THE PLECTIC CONJECTURE OVER FUNCTION FIELDS

SIYAN DANIEL LI-HUERTA

ABSTRACT. We prove the plectic conjecture of Nekovai—Scholl [23] over global
function fields Q). For example, when the cocharacter is defined over Q and the
structure group is a Weil restriction from a geometric degree d separable ex-
tension F'/Q, consider the complex computing ¢-adic intersection cohomology
with compact support of the associated moduli space of shtukas over Q. We
endow this with the structure of a complex of (Weil(F)?x&4) -modules, which
extends its structure as a complex of Weil(Q)I-modules constructed by Eteve—
Gaitsgory—Genestier—Lafforgue. We show that the action of (Weil(F)¢ x G4)!
commutes with the Hecke action, and we give a moduli-theoretic description
of the action of Frobenius elements in Weil(F)**1.
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INTRODUCTION

The plectic conjecture of Nekovai—Scholl [23] predicts extra symmetries in the
cohomology of Shimura varieties when the structure group G is a Weil restriction.
In the f-adic realization, the case of trivial coefficients is formulated as follows.
Suppose that G is the Weil restriction Rg/q H of a connected reductive group H

over a number field F. We have the plectic Galois group F%l;’é = Autr(F ®9 Q),
which naturally admits a continuous injective homomorphism from the absolute

Galois group I'g of Q. The plectic Galois group acts on the set of conjugacy classes
of cocharacters of G@, and we can form the stabilizer I‘Eﬁ}@ of the Hodge cocharacter

[p] in I‘%I;B. Note that the reflex field F is characterized by 'y = I'g N I‘Eff}@. For

sufficiently large level N, write Shy for the minimal compactification of our Shimura
variety at level N over E.

Conjecture ([23] Conjecture 6.1]). The intersection cohomology complex of Shy
with coefficients in Q, canonically lifts from an object of D*(T'g,Q,) to an object

of Db(F[Iff}Q,@E) via the map 'y — Fgﬁ}@.

1
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At the time of writing, the plectic conjecture in the number field setting is wide
open. The goal of this paper is to prove the plectic conjecture in the function field
setting. More precisely, we prove that an analogous phenomenon holds for the mod-
uli space of shtukas, which is an equi-characteristic analogue of Shimura varieties.
However, moduli spaces of shtukas admit richer variants than their number field
counterparts: namely, the ability to have multiple legs. This already plays a crucial
role in applications to the Langlands program [20] 27], and it also plays a crucial
role in this paper.

To state our results, we need some notation. Let @ be a global field of positive
characteristic, write k = F, for its constant field, and assume that ¢t ¢. Henceforth
let F' be a degree d separable extension of () with the same constant field, let
H be a connected reductive group over F, and write G for the Weil restriction
Rp/g H. Let I be a finite set, and let w = (w;)ier be an I-tuple of conjugacy
classes of cocharacters of Gé such that each w; is defined over Q|| Write X for
the geometrically connected smooth proper curve over k associated with @, and
write Q; for the generic point of X!. For any finite closed subscheme N of X,
we get a moduli space of shtukas Shtg n1w|g, at level N over QIE| Work of
Xue [26, Proposition 6.0.10] yields a natural Weil(Q)?-action on the intersection
cohomology groups with compact support of Shtg n.;w |@,, and forthcoming work
of Eteve-Gaitsgory—Genestier-Lafforgue enhances this Weil(Q)!-action to the level
of complexes.

We now turn to the plectic group in our setting. Since the w; are defined over

Q, they are stabilized by all of F%l;’%. By fixing extensions of the d different Q-

embeddings F' < Q to automorphisms of Q over @, we can identify I‘I}];’ZQ with the
semidirect product 'Y, x &4, where &, denotes the d-th symmetric group. Applying
similar observations (which hold for any topological group with an index d open

subgroup [7 p. 7]) to the Weil group yields a continuous injective homomorphism
Weil(Q) < Weil(F)? x &,.

Theorem A. The complex of intersection cohomology with compact support of
Shtg N.1w g, with coefficients in Q, canonically lifts from D*(Weil(Q)!, Q) to
DY ((Weil(F)?® x &4)1,Q,) via the I-fold product of the map

Weil(Q) — Weil(F)? x &.

Because shtukas can have multiple legs, powers of I appear in Theorem A. How-
ever, even when [ is a singleton (which mirrors the plectic conjecture in the number
field setting), the proof of Theorem A still crucially uses the ability to have multiple
legs.

Remark. For w not necessarily defined over @), our methods prove a similar result for
the intersection cohomology with compact support of a union of the plectic Galois
translates of Shtg n,r.. In fact, all our results apply in this level of generality. See
Theorem [5.8, Theorem 5.9, and Theorem [5.12

IWe can always enlarge @ such that the w; are defined over ). This is analogous to the number
field setting, since the field of definition of [u] is precisely the field over which our Shimura variety
lives.

2Strictly speaking, we need to choose a parahoric group scheme over X with generic fiber G.
We also need to choose an ordered partition of I, in order to define partial Frobenius morphisms.
However, we will ignore these issues for the rest of the introduction.
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The (Weil(F)? x &4)!-action we construct enjoys the following compatibility.
Write ), for the Hecke algebra of G at level N, which acts naturally on Shtg v 1w |Q,
via finite étale correspondences and hence on its intersection cohomology groups
with compact support.

Theorem B. The action of (Weil(F)? x &4)! from Theorem A on the level of
cohomology groups commautes with the action of Ha N

We can also describe the action of Frobenius elements in (Weil(F)? x &4)! in
terms of partial Frobenius morphisms, as conjectured in [23, Remark 6.7]. Now F/Q
corresponds to a finite morphism m : Y — X, where Y is also geometrically con-
nected over k. Let k' be a degree r extension of k, and let = (x;);c; be a k’-point
of X' such that each x; splits completely in Y, i.e. m~!(x;) is a disjoint union of
k’-points (yhyi)‘szl. For z; lying in a certain dense open subscheme U \ N of X, a
smoothness result of Xue [26, Theorem 6.0.12] identifies the intersection cohomol-
ogy groups with compact support of Shtg 1 |, and the intersection cohomology
groups with compact support of Shtg s, [, Write y for the &’-point (yn.:)n,iedx 1
of Y4*I  Diagrams (]EI) and (EI} below will enable us to identify Shtg ;. |, and
Sht s ax1,w |y up to universal homeomorphism.

We now introduce partial Frobenii. Write V and M for the preimages of U and
N inY. For any (h,4) in d X I, we have a commutative square

Fre, 4
(h,i)
ShtH7d><I,ﬂ |(V\M)d><1 —_— ShtdeLﬂ |(V\M)d><1

Jp lp
Froby, ;
(V ~ M)><! (v M)

where Frob(; ;) equals absolute g-Frobenius on the (h,i)-th factor and the iden-
tity on the other factors. Therefore Fr(j, ;) induces a Frob(;, ;)-semilinear endo-
morphism F{y, ;) of the relative intersection cohomology with compact support of
Sht i,dx 1w (v aryaxr over (V. M)4T . As Froby, ;) fixes y, we obtain an action of
F(Th7 ;) on the intersection cohomology groups with compact support of Sht g gx 1w |g .

On the other hand, we also have Frobenius elements in Weil groups. Namely, the
K'-point yy ; of Y yields a geometric ¢"-Frobenius element v, . in Weil(F'), which
acts on the intersection cohomology groups with compact support of Shte 7 |Q;
via the (h,i)-th factor of Weil(F)4*! in Theorem A.

Theorem C. Under these identifications, the action of vy, , equals the action of
Fln.iy-

Let us now discuss the proofs of our theorems. For simplicity, assume that H
is split, take N = &, and suppose that F' is everywhere unramified over Qﬂ Thus
m:Y — X is étale.

We begin by observing that G-bundles on X are naturally equivalent to H-
bundles on Y. Moreover, this equivalence is compatible with replacing X by the
punctured curve X \ x, as long as Y is replaced by Y ~ m~1(x). We use this to

3We treat the general case in the body of the paper, and this simplified case already illustrates
the main ideas.
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show the existence of a Cartesian square

(>) Shte, e — Shtly;

X100 (D

where Divgi/ denotes the space of degree d divisors of Y, and Shtg,)l,w denotes a
symmetrized variant of the moduli space of shtukas that keeps track of an I-tuple
of divisors of Y, instead of just points of Y. We make important use of this
symmetrized variant, so we study it thoroughly in §3| Diagram (]ED provides one
incarnation of the conjectured plectic diagram from [23 (1.3)]. Because m is étale,
the image of the closed immersion m=! : X —>Div§l/ lies in the open subscheme
Div{® of étale divisors.

We can relate Sht(l_}i,)Lw to a usual, unsymmetrized moduli space of shtukas as

follows. By viewing Divﬁi/ as the scheme-theoretic quotient of Y% by &4, we get a
commutative square

(<]) ShtS‘(Ii,)I,g — ShtH7d><]1£

o)
(Div§)! «——y !
that is Cartesian up to universal homeomorphism, where we use G = Rp/q H to
view each w; as a d-tuple of conjugacy classes of cocharacters of H7. Note that &l
acts naturally on the right-hand side. Now Eteve-Gaitsgory—Genestier—Lafforgue’s
result endows the complex of intersection cohomology with compact support of
Sht g dx 1w |Fy,, With the structure of a complex of Weil(F)4*!-modules, and the
&!l-action intertwines the Weil(F')4*Z-action by permutation. We use this to obtain
the structure of a complex of Weil(F)¥*! x &1 = (Weil(F)? x &4)!-modules.

By applying proper base change to Diagrams (p)) and (<)), Xue’s smoothness re-
sult [26] Theorem 4.2.3] identifies the complexes of intersection cohomology with
compact support of Shte 1 |@, and intersection cohomology with compact support
of Sht#.axrw |F,,.,- Under this identification, we check that the action of Weil(Q)!
agrees with the action of its image in (Weil(F)? x G4)!, which completes the proof
of Theorem A. From here, we deduce Theorem B by generalizing Hecke correspon-
dences to Shtg)l,w and showing that they are compatible with Diagrams (IEI) and

(E[). Finally, we obtain Theorem C using the fact that the Weil(F)?*/-action on
the intersection cohomology groups with compact support of Shty gxr.w |, IS
constructed by applying Drinfeld’s lemma to the F(;, ;. Now Drinfeld’s lemma
does not immediately apply, as these cohomology groups are not finite-dimensional
over Q,, but we use results of Xue to circumvent this. Note that even when I is
a singleton, d x I usually is not, so Drinfeld’s lemma and therefore multiple-leg
phenomena play a crucial role in this paper.

Remarks.

(1) We use forthcoming work of Eteve-Gaitsgory—Genestier—Lafforgue for two rea-
sons: to obtain results for general U and N, and to obtain results on the level
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of complexes. If we only want Theorem A when U~ N = X, then we only need
existing results from [3]. If we only want Theorem A on the level of cohomology
groups, then we only need results of Xue [26, Proposition 6.0.10] instead.

(2) We require that F' has the same constant field as @ in order for [26] and [3] to
apply to the moduli of shtukas over Y. Without this hypothesis, Y*! may be
disconnected, so its local systems are no longer dictated by representations of
a single group. However, we expect some version of [26] and [3] to apply even
without this hypothesis. These generalizations would consequently remove this
hypothesis from Theorem A, Theorem B, and Theorem C.

(3) Our strategy also applies to moduli spaces of local shtukas as in [I3]. In par-
ticular, a proof of the plectic conjecture for local Shimura varieties has been
worked out in [2I]. Some applications to (global) Shimura varieties are also
given in [21], and further applications will appear in forthcoming work of Feng—
Tamiozzo—Zhang.

Tamiozzo considered a variant of Diagram (]ED in his thesis, though he did not
proceed further. After completing an earlier version of this paper, the author was
informed that X. Zhu proposed a similar strategy for proving Theorem A on the
level of cohomology groups.

