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Convexity 101

Fact: Every convex set K C R™ is an intersection of

(possibly infinitely many) halfspaces, i.e.
K:ﬂm
where H; := {z € R" : (z,v") < 6}

What about approximation?
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Approximating Convex Sets

L'=H,Nn...nH}

Question: How to measure “distance” between K and L, L'?



Gaussian Distance

Definition: For K, L C R™, we define the Gaussian distance
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Gaussian Distance

Definition: For K, L C R™, we define the Gaussian distance

dist(K,L):= P eKAL
ist(K, L) gNN(an)[g ]

where K A L denotes the symmetric difference of K and L.

Note: Not translation invariant!
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Back to Approximation

L'=H,N...nH}

asi(K, L) = Pr lge]]
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Question: Given and 0 < ¢ < 0.5, how many halfspaces are
needed to c-approximate a convex set K C R™ under the
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Gaussian Polytope Approximation

Question: Given , how many halfspaces are
needed to 0.1-approximate a convex set K C R™ under the
Gaussian distance?

Want: Upper bounds & lower bounds



A Gaussian Twist on a Classical Problem

APPROXIMATION BY POLYGONS AND POLYHEDRA
LAszL6 FEJES TOTH

In order to investigate as to what order of magnitude a plane (or a
skew) curve can be approximated by n-sided polygons, we have to
start from a definition of the deviation. One of the usual definitions

is as follows:! the dewatlon 'q(H K) of two curves H and K is the
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Differentiable Boundaries*
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APPROXIMATION BY POLYGONS AND POLYHEDRA

In JOURNAL OF APPROXIMATION THEORY 10, 227-236 (1974)

THE APPROXIMATION OF CONVEX SETS BY POLYHEDRA

E. M. Bronshteyn and L. D. Ivanov

The main result of this note is the following theorem.

THEOREM. Let M be a convex subset of the unit ball in n-dimensional Euclidean
Then for any ¢ & (0, 10~) there are no more than 3v&+ 9/ &) ™1)/? points whose conve
than e away from M in the Hausdorf metric.
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APPROXIMATION BY POLYGONS AND POLYHEDRA

In JOURNAL OF APPROXIMATION THEORY 10, 227-236 (1974)
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Then i¢
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APPROXIMATION OF THE SPHERE
BY POLYTOPES HAVING FEW VERTICES
1. BARANY AND Z. FUREDI

(Communicated by Andrew Odlyzko)
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APPROXIMATION BY POLYGONS AND POLYHEDRA

JOURNAL OF APPROXIMATION THEORY 10, 227-236 (1974)

THE APPROXIMATION OF CONVEX SETS BY POLYHEDRA

1
PROCEEDINGS OF THE
1 AMERICAN MATHEMATICAL SOCIETY
1 Volume 102, Number 3, March 1988
Then f
than e

Journal of Mathematical Sciences, Vol. 153, No. 6, 2008

APPROXIMATION OF CONVEX SETS BY POLYTOPES

E. M. Bronstein

ABSTRACT. The survey contains results related to different aspects of polyhedral
convex bodies and some adjacent problems.




Algorithms, Gaussians, and Convexity

Learning Convex Sets [KOS5'08|
Output an e-approximation to a convex set K

Testing Convexity [CFSS'17]
Output “yes" if K convex and “no” if e-far from convex

Estimation from Convex-Truncated Gaussians [DGTZ'18]

Estimate p and X given samples from N (u, X) |k

Detecting Convex Truncation [DNS'23]
Distinguish N(0, I,,) from N (0, 1,,) |k for K convex
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Learning Convex Sets

0.1-approximation to K: n®(V™ queries

But improper ®
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Gaussian Polytope Approximation

Question: Given a convex set K C R"™, how many halfspaces are
needed to 0.1-approximate K under the Gaussian distribution?

