ToriC 8: FUKAYA-ONO—PARKER PERTURBATIONS

1. OVERVIEW

Outline of the lecture.

(1) Applications that require counts beyond rational numbers: Arnold conjecture (discuss
the consequence of the h-cobordism theorem), results on the Hofer-Zehnder conjecture,
structural aspects of quantum connections.

(2) Examples of obtaining integrality: Donaldson—Uhlenbeck type compactification in the
monotone setting via index counting, Hofer—Salamon’s integral Floer theory in the Calabi—
Yau setting via transversality.

Then introduce the FOP perturbation scheme as a black box following the exposition in [BPX].

To carry out the Fukaya—Ono—Parker (FOP) perturbation scheme, one needs a version of complex
structures on orbifolds and the obstruction bundles. A normal complex structure on an
effective orbifold U associates to each orbifold chart (U,T") and each subgroup H C T' an H-
invariant complex structure on the normal bundle NU# — U of the H-fixed point set U? C U
such that orbifold coordinate changes respect these complex structures. If £ — U is an orbifold
vector bundle, a normal complex structure on £ associates to each bundle chart (U, E,T") (where
(U,T) is an orbifold chart and E — U is a I'-equivariant vector bundle) and each subgroup
H C T an H-invariant complex structure on the subbundle E# C E|yn (which is the direct sum
of nontrivial irreducible H-representations contained in E|ym) such that the bundle coordinate
changes respect these complex structures. A normal complex structure on a D-chart C = (U, €, S)
consists of a normal complex structure on &/ and a normal complex structure on £. The notion of
derived cobordism can be defined for normally complex D-charts if we require that stabilizations
are via complex vector bundles.

Theorem 1.1. [BX22] Given any normally complex and effective orbifold U and a normally
complex orbifold vector bundle € — U, there is a class of (single-valued) smooth sections, called
FOP transverse sections which satisfy the following conditions.

(1) The FOP transversality condition is local; moreover, over the isotropy-free part of U,
Utree C U (which is a manifold), being FOP transverse is equivalent to being transverse
in the classical sense.

(2) The condition that a smooth section S is FOP transverse only depends on the behavior
of S near S71(0). In particular, any smooth section S is FOP transverse away from

S~10).
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(3) Given a continuous norm on &, for any continuous section S : U — & and any 6 > 0,
there exists an FOP transverse section S : U — £ such that

1S — Slleo < 6.

(4) (CUDV property) Given any closed subset C C U and a smooth section Sy : O — &
defined over an open neighborhood O of C, if Sy is FOP transverse near C, then there
exists an FOP transverse section S : U — € which agrees with Sy near C.

(5) (Product Property.) Let U’ be another normally complex orbifold and & — U’ be a
normally complex vector bundle. Then the product map

TUE XxTU ) >TUxU ,EBE)

sends products of FOP transverse sections to FOP transverse sections.

(6) (Stabilization property) Suppose nx : F — U is an orbifold complex vector bundle
and 7F : F — wxF is the tautological section. If S : U — £ is an FOP transverse section,
then the section

xS ®TE: F > € @ nEF
is a also an FOP transverse section.

(7) If Z CU is a closed and proper sub-orbifold whose normal bundle is an ordinary vector
bundle (i.e., the fibers as representations of stabilizers are a direct sum of trivial repre-
sentations, which tmplies Z is also normally complezx), and if S : Z — & is an FOP
transverse section, then there exists an FOP transverse extension of S to U.

(8) For any FOP transverse section S : U — &, the isotropy-free part of the zero locus

Sil(o)free = 871(0) N Usree
is a transverse intersection in the classical sense. Moreover, its boundary
S_l(o)free \ S_l(o)free cu \ ufree

is the union of images of smooth maps from manifolds of dimension at most dimif —
rankE — 2.

Now if we are given a normally complex effective derived orbifold chart (U, E,S), we can choose
an FOP transverse section S’ which agrees with S outside a compact neighborhood of S71(0).
Then (8’)71(0) is compact and the isotropy-free part

(S/)_l (O)free

is a pseudocycle E| of dimension dim/ — rank&. Hence if U and &£ are oriented, this pseudocycle
represents an integral homology class in &. Moreover, given any two FOP transverse perturba-
tions &7, S5, the two pseudocycles (S7)71(0)gree and (S5)71(0)gee are cobordant. Therefore the
integral homology class, which we call the FOP Euler class

x"OF(C) € H.(U; 2),
is well-defined.