Outline. In {I] we collect facts on the moduli space of G-bundles, as well as certain
relative variants thereof. In we introduce symmetrized versions of the Hecke
stack and the Beilinson—Drinfeld Grassmannian, and we also recall the Beauville—
Laszlo theorem and the geometric Satake correspondence. In we use the pre-
ceding material to define and study symmetrized versions of the moduli space of
shtukas, which are the main characters of this paper. We also recall Xue’s smooth-
ness result here. In we discuss partial Frobenius morphisms, their relation to
monodromy, and how they arise in the moduli space of shtukas. We also state
the anticipated result of Eteve—Gaitsgory—Genestier—Lafforgue here. Finally, in
we assemble everything and prove Theorem A, Theorem B, and Theorem C. We
conclude by elaborating on a moduli-theoretic interpretation of Theorem C.

Notation. Unless otherwise specified, all fiber products and thus Cartesian powers
are taken over k. We denote base changes with subscripts, possibly also with vertical
restriction bars. For any connected algebraic stack X over k, we always suppress
base points and write m(X') for the associated étale fundamental group. By a
G-bundle, we always mean a principal homogeneous space for G.

We view all derived categories as oo-categories, and we interpret all operations
on them oo-categorically. For any locally profinite group W, write D%(W,Q,) for
the bounded derived category of continuous finite-dimensional representations of W
over Q,, write D(W,Q,) for its ind-completion, and write D*(W,Q,) € D(W, Q)
for the full subcategory of bounded objects. Finally, for any oo-category C with an
action by a discrete group H, we write CBH for the oo-category of H-equivariant
objects in C.

Acknowledgments. The author thanks Mark Kisin for his encouragement and
patience. The author is especially indebted to Dennis Gaitsgory for explaining
his work-in-progress, as well as Kevin Lin for answering countless questions about
[3]. The author would also like to thank Robert Cass and Tamir Hemo for helpful
discussions.
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1. MODULI SPACES OF BUNDLES

In this section, we collect facts on the moduli space of G-bundles on X, as it plays
a central role in our discussion. We begin by fixing notation for our group schemes
G of interest over X, which serve as integral models for our structure group over Q.
Then, we define the moduli space of G-bundles on X with level structure, as well
as certain relative variants which will be useful in §] We conclude by introducing
Weil restrictions and how they affect Bung, which is crucial for the results of this

paper.

1.1. We use parahoric group schemes over X, since their corresponding Hecke
stacks and Beilinson-Drinfeld affine Grassmannians in enjoy nice properness
properties. Let us recall their definition. Let k be a finite field of cardinality ¢, and
let X be a connected smooth proper curve over k. Write @) for the function field
of X, fix an algebraic closure Q of @, and write I' := Gal(Q/Q) for the absolute
Galois group of Q with respect to . For any closed point x of X, write O, for the
completion of the local ring Ox ;, and write @), for its fraction field.

Definition. We call a smooth affine group scheme G over X parahoric if it has
geometrically connected fibers, its generic fiber G is reductive, and for every closed
point z of X, the group scheme G, over O, is parahoric in the sense of [10, 5.2.6].

Let G be a parahoric group scheme over X. Then there exists a nonempty open
subscheme U of X such that Gy is reductive over U [12, Exp. XIX 2.6]. Let Qv
be a finite Galois extension of () such that the x-action on a based root datum
of Gg factors through Gal(@ /Q), and let @ be a finite separable extension of @

such that G@ is split. Write f : X — X for the finite generically étale morphism

corresponding to @ /Q, where X is a connected smooth proper curve over k. Write
U for the inverse image f~1(U). After shrinking U, we may assume that Gy is
split and f| is étale.

Let T be a maximal subtorus of Gg, and let B be a Borel subgroup of G@
containing T@. After shrinking U, we may assume that 7" extends to a split subtorus

of G over U and B extends to a Borel subgroup of G over U. Let £ be a prime

not dividing ¢, and write (@,ﬁ E) for the based dual group over Q, associated
with the based root datum of (G, 75, B). Write “G for the semidirect product

G(Qy) x Gal(Q/Q).

1.2. Remark. Any connected reductive group G over ) arises as the generic fiber
of a parahoric group scheme as follows. By spreading out G to a smooth affine
group scheme over some nonempty open subscheme U of X, applying [12], Exp. XIX
2.6] and 11 Proposition 3.1.12], and shrinking U if necessary, we obtain a reductive
group scheme Gy over U with geometrically connected fibers whose generic fiber is
isomorphic to G. For the finitely many x in X \ U, there exists a parahoric group
scheme Go, over O, whose generic fiber is isomorphic to Gg, [10, 5.1.9]. Gluing
the Gp, with Gy via fpqc descent yields a parahoric group scheme over X whose
generic fiber is isomorphic to G.

1.3.  We now introduce a general, relative variant of the moduli space of G-bundles
on X with level structure. Let T be a scheme over k, and let D be a T-relative
effective Cartier divisor of X x T
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Definition. Write Bung,p for the prestack over 7' whose S-points parametrize
data consisting of

i) a G x S-bundle G on X x S,

ii) an isomorphism ¢ : G|p (G x S)|p of (G x S)|p-bundles.
When T = k and D = &, we shorten this to Bung. For T-relative effective Cartier
divisors D; and Dy of X x T such that Dy C D», pulling back v yields a morphism
Bung,p, = Bung, p,.

Now Bung is a smooth algebraic stack over k [I7, Proposition 1], and note
that Bung,gs = Bung xT. In general, the Weil restriction Rp,7((G x T)|p) has
a left action on Bung,p via composition with 1, and we see that this exhibits the
morphism Bung,p — Bung xT" as an Rp,7((G x T')|p)-bundle. Since Rp,7((G x
T)|p) is a smooth affine group scheme over T, we see that Bung p is a smooth
algebraic stack over T'.

1.4. In this subsection, we relax our properness assumption on X to separatedness.
Let us establish notation on the space of divisors of X. Let d be a non-negative
integer, and write Divg( for the presheaf over k whose S-points parametrize S-
relative effective Cartier divisors of X x S with degree d. Also, write X (9 for the
scheme-theoretic quotient of X? by the permutation action of the symmetric group
Sg4. Since X is a smooth curve over k, the morphism « : X¢ —>D1V§( that sends
(zp)i_, Zi:l I, induces an isomorphism X (¥ 5 Div% | where T, denotes the
graph of zp, [Bl Exp. XVII 6.3.9].

Write Divi(’O for the subpresheaf of Divg( whose S-points parametrize S-relative
effective Cartier divisors of X x S that are étale over S. We see that the preimage
a‘l(Divi’o) consists of the complement of all diagonals in X, so Divi(’o is an open
subscheme of Div%.

1.5. In §2] we will apply the relative variant of Definition[I.3]to the following setup.
Let I be a finite set. The summation morphism (Div%)? —>Div§i(#l corresponds
to a (Divd ) -relative effective Cartier divisor of X x (Divk)’ with degree d#I,
which we denote by ingz p,- For any non-negative integer n, write inel nD, for
the (Div% )!-relative effective Cartier divisor nl'ss,_ p, of X x (Div)!, and write
Gr . for the Weil restriction

7
ZiGI nD
Rrg  wp, /v (G Xx Ts  np,)-

Note that Gziel nD; 18 a smooth affine group scheme over (Divg()l. For any n; <
ng, we can pull back the counit of the base change-Weil restriction adjunction

Gziel naD; X(Divdx)f inel na2D;
= Rrg o, /0wty (G XX T napi) X oiv )1 Psonep, = G Xx Ty, nabs
along FZq‘,eI niD; — FZ,@ n,D; tO obtain a morphism
GZieI”2Di X(Divdx)l FZiGI n1D; -G XX Fzz‘el ni1Di>

which induces a morphism GEiEI naD; —* Gzia n, D; Dy adjunction. Write GZieI coD;
for the resulting inverse limit ]gln GZiEI nD;» Which is an affine group scheme over

(Divd ).
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1.6.  We conclude by introducing our Weil restrictions. Let m : Y — X be a finite
generically étale morphism, where Y is a connected smooth proper curve over k.
Write F' for the function field of Y, and let H be a parahoric group scheme over
Y. Applying the discussion in [I.I] to H over Y yields an open subscheme VofY,
a finite Galois extension F of F, a finite separable extension F of F a maximal
subtorus A of Hp, and a Borel subgroup C of Hgz. After shrinking V, we may
assume that m~t(m(V)) = V and m|y is étale. Write U for m(V).

Form the Weil restriction Ry, x H. Its generic fiber is the connected reductive
group Rp/q(HF) over @, and for all closed points = of X, we have

(Ry;x H)o, = Riyxx0.)/0.(Hyxy0,) = H Ro, 0.(Ho,).

yem~1(z)

Now [19] Fact F.1] shows that this is parahoric in the sense of [10, 5.2.6]. Thus we
may take our parahoric group scheme G to be Ry, x H in this subsection.

The restriction Gy equals Ry, (Hy), and because Hy is reductive over V' and
m|y is finite étale, we see that Gy is reductive over U. As the x-action of I'g
on a based root datum of G¢ is induced from the x-action of I'r on a based root
datum of Hp, after enlarging F we may choose Q F. Then we may take Q F.
Furthermore, we may choose T'= Rp/q A. The natural commutative square

GﬁL>HLHﬁ

]

Te —— 11, A

where ¢ runs over Homg (F, F), indicates that we may take B = II, C. Because v
is étale over U, we see that Tz and Bz extend over V.

1.7. Maintain the notation of and let R be a scheme over X. Note that
Riyxxry/r(H xx R) = Gg. Write € : Gyxyr—H xx R for the counit of the
base change-WEeil restriction adjunction, which is a morphism of group schemes over
Y xx R. For any H x x R-bundle H on Y x x R, the Weil restriction Ry » yry/r H
is a Gr-bundle on R, as Weil restriction commutes with products. For any Gg-
bundle G on R, the pullback ¥ xx G is a Gy« r-bundle on Y xx R, so we can
form the pushforward H x x R-bundle ,.(Y xx G).

Since m is a finite morphism of connected curves, [8, lemma 3.3] shows that
this yields an equivalence of categories between Gg-bundles on R and H X x R-
bundles on Y xx R. Let N be a finite closed subscheme of X, and write M for
m~1(N). By applying this to R = X x S and R = N x S, we get an isomorphism
c: Bung n = Bung ar.

2. HECKE STACKS AND BEILINSON—DRINFELD AFFINE (GRASSMANNIANS

In this section, we introduce symmetrized Hecke stacks and Beilinson—Drinfeld
affine Grassmannians. Instead of parameterizing G-bundles on X, points on X, and
isomorphisms between these G-bundles away from said points, these symmetrized
versions more generally parametrize divisors on X, along with the other data.
This divisorial version appears naturally when taking preimages of points under
m:Y —X.
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Our symmetrized Hecke stacks and Beilinson—Drinfeld affine Grassmannians en-
joy many of the same properties and structures as in the unsymmetrized special
case. We start by defining them, including convolution versions thereof, which will
be invaluable in §4] Next, using the Beauville-Laszlo theorem, we study their rela-
tion to each other as well as their relative position stratifications. Finally, we recall
the geometric Satake correspondence, which describes equivariant perverse sheaves
on (usual, unsymmetrized) Beilinson-Drinfeld affine Grassmannians in terms of
representations of the dual group.

2.1. First, we introduce a symmetrized, convolution version of the Hecke stack.
Let I,...,I; be an ordered partition of I, and let N be a finite closed subscheme
of X.

Definition. Write Hck(c‘i)lg,{}"”’b“) for the prestack over k whose S-points parame-
trize data consisting of

i) for all 7 in I, a point D; of Divk _y(9),

ii) for all 0 < j <k, an object (G;,v;) of Bung, n(S5),

iii) for all 1 < j <k, an isomorphism

®j5:Gj—1lxxs<x,., D = Gilxxsy

such that ©; 0 ¢j|nxs = ¥j-1.
When d = 1, we omit it from our notation, and when N = &, we omit it from our
notation. For finite closed subschemes N7 and Ny of X such that N3 C N, pulling
back the v; yields a morphism Hckg)]s,ilj”’l’“) — Hckg)]s,?j'”l’“).

