶ N(0, 1)n conditioned on some convex set K ⊆ Rn such that

Pr[x ∈ K] ≤ 0.9,
how many samples needed to distinguish the two cases?

[DNS, Math. Stat. Learn. ’25]: Θ (n) samples necessary & sufficient

17



Testing Convex Truncations

Question: Given i.i.d. sample access to either
▶ N(0, 1)n or
▶ N(0, 1)n conditioned on some convex set K ⊆ Rn such that

Pr[x ∈ K] ≤ 0.9,
how many samples needed to distinguish the two cases?

[DNS, Math. Stat. Learn. ’25]: Θ (n) samples necessary & sufficient

17



Testing Convex Truncations

Question: Given i.i.d. sample access to either
▶ N(0, 1)n or
▶ N(0, 1)n conditioned on some convex set K ⊆ Rn such that

Pr[x ∈ K] ≤ 0.9,
how many samples needed to distinguish the two cases?

[DNS, Math. Stat. Learn. ’25]: Θ (n) samples necessary & sufficient

17



Testing Convex Truncations

Question: Given i.i.d. sample access to either
▶ N(0, 1)n or
▶ N(0, 1)n conditioned on some convex set K ⊆ Rn such that

Pr[x ∈ K] ≤ 0.9,
how many samples needed to distinguish the two cases?

[DNS, Math. Stat. Learn. ’25]: Θ (n) samples necessary & sufficient

17



Testing Convex Truncations

If convex-truncated normal then
linear regression

parameter learning
. . .

▶ Can verify assumption with Θ(n) samples
[DNS, Math. Stat. & Learn. ’25]

▶ Previously exp(
√

n) samples
[DGTZ, FOCS ’18; KTZ, FOCS ’19]
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Testing Truncated Distributions,

Optimally

Convex truncations of Gaussians
[DNS, Math. Stat. & Learn. ’25]

Low-degree truncs. of hypercontractive dists.
[DLNS, STOC ’24]

Low-dim. truncations of product dists.
[BHK, SODA ’26]

Unate truncations of product dists.
[LNQR, Manuscript ’26]
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Testing Truncated Distributions

Extensions in several directions & many open questions:

[LMZ, STOC ’24]

[LMZ, FOCS ’24]

[GKK, SODA ’24]

[KMG, STOC ’25]

[CMZZ, NeurIPS ’25]

[CGWY, AISTATS ’25]

[BHK, SODA ’26]

and more . . .

▶ More general distributions
Beyond Gaussians and product distributions

▶ Quantitative refinements
Runtime optimality, refined analyses

▶ Connections with other algorithmic tasks
Sampling, learning theory, sample-based testing, . . .
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Talk Outline: Three Passive Models

Sample-Based Testing Truncated Statistics Testing Under Promises
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Motivation

P

C

▶ Usual scenario: unknown f is any function
▶ But often f is not arbitrary. . .
▶ Given the promise that f ∈ C, determine whether:

– f has some property P ⊆ C, or
– f is far from every function in P.

Q: Can restricting to a promise class C make passive testing efficient?
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A Concrete Example: Sparse Recovery
Unknown vector w ∈ Rn

promised to be k-sparse

w1 − w2 + · · · − wn = 7

−w1 + w2 + · · · + wn = −2
...

w1 + w2 − · · · + wn = 11

Samples of form (x, y := w · x) where x ∼ {±1}n

Goal: Recover w.
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−w1 + w2 + · · · + wn = −2
...

w1 + w2 − · · · + wn = 11

Samples of form (x, y := w · x) where x ∼ {±1}n
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Gaussian elimination

Goal: Recover w.
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A Concrete Example: Sparse Recovery
Unknown vector w ∈ Rn promised to be k-sparse

w1 − w2 + · · · − wn = 7

−w1 + w2 + · · · + wn = −2
...

w1 + w2 − · · · + wn = 11

Samples of form (x, y := w · x) where x ∼ {±1}n O(k log n) samples + poly(n) time
[Donoho, Candès–Romberg–Tao ’05]

Goal: Recover w.
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Testing Sparsity

of Linear Functions

Q: Suppose w ∈ Sn−1 is an unknown unit vector. Given samples of the
form (x, y = x · w) for x ∼ {±1}n, distinguish between the case that

▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε.

[Chen–De–Servedio ’20]: (k/ε)O(k) samples suffice

25



Testing Sparsity of Linear Functions

Q: Suppose w ∈ Sn−1 is an unknown unit vector. Given samples of the
form (x, y = x · w) for x ∼ {±1}n, distinguish between the case that

▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε.

[Chen–De–Servedio ’20]: (k/ε)O(k) samples suffice

25



Testing Sparsity of Linear Functions

Q: Suppose w ∈ Sn−1 is an unknown unit vector.

