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Notes by Linus Setiabrata
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1 Groups

1.1 Aug 24, 2018

This course has a blackboard page with some info on it. You can get some course details if you email
Prof Zywina. [There is some homework due every Friday.] The first one will be until September 7, so 14
days from now, and there will be a takehome final (namely, a big homework). There are some “interesting”
questions to justify not-having-a-midterm.

The main book is Dummit/Foote, but we won’t follow it exactly. There are also a bunch of other books
at blackboard that you can get.

This course is “very serious”. In particular, it’s not aimed at undergraduate students. This is a 2nd
course in abstract algebra. [You know: groups, rings, modules, fields.]

We have a TA who has office hours and does other TA things (the TA is Avery St. Dizier).

Group Actions

Let G be a group (multiplicative with 1). A (left) group action of G on a set X is a map G x X — X,
that is, (g, ) — g - = gz, such that

a) g1(g22) = (g192)x for g1,92 € G and z € X.

b) 1-z=uzforz e X.
For g € G, define the map ¢4: X — X given by « — gz. Using (a) and (b), we have
® Pgiga = Pg1 © Pgs
* v =idx

This defines a map ¢: G — Sx by g — ¢4. Here Sx is the group of permutations of X, which we
will sometimes denote Sx or Symy. One finds that ¢ is a homomorphism. Conversely, a homomorphism
G — Sx defines a group action (by g o := @4(x)). Sometimes this is useful for succinctness reasons.

Next semester we’ll replace Sx with Aut(V) (automorphisms of a vector space) when we do representa-
tions.

Remark 1.1.1. There are right actions (we defined left actions). You can guess what they’re going to be:
a) (291)g2 = (9192)
b) zl1 =x.

1

But the theories are the same because a right action gives rise to a left action by g * x := xg~".

Group actions are intimately linked with the structure of G (we’ll get to that on Monday).

The action of G on X (sometimes denoted by G @) X) breaks x up into orbits. Say = ~ y if = gy for
g € G. Observe that ~ is an equivalence relation:

o z ~ x (reflexive)
o r~y < y~ x (symmetric)
e r ~yand y ~ z implies x ~ z (transitive)

This equivalence relation breaks X into pieces (these are our orbits):


http://pi.math.cornell.edu/~avstdi/

Definition 1.1.2. The G-orbit (or just orbit, when the group is clear) of G on X containing z € X is
{lye X:x~y}t={gz: g € G} = G-z (sometimes called the equivalence class of X).

Definition 1.1.3. Let G\ X be the set of G-orbits in X.

x= 1] o,

0eG\X

We in fact have

that is, X is partitioned into disjoint orbits, and each O has a G-action.

Definition 1.1.4. We say G acts transitively on X if for any =,y € X, we have y = gz for some g € G.
Equivalently, G\ X has only one orbit.

Each G-orbit has a transitive G-action.

Example 1.1.5. Let X = G. Define the group action g *x x = grg~' (conjugation by g). Then ¢: G —

Aut(G@) C Sg. We will define Inn(G) := ¢(G) to be the inner automorphisms of G; it turns out Inn(G) <
Aut(G). We will define Out(G) := Aut(G)/Inn(G), and it turns out that

Out(S,) = 1 ifn#6
ut(S,) & .
Z/2Z ifn=6

In homework 2 we’ll construct an automorphism of Sg that is not given by conjugation.

Example 1.1.6. Let X = G. Define the group action g-x := g-x, ie. let G act on itself by left multiplication.
This gives an injective homomorphism G < S¢ (since it sends 1 to the identity in S¢g). This is a theorem
of Cayley: every finite group is isomorphic to a subgroup of S,, for some n.

Example 1.1.7. Let G = {z € C*: |2] =1} = ST and X = {z € C: |z| < 1}. Then G Q X by rotation.

Example 1.1.8. S, Q[n] := {1,2,...,n} which induces the homomorphism S, — S,; = S, (given by
idg,, ).

Example 1.1.9. Take a subgroup H of G. Then G acts by left multiplication on the cosets G/H = {gH: g €
G}. This will be a key example (and in his mind, the “only” example).

Groups act on many things (at least, they act on themselves, and in practice, they generally naturally
act on many other things). Group actions sometimes gives information about the group itself.

Definition 1.1.10. Take x € X. Define
Gy ={9€G: gx =z}
it is the stabilizer of x.

In fact, G, is a subgroup of G. Define a (surjective) map f: G — G -z via g — ¢ - x. Take g,h € G.
Then

fl9)=f(h) < gr=hx < (hlg)r=2 < hlge G, < gchG, — ¢G, =hG,

so the map f: G/G, — Gx given by gG, — gx is a bijection. Also, it respects G-actions: G acts on both
G/G; and Gz, and f(ga) = gf(a)[such maps are sometimes called “G-equivariant”]. So group actions and
subgroups are intimately linked. Next time we’ll explore the following;:

There is a correspondence
{transitive sets with a G-action}/isomorphism «+— {subgroups of G}/conjugacy

and if we can find interesting actions we can find interesting subgroups, and vice versa. So actions give you
a way of attacking group theory.



1.2  Aug 27, 2018

Last time:
Let G be a group acting on a set X (so think ¢: G — Sx).

For z € X, we defined
o G-x={gz: g € G}C X] “a G-orbit”
e G, ={g€qG: gxr =1} <G “stabilizer of 2"
We have a bijection
G/Gy = G-x
gG, — gz

that respects the G-actions.
The key example is G/H with H < G, and G acting by left multiplication. Then

Gun={9€G:g-aH =aH}
={g€G:a'gac H}

=aHa .

Assume X is finite and x1,...,x; are representatives of the G-orbits. Then

h

X =>1G - ai

i=1
because X is the disjoint union of the G - z;, and also

h

x| =[G : G

i=1
(and notice that the terms on the right side all divide |G]).

Example 1.2.1. Fix integers 0 < k < n. Say that

X = ([ZB = {AC[n]:={1,2,...,n}: |4 = k}.

Then G = S, acts on X transitively. Pick a representative (any element works, since the action is transitive),
say Ao = [k], then G4, = S[k] X S[n]\[k]~ Then

—ia. _ G _

“Not groundbreaking.”

Proposition 1.2.2. Let H be a subgroup of a finite group G. Suppose that |G : H| is equal to the smallest
prime p dividing |G|. Then H is a normal subgroup.

Proof. We have an action GQG/H, and p: G — Sx = S, (since |X| = [G : H] = p). Thus the first
isomorphism theorem gives
G/ ker(p) — S,

where the cardinality of G/ker(y) is not divisible by any ¢ < p [because |G/ker(y)| divides |G|, and |G|
is not divisible by any ¢ < pl], and |S,| = p! = p(p — 1)!. This implies that |G/ker(v)| € {1,p}. But



|G/ ker(¢)| # 1 because G acts on X transitively. So |G/ker(p)| = p. Notice that ker(p) consists of the
elements of G that act trivially on G/H, so ker(¢) C G1.y = H. Thus

index p

——

ker(p) CHC G

| ——
index p

so H = ker(p), which is normal in G. O

Proposition 1.2.3 (Burnside’s Lemma). Let G be a finite group acting on a finite set X. For g € G, define
X9:={zxeX:gx=uxa}. Then

1
G\ = g 31X

geG
Observe that the left side counts the number of G-orbits of X, whereas the right side counts the average
number of elements fized by g € G.

Proof. 1t suffices to prove this for each orbit of X. So G acts transitively, and without loss of generality

X =G/H.
S-Y S

geG g€G z€X
gr=x

= |X[|H| = |G/H|-|H| = |G|
where the fourth equality is true since G,z = aHa™!, and in particular |Gz | = |H]|. O

Corollary 1.2.4 (Jordan’s Lemma). Let G be a finite group acting transitively on a set X with |X| > 2.
Then there exists a g € G that fixes no points in X.

(Such g € G are sometimes called “derangements”)
Proof. Suppose not, so | X?| > 1 for all g € G. By Burnside,
1 1
= T T
Gl 7= Gl =%

but we have | X1!| = |X| > 2. O

Corollary 1.2.5 ([also] Jordan’s Lemma). Let G be a finite group. If H is a proper subgroup of G, then
then there is a conjugacy class C' of G such that

HnNnC =0.

Remark 1.2.6. This is false for infinite groups. Also, when Prof Zywina does Galois theory, this is what
he uses to show that a subgroup H < G is actually equal to G: he shows it hits every conjugacy class.

Proof of Corollary 1.2.5. There exists g € G that does not fix any points in X = G/H. This says that

gaH # aH fora e G

— a 'ga & H for a € G
= HNC =0,

where C is the conjugacy class of ¢ in G. O



p-groups

Fix a prime p.
Definition 1.2.7. A finite group is a p-group if its cardinality is a power of p.

Some examples include Z/p®*Z x - -+ x Z/p°"Z, and the matrix group

1 x %
{ 0 1 = }QGL;),(IFP),
0 0 1

which has order p3.

Remark 1.2.8. There are 49,487,365,422 groups of order 2'° up to isomorphism. Also, there are 11,759,892
groups of order < 210, It’s a folklore conjecture that “most” finite groups are 2-groups.

Proposition 1.2.9. Let G be a p-group acting on a finite set X. Define X¢ = {r € X: gx = 2,Yg € G}.
Then
1X| = X9 (mod p).

Remark 1.2.10. Usually | X | is mysterious and you use the proposition to show it’s not empty by counting
[ X1 (mod p).

Proof of Proposition 1.2.9. Take any G-orbit O C X\ X (notice that G Q) X\X%). Then
0= G2 =[G: G =p* (G is a p-group)
Notice that |O| > 1, and |O| =0 (mod p). We have
X\x%= || o,
OCX\XC

SO
X=X =1X\X% = Y [0/=0 (modp)
OCX\XC

O

Proposition 1.2.11 (Cauchy). Let G be a finite group and let p be a prime dividing |G|. Then G has an
element of order p.

Proof. Define
X:{(glv"'agp) e GP: g1...9p = 1}

and observe that Z/pZ Q X by [1] * (91,...,9p) = (gp, 91,-- -, gp—1) since

991 Gp—1=0p(g1---9p) g, ' = 1.
N——
=1

Then |X| = |Z/pZ[P =0 (mod p), and X%/PZ = {(g,...,g): g € G,g? = 1}. Then
{geG:g? =1} = |XZ/P2 = |X|=0 (mod p).

Since XZ/P% is nonempty (it contains (1,1,...,1)), there is g € G\{1} such that g? = 1. O



1.3 Aug 29, 2018
[There are Office Hours, on Thursdays at 12:30-2:30 in his office.]

Last time, we discussed:

Theorem 1.3.1 (Cauchy). For a finite group G and a prime p dividing |G|, there is a g € G of order p.
A major tool to prove this theorem is the following

Proposition 1.3.2. Let G be a p-group acting on a finite set X. Then |X| = |X | (mod p).

There are some generalizations of these, called the three Sylow Theorems.

Sylow Theorems
We begin with
Proposition 1.3.3 (Lagrange). Let H < G, where G is a finite group. Then |H| divides |G|.

The converse is false: given n > 1 dividing |G|, there need not be a subgroup H with |H| = n.

Anyways, fix a prime p. Let G be a finite group. Define

Definition 1.3.4. A p-Sylow subgroup (sometimes called a Sylow p-subgroup) of G is a subgroup H < G
such that H is a p-group and p{ [G : H]| (that is, if |G| = p®*m with p { m, then |H| = p®).

We fix the notation Syl,(G) to denote the set of p-Sylow subgroups.

Example 1.3.5. Say G = Z/NZ, where N = p*m with p {m. It has a p-Sylow subgroup (the one generated
by [m]). Alternatively, you can recall the Chinese Remainder Theorem, which asserts

Z/NZ = 7/p*Z x Z/mZ.
Example 1.3.6. Say G = GL,,(F,), the n x n invertible matrices with entries in F,,. Consider the p-group
1 % ...
0 1 ... =x
H= S ) <G
00 ... 1

and observe that
‘H| _ p1+2+~--+(n71) — pn(nfl)/Z

We can also compute #GL,(F,): observe that this is the number of bases of the F,, vector space [}, since
A € My(Fp) is invertible if and only if its columns form a basis of F};. But this is just

@ = D" = p)p" —p?)...(p" —p" ) =p V][ - 1)
=1

—_——
#0 (mod p)

so H is actually a p-Sylow subgroup.

There are three Sylow theorems; the first shows p-Sylow subgroups exist, the second tells you how to find
other ones given one, and the third gives a count on how many there are. We have the following:

Proposition 1.3.7. Let H be a subgroup of G. Suppose that G has a p-Sylow subgroup S. Then HN(gSg~1)
for some g € G is a p-Sylow subgroup of H. In particular, Syl,(G) # 0 = Syl,(H) # 0



Proof. Define X = G/S. The group G, and hence the subgroup H, acts on X by left multiplication. Now
take x := ¢S € X. What is H,7 Well,

H,=HNG,
=HnN(gSg™").
~——
p-group

We want to show that for some z € X, we have p{ [H : H,]. So suppose not, ie. p+ [H : H,] for all z € X.

Then
h

h
(X[ =) [Hxi|=)  [H:H,]
=0 (mod p)
where the x; represent the H-orbits in X. But now p divides |X| = |G/S| = [G : S], which can’t happen
since S € Syl,(G). O
Theorem 1.3.8 (Sylow I). Ewvery finite group has a p-Sylow subgroup, ie. Syl (G) # 0.

Proof. We want to embed G into a bigger group, which we know has p-Sylow subgroups (and then apply
Proposition 1.3.7). Cayley’s theorem says that G — S, for some n > 1. Furthermore, there is an injective
homomorphism

Sp = Auty, (F)) = GL,(F,)

given by S, QFy: fix a basis eq1,...,e, of F, and o(e;) = eyi)- Now we are done, because we showed
GL,,(F,) has a p-Sylow subgroup. O

Remark 1.3.9. This is a nonstandard proof; it’s not a bad idea to look at the book for the standard one
too. Prof Zywina mentioned that he got this proof from a class with Serre.

Now observe that if S € Syl (G), then gSg~' € Syl (G) for g € G, since conjugation doesn’t change the
cardinality of a group. The second Sylow theorem says that all p-Sylow subgroups arise in this manner:

Theorem 1.3.10 (Sylow II). The p-Sylow subgroups of G are conjugate to each other. Moreover, every
p-subgroup of G is contained in a p-Sylow subgroup.

(So the p-Sylow subgroups are those which are maximal with respect to cardinality, but Sylow II guar-
antees that they are those which are maximal with respect to inclusion.)

Proof. Fix S € Syl (G) (this uses Sylow I (Theorem 1.3.8)). Take any p-subgroup H C G. By Proposi-
tion 1.3.7 there is a g € G such that H N gSg~! is a p-Sylow subgroup of H. But H = H N gSg~! since H
is already a p-subgroup, so the unique p-Sylow subgroup is itself. Thus, H C gSg~' € Syl,(G).

Also, take any H € Syl,(G). Then H C gSg~' for some g € G. But they have the same cardinality for
some g € G, so H = gSg~1. O
Define n,(G) to be the number of p-Sylow subgroups.

Theorem 1.3.11 (Sylow III). We have ny(G) =1 (mod p) and n,(G) divides m, where |G| = p*m with
pfm.

We’ll prove this next lecture. For now, here’s an example of the power of this theorem:

Example 1.3.12. There is no simple group of order 200 = 23 - 52. Here’s a proof:

Sylow III (Theorem 1.3.11) says that ns(G) = 1 (mod 5) and n5(G) divides 8. Then n5(G) = 1 and
|S| = 25. So when you conjugate S with any element, you still have S, that is, gSg=! = S for all g € G, so
S is a nontrivial normal subgroup of G. Thus, G is not simple.



1.4 Aug 31, 2018

Last time:

Let G be a finite group and p be a prime. Denote by Syl,(G) to be the set of p-Sylow subgroups of G,
that is, a p-group H < G such that p{ [G : H]. We had three big theorems:

Theorem 1.4.1 (Sylow I). We have Syl (G) # 0.
Theorem 1.4.2 (Sylow II). The action of G on Syl,(G) by conjugation is transitive.

Theorem 1.4.3 (Sylow III, to be proven). Let n,(G) be the number of p-Sylow subgroups. Then n,(G) =1
(mod p) and ny(G)|m, where n = p*m and p{m.

As an application of the theorems, we have:

Example 1.4.4. Let G be a group of order pq with p, ¢ primes so that p < ¢ and ¢ Z 1 (mod p). Then G
is cyclic.

Proof. Recall (from Example 1.3.12) that if S € Syl,(G), we have n,(G) =1 <= S <JG. Let
ny :=n,(G) =1 (mod p)

and note that np|g. Since ¢ is prime we have n, =1 or n, = ¢. But ¢ #1 (mod p) so n, = 1. Let P be the
unique p-Sylow subgroup of G, so P < G.

Choose @ € Syl,(G). Notice that @ acts on P by conjugation, that is, there’s a map
¢ Q — Aut(P) = (Z/pZ)*

If ker o = 1, then |¢(Q)| = ¢q|p — 1, which contradicts p < ¢. So ¢ =1, ie. P and @ commute. This implies
that G is abelian of order pq. It follows that G is cyclic. O

Let’s now prove Sylow III.

Proof of Theorem 1.5.11. Recall that G acts transitively on Syl ,(G) via conjugation. Fix S € Syl,(G). Then
np(G) = #5y1,(G) =[G : G,

where Gg = {g € G: gSg~ = S} =: Ng(S) is the normalizer of S in G. In other words, n,(G) = [G :
Ng(9)]. Note that S C N¢(S). This implies that

n,(G) divides [G : Ng(S)][Na(S) : S] =[G : S] =m.

Also, observe that S acts on Syl (G) by conjugation. But n,(G) = #Syl,(G) = #Sylp(G)S (mod p), by
Proposition 1.2.9 (recall that Syl,(G)® = {S" € Syl,(G): gS'g~! = 5',Vg € 5}).

Fix an S" € Syl,(G) such that gS’g~' = S’ for all g € S. This is the same as saying S C Ng(S”). Also
note that S’ I Ng(S’) (so that n,(Ng(S")) = 1). So S,8" € Syl (Ng(S')), that is, S = S’. It follows that
the unique element in Syl (G)® is S itself (we fixed S” and showed it was S). In other words,

n,(G) = Sylp(G’)S =1 (mod p).

Now we can do something a little more serious.

10



Example 1.4.5. We will show that As is the only simple group of order 60.

Define X = Syl;(G), where G is simple of order 60. Then G acts by conjugation on X; it is transitive
by Sylow II (Theorem 1.3.10). This gives a map ¢: G — Sx. Let’s compute | X| = ns(G). By Sylow III
(Theorem 1.3.11), we have ns(G) =1 (mod 5) and ns(G) divides 12. So n5(G) =1 or n5(G) = 6, but G is
simple so ns5(G) = 6 (since ns(G) = 1 would imply that G has a normal subgroup of order 5).

Since G is simple, ker ¢ = 1 or G. But the action is transitive, so ker p # G. So kerp = 1, and G C Sg.
In fact, G C Ag, since G C Sg — {£1} is given by the sign map, and if G contains an element not in Ag,
the kernel of the sign map restricted to G would yield an index 2 normal subgroup.

Now recall that G acts on Ag/G by left multiplication (observe that |Ag/G| = 6). Note that G fixes 1-G.
So G acts on Y := (Ag/G)\{1 - G}, where |Y| = 5. Now we have

wiG—>Sy

and G simple implies that the kernel is trivial or G. We claim that the kernel is trivial:

Suppose not; let ker(1)) = G. So g-aG = aG for all a € Ag,g € G. So a"'ga € G for all a € Ag. This
means that G < Ag. But Ag is simple! So
w: G — Sy

So G C S5. As before, G C As, that is, G = As.

Remark 1.4.6. We don’t actually need that Ag is simple; we just need that Ag has no order 6 subgroups
(we won'’t prove this so we can end lecture on time). Later in the course we’ll meet the alternating groups
again, anyways.

11



1.5 Sep 5, 2018

[A reminder that homeworks are due on Friday]

Recall that G acts on itself by conjugation, which gives a homomorphism ¢: G — Aut(G) C Sg. The
image is denoted Inn(G), called the “inner automorphisms”. One can check Inn(G) < Aut(G):

Proof. Let f € Aut(G), and g € G. We want to show that fo¢(g)o f~! is an inner automorphism: indeed,
(foplg)of (@)= (fop(g)f™ (=)
= flofH(x)g™)
= f(g)=f(9)™"
= ¢(f(9))- =
Thus we can define Out(G) = Aut(G)/Inn(G).
Observe that G/Z(G) — Aut(G), where Z(G) = ker(p) = {x: xg = gxVg € G} is the center of G. We
have Z(G) < G. In fact, Z(G) is a characteristic subgroup of G:
Definition 1.5.1. Let H < G. We say H is characteristic if f(H) C H for all f € Aut(G).

Of course, H < G isnormal if f(H) C H for all f € Inn(G). Examples of characteristic subgroups include
H =1,H =G, and any H < Z/mZ. Maybe a more nontrivial characteristic subgroup is the commutator
subgroup of G, that is
[G,G] = {g 'h gh: g,h € G})
——

=[g,h]

Lemma 1.5.2. Let N <G. Then G/N is abelian if and only if N D [G,G]. In particular, G/|G, G| is the
largest abelian quotient of G.

Proof. The quotient G/N is abelian if and only if
gNhN = hNgN <= ¢ 'h™'ghe N < [G,G]C N. O
Proposition 1.5.3. Let G # 1 be a p-group. Then Z(G) # 1.

Proof. We have an action G Q X = G by conjugation. So |X| = |XY| (mod p) (this is Proposition 1.2.9).
In particular,
0=1G]=12(G)| (mod p)

so p divides |Z(G)|. O

Recall that a group G is simple if G # 1 and its only normal subgroups are 1 and G.

For example, Z/pZ is simple for p prime (Proposition 1.5.3 says that these are the only finite simple
p-groups). Also, A, is simple for n > 5, and so is

PSL,(K) := SLn(K)/Z(SLy(K)) = SLy(K)/{al: a € K*,a" = 1}

for n > 2, and K a field with |K| > 3 if n = 2 (and of course, SL,,(K) denotes n x n matrices with entries
in K and det = 1). Also, there are the sporadic groups (Monster, Baby Monster, ...).

Here’s some archaic terminology, (Prof Zywina prefers “filtrations”, or something):

Definition 1.5.4. A series of a group G is a sequence of subgroups

G=Gy>oGD---DG,=1

with G;4+1 normal in G;. The integer n is called the length of the series. Since the G; are normal, we can
consider the quotients Go/G1,...,Gp_1/G,. Such a series is a composition series of G if all these quotients
are simple.

12



Series always exist (take Gy = G,G1 = 1...), but it’s not clear that composition series always exist. In
fact, for infinite groups, this is not always true. But:

Lemma 1.5.5. FEvery finite group G has a composition series.

Proof. We induct on |G|. If |G| =1, then G = 1. Then it is true with n = 0.

