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Abstract. We prove there exists a mod-p Galois representation valued

in GSp(2g,Fp) with cyclotomic similitude character that does not arise from
the p-torsion of any g-dimensional abelian variety over Q, assuming that g ≥ 2

and (g, p) is not one of the exceptional pairs (2, 2), (2, 3), or (3, 2). Together

with known results in the case g = 1, this completes the classification of all
pairs (g, p).

1. Introduction

Let g ≥ 1 and p be a prime. Let Ag(p) be the Siegel modular variety which is
the moduli space of principally polarized abelian varieties of dimension g with full
level p structure. The space Ag(p) is geometrically rational only for (g, p) = (1, 2),
(1, 3), (1, 5), (2, 2), (2, 3), (3, 2) [HS02]. Furthermore, in all the genus 1 cases above,
it is known that A1(p) and its twists A1(ρ) corresponding to two dimensional mod-
p Galois representations ρ with cyclotomic determinant, are in fact rational over
Q. That is, if ρ : GQ → GL(2,Fp) with p = 2, 3, 5 is any representation with
cyclotomic determinant, then it arises from an elliptic curve over Q, and in fact
from infinitely many elliptic curves [RS95]. In the three exceptional cases with g ≥
2, the corresponding moduli spaces Ag(p) and their twists are all unirational, as
explained in [BCGP18, Lemma 10.2.4] and [CCR20, §4.4]. Hence, in these cases,
all representations ρ : GQ → GSp(2g,Fp) with cyclotomic similitude character do
arise from g-dimensional abelian varieties over Q.

In this paper, we consider the cases where g ≥ 2 and Ag(p) is not geometrically
rational. The main theorem we prove is:

Theorem 1.1. Let g ≥ 2 and p be a prime number. Suppose (g, p) is not one of
(2, 2), (2, 3), (3, 2). Then there exists a Galois representation ρ : GQ → GSp(2g,Fp)
with cyclotomic similitude character such that ρ does not arise from the p-torsion
of any abelian variety over Q.

The case g = 1, p > 5 has been studied earlier in [Cal06], [Die04] which show
the existence of non-elliptic mod p Galois representations. The representations
constructed in [Cal06] for p ≥ 11 are modular, semistable Galois representations
of weight 2 and level Γ0(N). For p = 7, one desired representation is constructed
explicitly, with image contained in the normalizer of the non-split Cartan subgroup.
We extend this idea to higher genus situations.

Our approach is as follows. Let l 6= p be any prime. For any mod-p representation
arising from an abelian variety, we use Raynaud’s inertial criteria for semistable
reduction and deduce that there exists a constant Kg only depending on g such that
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the prime to p part of the order of image of the inertia subgroup at l divides Kg.
On the other hand, we can easily show using Zsigmondy’s theorem that there exists
q > 1 coprime to p such that q divides # GSp(2g,Fp) and does not divide Kg. If
one could construct Galois representations valued in GSp(2g,Fp) with cyclotomic
similitude and such that the image of inertia at l had order q, we could then
deduce that such Galois representations did not come from abelian varieties. But
the inverse Galois problem (with local conditions) for GSp(2g,Fp) is unknown —
indeed the standard approach to constructing such groups as Galois groups is to use
abelian varieties which is the opposite of what we want. We instead describe various
solvable subgroups of GSp(2g,Fp) which have an element of order q and are also
big enough so that the restriction of the similitude character is surjective. We then
attempt to construct these groups as Galois representations using class field theory.
The condition that the similitude character is cyclotomic leads to some non-split
embedding problems which we solve using Galois cohomological machinery related
to the Grunwald-Wang theorem.

In Section 2, we recall basic notions about abelian varieties and semistable re-
duction. Let Kg = gcd

primes r 6=2
# GSp(2g,Fr). We show that if ρ is the p-torsion

representation of a g-dimensional abelian variety over Q, then the prime to p part
of #ρ(Il) divides Kg.

Let d ≥ 1. In Section 3, we study several solvable subgroups inside GSp(2d,Fp).
We consider a symplectic pairing on k2 valued in Fp, where k = Fpd . The natural

action of SL(2, k) on k2 gives us a map SL(2, k)→ Sp(2d,Fp). Let C1 ⊂ Sp(2d,Fp)
denote the image of the non-split Cartan subgroup of SL(2, k), and N denote a
certain subgroup of the normalizer of C1 in GSp(2d,Fp). Then C1 is a cyclic group
of order pd + 1, [N,N ] = C1, and Nab ' Z/(p − 1) × Z/2d. The quotient on to
the first factor Z/(p − 1) ' F×p in fact corresponds to the similitude character.

Conjugation action of Nab on [N,N ] factors through the Z/2d factor, and it is
given by multiplication by p. When p = 2, N is in fact a semi-direct product.

In Section 4, we consider odd primes p and study the embedding problem

GQ

0 [N,N ] = Z/(pd + 1) N Z/(p− 1)× Z/2d 0

φ
? (1.1)

for some φ with pr1 ◦ φ equal to the p-cyclotomic character. We choose φ carefully
so that all local obstructions to the embedding problem vanish. We then show that
global obstructions vanish as well, and that φ can be lifted to a proper solution
φ̃ : GQ → N .

