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Outline

o Context: Flagged Schur modules M p, orthodontia, saturation, filtrations
@ Orthodontia formula for double Grothendieck polynomials &,

@ Application: Lascoux positivity

Goal: Analogue of Mp for &,,.
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Schubert polynomials

Definition
For w € S,,, the Schubert polynomial is:
S0 (x) = X1n_1X2n_2 e Xn—1 ?f w = wp
0i(Gus (%)) if £(w) < l(ws;),

where 0;(f) := X—l'f—_)f::jl'

The &, lift Schubert cycles [Xy]| € H*(F{(n)).
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Schur polynomials

Example
Schur polynomial sy := ch(V)) is &, for appropriate w = wj. J

ch(W) is the polynomial > dim(W,)x®, i.e. it records dims of weight spaces as coeffs.
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Schur polynomials

Example

Schur polynomial sy := ch(V)) is &, for appropriate w = wj. J

ch(W) is the polynomial > dim(W,)x®, i.e. it records dims of weight spaces as coeffs.

X X=Xl o Vae V=@V

intersection nos. «~  multiplicities of irreps

¢ “Littlewood—Richardson coefficients”

Central problem: Combinatorial formula for cy,?
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Diagrams

A diagram D is a collection of boxes, e.g.

Example
w ~> D(w) “Rothe diagram”
3
? 1
D(31542): B
4
I 2
y
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Flagged Schur modules

D~ Mp “flagged Schur module"

(representation of B := {upper triangular matrices} C GL,)

Theorem (Kraskiewicz—Pragacz '87)
The character ch(Mp(y)) is the Schubert polynomial &,,. J

(This extends [X,] e~ Vi; cf. [Watanabe '15].)
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%-avoiding diagrams

Definition (Reiner-Shimozono '98)

A diagram is %-avoiding if there is no instance of

-
-

Example

The Rothe diagram D(w) is %-avoiding for all w € S,,.

H
N R Ol =W

]
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Orthodontic sequence

Game
Start with %-avoiding diagram D.

o If there is an “up-justified” column f§ of D, remove it;

@ Otherwise, swap rows i and i + 1, where i = i1(D):
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Orthodontic sequence

Game

Start with %-avoiding diagram D.
o If there is an “up-justified” column [ of D, remove it;
o Otherwise, swap rows i and i + 1, where i = i1(D):

Let D; = leftmost nonempty column of D. The first missing tooth i1 (D) is
min{i: i ¢ Dj,i+ 1e DJ}

1 ,,,,,,,,,, | 2 2D | D
1

‘ H
S
I
S)
S
S
1
o
S
1
E

(11
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Orthodontia formula for flagged Schur modules

Theorem (Magyar '98, “orthodontia formula™)

e Every diagram which appears is again %-avoiding.
@ The empty diagram eventually appears.

o

‘Fﬂ
[
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Orthodontia formula for flagged Schur modules

Theorem (Magyar '98, “orthodontia formula™)
e Every diagram which appears is again %-avoiding.
@ The empty diagram eventually appears.

X1 ... X ch(MD\Dj) if 3D; = ! with i squares
e ch(Mp) =
mi(ch(Ms,p)) otherwise,

where i = i1(D) and m;(f) := 0;(x;f).

i Is

H
EEEEN
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Orthodontia formula for flagged Schur modules, Il

H
S
I
S)
S
S
1

Bs
S

30T

Bs

1

v D D\Dy
H: D 51D D~ D\ Dy
| |
n 1 1 1

Orthodontia computes &, = ch(Mpy,)), but using non-Rothe diagrams!
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Double Grothendieck polynomials

Definition
For w € S,,, the double Grothendieck polynomial is

Gu(xy) = Misj<n(i +y; = xiys)  ifw=wo
o 0i(®us(x:¥)) if £(w) < {(ws),

where 9;(f) := 0;((1 — xj41)f).

The &,,(x;y) lift structure sheaves [Ox, | € K3(F{5).
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Orthodontia for double Grothendieck polynomials

Goal
For %-avoiding D, define 9p so that 9p(,) = &uw(x;y). J

(No known analogue of Mp for &,,!)
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Orthodontia for double Grothendieck polynomials

Goal
For %-avoiding D, define 9p so that 9p(,) = &uw(x;y). J

(No known analogue of Mp for &,,!)

Theorem (S.-St. Dizier)
For %-avoiding D, define

[The1 (O + v — xkyj) - Yp\p, f3ID;= ! with i squares
Yp =

5i((Xi + Yy — Xiyj) ~gs,-D) otherwise,
where i=i1(D) and j:=k — #{¢ < i1(D): £ & Dy}. Then 9p(,)=Bw(x;y)

v
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Orthodontia for double Grothendieck polynomials, Il

Theorem (S.-St. Dizier)

For %-avoiding D, define
[The1 Ok + ¥ — xxy;) “Yp\p, fID;= ! with i squares

Yp =
0i((xi +y; — xiyj) - YsD) otherwise,

where i=i (D) and j:=k — #{¢ < i1(D): £ & Dy }. Then 9p(,) =B w(x;y)

1 ,,,,,,,,,, 2
[

v
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Orthodontia for double Grothendieck polynomials, Il