Want: Upper bounds



An Exponential Upper Bound

Theorem: For every convex K C R™, there exists L C R™ which
is an intersection of 2°(") halfspaces such that

dist(K, L) < 0.1.
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An Exponential Upper Bound

x(n)-Tail Bound: ~ Pr  [[lg]l2 = v/n+ 100] < 0.05.
QNN(Ovln)
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[Dud'74, BI'75]: There exists a 20(n)_facet polytope L such that
K'C L and
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Hausdorff Approximation to the Rescue

[Dud'74, BI'75]: There exists a 20(n)_facet polytope L such that
K'C L and
0.05

— K| < —.
ilellL)IIy I's 7
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An Exponential Upper Bound

length(—) < 0.05n~1/4

dist(K',L) = Pr [geD]

g~N(0,In)

g~N(0 In)

o<
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Some Easy Calculus

dist(K',L) = Pr [QGD]

g~N(0,In)

< Pr [g c D]

~ g~N(0,Ip)

- / Lpn(it) dx
{=: \Iw*K’||§04o5n—1/4}

0.05n " 1/4
B / / () do(x) dt
t=0 z€OK]

0.05m—1/4
= / GSA(K;) dt
t

=0



Gaussian Surface Area of Convex Sets

[Ball'93]: Suppose K C R"™ is a convex set. Then
GSA(K) < nt'/*

where GSA(K) = [, on(z) do(z).
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Some Easy Calculus
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Some Easy Calculus

dist(K',L) = Pr [geD]

g~N(0,In)

< Pr [g S D}

g~N(0,In)
= / on(z) dx
{ac : |\x7KH§0AO5n*1/4}

0.05n~1/4
/ on(x)do(z)dt
t=0 TEIKy
0.05n~1/4
/ GSA(K:)dt

0.05m—1/4
/ nY*dt < 0.05
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Putting Everything Together

Theorem: For every convex K C R"™, there exists L C R™ which
is an intersection of 29(") halfspaces such that

dist(K, L) < 0.1.



Putting Everything Together

Theorem: For every convex K C R"™, there exists L C R™ which
is an intersection of 29(") halfspaces such that

dist(K, L) < 0.1.

What about lower bounds?



A Natural Guess

By(vi) = {z € R" : || < v}

Extremal for Lebesgue, Hausdorff, Banach—-Mazur, . ..
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Warmup: “Outer” Approximators

Union bound = 2%(") halfspaces for outer approximation ©



Warmup: “Outer” Approximators

Union bound = 2%(") halfspaces for outer approximation ©

What about general approximators?






A Brief Aside

Monotone f : {0,1}" — {0,1}

(If z <y then f(z) < f(y))
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Density Increment Results  Kruskal-Katona

Uniform Distribution Learning 7n?(V™) time for constant accuracy

Structural Results Harris—Kleitman, KKL, Talagrand, and Friends

Testing Distribution Truncation ©(n) samples



Monotone Boolean Functions & Convex Sets

Analytic Structure Fourier concentration up to degree O(+/n)
Feurier Hermite concentration up to degree O(y/n)

Density Increment Results  Kruskal-Katona
A Kruskal-Katona Analogue

Uniform Distribution Learning n°(V™) time for constant accuracy
N(0,1I,,) nP(1) time for constant accuracy

Structural Results Harris—Kleitman, KKL, Talagrand, and Friends
Royen, Convex Influences [DNS'21, DNS'22]

Testing Distribution Truncation ©(n) samples
O(n) samples [DNS'23]



An Emerging Analogy

) 4

Convex Subsets of R™ Monotone Subsets of {0,1}"



Slabs

S::{xe]R”:|x1|§l}



Slabs are like Boolean Dictatorships

S:={zeR": |z <1} Dicti(z) := a1



The /5-Ball

By :={z e R": |jz]| < /n}



The ¢5-Ball is like Majority

Byi={z e R": ] < v} Maj, (2) = 1(SI, 2 > n/2)



The (,.-Ball

C = {:1: €R™: |z|oo < @(\/m)}



The ¢-Ball is like Tribes

s~ IL tribes
ogmn

w ~ logn people/tribe

C = {ac ER™: |2]oo < @(\/@)} Tribes, (z) = Aj_, (\/;":1 a:”)
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Polytopal Approximation
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Approximation by CNF
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clauses are needed by a CNF g : {0,1}" — {0, 1} such that

A [f(z) # g(x)] <0.17



Approximation by CNF

Question: Given a Boolean function f : {0,1}" — {0,1}, how many
clauses are needed by a CNF g : {0,1}" — {0, 1} such that

A [f(z) # g(x)] <0.17



Back to Polytope Approximation

By(vin) = {w € R" : |la]| < Vn}

Extremal for Lebesgue, Hausdorff, Banach—-Mazur, ...
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Consulting the Analogy

By:={z cR": |lz] < i} Maj, (z) = (0, a5 > n/2)

©



Total Influence of a Boolean Function

Definition: The total influence of a Boolean function f :
{0,1}" — {0,1} is defined as

x~{0,1}"

W=, B, [#i:r@ 2 1w}

where 29 = (zq,...,1 —2;,...,2,).