In Section 5, we finish the proof of the main theorem. We twist φ̃ to obtain
representations ρ such that ρ(Il) ⊂ [N,N ] has prime power order q not divid-
ing Kg. By allowing ourselves to consider reducible representations landing in-
side GSp(2d,Fp) ⊂ GSp(2g,Fp) for d ≤ g, we can deal with all cases except
(g, p) = (3, 3) using this approach. We deal with the exceptional case explicitly,
by producing a representation whose image in GSp(6,F3) has order 78, with ρ(Il)
being the unique cyclic subgroup of order 13.
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2. Semistable reduction of abelian varieties

Let X be an abelian variety of dimension g defined over a field F . Let v be a
discrete valuation on F , and X denote the Neron model of X at v. Let l be the
residue characteristic of v.

Definition 2.1. (1) X is said to have good reduction at v, if the identity
component of the special fiber of X is an abelian variety

(2) X is said to have semistable reduction at v, if the identity component of the
special fiber of X is an extension of an abelian variety by an affine torus.

Let Iv denote the absolute inertia group at the finite prime v of F . For a
rational prime p, let X[p] and Tp(X) denote the p-torsion subgroup and the p-adic
Tate module of X respectively. The following are simple critera for semistable
reduction in terms of inertial action on Tp(X) and X[p]. The proofs can be found
in Propositions 3.5 and 4.7 of [GR72], and Theorem 6 of [BLR90, §7.4].

Theorem 2.2 (Grothendieck). Let p 6= l be a prime. Then the following are
equivalent.

(1) X has semistable reduction at v.
(2) Iv acts unipotently on the Tate module Tp(X).

Theorem 2.3 (Raynaud). Let m ≥ 3 be an integer not divisible by l, and suppose
that all the points of X[m] are defined over an extension of F unramified at v. Then
X has semistable reduction at v.

Before describing the inertial condition alluded to in the introduction, we prove a
few lemmas about the number Kg = gcd

primes r 6=2
# GSp(2g,Fr). We repeatedly make

use of Dirichlet’s theorem about primes in arithmetic progression in the proofs. Let
νp denote the p-adic valuation function normalized so that νp(p) = 1.

Lemma 2.4. All primes dividing Kg are less than or equal to 2g + 1. Further, if
g ≥ 2 and p is a prime such that 2 < p ≤ 2g + 1, then νp(Kg) < g2.

Proof. Suppose p > 2g + 1 is a prime. Choose a primitive root a ∈ Z/p and let
r ≡ a (mod p) be a prime. Then, r2i − 1 6≡ 0 (mod p) for each 1 ≤ i ≤ g showing
that p does not divide Kg.

For the second part of the lemma, choose a primitive root a ∈ (Z/pg2)× and

let r ≡ a (mod pg
2

) be a prime. Then, for n ≤ g2, the order of r ∈ (Z/pn)×

is pn−1(p − 1). So pn divides a term r2i − 1 in the product below if and only if
pn−1(p−1) dividies 2i. Using this observation we count the powers of p to get that

νp(# GSp(2g,Fr)) = νp
(
(r2 − 1)(r4 − 1) · · · (r2g − 1)

)
=

⌊
2g

p− 1

⌋
+

⌊
2g

p(p− 1)

⌋
+

⌊
2g

p2(p− 1)

⌋
+ · · ·

≤
⌊

2g

2

⌋
+

⌊
2g

4

⌋
+

⌊
2g

8

⌋
+ · · · < 2g ≤ g2

since g ≥ 2. Therefore, νp(Kg) < g2. �

Lemma 2.5. For any M > 2, Kg = gcd
primes r>M

# GSp(2g,Fr).
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Proof. Let L = gcd
primes r>M

# GSp(2g,Fr). Clearly Kg divides L, and following the

argument in the proof of Lemma 2.4, no prime greater than 2g + 1 divides L.
Let p ≤ 2g + 1 be a prime and suppose νp(Kg) = n. Then, there exists some

prime r 6= 2 such that νp(# GSp(2g,Fr)) = n. If r > M , it is clear that νp(L) = n
as well. Suppose r ≤M . By the second part of Lemma 2.4, we know r 6= p. Choose
a prime l > M such that l ≡ r (mod pn+1). Then, it is clear that # GSp(2g,Fl) ≡
# GSp(2g,Fr) (mod pn+1) showing that νp(# GSp(2g,Fl)) = n. This shows that
νp(L) = n as well. Hence, Kg = L which is what we want. �

Proposition 2.6. Let p 6= l be a prime and let ρ : GF → Aut(X[p]) denote the
p-torsion representation coming from the g-dimensional abelian variety X. Then,
the prime to p part of #ρ(Iv) divides Kg.

Proof. Suppose X admits a polarization X → X∨ of degree M . Thus for primes
r > M , the mod r representation associated to X[r] is valued in GSp(2g,Fr). Let
r > M be a prime distinct from l. Let w be an extension of v to K = F (X[r]). By
Theorem 2.3, we know X attains semistable reduction at w over K. Theorem 2.2
now implies that the absolute inertia group at w acts unipotently on Tp(X) and
hence also on X[p]. So, ρ(Iw) is a p-group. Thus the prime to p part of #ρ(Iv)
divides #Iv(K|F ) which in turn divides # GSp(2g,Fr). Since this is true for all
primes r > M , r 6= l, we get by Lemma 2.5 that the prime to p part of #ρ(Iv)
divides Kg. �

3. Certain subgroups inside GSp(2d,Fp)

Let k denote the finite field of order pd. Consider the symplectic pairing ∧k on
k2 valued in k, defined as follows. It is preserved by the action of SL(2, k).