For any 0 < j < k, write p; : Hckg)]{,{}"”’h) — Bung n for the morphism sending

the above data to (G;,v;). We also have a morphism

1€Ij 151]. 7

d)(I1,..,I .
P HekOV " = (Divg y)!
that sends the above data to (D;);cr. And if Iy,..., I} refines another ordered
partition I7, ..., I;, of I, we get a morphism

m{ip ) RGN el

by preserving i), preserving (Go, ¢o), and for all 1 < j/ < k/, taking ¢; to be the
composition of ¢; over 1 < j < k with I; C Ié/.
Because the D; are disjoint from N x S, for any 0 < j < k we see that the

commutative square

Hckg{)]slf,yw,fk) Hckg)l(h’“"]k)

J{(pgvp) prﬁp)

Bung,n X(Divi(\N)I — Bung X(DinX)I
is Cartesian. Therefore [1.3[shows that Hckg’)]s,{ll""’l’“) — Hckg’)l(h"”’l’“) ‘(DivdX\N)I is

an Ry, (Gn)-bundle. As the morphism

Pk, p) Hckgi)l(h"“’l’“) — Bung x(Divd)!
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is ind-projective [I, Proposition 3.12] so we see that Hckgl)l(h"“’l’“)

(d )(11’ i)

and hence

more generally Hckg, is an ind-algebraic stack over k.

2.2.  We define similar versions of the Beilinson-Drinfeld affine Grassmannian.

Definition. Write Gr(d Boeshi) for the presheaf over k whose S-points parametrize
data consisting of

. . d)(I1,..., Tk
i) an object ((Ds)ier, (gj)f:ov (¢j)§:1) of HCkE;’,)I( ! k)(S)’
ii) an isomorphism 6 : G, = G x S of G x S-bundles.
When d = 1, we omit it from our notation. We have a morphism
p: Gr (d)(II» 1K) (DlVg()I
as in IfI,,.. Ik refines another ordered partition I, ..., I}, of I, we also get

a morphism ”Ez}’ - k,) . Gr (d)(lh NS RINen GI(Il, ) g in

. d)(I1,...,Ix) - . .
Since Gr(G )I( -o06) ig defined via a Cartesian square

G (d)(h, Ii) Hck(cgl)l(lu---,fk)

l kk

Speck ¢ Bung,
we see from [2.1| that p : Grg)l(h"”’lk) —(Div)! is ind-projective.

2.3.  Our symmetrized objects are related to the unsymmetrized special case as
follows. Write [d] for the finite set {1,...,d}, and for any finite set J, write d x J
for [d] x J. We see that the squares

HCkg’)jﬁfI’}’..ﬂlk) a HCk(C??VIyX[dXIk) Gr (d)(Ih GIk) o Gr(g’;QI’--deIk)

JP JP lp lp
(Divg )T 2 (XN (Div) e X!

are Cartesian, where the o send (2p,i)he[q),icr to (22:1 L'z, .)ier and preserve all
other data. Since the bottom arrows are finite surjective, we see that the top
arrows are finite surjective as well. In addition, if I, ..., I} refines another ordered
partition I7, ..., I}, of I, we see that the squares

(U1, In) (dxIy,...,dxIy) (A1, In)  «a (dxIy,...,dxIy)
HCkG,N I < HCkG,N,de GrG,I < Gr TGdxI

(I, k) (I, Ig) (I, Ig) (I, Ig)
J ey 1',> J”(I;,m,z;@ J(”u{,....,z,;,) l’rug ,,,,, )
()3, 00) (dxIq,...,dxI;,) (d)I1,.0) | « (dxI7,...,dx1I;,)
Hekg vr < Hekg v axt Grg ——Grg s
are also Cartesian.
4n [T, only the d = 1 case is considered. However, the proof of the key step [I, Proposition

3.7] is phrased entirely in terms of relative effective Cartier divisors, so it works for any d. Also,
[1] uses po instead of pg, but this makes no difference.



THE PLECTIC CONJECTURE OVER FUNCTION FIELDS 11

In all the above squares, note that &% has a right action on the right-hand sides
via permuting the (n)nefa),icz- With respect to this action, the a are invariant
and the right arrows are equivariant.

2.4. We now recall the Beauville—Laszlo theorem. Let S be a scheme over k, and let
D be an S-relative effective Cartier divisor of X x S. For any non-negative integer
n, the S-relative effective Cartier divisor nD of X x S is finite flat over S, so its
structure sheaf O, p yields a finite flat Og-algebra. For any n; < ns, we obtain a
morphism O,,p = Op, p. Write O} for the resulting inverse limit lgln O.p, and
write (X x S)p for its relative spectrum MS O7. The contravariance of Specg
provides a closed immersion nD —(X x S)7. By working locally and reducing to
affines, we obtain a natural morphism ¢ : (X x S)7 — X x S that preserves the
closed subschemes nD [0, Proposition 2.12.6].

Write Vect(X x S) for the category of vector bundles on X x S. Observe that
we have an exact tensor functor

V; is a vector bundle on X x S\ D,
Vect(X x S)— ¢ (V1,V2,¢) | Vs is a vector bundle on (X x )7}, and
0 : Vil(xxsys D =+ Vol (xx8)5~D

given by V = (V|xxs<p: V|(xxs5)pid).
Theorem ([6, Theorem 2.12.1]). This yields an equivalence of categories.

More generally, the Tannakian description of G-bundles [9, Theorem 4.8] implies
that an analogous equivalence of categories holds if we replace “vector bundle”
everywhere with “G-bundle.”

2.5. Using the Beauville-Laszlo theorem, we get the following reinterpretation
of the Beilinson-Drinfeld affine Grassmannian. By pulling back, we see that an
S-point of Gr(d)u1 """ 1)

i) for all 7 in I, a point D; of Div%(S),
ii) forall0<j <k, a G|(XX5)§i€,Di'bundle G; on (X x S)/Z\Z D,>

i€l

yields data consisting of

iii) for all 1 < j <k, an isomorphism
bj gj—l|(X><S)§:i€I p,~ier, Di %gj\(Xxs)giel p,~ier, Do

iv) an isomorphism 6 : G G|(XXS)%‘EI L. of G‘(XXS)QE, ,, -bundles.

The Beauville-Laszlo theorem enables us to use iii) and iv) to glue ii) with the
trivial bundle on X x S\ (d) )
precisely the above data.

Write (Divg)! C (Divk)! for the subsheaf of (D;)ie; such that the D; are

pairwise disjoint. As the preimage of (Div)?! in X%*! consists of the complement

of certain diagonals, we see that (Div%)! is an open subscheme of (Div)?. The

(d) In,....Ix)

D;. Hence conversely Gr, parametrizes

el

above description of Grg indicates that we have a natural isomorphism
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2.6. The above enables us to decompose the Beilinson—Drinfeld affine Grassman-
nian according to our ordered partition Iy,...,I; as follows. Recall the affine
group scheme Gy, wop, over (Divé)! from The description of Grg{)]([l """ Ti)
given in shows that it has a left action o Gziel coD; Via composition with
0. This description further indicates that S-points of the stack-theoretic quotient
Grg,)j(ll""’lk) /Gziel coD; Parametrize data consisting of

i) for all i in I, a point D; of Div (S),
foral0<j <k, a G|(X><S)§:i€[ Di—bundle g, on (X x S)/i Do

iel M

ii)

iii) for all 1 < j < k, an isomorphism

b gj—1|(X><S)§:iE[Di\Zi€Ij D, %Qj\(xxs)gieﬂi\ziaj D,

In particular, we have a morphism
G G )
(G G, sop,) X o x (GrEY [Gs L wop))
that sends the above to (((D;)icr,, (gj)jlzo, @1)s-- o, ((Di)ier, s (gj);?:k_l, Ok))-

2.7.  We now explain how the Hecke stack combines the moduli space of G-bundles
with the Beilinson—Drinfeld affine Grassmannian. Let n be a non-negative integer.
Applying Definition to T = (Div‘)i()l and D =Ty~ ,,p, yields a smooth alge-
over (Div&)’. As noted in it is a Gy>,_, np,-bundle

over Bung x (Div%)’, and the Gy, np;-action is even defined over (Div%)!. Write
BunG’FEieI b, for the limit wn BUHG’[‘Ei which consequently inherits a left
action of GZZ_EI coD;+

Consider the stack-theoretic quotient

braic stack Bung,rziel nD;

ernb;’

(d)(lla'“71 )
(GrGJ * X(Di"i)l BunG’FZiEI o D; )/GzieI ooD;»
and write A for the prestack over k whose S-points parametrize data consisting of
. . A)(I1seesd
i) an object ((Di)ier, (7)o, (6;)j=y) of Hel ™ ")(),

ii) an isomorphism 6 : gk|(XXs)%_€IDv QG\(XX:;)%_EI
k2 7 £

b, of G|(X><S)§i61 b, -bundles.
Note that Gziel coD, has a left action on A via composition with §. We see that

this exhibits the natural morphism A — Hckg)l(h"“’h“) as a Gy, _, cop,~bundle. We

also have a morphism
(d)(I1,...,1x)
A—Grg g X(Div)yr Bungry L,

given by pulling back ((D;);er, (gj)?zo, (qu)?:l), considering Gy, in Bung(S), and
taking 6 for the trivialization. The Beauville-Laszlo theorem implies that this is a
Gy, cop;-equivariant isomorphism.
Therefore quotienting by Gziel ooD; induces an isomorphism
A (I, T1) ~ A (I1 .., T
Hck(G)( 1rdr) _>(GT(G,)I( 1o k) X (Divi ) BUDG’FEieI ooDi)/szel coD; -
. . . . d)(I1,..., Ik d)(I1,...,1
Under this identification, write ¢ : Hck(G’)I( LoeeorTi) HGr(G,)I( Loeeorli) /Gx,., cop, for
projection onto the first factor.
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2.8. We turn to the fibers of the Beilinson-Drinfeld affine Grassmannian. Let x
be a closed point of X, and write *x for the singleton set. The description of Gr( )
given in shows that GrG) |- is naturally isomorphic to the affine Grassmanman
of Go, over k(z) in the sense of [28, (1.2.1)]. Recall that this equals the fpqc
sheaf quotient L(Go,)/L*(Go,), where L(Gp,) denotes the loop group of Go,
over k(z), and LT(Gp,) denotes the positive loop group of Go, over r(z) [28]

Proposition 1.3.6]. We see from that Gr(G |z is an ind-projective scheme over

k(x).

2.9. Now we describe the relative position stratification on unsymmetrized affine
Grassmannians. Write X (T') for the set of dominant coweights of G with respect
to T and B, and let x be a closed point of U. Because G, is reductive, we see
that G, is quasi-split and splits over an unramified extension of Q).

Let w be in X (T, viewed as a dominant coweight of Gg,. Writing x(z),, for
the residue field of the field of definition of w, we see that w yields a closed affine
Schubert variety Grl, ,, C Grg,)* |« Xz Speck(z), as in [28] p. 83]. The union of
the Gal(k(z)./k(x))-translates of Gr}, ,, descends to a closed subvariety Gry,., C
Gr(G*)* |z Recall that Gr/, , and hence Gr, , is projective [28, Proposition 2.1.5 (1)].

Write GrG*w lv C Gr(G |o for the scheme-theoretic closure of |J, Gry,. in
GrG,* |u, where x runs over closed points of U. More generally, for w = (w;);er in

XHT)!, write Gr(ll’ T lyr C Grgfl’""lk) |y for the scheme-theoretic closure of
(H G G Twj U)

iel
in Grg Il’ o )|U1, where we use to view the left-hand side as a closed ind-

subscherne of the right-hand side. From the projectivity of the Gr, ., and the
11, Jk)'

C Gr(llw ) ‘Ug

Ul

globalization procedure of [24, Remark 4.3], we see that Gr uI is projective

over U!. Note that GrG o ~Tk) \Uz depends only on the FQ—orblt of w.

