ToriCc 7: HAMILTONIAN FLOER FLOW CATEGORIES

With the understanding of how to regularize moduli spaces of stable J-holomorphic maps in the
Gromov—Witten setting, we move on to Hamiltonian Floer theory.

1. FLOW CATEGORIES: STRATIFICATION

We introduce the notion of flow categories and flow bimodules, which captures the natural strat-
ifications of moduli spaces of Morse-Floer trajectories and continuation maps.

Here is the motivation for the following setup. For closed symplectic manifold (M,w) and a
non-degenerate Hamiltonian H, : S' x M — R, to set up the Hamiltonian Floer theory, we need
to consider capped 1-periodic orbits of Xp,. The action functional assigns to each capped orbit
its energy, and the Conley—Zehnder index assgins to each capped orbit an integer. If we shift a
capped orbit by an element in A € im(mo(M) — Ho(M;Z)), the action is shifted by w(A) while
the index is shifted by 2¢1(A).

Setup 1.1. Let N be a nonnegative integer, 11 be an infinite cyclic group, and w : Il — R be a
group injection.

Let P be a countable poset equipped with the following extra data: a free Il-action and two
functions (called the action and the index)
AP P SR, ind” : P — Z/2N.

Assume the following conditions.

(1) The I-action is order-preserving. Namely, for all p,q € P and a € 11
psgqg&>a-psa-q
(2) For allp € P and a €11,
AP (a-p) = A7 (p) + w(a)
and
ind” (a - p) = ind” (p).
(3) For all p,q € P,
p<qg= A"(p) < A%(q).
(4) The quotient set P := P/II is finite.

The conditions that w : IT — R is injective and that P is finite imply that P is “locally finite-
dimensional,” namely, for any pair of elements p < ¢ of P, there are at most finitely many
elements lying between them.
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Notation 1.2. Given a pair of elements p < q in P, we define a poset
qu ={a=pri--mq|p<r<---<r<gq ry,...,n€P}
whose partial order is induced by inclusion
st Smq < pri-oomg = {ri---r} C{s1,...,5m}
The poset qu has a unique mazximal element pqg. We can define its depth function to be
depth(pry ---1mq) = L.

Notation 1.3. Given the poset Aqu, for an element a € qu, define the poset

P
oA,

consisting of all B € Az,jq such that 8 < o with the induced partial order.

The following exercise formalizes the observation that the boundary strata of moduli spaces of
Morse—Floer trajectories can be written as a product, namely, broken trajectories.

P

Exercise 1.4. For the triple prq € A,

show that there is an isomorphism of posets
P P~ P
(1.1) Ay x AL = OPIAL

under the concatenation of strings.

Now we introduce the notion of flow categories under the setting of Setup [L.1

Definition 1.5. Let P be as in Setup . A flow category T” over P is a topologically enriched
categorgﬂ with the set of objects given by P, with morphism spaces T, satisfying the following
conditions.

(1) Tpg #0 only if p < q in PE|

(2) Tpp is the singleton.

(3) Tpq is a compact topological space equipped with stratification indexed by quﬂ

(4) Given a triple p < r < q in P, the composition map factors through a stratified homeo-
morphisni]

Tpr X Trqg —— 01T}y

l i

P P prq AP
AP x AT, —— 9PraAT

1Namely, the set of morphisms are topological spaces and composition maps are continuous.

2In the Morse or Floer case, it is indeed true that Tpq # 0 if and only if p < q.

3This means that the natural map which assigns a point in Tpq to the stratum from A;:q in which it lies is a
continuous map, where we equip qu with the topology that 8“1%;)(1 generates the closed subsets.

4Just means a homeomorphism respecting the stratification.
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where the underlying poset isomorphism is the map (1.1). We require that whenever
p<r<s<q, the following associativity diagram holds:

Tpr X Trg X Tsq —— T X Ty

| |

Tpr X Trg ————— Tpq.

(5) II defines a strict action on TF: for any a € II and p,q € P, there is a stratified
homeomorphism
$a

TP q

_—

P o AP
qu ACL'P a-q

where the underlying poset map is the natural isomorphism. Moreover, when aj,as € 11,
we require that the equation ¢a,.qc, = Ga; © Ga, holds and ¢o is the identity map for
a=0e¢€ll

Lemma 1.6. Given o =pry---1q € qu,

Pox... P
as A, X x Aj,  -spaces.

the space 0“Tpq is homeomorphic to Tyy, x -+ X Tp 4

Proof. We prove the statement by induction on depth(«). For depth(a) = 0, this is tautology,
and for depth(a) = 1, the assertion follows from Definition Suppose the lemma holds for
all depth(a) < I — 1. Now suppose o« = pry---r;q. Consider the homeomorphism between
AP x AT spaces Tyr, X Tpq — 0P"19T,,. Restricting the homeomorphism along the closed
stratum AZ,DTI X 8"1'””‘1Af1 4 and using the induction hypothesis, we obtain a homeomorphism of
Afm X - X Azq—spaces

[e%
Tpry X oo X Trypqg = 0%

By associativity, if we construct such a homeomorphism by decomposing « as pry---r, and
r - --1q for some 1 < k < [, the resulting homeomorphism between the stratified spaces is the
same. 0

Next we discuss flow bimodules, which originate from the moduli spaces of continuation maps.

