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&f AMSI Ch4. 2- 4.5



Bl Global Kuranishi chart (C, T, E
,S)

(1) G cpt Liegp

(2) T : Toological mfd ,
G-action + finite stabilizers

(3) E-t : G-rector bundle

=> St10)/C
(4) S : G-section

↑ closed set = zero set of atns fur

· CUrysohn Lemmal

Def Stabilization of GKC

Given GKC (G,
T, E ,S)

define the stabilization

↓
p : E-> T

-

CG ,
E

,
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& What is the tangent bandle of a topological mfd ?

CRmk : not every top. mfd admits smooth str- > Donaldson

even a triangulation! -> Manolesca (

Def Microbundle of rank n/topological space X

= diagram &XEX3 ,
EETop , sip continuous S.t.

(1) Pos = idX

(2) ExEX ,
GUxCX, VxCE open ,

5 homeo hx : UxXIR- Vy S.
t.

[ POLxPr

· E Rak Only Abd of S(X)cE

is relevant

iis b
X

Hi = pbd(S, (XI) CE,

# Morphism of microbundles ↓

= equivalence class of 0 : Mi- E2 commuting with Si , Pi,

%,4valent if agree on
Enbd of siCX)

U , Pla

*

Slogan : microbundle = germ of X embedded in larger topological space



# Vector bundle V-X of rank n =asociated microbundle VM

Y =- V - X

&f Vector bundle lift of microbundle E

=> rector bundle V + isomorphism UMEE

X= No X

II = I

45 UICEX

& Tangent microbundle TnX X = X + X X

K
&rop X Smooth Cable) => TX is a rector bundle lift of Tax

#f g: complete metric on X X TX = X

↓ Il

(X, v) ETX It (X, exPx(ri) EXXX ↑ XXX X

Bak X no smoothable = TuX does not admit rector bundle lift!

(E) Kirby-Sizbenmann class & H4(X:2/2) =0

&rop #* (EATuM) TMM Vector bundle lift of TuM determines

↓ ↓ If Stabilization*(EDTmM)

#M honest vector bundle



&ef G-microbundle : start with G-space X,
* G-space E,

G - equivariant s, p

X EX

&k Smooth X + cot Lie gp GC X

=> G-equivariant lift TM -> TuM
-

# complete G- equivariant metric + exponential map

(integrate along G-orbitt

# (Lashof, equivariant stabilized smoothing)

G : Cpt Lie gpC M : topological mfd

Assume (1) Only finitely many
orbit types

(2) Microbundle TnM admits G-rector bundle lift l : E-TuM

Then7 G-rep V s .t
.
VM admits G-equivariant smooth structure

Stable ED=

B (1) guarantees that E has an
"invese" S.t

4

↑
orthogonal G-rep

G-V. b.
lift of TuM

=> stabilize by E', reduce to case when TuM trivial



# Assume E = I for some Grepa V G-reph
↓

Since Eembedding 1:MX1 MXM ,
and

> embedding M4 W
-

microbundle

Then G-int nbd N of McW ,
r: N-M Grequirariant retraction

Define 01 : MxW -> N <W

(X,]) x+/Y small enough S.

+.

For 8 Small, (rot' (x, 3) , x) < 2(MxX)
-

close to X

-
close to diagonal

Define 4 : Mx W -> WX
18'(X,3) ,

Pict
+ (roG'(X1Y) , X))

(X, Y)

Check (114 G-equivariant
=> pulls back TWXTV,

(2) of Injective
thus G-smooth

(3) + (X, 0) = (X,
%)



Fix Lie grp G,
Ctrs G-equivariant It : M -> B

Assume each(b) equipped with Sm structures.

&ef Cioc-compatibility of charts

W2 S
W1 -> Wilbix (Wil

compatible if
Wi W2 -> Walbz x [(W2)

p
- peWiXWz,

- N -> WIbX(W) s .+ .

Wlb -> W > Ni -> Wilbi

smooth, vary ctusly W. r.+ Cioc-topology

&f Fiberwise Smooth Cioc G-bundle is the datum of

(1)It: M -> B G- equivariant

(2) Cloc-compatible Gpp-invariant pat bds
around "EPK3, evering

Y

Lef Vertical targent microbundle (only need product ubds covering M)

pr,

M = MXBM -> M MXBM = & (P1a)1 it(p)=(a) 3

&
Def Vertical tangent bundle

Given fbsm Cloc G-bundle ,
define the rector bundle TVEM by

over WE Wlbx(W) via

Pr
* TWI ->TWIb

↓
↓

pr,

↓
WIb XTTCN) -> Wlb

B Cloc-compatibility = TVtM well-defined



hmmB fbsm Cloc G-bundle ,
B Smooth G-mfd

=>
= G-equivariant lift of tit M to Trt M

Of M -> thertM -> M CP , VI

↓ Il ↓

M -> MXBM -> M (p , expp(r)

put metric on trt(M) Set.
on each fiber Mlb,

Sm Riemannian metric go

v in fiber direction => expp(r) evaluated in fiber

Prop 4.30 Spp (Ct, [, E,s) GKC St.

(1) 4- B fiberwise Smooth Cioc G-bundle ,
base B sm G-mfd

(2) GGT has only finitely many orbit types

Then
,

7 stabilization of(G, T,
E , s) admits a smooth structure

# Lemma 4.29 ensures TnT admits G-rector bundle lift

: -G-rep V S.t .
VXT admits G-equivariant sm str

=> stabilize (C ,
[, E,s) via UXT -> T

#WX ,
5, ) admits a GK) with fiberwise smooth Cloc G-bundle str



AMS construction of GKC for genus O GW moduli

G = U(d+ 1)

2 = &(u ,
2, F , M13

ME HO Com (ETC ,
u
*T2)2

↓ U : solves [JH + <Modef = 0

-

Mo
, n+ 3+ dim Moo (Kpd,d) [PF]

&
(.S, F,M

= Ho Com (ETC ,
TX 224 Hat

S : (M, E , F,n)
-> (, expt/H(U .S,F1)