2.10. By bootstrapping from[2.9] we define relative position stratifications on sym-
metrized Beilinson—Drinfeld affine Grassmannians as follows. View elements of 65

as bijections d x I = d x I that preserve the I-factor. Let 2 be a finite &!-stable
and Féxj—stable subset of X (T)4*!, and write Gréljlil[ Q odxTk) |iraxr for the union

(dXIl, dXIk o dXIl, dXI)C) (dXIl,...,dXIk)
Greaxio lpaxs = U Greaxiw lyax: C Greaxi |axi.

we

Note that Gr (C?ZQI’QWI") |raxr is projective over UL, As € is stable under

(dX Iy, dX T,
&1, we see that GIGZ;I’ a xIi) |raxs is also stable under &Y. Therefore, writing

d)(I1,....I dxIy,....dxI
GY(G,)I(,EZ #) |(Diveyr for the scheme-theoretic image of Gr(G ¢X1x11 o k) |yaxs under

the morphism

o (dX T, dxTE) (d)(]l, )
a:Grg g, lpaxr — Grg \(Divg)f



14 SIYAN DANIEL LI-HUERTA

. . i d) Ity Tk . .
obtained from [2.3[ via restriction, we see that Grl¥( ")| ivayr 1s schematic
) G,1,Q (Divey)

. dxIy,...,dx Iy
and proper over (DIV%)I Moreover, the closed subset of Gr(G EXII xIi) |rax: un-

derlying o~ (GrG I |(Diva 1) is precisely Gr(GdflilI’ QdXI") |gaxr. If I, ..., I
refines another ordered partition I7,...,I;, of I, we see that WE?’ fi“)) sends
1oy

d)(I1yees i (d)(I},....,I},)
Gr(G,)I(,fll k)|(DivdU)I to GrG,I,§12 " |(Div‘[i])1~

2.11. It will be useful to index relative position bounds with representations. Write
X% (T) for the set of dominant weights of G' with respect to 7" and B. Recall that

Repg, (él ) is semisimple, and every irreducible object of Rep@e (CA}’I ) can be uniquely
written as X;c;W;, where the W; are irreducible objects of Rep@[ G. Now W; is

~

isomorphic to the Weyl module of a uniquely determined w; in X$(T) = X (T),
so altogether we see that isomorphism classes of objects in Rep@ﬂ(él ) correspond
to finite multisets of elements in X (T)!.

For any W in Rep@((LG)dXI), write (W) for the finite subset of X} (T)?<!

underlying the multiset corresponding to W|s. Then the Gal(Q/Q)-action of LG
shows that Q is FdQX Lstable. If Q(W) is also &1-stable, write

()10 I) — DU, Tk)
Grarw ™" Ipivg, = GG[Q(W)k |Dive, -

Observe that Q(W) is always stable under &7 in the d = 1 setting.

2.12. Finally, we recall the geometric Satake correspondence. Let ( : I — J be a
map of finite sets, and suppose Ji,...,J; is an ordered partition of J such that

= (" 1Jj) forall 1 < j < k. Now ¢ induces morphisms ¢* : ( G)J—>(LG)I
and A¢ : U/ —U'. We also write A; for its base change Gr( Y Ti) |1 Xy

U’ — Grgjl’""l’“) |r. Observe that we have a closed embedding e, : Grgjl’""l’“) lor xyr

U/ — Gr(cifj""Jk) |77, which is an isomorphism if and only if ¢ is surjective.

Write 9({1{“’1’° ) for the category of Gy, | wop,-equivariant perverse Q-sheaves

(11, k) ‘

on Grg, yr in the sense of [14, Sect. A.2], with degree shifts normalized

relative to Ul
Theorem ([20, Theorem 12.16]E[). We have a functor
Repg, (“G)1) = 25y ™) denoted by W 75"

This functor is fully faithful, and for all W in Rep@z(( G, it satisfies the follow-
ing properties:

a) The perverse sheaf YI(I‘}[}""I’C) 1s supported on Gr(Glf w |UI

b) If I,... Iy refines another ordered partition I1,...,I,, of I, we get a natural
isomorphism
(I1,..,1%) (I, 1) (117 Ap0)
R”(z;,...,z;,),!yf,w y .
5In [20], the field @ is taken such that Gal(@/Q) equals the image of I'g under the *-action,

and they consider coefficients in a finite extension of Q. However, everything works for larger @
as well, and extending coefficients to Q, is harmless.
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c) f W =W, K- - KWy, where the W; are objects in Rep@f((LG)I-j), we have a
natural isomorphism

Iendi) ~wp oo I
S S () ' ).
d) We have a natural isomorphism

e DL S .

e) We naturally recover W as the graded derived pushforward
Iy
DEe " )(E),

pEL

where (§) denotes the half-integral Tate twist given by our choice of q'/2.

2.13.  We conclude by explicitly describing the functor from Theorem in cer-
tain cases. Let w be in X (T). Write W, for the Weyl module corresponding to
w, and write Wr,.., for the direct sum @w, W, where w’ runs over the I'g-orbit
of w. Because the x-action of I'g preserves the based dual group (@, f, B\), we see
that it naturally endows Wr,., with the structure of a finite-dimensional algebraic
representation of G over Q. Note that Wrg.w depends only on the I'g-orbit of w.

The globalization procedure of [28] p. 139] and Theorem [2.12}e) show that the

complex .&, *(*V)VF equals the intersection complex of Grg )* » |us with degree shifts
Wrgw %

normalized relative to U. More generally, for w in X (T)!, write Wl—‘éu) for the

exterior tensor product &ieleQ.wi. We see from Theorem [2.12}c) that LS”I(II}VII’“)
WLy

equals the intersection complex of Grglj:‘;;’l’“) |1, with degree shifts normalized

relative to UZ.

3. MODULI SPACES OF SHTUKAS

Essentially all of §I] and §2] holds for any perfect field k. In contrast, we have
Frobenius morphisms when working over a finite field k, and in this section we use
these Frobenius morphisms to define symmetrized moduli spaces of shtukas. These
are equi-characteristic analogues of Shimura varieties and their integral models.
However, moduli spaces of shtukas admit richer variants than their number field
counterparts: namely, the ability to have multiple legs, indexed by the finite set I.
In the unsymmetrized special case, this phenomenon already plays a crucial role in
applications to the Langlands program [20, 27], and it also plays a crucial role in
this paper.

We start by defining our symmetrized moduli spaces of shtukas and explaining
how they inherit various structures from §I] and §2] In the usual, unsymmetrized
case, we describe how geometric Satake provides coefficient sheaves on the moduli
spaces of shtukas, and we recall Xue’s result [26] that their relative cohomology
with compact support over (U ~ N)! is ind-smooth. Finally, we describe Hecke
correspondences for our symmetrized moduli spaces of shtukas.

3.1. We begin with notation for relative position stratifications on Hecke stacks.
For any finite &-stable and FdQXI—stable subset of X (7)™ write

(I, I o A (Ir,.. I
HCk(G,)I(,Q g |(Divyr =10 1(Gr(G,)I(,Q g |Dive)1 /Gs,; 0oDy)s
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and write

A)(I1,es Tk d)(I1,....Ty
HCk(G,)]SLlI,Q K ‘(DivdU\N)I - HCk(G?]EI,II g |(DivdU\N)I
for the preimage of Hck(g’);g"”’lk) |(Divg,_)r- Note that Hckg’)lgfl’}””d’lk) |(Dive )1 18

,,,,,

Because Grg)l(fé"”’lk) |(Divgyr is schematic and proper over (Div,)!, we see that

d)(I1,...,0
HCk(G,)[Ef,II,Q K |(Div‘[i]\N)1

is schematic and proper over (Divl, )’ x Bung x. For any W in Repg, (FG)dxT)

with Q(W) stable under &%, write

&1, I1) ) (1, 0)
Hek N3 ooyt = HEKEN TG0 [oivg -

3.2.  We have the following symmetrized version of the moduli space of shtukas.
For any prestack X over k, write Froby or Frob for its absolute ¢-Frobenius endo-
morphism.

Definition. Write Shtg’)]i,{ll""’l’“) for the stack over k defined by the Cartesian
square

Sht(él’)ﬁrfvlla-wlk) HCk(ci)zgfIf[’m’Ik)

l J(po,pk)
(id,Frob)

BUHGJ\/ E—— BunG,N X BunG,N

When d = 1, we omit it from our notation, and when N = &, we omit it from our
notation. For finite closed subschemes N7 and N> of X such that N3 C No, we get

a morphism Shtg’)]s,l;j”’l") — Sht(éi )JS,I;,}"’I’” as in We also have a morphism p :

tition I1, ..., I;, of I, we get a morphism ngfz/)) : Sht(cgl’)ziil’ll,..q[k) N Shtgl’)](\,{ll""’lk’)
as in 21
(d)(I1,.. 1) & .
If we replace Hckg, N.I in the above square with

() (150 Tx) (d)(I1,..-,1%)
Hekg /N 7o |(DiV?}\N)I or Hekg /v 7w |(DinU\N)I’

then we denote the resulting fiber product using

Shtg))]s,{ll’,h“’l’“) \(Divg )1 or Shtg)](\,{}’j;{,’[’“) |(DinU Db respectively.
We notate S-points of Shtg{)ﬁ,{lj"”’l’“) using
® 4 Pr— Pk T T
((Dy)iet, (Go, o) ~=(Gr,901) -5+ 75 (G, Yrmr) - ("Go, "tb0)),

where 7 denotes the pullback (idx x Frobg)*. We refer to this as a shtuka over S,
and we call (D;);¢; its legs.
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3.3. Let us consider level structure covers for moduli spaces of shtukas. Note
that G(N) has a left action on Sht(él)]slhl 1) Via composition with the ;. For
finite closed subschemes N; and Ny of X such that Ny C N, the morphism
Shtg{)lgél} Ik %Shtg)]s,h’l 1) is equivariant with respect to the homomorphism
G(NQ) — G(Nl)

Proposition. This exhibits the morphism
ShtG 11, k) _)Sht(ci)l(h,...,]k) |(Div§( o

as a finite Galois morphism with Galois group G(N). In general, this implies that
the morphism

(d)(I1,..., Ty (d)(I1,...,
Shte; n, 1 ) Sht{y NI |(Div‘§(\N2)I

is finite Galois with Galois group ker(G(N3) — G(Ny)).

By pulling back, we obtain a similar statement for ShtG 1&, I W |(Divg I

11, 11,

Proof. The equivariance of ShtG ) ShtG 1) shows that the first state-
ment implies the second. As for the first statement write B for the prestack over
k whose S-points parametrize a G x S-bundle G on N x S along with an isomor-
phism ¢ : G 5 7G of Gy x S-bundles. Since N is finite over k, [8, lemma 3.3] shows
that Gy x S-bundles on N x S are equivalent to Ry, (G n)s-bundles on S. Be-
cause Gy has geometrically connected fibers, we see that Ry /i (Gn) does as well,
so applying [25] Lemma 3.3 b)] to the classifying stack */ Ry /(G n) shows that B
is naturally isomorphic to the discrete stack (*/Ry/x(Gn))(k), which is x/G(N)
by Lang’s lemma.

(11 ..... I)C) ‘

Consider the morphism Sht yr — B given by

IVX N

((Di)iel,go--l+g1"2+' dik-*lgk 1--* "Go) = (Golnxss (Pr -0 d1)|Nxs)-

Because the D; are disjoint from N x S, we see that the square

Sttt ") s SheE I | e

P

Speck B

is Cartesian. As the bottom arrow is finite Galois with Galois group G(N), the top
arrow is as well. O

3.4. Convolution morphisms between moduli spaces of shtukas inherit the fol-
lowing properties from their Beilinson—Drinfeld affine Grassmannian counterparts.

Write  : Shtg)Ji,Ill o) Hckgﬁ)ﬁ,{ll"”’]’“) for the projection morphism. If Iy,..., I}
refines another ordered partition I1, ..., I, of I, we see that the square
doy (d)(I1,--e,

&(I1,e I
Sht(G)I w K |(D1vd ) 4> GrG W ) ‘(Divg)I/GZiel coD;

(d)(I1,.-500) 5°’Y ()1, 500)
Shtg w L |y — > Grerw  loive) /G, oob
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is Cartesian. Now [2.10] shows that the right arrow is schematic and proper, so the
left arrow is as well. In general, we have a Cartesian square

(d)(I1,...,T, (I1,-..
ShtG)ngl W K | D1V E ShtG W ' . |(Div‘[ij\N)I )

(I1,..., 1) [CET 1)
JW(I% ,,,,, 15,) J{ﬂ-([’l ..... 156,)
(d) I 9 » ' d)(l ) 7 /)
ShtG NII w k |(D1V )I E— ShtG I VIV k | DlV‘li]\N)I
which implies that the left arrow here is schematic and proper as well.