∧k(v1,v2) = ad− bc, if v1 = [a b]t, v2 = [c d]t

Then, ∧ = Trk|Fp
◦∧k is a symplectic pairing on k2 valued in Fp, and we get an

induced map

SL(2, k)→ Sp(2d,Fp)

Let Gd ⊂ GL(2, k) denote the subgroup consisting of elements whose determinant
lies in F×p ⊂ k×. This preserves ∧k and ∧ up to scalars, and hence induces a map
Gd → GSp(2d,Fp). Further, the composite of this map with the similitude map to
F×p is surjective.

Let l be the finite field of order p2d. Then [l : k] = 2, and we consider an
identification of l with k2 as vector spaces over k. This induces an inclusion l× ⊂
GL(2, k), and the image is called the non-split Cartan subgroup of GL(2, k). We
consider the following subgroups

C = { x ∈ l× | Nml|k x ∈ F×p } ⊂ Gd
C1 = { x ∈ l× | Nml|k x = 1 } ⊂ SL(2, k).

Then C1 is the non-split Cartan subgroup of SL(2, k). Identifying C and C1 with
their images under the inclusion Gd → GSp(2d,Fp), we see that C ⊂ GSp(2d,Fp)
is a cyclic subgroup of order (pd+1)(p−1) and C1 = C∩Sp(2d,Fp) is the subgroup
of order pd + 1.

The Galois group of l over Fp acts naturally on C, with Frobenius raising an
element of C to its pth power. The following lemmas, for p = 2 and odd p, let us
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describe a subgroup N inside the normalizer of C in GSp(2d,Fp), such that the
action of the quotient N/C on C is exactly this Galois action.

Lemma 3.1. Let p = 2. Let η ∈ l× be such that Trl|k(η) = −1, i.e., the minimal

polynomial over k of η is of the form x2 + x + u for some u ∈ k. Let us identify
l with k2 using the basis 1, η. Let σ = Frobp ∈ Gal(l|Fp). Then σ acts Fp-linearly
on l = k2, and preserves the pairing ∧.

Proof. It is clear that σ acts Fp-linearly. Let a + bη and c + dη be elements of l.
With the given identification l = k2, we have ∧(a + bη, c + dη) = Trk|Fp

(ad − bc).
Then, we get

∧(σ(a+ bη), σ(c+ dη)) = ∧(a2 + b2(η2), c2 + d2(η2))

= ∧((a2 − ub2)− b2η, (c2 − ud2)− d2η)

= Trk|Fp
(−a2d2 + b2c2)

= Trk|Fp
(Frobp(ad− bc))

= Trk|Fp
(ad− bc)

= ∧(a+ bη, c+ dη)

showing that the action of σ preserves the pairing ∧. �

It is clear that σ has order 2d, and the conjugation action of σ on x ∈ C sends it
to σxσ−1 = σ(x) · σ ◦ σ−1 = σ(x) = x2. Let N denote the subgroup of GSp(2d,F2)
generated by C and σ. Then, N is contained in the normalizer of C, and admits a
split short exact sequence

0 [N,N ] = C1 = C N Nab = Z/2d 0. (3.1)

Let x denote a generator of C, and y = σ so that 〈x, y|x2d+1 = y2d = 1, yxy−1 = x2〉
is a presentation of N . Then the abelianization map above sends xayb ∈ N to
b ∈ Z/2d, with the obvious splitting Z/2d→ N sending b 7→ yb.

Lemma 3.2. Let p be odd. Let η ∈ l× such that η2 ∈ k× is a primitive root, and let
us identify l with k2 using the basis 1, η. Let α ∈ l× and let σ = Frobp ∈ Gal(l|Fp).
Then σ̃ := ασ acts Fp-linearly on l = k2, and it preserves the pairing ∧ exactly if
and only if

Nml|k(α) = η1−p.

Note this means that α can be taken to be in k× if and only if p ≡ 1 (mod 4).

Proof. It is clear that σ̃ acts Fp-linearly, since both σ and multiplication by α ∈ l×
are Fp-linear operations. With the given identification l = k2, we have ∧(a+bη, c+
dη) = Trk|Fp

(ad− bc). If α = α1 + α2η, then we have

∧(ασ(a+ bη), ασ(c+ dη)) = ∧((α1 + α2η)(ap + bpηp), (α1 + α2η)(cp + dpηp))

= Trk|Fp
(ηp−1(α2

1 − α2
2η

2)(apdp − bpcp))
= Trk|Fp

(ηp−1 Nml|k(α) Frobp(ad− bc))

This is equal to Trk|Fp
(ad− bc) for all a, b, c, d ∈ k if and only if ηp−1 Nml|k(α) = 1,

which proves the lemma. �
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The conjugation action of σ̃ on x ∈ C sends it to ασxσ−1α−1 = αxpα−1 = xp.
The next question is what power of σ̃ lies in the image of C. We have

σ̃n = (ασ)n = ααp . . . αp
n−1

σn = α
pn−1
p−1 σn.

In particular, since the order of σ is 2d we have

α̃2d = α
p2d−1
p−1 σ2d = (α1+pd)

pd−1
p−1 = Nml|k(α)

pd−1
p−1 = η−(p

d−1) = −1 ∈ C.

Hence, the element σ̃ ∈ Sp(2d,Fp) is of order 4d, and normalizes C. Let N denote
the subgroup of GSp(2d,Fp) generated by C and σ̃. Then, N is contained in the
normalizer of C, and admits a short exact sequence

0 −→ [N,N ] = C1 −→ N −→ Nab = Z/(p− 1)× Z/2d −→ 0. (3.2)

Unlike the case p = 2, this sequence does not split. Let x denote a generator of C,
and y = σ̃ so that N has the presentation 〈x, y|xe = 1, y2d = xe/2, yxy−1 = xp〉
where e = (pd + 1)(p − 1). Then, C1 is generated by xp−1 and the abelianization
map above sends xayb ∈ N to (a, b) ∈ Z/(p− 1)× Z/2d. The similitude character
N → F×p corresponds to the projection on to the first factor in Nab, followed by

the isomorphism Z/(p− 1) ' F×p sending 1 7→ Nml|k(x).