The Total Influence of Majority

Maj, (z) = 1(3iL; @i = n/2)

Question: What is I[Maj,,]?

Recall I[f] :== E {m {i: f(z) # f(x®) }}



The Total Influence of Majority

Maj,(z) :== 1(X1, i > n/2)

Question: What is I[Maj,,]?

Answer: O(y/n)



The Total Influence of CNFs

[Hastad—Boppana'97]: Any s-clause CNF g : {0,1}" — {0,1} has

I[g] < O(logs).
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[Hastad—Boppana'97]: Any s-clause CNF g : {0,1}" — {0,1} has

I[g] < O(logs).

I[Maj,] = Q(vn) =



The Total Influence of CNFs

[Hastad—Boppana'97]: Any s-clause CNF g : {0,1}" — {0,1} has

I[g] < O(logs).

I[Maj,] = Q(v/n) =  0.1-approx. needs 2°*(vV") clauses

(Fourier + monotonicity behind the scenes)



Monotone Boolean Functions & Convex Sets

Analytic Structure Fourier concentration up to degree O(+/n)
Feurier Hermite concentration up to degree O(y/n)

Density Increment Results Kruskal-Katona
A Kruskal-Katona Analogue

Uniform Distribution Learning n°(V™) time for constant accuracy
N(0,1I,,) nP(V1) time for constant accuracy

Structural Results Harris—Kleitman, KKL, Talagrand, and Friends
Royen, Convex Influences [DNS'21, DNS'22]

Testing Distribution Truncation ©(n) samples
O(n) samples [DNS'23]



Monotone Boolean Functions & Convex Sets

Convex Influences [DNS'21, DNS'22]
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Back to Polytope Approximation

@

Ba(vin) = {w € R" : |lal| < v}

Can follow similar recipel!

Convex Influences + H&stad—-Boppana Analogue



Story So Far. ..

Upper Bound Lower Bound

Generic K CR" 20(n) —

£5-Ball — 2UVn)
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Consulting the Analogy Once Again

By = {z e R": |lz] < v/} Maij, (z) i= 1(S0, 2 > n/2)

©
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Approximation by DNF: Examples and Counterexamples

Ryan O’Donnell Karl Wimmer
Carnegie Mellon University Carnegie Mellon University
Abstract

Say that f : {0,1}" — {0,1} e-approximates g : {0,1}" — {0, 1} if the functions disagree on
at most an € fraction of points. This paper contains two results about approximation by DNF
and other small-depth circuits:

(1) For every constant 0 < € < 1/2 there is a DNF of size 2°(V™ that e-approximates the
Majority function on n bits, and this is optimal up to the constant in the exponent.

(2) There is a monotone function F : {0,1}" — {0,1} with total influence (AKA average
sensitivity) I(F) < O(logn) such that any DNF or CNF that .01-approximates F requires size
2n/logn) and such that any unbounded fan-in AND-OR-NOT circuit that .01-approximates
F requires size (n/logn). This disproves a conjecture of Benjamini, Kalai, and Schramm



A Matching Upper Bound

[OW'07]: There exists a 20(vV™)_clause CNF that is a
0.1-approximator to Maj,,.




The O'Donnell-Wimmer Construction

C; unif. subset of size \/n



The O'Donnell-Wimmer Construction

C; unif. subset of size \/n

Key Idea: E

f {=~{0, 1}

Pr [f(z)# Majn(a:)]] <0.1
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Nazarov's Body

L:Hlﬂ...HQ\/;




Nazarov's Body

L:Hlﬂ...HQ\/;

Similar Idea: E
L

Pr lgec D” <0.1

g~N(0,I,)



Story So Far. ..

Upper Bound Lower Bound

Generic K CR" 20(n) —

£5-Ball 20(v/n) 20UVn)
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Approximation by DNF: Examples and Counterexamples

Ryan O’Donnell Karl Wimmer
Carnegie Mellon University Carnegie Mellon University
Abstract

Say that f : {0,1}" — {0,1} e-approximates g : {0,1}" — {0,1} if the functions disagree on
at most an ¢ fraction of points. This paper contains two results about approximation by DNF
and other small-depth circuits:

(1) For every constant 0 < e < 1/2 there is a DNF of size 2°(V™) that e-approximates the
Majority function on 7 bits, and this is optimal up to the constant in the exponent.