3.5. Moduli spaces of shtukas have the following basic geometric structure.

Proposition. The stack Sht(g)ls,h[’wl’“) |(D1VU )1 is a Deligne-Mumford stack lo-

cally of finite type over (DivU\N)I.

Proof. Since the WE#’ I’“) from are of finite type, it suffices to consider k = 1.

Furthermore, Proposmon @ indicates that it suffices to consider N = @.
Because Bung is algebraic, we see that (id Frob) : Bung — Bung x Bung is of

finite type. Hence its base change ShtG I, W |(Dwd = Hck(G )I V)V \(Dw yr 1s as well.

Now Hck(G )I V)V (Divg)1 1s schematic and proper over (Divi;)! x Bung, which itself is

an algebraic stack locally of finite type over (Div$;), so altogether ShtG I V)V ‘(Divg)I

is also an algebraic stack locally of finite type over (DIVU)I .

To see that Sht(él)l(lv)v (Dive)r 18 Deligne-Mumford, it suffices to check that its

relative diagonal morphism over (Div(;)! is unramified. As Shtgl,)l(fv)v \(Divg ) is

algebraic, this relative diagonal is already of finite type, so we just need to show
that it is formally unramified. The latter follows from the argument on [1l p. 26—
27]. O

3.6. Now, we describe our coefficient sheaves in the usual, unsymmetrized case.
Write e for the composite morphism

oy

Shte Ny 1) oy Shp T T G ) G

In the d = 1 setting, write 91(\[11”/‘,]’“) for the pullback €* (YI(IVIVI’“)), which Theo-
rem a) enables us to view as a constructible complex of Q,-sheaves on
Iy d
Sht(G,lN,I,I;CV) ICANIE
Applying proper base change to and Theorem 2.12113) shows that Rp, (% ](VI 11’7"'5}1”)
is independent up to isomorphism of the ordered partition I, ..., I, so we denote
this ind-(constructible complex of Q,-sheaves) on (U ~ N)! by #y ;w. For any

integer p, write %ﬂ]\’{ 1w for its p-th cohomology, which is an ind-constructible Q-
sheaf on (U ~ N)T.

3.7. To state Xue’s result, we recall the definition of ind-smoothness. Briefly, let
X be any normal connected noetherian scheme over k. Recall that we say an ind-
constructible Q,-sheaf .# on X is ind-smooth if .# is isomorphic to a directed
colimit of smooth Q,-sheaves on X. This is equivalent to requiring that, for any
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geometric points T and 7 of X and étale path § ~» T, the resulting specialization
map Az — My is an isomorphism [26] Lemma 1.1.5].

Theorem ([26, Theorem 6.0.12}@. Assume that X is geometrically connected over
k. Then the ind-constructible Q,-sheaf %1\1;717W on (U~ N)! is ind-smooth.

In particular, for any geometric points T and 7 of (U ~ N)! and étale path
y ~» T, the specialization morphism %y ;wz — 7N, 1wy in the derived category
is an isomorphism.

Remark. Even without the geometrically connected assumption on X, we expect
some form of Theorem to hold.

3.8. Our symmetrized objects are related to the unsymmetrized special case as
follows. Recall the Cartesian squares from [2.3] By pulling back along v, we get
analogous Cartesian squares

Sl o= sl

(I15-5 1) [CATTEEN Ig)
J/”(I',...,z,;,) J(”(I’,».}.,I;C,)

(@I1,...I) |« (dxIq,...,dxIy,)
ShtG,N,I < ShtG,N,dXI

lp J{P
(Divk y)! +—— (X~ N)>!
for any ordered partition I7,...,I;, of I refined by Iy, ..., Ij.

Let Q2 be a finite G1-stable subset of X (7)4*!. We see from that the above
diagram restricts to commutative squares

(d)(I1yee s Tk) a (dxIy,...,dxIg)
ShtC%N,I,Q |(DivdU\N)I { ShtG,N,dx[,Q |(U\N)d“

l (Iy,..., 1) I1,..-, Ip)

4. 1;6,) (Ip,..., I}’c,)
Shtg N w4 St AT e
! p
(Divy )’ = (U~ NI

that are Cartesian up to universal homeomorphism. As in we see that (‘5(]1 has
a right action on the right-hand sides for which the « are invariant and the right
arrows are equivariant.

6Now [20] and [26] consider relative intersection cohomology of Shtglj{]'"[’%) l(r~n)1/E instead

of Shtglﬁ“]’lv’{}) |z~ Where E is a discrete subgroup of Z(Q)\Z(Aq) such that Z(Q)\Z(Aq)/E
is compact, Z is the center of G, and the action of Z(Ag) is given via twisting. How-

ever, the key ingredients |26, Lemma 6.0.6] and [26] Lemma 6.0.7] are proven via geometry on
Shtg}&;ﬁ}f) l(w~ny1> so they and hence [26, Theorem 6.0.12] continue to hold for the latter’s

relative intersection cohomology. Indeed, this version of [26, Theorem 6.0.12] is already crucially
used in [3] Theorem 3.2.3].
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3.9. We conclude by describing Hecke correspondences in our setup. First, we
define the adelic action at infinite level. Write Aq for the adele ring of @, and write

Oq for the integral subring of Ag. Write 74 for the inverse limit I'&nN(Divﬁf\N)I,

and write Sht(g’)g}[”’m for the inverse limit

. d)(I1,..., I
l&n Sht(G’,)]Sl,ll k) |77(d)17
N

where N runs through finite closed subschemes of X. Write Shtg)(hj’i/"}jk) for the
analogous inverse limit. By Proposition we see that Sht(d) Il’ o) g pro-

Galois cover of Shtg{);h"”"r’“) lny; With Galois group G(0gq).

We extend the left G(Og)-action to a left G(Ag)-action as follows. Note that

the S-points of Shtg)oill’ ~Ik) parametrize data consisting of

i) for all 7 in I, a point D; of nq;(5),
ii) forall 0 < j <k—1,a G x S-bundle G; on X x S and an isomorphism

Vi Gl (xxs)n, s — G x TL(X x 8))ys

of G x [],(X x S)2, ¢-bundles, where = runs over closed points of X,
iii) for all 1 < j <k, an isomorphism

;G 1|X><S\Z e, Di _>g]|X><S\Zzel

=1;_1, where we set (Gi, ¢¥r) = ("Go, " %o).

Let g = (gz)x be an element of G(Ag). For every closed point 2 of X, we get an
isomorphism

such that 1; 0 d|11 (xxs)n

xzX S

Gr G X (X X 9)0ygNz XSG x (X x8)g~xx8),

and for the cofinitely many x such that g, lies in G(O;), this extends to an iso-
morphism over (X x S)7 . For the finitely many other z, the Beauville-Laszlo
theorem enables us to use g, 0v; |(XXS)£XS\IXS to glue G; |(X\$)X5 with the trivial
bundle on (X x S)%, .

Apply this to each of the finitely many other . This yields a G' x S-bundle g-G;
on X x S along with an isomorphism g¢-1); as in ii) such that, for every closed point
x of X, we have a commutative square

gjl(XXS)st\xXS ? (g'gj)|(XXS)QXS\mXS
J{%(xxs)gxs\wxs l(g'%”(xxs);\xs\mxs

Gx (X x9N, gnazx8)—LsaGx (X xS g~zxS).

This procedure is compatible with iii), and it yields a G(Ag)-action on Shtg)gll’""l"').

Since the above square extends to isomorphisms over (X x S)7, ¢ when g, lies in

G(0O,), we see that this indeed extends the G(Og)- actlon Finally, compatibility

with iii) indicates that the G(Ag)-action preserves ShtG . I"i/'l}l’“).
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3.10. The adelic action satisfies the following compatibilities. If Iy,..., I refines

another ordered partition I{,...,I;, of I, the morphisms WE?"”’?“)) pass to the
1omeadyy

inverse limit in [3:9] and yield a morphism

(I, Ir) . (d)(I1,..-, %) (d)(Iyyeeedl))
W(I{l,.n,l,]’:,) : Shtg o 7 " —=Shtg 7
This commutes with the G(Ag)-action, and we see that it also restricts to a mor-
phism
. d)(I}],...,T%,
mpi)  SheE ) - Sheg )
Similarly, the morphisms « pass to the inverse limit in 3.9 and yield a morphism

a: Sht(Gd;.f}I’”"d“k) - Sht(Gd’)o(OI’ljv---’Ik) '
This commutes with the G(Ag)-action, and we see that it also restricts to a mor-
phism

ot ShtlX Iy 1)y gyt

Note that the right G}-action on Shtgzill’”"d“k) and hence Shtglglj'i,'l}d“’“) com-

mutes with the G(Ag)-action.

3.11. From here, we obtain an action of the Hecke algebra by correspondences as
follows. Write K¢ ny for the subgroup ker(G(Qg) — G(N)) of G(Og), and write
$c.n for the ring of finitely-supported Q,-valued functions on Ko n\G(Ag)/ KN,
where multiplication is given by convolution with respect to the Haar measure on
G(Ag) for which K¢ y has measure 1. For any closed point = of X, write ¢, for
the analogous ring of finitely-supported Q,-valued functions on G(O0,)\G(Q.)/G(Oy).
Recall that $g,n contains the restricted tensor product ®; $Ha,u, Where u runs over
closed points of X ~\ .

Let g be in G(Ag). The G(Ag)-action from yields a finite étale correspon-
dence

Shtg ) [(Keuv N 9™ Kang) —— St ™) /(9K e.vg™ N Ka,w)

)

J |

(d)(I1,.. I1) (d)(I1,....I%)
ShtGJV,lI ’ |”(d)1 ShtG,N,II i I"](d)[7

using the fact that Sht(él’)o(ol’ll’“"l’“) /KagnN = Shtg)jg,{}"“’j’“) lnay:- By sending the
indicator function of K¢ ngKg v to the above correspondence, we obtain a ring
homomorphism from $g, n to the ring of Qy-valued finite étale correspondences on
Shtgl’)lg,{}""’l’“) |77( o1 over 1(gr- We similarly obtain finite étale correspondences on

(@) (I,....Ik)
ShtG,N,lI,W § |TI d)1°
(I15eees1ke)

We see from |3.10| that our correspondences are compatible with T and
1oeesd gy

«. In the d = 1 setting, proper base change shows that they induce an action of
NG,N On IN 1w |y gy,



22 SIYAN DANIEL LI-HUERTA

3.12. Remark. Let N(g) be a finite set of closed points x of X containing those for
which g does not lie in G(O,). Note that the construction in more generally

yields a left (HIQN(Q) G(0,)) x (HzeN(g) G(Q))-action on

; (D)1, Tk)
l%nShtG,N,I ‘(DivdX\N(g))Iy
where N runs through finite closed subschemes of X supported on N(g), that

extends the left G(Qg)-action. Therefore the construction in naturally extends

o d)(I1yeedi) i i
to a finite étale correspondence on Sht! ” i which restricts
P S G,N,I |(D1V§(\(NuN(g>))I’

d)(I1,...,1%)
to one on Sht!D1-: i :
S G,N,I,W ‘(DW@\(NUN(.Q»)I

4. PARTIAL FROBENII AND DERIVED CATEGORIES

In positive characteristic algebraic geometry, forming fundamental groups rarely
commutes with taking products—even over an algebraically closed field. One can
remedy this by asking for additional structure: namely, partial Frobenius mor-
phisms. Because we want to implement this strategy in the derived category, we
must resort to using co-categorical structures.

First, we define partial Frobenii and describe their action on derived categories
of Q-sheaves. Next, we explain a monodromy interpretation of partial Frobenii,
which generalizes the relation between Weil sheaves and Weil groups. We then
describe how partial Frobenii arise in the setting of symmetrized moduli spaces
of shtukas. In the usual, unsymmetrized case, we state an anticipated result of
Eteve-Gaitsgory—Genestier-Lafforgue showing that their relative cohomology com-
plex satisfies a derived version of Drinfeld’s lemma. Finally, we use work of Xue
to relate the action of Frobenius elements in the Weil group with that of partial
Frobenii on our cohomology groups.