4. Embedding problem

In this section, we show the existence of a number field K with Gal(K|Q) ' N ,
such that the similitude character of N cuts out the subfield Q(ζp) ⊂ K. When
p = 2, N was shown to be a semi-direct product of abelian groups in Section 3,
and furthermore the similitude condition is trivial. Hence the existence of K in
this case is immediate from known results on Inverse Galois problem. For example,
Shafarevich’s theorem says that every solvable group is a Galois group over Q,
though it is too strong for our need.

When p is odd, Shafarevich’s theorem again yields that N is a Galois group over
Q since it is solvable. But this is not enough since we need additionally that our
number field have Q(ζp) as the appropriate subfield. So we are forced to study the
following embedding problem

GQ

0 [N,N ] = Z/(pd + 1) N Z/(p− 1)× Z/2d 0

φ
? (4.1)

where the kernel of pr1 ◦ φ corresponds to the p-cyclotomic field Q(ζp). Suppose
F |Q is a number field such that F ∩ Q(ζp) = Q and Gal(F |Q) ' Z/2d. Then,
F (ζp)|Q is Galois over Q with Galois group isomorphic to Z/(p − 1) × Z/2d. Let

φ be the homomorphism cutting out F (ζp) i.e., Qkerφ
= F (ζp). The embedding

problem of (4.1) asks whether φ can be lifted to a map φ̃ : GQ → N such that the

diagram commutes. Such a lift φ̃ describes an embedding of F (ζp) into a number

field L = Qker φ̃
with Gal(L|Q) ⊆ N . A lift φ̃ is called a proper solution to the

embedding problem if it is surjective, i.e., if Gal(L|Q) ' N . We refer to [NSW08,
§3.5] for a detailed discussion of embedding problems.

The rest of this section is devoted to proving the existence of a proper solution
to (4.1) for a suitably chosen initial field F . We follow the general strategy to
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study these types of problems. Let ε denote the cohomology class in H2(Z/(p −
1) × Z/2d,Z/(pd + 1)) corresponding to the group extension in (3.2). Then there

exists a lift φ̃ if and only if φ∗ε = 0 ∈ H2(Q,Z/(pd + 1)) [NSW08, Prop. 3.5.9.].
We show φ∗ε = 0 in two steps. First, we show that the restriction resl(φ

∗ε) =
0 ∈ H2(Ql,Z/(pd + 1)) for all primes l including the infinite prime. Second, we
show that Hasse principle holds in our case. That is, if all the local restrictions
of a global cohomology class are trivial, then the class itself is trivial. Finally, we
exploit the fact [NSW08, Prop. 3.5.11.] that the space of solutions to (4.1) is a
principal homogenous space over H1(Q,Z/(pd+1)), and twist using a suitable class
to obtain properness.

We will choose F so that all ramification in F is tame and all the local embedding
problems are solvable. Let 2d = 2nd1 where d1 is odd. Then, Z/2d ' Z/2n×Z/d1.
We will choose Galois extensions F1 and F2 of Q with Galois groups Z/2n and
Z/d1 respectively, and define F to be their compositum. For i = 1, 2, we take Fi
to be the unique subfield of the above mentioned degree inside the cyclotomic field
Q(ζNi

), for certain primes Ni described below.
Let N2 ≡ 1 (mod d1), so N2 = 2αd1 + 1 for some α ∈ N. Let N1 be a prime

satisfying

(a) N1 ≡ 2n + 1 (mod 2n+1).
(b) N1 ≡ 1 (mod N2).
(c) p 6≡ � (mod N1).

The third condition can be rewritten as a congruence condition on N1 modulo p
using quadratic reciprocity. Dirichlet’s theorem on primes in arithmetic progression
guarantees the existence of such primes N1, N2.

We first study the local embedding problems at the infinite prime, and all rami-
fied primes in F (ζp)|Q. Let us call this set S, so that S = Ram(F |Q)∪{∞, p}. With
the choices made above, we have Ram(F |Q) = {N1, N2}, and S = {∞, p,N1, N2}
and F (ζp) is tamely ramified at each finite prime in S.

4.1. Local obstruction at ∞. If F1 is chosen as above, condition (a) on N1

implies that F1 is not a totally real extension of Q. That is, complex conjugation is
given by the non-trivial order 2 element in Gal(F1|Q). Complex conjugation acts
trivially on F2 since the order of Gal(F2|Q) = deg(F2) = d1 is odd. Thus, complex
conjugation in Gal(F (ζp)|Q) = Z/(p− 1)× Z/2d is given by the element (p−12 , d).

The element x(p−1)/2yd is clearly a lift of complex conjugation to N . Recalling
that e = (pd + 1)(p− 1), we further have(

x
p−1
2 yd

)2
= x

p−1
2

(
ydx

p−1
2 y−d

)
y2d = x

p−1
2 x

(p−1)pd

2 y2d = x
e
2 y2d = 1,

so the lift has order 2. This shows that there is no local obstruction at the infinite
place to the embedding problem (4.1).