Notation 1.7. Suppose P and P’ are two posets as in Setup equipped with own action and
index functions

(AP ind?) : P = R x (Z/2N), (AP ind?") : P' = R x (Z/2N).
Forpe P and p’ € P', define a poset

Appy i ={a=pg-qugp @0 | p<qa < - <aq g < <q <p'}
The partial order is again induced by inclusion:

~ !

P eGP < Q- @Ry P
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Then A, is poset with a unique mazimal element pp’ and we can define its depth function to be

depth(pgy - - qrae -+~ q1p") =k + k.

There are similar characterizations of “broken configurations.”

Exercise 1.8. If p < q are elements in P, show that there is a natural isomorphism of posets
P ~ !
qu X qu/ >~ gpar App/
by concatenation of words. Moreover, prove that such an isomorphism makes the following dia-

gram commute:

AP x AP < A

Pq1 q192 q2p’

AP x A AP x A

pg2 q2p’ Pq1 q1p’

\ N /

Similarly, if ¢ < p’ in P’, one has

7)/ ~ ’. !
Apg x Ay ZOPTP Ay,
which satisfies a similar commutative relation as above, and in this case the poset AP acts on
the right. Moreover, these two types of isomorphisms are compatible in the following sense.
Namely, the following diagram is commutative for which the arrows are induced by the obvious

concatenation of words.

P P’
Apg X Ay X Ay

T

AP X Agy Apg x AT,
Appr

Definition 1.9. Let T” and T”" be flow categories over P and P’ respectively. A flow bimodule
M from TP to TP consists of the following data.

(1) A compact Ay -space My, (which can be empty) for all p € P and p' € P'.
(2) For p < q, a homeomorphism of stratified spaces

P pgp’
qu X qu/ E—— (9 Mpp/ .

| |

P pap’
qu X qu/ ? 8 A;l)p/



Toric 7: HAMILTONIAN FLOER FLOW CATEGORIES 5

(3) For ¢’ <p', a homeomorphism of stratified spaces

73/ pqlp/
Myy x TL) ——= 0P My, .

| |

qu/ X AZ;/p/ T) orer App/
These data should be subject to the following conditions.

(1) There is a constant C > 0 such that for allp € P, p' € P,
(1.2) My # 0 = AP (p) < A7 (v') + Cf
(2) Forp<qi1 <g2 inP andp’ € P, the following diagram commutes:

P P P
qu1 X quqQ X Mg,y —— qu1 X My, p

! |

P
_—
qu2 X Mq2p/ Mpp/

where TP x My, v — My, is induced by the composition of the homeomorphism TP x

par * Marp ' Pa1
Mg, — OPDP My and the inclusion OP1P My, < My, and so forth.
(3) Similarly, for p € P and ¢y < qy < p' in P’, we have a commutative diagram
»P/ P, 7)/
Mpq, % Tq;qg X Tq,lp, — My X Tq,lp
P,
Mygy X T, —————— My,
(4) Forp<q inP and ¢ <p' in P’, we have a commutative diagram
P P’ P’
qu X qu/ X Tq/p/ —_— Mpq’ X Tq/pl
P
TP % My —————— My
(5) Strict H-action: for any a € 11, there is a stratified homeomorphism
Myppr ——= Ma.p apr
Apy — Agp apr
such that for ay,as € 11 the equation QSfLVl[,QQ = fg o gbfl\g holds, and such that qﬁ%f is the
identity map. Moreover, we require that the actions
P P’
TE % My, — My, My X Thory = My

are Il-equivariant.

5The constant is related to the Hofer-type norm of a given family of Hamiltonians.
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The following statement is the analog of Lemma [I.6] for flow bimodules. The associativity condi-
tions from Definition [1.9| guarantees that the maps between the stratified spaces are well-defined.