Take G with |G| > 1 and assume the lemma is true for smaller groups. If G is simple then then we are
done. So assume G is not simple. Then there is a normal subgroup N < G, and can assume there is no
larger normal subgroup. By our choice of N, we have G/N is simple (otherwise, there would be a larger
normal subgroup of G). But |N| < |G|, so N has a composition series N = Ng D Ny--- D N, = 1. Then
G DN DNy D---D N, =1is a composition series of G. O

The integers Z do not have a composition series, so this lemma is false for infinite groups. This is because
nontrivial subgroups of Z are isomorphic to Z itself, and Z is not simple, so you could never end a chain.

Theorem 1.5.6 (Jordan-Holder). Let G = Gg D G1 D --- D G, =1 be a composition series of a group G.
Then the simple quotients Go/G1,G1/Ga,...,Gn_1/Gy are unique up to isomorphism and reordering (i.e.,
regardless of the choice of composition series), counted with multiplicities. The length does not depend on
the composition series either.

This is really powerful. As an example, consider G = Z/6Z and observe that
Z/6Z =Gy DG =(2)DGy=1
induces Go/G1 2 Z/27 and G1/Gs = 7 /3Z, whereas
Z/6Z=Gy DG =(3)DGy=1
induces Go/G1 =2 Z/3Z and G1/Ge = 7 /2.

Example 1.5.7. Consider G = S;. Notice that S,, D A4,, D 1 (recall that A,, is simple so this is a composition
series). But there is no N <.5,, such that S,,/N = A,, and N = Z/2Z. This is because 4,, acts by conjugation
on N = 7Z/27 so A,, commutes with N, which implies Z(A,,) # 1 (which is false, apparently!).

Example 1.5.8. Let |G| = 1024. The quotients that appear in the composition series are just Z/2Z, since
all quotients that would appear are 2-groups, so if they were simple they would have to be Z/2Z.

13



1.6 Sep 7, 2018

[The new homework is up.]
Last time, we stated a very miraculous theorem. Recall:

A composition series for a group G is a series

G=Gy>oG1D---DG,=1

where G471 is normal in G;, and G;/G;+; are simple. In general, groups don’t have composition series, but
finite groups do. There may be multiple composition series; last class we saw the following (miraculous)
theorem:

Theorem 1.6.1 (Jordan-Hoélder). Take any composition series as above. Then the simple groups
Go/G1,...,Gn1/Gy
depend only on G up to isomorphism and reordering.

As a remark, this theorem also holds for infinite groups which have a composition series. We defined the
length of G, denoted by ¢(G) := n, and define £(G) = oo if G does not have a composition series.

Example 1.6.2. Fix an integer m > 2. Consider G = Z/mZ. Factor m = p; ...p, into primes. We have
the composition series

Z/mZ D> p1Z)mZ D p1p2Z/mZ D - Dp1...pr L/mZ =0
——
which gives quotients Z/p1Z, Z/p2Z, . . ., Z/p,Z with cardinalities p1,...,p,. Jordan-Holder says that these

primes are unique up to reordering; the uniqueness amounts to the Fundamental Theorem of Arithmetic.

Let’s prove Jordan-H(Theorem 1.5.6)

Proof. Take any simple group S. Define the number e(G, G,, S) to be the number of factors G;/G;1 with
0 < i < n that are isomorphic to S. We need to show that e(G,G,,S) does not depend on G,. We prove
this by induction on n.

The n = 0 case is easy: we have G = Gy = 1 and hence e(G,G,, S) = 0. So assume n > 1, and that the
theorem is known for composition series of length strictly less than n. If G is simple, then G = Gy D G; =1
and e(G,G,,S) = 1if S = G and 0 otherwise. If G is not simple, then it has a normal subgroup N. For
0 <i < n, define N; := N N G; and observe that we have the chain of inclusions

N=Ny2N;2---2N,=1

which is not necessarily a composition series. Similarly, for 0 < ¢ < n, define (G/N); := G;N/N, and
similarly observe that we have the chain of inclusions

G/N = (G/N)o 2 (G/N)1 2+ 2 (G/N)n = 1.

This gives short exact sequences

which in turn give short exact sequences (“this is a good exercise to check if you know your isomorphism
theorems well”)

1 —— Ni/Ni+1 — Gi/Gi+1 e (G/N)l/(G/N)Hl — 1.

14



Since G;/G;41 is simple, exactly one of N;/N;;1, and (G/N);/(G/N);+1 is simple and isomorphic to
G;/Gi41, and the other is 1. So we have

e(G, G, S) = e(N, N, S) + e(G/N, (G/N)a, ),

where we abuse notation a little because N, and (G/N)e are not composition series, but they still mean
what they should mean (number of quotients which are isomorphic to S). We want to show that both these
numbers are strictly less than e(G, G,, S), so that we can apply the induction hypothesis.

The quotient N;/N;41 is simple or equal to 1 for all 0 < i < n. In fact, N;/N;y1 =1 for some 0 < i <n
(otherwise, we have (G/N); = (G/N);+1 and we get G/N = (G/N)g = --+- = (G/N),, = 1, which implies
G = N). So we can obtain a composition series of length strictly less than n by removing some N;. The
inductive hypothesis implies e(N, N,, S) depends only on N and S. Similarly, (G/N); = (G/N);41 for some
i (otherwise, N; = N;j4q for all0 < i <n,so N =Ny =---= N, =1implies N = 1), so e(G/N, (G/N).,S)
depends only on G/N and S. So since

e(G,G,.,S) =e(N,N,,S)+e(G/N,(G/N).,S),
we conclude that e(G, G, S) depends on N,G/N, and S (and not G,). O

Remark 1.6.3. In the proof, we actually showed that for N < G, we have {(G) = ¢(N) + ¢(G/N). This is
true when G doesn’t even have a composition series (so if G doesn’t have a composition series, then either
N or G/N doesn’t have one!)

Remark 1.6.4. There is a Holder program for classifying finite groups. It has two ridiculously hard steps.
The idea is:

1. Classify finite simple groups

2. Find all ways to “put simple groups together”.

Composition series are related to the second part, i.e. the study of how can we put simple groups together.

Part 1 was solved* in the ’80s. Maybe not everything was published and some people are still reproving
things. There are:

e Infinite families: Z/pZ, A,,, for n > 5
e 16 families of Lie types (such as PSL, (F,) = SL,,(F,)/Z(SL,(F,)), for n > 2 and ¢ > 3 if n = 2).

e 26 sporadic groups (Monster, Baby Monster, Thompson, Janko,...)

There’s some overlap in these families. For example PSLs(Fy) and PSLo(F5) are simple of order 60, so
they’re both isomorphic to As.
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1.7 Sep 10, 2018

Today, we're going to show A,, is simple for n > 5. We're going to prove this by induction; the base case
was the homework. There are a lot of proofs of this; this will be one that is hopefully not “magical” (that
is, we won’t have to appeal to any random facts about cycles)

Definition 1.7.1. Fix n > 1. A group G acts n-transitively on a set X if |X| > n and G acts transitively
on {(z1,...,2,): x; € X distinct}, where g - (z1,...,2,) = (921, ..., 9Tn).

For example, S,, acts n-transitively on [n] = {1,2,...,n}. A slightly less trivial example is the following:

Example 1.7.2. The gorup A,, acts (n — 2)-transitively on [n]. Indeed, pick distinct aq,...,a,—2 € [n] and
distinct by,...,b,—2 € [n]. There are two o € S, such that o(a;) = b; for 1 < i < n — 2; they differ by a
transposition. So one of the ¢ is in A,,.

Note that if o is n-transitive, then it’s k-transitive for 1 < k < n.

Lemma 1.7.3. Let G be a group acting 2-transitively on X. Then G, (the stabilizer of x € X ) is a mazimal
subgroup of G for any x.

This will be a nice way of generating large subgroups.

Proof. If not, then G, < M < G for some M. Recall that there is a natural bijection G/G, — X.

G/Gy= || {rk:keG/GrrCC}

CeG/M

so that
xX= || Xc
ceG/M
where [G : M] > 1, and | X¢| = [M : G;] > 1. Furthermore, G permutes the X¢ amongst themselves. Here
Xc denotes the image of {k: kK € G/G,,k C C} under the bijection G/G, — X.

This will contradict 2-transitivity on G Q X: take distinct x1, x5 in the same X and distinct y1, y2 not
in the same set X¢. There is no ¢ such that gzr; = y; and gzrs = yo. Otherwise, G does not permute
{Xc}. O

We now prove A, is simple. “It’s not an easy proof”.
Theorem 1.7.4. The group A,, is simple for n > 5.

Proof. Let n > 6 and assume that A,_; is simple. By abuse of notation, we identify A, _; with a subgroup
of A, in the following way: for a ¢ € A, _1, define 7 € A, by 7(i) = 0(i) for i < n —1, and 7(n) = n.
In his notation, A,_1 = (A,), = {0 € A,: o(n) = n}, that is, it’s the stabilizer of n € [n] under the ac-
tion A, Q [n]. Note that A, acts 2-transitively on [n], so A,_1 C A, is a maximal subgroup, by Lemma 1.7.3.

Suppose N # 1 is a normal subgroup of A,,. We need to show that N = A,,. Consider NNA,,_1 <A, _;.
Since A,,_1 is simple we have NN A,_1 =1 or A,,_1. We have two cases:

Case 1. We have NNA,,_1 = A,_1. Since A,,_; is maximal either N = A,, (and we’re done) or N = A,,_;.
But A,,_1 is not normal in A,: conjugate any element by the transposition (1,7) and we no longer fix n, so
we’re not in A, _1.

Case 2. We have N N A,,_1 = 1. So the only element of N that fixes n is the identity. Thus, observe
N-A, 1 DA, 1,since N#1and NNA,_1 =1; since A,_1 is maximal we have N - A, 1 = A,,. We
conclude |N| = n, e.g. because there is a surjective map A,_; — A,_1 - N/N = A,,/N, whose kernel is
NN A, =1. Consider the map ¢: N — [n] which sends g — ¢ -n. We claim that ¢ is bijective: There
is o € A, so that o(n) = 4, and since A, = N - A,,_1 we can decompose o = gh for g € N,h € A,,_1, so
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t=o0(n) = g(h(n)) = g(n) so that ¢ is surjective.

We claim that ¢ is A, _;-equivariant, where A,,_; Q N by conjugation and A4,,_1 Q [n] as usual (i.e., “these
actions are compatible”). That is, we should show that for any g € N, h € A,,_1, we have p(hgh™') = h-¢(g).
But

o(hgh™) = hgh™ -n = hg - n,

since h~! € A,,_1. Notice also that h - ¢(g) = h(g-n), so that p(hgh™) = h - ¢(g).
By factoring through ¢, we get an action A,,_1 Q N — {1} by conjugation that is 3-transitive (using the

fact that A,_1 Q[n — 1] is (n — 3)-transitive). So Aut(N) acts 3-transitively on N — {1} and |[N| =n > 6.
This will prove to be too good to be true:

Lemma 1.7.5. There is no finite group G with |G| > 5 such that Aut(G) acts 3-transitively on G — {1}.

Proof. Suppose G exists. Then all ¢ € G — {1} have the same order, since Aut(G) preserves order. The
order must be a prime p, by Proposition 1.2.11.

As always, suppose first that p > 2. Since |G| > 5, there is z € G — {1}, and y € G — {1,x,27'}.
We have two pairs (x,27!) and (z,y). There is no f € Aut(G) such that f(z) = z and f(z~!) = y, since
1= f(zz~!) =2y but y # 7. So G QX is not 2-transitive. On the other hand, if p = 2, then G is abelian
(for a,b € G, we have ab = a=*b~1 = (ba)~! = ba). So G = F} with r > 3. Then Aut(G) = GL,(F2). One
can check that GL,(F3) QF; — {0} is not 3-transitive. O

This proves that A, is simple for n > 5. O
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1.8 Sep 12, 2018
Let K be a field, and n > 2. Recall that
PSL,(K) :=SL,,(K)/Z(SL,,(K)) = SL,(K)/{al: a" = 1}.

We're going to prove today that PSL,,(K) is simple for all n > 2 and fields K, where |K| > 2 if n = 2. The
techniques we use for this group will apply to the groups of Lie type, so except for the sporadic groups we’ll
have everything. Note that PSLy(F2) & S5 and PSLy(F3) = Ay.

Here’s a theorem, due to Iwasawa:
Theorem 1.8.1. Let G be a group acting 2-transitively on a set X. Suppose that:
a) G is “perfect”, that is, G has no nontrivial abelian quotients (equivalently, we have G =[G, G]).
b) for some x € X, the stabilizer G, has a normal subgroup A that is abelian and UyecgAg™' generate G.
Then G/H is simple, where H is the kernel of the action of G QX

(Recall that G Q X gives ¢: G — Sx; the kernel of the action is H.)
The conditions seem very restrictive, but it apparently applies to most of the groups of Lie type. In our
case, GG is SL,; this is easier to work with.

Proof. Take a normal subgroup N of G, with N 2 H. We need to show that N = G, since G/H is simple if
and only if G has no normal subgroup containing H except H and G.

Take z € X. Define M := G,; it is a maximal subgroup of G (this was proven in Lemma 1.7.3; we
used G Q X is 2-transitive). So M = G, D H, because elements of H fix all elements (it’s the kernel of the
action), whereas elements of G, fix only x. Since M is maximal, N - M is equal to M or G.

Suppose that N-M = M, i.e. that N C M. Take g € G and n € N; since N <G we have g~ 'ng € N C M.
Son-gM = gM, that is, n fixes G/M = G/G, = X, son € H. But this says N C H, even though we
assumed N D H.

So G =N - M. Define G := G/N. Let A be the image of A in G. The homomorphism
M<G—G

is surjective because G = NN - M. Observe that we're trying to show that G is trivial; we showed that it’s a
quotient of M. Note that A <G, since A <M and M — G. Because UgeggAg~! generates G, we conclude
that UgeégAg_1 generate G.

So A = G, because Ugeég/igfl C A (we have A is normal), and G = (Ugeégflgfw C A. This means
that G is abelian. But G is perfect, so if G= G/N is abelian we must have G/N =1, that is, N=G. O

Example 1.8.2. Let G = SL,(K), where K is a field, n > 2, and |K| > 3 when n = 2. Observe that G
acts on X = {1-dimensional subspaces of K™}; we chose this action so that the kernel is H = {al: a" =
I} = Z(SL,(K)). Sometimes X is denoted P*"~!(K), called projective space. Indeed, G/H = PSL,, (K). We
want to apply Theorem 1.8.1.

We should verify that G Q X is 2-transitive. The idea is the following: given a basis vy, ..., v, of K™ and
wi, ..., w, of K™ there is a B € SL, (K) such that Bv; = wy, ..., Bv, = cw,, where ¢ € K*.

We should also verify that condition b) holds. Indeed, take z := K - e; € X, so that z = (*,0,...,0).
Now

a * N *
0 b .o by

G, = ) . ) . cae KX beGL,_1(K),adet B=1
0 bpn-n1 -+ bm-1)(n-1)
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has a normal subgroup

a *x ... *

01 ... 0
I

0 0 ... 1

which is abelian. Now for 1 < ¢,j < n distinct, let E; ; € M, (K) with 1 at the (¢, j)th coordinate and 0
elsewhere. Then note that I + cE; ; € SL,(K) for any ¢ € K, and it is conjugate in SL,,(K) to an element
in A.

Observe that SL,,(K) is generated by such I + cE; ;, for 1 < ,j < n distinct, and ¢ € K. The idea is
the following: Multiplying by I + cF; ; is doing an elementary row operation, that is, adding c times row j
and leaving other rows the same. Any B € SL,,(K) can be put in the form I using these operations.

We should also verify that condition a) holds. Indeed, it suffices to show that I 4+ cFE; ; are commutators:
since they generate SL,, (K), this will imply that G = [G, G]. The idea is as follows. If n > 3, then

1 ¢ 0 10 ¢l [t oo
010:[010,010
0 0 1 001 [01 1

and if n = 2 then

R A

where we note that —b(a? — 1) can be anything in K if a ¢ {0,1, —1}, which holds since |K| > 3.

—_
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1.9 Sep 14, 2018

We'll begin by talking about a concept that’s falling out of fashion; they’re not really in the newer books.
We'll talk about groups with operators. The idea is to generalize group theory in the following way. Begin
by fixing a set Q.

Definition 1.9.1. An Q-group (or a group with operator set ) is a group (G, -) such that for all z € Q
and g € G, we have a g* € G satistying (gh)* = g*h® for all g,h € G.

So if Q = (), then we just have a usual group, and we could redo group theory!
Definition 1.9.2. An Q-subgroup H of G is a subgroup stable under the Q-action.

For a normal Q-subgroup N < G, we have that G/N is an Q-group, given by (¢N)* = g*N.
Definition 1.9.3. G # 1 is a simple Q-group if it has no normal Q-subgroups.

And you say “hey, most of this still works”. For eample, the Jordan-Ho6lder theorem works with Q-groups.
Let’s look at an example that’s not Q # (.

Example 1.9.4. Let R be a commutative ring. Then an R-module M is an “R-group”: for a € R,m € M,
define m® := am. An R-subgroup is just a submodule, and so on. We say an R-module M = 0 is simple if
the only submodules are 0 and itself. With this, we get a Jordan-Hélder theorem. In particular:

A composition series for an R-module M is a chain of submodules
M=MycM, C---CM,=0

such that M;/M;; are simple for all 0 < i < n. So Jordan-Holder says that up to reordering and isomor-
phism, the simple R-modules
MO/Mi7 s 7Mn—1/Mn

are independent of composition series. The length of M is defined to be ¢(M) := n.

This is somewhat important in algebraic geometry, when one tries to figure out intersection properties;
it’s sometimes a good generalization of dimension (when R = K is a field then it is exactly the dimension of
the vector space).

Okay, let’s move on.

Solvable Groups

Let G be a group, and recall [G, G], called the commutator subgroup of G, denotes the subgroup of G
generated by commutators [g, h] = g~ th~1gh. We showed that [G,G] is characteristic subgroup of G. We
also saw that G/[G, G] is the (unique) largest abelian quotient of G, which shouldn’t be too surprising.

Let GO = @, and G = [G,G] =[G, G®)]. Inductively, define GO+ = [G0) G], so that
GYoaWoa®o. ...

We say that G is solvable if G™ = 1 for some n > 0. The British call these soluble groups. The smallest
such n > 0 is called the derived length.

For example, when G is abelian, then [G,G] = G(M) = 1, and in fact, G is abelian if and only if its derived
length is 1.
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Example 1.9.5. Let

_ a bl . %
G{[O 1].a€R,b€R}

[G,G}:{Ll) ﬂ :beR}gR

a b .

0 1 a.
Observe that [G,G] is abelian and so is G/[G, G], but G itself is not abelian. This will come up again later.
The group G is solvable, with derived length 2.

and observe that

so that G/[G, G] = R*, given by

Some nonexamples include A5 = [As, As], and more generally perfect groups, and also S5. Sometimes
infinite groups G are also not solvable even though GU+1) ¢ G for all i. We have the following lemma:

Lemma 1.9.6. The group G is solvable if and only if G = Gy 2 G1 2 -+- D G, = 1 is a series with G;/G41
abelian.

Proof. The forwards direction is easy: define G; := G¥); recall that
Go2G12---2 Gy =1
—
—am
for n large enough; we have GV /G(+1D) = GO /|G G(?] is abelian, as desired.
For the backwards direction, we claim that GV C Gj; roughly, at each step G; removes something so
that the quotient is abelian, whereas G() removes the largest thing possible so that the quotient is abelian.

We will prove this claim by induction. For i = 0, of course we have G(©) = G = Gy, we are done. Suppose
that G C G, for i > 0. Then

G =[G, D] C [Gy, Gi] C Gisr.

Lemma 1.9.7. Suppose GG is solvable.
1. Any subgroup of G is solvable.
2. Any quotient of G is solvable.

Proof. For part i), we take H < G. Note that H®) C G for all 4, so eventually H is trivial. This also
implies that the derived length of H is at most the derived length of G.

For part ii), we take N < G. Note that
(G/N)D) = GON/N
for i > 0. Then G = 1 implies (G/N)™ = 1, so G/N is solvable. O

Proposition 1.9.8. Fiz a group G. Let N be a normal subgroup. Then G is solvable if and only if N and
G/N are solvable.

Remark 1.9.9. Recall Example 1.9.5, which says that Proposition 1.9.8 is not true if we replace “solvable”
with “abelian”; this makes proving things about solvable groups with induction much easier. Solvable groups
are the smallest class of groups with this property.

Proof. The forward direction is just Lemma 1.9.7. For the backwards direction recall that (G/N)(® =
GWN/N. So for n large enough, (G/N)™ =1, so G C N, and for m large enough, N(™ = 1. Then
Gmtn) — (g))(m) € N = 1) that is, G is solvable. O
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1.10 Sep 17, 2018

Last time, we defined solvable groups:

The group G is solvable if and only if there exists a series
G=Gy2G12---2G,=0
such that G,+1 < G; and G;/G,41 is abelian.
It suffices to consider G, where G(©) := G and G*+D = [G(k), G(k)], for £ > 0. Solvable groups had

some nice properties: subgroups and quotients of solvable groups are solvable. Also, if N <G, then G is solv-
able if and only if N and G/N are solvable. This should be thought of as the key property of solvable groups.

Historical Aside

Consider an irreducible polynomial f € Q[z]. What are its roots?

For example, when f = ax? + bz + ¢ with a # 0, then

. —b+Vb? — dac
- 2a '

Can we find similar solutions to other polynomials, where “similar” means “in terms of radicals”? This
motivates the following definition:

Definition 1.10.1. We say f is solvable in radicals if its roots are in a finite extension L/Q, with L C C,
and L = Q(ay,...,a,) such that o € Q(av,..., ;1) for i = 1,...,n for some n; > 1.

As an example, Q(\/i, V3 + \/5) is a field that satisfies the above conditions.
Example 1.10.2. Let f =a2* + 23+ 22 + 2+ 1= % One solution is 2 = €27/ that is,

Vs o1 1/ /5 5 5 V5.
x—(2‘4>+2( TR 4‘2>’~
So f is solvable in radicals.

Let K C C be the extension of QQ generated by the roots of f.

Definition 1.10.3. The Galois group of f is G := Aut(K), that is, the group of field automorphisms of K.
That is, if aq,...,aq € C are the roots of f, then we get a homomorphism

p: G—= 5y
given by o(a;) = ay(s).i-
We have
Theorem 1.10.4. The polynomial f is solvable in radicals if and only if G = Aut(K) is solvable.

For example, if f = 2% + 2% + 22 + 2 + 1 then G = (Z/5Z)* (because elements o of G correspond to
integers a € (Z/5Z)*, where the correspondence comes from o (/%) = ¢27ia/5),

As another example, if d = deg f < 4, then G — S, where Sy is solvable (for d < 4). So G is solvable
because it is a subgroup, and so f is solvable in radicals.