4.2. Local obstruction at p. The local obstruction at p is measured by whether
or not the restriction of φ to the decomposition group GQp , can be lifted to a map
GQp

−→ N . The map φ|GQp
factors through the tame Galois group Gtame

Qp
which

is a profinite group with presentation 〈σ, τ |στσ−1 = τp〉, where τ is a generator of
tame inertia, and σ is a lift of the Frobenius of the maximal unramified extension.
Without loss of generality, suppose that φ sends σ to (0, a) and τ to (1, 0) in
Gal(F (ζp)|Q) ' Z/(p− 1)× Z/2d.
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Proposition 4.3. There exist σ̃, τ̃ ∈ N lifting (0, a) and (1, 0) and satisfying
σ̃τ̃ σ̃−1 = τ̃p if and only if a ≡ 1 (mod 2).

Proof. Let σ̃ = xl(p−1)ya and τ̃ = x1+k(p−1) be any lifts. We have

σ̃τ̃ σ̃−1τ̃−p = yax1+k(p−1)y−ax−(1+k(p−1))p = x(1+k(p−1))(p
a−p)

If a = 0, then the desired condition σ̃τ̃ σ̃−1 = τ̃p cannot be met since the equation

1 + k(p− 1) ≡ 0 (mod pd + 1)

has no solution. If a = 1, any choice of k and l gives desired lifts.
Assume a ≥ 2. We get a lift satisfying σ̃τ̃ σ̃−1 = τ̃p if and only if there exists

k ∈ Z/(pd + 1) satisfying

(1 + k(p− 1))(pa − p) ≡ 0 (mod e)

i.e., k(p− 1) ≡ −1 (mod e′)

where

e′ =
e

gcd(e, pa − p)
=

pd + 1

gcd(pd + 1, 1 + p+ p2 + · · ·+ pa−2)
.

This equation has a solution if and only if p − 1 is invertible modulo e′. Since
gcd(p− 1, e′) divides gcd(p− 1, pd + 1) = 2, this happens if and only if e′ is odd.

Lemma 4.4. e′ is odd if and only if a ≡ 1 (mod 2).

Proof. If d is even, then the maximum power of 2 dividing pd + 1 is 2 itself. Hence
e′ is odd if and only if 2 divides 1 + p+ p2 + · · ·+ pa−2, which happens if and only
if a ≡ 1 (mod 2).

Suppose d is odd. Let m ≥ 1 be such that p ≡ 2m − 1 (mod 2m+1). Then,

pd + 1 ≡ p+ 1 ≡ 2m (mod 2m+1).

Hence, e′ is odd if and only if 2m divides 1 + p+ p2 + · · ·+ pa−2. We have

1 + p+ · · ·+ pa−2 ≡ 1− 1 + · · ·+ (−1)a−2 (mod 2m)

Hence, e′ is odd if and only if a ≡ 1 (mod 2). �

This completes the proof of the proposition. �

The proposition says that the local obstruction at p to the embedding problem
vanishes if and only if Frobp ∈ Gal(F |Q), equivalently Frobp ∈ Gal(F1|Q), is not a
square. This holds as a result of condition (c).

4.5. Local obstruction at N1. The prime N1 is unramified in Q(ζp), totally
tamely ramified in F1 ⊂ Q(ζN1), and split in F2. The first two assertions are clear,
and the third one follows from condition (b). Hence, the restriction of φ to the
decomposition group GQN1

factors through the profinite tame quotient Gtame
QN1

=

〈σ, τ |στσ−1 = τN1〉 as before, and without loss of generality, we may suppose that
φ sends σ to FrobN1

= (a, 0) and τ to (0, d1) in Gal(F (ζp)|Q) ' Z/(p− 1)× Z/2d.
Note that the parity of a is already determined by conditions (a) and (c). To be

precise, if d is even making n ≥ 2 and hence N1 ≡ 1 (mod 4), or if p ≡ 1 (mod 4),
then by quadratic reciprocity we have that N1 6≡ � (mod p) meaning that a is odd.
Otherwise, that is, if d is odd and p ≡ 3 (mod 4) then a is even. This will be used
below.
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Consider the elements σ̃ = xa+k(p−1) and τ̃ = yd1 in the group N lifting the
elements φ(σ) and φ(τ). We will show that there is a choice of k so that σ̃τ̃ σ̃−1 =
τ̃N1 . Hence these elements determine a map GQN1

−→ N factoring through the

tame Galois group, that lifts φ|GQN1
.

We first simplify both sides of the expression.

σ̃τ̃ σ̃−1 = xa+k(p−1)yd1x−(a+k(p−1)) = xa+k(p−1)
(
yd1x−(a+k(p−1))y−d1

)
yd1

= x(a+k(p−1))(1−p
d1 )yd1 .

Since the order of y ∈ N is 4d = 2n+1d1, and condition (a) says that N1 ≡ 2n + 1
(mod 2n+1),

τ̃N1 = yN1d1 = y(2
n+1)d1 = y2dyd1 = xe/2yd1 .

Thus, we need to show that there is a solution k to the equation

(a+ k(p− 1))(1− pd1) ≡ e/2 (mod e)

i.e., k(p− 1)(1− pd1) ≡ e/2− a(1− pd1) (mod (p− 1)(pd + 1))

i.e., k(1− pd1) ≡ pd + 1

2
+ a(1 + p+ p2 + · · ·+ pd1−1) (mod pd + 1).

Since d1 divides d, it is clear that gcd(1−pd1 , pd+1) = 2. Hence, there is a solution
k to the above equation if and only if

pd + 1

2
+ a(1 + p+ p2 + · · ·+ pd1−1) ≡ 0 (mod 2)

i.e.,
pd + 1

2
+ a ≡ 0 (mod 2) (since d1 is odd)

The parity condition on a we described earlier ensures that this holds. If d is even

or p ≡ 1 (mod 4), then both pd+1
2 and a are odd. Otherwise, both are even. Hence

there is no local obstruction to the embedding problem at the prime N1.