Lemma 1.10. Suppose M,, is nonempty. Given an element o = pqy - - qiqys - @10 € Bppr,
we have a stratified homeomorphism

P P’ e
Tplh X...qukql,c, X...qullp,Ha Mpp'
l O

P Y Ay
Apgy XX Bgy g, X XAy ) ——= 0% Ay

2. ORBIFOLDS AND VECTOR BUNDLES

Although we look at compact Lie group actions in the definition of global Kuanishi charts, it’s
more useful to look at the associated orbifold constructions for many purposes. This is crash
course on orbifolds and related notions.

Let U be a Hausdorff and second countable topological space. We discuss how to equip it with
an effective orbifold structure following Thurston’s traditional approach.

Definition 2.1. An n-dimensional orbifold chart of U is a triple

C=(GUY)
where U C R™ is a nonempty open subset, G is a finite group acting effectively and smoothly on
U, and ¢ : U — U is a G-invariant continuous map such that the induced map

Yv:U/G—=U

is a homeomorphism onto an open subset of U. If p € Y(U) we also say that x is contained in
the chart C.

A chart embedding from another chart C' = (G',U’,¢’) to C is a smooth open embedding
t: U < U such that

por=1.
The following statement allows us to include the group injection as part of the data of a chart
embedding.

Lemma 2.2. Given a chart embedding v as above there exists a canonical group injection G' — G
such that v is equivariant.

Proof. We need to use the following fact: given two embeddings of orbifold charts
A’ /’I/ : (G/7 Ul? Q/JI) % (G7 U7 w)’

there exists a unique g € G such that u = g - A. For a proof, see [MP97, Appendix] Assuming
this, given any ¢’ € G’, we can regard it as a chart embedding of (G, U’, ') to itself. Then for a
chart embedding A : (G',U’,¢') — (G,U,v), we can find g € G such that the chart embeddings
A and A- ¢ differs by g € G. We define A(¢’) := g, which defines a monomorphism of groups. 0O
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As we are in the smooth category, we can always find “linear” charts around any point. An
orbifold chart C' = (G, U, ) is called linear if G acts linearly on R™ and U C R™ is an invariant
open subset. We say that a linear chart is centered at p € X if 0 € U and p = ¢(0). Going from
a smooth chart to a linear done can be achieved by looking at the tangent space and compose
with the (equivariant) exponential map.

Definition 2.3. We say two charts C; = (G;,U;,v;), i = 1,2 are compatible if for each
p € Y1(Ur) Nha(Us), there exists an orbifold chart Cp = (Gp, Uy, 1) containing p and chart
embeddings into both Cy and Cs.

An orbifold atlas A = {C; | i € I} on X is a collection of mutually compatible charts C; which
cover U. We say an atlas A" = {C] | j € J} refines A, equivalently, A" is a refinement of A, if
for each CJ’» there exists a chart embedding C’j’. — C; for some i € I. We say two orbifold atlases
are equivalent if they have a common refinement.

Definition 2.4. A Hausdorff and second countable topological space U together with an equiva-
lence class of orbifold atlases is called a smooth effective orbifold.

Every smooth effective orbifold has a unique maximal atlas; two atlases are equivalent if they are
contained in the common maximal atlas. It is convenient to work with the maximal atlas. For
our discussions, an orbifold chart of a smooth effective orbifold means a chart in the maximal
atlas. We often use |U| to denote the underlying topological space (called the coarse space) of an
effective orbifold U while forgetting the orbifold structure.

We do not define the general form of orbifold morphisms, whose definition would require the
language of stacks. Below are a few special cases of “maps” between orbifolds.

(1) A continuous function on an effective orbifold is smooth if its pullback to each chart is a
smooth function.

(2) An isomorphism of orbifolds from U to U’ is a homeomorphism f : |U| — [U’| such
that for each point = € U, there exist a chart C' = (G, U, ) of U containing x, chart
C'= (G, U',¢") of U’ containing f(x), a group isomorphism G’ 2 G, and an equivariant
diffeomorphism f : U’ — U which descends to f Ly

(3) An open embedding from U to U’ is an isomorphism from U to an open subset of U’

Remark 2.5. We also need the notion of orbifolds with boundary or corners. In that case, the
domain of a chart C = (G,U,v) is allowed to be a smooth manifold with boundary or corners
such that the group G acts trivially on the normal directions to the boundary strata.

The definition of orbifold vector bundles is very similar to that of effective orbifolds. Let U be
an effective orbifold, £ be a topological space, and ¢ : £ — U be a continuous map.

Definition 2.6. A bundle chart of mg : £ — U consists of an orbifold chart C = (G, U, ) of U, a
G-equivariant smooth vector bundle ng : E — U, and a G-invariant continuous map v : E — &
such that the induced map from E/G to & is a homeomorphism onto 7z ' (1)(U)) and such that
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the following diagram commutes:

In notation we will use a quadruple C = (G,U,E, 1/3) to denote the bundle chart where the map
¥ : U — U is determined by the map v : £ — £.