IThe notion of pseudocyle in orbifolds is defined in [BX27].
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One typically needs to push forward the homology class into another space. To connect with
classical cobordism theory, we restrict to the case when the derived orbifold charts are stably
complez, meaning that the virtual vector bundle TU — £ has a stable complex structure (see
[BX22] Definition 6.11, 6.14]). In particular, if TU and £ are both complex vector bundles, then
C =(U,E&,S8) is automatically stably complex and normally complex. In the special case when U
is a manifold and S : U — & is transverse, then a stable complex structure on (i, £, S) induces a
stable complex structure on the manifold S71(0). On the other hand, if a derived orbifold chart
C is stably complex, then via a stabilization, it is equivalent to a normally complex one.

For any topological space X, the stably complex derived orbifold bordism group
der,C
Q. (X)

is the abelian group generated by isomorphism classes of quadruples (U, £, S, f) where (U, E,S) is
an stably complex D-chart of virtual dimension dim/ —rank€ = k and f : i/ — X is a continuous
map, modulo the equivalence relation induced from stabilization by complex vector bundles and
cobordism respecting the stable complex structures. The assignment Qfer’c(—) actually defines a
generalized homology theory. Then the pushforward of the FOP pseudocycle (and its homology
class) induces a natural transformation of generalized homology theories

QE(=) = Ho(— D).

In fact, when the target space is a manifold, this natural transformation factors through pseudo-
cycles. As we do not know if pseudocycles up to cobordism is a homology theory or not, we only
consider the naive properties. Namely, for any manifold X, one has a group homomorphism

(1.1) QIEC(X) = Hy(X)

where H(X) is the abelian group of k-dimensional oriented pseudocycles up to cobordism.

2. PSEUDOCYCLES IN CHARACTERISTIC p

Definition 2.1. Let p be a prime number. An oriented k-dimensional p-pseudocycle in a smooth
manifold X is a smooth map f: W — X from a k-dimensional oriented manifold with boundary
W to X satisfying the following property:

(1) f(W) is precompact in X .

(2) There is a p-fold oriented covering OW — V and a smooth map g : V — X such that
flaw is the pullback of g.

(3) The frontier is small. More precisely, the Q-set of f is

Qf = N fW\ K).

KCW compact

We require that it has dimension at most k — 2.

In particular, a pseudocycle is a p-pseudocycle with OW = (.
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Let ﬂl(f ) (X) be the set of all oriented k-dimensional p-pseudocycles. It has the structure of an
abelian group where the sum of two p-pseudocycles is their disjoint union and the inverse of a
p-pseudocycle is the same map with domain orientation reversed.

Definition 2.2. Two oriented k-dimensional p-pseudocycles fo : Wy — X, f1 : W1 — X are said
to be p-cobordant if there exists another smooth map g :V — X from an oriented k-dimensional
manifold V' without boundary, a smooth map f W= X from an oriented k + 1-dimensional
manifold W with boundary with

f(W) is precompact, dimQ; <k —1,

an oriented diffeomorphism

OW = —IntWy U IntW; LW’
where W' is a k-dimensional manifold without boundary (having the induced orientation) such
that the restriction of f to IntWy resp. IntWy coincides with fo resp. fi, and an oriented p-fold
covering W' — V such that f|w- is the pullback of g.

One needs to do some simple modifications to make certain naive operations satisfy the above
definition. For example, a p-pseudocycle f : W — X is p-cobordant to itself. However, the naive
map

f:WX[()?l]‘)Xa .}F(.T,t):f(l’)

is a p-cobordism only after removing the corner OW x {0, 1}.

It is clear that p-cobordant is an equivalence relation and respect the additive structure. Let
Hép ) (X) be the set of p-cobordant classes of p-pseudocycles, which is an abelian group. As p
times of any p-pseudocycle is p-cobordant to the empty set via the empty p-cobordism, H,(f ) (X)
is indeed an F,-vector space.

Before we discuss the relation between pseudocycles and homology classes, we define the inter-
section pairing between pseudocycles in finite characteristic.