Finally, if f = 2% — 2 — 1, then G = S5, which is not solvable, so f is not solvable in radicals.
This is foreshadowing; we’ll see more of this in 6320, and more of field theory in 6310.

By the way, we have two major results on solvable groups:
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Theorem 1.10.5 (Burnside). If |G| = p®¢®, for p,q prime, then G is solvable.
The proof isn’t so bad, it’s in Dummit/Foote, but one needs some representation theory to do it.
Theorem 1.10.6 (Feit-Thompson). If |G| is odd, then G is solvable.

The proof of this one lasts more than 250 pages. It was a pivotal first step in the classification of finite
simple groups.

Let’s reset.

Nilpotent Groups
We begin with a definition:

Definition 1.10.7. The lower central series of G is the series defined by

C'G:=G,C G =[G, Cq)
for ¢ > 0.

We should observe that
G=C'GDoC'GD---DC"GD...

The book apparently uses G*, and the previous professor of this class used Gl; we’ll use C?, where C is the
“central” in “lower central series”.

Definition 1.10.8. We say G is nilpotent if C"G = 1 for some n > 0. The number n is the nilpotency class.
As an example, if G is abelian, then C'G = [G,G] = 1.
Proposition 1.10.9. If G is nilpotent, then G is solvable.

Proof. Just observe that ' _ _ _
c'G/Cc G = C'G/G, C'qY,

but also notice that [G, C'G] 2 [C'G, C'G], so the quotient is abelian (see Lemma 1.5.2). O

Definition 1.10.10. We say G is a central extension of a group I" by an abelian group A if there is an exact
sequence

1 A G r 1

with A C Z(G).

Proposition 1.10.11. The group G is nilpotent of nilpotency class at most n if and only if G is a central
extension of a nilpotent group I' of nilpotency class at most n — 1.

The idea is that this proposition gives us a way to induct (similar to the case of solvable groups). Let’s
prove this:

Proof. Let’s first prove the forward direction: we have C"G = 1, so C""1G C Z(G) since [G,C" 1G] =
C"G = 1: recall that by definition [G,C" 1G] = (g~ h~1gh) for g € G,h € C"1G and g~ h~'gh = 1; this
says gh = hg and so h € Z(G).

So we define
A=C"lq, T=aG/A

and since

1 A G r 1
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is a short exact sequence, we have C"~!T' = A/A =1 C T, so I is nilpotent, with nilpotency class at most
n — 1.

Conversely, if we have a short exact sequence

1 A G r 1
such that C"~'T" = 1, then C"7!G C A and C"G = [G,C" 1G] C [G,A] = 1 since A C Z(G). So G is
nilpotent of nilpotency class at most n. O

We get a different way of building up groups: if we considered short exact sequences

1 A G r 1

with A < G and solvable, then G itself was solvable; if now we insist that A < G is abelian, then the G we
construct will be nilpotent.

Example 1.10.12. Let G be a p-group. We claim that G is nilpotent.

Proof. We'll induct on |G|. For the base case, we have |G| = 1, which is nilpotent. We want to find subgroups
of the center, but we showed that p-groups have nontrivial center (in fact, we showed that p divides Z(G),
see Proposition 1.5.3).

Suppose G # 1 and smaller p-groups are nilpotent. Also, Z(G) <G, so we have that G/Z(G) is nilpotent
(by the inductive hypothesis).

1— Z(G) — G — G/Z(G) —— 1
O

Next time we’ll talk about some of the key properties of nilpotent groups and begin finishing up group
theory.
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1.11 Sep 19, 2018

Today, we’ll talk just a little bit more about nilpotent groups and then we’ll move on.

Recall that we had an exact sequence

1 N G G/N — 1

and that if N and G/N are solvable, then G itself was also solvable. Also, all abelian groups are solvable.
“These are basically what solvable groups are”: you start with abelian groups and build up, that is, you can
deconstruct solvable groups into abelian groups.

We also had nilpotent groups, which are what you get when the exact sequences above are more restricted.
That is, we talked about central extensions

1 A G r 1

where A C Z(G). We have that abelian groups are nilpotent, and if T' is nilpotent, then so is G. In this
setup it’s clear that nilpotent groups are solvable.

These families of groups are nice for inductive proofs. Here’s an example:
Proposition 1.11.1. Let G be nilpotent, and H < G a proper subgroup. Then H C Ng(H).
As an example of the power of this, this implies that maximal subgroups are normal.

Proof. We induct on the nilpotency class n of G (recall we had the sequence C°G = G and C*T1G = [G, C'G],
and n is the smallest integer such that C"G = 1). If n = 0 then G = 1, so it’s vacuously true. For n = 1,
then G is abelian, which means Ng(H) = G, as desired. Now we can do the inductive step.

Let A = Z(G). Last time we showed that G/Z(G) = G/A is nilpotent with nilpotency class at most
n — 1. We have two cases:

If AC H then H/A < G/A; the inductive hypothesis says that
H/A C Ngja(H/A) = Ne(H)/A
where the equality follows because A C H. So this implies H C Ng(H), as desired.

If AZ H, then A= Z(G) C Ng(H), and so N¢(H) 2 H. O
There is the following result, which is not so nice to present:
Theorem 1.11.2. Let G be a finite group. The following are equivalent:
1. G is nilpotent
2. G is a product of p-groups for some primes p (you can have different primes appearing)
3. For every prime p, G has a unique p-Sylow subgroup

4. Any two elements of G of relatively prime order commudte.

Remark 1.11.3. It’s not hard to show that the product of two nilpotent groups is nilpotent, and last time
we showed that p-groups are nilpotent. So 2 is not so hard, and 3 is not so hard either (the p-Sylow subgroup
is the product of the p-groups for a fixed p).

Remark 1.11.4. Number theory is full of theorems where one “fights their way up” from abelian groups
to nilpotent /solvable groups. Often the abelian case is well understood and the nonabelian case is harder,
but you can scrape the abelian things together and say something about the nonabelian things.
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Free Groups

Fix a set S. We will define a group Fs and a map i: .S — Fg. Intuitively, S is a set of generators for Fg
with no relations except those imposed by the group axioms (so for example, ac = abb~!c is imposed by the
group axiom, but ab = ba is not). We will prove:

Theorem 1.11.5 (Universal property of free groups). For any map ¢: S — G, where G is a group, then
there is a unique group homomorphism ®: Fs — G such that ® oi = @, that is,

S ‘% FS
X EX
G

commutes.

Remark 1.11.6. Suppose there is ¢': S — F§ has the same property. Then the universal property for Fg
and again for Fg/ gives

We claim that f and g are inverses. Indeed,

S — Fg
N
Fs

commutes, but uniqueness of the homomorphism says that g o f = idp,. For exactly the same reason,
fog=idp,. So the moral is that Fyg is determined (with i: S < Fs up to natural isomorphism).

Let us construct Fg. We first choose a set S~! such that it is that is disjoint from S and that there is
a bijection S — S~ given by s+ s7!, and s7! <+ 5. (this are just some symbols, this isn’t a group yet).
Let T = S U S~ which you can think of T = {(s,4): s € S,i € {&1}}.

A word in T is a finite sequence w = (ay,...,ay,) with a,, € T. Alternatively, we can concatenate these
to form some string a; . ..a,. The word is reduced if a; 1 # a;l for all 4.

Let Fs be the set of all reduced words in T, with the following group structure (a; ...a,) - (b1 ...by) is

the reduced word of the concatenation a; ...ay,b; ...b,,. There are things to check: associativity is pedantic,

the identity is the empty word (which we still denote by 1), and the inverse of a; ...a, is a;'... afl.

Also, i: S — Fg is the inclusion s — s. Now the universal property holds if we define ® to be the map
D(al'...al) = p(a1)® - p(an)°". Here are some results about free groups:

1. Up to isomorphism, Fs depends only on the cardinality of S (will be on the next homework).

2. (Nielsen-Schreier) A subgroup of a free group is free.

The second result is not as easy as one might expect: for |S| = 2, we have [Fg, Fs] = Fg with S’ infinite.
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1.12 Sep 21, 2018

Last time, we fixed a set S and constructed a free group Fg with S C Fg generating the group. The
main property was that any map ¢: S — G extends to a unique homomorphism ®: Fg — G.

Consider the wedge of n circles, as a topological space its fundamental group is 71 (X, P) = F,) [here
[n] = {1,2,...,n}], so sometimes one can use algebraic topology to understand free groups (see Nielsen-
Schreier; the proof uses algebraic topology).

Presentations
[Prof Zywina thought that the previous 6310 had group presentations, and then realized that they were

talking about presentations of groups.]

Let S be a set, and consider again Fg the free group on S generators. Let R be a set of words in SUS™1,
and define the group
(S|R) := Fs/N,

where N is the smallest normal subgroup of Fg containing R. This is called a presentation of the group
(S|R).

Remark 1.12.1. Any group is of the form (S|R). Indeed, choose generators S of G, and get a p: S — G,
so it induces a unique ®: Fg — G, and the kernel of this map can be chosen to be V.

We say G is finitely presented if G = (S|R) with both S and R finite.

Example 1.12.2. Consider ({a}|{a"}) = (a]a™) (forget about the brackets); this is isomorphic to Z/nZ
(via the isomorphism a — 1).

Example 1.12.3. Consider {(a,b|b®,a=*b"tab) = (a,b|b> = 1,ab = ba). We let a,b be the image of a,b in
G. Then G 2 Z x Z/3Z, given by the map a > (1,0) and b+ (0,1).

Example 1.12.4. We have Dy, = (r,s|r" = 1,582 = 1,5 'rs = r~1). Since rs = sr~! = 57"~ ! we can write

elements of (r,s|r™ = 1,82 = 1,5 lrs =r71) = G as {s'7:i=0,1,0 < j < n}, so |G| < 2n. This gives the
isomorphism to Dsy,.

Example 1.12.5. Let G := (a,bla® = b> = 1). It’s a fact that
G = SLy(Z) /{£I}.

The isomorphism is given by
N . d b | bt
“loo] ™ -1 0
and there is some work to show that the images of a,b generate SLy(Z)/{£I} and even more work to show
that this really does give an isomoprhism.

In general, it is undecidable to determine if (S|R) is finite (or trivial, or abelian) when S and R is finite
(where “undecidable” is in the precise computer science sense). So just given a presentation it can be very
mysterious what the group is. More generally, given a word g, there is no algorithm to determine if it is
trivial in (S|R).

In general, it is a challenge to show that there is a homomorphism out of the presentation into the group
you think it should be; thankfully usually there is some extra information (like in the case of Dy, we knew
its size). On the other hand a homomorphism from the group you think it should be into the presentation
isn’t so hard.
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Direct Products

We'll talk about direct products and next lecture we’ll also talk about semidirect products and that’ll
basically be the end of our group theory.

Fix groups H and K. This gives a group H x K (endowed with component-wise multiplication). The
relevant question to ask is: Given a group G, how does one detect whether or not it is a direct product?

By abuse of notation, we let H := Hx1C G and K := 1 x K C G (where G = H x K). There are some
properties we knew about H and K: we have

e HIG,KLG
e HK ={hk: he H ke K} =G
e HNK =1.

The claim is that these properties are sufficient, in the following sense:

Proposition 1.12.6. Fiz a group G. Suppose H and K are normal subgroups of G such that HK = G and
HNK =1. Then

HxK—-G
(h, k) — hk
is an isomorphism.

Proof. We first show that H and K commute. Let h € H and k € K, and consider the commutator
h=k=*hk = (kh)~'hk. Now we have
h 'k~ 'hk=h"' (k"'hk) € H, and h~ 'k 'hk=(h'k 'h)ke K
———— —_———
€H €K

so h"'k~'hk € HN K =1, and hence hk = kh. Knowing this it is easier to check that ¢: H x K — G given
by (h,k) — hk is a homomorphism. Notice that ¢ is surjective since HK = G. To see that ¢ is injective,
notice that if o(h, k) = 1 we have hk = 1, and hence h = k' € HNK = 1. So (h, k) = (1,1), as desired. [
Semidirect Products

Now we want to loosen the assumptions:

Let H and K be subgroups of G such that H < G and H N K and G = HK. Note that without the
assumption G = H K, we still have that HK is always a subgroup of G.

As before, ¢: H x K — HK = G given by (h,k) — hk is still a bijection, though it need not be a
homomorphism. To define H x K (the semidirect product), we’ll understand how multiplication works in
HK and pull the multiplication over to H x K (as a set) to give it a group structure.

So let hi,hy € H, and k1, ks € K. Then

(h1ky)(hoka) = hakiho (ki ey ) ko

= (hy kihikyh) - kiko
N—_—— =
€H (HLG) €K

and since ¢ was a bijection this is the unique way of writing (h1k1)(hoks) as an element of HK. Note that
K acts on H by conjugation. So this will define a multiplication on H x K.
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1.13 Sep 24, 2018
We’re going to finish up semi-direct products and then begin rings.
Last time, we had a group G with two subgroups H and K such that
e HJG
e HK =G
e HNK =1.

We saw that there was a map H x K — G given by (h, k) — hk is a bijection, but not a homomorphism.
In particular, we had, for hi,hs € H, k1, ks € K,

(hiky)(hoka) = (hikihokit) - (kiks)
€H €K

and since H x K — G is a bijection this is the unique way of writing (h1k1)(haks) as a product of two elements
KW'k for some h' € H, k' € K. Note that K acts on H by conjugation, that is, there is a ¢: K — Aut(H).

Let’s do a reset. Let H and K be groups, and let K be an action on H such that ¢: K — Aut(H). We
define
Hx,K=HxK

to be the group consisting of the set H x K with the multiplication
(h1,k1) - (ha, ko) == (h1(ky - h), k1ka) = (h1 - ok, (h2), k1k2).

We say that H x K is the semidirect product of H and K. This is a group.

The triangle in x points in the direction it would in the above setup (we had H < G). The identity in
this group is (1,1). We have ¢: K — Aut(H) is a homomorphism into the automorphism group, ¢; = idg,
S0

Also since ¢y, is an automorphism of H, we have (1) = 1, and so
(h,k)-(1,1)=(h-(k-1),k-1) = (h, k).
We have (h, k)=t = (k=1 -h=1 k1), since
(hk)- (YY) =(h-k- (k7 -7, k- k7Y = (1,1).

We can identify H and K with H x1 C H x5, K and 1 x K C H x, K. We can also check that i and K
are subgroups of H x, K, with HK = H x, K and HNK =1 and H < Hx,.

Furthermore, for h € H and k € K, we have k - h = khk~! (where on the left side k € K is acting on
h € H, giving an element of H — H x 1, whereas on the right side we are multiplying in H x,, K [the claim
is that this will land inside H x 1 and in particular is the element k- h € H x 1]).

Example 1.13.1. For ¢ =1, we have H x, K = H x K as groups!

Example 1.13.2. For H = R, and K = R*, we have K Q H by k-h = kh (multiplication as a real number).
From this, we get a group H x K. It turns out that

a b

HMKNG{{O 1

}:aeRX,beR}.
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Inside G we have H; < G given by

and

We can also verify that

(@ O]t b][a 0]
0 1j(0 1]|0 1
——— N ——
=k :=h i=k—1

Ja ab] a7t 0O
001 0 1
1 ab
0 1

so that khk~! =k - h, as claimed earlier.

Example 1.13.3. Let H = (r) and K = (s), where H is the cyclic group of order n, and K is the cyclic
group of order 2. We have p: K — Aut(H) given by ¢,: H — H sending z — 2. We have H XK >~ Doy,.

Remark 1.13.4. If G = H x K then we actually have a split exact sequence

PR

1 H G K 1

since G has a copy of K sitting inside it.
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2 Rings

2.13 Sep 24, 2018
[We should read chapter 7 of Dummit/Foote]. Everybody should know what a ring is.

Definition 2.13.1. A ring is a set R with two binary operations + and - (ie. addition and multiplication)
such that the following hold:

a) (R,+) is an abelian group (with additive identity denoted by 0)
b) Multiplication is associative, that is, a(bc) = (ab)c for a,b,c € R.
c¢) There is a distributive law, that is, a(b+ ¢) = ab + ac and (a + b)c = ac + be for a,b,c € R.
d) There is an element 1 € R such that la = a = al for all a € R.

As a warning, Dummit and Foote do not include d). But to Prof Zywina, these are called rngs (there’s

no identity).

We say that R is commutative if ab = ba for all a,b € R. It’s noncommutative otherwise. Some exam-
ples include Z, Z/nZ, R[x], M,(R), R[[z]], C(R), and R = {0} (though some people assume an axiom 0 # 1).

We also have the ring RG (called a group ring) for G a finite group and R a ring, defined to be the set
of formal sums > ag - g with ay € R, given by

Z agg + Z bgg = Z(ag +bg)g

geG

geG geG geG
and
g agg-g bgg = E agbhghzg ( E ahlbhz>g.
geG geG g,heG g€G “Mhi,h€G
hiha=g

It turns out that the group ring CG = II7_; M,,,(C), and this is linked to the representation theory of G
(take 6320!).

Under his definition, 2Z is not a ring, though it is a rng (and is hence a ring under Dummit/Foote
convention).

Definition 2.13.2. A subring of a ring R is a subset S C R such that
ea+beSforabe S
e —acSforaecs
e abe Sfora,be S
e 1lcS.
We have S is a ring with +, -, 1 inherited from R.

We say an element a € R is a unit if ab = 1 = ba for some b € R. The set of units in R is denoted by
R*. This can be given a group structure via multiplication from elements of R.

For example, Z* = {£1} and R* =R — {0} and M,,(R)* =: GL,(R) and R[z]* =R*.
For a wild example, for a commutative ring R we have

Rlz)* ={ap + a1z + - -+ apx™: ag € R*,a; nilpotent ,i > 1},

where nilpotent elements a € R are those such that a® = 0 for some & > 1. This would need some proof,
which is omitted.
Of course, this means that for R a field, we have R[z]* = R*.
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2.14 Sep 26, 2018
Let R be a ring. Recall that a (left) ideal of R is a nonempty I C R such that

ea+belforabel
eraclforre Racl.

In other words, I is an R-submodule of R (where R acts on itself by left multiplication). Right ideals
also exist; when R is commutative this distinction does not matter.

Example 2.14.1. Let f: R — S be a ring homomorphism, that is, a map f such that
o fla+0b)= f(a)+ f(b)
o f(ab) = f(a)f(b)
o f(1)=1
Then ker f = {r € R: f(r) = 0} is an ideal of R.

Example 2.14.2. Let aq,...,a, € R be elements of R. One can consider the ideal generated by a1, ..., an,
given by
(a1,...,an) ={ra1 + -+ rpan: r; € R}.

You can have infinitely many a;’s but the ideal generated by them will be the set of finite linear combinations
of the a;.

Let I C R be an ideal of a commutative ring R. We can look at the cosets
R/I:={r+1I:r€R}

where r+ I = {r+a: a € I'}. We have that R/I is a ring with operations (a+ 1)+ (b+ 1) = (a+b)+ I and
(a+1I)-(b+1I)=ab+ I. There is a homomorphism R — R/I given by r — r + I; its kernel is precisely I.

Example 2.14.3. Let R = Z and fix n > 1 consider the ideal (n) = nZ. The homomorphism Z/nZ is the
familiar ring of integers mod n.

Example 2.14.4. Consider R = R[z]/(z? + 1). We have R = C because there is a ring homomorphism
R[z] — C given by f(x) +— f(i) that is surjective and has kernel (2 + 1).

Let R be a commutative ring.

Definition 2.14.5. An element a € R is a zero divisor if ab = 0 for some nonzero b € R.
As an example, [2] € Z/6Z is a zero divisor.

Definition 2.14.6. We say R # 0 is an integral domain if it has no nonzero zero divisors.

Definition 2.14.7. We say R # 0 is a field if every a € R — {0} has a multiplicative inverse (that is, ab =1
for b € R). Equivalently, R is a field if it has exactly two ideals.

To see the equivalence, notice that (a) D (1) = R, so (a) = R.

Fix an ideal I C R.

Definition 2.14.8. We say I is a prime ideal if ab € I with a,b € R, then a € I or b € I. Equivalently, I is
prime if and only if R/I is an integral domain.

Definition 2.14.9. We say I is a maximal ideal if I C R and there are no ideals between I and R (wrt
inclusion). Equivalently, I is maximal if and only if R/ is a field.

Observe that maximal ideals are prime (since fields are integral domains).
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Theorem 2.14.10. Let R # 0 be a commutative ring (with 1). Then R has a maximal ideal.

Proof. Use Zorn’s lemma. Let P be the set of proper ideals of R, and say that P # () (and 0 € P). Then P
with C is a partially ordered set. Take any nonempty chain C C P, that is, for A, B € C, we have A C B or
B C A. We want to find an upper bound for all the elements in this chain, but

J=|JICR

Icc
We claim that J is an ideal. It’s nonempty because:
e It’s nonempty, since 0 € J

e Take a,be J. Thena € Aorb e B; either ACBor BC Bsoa+bé& Aora+bée B. In either case,
at+beJ

e Takea € J,r € R. Then a € A for some A €C, sora € A, and so ra € J.

We also need to show that J is a proper ideal of P. But notice that if J = R, then 1 € J, and hence
1 € A for some A € C, which is a contradiction because then A = Randso A€ P. SoJ C Rand J € P.
In particular, J is an upper bound of C.

By Zorn’s lemma, P has a maximal element with respect to inclusion, that is, R has a maximal ideal. [

Remark 2.14.11. There are some crazy rings out there (especially the ones from analysis). This theorem
in its full generality is equivalent to Zorn’s lemma. On the other hand, for Noetherian rings, one can avoid
using any big hammers.

Remark 2.14.12. This theorem fails for commutative rings without an identity.

Localization

This is in Dummit and Foote, in section 15.4. It’s only a little fancier than the field of fractions con-
struction, which is in Dummit and Foote 7.5.

Let R be a commutative ring with 1, and let S C R be a multiplicatively closed set, that is, if a,b € S
then ab € S (we don’t assume any other structure). Assume that 1 € S (you can replace S by S U {1}).

Theorem 2.14.13. There is a commutative ring S™*R with a ring homomorphism 7: R — S™'R such
that w(b) € (STIR)* for b € S and for any ring homomorphism ¢: R — A with p(b) € A* for all b € S,
then there is a unique ring homomorphism ®: ST'R — A such that ® om = . This is expressed in the
commutative diagram

Loosely, S™!'R is the ring you obtain from R when you “invert” all elements of S. As an example, let
R=7Z,and S =Z — {0}, then the construction S~*R should produce Q.

We call S™!R the localization of P at S, or sometimes the ring of fractions of R with respect to S.

Remark 2.14.14. The idea is that you want to invert some elements of R which may not be units, but we
can homomorph into an A such that elements of S get sent to units. The construction says that “S™!R” is
the “best ring” to which we should send S to units (it’s a fact that 7(b) € (S~1R)* for all b € S).