4.6. Local obstruction at N2. The prime N2 is unramified in Q(ζp) and F1,
and totally tamely ramified in F2 ⊂ Q(ζN2). Hence, the restriction of φ to the
decomposition group GQN2

factors through the profinite tame quotient Gtame
QN2

=

〈σ, τ |στσ−1 = τN2〉, and without loss of generality, we may suppose that φ sends σ
to FrobN2

= (a, bd1) and τ to (0, 2n) in Gal(F (ζp)|Q) ' Z/(p− 1)× Z/2d.

Consider the elements σ̃ = xa+k(p−1)ybd1 and τ̃ = y2
n

in the group N lifting
the elements φ(σ) and φ(τ). We will show that there is a choice of k so that
σ̃τ̃ σ̃−1 = τ̃N2 . Hence these elements determine a map GQN2

−→ N factoring

through the tame Galois group, that lifts φ|GQN2
.

We first simplify both sides of the expression, recalling that N2 = 2αd1 + 1.

σ̃τ̃ σ̃−1 = xa+k(p−1)y2
n

x−(a+k(p−1)) = xa+k(p−1)
(
y2

n

x−(a+k(p−1))y−2
n
)
y2

n

= x(a+k(p−1))(1−p
2n )y2

n

.

τ̃N2 = y2
nN2 = y2

n+1d1αy2
n

= y4dαy2
n

= y2
n

.

Thus, we need to show that there is a solution k to the equation

(a+ k(p− 1))(1− p2
n

) ≡ 0 (mod e).
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k(1− p2
n

) ≡ a(1 + p+ p2 + · · ·+ p2
n−1) (mod pd + 1).

k(1− p2
n−1

)(1 + p2
n−1

) ≡ a(1 + p2
n−1

)(1 + p+ · · ·+ p2
n−1−1) (mod pd + 1).

k(1− p2
n−1

) ≡ a(1 + p+ · · ·+ p2
n−1−1) (mod M),

where

M =
pd + 1

p2n−1 + 1
= 1− p2

n−1

+ p2·2
n−1

− p3·2
n−1

+ · · ·+ p(d1−1)·2
n−1

.

Now, it is easy to see that gcd(1− p2n−1

,M) = 1. If l > 1 divides 1− p2n−1

, then

M ≡ 1− 1 + 1− 1 + · · ·+ 1 ≡ 1 (mod l).

This proves that there does exist a solution k to the above equation. Hence there
is no local obstruction to the embedding problem at the prime N2 either.

Since F (ζp)|Q is unramified at primes not in S, the local embedding problems
at these primes are trivially solvable. Thus, we have shown that there is no local
obstruction to the embedding problem.

4.7. Global obstruction. Let A denote the GQ-module [N,N ] = Z/(pd + 1)
with Galois action factoring through the map φ and given by conjugation in N
as in the short exact sequence (3.2). Note that this action further factors through
pr2 ◦ φ : GQ → Gal(F |Q) = Z/2d. Global obstruction to the embedding problem
is measured by the group X2

Q(A) defined as

X2
Q(A) = ker

(
H2(Q, A) −→

∏
v

H2(Qv, A)

)
,

where v runs over all places of Q.

Proposition 4.8. There is no global obstruction to this embedding problem, i.e.,
X2

Q(A) = 0.

Proof. By Poitou-Tate duality, we have X2
Q(A) ' X1

Q(A∨)∨, where A∨ =

Hom(A,Q×) is the dual module. If we let m = pd + 1, then A∨ = Hom(A,µm).
Let k be the trivializing extension of A∨. It is clear that k is contained in F (ζm).
In fact it is easy to see that A∨ as a Gal(k|Q)-module is isomorphic to µm as a

(Z/m)
× ' Gal(Q(ζm)|Q)-module. That is, there is an isomorphism of pairs

ψ : (Gal(k|Q), A∨) −→ (Gal(Q(ζm)|Q), µm) (4.2)

The map Gal(F (ζm)|Q) ' Z/2d × (Z/m)
× → (Z/m)

× ' Gal(Q(ζm)|Q) sending
(a, b) 7→ p−ab induces the isomorphism ψ on the groups. Since inertia subgroup
behaves well with respect to quotients, we deduce that for any prime unramified
in F |Q, the isomorphism ψ identifies the inertia subgroups of k and Q(ζm) at that
prime. In particular, the inertia subgroups at 2 get identified.
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Consider the following commutative diagram

H1(k,A∨)
∏
w
H1(kw, A

∨)

0 X1
Q(A∨) H1(Q, A∨)

∏
v
H1(Qv, A∨)

0 X1
k|Q(A∨) H1(k|Q, A∨)

∏
v
H1(kv|Qv, A∨)

0 0

(4.3)

where the vertical maps are coming from the inflation restriction sequence. Since
A∨ is trivial as a Gk-module, and w ranges over all places of k, Hasse principle holds
for the Gk-module A∨ as per [NSW08, Theorem 9.1.9.(i)]. That is, the horizontal
map at the top is injective. Thus we get the isomorphism

X1
Q(A∨) 'X1

k|Q(A∨), (4.4)

bringing us to the study of the cohomology of the module A∨ of the finite group
Gal(k|Q). This will be done by using the isomorphism ψ in (4.2) and studying the
familiar module µm. Before that, we relax local conditions slightly. Let T denote
the set of all odd primes that are unramified in k|Q. Let L denote the Selmer
condition given by

Lv =


H1
ur(kv|Qv, A∨), if v = 2

0, if v ∈ T
H1(kv|Qv, A∨), otherwise

In words, the local condition at 2 is relaxed from split to unramified, and the
local conditions at ramified primes are fully relaxed. The resulting Selmer group
H1
L(k|Q, A∨) is given by

H1
L(k|Q, A∨) = ker

(
H1(k|Q, A∨) −→

∏
v

H1(kv|Qv, A∨)/Lv

)

and it clearly contains X1
k|Q(A∨). So, it is enough to show that H1

L(k|Q, A∨) = 0.