(2) There is a monotone function F : {0,1}" — {0,1} with total influence (AKA av
sensitivity) I() < O(logn) such that any DNF or CNF that .01-approximates F requires size
2n/logn) and such that any unbounded fan-in AND-OR-NOT circuit that .01-approximates
F requires size ((n/logn). This disproves a conjecture of Benjamini, Kalai, and Schramm




O'Donnell & Wimmer Strike Again

[OW'07]: There exists a monotone Boolean function such
that any CNF that is a 0.1-approximator must have 29
clauses.




O'Donnell & Wimmer Strike Again

[OW'07]: There exists a monotone Boolean function such
that any CNF that is a 0.1-approximator must have 29
clauses.

Key idea (in hindsight): Random “projections” [RST'15]
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O'Donnell & Wimmer's Hard Function

tribes

w & logn people/tribe

DNF Tribes

Question: What's the convex analogue?
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Following the Analogy

~
5% s tribes

w =~ logn people/tribe u

DNF Tribes £1-ball
Boolean Dual Duality

s 7 i tribes
oE

<+ - - Analogy - --»

w = logn people/tribe

CNF Tribes
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measure 0.5 must have 2°") halfspaces.



A Reasonable Guess

Conjecture: Any 0.1-approximator to the ¢1-ball of Gaussian
measure 0.5 must have 2°") halfspaces.

False! There exists a sub-exponential approximator )



A Proof Sketch

Probabilistic construction
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Probabilistic construction

Sample dilated ¢;-balls in subspaces



A Proof Sketch

Probabilistic construction

Sample dilated ¢;-balls in subspaces

Anti-concentration & multiplicative Gaussian tail bounds
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Story So Far. ..

Upper Bound

Lower Bound

Generic K C R"™
lo-Ball
El—BaII

£,-Balls for p € (1,2)

90(v/n)
20(n3/4)

90 (n*/*)

2Q(v/n)

22(v/n)

There's More: Average-Case Lower Bounds. ..
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Some Recent Applications

Sparsifying Suprema of Gaussian Processes [DNOS'25]
Analogous to CNF Sparsification

Lower Bounds for Convexity Testing [CDNSW'25]
n¥1) Jexp(n®2%) Queries for Standard/Tolerant Testing



Convexity Testing

1 zeK
reR"—| K |—
0 z¢ K

Question: How many queries to K C R™ to distinguish w.p. 2/3
between the following?

e K is convex, vs.

e dist(K, L) > 0.1 for every convex L C R™.



Convexity Testing

Queries



Convexity Testing

[KOS'08]

Learning

nOG/m Queries



Convexity Testing

[CDNSW'24] [KOS0g]

One-Sided
Adaptive
Two-Sided
Non-Adaptive

Learning

Q1) O

™)
ot
~

nOt/m Queries



Convexity Testing

[CDNSW'24] [CDNSW'24] [KOS'08]
g 2
T | -= -
3l: 33 -
ale 9|z 2o £
= ©
5% Els 5|° -
z z
T T T T
Qn%)  Qn°) 29(n'/%) n®Y™ Queries

(Tolerant testing & estimating distance to property)



Convexity Testing vs. Monotonicity Testing

Q(no.l) Q(n0'25) 29(n1/4)

N

Vn)

S

Queries

Learning

[BT'96]

(Tolerant testing & estimating distance to property)



Convexity Testing vs. Monotonicity Testing

N

Vn)

S

Q01 Qn®?) 202(n!/%) Queries

Non-Adap
Tolerant
Learning

[CDLNS'24] [BT'96]

(Tolerant testing & estimating distance to property)



Convexity Testing vs. Monotonicity Testing

Q1) Qn°2%)  O(yn) 20(n/%) nO(vn) Queries
o o | o
3 3| 2
< <l £
5 5(° e
2 2 -~
[KMS'15, CDST'15, CWX'17]  [CDLNS'24] [BT'96]

(Tolerant testing & estimating distance to property)



Many Open Problems

Correct upper bound?

oY ‘ /n
28(m) versus 29V halfspaces
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Many Open Problems

Correct upper bound?

20(V")_facet approximators for ¢, balls?

Vertex approximators?

Thanks for listening! Questions?