Remark 2.14.15. The theorem gives a universal property that determines S™'R and 7: R — S™'R up to
a uniquely determined isomorphism.
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Let R be a commutative ring .S C R multiplicatively closed, with 1 € S. We had this theorem last time
stated without proof:

Theorem 2.15.1. There is a commutative ring S™'R with a homomorphism m: R — S™'R such that
7(b) € (STIR)* for allb € S. Moreover, for any ring homomorphism ¢: R — A with p(b) € AX for b€ S,
there is a unique homomorphism ®: SR — A such that ¢ = ® o, that is,

commautes.
We say S™!R is the localization of R at S.

Proof. Define a relation on R x S given by (a,b) ~ (¢,d) if and only if x(ad — bc) = 0 for some x € S. Of
course, if S has no zero divisors then this is true if and only if ad — bc = 0.

We claim that this is an equivalence relation. Obviously we are reflexive and symmetric. We are transitive:
if (a,b) ~ (e,d), so that x(ad — be) = 0 for some = € S, and (¢,d) ~ (e, f), so that there is y so that
y(cf —ed) = 0 for some y € S, then

0 = fyxz(ad — be) + bxy(cf — de) = zyd(af — be)

so that (a,b) ~ (e, f). We let § be the equivalence class of (a,b); we can now define
STIR = {‘Z a€Rbe S}.

As an exercise, show that S™'R is a ring with

E_ad—i—bc q ac
d- " bd a

+ i

Sl IS
ST

a
b
This not worth doing in lecture.

We have identities in S~ R; the multiplicative one is 1 = % and the additive one is 0 = %. We also have
a canonical homomorphism

m R— SR

that maps r — Z. If S has no zero divisors (of R), then m is injective. Also, for b € S, we have (2)~1 =1,
so elements in S have inverses.

Finally, take any map ¢: R — A such that ¢(b) € AX for b € S. Then ®: ST'R — A given by
% ¢(a)p(b)~! is a homomorphism such that ® o = ¢. O

The key example is the following:

Example 2.15.2. Let R be an integral domain and S = R — {0}. We have that S is multiplicatively closed
(because R is integral domain) and contains 1. So we can consider ST R: it is called the fraction field or
quotient field of R. Since S has no zero divisors R < S™'R by r I

We understand these well: this construction maps Z — Q and R[z] — R(x).
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Example 2.15.3 (Localization at a prime). Let R be a commutative ring, and p C R prime ideal, and
S := R\p; notice that S is multiplicatively closed since if a,b € S such that ab € p (that is, ab & S), but this
means that either a or b is also in p, which is not true (they were both in S). So ab € S.

The localization S™'R is sometimes denoted R,. For example, we have Z,, = {%: p{b}. You can also
consider Clz, y](z,,, where (z,y) = {f € C[z,y]: f(0,0) = 0}. Thus,

(C['Tay](m,w = {J; fag € (C[x,y],g(0,0) 7é O},

that is, we have functions that make sense in a neighborhood of (0, 0), so in this sense things are “local”.

Example 2.15.4. Let R =7/6Z and S = {1,2,4} (so we are trying to invert zero divisors). Then one can
show that S™'R = Z/3Z, andS~ 'R is smaller than R, and 7: R — S™!R is not injective.

Theorem 2.15.5. There is an inclusion preserving bijection
{prime ideals p of R with pN S = (D} — {prime ideals of S_lR}

pr— S7lp = {Z: acp,bc S}
7 (q) g
Let R be a commutative ring with 1. We can do some operations: for I, J C R ideals, we have
e I NJ is an ideal (largest ideal in I and J)
o [+ J={a+b:aclbe J}isanideal (smallest ideal containing I and J)
o [J={ab:acl,beJ})={>" abi:a; €1,b; € J}

We say I and J are coprime (some people say comaximal) if I + J = (1) = R. Observe that if R = Z,
and a,b € Z not both 0, then (a) + (b) = (gcd(a, b)), so (a) and (b) are coprime if and only if ged(a,b) = 1.

Fix ideals I1,..., I, of R. Define a map by

o R—>ﬁR/IZ-

i=1
re (r+Iy,...,r+ 1).
It is a homomorphism.

Theorem 2.15.6 (Chinese Remainder Theorem). Suppose the ideals I;,I; are coprime for i # j. Then ¢
is surjective, and the kernel is L N--- NI, =1;...1,.
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2.16 Oct 1, 2018

Let R be a commutative ring. For ideals I, J C R, we have new ideals I + J, I N J, and IJ; they satisfy
the inclusions

I/I+J\J
\IQJ/

1J

We say that I and J are coprime if I + J = R. For R = Z, the above picture looks like

(ged(a, b))
(a) / \ (b)
\ /

(
(lem(a, b))

(ab)

Lemma 2.16.1. If I and J are coprime, then INJ =1J.
Proof. We just need to show I NJ C IJ.

Take a € I'NJ. Recall I and J are coprime, so that z +y = 1 for some « € I,y € J. So a = az + ay,
but a € J and z € I, whereasa € [ and y € J, so ax +ay € 1J. O

Let I1,..., I, be ideals of R such that I; and I; are coprime for i # j (that is, they’re pairwise coprime).
We define the usual ring homomorphism

v: R— ﬁR/IZ-,

i=1

that is, o(r) = (r +Ir,...,r + I,).

Theorem 2.16.2 (Chinese Remainder Theorem). With assumptions as above, ¢ is surjective. Furthermore,
ker(p)=Lin---NIL,=1...1,.
Remark 2.16.3. There is content in the second equality. It also gives the immediate consequence that
R/(Iy...I,) = R/I; X --- x R/IL,.

So you can use the Chinese Remainder Theorem in two ways: you can break up a ring into simpler rings
(by the above isomorphism), or you can generate some interesting elements (because ¢ above is surjective)
which are useful in proofs.

Example 2.16.4. Let n = p7* ...ptr. Then

z/nZ = [ 2/p5 2.
i=1
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Proof. Let’s first show that Iy N---N1I, = I;...I,. The proof is by induction; for n = 1 this is obvious, and
n = 2 is Lemma 2.16.1. So assume n > 2 and that the result is known for smaller n.

We have

Ilﬂ-”ﬁfn:Ilﬂ(Igm"'ﬁIn)
:Ilﬂ(fg...fn)

by induction; we need only show that I; and I ... I, are coprime (this will imply that Iy N (Iy...I,) =
I ... 1,, as desired).

For each 2 < i <n thereis x; € I,y; € I; so that 1 = x; + y;. So

1= ﬁmﬁyz Hyz (mod 1),
=2

where we define a = b (mod I;) if and only if a — b € I;. This means

1= (ﬁQery H%)"’ng

v
el Iy...1,

andsolelh+1>...1,.

Now we show that ¢ is surjective. It suffices to show that there is r € R so that ¢(r) = (1,0,...,0) (and
every other standard basis element of R/I; x -+ x R/I},), because ¢ is linear.

Recall that I; + I; = R. Then 1 = x; + y; with x; € I; and y; € I;. Take r :==y5 ...y, = H?:z y;. This
says that r € I, for i > 2, since y; € I;. On the other hand,

n

r*HyifH 17331-)51_[(1—0):1 (mod Iy)
1=2 i=2

since x; € I;. This completes the proof. O

Definition 2.16.5. We say that a commutative ring R is Noetherian if one of the following (equivalent)
conditions hold:

(a) R satisfies the Ascending Chain Condition (ACC): If we have an ascending chain
L CIL,CIl3C
for ideals I,, of R, then for some n, it stabilizes, that is,
Iy =Ing1 = Ingo =
(b) Every nonempty set of ideals in R has a maximum (with respect to inclusion).
(¢) All ideals are finitely generated.

Remark 2.16.6. Condition (b) allows us to avoid Zorn’s lemma in some proofs (unfortunately, we’d have
to restrict to Noetherian rings...)

Proof. We first show (a) implies (b).
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Let ¥ be a nonempty set of ideals with no maximum. Choose I; € X. Inductively define Io, I3,... by
observing that for n > 2, I,,_; is not maximal in 3, so there is I,, € ¥ such that I,,_1 C I,,. Thus

LELCIz ¢,
contradicting (a).
Now we prove (b) implies (c).
Take any ideal I C R. We define the set
Y :={J:J C1,J finitely generated ideal of R}.

Take a maximal set J C 3. If J = I we’re done because [ is finitely generated. If J C I, then take a € I —J,
and observe that the finitely generated ideal J + (a) 2 J, so J could not have been maximal.

Finally we should show (c¢) implies (a). Given an ascending chain
L CLL, C...

we consider the ideal

Izng

Il
s

i=1

which is finitely generated, so I = {(ay,...,a,). But there is an N such that a; € I,, for all n > N; this says
that
<a17°"7a7‘> gIn QI

so that I,, = I for all n > N. O

Remark 2.16.7. It’s quite terrifying when one encounters a non-Noetherian ring, because they’re so ubig-
uitous.

Theorem 2.16.8 (Hilbert’s Basis Theorem). If R is Noetherian, then R[x] is Noetherian.
We’ll prove this next time.
Corollary 2.16.9. If R is Noetherian, then R[x1,...,xy] is Noetherian.

Of course, this follows from repeatedly applying Hilbert’s Basis Theorem. This was a controversial
theorem at that time, because the proof was very nonconstructive. Apparently, this is false if we replace
“Noetherian” with PID and other good adjectives.

Lemma 2.16.10. If R is Noetherian and I is an ideal, then R/I is Noetherian.

Proof. Recall that there is an inclusion preserving bijection:

{ideals of R containing I} < {ideals of R/I }
J = J/I
Now the Lemma is clear, because if R satisfies ACC, then R/I now satisfies ACC. O

Remark 2.16.11. Let R be a Noetherian ring. Any finitely generated R-algebra is isomorphic to R[x1, ..., x,]/1,
which is Noetherian. It’s also useful to note that I = (f1,..., f.) is itself finitely generated.

We'll talk about Noetherian rings a lot throughout the second half of the course.
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2.17 Oct 3, 2018
We're going to prove the Hilbert Basis Theorem.

Theorem 2.17.1 (Hilbert’s Basis Theorem). If R is Noetherian, then R[z] is Noetherian.

Proof. Take any ideal I C R[z]. Suppose that I is not finitely generated. We have I # {0}. Choose a nonzero
fo € I of minimal degree. We inductively define f1, fo, f3,-- € I with f, € I — (f1,..., fn_1); this set is
nonempty since I is not finitely generated. In particular, pick an f,, of minimal degree in T — (f1,..., fn—1)-

Define d,, = deg(f,). Note that dg < dy < ds < .... Also define a,, to be the leading coefficient of f,,
that is,
fn= anxd" + ...

so that each a; € R — {0}. Consider the ascending chain of ideals of R given by
(ao) C (ag,a1) C (ag,a1,a2) C ...
and observe that this chain eventually stabilizes. This says that for some N > 1, we have
(ag,...,an) = {ag,...,an)
for all n > N.
Now take any n > N, and observe that a,, € {(ag,...,an). Thus
ap = ToGp + - +TNnaN

with r; € R. We can define

g = fn _ <’I“0.13d"_d0f0 4+ TNxdn_deN>

= (an — (roap + -+ ryan) )xd" + lower order terms.

=0

We claim that g € T — (fo,..., fn_1), even though the above computation says that degg < d,, = deg f,.
To see that this is true, g — fr, € (fo,.- ., fa—1) but fu & (fo,..., fa—1), 50 g & (fo,.-., fn—1) either.

This gives a contradiction to the assumption that I is not finitely generated. So R[z] is Noetherian. [

Example 2.17.2. There are non Noetherian rings: rings of continuous (or holomorphic) functions, the ring
Rlx1, 22, ...], and [[;2, Fo.

Let R be an integral domain (a commutative ring with no zero divisors).
We say a divides b if b = ac for some ¢ € R, or if equivalently (b) C (a). This is denoted alb.

We say a and b are associates if a = ub for some u € R*, or if equivalently (b)) = (a). This is an
equivalence class, so sometimes this is denoted a ~ b if there is no confusion.

We say p € R is irreducible if p # 0 and p is not a unit, and if p = ab , then a or b is a unit.

We say p € R is prime if p # 0 and p is not a unit, and if plab then p|a or p|b, or if equivalently (p) is a
prime ideal of R.

Lemma 2.17.3. If p € R is a prime, then it is irreducible.

Of course, the point is that the converse does not hold in general.
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Proof. If p = ab, then since p is prime pla or p|b. Without loss of generality, suppose p|a, so that a = pe.
Then p = (pc)b = peb; since R is an integral domain we have 1 = ¢b and so b is a unit. O

Proposition 2.17.4. Let R be a Noetherian integral domain. Then for any a # 0 in R, we have
a=upy...pr
with uw € R* and p; € R irreducible.
Proof. Define the set
Y :={{x): x € R,z # 0,2 not a product of irreducibles}.

Suppose that ¥ # (. Since R is Noetherian, there is a maximal (z) € 3. So x cannot be factored into
irreducibles, i.e., © = ab with a, b not units where either a or b cannot be factored into irredicubles.

Without loss of generality, suppose a cannot be factored into irreducibles. Then
() € (a) = (z) = (a)
and so a = xy with y € R, but as before we now have = (xy)b = xyb and so 1 = yb and b is a unit. O

Remark 2.17.5. The ring R[z1, 22, ...] is non-Noetherian but has fatorization into irreducibles.

We didn’t need the full power of Noetherian rings; we just needed that principal ideal domains satisfy
ACC - that weaker assumption is equivalent to the conclusion of the above lemma.

Definition 2.17.6. A Unique Factorization Domain (UFD) is an integral domain R such that

e every non-zero element a € R satisfies
a =upy...pr

for some unit u € R* and irreducible p; € R
e such a factorization is unique up to factoring and associates, that is, if
a=u'q...qs
for U” and unit and ¢; irreducible, we have 7 = s and o € S, such that p; ~ ¢, ().

Nonexamples of UFD include: Z[v/—5] (classic example: 6 =2-3 = (1++/=5)(1—+/=5)), R[cos z, sin z]
(classic example: cos?z = (1 +sinz)(1 — sinx)).

Even worse is H the ring of holomorphic functions C — C is such that elements don’t even factor into

irreducibles! The classic example is that sin(7mz) = z(z — 1)(z — 2) ... (2 — n)g(z) for some holomorphic g;
it’s not hard to show that these are all irreducible.

40



2.18 Oct 5, 2018

Last time, we defined a UFD: an integral domain R such that every a € R — {0} has a factorization

a=upy...Dr

with v € R* and p; irreducible, where the p1, ..., p, are unique up to reordering and scaling by units (asso-
ciates).

f1
.

Let a = up{* ...p¢ and b = u'p]* ...pl" for irreducible p; (not associates of each other) and e; > 0 and

fi > 0. Then

Definition 2.18.1. A greatest common divisor of a and b is a common divisor that divides all other common
divisors. In other words,

ged(a,b) = prlni“(el’fl) .. .prrnin(c“fr).
Note that this is only defined up to a unit, or by the ideal (ged(a,b)).
Lemma 2.18.2. Let R be a UFD. Take p € R. Then p is prime if and only if p is irreducible

Proof. The forward direction was done in Lemma 2.17.3. For the backwards direction, take p irreducible,
and suppose plab with a,b € R nonzero, that is,

", 1

p(u"pY ...p}) =pc=ab= (upy...p.)(p]...P,)

where u, v, u” € R* and p;, p;,p” irreducible. Then by uniqueness of factorizations both sides are the same
up to reordering and units, so p is an associate of p; or p; for some 7. In the first case p|a and in the second
plb. O

Lemma 2.18.3. Let R be an integral domain. Suppose all a # 0 in R can be factored into irreducibles.
Then, R is a UFD if and only if all irreducibles of R are prime.

Proof. The forward direction is the previous lemma. For the backwards direction, take two different factor-
izations

upr...pr=4q1..-4gs
for p;,q; irreducible in R*. Look at p1: we have pi|g: ...¢s, and since p; is now prime (by assumption),
we have pq|g; for some j, and hence p; and g; are associates. So reorder and scale by units to get p1 = ¢1.
Because we are in an integral domain we can cancel, that is,

uW'py...pr=qa...qs
for possibly a different u’. So we can do [lazy man’s|] induction: keep repeating so that v = gs_...¢qs (we
have s > r because for each p; there must be at least one ¢; on the right side). Since

1= uilq‘efr -+ -Qs

we have s = r and p; = ¢; for all 7. O

Definition 2.18.4. An integral domain is a principal ideal domain (abbreviated PID) if it is a domain and
if all ideals of R are principal.

Standard examples are Z, F[z], F' for F' a field. Nonexamples include F[z,y] and the ideal (x,y), and
Z[z] and the ideal (5, x). But these are still UFDs (we’ll prove this next time: if R is a UFD then so is R[z]).

Proposition 2.18.5. All PIDs are UFDs.

Proof. Let R be a PID. Any a # 0 has a factorization into irreducibles (since R is Noetherian!). Take any
irreducible p € R; we need to show it is prime.

Observe that (p) C R since p is not a unit. It follows that there is a maximal ideal m D (p) (and we
do not need Zorn here, because R is Noetherian). Then m = () because R is a PID. So (p) C () and
m|p. Note that 7 is not a unit, and so p = ur for some u € R* (because p is irreducible). It follows that
(py = (m) = m, so (p) is a maximal ideal and hence a prime ideal. So p is now prime. O
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This proof also gives the corollary
Corollary 2.18.6. All nonzero prime ideals of a PID are maximal.

Definition 2.18.7. A Euclidean domain is an integral domain R such that there is a function N: R—{0} —
Z such that N(a) > 0 for a # 0 € R and for any a,b € R, with b # 0, we have a = gb + r with ¢,r € R such
that 7 = 0 or N(r) < N(b).

Secretly N above stands for norm. Examples of Euclidean domains include Z with N(b) = |b|, and Fx]
with N(f) = deg f. More nontrivial is

Example 2.18.8. Let R = Z[i] C C. We have N(a + bi) = |a + bi|?> = a® + b*. To see that we can divide,
take any «, 8 € Z[i] with 8 # 0. Note that o/ = x + yi is not necessarily in Z[i]; we can only conclude
z,y € R. But we can take a,b € Z such that |z — a| < 1/2 and |y — b|] < 1/2; define ¢ := a + bi € Z[i], and

observe that
o o N (LY
3 4=\\2 2

so that

so that a = ¢B + r, with N(r) < N(5).

As an exercise, what goes wrong with R = Z[/—5]?
Proposition 2.18.9. A Euclidean domain R is a PID.

Proof. Let I be any ideal of R; we wish to show it’s principal. We can assume I # (0). Take any b € I — {0}
with N (b) minimal (recall that N(-) is an integer, so we can actually take this minimum). Note that (b) € I;
we claim that the other inclusion is true. Indeed, take any a € I so that a = ¢gb+ r with ¢, € R and r =0
or N(r) < N(b). But we have r = a — gb € I so r = 0 (otherwise N(r) < N(b), contrary to assumption on
b). So a =¢gb e (b) so I = (b). O

Remark 2.18.10. Euclidean domains have a nice Euclidean algorithm, that is, if a = gb+ r you can prove
ged(a, b) = ged(b, 7). So these are important computationally. They’re also useful for proving certain rings
are PIDs.
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2.19 Oct 10, 2018
Last week, we considered several classes of rings. In particular, we have the chain of inclusions
Integral domains 2 UFDs D PIDs 2 Euclidean Domains D Fields.

Fix an integral domain R. Take a,b € R, not both 0.

e If R is a UFD, then there is a gcd(a,b) € R, defined up to a unit (or equivalently defined up to the
ideal (ged(a,d))).

e If R is a PID, then this ideal (gcd(a,b)) is just the (principal) ideal (a,b). Thus there are z,y € R
such that az + by = ged(a, b).

e If R is Euclidean, with norm map N: R—{0} — Z>¢, thenif b € R—{0}, for a € R we have a = gb+r
with ¢,7 € R and r = 0 or N(r) < N(b). Then any d divides both a and b if and only if it divides both
b and r. So (ged(b,r)) = (ged(a, b)).

Let’s do an example of the Euclidean algorithm, which says that we should use a = ¢b+ r over and over
until we get 0 as the remainder. Let R = Z with N(b) = |b|; say that a = 46391,b = 4301. Then

gcd (46391, 4301)

46391 = 10 - 4301 + 3381 = ged (4301, 3381)
3381 = 3- 920 + 621 — ged (3381, 920)
920 = 1-621 + 299 = ged(621,299)
621 = 2299 + 23 = gcd(299,23)
299 = 13-23 +0 = gcd(23,0)

=23

Today we’ll focus on the Gaussian integers R = Z[i] and do some computations with it. We showed that it
was a Euclidean domain with N (a+bi) = a®+b?; this was Example 2.18.8. Observe that N(af8) = N(a)N(B)
respects multiplication.

Lemma 2.19.1. We have Z[i]* = {£1,+i} with (£1)~' = +1 and (£i)~ = Fi. Furthermore, each prime
2

m of Z[i] divides a unique prime p € Z, with N(w) =p or N(mw) = p*.
Proof. Let « € Z[i]™, so that there is 8 € Z[i] with a8 = 1. Thus
N(a)N(B) = N(aB) =N(1) =1
so N(a) = 1. Now o = a + bi where a® + b*> = 1 and a,b are integers. So (a,b) € {(%1,0),(0,£1)}, and
a==+1or a=+i.
For the second part, let N(7) = p;y ...p,. Then since 77 = N (), then since 7 is prime we have 7 divides
some p; =: p. We can factor p into primes in Z[i], say p = w7y ... ms, and hence
p* = N(p) = N(m)N(m3) ... N(m)
so that N(7) = p or N(7) = p*. O

In fact, this proof says that if N(7) = p? then 7 = p up to a unit, and if N(r) = p then p = 7#. In other
words, we saw that any prime 7 € Z[i] divides a unique p. When we factor p in Z[i], we either have p prime
in Z[i] or p = #7 for primes m, T conjugate to each other, both of norm p. We want to understand which
case happens.

We should deal with the case p = 2 separately: we have 2 = (1 +4)(1 — i) = —i(1 + )2, and so up to
units, 1 4 ¢ is the unique prime dividing 2.

Now consider p odd. We have isomorphisms

43



Zlil/(p) «—— Zlx]/{a® + 1,p) —— Fp[a]/(2® +1)

Notice that z? + 1 € Fp[z] is separable since p # 2. If 22 + 1 € Fp[x] is irreducible, then F,[z]/(z? + 1) is a
field, which means that Z[i]/(p) is a field, and hence p is prime in Z[i]. On the other hand, if 22 + 1 € F[x]
factors, say 22 + 1 = (z + a)(z — «), then

Fpla]/(a® +1) Zcrr Fplz]/(z + a) x Fpz]/(z — a) 2 F), x F.
This is not an integral domain, so p is not prime in Z[i] and p = 77.

It remains to answer when —1 is a square in F.

Proposition 2.19.2. The group F) is cyclic. Moreover, any finite subgroup G of F*, with F a field, is
cyclic.