Definition 2.7. If ' = (@, U',E',J)’) is another bundle chart, a bundle chart embedding from
C’ to C consists of an orbifold chart embedding ¢ : U' — U (equivariant with respect to a group
injection G' — G) covered by a vector bundle embedding i : E' — E such that

doi=4'.

We can similarly define the notions of compatibility between bundle charts and bundle atlases.
Then an orbifold vector bundle structure over mg : € — U is defined to be an equivalence class
of bundle atlases as before. Similarly, an orbifold vector bundle has a unique maximal atlas and
two atlases are equivalent if and only if they are contained in a common maximal atlas. A bundle
chart then means a chart in the maximal atlas.

We spell out the definition of sections of an orbifold vector bundle because of their importance
in the discussion of regularizations of moduli spaces.

Definition 2.8 (Sections). Let & — U be an orbifold vector bundle.

(1) Let C; = (Gi,Ui,Ei,z/A)i), 1 = 1,2 be two bundle charts. We say that a G1-equivariant
section S1 : Uy — FE7 and a Ga-equivariant section Sy : Uy — E5 are compatible if for
any bundle chart Cy = (Go, Uy, Eo,l/;o) of E and chart embeddings i; : Co — C;, i = 1,2
there holds

ZfloSloLl 225105201,2
as sections of Ey — Uyp.

(2) A section of £, denoted by S : U — &, is a collection of mutually compatible G;-equivariant
sections S; : U; — E; for all bundle charts C; belonging to the maximal atlas of £.

On each single chart C= (G,U,E, TZJ), there are a lot of G-equivariant sections S : U — E. The
existence of partitions of unity implies that any orbifold vector bundle over an effective orbifold
has a lot of smooth sections. In particular there is a zero section. Any section S : i — £ induces
a continuous map |S| : |U| — |E| between the coarse spaces.

Now we can combine the above definitions to talk about the orbifold counterpart of global Ku-
ranishi charts.

Definition 2.9. A derived orbifold (with or without boundary) is a triple D = (U,E,S) where
U is an effective orbifold (with or without boundary), €& — U is an orbifold vector bundle, and
S:U — & is a continuous section.
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(1) D is called compact if S~(0) is compact.
(2) An orientation on D is an orientation on the orbifold real vector bundle TU @ E*.
(3) The virtual dimension of D is the integer

dim*™" (D) = dimlf — ranké.

There are a few standard and basic operations on derived orbifolds. First, when D = (U, &,S)
has boundary, one can restrict to the boundary

D = (OU, E|ou, Slou)-

If D is oriented and normally complex, so is 0D. On the other hand, one can reverse the
orientation on D while keeping the normal complex structure. The corresponding object is
denoted by —D. One can also take the disjoint union D; U Dy of two such D-charts.

Definition 2.10. Let M be a compact topological space and OM C M is a (possibly empty)
closed subset such that the interior ItM := M\ OM is dense. A derived orbifold chart (D-chart
for short) of (M,0M) consists of a derived orbifold D = (U,E,S) (possibly with boundary) and
a homeomorphism L : (S71(0),871(0) N oU) = (M, dM). When OM =0, we also call (D, L) a
D-chart of M.

We introduce the following moves, which are the counterparts of the moves we discussed for
global Kuranishi charts in the orbifold setting.

Definition 2.11. Let M be a compact topological space.

(1) A shrinking of a D-chart (D, L) is a D-chart (D', L") where D’ is the shrinking of D onto
an open neighborhood U’ C U of S71(0) and L' = L.

(2) A stabilization of a D-chart (D, L) is a D-chart (D, L) where D is the stabilization of D
by a vector bundle F — U (with the zero section v :U — F) and L=Lou

(3) A cobordism of stably complex D-chart from (Do, Lo) to (D1, L1) consists of a D-chart
(75,/:') = ((Z/N{,g,é:),ﬁ) of the pair ([0,1] x M,{0,1} x M), an isomorphism of derived
orbifolds

¢o U o1 : (=Dy) UDy = 0D

such that for i = 0,1, the diagram

§710) —> 0.1 x M

commutes. Here v; : M — {i} x M — [0,1] x M is the natural inclusion map. If there
exists a cobordism from (Dg, Loy) to (D1,L1), then we say that they are cobordant.

It is straightforward to define (derived) orbifolds with corners, and, more specifically, (derived)
orbifolds stratified by a given poset. We leave this as an exercise.
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3. STABLE COMPLEX STRUCTURES AND NORMAL COMPLEX STRUCTURES

The following is the analog of stable complex structures in the context of derived orbifolds.

