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An Exponential Upper Bound

Theorem: For every convex K ⊆ Rn, there exists L ⊆ Rn which
is an intersection of 2Õ(n) halfspaces such that

dist(K,L) ≤ 0.1.
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A Brief Aside

Monotone f : {0, 1}n → {0, 1}

(If x ≼ y then f(x) ≤ f(y))
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Density Increment Results Kruskal–Katona

A Kruskal–Katona Analogue

Uniform Distribution Learning nO(
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n) time for constant accuracy

N(0, In) nO(
√
n) time for constant accuracy

Structural Results Harris–Kleitman, KKL, Talagrand, and Friends

Royen, Convex Influences [DNS’21, DNS’22]

Testing Distribution Truncation Θ(n) samples
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An Emerging Analogy

Convex Subsets of Rn Monotone Subsets of {0, 1}n
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[
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]
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Total Influence of a Boolean Function

Definition: The total influence of a Boolean function f :

{0, 1}n → {0, 1} is defined as

I[f ] := E
x∼{0,1}n

[
#
{
i : f(x) ̸= f(x⊕i)

}]
where x⊕i = (x1, . . . , 1− xi, . . . , xn).

Kahn–Kalai–Linial, Talagrand, Friedgut, Bourgain, . . .
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Uniform Distribution Learning nO(
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Testing Distribution Truncation Θ(n) samples
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ℓ2-Ball — 2Ω(
√
n)



Consulting the Analogy Once Again

B2 :=
{
x ∈ Rn : ∥x∥ ≤

√
n
}

Majn(x) := 1
(∑n

i=1 xi ≥ n/2
)

,



Consulting the Analogy Once Again

B2 :=
{
x ∈ Rn : ∥x∥ ≤

√
n
}

Majn(x) := 1
(∑n

i=1 xi ≥ n/2
)

,







A Matching Upper Bound

[OW’07]: There exists a 2O(
√
n)-clause CNF that is a

0.1-approximator to Majn.
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False! There exists a sub-exponential approximator
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A Proof Sketch

Probabilistic construction
Distinct from ℓ2-ball approximator

Sample dilated ℓ1-balls in subspaces
Take cylinders of these “juntas”

Anti-concentration & multiplicative Gaussian tail bounds [Pet’12]

Standard trickery (Gaussian tails, Berry-Esseen) fail
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Analogous to CNF Sparsification
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Convexity Testing

Kx ∈ Rn

1 x ∈ K

0 x /∈ K

Question: How many queries to K ⊆ Rn to distinguish w.p. 2/3
between the following?

• K is convex, vs.

• dist(K,L) ≥ 0.1 for every convex L ⊆ Rn.
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