Proof. The second part implies the first part, so we’ll prove that. We have that G is finite and cyclic, so it is
isomorphic to the direct product of its p-Sylow subgroups [we technically aren’t allowed to use the structure
theorem for finite abelian groups yet]. So without loss of generality assume G is a p-group, and suppose
that G is not cyclic. Since |G| = p°, we have ¢ T =1lforallge @ (otherwise we’d have a generator). So
27"~ — 1 has at least |G| = p® roots in F. However, deg(z?" — 1) < p°, which is a contradiction. O

So when p is odd, we have —1 a square in ', that is, 22 = —1 for some z € IF), if and only if we have

an element of order 4 in F)’, which means that p — 1 = |]F;f| is divisible by 4.

So to summarize, if p = 2, then 1+ i is the unique prime dividing 2. If p = 3 (mod 4), then p is prime in
Z[i] and it is the unique prime dividing itself. If p =1 (mod 4) then p = n7, where if we write p as a sum
of two squares p = a? + b? then m = a + bi. Hence a + bi, a — bi are the primes that divide p.

Theorem 2.19.3 (Fermat). Let p be an odd prime. Then p = a® + b* with a,b € Z if and only if p = 1
(mod 4).

Proof. We just did the backwards direction, which is the hard one. To get the forward direction, notice that
2?2 =0,1 (mod 4) for every z, and so p=0,1,2 (mod 4) but p is odd. O
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2.20 Oct 12, 2018
We'll begin with an example:
Example 2.20.1. Find all solutions of y? = 2% — 1 with =,y € Z.
Proof. We fix a solution (z,y) € Z2. Notice that
=y’ +1=(y+i)(y—i) inZ[]

We claim that y + ¢ and y — i are relatively prime: suppose not, and take a prime 7 € Z[i] dividing both
y+iand y —4. So 7 divides their difference, and up to a unit, 7|2 so 7 = 1+ (we characterized the primes
dividing 2 last class). Also, 7 divides 2 = (y +i)(y — i), but 2 = N(m)|N(2%) = 25 so x is even. But then
y?> =23 —1=17 (mod 8), a contradiction. So y + i and y — i are relatively prime.

So 23 = (y +4)(y — i) for some relatively prime y + i and y — i. It follows that y + i and y — i are
themselves cubes: take m a prime dividing y + i, and let e be such that 7¢|y + i and 7T { y + 4. It follows
that m¢|z3 and 7¢T! 23, and so e must be divisible by 3. So

y+i=ure .. gl
where u is a unit and 7; are nonassociate primes. Then
y+i=(a+ib)® = (a® - 3ab®) + (3a®b — b%)i
with a,b € Z. So we have integers a,b € Z satisfying

y = a® — 3ab?
1 = 3ab?® — b3

The second equation says b = £1. When b = 1 then 3a? — 1 = 1, which is impossible, and when b = —1
then 3a? + 1 = 1, which has the unique solution a = 0. Then the first equation says y = 0 and hence = = 1.

The only solution (z,y) is (1,0). O

Last time, we showed that if p is an odd time, then p can be written as a sum of two squares if and only
if p=1 (mod 4). So take such a p=1 (mod 4), and define

N :=#{(a,b) € Z*: p = a* + b*}.

What is N? We have at least 8 solutions: (t+a,=£b) and (£b, +a). We claim that these are precisely all of
the solutions: note that
N = #{r € Z[i]: N(x) = p}

but then p = 77 is the prime factorization of p, so the primes that divide p are um, u7 with u € Z[i]*.

Consider n = 232 + 1 = 4294967297. Observe that n = (216)? + 12 = 622642 + 204492 is a sum of two
squares in at least two ways. Hence n is not prime!

We can find integer factors of n in the following way: write
(210 4+4)(2'% — i) = n = (62264 + 20449i) (62264 — 20449i).

We can compute ged (216 + 4, 62264 — 20449i) via the Euclidean Algorithm (steps are suppressed, the point
is that it’s doable). The ged happens to be —4 — 25¢. So in particular

N(—4 —250)|N(2'6 +1)
and since N(—4 — 25i) = 641 and N (216 + 1) = n, we see that 641|n.

And more specifically n = 641 - 6700417 (this factorization was originally due to Euler).

Let R be an integral domain. We defined F' O R the field of fractions of R.
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Definition 2.20.2. We say that R is integrally closed if all @ € F' that is a root of a monic polynomial in
RJx] is actually in R.

Proposition 2.20.3. A UFD is integrally closed.

For example, Z is integrally closed, since Z is a UFD. We can conclude that #® — 2 is irreducible in Q[x]
(if not it has a root @ € Q, but by the proposition we have o € Z, and obviously there is no a € Z so that
a3 = 2). Let’s prove the above proposition:

Proof. Take
f=az"4ap 12" '+ Faz+ag € R[z]

such that f(a) = 0 with a € F. Then o = § with ¢,d € R,d # 0. Since R is a UFD, we can assume that ¢

and d are relatively prime (we can “reduce to lowest terms”). Then
0=d"f(a) ="+ Ap_1de™ 4 -+ a1 d” e 4 agd™

which says that
—c" = d(an_lcT“1 4t ad” e+ apd™™h)

and since ged(c,d) = 1 we have d € R*, and now a = c¢d~ ! € R. O

Example 2.20.4. Fix d € Z squarefree, d # 1 so that d = 1 (mod 4). Then Z[v/d] is not a UFD. This is
because we can consider the monic polynomial

o it (o= (50 (4 (59))

with roots in the fraction field (1 + v/d)/2 ¢ Z[\/d].

For d # 1 squarefree, define

{Z[\/&] ifd#1 (mod 4)
Rd = Vd

Z[HY] ifd=1 (mod 4)

The Ry are integrally closed; there is a formal process we’ll get to later that gives us integral closures of rings.

Some facts:

e R;is a UFD if and only if R, is a PID

e For d < 0, we have Ry is a UFD if and only if

de{-1,-2,-3,—7,—11,-19, —43, —67, —163}

e (Conjecture by Gauss): There are infinitely many d > 1 such that R, is a UFD. We expect about 76%
of these to work, by some Cohen-Lenstra heuristics.

The second fact was conjectured by Gauss, and is a theorem due to Stark and Heegner.
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2.21 Oct 15, 2018

Last time we defined, for squarefree d # 1, the ring

Ry {z[\/&] ifd#£1 (mod 4)

Z[HY4] ifd=1 (mod 4)

and R; need not be UFD, but it is a Dedekind domain, which is a domain in which every nonzero ideal
factors uniquely into prime ideals. These Ry are actually the ring of integers of Q(v/d).

Example 2.21.1. Consider R := R_5 = Z[V/—5]; one can show that R* = {£1} (by looking at norm
maps). We have failure of unique factorization in R, since

2:3=6=(1+vV-5)(1—-+v-5)
with every element irreducible in R. We consider the ideals
p= <2a 1+ _5>
q1 = (3,1 ++v-5)
g2 = <331 -V _5>
We claim that these are maximal ideals, for example,
R/qy = Z[a]/(3,2% + 5,1 + z) = Z/(3)

where the isomorphism is z — —1.
Observe that

p? = (4,2(1 +V=5),(1 +V=5)%) = (4,2 +2v/—5,2/=5) = (4,2,2v/=5) = (2).

So (2) = p?, and similarly one can show that (3) = q1q2. One can also do pq; = (1 ++/—5) and pgs = (1 —
v—=5). So
p? - audz = (2)(3) = (6) = (1 + V=5)(1 — V=5) = pay - pa.

Thus, although unique factorization fails in R, the nonzero ideal (6) factors uniquely into a product of prime
ideals.

Remark 2.21.2. PIDs are both UFDs and Dedekind domains, but not all UFDs are Dedekind domains
(and as we saw earlier, not all Dedekind domains are UFDs).

Example 2.21.3. Let’s factor 42® + 11z — 6 in Q[z]. Because it’s a cubic we just need to know if it has a

root, say a = £ with r,s € Z and ged(r,s) =1 and s > 1.

Thus 473 + 11rs? — 653 = 0. In other words, r(4r? + 11s?) = 65> so r divides 6 (because r, s are coprime).
So r = £1,42,43. Similarly, 47 = s(—11rs + 6s2), so s divides 4, and s = 1,2,4 (we assumed s > 1, by
symmetry).

So we can check all 18 possible a.. It turns out that a = % is the only root. It follows that

1 1
4x3+11x—6:4<x—2>(a:2+2x+3>.

In Z[z], this says 42° + 11z — 6 = (22 — 1)(222 + = + 6).

Gauss’ Lemma tells us how factorizations in Z[z] and Q[z] compare. More generally, let R be a UFD
and F be the field of fractions of R; we want to compare factorizations in R[x] with those in R and F[z].

The irreducible elements of degree 0 in R[x] are just the irreducible elements of R. So you can’t escape
understanding factorization of R if you want to understand factorizations of R[x].
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Proposition 2.21.4 (Rational root theorem). Let R be a UFD. Fiz f = a,a™ +- -+ a1z + ag € Rx], with

an #0. If a € F is a root, take a = = with r,s € R relatively prime. Then rlag and s|a,.

The proof was Example 2.21.3.

Definition 2.21.5. We say that a nonzero f € R[z] is primitive if its coefficients are relatively prime (in
R). So the only elements of R that divide all coefficients are units.

Take any nonzero f € Flzx]. We claim that there is a value ¢(f) € F* such that f = ¢(f) - f1 with
f1 € R[z] primitive.

Proof. We can clear denominators, that is, pick d so that df € R[z], so without loss of generality f € R[z].
Let g be a ged of the coefficients of f. Now f =g- 5, and 5 € R[] is primitive. O

We also have that ¢(f) € F* and f; are unique up to multiplication by a unit in R:

Proof. Say that afy = 8f; with a, 8 € F* and f; € R[z] primitive. So af~!f; = fz, and if af~" = £ with
r,s € R relatively prime, we have rf; = sfs, and the gcd of the coefficients is r and is s. So r = su for
u € R*. Now of~! :=u is a unit, so fo = ufi. O

The element ¢(f) is called the content of f. Note that if f € R[z] then ¢(f) € R.

Lemma 2.21.6 (Gauss’ lemma). Let R be a UFD, and F its fraction field. If f,g € F[x] are nonzero,
then c(fg) =~ c(f)c(g), that is, c(fg) and c(f)c(g) are equal up to a unit. In particular, if f,g € R[z] are
primitive, then fg is also primitive.

Of course, a polynomial is primitive if and only if its content is a unit.

Let’s prove the special case (if f, g € R[x] are primitive, then so is fg). Suppose fg is not primitive, so
there is a prime 7 € R dividing the coefficients of fg. Now consider

fg=0¢€ (R/(m))[x],

where R/() is an integral domain (since 7 is prime). It follows that (R/(m))[xz] is an integral domain, too. So
either f =0or g=0in (R/(m))[z]. Then either f or g are not primitive (because 7 divides their coefficients).

We will prove the rest of the lemma next lecture.
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2.22 Oct 17, 2018

Last time, we let R be a UFD, and R C F be its fraction field. We say f € R[x] is primitive if its
coefficients are relatively prime. For nonzero f € R|x], we have f = ¢(f)- f1 for some ¢(f) € F* (the content
of f) and primitive f; € R[z]. We have that ¢(f) is unique up to multiplication by a unit © € R*. We had
the following lemma:

Lemma 2.22.1 (Gauss’ Lemma). If f,g € R[x] are primitive, then fg is primitive.

The proof wasn’t so bad, we just took fg modulo a prime and got a contradiction. Here’s another Gauss’
Lemma.

Lemma 2.22.2 (Gauss’ Lemma). If f,g € Fx] are nonzero, then c(fg) = u-c(f)c(g) for some u € R*.

Proof. We can write f = ¢(f)f1 and g = ¢(g)g1 with f1, g1 primitive; we now have

fg=c(f)e(g) fra

where f1g; is primitive due to the other Gauss’ Lemma. Because of uniqueness of ¢ up to multiplication by
a unit, we have ¢(f)c(g) = ¢(fg) up to a unit. O

Recall that if f € R[z] is of degree 0, then f is irreducible in R[z] if and only if f is irreducible in R. For
example, in Z[x], the usual primes p € Z are irreducible.

Proposition 2.22.3 (Gauss’ Lemma?). Take f € R[x] of degree > 1. Then f is irreducible in R[x] if and
only if f is primitive and f is irreducible in Fzx].

Proof. The backwards direction is easier. Suppose that f is irreducible in F[x] and primitive. Suppose that
f = gh for g,h € R|z] nonunits. Note that degg = 0 or degh = 0, otherwise this would be a factorization
in Flz]. Say that g € R — {0}. Now g¢|f and f is primitive, so g is a unit of R.

To prove the forwards direction, we assume that f is irreducible. Clearly f is primitive. Say that f = gh
with g, h € F|x] of degree at least 1. Then f = ¢(g)c(h)gihi1, where c(g)c(h) € F* and g1, h; € R[z] are
primitive. But f is primitive, so ¢(f) =1 up to a u € R*, so in fact ¢(g)c(h) € R*.

It follows that f = ugihy with v € R* and g1, h; € R[], but since f is irreducible in R[z] means that
either g; or hy is in R[z]* = R*, which means that g or h is in F*. This means that f is irreducible in
Flz]. O

Lemma 2.22.4 (Gauss’ Lemma). Take f € R[z] nonzero. Suppose f = gh with g,h € F[x]. Then there is
ac€ F* such that f = (cg)(c™'h) with cg,c™*h € R[z].

The proof is exactly the same as the proof above.
Theorem 2.22.5. Let R be a UFD. Then R[z] is a UFD.
Hilbert’s Basis Theorem is similar (replace UFD with Noetherian), but this is not true for PIDs.

Proof. Take a nonzero f € R[z]. Then f = df; with f; primitive, and d € R. Since R is a UFD we can
factor d into irreducibles in R (and hence in R[z]). We also have

fi=pi...pr

with p; € F[z] irreducible, and there are p; = ¢;p; € R[z] with ¢; € F*. We have

fi=p1...Dr

Since f; is primitive we have p; are all primitive. Now p; are primitive and irreducible in F[z], so by Gauss
D; € R[z] are irreducible.This gives existence of factorizations.
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To get uniqueness, we let f = umy ... 7p1...ps where u € R*, and ; are degree 0 irreducibles in R[x],
and p; degree > 1 irreducibles in R[x]. Since ¢(f) € R is, up to a unit, is exactly 7 ..., the m; are unique
up to reordering and units since R is a UFD.

So assume f = p;...ps. Now the p; are unique up to reordering and units, since p; € F[z] is in a PID
(and hence a UFD). But also ¢(p;) = 1 so p; is unique in R[z]. O

Theorem 2.22.6 (Eisenstein’s Criterion). Let R be a UFD, and let p € R be a prime. Consider
f=an2z" +an_12" + - +a1x + ag € R[z]

with the condition that plag,ai,...,an—1, and p t an, and p?> t ag. Then f is irreducible in Flz]. If f is
primitive (for example, f is monic), it is also irreducible in R[z].

Proof. Suppose f = gh with g, h € R[z]. Reduce this mod p, that is,

f=ghe (R/(p))x]

with f = @,2", and a, # 0. Since R/(p) is a field, so g = c12¢ and h = co2"~¢ with ¢; € (R/(p))* and
0 <d<n. Butif 0 <d < n then p divides constant terms of g and h, which is contradictory to assumption
(that p? f ag). So degg or degh is 0. O

This is the classic example (and the one Eisenstein proved his criterion for):
Example 2.22.7. Let p be a prime, and f = 2P~! +--- + 2+ 1 € Z[z]. Then f(z) = %7 and
z+1)P -1 & .
flat 1) = EELZL 3 (P

" .
J=1 J

and since p| (2’) forj=1,...,p—1,p*t(}) =p, and p{ (g) = 1, Eisenstein says that f is irreducible in Z[z]
and hence it’s irreducible in Q[z].
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3 Modules

3.23 Oct 19, 2018

We saw that if R is a UFD, then R[z] is a UFD. The primes of R[z] are the primes of R and the primitive
polynomials in R[z] irreducible in F[z], where F' is the fraction field. The story is pretty much the same when
one asks for R[[z]]; more things become units. In general power series are more complicated but algebraically
R][x]] is easier to work with.

Today we're going to talk about modules; it’ll be mostly definitions. Let R be a ring with 1.

Definition 3.23.1. A (left) module over R (or R-module) is a set with with operations

Mx MM

(m,n) —m-+n
and

RxM-= M

(rym)—r-m
called “addition” and “scalar multiplication” such that the following hold:
e (M,+) is an abelian group, with identity 0;

el-m=mformeM

r-(s-m)=(rs)-mforr,s€ Rand me M
e (r+s) m=r-m+s-mforr,sé€ Rand me M

er-(m+n)=rm+rnror € Rand m,ne€ M

Remark 3.23.2. There is a similar definition for right modules, where the multiplication is M x R — M.
But if R is commutative, and M is a right R-module, we can define a left module with r - m = m - r.
Commutativity is required to keep the r - (s-m) = (rs) - m axiom.

Example 3.23.3. If R is a field, then R-modules are precisely vector spaces over F'.

Example 3.23.4. Fix an integer n > 0 and define R™ := {(a1,...,a,): a; € R} with the operations
(a1, an) + (b1,...,b,) = (a1 + b1,...,a, +b,) and 7 - (ay,...,a,) = (ray,...,ra,). This is called the
free R-module of rank n.

Example 3.23.5. Let R = Z. Then Z-modules are precisely abelian groups, with the multiplication

m+---+m ifa>0
—_——

a times
a-m=<0 ifa=0
-m—---—m ifa<0
—_———
la| times

Example 3.23.6. (Left) ideals I C R are an R-module: they’re closed under addition, and closed under
multiplication by R. Similarly, quotients are R-modules with the usual addition and r(a +I) =ra+ I

Example 3.23.7. Polynomial rings R[x] with the usual addition and multiplication are also an R-module.

Recall that a homomorphism of R-modules is a map f: M — N such that f(m+n) = f(m)+ f(n) and
flrm) =rf(m) for m,n € M and r € R. We also say f is an isomorphism if it is also bijective. The inverse
is automatically an isomorphism.

o1



Example 3.23.8. If f: M — N is a homomorphism, then f(M) is an R-module, and ker f = {m €
M: f(m) =0} is also an R-module.

Definition 3.23.9. A submodule of M is a subset N C M that is an R-module using the operations from
the ambient module M.

Observe that if N C M, then N is a submodule of M if and only if 0 € N, m +n € N for all m,n € N,
and rn € N for all r € R, n € N. The other axioms follow in N because they are inherited from M.

Example 3.23.10. Submodules of R are precisely ideals.

Example 3.23.11. We can take quotients: Let M be a module and N C M be a submodule. The quotient
M/N is an abelian group with scalar multiplication defined by r(m + N) =rm + N for r € R and m € M.
This turns M/N into an R-module. We have a natural projection M — M /N given by m +— m + N it is a
homomorphism of R-modules.

There are the four isomorphism theorems as always.
Example 3.23.12. For a set S C M, we have the submodule generated by S:
R-5:= { > rees: 8 C S finite, 7, eR},
ses’
that is, we have finite linear combinations of elements in S. This is the smallest submodule containing .S.

Definition 3.23.13. We say M is finitely generated if M = R - S for some finite S C M.

Definition 3.23.14. Let M be an R-module. We say M is Noetherian if any chain
Ny C N, CN3C...

of submodules stabilizes, ie., N,, = N, 41 for n large enough. This agrees with the previous notation, that
is, if M = R as an R-modules, then R is Noetherian in the usual sense if and only if it is Noetherian in this
sense.

Proposition 3.23.15. We say that M is Noetherian if and only if all submodules of M are finitely generated.
The proof is the same as the proof of (the equivalence of) Definition 2.16.5.

Proposition 3.23.16. Let M be an R-module, and N a submodule of M. Then M is Noetherian if and
only if N and M /N are Noetherian.

Proof. The forward direction is easy: if M is Noetherian then so is N because submodules of N are in
particular submodules of M and are hence finitely generated. Also, a submodule of M/N is of the form L/N
with N C L C M (there’s an isomorphism theorem being used here). Since M is Noetherian L is finitely
generated as an R module, so L/N is also finitely generated. So M/N is Noetherian.

For the backward direction, we recall that M /N is finitely generated, say with generators z1,...,z, € M,
and N is finitely generated, say with generators yi,...,y, € N. Take any m € M. Then m + N =
o ri(xzi + N) for some r; € R. Now

n
m — Zrixi eN
i=1
n m . . .
sowe haven—y " | riz; = ijl sjy; with s; € R. Now we win; M is generated by 1, ..., %n, Y1, .., Ym. O

Proposition 3.23.17. Let R be Noetherian. Then if M is an R-module, we have M is Noetherian if and
only if M is finitely generated.

As a special case, we get that R™ is Noetherian, by induction on n (the base case is our assumption on R).

If M is finitely generated, there is a surjective homomorphism R"™ — M, so M is a quotient of R™ and
M is Noetherian. Of course, if M is Noetherian, then M is finitely generated.
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3.24 Oct 22, 2018

Last time, for R a commutative ring, we saw that if R is Noetherian, then an R-module M is Noetherian
if and only if M is finitely generated.

Today, we let R be a PID. We'll describe modules over a PID.

Let M be a finitely generated R-module, say with generators my,...,m, € M. We have a unique homo-
morphism of R-modules ¢: R™ — M mapping e; (the “standard basis” of R™) to m;. It’s clear what this map
should be, since p(rie;+---+rpe,) = rimy+- - -+r,my,. Also, @ is surjective since my, ..., m,, generate M.

The first isomorphism theorem says R"/kerp — M. Notice that ker ¢ is finitely generated, since R"
is Noetherian. So there is another surjective homomorphism ¥ : R™ — ker ¢, so we get the short exact
sequence

¥

R™ R™ A M 0

Take any 1 < j < m, and observe that
Y(e;) = ZAi’jeZ- for unique A4; ; € R.
i=1
If you view R™ and R"™ as “columns”, then 1 is given by left multiplication by a matrix A € M, ,,(R). So
M = R"[{(R™) = R"/A(R™).
Some remarks: Let P € GL,(R) and @ € GL,,(R). Then because P,(Q are isomorphisms
R"/(PAQ)(R™) = R"/(PA(R™)) = R"/P(A(R™)) = R"/A(R™)
given by Pv i 7.

So to understand modules M over a PID, we want to understand R"/A(R™); an idea is to find P and Q
so that A is “nice”.

In linear algebra, for R = F a field, and a matrix A € M,, ,,(F'), there are invertible P € GL,,,(F) and
Q € GL,(F) such that

1

D = PAQ = 1

0

where D is not necessarily a square and there are r 1’s, where r is the rank of A (the point is that we’ll give
a generalization of this result later, for PIDs). Then

R™"/D(R") 2 Rx -+ XRx0x---x0=Z R "=Fm""
—_—

7 times

which says that finitely generated vector spaces are free, ie. have a finite basis.
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The generalization is called Smith Normal Form: Let R be a PID, and take any matrix A € M, ,(R).
Then there are invertible P € GL,,(R) and @ € GL,(R) such that

ai
as

D =PAQ = ar

0

with a1, ...,a, € R nonzero and aq|az, aslas,...,ar—1]|a,. Moreover, r is unique and the a; are unique up
to multiplication by u € R*.