Definition 3.1. Let D = (U,E,S) be a derived orbifold.

(1) A stable complex strucutre on £ is an equivalence class of quadruples
(k, Fo, F1,v)
where k > 0 is an integer, Fo, F1 — U are complex vector bundles, and
v:R*@EDF = F

is an isomorphism of orbifold vector bundles. The equivalence relation is generated by
the following two relations: 1) we require that

(kvfo,flvw) ~ (k+27f07@@f171/)0@w)
where g : R®2 — C is the map (z,y) — = + iy; 2) we require that
(k7]:07]:17¢) ~ (k7]:0@]:7]:1 @]:7w@ld]:)

where F — U is an arbitrary complex vector bundle.
(2) A stable complex structure on D consists of a stable complex structure on TU and a stable
complex structure on &.

Exercise 3.2. Define the notion of a stably complex cobordism between a pair of stably complex
derived orbifolds.

For a lot of applications, the following notion is much more flexible. We will see that it covers
the stable complex structure as a special case.

Let’s introduce some notations that will be used all the time.

Definition 3.3. Suppose W is a finite-dimensional real representation of a finite group G. Then
W can be decomposed as the direct sum of irreducible representations. We call the (canonical)
decomposition

W=Wg® WG
where Wg is the direct sum of all trivial summands (i.e. G-fized points) and W is the direct
sum of all nontrivial summands the basic decomposition of W with respect to G. Notice that
when W is a complex representation, the basic decomposition is complex linear.

More generally, if M is a G-manifold and E — M is a G-equivariant vector bundle, then over
the G-fized points Mg C M, the fibrewise basic decomposition of E|p, induces a decomposition
of vector bundles

E=Eq® Fqg
where Eq C E|p,, coincides with the set of G-fized points of E.

Going back to normal complex structures, we start by considering a single chart.
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Definition 3.4. Let G be a finite group and U be an effective G-manifold.

(1) Let E — U be a G-equivariant vector bundle. A normal complex structure (NC' structure
for short) on E, denoted by I¥ consists, for each U-essential subgroup H C G, an H-
invariant complex structure IE5 on the normal bundle Ey — Ugy satisfying the following
compatibility condition: for each pair of subgroups H C K, one has the H-equivariant
decomposition

EK = (EH OEK) @E‘H‘UK-

We require that the restriction of IBx% on the second summand Eylu, coincides with [En
restricted to Uk .
(2) An NC structure on U is an NC structure on the tangent bundle TU — U.

Definition 3.5. Let U be an effective orbifold.

(1) An NC structure on an orbifold vector bundle & — U, denoted by I¢, consists, for each
chart C = (G, U,E,i[}) of £, an NC structure I¥ = (IEH) on E satisfying the following
conditions. For each chart embedding from C' = (G',U', E',¢') to C = (G, U, E, ) given
by a group injection G' — G, an equivariant open embedding ¢ : U' — U covered by an
equivariant bundle isomorphism ¢ : E' — E, for any subgroup H' C G’ mapped onto
H C G, i maps E’\U;ﬂ into E|y,,, we require that the induced bundle isomorphism

E/|U;{/ — ElUH

is complex linear with respect to the complex structures IE4w and IEH
(2) An NC structure on U is an NC structure on the tangent bundle TU.

As examples, if U is almost complex, then the almost complex structure induces an NC structure.
Similarly, if £ is a complex vector bundle, then there is a naturally induced NC structure on &.

Definition 3.6. An NC wvector bundle over an effective orbifold U is an orbifold vector bundle
E — U together with an NC structure I on E. An NC orbifold is an effective orbifold U together
with an NC structure Z™Y on U.

For normally complex a derived orbifold (U, E,S), we mean that (U, E) is pair where U is an NC
orbifold and £ is an NC vector bundle over U.

Below is another important model of normally complex orbifolds.

Lemma 3.7. Let G be a finite group. Let X be a smooth manifold and F — X be a complex
vector bundle equipped with a fiberwise effective linear G-action. Then the complex structure IF
on F induces a canonical NC structure on the total space of F.

Proof. Indeed, for each subgroup H C G, the fixed point set of H is the total space of Fy C F
and the normal bundle is W;HF’H — Fy. The restriction of I¥ to Fy is pulled back to an
H-invariant complex structure on this normal bundle, which gives an NC structure on F'. ]
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Example 3.8. In addition, if E — X is a real vector bundle equipped with a fiberwise linear G-
action and a G-invariant complex structure IEc on E¢, then the bundle mepE carries a canonical
NC structure: for each subgroup H C G, over Fy, the complex structure on the bundle W}EH C
mrE is the pullback of the restriction of IEc to Fy.