4.1. Let us start with notation on derived categories. For any algebraic stack
X over k, write Shv(X) for the derived category of Q,-sheaves on X as in [2|
Sect. 1.1.1]. For any morphism f : X =) of algebraic stacks over k, we have
functors Rf' : Shv()) — Shv(&) and Rf, : Shv(X) — Shv(Y) [2, Sects. 1.1.1-1.1.2],
and by using the alternative description of Shv(X') from [4, (C.1)], we similarly
obtain functors f* : Shv(Y)— Shv(X) and Rfi : Shv(X)— Shv()). Moreover,
these constructions are functorial in f.

Now let A} and X, be smooth quasicompact schemes over k. Then the external
tensor product

ShV(Xl) [029] ShV(XQ) — ShV(Xl XE Xg)

is fully faithful [I5, Lemma A.2.6], where ® denotes the Lurie tensor product over
Q, [22] §4.8.1].

4.2. Products of spaces over k have the following Frobenius structures. Let [
be a finite set, and let X be a prestack over k. For any subset I; of I, write
Froby, : X! = X7 for the product (Hiej1 FrobX) X (Hiel\ll id;(). Note that
Frob;, and Frob;, commute for any subsets I; and I» of I, and for any partition
I, ..., Iy of I, the composition of Froby, for all 1 < j < k equals the absolute
g-Frobenius endomorphism of X.
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Next, let ¢ : I — J be a map of finite sets, and let f : X =) be a morphism of
prestacks over k. This induces a morphism f¢ : X7 = Y1, and if I} = ¢~'(J;) for
some subset J; of J, we get a commutative square

g I I
X/ ——)

J{Frob‘]1 JFrobIl

<
xS ——yh

Now suppose &' is an algebraic stack over k. Because Frob;, and hence Frob;

are universal homeomorphisms, we see that Frob;1 7 yields an equivalence on cat-

egories of étale sheaves. By applying this to subsets Iy, ..., I; of I and using the

functoriality of Shv, we obtain an action of Z* on ShV(XEI). Finally, if f is a mor-

phism of algebraic stacks over k, we obtain a functor fg* : Shv(y%) —>ShV(XEJ)
that is compatible with this action.

4.3. Next, we turn to a group-theoretic version of Let X be a geometrically
connected algebraic stack over k. Since Frob, Fisa universal homeomorphism,
it induces an automorphism of 7 (X%) as a topological group. By applying this
to subsets I,...,I; of I, we obtain a continuous action of Z* on m (X5). Write
FWeil?"“’I" (X) for the resulting semidirect product m; (X5) x Z*. When the I; are
precisely the singletons in I, we write FWeil; (X) instead, noting that this recovers
the Weil group Weil(X) when I itself is a singleton.

Let ¢ : I — J be amap of finite sets, let f : X — ) be a morphism of geometrically
connected algebraic stacks over k, and suppose that I; = ¢ _I(Jj) for some subsets

J1,...,J; of J. We see from that fg*E : 771(3%7) —>7r1(XEI) commutes with the

ZF-action. This induces a continuous homomorphism
FWeil 7% (1) = FWeil [+ (X).

In particular, by applying this to the inclusion of singletons in I and f = idy, we
obtain a continuous homomorphism FWeil; (X') — Weil(X') for each ¢ in I. Together,
they yield a continuous homomorphism

FWeil (X)) — Weil(X)?,

which is surjective because 71 (XEI) — 71 (X5)! is surjective.

4.4. We now recall the monodromy interpretation of Frobenius—Weil groups, as
well as Drinfeld’s lemma. Let X be a geometrically connected algebraic stack over
k. By restricting to m (XEI) and separately considering the action of Z*, we see that

finite-dimensional continuous representations of FWeil?""’I"' (X) over Q, are equiv-
alent to smooth Q,-sheaves on XEI equipped with commuting Frob I ,E—semilinear
automorphisms. The latter are called partial Frobenius morphisms. Moreover, a
similar equivalence holds for ind-smooth Q,-sheaves, and precomposing with the
continuous homomorphisms from [£:3] corresponds to pullback.

Now suppose X is a noetherian scheme. Then, as in the proof of [I8, The-
orem 5.6], we see that [20, Lemme 8.11] and [I8, Lemma 5.7] imply that any
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finite-dimensional continuous representation of FWeil;(X) over Q, factors through
Weil(X)! via the continuous homomorphism FWeil;(X') — Weil(X') from |4.3]

4.5. Partial Frobenii and Frobenius elements in the Weil group are related as
follows. Maintain the assumptions of [£.4] and suppose X is geometrically integral
over k. Let M7 be a geometric generic point of XEI. Let k' be a finite extension of k
with degree 7, and let 2 = (x;);c; be a point of X?(k’). Choose a geometric point
T of XEI lying over z, as well as an étale path 7y ~ Z.

Write pr; : X1 — X for projection onto the i-th factor. This induces an étale
path pr;(77) ~ T;, from which we naturally obtain a continuous homomorphism
Weil(x;) — Weil(X), where we form Weil(z;) using absolute ¢"-Frobenius instead
of absolute ¢-Frobenius as in Write ~,, for the image of the generator of
Z = Weil(z;) in Weil(X).

Let .# be a smooth Q,-sheaf on X?I equipped with partial Frobenii

F;: Frob;kg//lg//l.

Now we have a specialization isomorphism .# |z = .#|7;. On the one hand,
endows ./ |77 with an action of Weil(X)?. On the other hand, we see that F; o
Frob! -(Fi)o---o Frob:%l’*(Fi) restricts to an automorphism of . 5.

Proposition. Under the specialization isomorphism ///|§:>///|n7, this automor-
phism corresponds to the action of 4, in the i-th entry of Weil(X)?.

Proof. By using [4:4] to pass to finite-dimensional continuous representations of
Weil(X)! over Q,, we obtain a surjection X,;c;&; — .# compatible with partial
Frobenii, where the &; are Weil Q,-sheaves on X. Thus it suffices to prove the
claim for M,;c;&;. Now the identification (M,;c;&)lz = ®,c;(Elzr) is compati-
ble with partial Frobenii, and (X;c;&)lmr = ®;cr(Elpr, @) is compatible with
the Weil(X')!-action. So it suffices to prove the claim for & and I = {i}. But
Z = Weil(x;) — Weil(X) sends the generator of Z to r times the generator of Z C
Weil(X), and by definition this image acts via F; OFrob:’E(Fi) o-- 'OFrob;;’*(Fi).

O

4.6. We now specialize to the setting of moduli spaces of shtukas. Consider the
morphism Fr(d)(hl’ W) Shtgl,)zi,h["”’l’“) — Shtgl)}\,{z]"“’[’“h) that sends

((Di)ier~1,, (D z)zeh,(gmiﬁo)"*(gh%)-¢12+ ¢ik-;(gk 1 Yk 1)--*( Go, "))

to
i, o 6
((Di)ier~ts» " Di)ier, (G, ¥1) -=2(Go, th) ==+ -+ “*( o, 1%)"*( G1, 1))
Let Q be a finite &)-stable and I'y*’-stable subset of XJ(T)?*!. We see that

F‘r(;li?](f}j“"l’“) sends Sht(Gfl]\,IlI’Q ©) |(Div 1 to ShtG 1812,9 A1) |(Div5\N)f-

7Strictly speaking, [I8, Lemma 5.7] applies over finite extensions of Qg, not Q,. But FWeil;(X)
is an extension of a finitely-generated group by a compact group, so its finite-dimensional contin-
uous representations over Q, are defined over finite extensions of Q.
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Next, observe that the square

(@) (T1 e Tg)
) Fry Nll F

Sht(c(li,)]ill,117...71k Sht(d)(fza Ak, I1)

| |

F‘robI
.d c.d
(DIVX\N)I - (DIVX\N)I
commutes. Finally, note that the composition
Fr (d)(I1,...,13) Fr(d)(fkyh ----- Tk 1)
I SN, T I ,N,I
Sht(cgl7)15/{1]’m7lk) 1 ..k Shtgl7)jif{1[,.“7lk)

equals Frob : Shtg)]s,{}’“ T ShtG (11’ ~"¥) " Since Frob is a universal homeomor-
phism, this shows that Frgcf?](\{}[’ S | is a universal homeomorphism too.

4.7. Our Fr 11)1(\{11’ 1) are compatible with other structures as follows. If I, ..., I}

refines another ordered partition I7,...,I;, of I such that I{ = I U--- U I;, we
obtain a commutative diagram

(@) (1, 1g) @I Ti—1)
F .
(d)(I1,odk) AN 1N (Im, i Iu,e05)
Sht’y 7} ShtG
[CATIRES Iy) (I1,ee, 1)
T ) Tl )
()], I]'C,)
()55 T3) I1N.T (d) (I dL)
Shtg n 7 Shtg 7 .
e also have a commutative square
We also h tative sq
() (I1,--,1k) o (dxIq,...,dxIy)
<—
ShtG N,I ShtG,N,de
(d)(Iy,---s 1) (dxIq,..., ,dx1Tg)
JF Try, NII k JFrdellN axr "

Sht(d)([z, Ik,ll) d><I2, dXIk,Xml)

ShtG N,dx1

Finally, note that the Fr(fll)%ll’”"j’“) pass to the inverse limit in The result-
(DD Ti) Shtg)(h’“"lk) — Sht(d)gfl’""lk’h) evidently commutes

Il oo, I
with the G(Ag)-action, so we see that Frg )(Il’ ) commutes with the finite étale

correspondences from [3.11] and Remark [3 -

ing morphism Fr

: Iy Tg) s .
4.8. In the usual, unsymmetrized case, we convert our Fr(hl]’v 7 ) into partial

Frobenius morphisms as follows. Let W be in Repg, (*G)"). Then and the

proof of [20, Proposition 3. 3E| ]| vield a canonical isomorphism
g 1k)

127 Ik; Il) .y
W _></N, Iw

(I1sesTie) % g (
FrII’NI J’

SNow [20l Proposition 3.3] only treats the case of split G. However, it extends to the general
case, which is already implicitly used in [20} §12].
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Since Fr(lflj’\',“l’l") and Froby, are universal homeomorphisms, applying proper base

change to the commutative square from and arguing as in [20] §4.3] yields an
isomorphism

% ~
F]l : ]:—“I‘Obl1 %N,I,W *)%N,LW

of ind-(constructible complexes of Q,-sheaves) on (U \ N)I.

By we see that Fy, is compatible with the independence of J#y ;w on
the ordered partition Iy,...,I; up to isomorphism. In particular, reordering the
Iy, ..., I shows that

Fy, o Froby, (F1,) = Fr, o Froby (F1,)

on f%ﬁ@)l’w. We can also use to see that F7,[n¢1); commutes with the action of
Han on AN 1wy, -

4.9. We now present the anticipated result of Eteve—Gaitsgory—Genestier—Lafforgue.
By applying [£.2] we see that the fully faithful functor

Shv((U \ N)j)®" < Shv((U ~ N)1)

is equivariant for the action of Z’. In particular, we naturally have a fully faithful
functor

(Shv((U ~ N)p)®1)PZ s Shv((U ~ N)HPZ,

Theorem. ﬂAssume that X s geometrically connected over k. Then we have a
functor

Repg, ((“G)!) >(Shv(U ~ N)g) )72 denoted by W = Tiv.1.w

satisfying the following properties:

a) for all W in Rep@g((LG)I), the image of In 1w in Shv((U ~ N)é) is naturally
isomorphic to the pullback L%”N’I’W’E of 1w to (U\N)é, and the equivariance
data corresponds to the pullbacks F; of the F3,

b) as I varies, there exist co-categorical coherences for In 1w in the sense of [3
Sect. 1.6].

Proof. When U \ N = X, take Iy 1 to be Sht]"(—) as in [3, Sect. 4.1.1]. This
has the desired structure by [3, Sect. 4.5.3]. Part b) follows since the inclusion
Shv((U ~ N))®! — Shv((U ~ N)%) is compatible with changing I, and part a)
follows from [3], Theorem 4.1.2] and [3| Sect. 4.5.4]. The general case is forthcoming
work of Eteve—Gaitsgory—Genestier—Lafforgue. g

Remark. Even without the geometrically connected assumption on X, we expect
some form of Theorem [£.9] to hold.