Let

f15W1—)X, fg:Wg—}X
be two oriented p-pseudocycles in X of complimentary dimensions. When they intersect trans-
versely, meaning that f1 (W1)N fo(W2) = f1(IntWi)N fo(IntWs) and the intersection is transverse,
the signed count of intersection points, modulo p, is defined to be the intersection number. One
can see easily that this intersection number is invariant under p-cobordism, provided that the
p-cobordism is in general position.

In addition, if f; : W7 — X is p-cobordant to the empty set via a p-cobordism fl ;Wi — X, and
if f1 and fo are transverse, then fi(W7) N fo(Ws) is a compact oriented 1-dimensional manifold
with boundary being

( F(0W) N fg(IntW2)> L ( £ (ImtWy) 0 fz(awz)).

Besides the intersection fi(IntWy) N fo(IntWs), other boundary intersections contribute to a
multiple of p.
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In general, if relevant intersections are not transverse, then one can perturb via ambient diffeo-
morphisms to achieve transversality. This allows us to define intersection numbers between any
pair of p-pseudocycles of complementary dimensions and prove the independence of the choice
of perturbations, as all nearby diffeomorphisms are homotopic. Therefore, we have defined a
bilinear pairing

HP (X))@ HP(X) = T,

Next we will define the map from homology to pseudocycles. Recall that one also has an abelian
group Hy(X) of genuine k-dimensinoal pseudocycles up to genuine cobordism. There is an obvious
group homomorphism
H,(X) — HP (X).
Zinger constructed a natural isomorphism
O, H(X;Z) = H(X).
Theorem 2.3. There is a natural map

oW H,(X:F,) —» HP (X)

satisfying the following conditions.

(1) The following diagram commutes.

H.(X;Z) —> H.(X)

o ]

H.(X;F,) —= HP(X)
@ip)

(2) Suppose a homology class a € H,(X;Fp) is represented by a smooth cycle f: W — X
where W is a compact oriented manifold with boundary such that f|ow is a p-fold oriented
covering of a map g :' V — X from a compact oriented manifold V without boundary; in
particular, f is a p-pseudocycle. Then @ip) (a) is represented by f.

(3) The map 3P intertwines the Poincaré pairing on H,(X;Fp) with the intersection pairing

on ng)(X).

Proof. We just need to consider the case that p > 2 as it is known that for p = 2 any homology
class can be represented by a closed submanifold.

Consider the complex of singular chains with F,-coeflicients. A homology class in F, coefficients

is represented by a singular cycle
N

C = Z aihi
i=1
where a; € F, and h; : Ay — X is a continuous map from the k-simplex Ay. We can always
choose the representative such that each h; is smooth. Let 67 (h;) be the j-th face of h;, which
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is a k — 1-simplex. Moreover, let a; € {1,...,p — 1} be a lift of a; in Z. For any smooth map
g : Ar_1 — X which may appear as a face of h;, consider

AF(C) = {7 18(h) = £}

and

N
AXC) =] [ A5, u--uAF (0)

i=1

(€23

Then since C is a cycle, one has
#A,(C) = #A,(C) € pL.

Without loss of generality, assume #AF(C) > #A, (C). Then choose an injection A; (C) <
AF(C) and glue the corresponding (interior of) faces, and removing all codimension two or higher
facets from the simplexes, one obtains a topological k-manifold with boundary N(C) together
with a map f : N(C) — X. Notice that the boundary of N(C) can be identified as p copies
of a manifold. If we fix a certain standard way of gluing standard k-simplexes along a face,
N(C) is then equipped with a canonical smooth structure. One can perturb f: N(C) — X to
a smooth map, and hence a smooth p-pseudocycle. The cobordism class of the pseudocycle f is
independent of the choice of the perturbation.

On the other hand, by using the same method as Zinger, one can show that two homologous cycles
induce cobordant p-pseudocycles. The details are left to the reader. Hence we have constructed
the map
oW . H,(X;F,) —» HP (X).

