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Introduction: Testing Distributions
Distribution D over [N]
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Introduction: Testing Distributions

Learn the distribution! O(N)

LLasy: approximate mean, variance. poly(e‘l)

Hard: is D uniform or far fromit? © (\ /N )

[GR'00,...,Pan’08] |
Harder: ®(N/log N) 48 E

* Is the distribution monotone? [BFRV'10,AGPRY'19,]

* Approximating distance from uniform. [VV'10]

|VV'10] 72

* Approximating Shannon entropy.




Introduction: Testing Distributions
Distribution D over [N]

Learn the distribution! O(N) e
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Harder: G

* Is the distribution monotone? [BFRV'10,AGPRY'19,]

* Approximating distance from uniform. [VV'10]
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* Approximating Shannon entropy.




Veritying Distribution Properties: Warmup
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Veritying Distribution Properties: Warmup
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Veritying Distribution Properties: Warmup

(): Can we verify claims with fewer samples?

- Verifiable data science!
- Verifying Al?

- Natural theoretical question - new perspectives and
insights on old problems.
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Veritying Distribution Properties: Warmup

Distribution T) over [N] e EEEEE—
| Run Identity Tester [BFFKRo1, VV'14]
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Veritying Distribution Properties: Warmup

Distribution T) over [N]
————— | Run Identity Tester [BFFKRo1, VV'14]
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Veritying Distribution Properties: Warmup

Distribution T) over [N]
P | Run Identity Tester [BFFKRo1, VV'14]
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Proof Systems for Distributions [GMR'85, CG'17]
D over [N]

,m

//////" : - - N
T T T 7777777 17T 7 :Z'L/Z/P/
SN

LT R LY Y Sey o sne

. 8
1 R %

3 >
o Q@

§ 2

0 o)

4 8

Vb )3

A

o

O

rover




roof Systems for Distributions [GMR'S85, CG'17]
D over [N]

——
m

} *'«“‘\ N\

e o

. A J 8

P RS
o @

ST

0 o

3 8

106 )

[N

o

O

Prover Verifier
accept / rejects




Proof Systems for Distributions [GMR'85, CG'17]

ver [N
D over IN] Completeness

L
——
e

qy 4,75;‘/'; 7 N
A& T T T T T 7
N/ W i

WP

H’A“\‘;{“‘\‘ 7
N e
XS ‘ I
/

—> V accepts wh o}
X Soundness

[ j
\ / P00V 00
@‘Oo %0 4
N> O, <
wood 2P

OTv (D.ID =€

—> V(cheating) strategy P¥,
V' rejects whp.

Prover Verifier
accept / rejects




Proof Systems for Distributions [GMR'85, CG'17]

Completeness
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(Tolerant) Proof Systems for Distributions [GMR'85, CG'17]
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Example: Verifying Uniformity Over Half Domain
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Observation:

U All distributions uniform over some
a half of their domain.

Support sizes are different.
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Example: Verifying Uniformity Over Half Domain

U All distributions uniform over some
a half of their domain.

Observation:
Support sizes are different.

Every NO-case either has:
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Veriftying Uniformity Over Half Domain

Draw s = O (\/N ) samples.

2
Test 1: #of 2-collisions is & ). 2
2 N
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Draw &~
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Randomly mix: (zl, L Z%)

Test 2:

~ half the U, -samples have tag 2/N
ALL D-samples have tag  2/N




Veriftying Uniformity Over Third Domain

Draw s = O (\/N ) samples.
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Randomly mix: (zl, s Z%)

Test 2:
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Veriftying Uniformity Over Fraction of Domain

Draw s = O (\/N ) samples.
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D IS supported over:

S, elements of probability 1/N
5, elements of probability 2//N

| Vsamples: O |




Vi€ [logN / €] Partitionof [0,1]:

D IS supported over: .
e-(1+¢y

N

5; elements w.p. ~
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D has probability histogram hist,,

| Vsamples: O |




D has probability histogram hist,,

Verify histogram, then compute:

* Shannon entropy!
x

Distance from uniformity!

Support sizel

| Vsamples: O |




T heorem [H Rothblum 22, H Rothblum 23]

f, Every>I< Iabel-mvarmnt dlsmbunon property admtts a 2-

1 message tolerant proof system with: ,
P samples: O(N) Comm.: O (\ﬁv ) V samples: O (\/N )
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Can we verify uniformity with o (\ﬁ\f ) 7

| Simulate by answering | ' Simulate V
| according to Uy, V samples: o (\/N )

0 (\ﬁ\f ) samples

No samples
needed!



Main tool:

: P samples: O(N)



D (a.pay,@2np@),...,N,DN)))



P -

D (a.bqy),ep@y,..., (N,D(N)))



b E/{O,l} Almost IPP...

Sample and not query access
P must know the accessed locations.

D (a.ba),2npQ),....(N.DN)))




Theorem [H-Rothblum’24]

Every distribution property 0 ‘reasonable compleXtty admitsa /
(log N)-messages tolerant proof system with:

P samples: O (N 1'1) Comm.: O (NO°95 ) V samples: O (NO'9)

b e (0,1} Almost IPP...

- Sample and not query access
P must know the accessed locations.

D (a.ba),2npQ),....(N.DN)))




More Results...

* Exploring features of protocols: public coin [H'24], differential privacy [DDTZ’26], zero knowledge
[CPSTY’26], doubly sublinear proof system [GHR'25])

« Argument systems for every* property with O (N l 2) V samples & comm. [H-Rothblum’25].

* Exploring different access models: PCond verification [BBCS'25]

e Lower bounds:

* Proving membership in distribution properties can be strictly harder than testing [H-Rothblum’23].

The comm. complexity of veritying label-invariant properties is ) (N : Z Dz(x)> [H'26].



Summary and Future work

Verifying distribution properties can be done more efficiently than testing.

New lens for insights into distribution properties, and a rich area for future work.




Summary and Future work

Verifying distribution properties can be done more efficiently than testing.

New lens for insights into distribution properties, and a rich area for future work.

Open Questions:

Improving parameters, exploring different features (ZK, DP...).

Proofs for different models (continuous distributions, structured domains...)

Applications:
* Verifiable Data Science, verifiable learning

* Applications for Al Verification:

* Unique properties, domains, and access models.