Theorem 3.24.1 (Structure theorem for finitely generated modules over PIDs). Let R be a PID, and let
M be a finitely generated R-module. Then there are r,s > 0 and nonzero ay,...,as € R that are not units
such that

M= R/{a1) x --- x R/{as) x R"
and aylag,aslas, ..., as—1|as. Moreover, r and s are unique, and the a;s are unique up to units.

Sometimes people write aqlas, azlas,...,as—1las as “ailaz|...|as”. The a; are called invariant factors
) 3 )
and r the free rank.

Proof. We first prove existence assuming Smith Normal Form. We saw (with m and n switched) that
M = R™/A(R™) for some A € My, ,(R), so M = R™/D(R") (with the isomorphism coming from Smith
Normal Form), where as before

aq
ag

D =PAQ = a,

with a; € R — {0} and a1]az]|...|a,. Then
R"/D(R") 2 R™/(aiRX - X a,Rx0x---x0) 2 R/(a;) X -+ x R/{ay) X Rx - xR
where we remove the early a;s that are units (since R/{a;) = 0). O

We'll prove Smith Normal Form next time; the proof will be an algorithm, that is, one could actually
compute the a;.

Theorem 3.24.2 (Structure theorem for finitely generated abelian groups). Let M be a finitely generated
abelian group. Then

M X277 X - X L/nsZ x L"
for unique r > 0 and unique positive integers ny,...,ns > 2 satisfying ni|na| ... |ns.

Observe that if M is well understood, one could compute r and n;; every step of the proof is constructive.

If a; = unf' ... 7w with uw € R* and 7y,...,m € R primes (not associates) and e; > 1, then by CRT we

have R/{a;) = R/(n{') X --- x R/{(n&). This gives another description of the modules over a PID.

Next time we’ll give the proof of Smith Normal Form, and specialize to R = F[z].
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3.25 Oct 24, 2018

Last time, we talked about Smith Normal Form: Let R be a PID, and take a matrix A € M,, »(R). Then
there are invertible matrices P € GL,,,(R) and @ € GL,,(R) such that

ai
a2

D = PAQ = ar

0

with a; € R nonzero satisfying aq|as| .. .|a,. Moreover, r is unique and a; is unique up to multiplication by
u € R*. The matrix D is called the Smith Normal Form of A.

We'll prove the existence of the Smith Normal Form of A. We say A, B € M,, ,(R) are equivalent if
PAQ = B for some P € GL,,(R) and Q € GL,,(R). Of course, this is an equivalence relation on M,, ,,(R).

Proof. Fix A € My, n(R). Our goal is to find an equivalent matrix of the form

a1 0

0 B
with B € Mp,—1 n—1(R), where a; divides all entries of B. Doing this is sufficient; we can use induction on
the size of the matrix. Notice that a1 divides all entires equivalent to B, too.

We can assume A # 0 (otherwise, we are done). We can perform elementary row operations: we can
swap rows, add a multiple of one row to another, and scale a row by u € R*.

They are reversible by another elementary row operation. Also, each corresponds to left multiplication
by a matrix P € GL,,(R). We can also perform column operations, corresponding to right multiplication by
a matrix P € GL,,(R). By swapping rows and columns, we can assume A; 1 # 0.

For 2 < i < n, we can replace A by an equivalent matrix A’ such that A§,1 = ged(A11,4i1). To see
this, say that (without loss of generality, because we can swap rows) that i = 2; for a = Ay 1,0 = Az, and
g = ged(a, b), then if R is a PID we have (a,b) = (g),that is, ax + by = g for some z,y € R.

In step 1, we split into cases. The good case is when Ay 1]|A; 1 for all 2 < i < m, say with 4;1 = ¢; A1 1
with row; := row; — ¢;row;. This turns the first column into the form

a * ... *
0 *x ... =x
0 = *

and go to Step 2.

In the bad case, A1 1 1 A;1 for some 2 < i < n. Then replace A by an equivalent matrix A’ such that
A}y = ged(Ay 1, Ario1) and restart Step 1 (we’ll discuss why this must terminate later).

In step 2, we also split into cases. The good case is when A; ;|A; ; for all 2 < j < n, say with A; ; = ¢;A11
with col; := col; — gjcol;. This turns A into the form

a 0 ... O
0 % ... =
0 =* *
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and go to Step 3.

In the bad case, A11 t Ai1; for some j. Then replace A by an equivalent matrix A’ such that All,l =
ged(As 1, A1 ;) and go to step 1.

In step 3, we also split into cases. The good case is when A; ; divides all entries of B. Then we’d be done.

If there is an 2 < i < m such that A;; does not divide all elements in i-th row, we add the i-th row to
the first row, and go to step 2.

To show this is a proof/algorithm, we need to know why it halts. Whenever we were in a bad case, we
obtained an equivalent matrix A’, such that A} ;|A;; and Ay t A} ;. Let oy, ,... be the A;; we get
over the algorithm. Then

<Oll> g <042> g

and a bad case corresponds to (a;,) € (a,+1). Eventually, we never hit a bad case, so it stops! O

=

Example 3.25.1. Let G = Z3/((3,3,6), (8,4,0),(0,12,12)). Consider

38 0
A= |3 4 12|,
6 0 12

and observe that G = Z3/A(Z?). We want to reduce this matrix. Set ro := 75 — ry and r3 := r3 — 271, S0
that

3 0 0
A=10 —4 12
0 —16 12
and then set ¢y := co — 3cq, and set co := —1co and swap ¢; and co, so that
1 3 0
A=14 0 12
16 0 12

and set 7y := 19 — 4r; and 73 1= r3 — 1671, so that

1 3 0
A =10 —12 12
0 —48 12

and set cg 1= co — 3¢y and r3 := r3 — 4ry, so that

1 0 0
A=10 —-12 12
0 0 —36
and set c3 := c3 + ¢g, c3 1= —co, and c3 := —cg, so that
1 0 0
A=10 12 0
0 0 36
Thus, A is equivalent to A’ as above; we have
1 0 0
G=73/10 12 0|Z*=(ZxZxZ)/(Z x 12Z x 36Z) = Z/127 x 7./36Z.
0 0 36
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3.26 Oct 29, 2018

[Homeworks are due Monday for a few weeks, since class was cancelled Friday and Thanksgiving will
happen.]

Last time, we talked about Smith Normal Form:

Let R be a PID, and take any A € M,, ,,(R). Then there are P € GL,,(R) and Q € GL,(R) so that

aq
as

D =PAQ = ar

0

with nonzero ay,...,a, € R satisfying a;|as|...|a,. Moreover, the a; are unique up to units.

We proved the existence of P and Q.

Today we’ll set R = F[x], where F is a field. Let V be a finite dimensional vector space over F'. Consider
a linear operator T: V' — V. We can turn V into an F[z]-module in the following way: elements ¢ € F act

on V as usual, and = € F acts on V via T, that is, zv := T'(v).

The converse is true; if M is an F[z] module then it is a (maybe not necessarily finite dimensional) vector
space with a linear operator given by T'(v) := zv.

Choose a basis v1,...,v, of V. We set
T(v;) = Aij-vi
i=1

with A; ; € F. This gives rise to A € M, (F). We can now view F™ as an F[z] module by letting = act as
left multiplication by A, and V = F[z].

Define B := aI — A € M,,(F[z]). By homework 8, problem 7, we can say
V= F" > Flz|"/B(F[z]").

This is supposed to be a good thing; in the classification of finitely generated modules over a PID we took
a finitely generated module and understood F[z]|"/B(F[x]™).

Consider the Smith Normal Form of B, so

1

Qs
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for P,@Q € GL,(F[z]) and a1, ...,as € F[z] monic of degree at least 1 and aq|as| ... |as. Moreover, ay, ..

are unique polynomials; they are the invariant factors of B or A.

'70’8

Define the characteristic polynomial of A to be ca(x) = det(zl — A) € F[z], so that c4(z) is monic of

degree n. Because det B # 0, we in fact have

1

ai

as |
that is, we have no zeros. Notice that

ca(zr)=det B=detP-ay...as-detQ

and furthermore that det P,det Q € F* (since P-P~! = I, so det(P~!) is an inverse to det P in F[z]* = F*).

Now
ca(z) = (det Pdet Q)ay ... as

for monic a; and monic c4. Since det P det Q € F we have det Pdet Q = 1. So ca(z) = ay ...as. This could

be a determinant-free definition of characteristic polynomials!

Again, by homework 8, we see that (for D the Smith Normal Form of B)

V = Flz]/B(F[z]")
~ Flz|"/DF[x]"

~ Flz] x -+ x Flaz] x Flz] x --- x F[a]

© Fla] x - x Fla] x (a1) x -+ % {as)

> Flz]/Flx] x -+ x Flz]/F[z] x Flz]/{a1) x -+ x Flz]/{as)
= Flz]/(a1) x - - x Flz]/{as)

As an aside, consider a monic polynomial

f=a%+bg12? 4 bz + by € Fla

Then V := F[z]/(f) has a linear operator T given by multiplication by z: there is a basis {1,z,z?%,..., 2971}

and T'(1) = z, and T(z) = 22, and so on; also, T(z97!) = 2% = —byl — byz — - -+ — bg_ 74 L.

With respect to this basis, T is given by the matrix

0O 0 ... —bg

1 0 ... —b
Cr:=|. ) )

0 ... 1 —bg_q

This is called the companion matrix of f. We have that A is similar to

Ca,
Ca,

s
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This is painful to prove with classical linear algebra, but in terms of modules and PIDs this is just saying
you can put a module structure on vector spaces.

In any case, we had V = F[z]/{a1) x -+ x F[z]/{as). Fix f € F[z] so that f(T)v = 0 for all v € V.
This is equivalent to saying that f(xz)v = 0 for all v € V, and by the isomorphism f(z)m = 0 for all
m € Flz]/{a1) x --- x F[z]/{as), which happens if and only if as|f (because aj]as|...|as), that is, as is
the minimal polynomial of T' (classically, the minimal polynomial is a monic polynomial in F[z] of minimal
degree such that as(T) = 0).

Since as|ca, we have c4(A) = 0. This is classically called the Cayley Hamilton theorem.

Example 3.26.1. We fix

13 24 50
A=|-6 —-11 -25| € M,(Q)
0 0 1
so that
r—13 =24 —50
B=zxl - A= 6 rz+11 25
0 0 rz—1

To get to Smith Normal Form we can reduce:

r—13 —24  —50 R r+11 25
6 r4+11 25 | DEENL L. 13 —24 =50
0 0 r—1 i 0 0 r—1
[ s r+11 25
12202, 1 G(p — 13)  —144  —300
i 0 0 r—1
(o130 | z+ 11 25 |
Dm0 —g2 420 —1 —252+25
_O rx—1 ]
1 . 1 0 0
column operations O _$2 + 21} _ 1 _25:1; + 25
_0 0 rx—1 ]
- 1 0 0
Yo lo oz -1 0
0 25(x—1) —(z— 1)
10 0
-0 z-1 0
0 0  (z-1)?
And so A is similar to
1 0 0
0 0 —1
01 2
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3.27 Oct 31, 2018

[I was out of town for this lecture. Cosmo Viola and Yichi Zhang took notes that I borrowed from.]

Recall

Theorem 3.27.1 (Theorem A: Structure Theorem for finitely generated modules over a PID). Let M be a
finitely generated module over a PID R. Then

M =R x R/{a1) x -+ x R/{as)

with a; € R nonzero and nonunits such that ay|az|...|as. Moreover, r,s > 0 are unique and ay,...,as,
called the invariant factors of M, are unique up to units.

We will talk about
Theorem 3.27.2 (Theorem B). Let M be a finitely generated module over a PID R. Then

M~ R" x R/(p$*) x -+ x R/{(p§*)

with p; € R irreducible and e; > 1. Moreover, r and t are unique, and pi*,...,p;", called the elementary
divisors of M, are unique up to scaling by units and reordering.

Proof. The existence just follows from Theorem A (Theorem 3.27.1) and the Chinese Remainder Theorem:
if a =wupy*...p{* for irreducible and mutually nonassociate then

Rf(a) = R/(p1") x --- x R/ {p")

as an isomorphism of rings and R-modules.

To prove uniqueness, we fix an irreducible p € R dividing a. Without loss of generality, assume p = p;
for some ¢, where p and p; are associates. Notice that if 7 > 1 then we have an isomorphism

P 'R/pPR <+ R/pR
pj_lx = x.

Define the field F := R/(p). Notice that

P R/(p°) = {épj>/<pe> ifj<e

ifj>e

and
PR/ L J TN/ = R/(p)=F ifj<e
pR/(pe) |0 ifjze

Thus, if ¢ € R is irreducible and not an associate of p, then there are a,b € R so that ap + bg® = 1, that is,
ap = 11in R/{(q°); this means that p has an inverse in R/(¢°), and hence

P'R/(q) = R/(¢°)-

Now we understand

pPIM PR X R/(pTt) X - X RI(PEY)) oy
I M pI(R™ X R/(p$*) x - x R/{p§*)) =X H ¥

1<i<t
pPi=p
Jj<e;

and in particular the quanitity

dimpp?! *M/pPM =r 4+ #{i: 1 <i<t,p;=t, and j < ¢;}
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depends only on m, e, and j. By letting j grow arbitrarily large, we find that r depends only on M.

Furthermore, we see that #{i: 1 <1i < t,p; =t, and j < e;} depends only on M,p and j. From this,
for all j we can recover the sequence of p;* with p = p; (up to units), and by considering all p we acquire
uniqueness. O

Remark 3.27.3. We can use uniqueness in Theorem B (Theorem 3.27.2) to prove uniqueness in Theorem
A(Theorem 3.27.1), and uniqueness of the Smith Normal Form.

One application of Theorem B (Theorem 3.27.2) is the following:

Corollary 3.27.4 (Jordan Canonical Form). Fiz a matriz A € M, (F), where F is a field. Assume that the
characteristic polynomial ca(x) = det(xI — A) € F[z] splits (ie., factors into degree 1 terms).

For A€ F and e > 1, we have a Jordan block
Al

J)xe:

s

Then the matriz A is similar to
‘])\1761

'])\r;er
called the Jordan canonical form of A, with \; € F and e; > 1. The pairs (\1,e1),...,(Ar, e) are unique up
to reordering.

Let’s prove this!
Proof. Let V := F™ be the F[z] module for which multiplication by x is left multiplication by A. We have
V= Flz]/{a1) x - -+ X Flz]/(as)

for ai|...|as and a; monic of degree > 1. Last time we showed that ¢4 = a;...as, so a; € F[xz] splits. As
before, the Chinese Remainder Theorem says that

V= Fla]/{(x = A)™) x - x Fla /(2 = Ar))

with ¢4 = (x — A1) ...(x — A\)®. Now consider W := Flz]/{(x — \)¢) for A € F and e > 1. We
have a linear map 7: W — W given by multiplication by x. Then a basis of W over F is given by

€

{(z—X) _1,...,m,f}. We have

T(@—N)=a(@ AV = (@ - Nz N + ANz,

so with respect to this basis the matrix 7" is given by

Al

T = R = Jye
RN
A

so there is a basis of V' such that multiplication by A is given by

J)\1,€1

r€r
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3.28 Nov 2, 2018

Last time, we proved Jordan canonical form:
Take A € M, (F) such that its characteristic polynomial is c(z) = det(zI — A) € Fs] splits, that is,
factors into degree 1 terms. Then A is similar to

J)\17€1

I

m€r

with \; € F and e; > 1. Moreover, (A1,e1),..., (A, e.) are unique up to reordering.
The idea is that V := F™ can be given an F[z]-module structure with x acting as multiplication by A.
Then as F[z]-modules, we have
V = Flz]/{ar) x -+ x Fla]/(as)

with a; € F[z] monic of degree at least 1, and a1]...|as. In this setting, we have c4 = a; ...as with ag the
minimal polynomial of A, which we sometimes denote m 4. This implies that c4 and m 4 = a,s have the same
irreducible factors (because of the divisibility conditions a;]...|as). We proved Jordan Canonical Form by
using Chinese Remainder Theorem.

Example 3.28.1. Consider A € GL,(C). Let’s prove that B? = A for some B € M, (C). We’'ll prove this
by reducing this to the case where A is a Jordan block, and in this case it’s not so hard to prove this.

So let’s say J is the Jordan Canonical Form of A, so that A = PJP~! where J is now invertible (since
A is invertible). If B2 = J for some B, then (PBP~!)? = PB2P~! = A, s0 A is a square.

So without loss of generality, assume A is in Jordan canonical form, so

Ji
A =
Iy
Notice that if BZ = J;, for some B; € M,,(C) then
2 2
B, B; J1
= = = A
B, B2 I
so without loss of generality
A1
A =
1
A

Recall the (power series) binomial theorem, which states that as formal polynomials

(i (1£2>x’<)2 —1+2,  where (Z) - ”(”_1)“];!(”_“1) for n. € Q.

k=0

We have A = A\(I + A"1N) with
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and in particular N™ = 0. So

By = i (1£2>(A—1N)"' = :z;: (122) AR NP

k=0
and B = T+ A"'N. So (VABy)? = AM(I + A"'N) = A, where v/X exists because A € C.
Let’s do another example:

Example 3.28.2. Let

1 1 1
11 ... 1

A= . . . . GMH(Q)'
1 1 1

What is its Jordan Canonical Form?

The rank of A is 1, so its nullity is n — 1, that is, we have eigenvalues 0,...,0,n. Also, A2 = nA. So

ma has to divide 22 — nz = z(z — n). Because degm > 1 we must have my = 22

— nx. So the Jordan
Canonical Form is

n

0

Alternatively, you could have seen that A was diagonalizable because m 4 splits into linear factors.

What about A as a matrix in M, (F)? If charF 1 n, then the same proof works and we have the same
answer. On the other hand, if charF|n, then m 4 = x2. Then the Jordan Canonical Form is

0 1
0 0
0
0
Example 3.28.3. Let
-2 2 1
A= -7 4 2| € M;3(Q).
5 0 0
so that
r+2 -2 -1
ol — A= 7 r—4 =2

-5 0 x
and swapping ¢ and cg, and then scaling ¢; by —1, gives

1 -2 x+2
2 x—4 7
—x 0 -5

so that swapping ro :=ro — 2ry and r3 := r3 + xr1 gives
1 -2 T +2
0 x —2r+3
0 —2z z2°+2z-5

63



and cleaning up gives

1 0 0

0 =z —2x+4+3
10 —2z 2%+ 2z — 9|

so that setting c3: c3 + 2co gives
1 0 0
0 = 3
0 22 22-2x-5

and swapping ce and c3, and scaling ro by 1/3, gives

1 0 0 ]
0 1 x/3
0 z2—-2x—5 —296_

so that with r3 :=r3 — (22 — 22 — 5)ry gives
1 0 0
0 1 x/3
0 0 (—a®+222—-12)/3
and with ¢3 := ¢3 — (2/3)c3 and scaling r3 by -3 gives
1

-2+

which is the Smith Normal Form of B. So we have cq4 = my = a; = 2% — 222+ 2 = x(x — 1)2. So the Jordan

Canonical Form of A is given by
0

1 1
0 1
Example 3.28.4. Suppose that A € M;3(Q), with a; = (x — 1)?(z — 2)(z — 3)?, and ay = z(z — 1)*(z —
2)2(x — 3)3. Then the Jordan Canonical Form of A is given by

3 1
3 1

[Today, I learnt that if you want to make a matrix with more than 10 columns, you need to set the counter
MaxMatrixCols to however many columns you need|
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3.29 Nov 5, 2018

Today we’ll talk about free modules and tensor products.

Let R be a commutative ring (we’ll talk about noncommutative rings some time in the future; it’s useful
for next semester) with 1. Let A be a set. We can define

Fy:={f: A— R with f(a) =0 for all but finitely many a € A}.

This is clearly an R-module. For a € A, we have the element

5a(b)={1 ifb=a

0 otherwise

that is, d, € Fu. In fact, Fy is a free module over R with basis {d,: a € A}. Indeed, take f € Fy, and

observe that
f= Z f (a)éa

a€cA
f(a)#0

which is a finite sum. This shows that the §, span. To show that they are linearly independent, say that

Z Ca0q =0

acA’

for A’ C A finite and ¢, € R. Plugging in a € A’ says that ¢, -1 =0, that is, ¢, = 0 for all a € A’, so they’re
linearly independent. This just says that every element of F4 is a unique linear combination (with scalars
in R) of the set {d,: a € A}. We can identify a € A with §,. We can view F4 as a free R-module with basis A.

So this is much less painful than the construction of a free group. Like in that case, we have the universal
property that for any ¢: A — M there is a unique ®: F4 — M so that ¢ = ® o1, where t: A — F4 that is,
the following diagram commutes:

A‘—)FA

|

I

3P
x 4

M

If A is a finite, set that, is A = {1,...,n}=: [n], then F4 = R™. Let’s move on.

Tensor Products

Let R be a commutative ring. For R-modules M, N, P, we say that a map ¢: M x N — P is R-bilinear
(or just bilinear, if R is clear) if

M — P N — P
m— p(m,n) n — p(m,n)

are homomorphisms of R modules for all m € M and n € N. Some examples include
Example 3.29.1. For R = R, the dot product R” x R" — R,

Example 3.29.2. The map M, (R) x M,,(R) — M, (R) given by (4, B) — AB — BA,
Example 3.29.3. The map R x R — R given by (a,b) — ab,

Example 3.29.4. The map R? x R?* — R3 given by (v,w) — v X w.
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We don’t want to redo the whole theory of modules and homomorphisms to capture bilinear maps.
Bilinear maps are nice: fix a ¢: M x N — P bilinear; observe that for any R-module homomorphism
f: P— P’ themap fop: M x N — P’ is bilinear. So the idea is to find one universal “best” bilinear map
and then compose with homomorphisms to get all other bilinear maps. This is captured by

Theorem 3.29.5. Take R-modules M and N. Then there is an R module M ®@r N and a bilinear map
t: M X N — M ®gN such that for any bilinear map @: M x N — P, there is a unique homomorphism of
R-modules ®: M @z N — P such that ¢ = ® o, that is, the following diagram commutes:

MxN—- M®pN
eI

P

Remark 3.29.6. This universal property characterizes M @ g N and ¢: M x N — M ®pr N up to (canonical)
isomorphism.

Remark 3.29.7. The map ¢: M x N — M ®pg N is usually written as ¢(m,n) = m ® n; first of all, the
notation m ® n is ambiguous, unless we know what M, R, N are, and secondly, ¢ need not be surjective.

Proof. Consider Fj;« n, the free module on the set M x N. Its basis can be identified with M x N. So we
have the inclusion map M X N < Fj;«n. This inclusion map is most definitely not bilinear. So we will
define

M®pr N = FMXN/K

where K is the submodule of M x N generated by

forallr € R,m,m' € M,n,n’ € N.