It is easy to see that this is an F-linear map making the diagram commutative and satisfying
(2) of Theorem Moreover, by comparing the definition of the Poincaré pairing (which is
essentially counting transverse intersections of cycles) and the intersection pairing, (3) of Theorem
2.3l is also true. O

3. SOME FLAVORS OF FOP PERTURBATIONS

Let G be a finite group and V', W be two finite-dimensional complex representations of G. We
require that the G-action on V is effective. Define

ZG(V,W) ={(v,P) € Poly®(V,W) | P(v) =0 W}
the zero locus of the evaluation map
ev:V x Poly®(V, W) - W.
Its cut-off at any degree d is
Z§(V, W) = Z%(V ., W) N (V x Poly§ (V,W)).

Similarly, one can define the family of the Z-variety for the parametrized case. Given a smooth
manifold M and V,W — M smooth complex vector bundles with fiberwise complex linear G-
actions, the zero locus of

ev: V @ Poly§(V, W) — W.



Toric 8: FUKAYA-ONO-PARKER PERTURBATIONS 7

is denoted by
Z9(V,W) := {(v, P) € V@ Poly®(V,W) | P(v) = 0}
and Zf(V, W) is defined similarly by considering fiberwise polynomial maps of degree at most d.
For each subgroup H C G, denote
Vi =V7.={veV|HcG,}, Vi={veV|G,=H}
The top stratum is also called the isotropy-free part of V', denoted by
viee .— ly e V | G, = {e}}.

Then we have the decomposition

v=|]| v
HCG

Proposition 3.1. For any finite group G, there exists a positive integer dy satisfying the following
conditions. Let V., W be finite-dimensional complex representations. Suppose G acts on V
faithfully. Then for any d > dg and for each subgroup H C G, the set

Ziw = Zyu(V,W):=Z§(V,W)N (V5 x Poly§ (V,W))
s a nonsingular complex algebraic set of complex dimension

dimg Z; = dimcPoly§ (V, W) + dimc V¥ — dimc W,

We first prove a lemma.

Lemma 3.2. There exists dy > 0 such that for all vy € VB*[ and Wy € WH, there exists
Pe PolygO (V, W) such that P(0g) = wg.

Proof. By decomposing W into irreducible components, we may assume that W is an irreducible
representation of G. Define the G-vector space

U =i

yeG
with G-action defined as

g (Z Cy - <v>> =Y e (g =D ey (1)

Since U is a regular representation, there is a G-equivariant homomorphism ¥ : U — W and an

element u € U such that
W(u) = ¥ (Z wy - <v>> = .
v

Since wy € WH, for all h € H, one has
U(hu) = h¥(u) = wy.
Hence by taking average over H, one may assume that

YH =~"H = wy = wyr.
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Now we claim that for some dy > 0 which only depends on G, one can choose a polynomial
f:V — C (not necessarily G-invariant) of degree at most dg such that
VY € G, f(y0m) = wy.

Indeed, there are n := |G/H| distinct elements in the G-orbit of 0f. One can choose a linear
decomposition V' = V; & V; such that V; is one-dimensional and that the projection of these
n distinct elements are still distinct in V4. Then by Lagrange’s method of interpolation, one
can find a complex polynomial f : Vi — C of degree at most |G| taking the prescribed values
w~ at the corresponding projection image of v0y in V. Extend f trivially to V one obtains a
polynomial f:V — C satisfying the required conditions. Now define P: V — W by

P)=W > flw) ()

yeG

Then this is a G-equivariant polynomial map sending vy to wgy. O

Proof of Proposition 3.1. For each subgroup H C G, we can write any polynomial map P €
Poly$ (V, W) as
P (P PH) .V — W o W
Then the equivariance implies that
PH ly,, = 0.
Therefore
Zj = {(v, P) € Vj; x Poly§ (V, W) | P (v) = 0}.
Then when d > dy, the Lemma and the faithfulness of the G-action on V' imply that Z] , is a
nonsingular complex algebraic set of dimension 7
dimcPoly§ (V, W) + dime V' — dimeWH.
|

Remark 3.3. If W is the trivial representation, then dy can be taken to be 0. In fact, all constant
maps from V to W is G-equivariant and Z%(V,W) =V x {0} C V x Poly§(V,W) =V x W
so the

Zy g = Vi x {0}

Because Z; j is a smooth complex algebraic variety, its Zariski closure has the property that
the boundary has real codimension at least 2. For a generic polynomial P, this implies that
PY0)n Zj y gives rise to a pseudo-cycle. This is the basis of the FOP perturbation scheme.
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