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Flag variety

Variety X ~~ coordinate ring C[X]
~ cohomology H*(X)  (or H¥(X))
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Flag variety

Variety X ~~ coordinate ring C[X]
~» cohomology H*(X)  (or H¥(X))

Theorem (Borel, 1953)
Write Fe, := (type A) flag variety in C". Then

Clx1y - - - Xn] ' '
H*,an = , (x) = I++ ',1
{ ) (p1(x), ..., pn(x)) pi(x) = X1 X,
C e Xm Y1, -5 Yn
HE (Ftp) = s X Mo Vol

< pi(x) — pily), i € [n], >

X1+ + X
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Flag variety

Variety X ~~ coordinate ring C[X]
~» cohomology H*(X)  (or H¥(X))

Theorem (Borel, 1953)
Write Fe, := (type A) flag variety in C". Then

Clx1, ..., xn]

A ) = o0, pa)) pil) =Xt

. Clxt, .-y Xn; Y1, -5 Yn
Hi, (FU) = 7 ]

< pi(x) — pily), i € [n], >

X1+ + X

= C[t X4/, t]?

where t = {x; +---+x, =0} C C".
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Who is H(F(,)?

Claim
t xy/s, t is your friend.

Exiys, t= {0 om) () {0 = v
= U {Xi = Yy for all i}

WGSn

=V
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Who is Hi(F(,)?
Claim
t xy/s, t is your friend.

Exiys, t= {0 om) () {0 = v
= U {xi = yw(i for all i}

weS,

=V

t—t ~
Vi —graph< st ) >~

~ Xy, tis a subspace arrangement.
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Who is Hi(F(,)?
Claim J

t xy/s, t is your friend.

Exiys, t= {0 om) () {0 = v
= U {xi = yw(i for all i}

weS,

=V

t—t ~
Vi —graph< st ) >~

~ Xy, tis a subspace arrangement.

Conclusion

Clt xi/5, ] = {(fu)wes, € C[§™: £, glue well}  (cf. [GKM]) J

Linus Setiabrata (MIT) Hikita surjectivity October 4, 2025 3/9




Who is H*(F(,)?

N = {nilpotent n X n matrices}

C[Matp, )]
CV = Tatay. w@), )
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Who is H*(F(,)?

N = {nilpotent n X n matrices}

C[Matp ]

CINV] =

T ~ N by conjugation

Linus Setiabrata (MIT)

(tr(A), tr(A%),...)

~+  schemey fixed points N'T

=NnNt
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Who is H*(F(,)?

N = {nilpotent n X n matrices}

C[Matp ]
CVT = Ty a),

T ~ N by conjugation ~+ schemey fixed points N7 = N Nt

Conclusion
Clxt, .-, Xn]

CWTT=C N = o o ), )

= H*(FL,).
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Hikita's observation

Observation/Conjecture (Hikita, 2017)

For many varieties X of representation theoretic interest,
H*(X) =Cl(X)"]

for some other interesting variety X' and torus T".

Example (Hikita, 2017)

X=Fly~ X' =N fgore. 53
X = Springer fiber ~~ X' = nilpotent orbit  {de Concini-Procesi, &1]
X = Hilb"(C?) ~» X' = Sym"(C?)
X = G/P ~ X' = Slodowy slice
X = hypertoric variety ~ X' = Gale dual
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Physics magic...

Observation/Conjecture (Hikita, 2017)

For many varieties X of representation theoretic interest,
H*(X) = C[(X)T]

for some other interesting variety X' and torus T'.

Prediction (Dancer-Hanany—-Kirwan, 2021)
Theory of symplectic duality predicts...

@ The variety N JJ T = {x € N: diag(x) = 0}/ T has a symplectic
resolution N'JJJ T,

e The Hikita conjecture holds for X :/\/f/7//7' and X' = T*(SL,/U),

where U:{[lﬂ}
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Hikita surjectivity

Theorem (S.)

N T has a symplectic resolution W’ , and there is a surjection
C T*(SL,,/U)TXB/U] 2 H </\//'/7//T) .

(The T and B/U actions on T*(SLp/U) are induced by left, right mult. on SL,/U.)
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Hikita surjectivity

Theorem (S.)
N T has a symplectic resolution W’ , and there is a surjection

C W”B/U] ¢

(The T and B/U actions on T*(SLp/U) are induced by left, right mult. on SL,/U.)