Observe that
t: M XN —= Fyxny »>M®rN

is R-bilinear. Now take any bilinear ¢: M x N — P. Then because Fj;xn is a free group we have

M x N —— FM><N
x J{H!f
P

and observe that f(K) = 0, where K is the same K as above (that is, we defined M ®p N := Fyxn/K).
For example,
F((mtm!,m) — (m,m) — (', m)) = f(m+m,m)— f(m,n) — f(m',n) = p(m-+m’,n) — p(m, ) — p(m',n) = 0

because ¢ is bilinear. For similar reasons all other generators are annihilated by f. So we can factor the
inclusion and the f through the projection by K:

MxN— M®rN
eI

P
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as desired. O
Let’s do an example:

Example 3.29.8. We have Z/2Z ®yz Z/3Z = 0. Indeed, take a € Z/2Z and b € Z/3Z. Then we have
a®b=3-a)®b=3-(a®b)=a®Bb)=a®0=a®(0-0)=0-(a®0)=0.
In general, we’ll see at some point that if a,b > 1 that
Z/{a) @zz 2/ (b) = 7/ (ged(a, b)).

Example 3.29.9. We have R®p M = M. Indeed, we have j: R x M — M given by (r,m) — rm. Then if
@: Rx M — P is bilinear, we have

RxM —1» M

and uniqueness gives R @r M = M.
The tensor product distributes:
Proposition 3.29.10. We have (M ® M) ®gr N =2 (M @r N)® (M’ @ N).

Proof sketch. We have a bilinear map (M & M') x N — (M ®r N) @ (M’ ® g N) given by ((m,m’),n) —
(m ® n,m’ ® n) which gives a homomorphism (M & M) @g N = (M ®r N) & (M’ @ N).

We also have a bilinear map M x N — (M @& M')®@gN by (m,n) — (m,0),n), so we get a homomorphism
M®rN = (M®M’')®gN. Do the same thing with M replaced by M’, and check that they are inverses. [

So we get

Corollary 3.29.11. We have R™ ®r R" & (R®p R™)™ = (R™)™ = R™. n general, we have R™ ®p R"
is a free module with basis {e; ® ej: 1 <i<m and 1 <j < m}.
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3.30 Nov 7, 2018

Last time, for R a commutative ring and M, N two R-modules, we defined the tensor product M ®g N;
it is an R-module with an R-bilinear map ¢: M x N — M ®g N, given by (m,n) — m ® n. We have the
following universal property: for any R-bilinear map ¢: M x N — P, there is a unique homomorphism
®: M ®g N — P of R-modules such that ¢ = ® o«. This was expressed in the commutative diagram

MxN —— M®rN
T b
P

To appreciate this construction we probably need to prove some theorems, but at this point at least the
tensor product is turning bilinear maps (mysterious) to homomorphisms (less so).

The elements of M ®p N are called tensors; the element m ® n is called a pure, or sometimes simple, or
sometimes elementary, tensor. We saw that R@r M = M, and (M & M')Qr N 2 (M @r N)® (M'@r N).
This isomorphism was given by ((m,m’),n) — (m ® n,m’ ® n) and checking that the universal property

gives an inverse. There is also
<@Mi) o N = @(M; @ N).
i€l iel

Example 3.30.1. We have M ® g N = N ® g N. This will use that R is commutative somehow. Obviously,
the map will be given by m ® n <+ n ® n but there are details to check:

Consider the map M x N — N x M given by (m,n) — (n,m); this map is bilinear so it factors to a map
p: M x N — N®gr M, that is, we have the diagram:

M®g N

/ EC

MxN— NXM —— N®rN

~ B

and now we have ®(m ®@n) = ®(¢(m,n)) = ¢(m,n) =n Q@ m.

Example 3.30.2. We have for I C R an ideal, the R-module R/I. If N is an R-module, we have the
R-module IN = {Z?zl a;n;: a; € I,n; € N}, which is the smallest submodule of n containing all the an
with a € I,n € N. We claim that

R/I®r N = N/IN.

Indeed, we have a bilinear map

R/I x N % N/IN
(F,n) —Tn

and one can check that j is indeed well defined and bilinear. We claim that the universal property holds for
j, that is we should verify

R/Ix N —— N/IN
T P
P

But if it exists, then this map sends ®(n) = ®(j(1,n)) = p(1,n). So this is a possible definition of ®; if ®
exists then it is unique. One should check that ® is well defined (it is clearly a homomorphism if it’s well
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defined). To see this we compute

m m

@(n + Zaim) =o(l,n) + Zaiap(l, n;) =(l,n)+ Z o(a;,n;) = e(l,n) + Z ©(0,n;) = p(1,n).

i=1 i=1 i=1 =1

So j satisfies the universal property and proves the claim. Let’s do an example of this example:
Set R =Z and I = (a). Furthermore let N = Z/(b) (where a,b > 1 are integers). We have

/() 52 2/10) = T = P 2 fged(a )

Let’s now consider a (not necessarily commutative) ring R (still with a multiplicative identity). Let M be
a right R-module and N a left R-module. We will define an abelian group M ® g N (one needs the ®pg to be
in the middle, as if it was “connecting two trains”). In this setting, bilinear maps are not quite the right thing:

Definition 3.30.3. Let L be an abelian group (written additively). A map ¢: M x N — L is R-balanced if
o p(m+m',n) = p(m,n)+p(m’,n)
o p(m,n+n') = p(m,n) + g(m,n’)
e o(m,rn) = p(rm,n)

for mym’ € M,n,n’ € N,r € R. Notice that r¢(m,n) doesn’t necessarily make sense because L is not
(necessarily) an R-module.

One obvious example of an R-balanced map was given last lecture, with R x R — R given by (a,b) — ab.

There is a universal R-balanced map M x N = M ®prN such that for any R-balanced map ¢: M xN — L,
there is a unique group homomorphism ®: M ®r N — L such that ® o1 = . The proof is exactly the same
as last time; the commutative diagram is also exactly the same (with P replaced by L).

Definition 3.30.4. Let R, S be rings. An abelian group M is an (S, R)-bimodule if M is a left S-module,
and a right R-module such that s(mr) = (sm)r for all s € S, € R,m € M.

Example 3.30.5. The ring R is an (R, R)-bimodule. Dummit/Foote calls this “the standard R-module”.

Example 3.30.6. Let R be a commutative ring, and M a left R-module. Then m - r := rm turns M into
a (R, R)-module.

Let M be an (S, R)-bimodule and N a left R-module. Then M ® g N is an abelian group, but the S-action
on M gives some extra structure: M ®g N is actually an S-module, given by

€

s<imz ® nl) =) (smi) @ ni.

i=0 i=0
So if R is commutative and M, N are R-modules, then they’re (R, R)-bimodules and M ® g N is an R-module,

so it agrees with before.

Example 3.30.7. Let G be a group, and H C GG a subgroup. Say that H acts on a vector space V over F.
So this is a map ¢: H — Autp(V) = GL(V). We have the induced representation F'G Qpgy V', where FH
and F'G are the group rings. This is an F'G-module, that is, a vector space over F' with a G-action.

More generally, let M be a left R-module and S an R-algebra (that is, a ring homomorphism f: R — S
with f(R) contained in the center of S). Then S is an (S, R)-bimodule, that is, s - r := sf(r). Then we get
the left S-module S ®r M, called the extension of scalars.
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3.31 Nov 9, 2018

[I was out of town for this lecture. Cosmo Viola and Yichi Zhang took notes that I borrowed from.]

Let R,S,T be rings, and M an (S, R)-bimodule and N an (R, T)-bimodule. We defined the Z-module
(abelian group) denoted M ®p N, and can in fact turn M @z N into an (S, T)-bimodule.

Take an R-algebra S (that is, a ring homomorphism f: R — S such that f(R) is contained in the center
of S; forr € R,s € S, we have r- s = f(r)s = sf(r) = s - r, where the second equality follows because f(r)
is in the center). Then, if M is a left R-module, we have S ® p M a left S-module.

Now suppose R is commutative. Then, for R-algebras A and B, we have that A®g B is also an R-algebra.
Multiplication is defined by (a ® b) - (¢’ @ V') = (aa’) @ (bb').

Example 3.31.1. Let S be a commutative R-algebra, with R < S. We claim that S ®g R[z] = S[z].
Indeed, consider the (R-bilinear) map

S x Rlz] L S[x]
(a, f) = af

which induces a unique R-module homomorphism

S ®r R[z] — S[z]
a® fr—af

that is in fact an isomorphism with inverse

Slx] — S ®gr R[]
Zaixi — Zai ®mi
i=0 i=0

Now let

0—s At B 930 —50

be an exact sequence of left R-modules. Then, for a right R-module M, we have an exact sequence of

Z-modules

0 — > MegA -l MeogB 25 MorC —— 0

defined by f.(m®a) =m® f(a). The failure of surjectivity of g, leads to functors TorZ (M, —): R —mod —
Z — mod, where Torf(M,—) = M ®r —.

More in 6320.

70



4 Fields

4.31 Nov 9, 2018
Let F be a field. There is a unique homomorphism of rings ¢: Z — F, where ¢(1) = 1 and hence

1+---41 ifn>0
—_———

n times

—1—---—1 ifn<0
—_————

n times

p(n) =

Then observe that
Z/ker ¢ — F,

where F is a field, so Z/ ker ¢ better not have any zero-divisors; we have Z/ ker ¢ is an integral domain, and
ker ¢ is a prime ideal of Z. So ker ¢ = (n) for n =0 or n = p a prime.

The characteristic of F' is char F' = n. Now if char F' = 0 then
p:Z— F extends to Q — F

which we view as Q C F. Otherwise if char F' = p then F,, = Z/(p) — F, which we view as F, C F'. We say
that Q/F, is the prime field of F.

Consider a subfield F' C K, where both F' and K are fields. We call K a field extension of F', and denote
this K/F. The degree of an extension K/F is [K : F] = dimp K. For extensions ' C K C L, we have
[L:F)=[L:K][K : F]. The proof idea is as follows: if either [L : K] or [K : F] are infinite, then this is easy;
if both are finite then take a basis a1, ..., a,, of L over K and a basis by, ...,b, of K over I'. As an exercise,
one can show that a;b; for ¢ € [m],j € [n] is a basis of L over K. Then [L: F] =mn = [L: K|[K : F].

Consider an extension K/F and fix « € K. Let F[a] and F(a) be the smallest subring and subfield
respectively of K containing F' and . We have a homomorphism of F-algebras

p: Fla] = K
f(x) = f(a)

and again this induces F[z]/(ker ¢) — F[a] C K, and since K is a field we have that ker ¢ is a prime ideal
of Fx]; we have ker ¢ = (0) or ker p = (p) with p € F[z] monic and irreducible.

As before, if ker ¢ = (p) then we get
Flz]/(p) = Fla]

and note that since F[z]/(p) is a field then so is F[a], and hence F|a] = F(a). We have
[F(e) : F] = dimp Flz]/(p) = degp,

and we say p € F[z] is the minimal polynomial of o over F' (where the minimal polynomial is the monic
polynomial in F[z] of minimal degree such that p(a) = 0).

On the other hand, if ker ¢ = 0, that is, f(«) # 0 for all nonzero f € F[z], then F|a] is not a field, and ¢
extends to a map F(x) = F(a). In this case we say « is transcendental over F; if ker p = (p) as discussed
above we say « is algebraic over F.
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4.32 Nov 12, 2018
Let F be a field, and K/F a field extension (that is, a field K such that F' C K).

Take a € K. Then we might have that « is transcendental over F', that is, there is no non-zero f € F[z]
with f(a) = 0. Then we have

Flz] = Fla] C F(a)

f(@) = fla)
that is, transcendental elements are basically like free variables (from the point of view of algebra). Since F'[z]
is an infinite dimensional vector space over F (it has F-basis {1,x,22,...}), we also have [F(«a) : F] = ooc.

Otherwise, we have that « is algebraic over F. Then there is a unique monic m, r € F[z] of minimal
degree such that m, p(a) = 0 [there is at least one such monic polynomial, and if there are two, one can
apply the division algorithm]. We call m,, r the minimal polynomial of « over F'. We have, like last time,

Flz] » Fla] C K
= fla),

inducing F[z]/(ma.r) — F[a]
where we also have F[x]/(mq r) is a field because m,, r is irreducible. Also, we have
[F(a) : F] =[Fla] : F] = degma,r.
Example 4.32.1. Fix a = V/2 € R and we have m, g = 2> — 2. We have the inclusion of fields

Q)

Q

and the isomorphism

Qlz]/{a® - 2) = Qlo]
fe fla).

Then, Q[a] has Q-basis 1, o, a2, and Q[x]/(x —2) has Q-basis 1,7, z2. Here’s a question: what is (2+a)~1?
We can work in Q[a]: polynomial division gives
¥ —2= (22 —2x+4)(z+2) - 10
so for x = a we have (a? — 2a +4)(a + 2) = 10 and

4 2 1
-1_ % _ 4 22
2+a) " = 10 1Oa+ 0%

Now let g = ¥/2e2m/3 € C. We have
Q[B] +~— Qlz]/(z* —2) —— Qla]
sending ¢y + ¢18 + 282 to co + cra + caa’.

Consider an isomorphism of fields p: F' = F', and fix M € F|x] irreducible. Set m’ = ¢(m) € F'[x]
(that is, apply ¢ to the coefficients of m). Then m’ is irreducible. Take a root « of m (in some extension of
F) and a root § of m’ (in some extension of F’). Then we have isomorphisms
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Fla) «—— Flz]/{m) —— F'lz]/(m) —— F'(§)

fla) «——— f f———10)

fr———0(f)
and we get an isomorphism @pey: F(a) = F'(8) such that ¢new|r = ¢ and ppew(a) = 8. Note that vnew
is unique!

Definition 4.32.2. An extension K/F is a splitting field for f € F[z] if f factors into degree 1 terms in
K|[z] (sometimes called “splits completely”) and no field F C K’ C K has this property.

Theorem 4.32.3. Fiz f € F[z] and set n = deg f. Then a splitting field K for f exists, and [K : F| < nl.

Proof. Induct on n > 1. For n = 1 this is easy. So suppose this is true for polynomials of degree at most
n — 1, and pick f € F[z]. Take an irreducible factor M € F[z] of f. Then L := F[z]/(f) is a field extension
of F of degree degm < n. There is an o € L such that f(«) = 0. Then f(z) = (x — a)g(z) with g(z) € L[],
and deg g = n — 1. By the inductive hypothesis, there is an extension K/L with [K : L] < (n — 1)! such that
g splits completely in K[z]. This says that f splits completely in K[z], and
[K:F|=[K:L|[L:F]<n!

S——

<(n—1)! <n
Now we can replace K by the smallest dimensional F' C K’ C K for which f splits completely in K'[z]. O

Take f € F[z]. A splitting field K/F of f is unique up to isomorphism fixing f:

K——— > K’

N,

The idea is to build up inductively. Take m € F|z] irreducible dividing f and degm > 1 if possible (and if
not, then we’d be done), and choose roots o1 € K and 31 € K, so that

3
F, = Fo(al) <i> FO(BI) = Fl/

Fp=F «+—4 S F/=F

As before, take m € Fy[z] irreducible dividing f and degm > 1 (again, if possible; if not, we’d be done), and
choose roots ay € K and B2 € K’ of m’; we can repeat

K = Fm(am-‘rl) — F7/n(6m+1) =K'




4.33 Nov 14, 2018
Fix a nonzero f € F[z] for some field F'. We had

Definition 4.33.1. An extension K/F is a splitting field of f over F if f splits completely in K[z] and does
not split completely in K'[z] for any field F C K’ C K. So

n

fz) =@~ )

i=1
with ¢ € F* and a; € K, and F(ay,...,a,) = K.

Last time, we showed the existence of a splitting field K/F of f over F, and moreover showed that
[K : F] < nl. We also showed that it is essentially unique: for two splitting fields of f over F', say K and K,
there is an isomorphism ¢: K — K’ such that ¢|p = idp. This is not unique, and the failure of uniqueness
is measured in Galois theory (which is a 6320 thing). In any case, up to isomorphism, we can talk about
“the” splitting field.

Note that if f(z) = c(z — a1) ... (x — ay,) is the factorization of f in K, then f(z) factors as

in K'.

Example 4.33.2. Let f = 2* —2 € Q[x]. This is irreducible (by Eisenstein at p = 2). We will work over C,
that is,

f=(z—V2)(x+ V2)(x — V2i)(x + V2i)
and hence its splitting field is K = Q(4+v/2, £v/2i) = Q(v/2,). We have

[K:Q]=[K:Q(V2)][Q(V2):Q] =8

and by the way 8 < 4!.

Example 4.33.3. Let F = F,(t) and consider f = zP + ¢t. We claim that f is irreducible in (F,(¢))[z]: by
Gauss’ lemma, it suffices to check it is irreducible in (I, [¢])[z]. But clearly f is irreducible in
——

UFD

because it is degree 1 in t.

Let o be a root of f (in some extension of F'). We have

n

@ap=y (2)a"-ap= =+ (- B ful

n=0
But since « is a root we have 0 = o + t and hence
(z—a)f =2 —aP =aP + 1t

so that 2P +t = (z — «)P. It follows that K = F(«a) and [K : F] = p. We'll see later that this sort of
phenomenon doesn’t happen in characteristic 0, that is, an irreducible polynomial will give distinct roots.
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Consider nonzero f € F|z], and let K/F be a splitting field of f. Then
T
fl)=c]](x—a)
i=1

with ¢ € F*,a; € K are distinct, and e; > 1. We say f is separable if it has no multiple roots, that is,
61:...:6T:1.

We'll give a simple criterion to check if f is separable.

Let f = apa™ + ap_12" 1 + - +a1x + ag. The derivative of f is f’ = na,z" '+ (n — V)ap,_12" 2 +
-+« + a;. We get some of the usual properties (when we restrict to polynomials): it’s linear, and there are
the chain/product rules.

Lemma 4.33.4. Let « be a root of [ (in some field). Then a is a multiple root of f if and only if f'(a) = 0.

Proof. If f(x) = (z — a)°g(z) for e > 1 and g is such that g(a) # 0, then f/(z) = e(x — ) lg(x) + (z —
a)¢q’ (x). So

f(a) =e(x— a)e—lg(a) _ {69(04) #0 ife=1

0 ife>1
O

Theorem 4.33.5. For f € F[z] nonzero, we have f is separable if and only if f and f' are relatively prime

The point is that we don’t have to understand splitting fields, we can just work over the base field.

Proof. The backwards direction follows from the fact that (f, f) = (1) = Flz], and so af + bf’ = 1 for
a,b € Flz]. Now if o (in some extension of F') satisfies f(a) = f'(a) = 0 then a(a)f(a) + b(a) f'(a) =0, a
contradiction. So there are no multiple roots, by the previous lemma. Hence f is separable.

Conversely, if f and f’ are not relatively prime. So there is an irreducible m € F[z] dividing f and f’.
Take « to be a root of m in some extension of F. Then f = mg; and f’ = mgs implies f(a) = m(a)gr(a) =0
and f'(a) = m(a)ga(a) = 0, so that f has a repeated root at o by the previous lemma.

Example 4.33.6. Consider f = 2P +t € F,(t)[z], and observe that f’ = pzP~! = 0. This means that any
root of f is a multiple root of f, as we saw. In particular, f is not separable (which we already knew).

Example 4.33.7. Consider f = 2" — 1 € F|z], and observe that f’ = nz"~!. If char F|n, then we have the
same situation in Example 4.33.6, and f is not separable. In the other case, if char F' { n then 2™ — 1 and
nz™~! are relatively prime (because the only irreducible dividing nz"~! is x); it follows that f is separable.
Proposition 4.33.8. We have

a) If f € F[x] is irreducible and f' # 0, then f is separable.

b) When char F = 0, we always have f' # 0 when deg f > 1. In particular, f is separable if and only if f is
a product of nonassociate irreducible polynomials.

Proof. Everything is clear except for part (a), so we’ll prove that:

If f is irreducible then the only factors of f up to units are 1 and f. This shows that ged f, f' =1 or f.
Note that f 1 f’ since deg f’ < deg f and f’ # 0. This implies that f is separable. O

Remark 4.33.9. If f € F[x] is irreducible and char F' = p > 0, then f(z) = fsep(xph) for a unique h > 0
and a unique separable foop, € Fx].
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4.34 Nov 16, 2018
Today we’ll talk about cyclotomic fields.

Example 4.34.1. (Cyclotomic Fields) Fix n > 1. Consider f = 2" — 1 € Q[z]. The roots of f,
say in C, are the n-th roots of unity. They form a cyclic group (under multiplication); call this group
pn = {1,Cn, G2, ..., ¢}, Usually we pick ¢, = e>™/™. The splitting field of f is Q((,).

We say ¢ € u,, is primitive if it has order n in u,. Define the n-th cyclotomic polynomial to be

o) = [ (-0 € Qlal

CEpn
primitive

Then we have

Cu@)= J[ (@-¢)

a€(Z/nZ)*
which is well defined in the sense that if a = b (mod n) then z — (¢ = x — (2. If you like, you can define

eu0)= J[ (@-¢)

a<ln
ged(a,n)=1

and it is obvious that deg ®,, = #(Z/nZ)* =: ¢(n) (where ¢ is the Euler totient function).

We have
H(I)d(l‘) =z" — 1.

d|n

This is a factorization (a priori in Q((,)); we claim that Z[z].

We will induct on n > 1. The claim is true for n = 1, that is, ®;(z) = z — 1. Now assume ®, € Z[x] for

d < n. Then
Oy P, =2" -1
[[¢ @ =a"~1
dl €zfz),
S—— primitive
E€Z[x],
primitive

so by Gauss’ Lemma ®,, € Z[x].
Proposition 4.34.2. The polynomial ®,, € Z[x] is irreducible.

Proof. Suppose ®,, = fg with f, g € Z[z] and f irreducible. Take any root ¢ of f. Take any prime p {n. We
have ®,(¢?) = 0. So (P is a root of f or g.

Suppose first that g(¢?) = 0. Then f(z) and g(2?) have a common root (z = ¢). Since f is irreducible
and primitive we have f|g(zP) in Z[z]. Taking mod p shows that f|g(zP) = g(z)? in F,[z]. So in particular
f and g are not relatively prime (in Fp[z]). So 2" —1 = &, = fg € F,[z] is not separable. This is a
contradiction, because h := ™ — 1 and h' = nz"~! are relatively prime in F,[z] (remember we assumed
p1mn), so by Theorem 4.33.5 we see that h is in fact separable.

So f(¢P) = 0 for all primes p t n. So for any root ¢’ of ®,, we have ¢’ = (% for some a € Z with
ged(a,p) =1. If a=p; ...p, with p; f n, then ¢’ = (... ((¢P*)P2)...)Pr and so ¢’ is a root of f. Then f has
all the roots of ®,,. Furthermore both ®,, and f are monic, and ®,, is separable. Then we are done since f
is irreducible. O

Corollary 4.34.3. We have [Q((,) : Q] = deg @, = ¢(n).
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This corollary is equivalent to the previous proposition.