The Selmer condition L amounts exactly to requiring that restriction to iner-
tia subgroup at 2 of k|Q, and to any cyclic subgroup of Gal(k|Q) is zero. As
mentioned earlier, the isomorphism ψ in (4.2) identifies the inertia group at 2 of
k|Q with that of Q(ζm)|Q. Thus, the induced isomorphism in group cohomology
ψ∗ : H1(k|Q, A∨) ' H1(Q(ζm)|Q, µm) gives an isomorphism of Selmer subgroups

H1
L(k|Q, A∨) ' H1

L′(Q(ζm)|Q, µm), (4.5)

where L′ is a similar set of Selmer conditions. To be precise, let T ′ denote the set
of all odd primes that are unramified in Q(ζm)|Q. Then, L′ imposes the unramified
condition at the prime 2, and the split condition at every prime in T ′.
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We temporarily forget the condition at 2, and consider a commutative diagram
similar to (4.3) for the Galois module µm and the set T ′.

H1(Q(ζm), µm)
∏
w∈T ′

H1(Q(ζm)w, µm)

0 X1
Q(T ′, µm) H1(Q, µm)

∏
v∈T ′

H1(Qv, µm)

0 X1
Q(ζm)|Q(T ′, µm) H1(Q(ζm)|Q, µm)

∏
v∈T ′

H1(Q(ζm)v|Qv, µm)

0 0
(4.6)

Then, [NSW08, Theorem 9.1.9.] again says that the horizontal map at the top is
injective, and hence

X1
Q(ζm)|Q(T ′, µm) 'X1

Q(T ′, µm). (4.7)

Furthermore, the same theorem says that Hasse principle for µm holds over Q as
long as we are not in a special case. In fact, the obstruction to Hasse principle is
described precisely.

X1
Q(T ′, µm) =

{
0, if (Q,m, T ′) is not a special case

Z/2, if (Q,m, T ′) is a special case

As per the remarks following [NSW08, Lemma 9.1.8.], the special case is equivalent
to the statement that 8 divides m, since T ′ only consists of odd primes and has
Dirichlet density 1.

If (Q,m, T ′) is not a special case, then we are done by (4.5), (4.7) and the
inclusion

H1
L′(Q(ζm)|Q, µm) ⊆X1

Q(ζm)|Q(T ′, µm).

Suppose (Q,m, T ′) is a special case. Then 8 divides m. Let m = 2rm1 with m1

odd and r ≥ 3. Then the non-trivial element in X1
Q(T ′, µm) ' Z/2 is the inflation

of the class in H1(Q(ζm)|Q, µm) represented by the cocycle

Gal(Q(ζm)|Q) −→ Gal(Q(ζ2r )|Q) −→ Gal(Q(
√
−2)|Q)

'−→ {±1} ⊆ µm.
It is non-trivial when restricted to Gal(Q(ζm)|Q(ζm1

)), which is the inertia group
at 2 of Q(ζm)|Q. Hence, this class fails the unramified condition at 2 of L′. So, we
get that H1

L′(Q(ζm)|Q, µm) = 0, and we are done by (4.5). �

We have therefore shown that the map φ : GQ → Z/(p − 1) × Z/2d =

Gal(F (ζp)|Q) in (4.1) lifts to some map φ̃ : GQ → N . The map φ̃ is not necessarily
surjective. But we can twist it using a suitable cohomology class in H1(Q, A) to
get a surjective lift. If c : GQ → A ⊂ N is a representing cocycle, then the twisted

solution it determines is given by c · φ̃.
Choose a prime v that splits completely in both k and F (ζp). Cebotarev density

theorem guarantees the existence of such a prime. The fact that v splits completely
in F (ζp) implies that φ is trivial on GQv

and hence the restriction of φ̃ to GQv
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lands inside A. So, the map φ̃|GQv
∈ Hom(GQv

, A) = H1(Qv, A). Choose another

homomorphism cv ∈ H1(Qv, A) so that cv · φ̃ : GQv
→ A is surjective. If there

is a global cohomology class in H1(Q, A) which restricts to cv ∈ H1(Qv, A), then
twisting by this class gives us a proper solution. The existence of such a class is
guaranteed by the following proposition.

Proposition 4.9. The map H1(Q, A) −→ H1(Qv, A) is surjective.