Exercise 3.9. Let (U,E,S) be a normally complex derived orbifold. Let nx : F — U be a
complex vector bundle. Then the stabilization of the pair (U,E), (F,n%€ & n%F), carries a
naturally induced NC' structure.

Proposition 3.10. Any stably complex D = (U, E,S) carries a natural normal complex structure.

Proof. By definition, there exist two quadruples (k, Fo, F1,%) and (I, &y, E1,n) where
VR QTUS Fy = Fy
and
T]:R@l@g@&) =&

are isomorphisms. By taking equivalent quadruples, i.e,. finding a simultaneous stabilization, we
can assume Jy = &. The above two isomorphisms can be pulled back to the total space of Fj as

TRV RO @k TU & ', Fo = e, Fi
and
Tr,1 R¥ @ 5, E D TR Fo = r 1

Upon choosing an isomorphism, induced from a connection (an affine space, therefore the choices
of the isomorphisms are weakly contractible),

A TU S 5 Fo = TFy
the pullback isomorphism 7% 1) becomes an isomorphism
Eéek S¥) T]:() = W;:Ofl.

As R and R® do not affect the isotropy type, the above two isomorphism induce a normal
complex structure on the stabilization of D by Fy. |

Exercise 3.11. Show that for any two pairs of quadruples which give rise to stably isomor-
phic stable complex structures on D, there exists a common stabilization with compatible normal
complex structure.

4. D-CHART LIFTS OF FLOW CATEGORIES
The goal is to describe what it means for a flow category or a flow bimodule to admit a coherent
system of derived orbifold charts.

Definition 4.1. A system of D-chart presentation of an A-space X consists of the following
objects.
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(1) A collection of derived orbifold presentations

{Ca = (Uaagavsa’ wo‘)}aeA

of the collection of boundary strata {0*X }aea as stratified spaces.
(2) A collection of chart embeddings

{tga : Co = 0°C)

as<p’

These objects need to satisfy the following conditions.

(A) The collection of chart embeddings satisfy the cocycle condition. More precisely, for any
triple of strata o < B <y, there holds
Ly O lpa = lya-
(B) Adjacent strata differ by a stabilization. More precisely, for any pair of strata o < f3,
there exist an orbifold vector bundle Fgo — U and a germ equivalence

Stabr,, (Cy) ~ 0°Cp

The following definition imposes certain regular structures on morphism spaces of flow categories
and flow bimodules.

Definition 4.2. Let T be a flow category over the poset P. A derived orbifold lift of T,
denoted by D7, consists of the following objects.

(1) A collection
{Cpq = (upqv‘gpqupqvwm)}pgq

of derived orbifold presentations of the A;Dq—space Tpq such that for each connected com-
ponent Upq; C Upg, one has

(41) dimRZ/{pq,j — rankREPq|u
(2) A collection of chart embeddings

. pTrq
{tprg : Cpr X Crg = 07" 9C0}

= ind” (p) — ind” (¢) — 1 mod 2N.

Pq,J

(with the underlying poset identification AZ,DT X qu % aprmz,’q). In particular, if tprq :
Upr X Urg — Upq 1s the associated domain embedding and Tprq @ Epr B Erq — Epq 1 the
associated bundle embedding, then the following diagram commutes.

Epr B Erq - Epg

(4.2) SprXSrq < l l >qu

_—
Upp X Upg —— Upqg

These objects need to satisfy the following conditions.

(A) For p = q, the space Uy, is a singleton with trivial isotropy and &,, = {0} is the trivial
bundle.
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(B) The chart embeddings satisfy the associativity. More precisely, whenever p < r < s < q,

(C) For each pq and all o = pry ---r;q € AP

(D)

the following diagram commutes.

Cpr X Crs X Cryg

O3 Cpy X Cig Cpp x O759C,,

x %

prsq
OP"$4C ),

define

Pq’

Co = Cppy X -+ X Cpig.

Then condition (B) implies that for each pair of elements « < [ in A;Dq, there is a
well-defined chart embedding

o1 Co = °C.

Then we require that the collection {Ca}aeAZ,’q of derived orbifold presentations and the
collection {tga ta<p of chart embeddings constitute a system derived orbifold presentations
of Tpq

The strict Il-equivariance condition: for any a € 11 and p<gq there is an isomorphism
between derived orbzfold charts (in the obvious sense) o Cpg =+ Cap a.q satisfying
¢a1 -az ¢a1 o ¢a2, and qi)a restricts to ¢, along the zero locus Sp’ql (0) to the map ¢ from
Definition . Furthermore, ¢0 =1d for a =0 € II should be the identity map.