Theorem (S.-St. Dizier)

For %-avoiding D, define
[The1 Ok + ¥ — xxy;) “Yp\p, fID;= ! with i squares

Yp =
0i((xi +y; — xiyj) - YsD) otherwise,

where i=i (D) and j:=k — #{¢ < i1(D): £ & Dy }. Then 9p(,) =B w(x;y)

1

v

jH
T
e}
RS
]
1
1%
]
1
BE

D — 3
32(")’(2,1)) 33(")’(3,1)) :
XY (1,2XY (2,2)XY (3,2) :
I DeD\D, e

D 51D D D\ Dy

""""" - L

1 1

01(xy(1,3)) XY (1.4)
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Application: positivity results
Definition
For a € Z%, the key polynomial and Lascoux polynomial are:

() = xptooxgn ifap > > ap
Ti(ksa(X)) if @i < ajta,

b ifag > > ap

7'(','((1 = X,'+1) o ESia(x)) if a; < Qjy1-

La(x) = {
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Application: positivity results
Definition
For a € Z%, the key polynomial and Lascoux polynomial are:

() = xptooxgn ifap > > ap
Ti(ksa(X)) if @i < ajta,

b ifag > > ap

7'(','((1 = X,'+1) o ,QSia(x)) if a; < Qjy1-

La(x) = {

Theorem (Reiner-Shimozono '98)

For %-avoiding D, ch(Mp) is a Z>g-sum of k.

Idea.
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Application: positivity results
Definition
For a € Z%, the key polynomial and Lascoux polynomial are:

() = xptooxgn ifap > > ap
Ti(ksa(X)) if @i < ajta,

b ifag > > ap

7'(','((1 = X;+1) o SSia(x)) if a; < Qjy1-

La(x) = {

Theorem (Reiner-Shimozono '98)

For %-avoiding D, ch(Mp) is a Z>g-sum of k.

Idea.

Orthodontia: ch(Mp) can be obtained from 1 € C[x] by repeated
application of -xy ... x; and ;.
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Application: positivity results
Definition
For a € Z%, the key polynomial and Lascoux polynomial are:

a1

a(x) = xitooxgn o ifar > >,
Ti(ksa(X)) if @i < ajta,

b ifag > > ap

7'(','((1 = Xi+1) o 25,.a(x)) if a; < Qjy1-

La(x) = {

Theorem (Reiner-Shimozono '98)

For %-avoiding D, ch(Mp) is a Z>g-sum of k.

Idea.

Orthodontia: ch(Mp) can be obtained from 1 € C[x] by repeated
application of xj ...x; and 7;. Easy: 7i(ka) = Ko/-
[RS'98] proves xi ... Xjkq is k-positive. (“Pieri rule for k,") O
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A curious Lascoux positivity conjecture

Conjecture (S.=St. Dizier)

If D is %-avoiding, x| ... x095% (x; Y, ... xg Y —1,...,—1) is a graded
nonnegative sum of Lascoux polynomials.

Proof??

Linus Setiabrata Double orthodontia March 29, 2025 15/16



A curious Lascoux positivity conjecture

Conjecture (S.=St. Dizier)

If D is %-avoiding, x| ... x095% (x; Y, ... xg Y —1,...,—1) is a graded
nonnegative sum of Lascoux polynomials.

Proof??

Double orthodontia: x{'...x045% (x; %, ..., x; 5 —1,..., —1) is obtained
from the polynomial 1 € C|[x] by applying
o fi— 7T,'((1 — X,'.H)f),
o fFxy...xi(1—x41)...(1—xy)f.
Easy: mi((1 — xi+1)£a) = Lo
Enough to show: £4 - x1 ... xi(1 — Xxi11) . .. (1 — x,) is graded £-positive. <>,
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A curious Lascoux positivity conjecture

Conjecture (S.=St. Dizier)

If D is %-avoiding, x| ... x095% (x; Y, ... xg Y —1,...,—1) is a graded
nonnegative sum of Lascoux polynomials.

Proof??

Double orthodontia: x{'...x045% (x; %, ..., x; 5 —1,..., —1) is obtained
from the polynomial 1 € C|[x] by applying

o fr— 7T,'((1 = X,'_H)f),

() fr—>X1...X,'(1—X,'+1)...(1—X,,)f.

Easy: mi((1 — xi+1)£a) = Lo

Enough to show: £4 - x1 ... xi(1 — Xi11) ... (1 — x,) is graded £-positive.

Theorem (S.-St. Dizier)

Conjecture holds when columns of D can be ordered by inclusion.

v
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Thank you!

Theorem (S.=St. Dizier)
When D = D(w) is a Rothe diagram, 9p(,,) = &w(x;y).
402 0\0, Do Db
Dttt < | - | :
[ Yany 02(xy (2,1)) 03(xy(3.1)) ‘ ‘ W
XY (1,2)XY (2,2)XY (3,2)
I TS0 1 NN
Il
Dorab D= D\ Dy
51("3’(1,3))‘ XY (1,9) ‘

Theorem (S.=St. Dizier)

When the columns of D can be ordered by inclusion, the polynomial
X xR (x X Y —1, ..., —1) is graded £-positive.
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