Proof. Let coker1Q(T,M) denote the cokernel of the restriction map H1(Q,M) →∏
v∈T

H1(Qv,M) for a GQ-module M and a set T of places of Q. We want to show

coker1Q({v}, A) = 0. According to [NSW08, Lemma 9.2.2.], there is a canonical
short exact sequence

0 −→X1
Q(A∨) −→X1

Q(S \ {v}, A∨) −→ coker1Q({v}, A)∨ −→ 0

where S is the set of all places of Q. So it is enough to show that X1
Q(S\{v}, A∨) =

X1
Q(A∨).
Following a similar argument as in the proof of Proposition 4.8, we get that

X1
Q(S \ {v}, A∨) 'X1

k|Q(S \ {v}, A∨)

Since the prime v was chosen to be split in k|Q, the decomposition group of v inside
Gal(k|Q) is trivial. Hence, the restriction map at v on the finite group cohomology
H1(Gal(k|Q), A∨) is automatically zero. So a local condition at v is vacuous. Thus
we deduce that coker1Q({v}, A) = 0 from the isomorphism

X1
Q(S \ {v}, A∨) 'X1

k|Q(S \ {v}, A∨) = X1
k|Q(A∨) 'X1

Q(A∨)

�

5. Proof

We first discuss some preliminaries about the desired inertia condition at an
auxiliary prime l. Recall the subgroups C,C1 and N of GSp(2d,Fp) introduced
in Section 3. For every 1 ≤ d ≤ g, since GSp(2d,Fp) ⊂ GSp(2g,Fp), the group
GSp(2g,Fp) contains cyclic subgroups C,C1 of orders (pd + 1)(p − 1) and pd + 1,
and a subgroup N of the normalizer of C as described in Section 3 such that
[N,N ] = C1. We desire ρ(Il) ⊂ [N,N ] to have a prime power order q not dividing
Kg. So, we first need to look for prime powers q that divide pd + 1 for some
1 ≤ d ≤ g, but do not divide Kg.

Lemma 5.1. Let g ≥ 7 and p be any prime. Then, there exists a prime q > 2g+ 1
such that q divides pd + 1 for some 1 ≤ d ≤ g.

Proof. Zsigmondy’s theorem implies that for any prime p and n ≥ 1, with the
exception of p = 2, n = 3, there is a prime divisor of pn + 1 which does not divide
pm + 1 for any m < n.

Let π denote the prime counting function.
Case 1: p 6= 2.
If g ≥ 7 then π(2g+1) ≤ g−1. Zsigmondy’s theorem implies that there are at least
g distinct prime numbers that divide some number in the set {pd + 1 : 1 ≤ d ≤ g}.
So one of them has to be bigger than 2g + 1.
Case 2: p = 2.
If g = 7, 8, 9, we may take d = 7 and q = 43. If g ≥ 10 then π(2g + 1) ≤ g − 2.
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Zsigmondy’s theorem implies that there are at least g − 1 distinct prime numbers
that divide some number in the set {2d + 1 : 1 ≤ d ≤ g}. So one of them has to be
bigger than 2g + 1. �

Lemmas 2.4 and 5.1 ensure that when g ≥ 7 there exists a prime q that divides
pd + 1 for some 1 ≤ d ≤ g, and does not divide Kg. Suppose 2 ≤ g ≤ 6. If p is a
large enough prime, for example, if pg + 1 > Kg, then there exists a prime power
q that divides pg + 1 and does not divide Kg. This leaves only finitely many cases
(g, p) to be dealt with. For each of them except (g, p) = (2, 2), (2, 3), (3, 2), (3, 3)
we check explicitly that there exists some prime power q dividing pd + 1 for some
1 ≤ d ≤ g, such that q does not divide Kg.

We can now prove Theorem 1.1.

Proof. Suppose (g, p) 6= (3, 3). By the preceding discussion, we find a number d
and a prime power q such that 1 ≤ d ≤ g, q divides pd + 1, and q does not divide
Kg.

Let C,C1, N denote the subgroups of GSp(2d,Fp) of orders (pd+1)(p−1), pd+1
and 2d(pd + 1)(p− 1) as defined in Section 3. We will consider them as subgroups
of GSp(2g,Fp) by a fixed inclusion GSp(2d,Fp) ⊂ GSp(2g,Fp) Choose a number
field F and define k to be the trivializing extension of the dual module A∨, just as
in Section 4. The calculations in Section 4 say that there is no obstruction to the
embedding problem (4.1).

In order to get desired inertia at an auxiliary prime, we follow the same approach
that was used in Section 4 to get properness. Let φ̃ be a solution to the embedding
problem (4.1). In addition to the prime v and the cohomology class cv ∈ H1(Qv, A)
chosen in Section 4 to get properness, choose an auxiliary prime l ≡ 1 (mod q) that
splits completely in k and F (ζp), and a homomorphism cl : GQl

→ A = [N,N ] so

that the image of Il under cl · φ̃ is the cyclic subgroup of [N,N ] of order q. The
proof of Proposition 4.9 goes through to show that

H1(Q, A)→ H1(Qv, A)×H1(Ql, A)

is surjective. Thus, there is a global cohomology class c ∈ H1(Q, A) which restricts

to cv and cl. Twisting φ̃ by this class produces a representation ρ : GQ � N ⊂
GSp(2d,Fp) ⊂ GSp(2g,Fp) with #ρ(Il) = q - Kg. Proposition 2.6 now implies that
ρ does not arise from the p-torsion of an abelian variety over Q.

Suppose (g, p) = (3, 3). We find that there is a subgroup N ⊂ GSp(6,F3) of
order 78, with surjective similitude character. It is a semi-direct product of Z/13
and Z/6 with presentation 〈x, y|x13 = y6 = 1, yxy−1 = x4〉. We take φ : GQ →
Gal(Q(ζ9)|Q) ' Z/6. Since N is a semi-direct product, the resulting embedding
problem is trivially solvable. We twist as in Section 4 to get a proper solution ρ
with #ρ(Il) = 13 for an auxiliary prime l. Proposition 2.6 again implies that ρ
does not arise from the 3-torsion of an abelian threefold over Q. �
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