Now consider derived orbifold lifts of bimodules.

Definition 4.3. Let M be a flow bimodule from a flow category TT to TP as in Definition .
Suppose TT resp. TP is endowed with a derived orbifold lift

P = ({Ch = U 0 ST b7 g (iF Y aca) 750

<{CP L Z/{P 55;1,85;/7¢5;/)}p,<q,, {'“7;’/04’}@55')'

A derived orbifold lift of M compatible with (or extending) ®F and DF' consists of the
following objects.

(1)

(4.3)

A collection

M M oM oM
{C - upp ’gpp ’Spp ’ )}pepp ' ePp’
of derived orbifold presentations of Myy for Myy as an Ay, -space such that for each
connected component Z/IZ%I i C Z/{ s OTE has
dlmRL{pp J rankRS \uM =ind”(p) — ind™ (p') mod 2N.
'
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(2) Givenp e P and p' € P for My, # 0, for any p < q, a chart embedding

M

Lpap!

. P M pap’ ~M
L CF % M, < gror' oM,

and for any ¢ < p', a chart embedding

M

.M P’ pq'p’ M
Lpgrp * Cpg X Cyrpr = 0 Cppr-

The precise meaning can be spelled out as in Equation (4.2)).

These objects are required to satisfy the following conditions.

15

(A) For p = q, the chart embedding (™ , is the identity map after identifying C;fz with the

pgp

trivial chart for the singleton. Similarly, for ¢ = p’, the chart embedding t

the identity map.

, 18 also

(B) The chart embeddings satisfy the associativity. Namely, given My, # 0, the following

three diagrams commute if the relevant topological spaces are nonempty.
Forp < q1 < g2, we have

CP xCP xcM

Pa1 q192 q2p’ "
P . .

Pq1q2 (P M P q1q2p’ ("M
g Cpqz X qup’ Cpq1 x 0 Cq1p’
\ /

Prap Pq1P
/
pq1q2p” (VM
grarer’ M,

For ¢4 < ¢} <p', we have

M P’ P’
X X
Cpqé Cqé a qup/

’
LM, , xid ldXLP/ '
Pa5ay a1 a5p
M

! ’ VAN ’
Pq5q; (VM P M 4591 P P
0 Cpq1 X qup, Cpqé x 0 Cq;p/

M
X
rayp ;o

Pa2q1p (VM
8 Opp/ .

pabp’

Finally, for p < q and ¢ < p’, we have
P M P’
Cpg X Co X Clrpy

praq a9’ p

! ! ’. !
pqq’ (M P P qq'p’ M
oras' CM, % CF, CP x §ua'v' CM,

q/
M /
L L
pa’p’ pap’

1!
pqq' p (M
a Cppl .
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For each p,p’ and all o« = pry - - -y - - - rip’, define

M _ ~P M P’
CCK _Cp7‘1 X.'.XCT‘[T’; X"'Xcrllp/.

As in Deﬁnitz’on for each pair o < B in Ay, there is a well-defined chart embedding
AL OM e o,

It is required that the derived orbifold presentations {ch‘f}ae&pp, and the collection of
chart embeddings {tga}a<p constitute a system of derived orbifold presentations of My,
The strict II-equivariance condition: for any a € II and My, # 0, there is an isomor-
phism between derived orbifold charts oM - C’%, —CcM apr Satisfying 452{,&2 = (5(11\/1[ o ~fl‘/21,
and M restricts to the map ¢M from Definition along the zero locus (S%,)’l(()).
Moreover, q@% for a = id € 11 is the identity map. Moreover, the left and right actions
of the charts from TP and TP on the charts of M should be II-equivariant.

We introduce the following notion to rigidify the stabilization bundle required for the discussion
of compatibility of derived orbifold charts.

Definition 4.4. A scaffolding of a system of D-chart presentations ((Co)aca, (¢8a)a<s) of an
A-space X is a collection of data

(]:50” Hﬂa)agﬂ

where for each pair a <

(1)

(4.5)

(4.6)

the difference bundle Fg, — U, is an orbifold vector bundle Fzo — Uy. In notation,
when A = qu resp. Apy and B is the mazimal element pg resp. pp’, denote Fao by
Fpg,a T€SD. Fppt -

the stabilization map 0, is a germ equivalence

850 = (050, 050) : Stabr,, (Cu) =~ 8°Cp

which extends the chart embedding tgy : Co — 0“Cy. This germ equivalence induces a
projection map

TBa 6’105 — Ca
as well as a bundle splitting
5[3|z,{a =&, P ]:[3@

where Eglu, = t;,Ep and a bundle isomorphism

Vo : Tha (Eslun) = Esloou,

These objects need to satisfy the following conditions.