9While [3] only treats the case of split G, their methods adapt to the general case.
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4.10. Maintain the assumptions of Theorem [1.9] which we will use to define sym-
metrized versions of I ;w as follows. Note that yields an action of &1 on
Shv((U ~ N)%XI) intertwining the action of Z?*! and observe that

Shv((U ~\ N)p) ) < Shv((U \ N)&xT)

is equivariant for this action, where Shv((U ~\ N)z)®(@*1) has the natural &}-action.

Let W be in Rep@z((LG)dXI), and suppose W o o* = W for all o in &L.
Then Theorem b) gives an 6é—equivariance structure on the object I axrw
of (Shv((U ~ N)E)@)(dXI))BZdXI, so we obtain an object of

((Shv((U ~ N))@@xD)BEX N BEG — (Shy((U ~ N)p)@@x 1)) BE x64)
= ((Shv((U ~ N)E>BZ)®(d><I))Bgé’

where we use [16, Proposition 2.5.7] to see that ® commutes with taking equivariant
objects.
By finite étale descent, we see that pullback yields a natural equivalence

Shy((U ~ N /&h) 5 Shv((U ~ N)&T)BS,

where (U ~ N)%XI/GI = (U ~ N)%/Gd)l denotes the stack-theoretic quotient.

Thus if we only remember the action of Z7 x G(Ii C Z3 % G{i, then we obtain an
; (d)

object Fy 1y of

I I I
Shv((U ~ N)&BEXSD) = Shy((U ~ N)?/&4)5)P" .
Finally, since &, preserves and acts freely on the open subscheme
(UNNEC(UNN),
we can identify the stack-theoretic quotient ((U ~ N)%/&4)! with (Div‘,i]’iN)I via

In particular, restricting ﬁl\(,fi}’w to (U ~ N)gE/Gd)I yields an object of

Shv((Divi;? y) L) P2

4.11. From here, we obtain complexes of representations as follows. Write n for
the generic point of X, and note that taking fibers at n yields a functor
Shv((U ~ N)z)P% — D(Weil(n), Q).

By taking (d x I)-th tensor powers and postcomposing with the exterior product,
we get a functor

Shv((U ~ N)z)P%)®xD) — D(Weil(n) !, Q).
Finally, taking 65—equivariant objects gives us a functor

((Shv((U ~ N)g)P)@@xD)BS4 s D(Weil(n) ™! x &5, Q).
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4.12.  We conclude by using work of Xue to bootstrap Proposition [£.5 to the ind-
smooth Q,-sheaves jfﬁy rw on (UNN ){. Assume that X is geometrically connected
over k, and apply the notation in to X = U ~ N. By projecting to (U ~ N)I,
we view 77 and T as geometric points of (U ~ N)Z.

We have a specialization isomorphism 3 ; v [z = S 1 |5 by Theorem
On the one hand, Theorem a) and T heoremendow AN 1w |7 with an action
of Weil(n)!, which one can show factors through Weil(U ~ N)! [26, Proposition
6.0.13]. On the other hand, we see that F; o Frob}(F;) o - --oFrob!~"*(F}) restricts
to an automorphism of J ; i |z

Proposition. Under the identification A5 ; W@Qﬁf]\’h w s this automorphism
corresponds to the action of v, in the i-th entry of Weil(U ~ N)I.

Proof. Now [26, Lemma 6.0.9] and Theorem show that L%”A%LW is a union of

ind-smooth Q,-subsheaves .# over (U ~ N)!, where .#|5; is preserved by and
finitely generated over &), $g,u; for some closed points u; of U \ N, and the F;
restrict to isomorphisms on .#. Hence it suffices to prove the analogous claim for
M.

Let m be a maximal ideal of ®i€[ NG ;- Since the He ,,, are finitely generated
Qy-algebras, we see that (.#|77)/m™ corresponds to a smooth Q-sheaf on (U~ N)!
equipped with partial Frobenii. By base changing to (U ~ N)z, Proposition
proves the analogous claim for this smooth Q,-sheaf.

Because @,c; 9G,u, is noetherian, the map A |5z — @, (A |77) 5 is injective,
where m runs over maximal ideals of @),c; HG,u,» and (—)p denotes m-adic com-
pletion. We similarly obtain an injection 4|z — @, (4 |z)n. As the partial
Frobenii and @),.; $a,u,-actions commute, we see that these injections preserve
the relevant structures. Thus the analogous claim for the sheaves corresponding to
the (. |5r)/m™ implies the claim for .#, as desired. O

5. THE PLECTIC CONJECTURE

In this section, we prove our results on the plectic conjecture for (usual, unsym-
metrized) moduli spaces of shtukas. We begin by using the relationship between
Weil restriction and Bung from {I] to describe one incarnation of the conjectured
plectic diagram from [23] (1.3)]. This relates unsymmetrized shtukas for G to sym-
metrized shtukas for H. From here, we use the link between symmetrized and
unsymmetrized shtukas for H to prove Theorem A. Next, we use the Hecke com-
patibility of this relation to prove Theorem B. We conclude by explicating our
constructions to prove Theorem C.

5.1. First, we describe the Hecke stack incarnation of the plectic diagram. Recall
the notation of and write d for the degree of m. Since Y and hence Divl is
proper, the morphism m™! : X%Divgf sending z + m~1(I';) is proper as well.
As m™! is also a monomorphism, we see that it is a closed immersion. Because m
is étale over U, we see that m~! sends U to Divy:°.

For any 0 < jo < k, recall the morphisms p;, and p from Definition
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Proposition. We have a natural Cartesian square

Hekg 'y 7 T

J(pjo p) J/(Pjo p)

—1yI
cx(m I

Bung.x x (X ~ M) 27 Bung ar x (Divé_ ).

Proof. An S-point of Hckgjj\;;'l’lk) consists of

i) for all 4 in I, a point z; of (X ~ N)(9),

ii) for all 0 < j <k, an object (G;,v;) of Bung, n(S5),
iii) for all 1 < j <k, an isomorphism

i

¢j : gj_1|X><s\Zi€Ij Tz, —>gj|XXS\ZiEIj s

with 1 0 ¢j|Nxs = Pj-1.
By using the isomorphism ¢ and applying[1.7]to R = X x S~ Zielj
ii) and iii) are equivalent to objects (H;,¢;) of Buny,a(S) along with isomorphisms

T'z,, we see that

/o, X ~ .
¢ H]—l‘YXS\Zielj m=1(T,,) = H;j |Y><S\Zi€1j m=1(Ts,)

satisfying ¢;0¢|prxs = ¥;_,. Along with i), this is precisely the data parametrized
by the fiber product of Hckg’)](\;jl’""lk) and Bung ny x(X ~ N)! over the product
Bung s x(Divy )7 O

5.2.  We obtain the Beilinson—Drinfeld affine Grassmannian version of the plectic
diagram as follows. Take N = @ and jo = k in Proposition 5.1} After pulling back
along the k-point of Bung = Bung corresponding to the trivial bundle, this yields
a Cartesian square

Grg}l’""lk) Grg’)l(hw-,]k)

b b

X" (Divi)!
5.3. Next, we explain how the relative position stratification fits into the plectic

diagram. Because T' = Rp,g A, we see that X,(T) is isomorphic as a I'g-module
to

{0 :Tg—Xe(A) | p(xg) = g p(z) for all g € Tp and = € T},

whose I'g-action is given by inverse left multiplication. Under this identifica-
tion, X4(T)'@ corresponds to the subset of functions ¢ taking constant values
in Xe(A)'r. As B =], C, we see that X (T) corresponds to the subset of func-
tions ¢ that take values in X (A). After choosing representatives for I'o/T'F in
I'o and enumerating them, we may identify Xo(7') with X(A4)% and X (T) with
XA

Let Q be a finite G)-stable and T'%*’-stable subset of X} (A)¥*!. In particu-
lar, © is also F{Q—stable when viewed as a subset of X (T)!. Hence we can form

Grgf]i?l(fé """ Te) |(Divg)r and Grg}f;é’lk) |gr as in Because (m~1)! is a locally
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closed immersion, we see that the Cartesian square in restricts to a Cartesian
square

Grg}f;é’lk) lyr —— Grgj,)f(,[éw’lk) |(Div“i/)1
I (m=H! AT
U (Divy,)”.

Remark. Note that stability under I‘%XI is a condition that is independent of our
choice of representatives for I'g/T'r in . Similarly, stability under &% is a con-
dition that is independent of our enumeration of said representatives.

5.4. In the plectic setting, we work with the following relative position strata and
corresponding sheaves. First, suppose 2 equals [],.; Q;, where the ; are finite
& -stable and T'%-stable subsets of X} (A4)%. In particular, Q; is a finite disjoint
union of F%-orbits O. Then we can form Wy as in and we write Wo i g
for the object @, Wo of Rep@z((LH)d). Note that the &4-stability of €; implies
that Wa ;.m0 0* = Wq,; g for all ¢ in &4. Finally, write Wq g for the exterior

tensor product IXiGIWQ7Z',H, and recall from that y;iil‘}[}g‘z“;“k) equals the

. . (dXIl,,..,dXIk) . . . .
intersection complex of Gr H,dx 1.0 |yyaxr, with degree shifts normalized relative

to VaxI,
By viewing €; as a subset of X (T) instead, we see that it is I'g-stable. Form
Wa.i,c and Wq ¢ as above. We analogously see that Y}IJVQGIk) equals the inter-

section complex of Grgjl’;b’j’“) |y, with degree shifts normalized relative to U?.

More generally, let Q be any finite subset of X (A)4*! that is &Gi-stable and
I"},XI -stable. Then (Q is a finite union of subsets of the form considered above, and we
write Wq g and Wq ¢ for the corresponding direct sum of algebraic representations

over Q,. We see that the above relation with intersection complexes continues to
hold.

5.5. Finally, we arrive at the plectic diagram for moduli spaces of shtukas. By
pulling back along -, we get an analogous Cartesian square

Shtl 'y ;™) —— Shtypip )

bk

(X~ N " D)

Moreover, further restricting to [5.3] via v o § yields a Cartesian square
I I, d)(Iy,...I
Shtg3 76 lwwy —— ST E™ g )1

| |

(U~NN) ————— (Divl )L
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If I,..., I refines another ordered partition I,..., I}, of I, note that

(I, Tg) (I1,oTy)
lﬂ(zi,,.,,zi,) lw(zi ,,,,, )

Shtgiiy 1+ —— Syt

yields a commutative square. Also, we have a commutative square

Shtg " ——— Sht i

(U1nTy) (@)1, 03)

J(Flel,zv,z F JF Try YR
[CCHWPNEY! 12, iy I1)
Sht{fz 11— gD, .