Remark

o Hlklta Conj. |S equivalent to d|m C[] = dlm H*() idk either dimension count

(*] HOdd(./\//‘7//_7—) = 0, SO d|m H*() = X() c* actson./\//_;/i/Tbut idk (./\//'7///7')C><
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Hikita surjectivity

Theorem (S.)
N T has a symplectic resolution W’ , and there is a surjection

C WW“’] ¢

(The T and B/U actions on T*(SLp/U) are induced by left, right mult. on SL,/U.)

Remark
o Hlklta Conj. |S equivalent to d|m C[] = dlm H*() idk either dimension count
o HOdd(N///T) = 0, SO d|m H*() = X() cXx actson./\//_;/i/Tbut idk (./\//'7///7')C><
e NJJT is a Nakajima quiver variety; Kirwan map descends to ¢*.
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Geometry of T*(SL,/U)

Theorem (S.)

For A, B C [n], set fap = [laca(xa — yb) € C[t xy/s, t]. Then
beB

C[t Xt/Sn t]
(fag: |Al+B| = n)’

a4

C [WTXB/U]
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Geometry of T*(SL,/U)
Theorem (S.)

For A, B C [n], set fap = [laca(xa — yb) € C[t xy/s, t]. Then
beB

e TXB/U] Clt xys, ]
C[T (SLa/U) ] ~ (fag: |Al+|B|=n)

Remark

Proof uses Gelfand—Graev action of S, on T*(SL,/U):
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Geometry of T*(SL,/U)
Theorem (S.)

For A, B C [n], set fap = [laca(xa — yb) € C[t xy/s, t]. Then
beB

e TXB/U] Clt xys, ]
C[T (SLa/U) ] ~ (fag: |Al+|B|=n)

Remark

Proof uses Gelfand—Graev action of S, on T*(SL,/U):
@ B/U acts freely on T*(SL,/U) with quotient g.
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Geometry of T*(SL,/U)

Theorem (S.)

For A, B C [n], set fap = [laca(xa — yb) € C[t xy/s, t]. Then
beB

e TXB/U] Clt xys, ]
C[T (SLa/U) ] ~ (fag: |Al+|B|=n)

Remark

Proof uses Gelfand—Graev action of S, on T*(SL,/U):
@ B/U acts freely on T*(SL,/U) with quotient g.
@ As a representation of B/U,

C[T*(SL./U) = €D T(s

aeAB/U
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Geometry of T*(SL,/U)

Theorem (S.)

For A, B C [n], set fap = [laca(xa — yb) € C[t xy/s, t]. Then
beB

e TXB/U] Clt xys, ]
C[T (SLa/U) ] ~ (fag: |Al+|B|=n)

Remark

Proof uses Gelfand—Graev action of S, on T*(SL,/U):
@ B/U acts freely on T*(SL,/U) with quotient g.
@ As a representation of B/ U,

C[T*(SL,/U)] = @ (g, O+
a€gy

o Gelfand-Graev supplies I'(g, O;(c)) = I (g, O3(wa)).
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Geometry of T*(SL,/U)

Theorem (S.)

For A, B C [n], set fap = [laca(xa — yb) € C[t xy/s, t]. Then
beB

e TXB/U] Clt xys, ]
C[T (SLa/U) ] ~ (fag: |Al+|B|=n)

Remark

Proof uses Gelfand—Graev action of S, on T*(SL,/U):
@ B/U acts freely on T*(SL,/U) with quotient g.
@ As a representation of B/ U,
CT GO~ @ GO
a€gy
o Gelfand-Graev supplies I'(g, O;(c)) = I (g, O3(wa)).
@ T*(SLn/U) is not Sp-invariant!
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Thank you!

Theorem (S.)
Surjectivity part of Hikita conjecture for X = NJjJ T :

C [Wrxs/u] _sol 1 </\///7//T> ‘

Theorem (S.)

Coordinate ring has an explicit description:

e Ty BV & Cltxys, 1 _
C |:T (SLH/U) :| — <fA,B: ‘A‘ + ‘B’ — n>v fA,B o= algq(xa Yb)
beB

Hope and dream

Show dim C[-] = dim H*(-), or compute anything...
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