(A)
(4.7)

For any triple of stratum o < B <y, as subbundles of £,|u, there holds

Fra = Fpa ®fvﬁ‘ua~



(B)

(4.9)
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The stabilization map preserves stratum. More precisely, the following diagram commutes

0sa
Stab]-‘ﬂa (Co) —= 0%C}p

[

Stabz,, (Co) — 0°C,

Yo
It follows that
Tya © (typloaus) = Tpa-

The bundle isomorphism (4.6]) preserves stratum. More precisely, for any triple of strata
a < B <, consider the following diagram

. Iyaloaugy
Tya (g’Ylua) |8“Uﬂ 57|aauﬁ
The (Exlua)
The (Eslu. © Fyplu,) EIRCTIN Eslocuy B Fyploou,

We explain the notations here. The first vertical equal arrow on the left is due to (4.8)
and the second one is due to (4.5)). Here the requirement is that, we require

1970‘ (me(]:vﬂua)) = }—'yﬂ|8°‘1/{/3

and the restriction to ¥ya to mj,(Fyplu.) is equal to a linear isomorphism ¥ypa (which
is in the above commutative diagram). And we require that the above diagram commutes.
The stabilization maps satisfy the cocycle condition. Namely, for each triple of strata
a < B <, the following diagram commutes.

Stabr,, (Cy) =——= Stab]:w e BF 50 (Cq)
-
0.0 Stabﬂga(fmua)(@C‘Cﬂ) .
-
oo, Stabz. , (9°Cp)

B

Here the “=” arrow is induced from the identity Fya = Fyglu, © Faa-

Now consider a derived orbifold lift of a flow category.

Definition 4.5. A scaffolding of a derived orbifold lift of a flow category TT consists of a
collection of scaffoldings for the induced system of derived orbifold chart presentations of Ty

((}—ﬂav eﬁa)agﬁ)

p<q
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satisfying
(1) Suppose pri---rig=a < 8 =ps1---Smq. Denote g =pri---81, ..., Qm = S -+ T14q.
Then as subbundles of Eglu,,, in view of the identification Uy = Uny X - -+ X U, , one has
FBa = Fpsi,a0 BB Fs, g0,
(2) With respect to the last identity, one has (as germs of maps)
030 = Ops, 0o X - X 04, g0,

Definition 4.6. Given two flow categories TT and TP endowed with derived orbifold lifts D7,
oF respectively, let M be a flow bimodule from TF to TP endowed with a compatible derived
orbifold lift ®M . Suppose DF and DF" come with scaffoldings

P P P’ g
(FE 08 ) oo (B 08} )
A scaffolding of such a derived orbifold lift compatible with the given scaffoldings is given by
a collection of scaffoldings for the induced system of derived orbifold chart presentations
({féweéa}agﬁ)a,ﬁ@%,

satisfying similar conditions as in Definition [{.5 using the factorization of the boundary strata

(see Definition (C)).

5. STABLE COMPLEX STRUCTURES ON FLOW CATEGORIES

To make sense of complex orientations on a derived orbifold lift of 77, it requires the following
addtional data. We omit the strict II-equivariance for simplicity.

First, for each object p € P, we associate it with a virtual vector space V,, = (Vp+, Vp*). We can
additionally require that V"~ is a complex vector space.

Second, we can discuss the meaning of a “relative” complex structure on a derived orbifold chart
Cpq = (Upg: Epgs Spq» Vpq) of the morphism space T}, It is the data of a complex orbifold vector
bundle ng — Upq, an orbifold vector bundle W, — U,q, together with an isomorphism of vector
bundles

TUpy @V OV, SROW,q & @IS @V, &V & Wy,
which can be more compactly written as
TUpg © Epg @V, ORO Wy 2 I @V, & Wi,

To be consistent with our convention, we ask W, is a direct sum of a real vector bundle pulled
back from the coarse space |U,,| and a complex orbifold vector bundle over .

Third, we need an associativity relation. Note that for a triple p,r,¢ € P, we know that 0C,,
defines a stabilization of C,, x C,4 via the difference bundle Fpqprq. We ask Fpq prq to be a
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complex vector bundle. Then the associativity relation is expressed as the commutativity of
equivalences

TUpr © Epr DV, ©R ® W, I ®V, ® Wy
C
Turq @grq @Kq @KGBWT(] ITQEBKT @qu

Tlpg © Epg @V OR O Wy ————— [, @V, & Wy,

The R denotes the translation direction one needs to mod out.

Exercise 5.1. Define the notation of normal complex structures on a derived orbifold lift and
show that stable complex structures give rise to normal complex structures.
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