5.6. We now transfer[5.4]to moduli spaces of shtukas by using the morphism € from
. In the d = 1 setting, the proof of [20, Proposition 2.11 E| indicates that e étale-

locally induces an isomorphism from Sht(h’ ”‘) |yt to Grgll’ Ae) L)
Therefore # J(VI Y Wékc); = (YI(I‘}VQ h L) ) equals the intersection complex of

Iy Ty
Shig76 |
with degree shifts normalized relative to (U ~ N)!. Applying this discussion to H
shows that .# Jsj Zi}"ﬁiﬁ’“) equals the intersection complex of

(dxIq,...,dxIy)
ShtH,M,de,Q |(V\M)d“’

with degree shifts normalized relative to (V ~ M )<

Write fﬁ)}lﬁ}n h{’“) for the intersection complex of Sht;)ﬁll’ 0 oIk |(Dive. )1 with

degree shifts normalized relative to (DIVV\ ar)F. In the commutative squares from
note that the horizontal arrows are locally closed immersions, up to uni-

versal homeomorphism. Hence we can identify the pullback of .# Jﬁj)}lvﬁ}n h{") to

Shtgll’\;”l’lg’;) |pr with .Z I(VIII Wi’“();. And because the commutative squares from

are finite generically étale, we can similarly identify the pullback of fﬁ)l(lé[}n oL ) to

dXx1Iqy,...,dx1T dxIy,....dx1I
Shtg—I,M,ldXI,Q ) |(V\M)d><1 with ﬂlﬁ/[ d><1] Wa, Hk)
5.7.  We leverage the link between symmetrized and unsymmetrized shtukas for H
to get the following relation on cohomology. Restricting the commutative square
from E to (Div? ;) yields a Cartesian square

d) (It I dxIy,...,dxI
Shifp a7 lore ) ¢ Shtig e lvang:

! |

(Diviy2 )" - (VN M)

10Now |20, Proposition 2.11] only treats the case of split G. However, it extends to the general
case, which is already implicitly used in [20} §12].
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Henceforth, assume that Y is geometrically connected over k. Now proper base
change and show that

* d)(I1,....15
« RP!(gJ(\/I,)I(,WQ,Hk)|(D1V;1/{M)1) = %M,dXI-,WQ,H‘((V\M)g)I)

so Theorem [4.9la) and [4.10[enable us to identify Rpu(ﬁlﬁj)l(l‘}vﬂlfk) |(Div‘f;° M),)E with

the image of Z\(Z)LWQ’HkDivt‘i/,iM)% in Shv((Div“i/’iM)é). Repeating the arguments
in [4.§] yields an isomorphism
. * ()2, In, I1) ~ ()1, Ik)

Fayn, - Froby, Bpd(F a7y i " oty = BTy wn o Loty
and we see from Theorem a) and that, under our identification, the equiv-
ariance data of ﬂj&d,)[,wﬂﬂ |(Divf‘1/,iM)% corresponds to the pullbacks F(d)i of the Figy;

.. d,o
to (DIVV\M)é.

The comparison with QA%)I,WQ,H shows that Rpg(ngj?l()[‘f‘};;k’h)|(Div<éiM)1) is
independent up to isomorphism of the ordered partition Iy,...,I;, so we denote
this ind-(constructible complex of Q,-sheaves) on (Div?}i )by %]\%)I,WQ - Asits
pullback under the finite étale o has ind-smooth cohomology sheaves by Theorem
we see that %]\Sﬁ)[,wﬂ ., does as well.

5.8. From here, we obtain the following generalization of Theorem A.

Theorem. The compact support intersection cohomology complex of Shta 1.0 |Q;
with coefficients in Q, canonically lifts from an object of D*(Weil(Q)!,Q,) to an
object of DP((Weil(F)? x &4)%,Qy) via the I-fold product of the map

Weil(Q) — Weil(F)? x &,.

Proof. Choose a geometric generic point 777 of X!. Now our object of D*(Weil(Q)!, Q,)
is the image of Jn 1w, under the functor from where we use the finite-
dimensionality of Shtg v 1.qlw-n)r and Theorem a) to see that the image lies
in D*(Weil(Q)!,Q,), and we use and Theorem to identify its underlying

complex of Q,-vector spaces with JN 1wy, 77

Choose a geometric generic point Bgx; of Y4*I. By projecting to (Div‘)i/)l, we
view Bgx; as a geometric generic point of (Dive.)!. Proper base change and
show that

—1\1,* (d) _
(m ) %MJ,WQ’H*%N%WQ,G’

) . N ()
isomorphism . 1w .77 %%MvLWQ,va by

But the pullback of %A;‘%)I’WQ‘H under o equals Ay dax1,Wa x| ((van2yr by

L . (d) .
which identifies %M71,W§Z,H7ﬁdxl with %M,de,WQ,H,m' Theorem allows us to

view the latter as the image in D°((Weil(F)% x &4)!,Q,) of Tar,ax1,wq. , under the

so after choosing an étale path [ x5 ~ (ml)im), we obtain a specialization
5
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functor from Finally, the commutative diagram

((Shv((V ~ M)g)BE)@@xD)BSs — D((Weil(F)? x &), Qy)

J J

(Shv((U ~ N)p)P5)® —————— D(Weil(Q)", Q)

shows that restricting along the /-fold product of Weil(Q) — Weil(F)?x &4 recovers
our original object of D*(Weil(Q)!,Q,), as desired. O

5.9.  We prove the following generalization of Theorem B by using the Hecke com-
patibility of our constructions.

Theorem. The action of (Weil(F)? x &4)! from Theorem on the level of co-
homology groups commutes with the action of Ha,n from|3.11}

Proof. Under the identification G(Ag) = H(Ar), we see that the compact open
subgroup K¢,y corresponds to K as. This identifies H n with Hg . For any g
in G(Ag), write N(g) for the finite set of closed points of X where g does not lie

in G(O,), and write M(g) for m~*(N(g)). Remark gives an associated finite

étale correspondence on Shtgf]’\;;'l’?;) (U~(NUN(g)))! over (U~ (N U N(g)))!. By

viewing g as an element of H(Ap) instead, we obtain analogous correspondences
on

(d)(I1,---, 1K) (dxIy,...,dxI})
SO 10 v oar)” 20 SParacre ™ lvsauomes

Because these correspondences are finite étale, their pullbacks preserve intersection

. . d)(I,...,T
complexes, giving us a cohomological correspondence on % J(W)I(I}VQH’“)

Restricting to (Div‘{l,\(MUM(g)))I yields a morphism

(d)(I1;..Tx) |(

(I1ses 1)
ShtG,N,I,Q (UN(NUN(g)))T = ShtH;M7I7Q Divl\i/\(MuM(g)))I ’

Note that our correspondence on Shtg}/\;;']’fﬂk) |(U~(NUN(g)))! is precisely the pullback

A1y .
of our correspondence on ht( ' . along the above morphism.
P S H,M,1,Q |(D1v“i/\(MUM(g>))I g P

Similarly, we see that our correspondence on

(dxIy,...,dx1Iy)
ShtH,M,lde,Q i |(V\(MUM(9)))“’

. ()1, T1)
is the pullback of our correspondence on Sht /377 |(Divt‘z/\(MuM(g)))1 along «, up

to universal homeomorphism.

The proof of Theorem [5.8|constructs the (Weil(F)4x&,)!-action on %]€7I7WQ,G [t
by identifying the latter with f%ﬂ]@’ dxT,Wo |m The above shows that, under this
identification, the ¢ n-action on %]\?,I’Wﬂ,c |77 coincides with the $o,nv = Hm M-
action on jfl\’/}, dx I,WQ,H‘m’ From here, the desired commutativity follows from

B 7 and .10 O

5.10. Before turning to Theorem C, we need some notation on the splitting be-
havior of points along Y — X. Let k' be a finite extension of k with degree r, and
let = (;)icr be a point of (U ~ N)!(k) such that every x; splits completely in
V . M, i.e. the inverse image m~!(x;) is a disjoint union of d points (yj;)%_, of
(V. ~ M)(K).
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Because (m~!)! is a monomorphism, we get a Cartesian square

(m~ !

I—> (mII(x)
(U~ N (Divi,

whose top arrow is an isomorphism. Therefore restricting|5.5(to (m~1)!(z) yields an
isomorphism Shtglj’v II" |l = Sht(d (111’ i) |(m~1)! (), and further restriction yields

an isomorphism
Iy d)(I1,...,T
Sht(G,lN,I,(’;) o= Sht.(H)MlI Q o lm=1)7()-

Since every x; splits completely in V' ~. M, we see that the preimage of (m~!)!(z)
under « equals

{(Wo(hi))jeraier € (VN M) (K) | 0 € &L},

where each (Y, (h,i))hefq),ic;r maps isomorphically to (m~1)!(z) under a. Write
y for the point (yni)nepa,ier of (V ~ M)¥*!(k’) induced by our enumeration of
the m™!(z;). Then pulling back [3.8] along (m™')!(z) < y yields an isomorphism
Shtg)ﬁll’""b“) lm=1)1 () Shtgﬁlé'x”}d”’“) |y, and further restriction yields a uni-
versal homeomorphism
YTty Th) (dXIy,...,dxT
ShtHJ(V[IQ g |(m=1)7 () <_ShtH>J<\/Ild><IS>2< g ‘y

5.11. From[5.10} we obtain the following implications for cohomology. Our zig-zag
of universal homeomorphisms

Shtgll,VIQ « — Sht d)(lh Ik)| -1y (a:)<_ShtI;l>J<\4lld,><IdS>2<Ik) |y

allows us to identify the étale cohomology of the left and right terms.
Choose a geometric point T lying over x. Now % ](VI lI WI’“) restricts to the inter-

section complex of Shtgljv 1.0 \x, so proper base change indicates that J ; v, .|z

is naturally isomorphic to the p-th intersection cohomology group with compact

support of Shtgll’\}”jlg’“) |z with coefficients in @,. Analogous statements hold for

Shtg)ﬁ)l’,ﬂl‘) l(m-1y1(z) and Sht%ﬁ}é';}%lk) ly, in a manner compatible with the
identifications mduced by the above zig-zag.

5.12.  We now prove the following generalization of Theorem C. After choosing an
étale path 77 ~» Z, Theorem [3.7] yields a specialization isomorphism

%J\I;,I,WQ,G lz — %ﬂj\z;,l,wg,ch?

Applying (m~1)! to 77 ~ Z induces an étale path (m=1)!(77) ~ (m~1){(Z), and
composing this with our étale path Bgx; ~ (m~1)!(77) yields an étale path By ~
(m~1)!(Z). The isomorphism (m~')!(z) < y enables us to view T as a geometric

point ¥ lying over y, so this amounts to an étale path Baxr1 ~ a(y). Because « is

étale at B4x 1 and y, this corresponds to an étale path Baxr ~ y. Applying Theorem
again yields another specialization isomorphism

g _ g
<%ﬂM,de,WQ,H |2 - %]VI,dXI;WQ,H ‘ﬁdxl.
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Let (h,i) be in d x I. From our étale path f4x; ~» 7, we obtain an element -,
of Weil(V M) as in Since Froby, ;) fixes y, we see that Fij, ;) 0Frobj, ;) (F(n.i))o

-0 Frobf};i)’*(F(hJ)) restricts to an automorphism of %A’fj’dxhwﬂﬂ l7-

Theorem. Under the identifications

/4 .~ P P _
HN 1 W T = Pt dx 1 Wa i [t < PO0rdx1.Wa, i 1T

this automorphism corresponds to the action of vy, , in the (h,i)-th entry of
Weil(V ~ M)?<1,

Proof. The proof of Theorem constructs the action of Weil(V ~ M)%*! on
I 1. we I Via the isomorphism A | v sy = 4 41w u 527 SO it suffices
to see that this corresponds to the action of vy, , in the (h,i)-th entry of

Weil(V ~ M)P!
on jf]\’/’[’ AT, We s |57 which follows immediately from Proposition O

5.13. When r = 1, the action from Theorem has the following description
in terms of the special fiber of the moduli space of shtukas. First, recall from [3.6]
that we can use any ordered partition of d x I to compute 7} ;. ; W - Let P

be any ordered partition of d x I ~\ (h,4). Then F{; ;) is induced by the morphism

FYEXLS?}\Z)de’ so we see from that its action on %]@’dxl’wnﬂ is induced by the
restriction
(ho),P) | ((hyi),P) (P,(hyi))
Fr(h,i),M,de :Shty A axr.0 |y — Sht v ax 1,0 ly-

5.14. The case of general r is more complicated for the following reason. We use
Theorem [2.12\b) to identify RP!(«?I(\}ZQ’[}?VQH) with Rp;(ﬁgéﬁ’;?a‘mﬂ), which is
what enables us to iteratively compose F{j ;). This identification does not seem
to arise from an explicit cohomological correspondence, so for general r and x this
impedes us from similarly describing the action of

Fin,q) © Frob{y, o (Fini) oo Frob’(",;;)’*(F(h,i))

on %]\Z7dXI7WQ,H|g. However, when all the x; are disjoint, the y;; will also be

disjoint, so we can useto explicitly identify Sht%%)’;li)l’ﬂ y With Sht(;’]&g)x)l’ﬂ y

via pulling back along 0 o . Therefore we obtain a description of the action from
Theorem [5.12] in terms of the special fiber of the moduli space of shtukas in this
case.
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