Remark 4.34.4. The polynomials ®, are important for number theory. For p 1 n, we have ®,, splits
completely in F,,[z] if and only if p =1 (mod n).

Example 4.34.5. (Finite fields) Fix a finite field F and let p = charF > 0. We have F, C F. We have
F| = pl¥»], where recall that [F : F,] = dimg, F.

Fix a prime p and an integer n > 1. Let’s construct a field with p™ elements. Consider the group F*,
which has order p™ — 1. Then if a € FX, we have a?"~! = 1; this says that for any a € F, a is a root of
xP" — 2. Tt follows that

" = H(m—a)

a€clF
and this is supposed to be suggestive (this is not a proof; we assumed F exists).
Indeed, fix p and n > 1. Let K be a splitting field of 2" — z over F,. Then " — e F,[z] is separable

since 2" — x and p"aP" ! — 1 = —1 are relatively prime. So F := {a € K: o?" —a = 0}. Note that
separability means that |F| = p".

We claim that T is a subfield of K. Obviously, 0 and 1 are in F; if o, 3 € F we have (a+ ()P = o?" + 7"
soa+ B €T, and (af)?” = a?" BP" so aff € F.

Finally, the field F with p™ elements is unique up to isomorphism, so it is often denoted Fj~». Uniqueness
follows from the fact that K is unique up to isomorphism.

Definition 4.34.6. A field K is algebraically closed if every non-constant f € KJ[z] has a root in K
(equivalently, if all nonzero f € K|[z] split completely in K).

An example is C.

Next time, we’ll prove
Theorem 4.34.7. FEvery field F' is contained in an algebraically closed field.

The proof will be a bit painful.
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4.35 Nov 19, 2018

We'll finish fields today. [There’s a final homework that’s on blackboard; it’ll be due next Friday, Nov
30. There will be a takehome final that’ll go up after the last class; it’ll be due on Dec 13 at 4:30 pm.]

Recall that a field K is algebraically closed if every non-constant f € K|[z] has a root in K (equivalently,
all nonzero f € K|[x] split completely). Today we will prove

Theorem 4.35.1. FEwvery field F' is contained in an algebraically closed field.

Proof. Sometimes fields are uncountably large, so we have to do something more drastic (Zorn’s lemma).
Here’s a proof due to Artin:

For each non-constant f € F[z], denote by xy an indeterminate variable. Consider the polynomial
ring R = F[{zy: f € F[z]}]. Let I be the ideal of R generated by all the f(zy) with f € F[z], that is,
I={{f(zy): f € Flz]}). Observe that for Z; € R/I, we have f(Z) = f(zy) =0.

The idea is to choose a maximal ideal I C m C R, and so R/m is a field extension of F such that every
f € Flz] has a root (and it has a root of the same reason as above).

For this idea to work we better show that I # R. Suppose that 1 € I. Then g1 fi(zs, )+ -+ gnfu(zy,) =1
for some f; € Flz] and ¢g; € R. For ease of notation set x; = xy, for all i. We have other variables
Tnt1,- .-, Tm such that gi1(x1,...,xm) f1(z1) + -+ gn(z1, ..., Tm) fu(zn) = 1. Let K/F be a splitting field
of f1(x)... fn(x), that is, a field where all of the f; simultaneously split. Let a; € K be a root of f;(x). Now
set x; = o for i € [n]. Then

l=g1(a1, s Uy Tpg1y. ooy xn) frlar) +- -+ gnlar,...,qn, Ty, o @) fula,) =0.
—— ——
-0 =0

Now we can use our idea: by Zorn’s Lemma, there is a maximal ideal I C m C R [since R/I has a maximal
ideal]. We have a K; := R/m D F = K, so that every f € Ky[z] has a root in K;. We can repeat this
construction to get Ko C K3 C ... with the property that every f € K, [x] has a root in K,,1. Now define

K= U K,
n>1

an extension of F. One should check that K is a field (it’s important that the K; are nested); for f € K.[z]
with degree d > 1. Then f splits completely in K41 C K: in each extension K, 11/K, we are guaranteed
a new root of f. So K is algebraically closed since

Klz] = | Kela].

e>1

Definition 4.35.2. Fix an extension K/F. The algebraic closure of F' in K is

L = {a € K: « algebraic over F'}.
Observe that FF C L C K is a subfield: we have F C L and 0,1 € FF C L; if a, 8 € L we have
[F(a, ) : F] = [F(a)(B) : F(a)][F(a) : F] < [F(B) : F][F(a) : F] < 00

because «, 3 are algebraic over F. So all v € F(a, ) are algebraic over F'; in particular, o + 3, a3,a~ 1 (if
a # 0) are all algebraic.

Let K be an algebraically closed extension of F'. Let F be the algebraic closure of F' in K. It’s a fact
that F' is unique up to an isomorphism that fixes F'. So we call F' the algebraic closure of F'.

Remark 4.35.3. One can show that Q exists without Zorn’s lemma, because every o € Q is a root of some
f € Q[z]; enumerate the irreducibles of Q[z] and repeatedly take splitting fields (there are only countably
many irreducibles).
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5 Algebraic Geometry
5.36 Nov 26, 2018

There won’t be so much geometry today.

Theorem 5.36.1 (Hilbert’s Nullstellensatz — weak form). If F' is algebraically closed, then the mazimal

ideals of the ring Flxy,...,x,] are precisely (xy — a1, ..., 2, — ay) with a; € F.
Note that (z1 — a1, ..., T, — ay) are clearly maximal ideals; the content of the theorem is that all the
maximal ideals are of this form. Observe that this gives a bijection between maximal ideals of F[z1,..., ]

and tuples in F™.

Also, this theorem is not necessarily true when F' is not algebraically closed (even in one variable, and

F=Q).
Corollary 5.36.2. For F algebraically closed, and fized fi,..., fr € Flz1,...,x,], then

(f1,---, fr) = (1) <= thereis noa € F" such that fi(a) =--- = fr.(a) =0

Proof. The forward direction is easy, because if there are gi,...,g, so that ¢g1f1 + - -+ g-f- = 1, and the
fi(a) =0 for all ¢ € [r], then 0 = 1.

For the backward direction, suppose that (f1,...,f.) € (1), then (fi,...,f,) € m. But the weak
Nullstellensatz tells us that m = (x1 — ay,...,2, — a,). In particular, we have

n
fi="gis(x; —ay)
j=1

so fi(a) =0 for all 3. O
We'll prove the theorem after some lemmas:

Lemma 5.36.3 (Artin-Tate). Let A C B C C be commutative rings. Assume

a) A is Noetherian

b) C is a finitely generated A-algebra

c) C is a finitely generated B-module.

Then B is a finitely generated A-algebra.

Proof. Take x1,...,xz,, that generate C' as an A-algebra, and y1,...,y, that generate C' as a B-module. We

have .
T =Y by
j=1
with bi,j € B, and
Yiy; = me,kyk
k=1
with b; j 1 € B. Let Bg C B be the A-algebra generated by the b; ; and b; ; ;. Note that By is Noetherian,

because By = A[b; ;,b; jx], which is a quotient of Alx; ;,z; ; ], which is Noetherian by the Hilbert basis
theorem (Theorem 2.16.8), since A is also Noetherian.

We have that C' is generated as an A-algebra by x1, ..., %, and hence it is generated as a By module
by vi,-..,yn. Because B C C and By is Noetherian, then B is a finitely generated By-module, so B is a
finitely generated A-algebra. O
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Theorem 5.36.4 (Zariski’'s Lemma). Let K/F be a field extension such that K is a finitely generated
F-algebra. Then K is a finite extension of F.

Remark 5.36.5. It is important that K is a field. Observe that F[x] is not a field; it’s a finitely generated
F-algebra, but it has infinite dimension as an F-vector space.

Being a finitely generated F-algebra is in general very different from being a finitely generated F-vector
space. But when K is a field then it’s the same.

Proof of Theorem 5.36.4. We have K = F[xy,...,x,] for some x; € K. Observe that if the x; are all alge-
braic over F, then K = F[z1,...,2,] is a finite extension of F'.

Otherwise, there is an r such that (perhaps after reordering):

e ry,...,x, are algebraically independent over F' (that is, F(z1,...,z;—1)(z;) is transcendental over
F(x1,...,2;-1) for all i € [r]).

® Ti1,...,%, are algebraic over F(x1,...,x,).

This number 7 is well defined (it is called the transcendence degree of F).

Secretly, we should be looking for a contradiction (otherwise K would not be finite dimensional). So
define L = F(z1,...,x,). Observe that K is a finite extension of L, and K is a finitely generated F-algebra
(by assumption). Thus Artin-Tate says that L = F(z1,...,2,) is a finitely generated algebra over F', say
with generators f1/g1,..., fm/9gm With f;,g; € Flx1,...,z,] relatively prime.

If 7 € Flzy,...,z,.] is an irreducible dividing a denominator of some « € L, then 7|g;...¢gm,. This
contradicts the fact that F[xy,...,x,] has infinitely many irreducibles up to units. O

We are now able to prove the weak Nullstellensatz.

Proof of Theorem 5.36.1. Fix a maximal ideal m C F[xy,...,z,], and consider F’ = F[zq,...,2z,]/m as an
extension of F. Here F” is a field and is finitely generated as an F-algebra. By Zariski’s lemma F/F" is a finite
extension and is hence algebraic. Because F is algebraically closed, we have F' = F. So F[z1,...,z,]/m = F,

and we have the quotient map
o: Flay,...,2n] = Flzy,...,zp]/m=F

which is a homomorphism of F-algebras. If a; := ¢(x;) € F for all i, we have p(x; — a;) = 0, and so
m=kery D (x; —as,..., Ty — ay), which is a maximal ideal. So m = (x1 — a1,..., T, — an). O
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5.37 Nov 28, 2018
Last time we talked about Hilbert’s Nullstellensatz (at least, its weak form):

Theorem 5.37.1. If F is algebraically closed, then the mazimal ideals of Flx1, ... ,x,] are (x1—aq, ..., Tn—
ap) with a; € F.

What if F is not algeraically closed? Let F be an algebraic closure of F. For a € F™, we get a homomor-
phism ¢, : Flz1,...,2,] — F given by f +— f(a). This homomorphism is an homomorphism of F-algebras.
The image of ¢, is Flai,...,a,] C F. Because the a; are all algebraic (they’re in F‘)7 the kernel of ¢, is a
maximal ideal of F[z1,...,z,].

We won’t prove it, but it’s a fact that all maximal ideals are of this form. The proof uses Zariski’s lemma;
it’s the same idea as last time. But note that different a € F™ may give the same ideal ker ¢, (it’s not a
bijection anymore). For example, a = i or a = —i give homomorphisms R[z] — C given by f(z) — f(a);
they both have kernel (2% + 1).

Let F be a field. We'll give two key definitions:
Definition 5.37.2. For a set S C Flxy,...,x,], its vanishing locus is
V(S):={ae€ F": f(a)=0Vf € S}

If I is the ideal of F[z1,...,zy] generated by S, then V(S) = V(I). Also, observe that it usually suffices
to consider finite S, because the ideal generated by S is finitely generated (Hilbert basis theorem; see Theo-
rem 2.16.8). Dummit and Foote uses different notation; they call this set Z(S) := V(.9).

A subset of F™ is an algebraic set if it is V(S) for some S.

Definition 5.37.3. For a set X C F"™, define the ideal
I(X):={f € Flxy,...,x,]: fla) =0Va € X}.
Let R be a commutative ring, and let I C R be an ideal. The radical of I is
rad(l) :={f € R: f* €I for some n > 1}.

You can check it’s an ideal. Also I C rad(I). We say I is radical if rad(I) = I. For example, prime ideals
are radical, and intersections of radical ideals are radical.

Observe that I(X) is radical, since if f™ € I(X), then (f(a))™ = 0 for all a € X; because we are in a field
fla) =0and f € I(X).

Let I be an ideal. Then consider I(V(I)). It’s easy to show that I C I(V(I)). Also, I(V(I)) is a radical
ideal so we can say more; I(V(I)) D rad(I).

Theorem 5.37.4 (Hilbert’s Nullstellensatz). If F is algebraically closed and I C Flxy,...,xy,] is an ideal,
then
I(V(I)) = rad(I).

Proof. This is called the Rabinowitsch trick. We only need to prove I(V(I)) C rad(I). Take any non-zero
fe1(V(D)).

Define g := 1+ 2p11f € Fla1,...,2n41]. Let J C Flzq,...,2,41] be the ideal generated by ¢ and I.
Observe that V(J) is empty, because if (a1,...,an,an+1) € V(J) C F* then f(a1,...,a,) = 0 because
felcCJ, alsog=1+an+1f(ai,...,a,) =0, which is a contradiction.
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Weak Nullstellensatz says that J = (1) = Flx1,...,2p41] (otherwise, J Cm = (21 —a1,...,Tpt1 —Ani1)
and (a1,...,an+1) € V(J)). In particular, this says that

1=hg+ ) hib
i=1
with h,h; € Flx1,...,2,41] and b; € I. In particular, for

-1
Tn4+1 = 7

we have
- -1
1=0+ hi<x1,...,mn,)biml,...,xn.
; = Joil )

Clear denominators: multiplying by a large enough power of f gives

fr = ifrhl <£L’1,. ey Lp, _1> bl
i=1 f

EF[x1,...,Tn]

and b; € I. Thus f" € I, and f € radl. O

Corollary 5.37.5. Let F' be algebraically closed. We have inclusion reversing bijections

I

/\

{algebraic sets in F™} {radical ideals of F[z1,...,z,]}

\/

v

Proof. We should show that V is surjective. This follows from the observation that V(I) = V(rad(I))
(which isn’t hard to check). The Nullstellensatz says that IoV = id, and these two give the corollary. [

As an example of this Corollary, observe that
{points in F"} +— {maximal ideals of F[z1,...,x,]|}

This is the statement of the weak Nullstellensatz.

Let F' be algebraically closed. On F™, we can define the Zariski topology: closed sets are precisely the
algebraic sets in F™. This defines a topology. If X C F™ is an algebraic set, it gets a topology from F™.
From here we can define a notion of irreducible spaces (we’ll talk about this more next time), and there will
be a correspondence

{irreducible algebraic sets in F"} «— {prime ideals of F|x1,...,2z,]}
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5.38 Nov 30, 2018

Last time, we fixed an algebraically closed field F' and considered an ideal S C Flxy,...,z,]; we defined
the algebraic set
V(S)={a€ F": f(a) =0 for all f e S},

and for a subset X C F™, we defined the ideal
I(X)={f € Flx1,...,z,]: f(a) =0foralla € X}
of Flxy,...,x,]. We proved the Nullstellensatz, which gave a correspondence

{algebraic sets in F"} > {radical ideals of F[z1,...,2,]}
X —I(X)
V()1
which we proved using the weak Nullstellensatz, which gave a correspondence
{points in F"} < {maximal ideals of F|x1,...,2,]}

which then extended to a correspondence between all the algebraic sets and all the radical ideals.

We kept giving F™ more and more properties (topologies, morphisms), so we will (“pretentiously”) denote
it by AL so we don’t confuse it with the boring vector space F™.

We want to define morphisms of A’%%. More specifically, let X C A% and Y C AR be algebraic sets.
Definition 5.38.1. A morphism from X to Y is a function ¢: X — Y such that

e(a) = (fila),..., fm(a))
for all @ € X, with f1,..., fm € Flx1,...,2p].

This is the category of algebraic sets over F'. The main thing is that composing two morphisms is a
morphism (because when you compose two polynomials it’s a polynomial).

Example 5.38.2. Let X C A% = F™. Take any f € Flx1,...,2,]; the map ¢: X — AL = F given by
a — f(a) is a morphism. Note that different f might give the same morphism: note that f(a) = g(a) for all
a € X precisely when f— g € I(X), so two functions will give the same morphism precisely when they differ
by a function in I(X).

Motivated by this we define
Definition 5.38.3. The coordinate ring of X C A% is
F[X] := Flay,...,x,]/I(X),
which we can view as the ring of morphisms X — AL.

Observe that F[AL] = F[z1,...,zy], since I(A%) = {0}. Also, the ring F[X] is reduced, that is, if
a € F[X] with a™ = 0 and n > 1, then a = 0; this is because F[X] is a quotient by a radical ideal. Indeed,
if a® = 0, then a = f for f € F[xy,...,7,],50 0= a™ = f; we have f* = 0 € I(X), which is a radical ideal
so fel(X),soa=f=0.

Example 5.38.4. Let X = AL and Y C V(y — 23) C AZ. Consider the map
p: X =Y
ts (t,13)

which is actually a morphism (in particular because ¢(t) € V(y — x3)); it has an inverse ¢: Y — X given
by (z,y) — 2 so X and Y are isomorphic algebraic sets. We remark that we might want to stop thinking of
Y as living inside its ambient space A% (like with manifolds, where after we have the charts we might want
to forget about the ambient space).
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Example 5.38.5. Let X = AL and Y = V(y? — 2%) C A%. The morphism
p: X =Y
t e (12,1%)

is bijective, but one can show that ¢ has no inverse morphism (intuitively, you’d want the map to be
(x,y) — y/x, but this is not a polynomial). Geometrically we also see this: for F' = R we can plot the set
of points Y C R2:

and (0,0) € Y is the problem because it’s not smooth there.

Suppose you have a morphism ¢: X — Y of algebraic sets. This induces a homomorphism of F-algebras
©*: F[Y] = F[X]
fre=Tfoe
which we call the pullback.
Here’s a fact: there is a bijection

{morphisms X — Y} +— {homomorphism of F-algebras F[Y]| — F[X]}

where ¢ — * is the pullback described earlier, and the content is that one can go backwards. In particular
it becomes clear that morphisms from X — Y only depend on these rings F[X] and F[Y] rather than the
ambient spaces.

We have a contravariant functor
{algebraic sets over F'} — {finitely generated reduced F-algebras}

so that on the objects X — F[X] and on the morphisms (p: X —Y) — (¢*: F[Y] = F[X]).

Here’s a FACT: This functor is an equivalence of categories (we’ll talk about this more next time). In
many ways this says that the category of algebraic sets is the same as the category of finitely generated
reduced F-algebras, though algebraic sets are very geometric and the F-algebras are very algebraic.

With this equivalence of categories in mind, we can ask for a way to “go back”: given a finitely generated
reduced F-algebra R, can you construct an algebraic set (in a reasonable way)? (Yes; come to lecture next

time to see Spec,, (R))

What if you start with a general commutative ring? Can we make some sort of geometric object (even
if it’s not quite an algebraic set)? (Yes; come to lecture next time to see affine schemes and Spec(R))
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5.39 Dec 3, 2018

We're trying to get a hint of schemes.

We fix a commutative ring R. We can define
Spec(R) := {p: p prime ideal of R}
and
Spec,, (R) := {m: m maximal ideal of R}.
Of course, Spec,, (R) C Spec(R).
Prior to this we were thinking about ideals I C F[zy,...,x,] for algebraically closed F, and algebraic

sets
X=V({I)={aecF": f(a)=0Vf eI}

We also had the coordinate ring F[X] := Flx1,...,2,]/I(X), where
I(X)={f € Flz1,...,z,]: f(a) =0Va € X}.
This coordinate ring is a finitely generated reduced F-algebra.

What is Spec,,(F[X])? Recall that we had a correspondence: maximal ideals of F[X] correspond to
maximal ideals of F[zy,...,z,] that contain I(X) by some isomorphism law (the fourth one, apparently).
But now the maximal ideals of F[x1,...,z,] are precisely m, = (1 —a1,...,2, — a,) with a € F™, by weak
Nullstellensatz. Observe that m, D I(X) precisely when a € X. In this sense,

Specy, (F1X]) = X
m, < a
For algebraic sets X C F" and Y C F™, recall that a morphism ¢: X — Y is a function such that
o(a) = (fi(a),..., fm(a)), with f; € Flxy,...,2z,]. This induces a pullback homomorphism of F-algebras
©*: F|Y] = F[X]
= gop

g
~—
Y —A

Mo

We can recover ¢ from ¢*.

For a € X, we claim that
(") (ma) = My(a);
to see this fix a € X and take g € F[Y]. Then

g Emygy < g(p(a))
= (goyp)(a)=0
= ¢*(9)(a) =0
= ¢*(g9) Emg
= ge(¢) (ma).

Remark 5.39.1. In general, for a homomorphism ¢: R — R’ of rings and m C R’ a maximal ideal, 1)~!(m)
need not be a maximal ideal of R; we have a map

R/Yp~(m) —2 R'/m
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but rings could certainly embed into fields. On the other hand, the inverse image of a prime ideal must be
a prime ideal.

If X C F™ and f € F[X], one can observe that
X = V(f) = Specy (F[z]y)
where the right side is the spectrum of the localization of the ring F[X] with respect to f.

For R a commutative ring, we can endow the set Spec(R) with a topology; define for S C R the set
V(S)={p € Spec(R): f €p for all f e S}.

The Zariski topology on Spec(R) is defined by letting the closed sets be the V(S) = V(I) (for I = (95)).
Let’s quickly check this:

We have V(0) = Spec(R) and V(1) = 0;

If I and J are ideals then V(I) UV (J) = V(IJ) because p € V(IJ) <= IJ C p, and since p is prime
this happens precisely when I C p or J C p. This means that p € V(I) UV (J);

We also have

V(L) = V( > Ia)

acA acA
since p € NaeaV(l,) if and only if I, C p for all a precisely when »_ _, I, C p, which happens precisely
when p € V(3 o4 La)-

Example 5.39.2. Let R be a local integral domain such that Spec(R) = {0, m} and observe that the closure
of 0 is {0, m}.

We can endow X := Spec(R) with more structure that makes it more useful. In particular, we want to
give it a structure sheaf Ox: we want

e A ring Ox(U) for every open U C Spec(R), with the additional assumption that Ox (0) = {0}

e For U C V an inclusion of open sets, we have a restriction homomorphism resy,y: Ox (V) = Ox(U)
with the additional property that resy ¢ =id, and if U €V C W we have resy,y = resy,y o resy,y

U:UUa

a€cA

e If we have open sets U,U, C X so that

and we have f, € Ox(U,) such that
Jolvanus = faluanus
for all a, B € A, then there exists a unique f € Ox(U) such that f|y, = f, for all a € A.

e For f € R, we also want
Ox(X =V(f)) = Ry

where Ry is the localization of R with respect to f.

The first two items define a presheaf. Also, one can check that there is a unique such Ox up to a natural
notion of isomorphism. We say that Spec(R) with its topology and Ox is an affine scheme. Recall earlier

{algebraic sets over F'} +— {finitely generated reduced F-algebras}
sending X +— F[X]. The inverse is given by Spec,,(R) <= R. It turns out there is an equivalence of categories
{affine schemes} +— {commutative rings}

with Spec(R) <= R and X — Ox(X).
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