Given samples of the
form (x, y = x · w) for x ∼ {±1}n, distinguish between the case that

▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε.

[Chen–De–Servedio ’20]: (k/ε)O(k) samples suffice

25



Testing Sparsity of Linear Functions

Q: Suppose w ∈ Sn−1 is an unknown unit vector. Given samples of the
form (x, y = x · w) for x ∼ {±1}n,

distinguish between the case that
▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε.

[Chen–De–Servedio ’20]: (k/ε)O(k) samples suffice

25



Testing Sparsity of Linear Functions

Q: Suppose w ∈ Sn−1 is an unknown unit vector. Given samples of the
form (x, y = x · w) for x ∼ {±1}n, distinguish between the case that

▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε.

[Chen–De–Servedio ’20]: (k/ε)O(k) samples suffice

25



Testing Sparsity of Linear Functions

Q: Suppose w ∈ Sn−1 is an unknown unit vector. Given samples of the
form (x, y = x · w) for x ∼ {±1}n, distinguish between the case that

▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε.

[Chen–De–Servedio ’20]: (k/ε)O(k) samples suffice

25



The Full Result: Testing Noisy Linear Functions for Sparisty

[Chen–De–Servedio ’20]: Suppose w ∈ Sn−1 is an unknown unit vector.
Given samples

(x, x · w) + η x ∼ Dn ,

where D is an i.i.d. product distribution with moments of all orders and
is not Gaussian and η is a known noise distribution, one can distinguish

▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε

with OD,k,ε,η(1) samples.

26



The Full Result: Testing Noisy Linear Functions for Sparisty

[Chen–De–Servedio ’20]: Suppose w ∈ Sn−1 is an unknown unit vector.

Given samples
(x, x · w) + η x ∼ Dn ,

where D is an i.i.d. product distribution with moments of all orders and
is not Gaussian and η is a known noise distribution, one can distinguish

▶ the vector w is k-sparse, vs.
▶ for any k-sparse v, we have ∥w − v∥2 ≥ ε

with OD,k,ε,η(1) samples.

26



The Full Result: Testing Noisy Linear Functions for Sparisty

[Chen–De–Servedio ’20]: Suppose w ∈ Sn−1 is an unknown unit vector.
Given samples

(x, x · w) + η x ∼ Dn ,

where D is an i.i.d. product distribution with moments of all orders and
is not Gaussian

and η is a known noise distribution, one can distinguish
▶ the vector w is k-sparse, vs.
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Some Quick Remarks

Each hypothesis rules out a dimension-free sample complexity:

▶ If D is Gaussian, then Ω(log n) samples necessary even for k = 1
▶ If coordinates are product but not i.i.d. then Ω(log n) samples are necessary
▶ If the noise distribution is unknown, then Ω(log n) samples are necessary

Compared to O(k log n) recovery, no dependence on ambient dimension n.
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The [CDS’20] Approach:

Cumulants

Let’s focus on the special case (x, y = x · w + η) for x ∼ {±1}n

Polynomial functions of moments:

κ1(X) = E[X]
κ2(X) = E[X2] − E[X]2

κ3(X) = E[X3] − 3E[X2]E[X] + 2E[X]3

and so on. . .

▶ Linearity: if a, b independent, then
κj(a + b) = κj(a) + κj(b)

▶ Homogeneity: For scalar c,
κj(c x) = cj κj(x)
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The [CDS’20] Approach: Cumulants

So far, we have ∥w∥j
j = 1

κj(D)
(
κj(y) − κj(η)

)

▶ We know D, η; estimate κj(y).

▶ If |κj(D)| > 0, estimate ∥w∥j .

▶ Since lim
j→∞

∥w∥j = ∥w∥∞, can choose j1, . . . , jk to estimate k-largest entries of w.

Fact: For Gaussian D, κj(D) = 0 for all j > 2.
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The [CDS’20] Approach: Cumulants

Happily, this is the only thing that can go wrong ,

[Marcinkiewicz ’39]: If D is a has a finite number of non-zero
cumulants, then it must be Gaussian.

▶ So for non-Gaussian D, we have sequence of j1, . . . , jk to estimate top-k entries of w.
▶ Need to prove (first) quantitative strengthening of [M’39].
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Some Follow-Up Work

Testing Low-Degree Polynomials for Sparsity
[BDNSW, STOC’26]

Measurement matrix

×

Target matrix

Testing Matrix Rank
[BDNSSW, In Prep.]
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Talk Outline: Three Passive Models

Sample-Based Testing Truncated Statistics Testing Under Promises
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Summary

▶ Passive access in many “beyond worst-case” settings
▶ New modeling as well as mathematical challenges:

– Right question depends on the problem instance
– Connections across analysis, complexity, probability, &

statistics

Thank you! Questions?
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