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ABSTRACT

We prove the plectic conjecture of Nekovai—Scholl [22] over global function fields Q.
For example, when the cocharacter is defined over () and the structure group is a
Weil restriction from a geometric degree d separable extension F'/(Q, consider the
complex computing f-adic intersection cohomology with compact support of the as-
sociated moduli space of shtukas over ;. We endow this with the structure of a
complex of (Weil(F)? x &,)!-modules, which extends its structure as a complex of
Weil(Q)!-modules constructed by Arinkin-Gaitsgory-Kazhdan-Raskin-Rozenblyum-—
Varshavsky. We show that the action of (Weil(F)? x &4)! commutes with the Hecke
action, and we give a moduli-theoretic description of the action of Frobenius elements
in Weil (F)4x1.
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Introduction

The plectic conjecture of Nekovai—Scholl [22] predicts extra symmetries in the cohomology of
Shimura varieties when the structure group G is a Weil restriction. In the f-adic realization,
the case of trivial coefficients is formulated as follows. Suppose that G is the Weil restriction
R/ H of a connected reductive group H over a number field . We have the plectic Galois
group F%lec = Autp(F ®q Q), which naturally admits a continuous injective homomorphism
from the absolute Galois group I'gp of Q. The plectic Galois group acts on the set of conjugacy

classes of cocharacters of G@, and we can form the stabilizer F%Q of the Hodge cocharacter [u]

inT %;5 Note that the reflex field E is characterized by 'y = I'g N F%Q. For sufficiently large

level N, write Shy for the minimal compactification of our Shimura variety at level N over E.
CONJECTURE [22}, Conjecture 6.1]. The intersection cohomology complex of Shy with coefficients
in Q, canonically lifts from an object of D*(I'g,Q,) to an object of Db(FEﬁ}Q?@Z) via the map

Tp = Thy.
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SIYAN DANIEL LI-HUERTA

At the time of writing, the plectic conjecture in the number field setting is wide open. The
goal of this paper is to prove the plectic conjecture in the function field setting. More precisely,
we prove that an analogous phenomenon holds for the moduli space of shtukas, which is an equi-
characteristic analogue of Shimura varieties. However, moduli spaces of shtukas admit richer
variants than their number field counterparts: namely, the ability to have multiple legs. This
already plays a crucial role in applications to the Langlands program [20} 26], and it also plays
a crucial role in this paper.

To state our results, we need some notation. Let ) be a global field of positive character-
istic, write k = F, for its constant field, and assume that ¢ { q. Henceforth let F' be a degree
d separable extension of () with the same constant field, let H be a connected reductive group
over F', and write G for the Weil restriction Rp/g H. Let I be a finite set, and let w = (w;)ies
be an I-tuple of conjugacy classes of cocharacters of GQ such that each w; is defined over Q
Write X for the geometrically connected smooth proper curve over k associated with @, an
write Q for the generic point of X!. For any finite closed subscheme N of X, we get a mod-
uli space of shtukas Shtg n1w|g, at level N over Q1E| Work of Xue [25, Proposition 6.0.10]
yields a natural Weil(Q)’-action on the intersection cohomology groups with compact support
of Shtg n1w|g,, and forthcoming work of Arinkin-Gaitsgory-Kazhdan-Raskin-Rozenblyum—
Varshavsky enhances this Weil(Q)’-action to the level of complexes.

We now turn to the plectic group in our setting. Since the w; are defined over @, they

are stabilized by all of I‘%l%. By fixing extensions of the d different Q-embeddings F' < Q to
plec

automorphisms of @ over Q, we can identify I' F/Q with the semidirect product F‘é XG4, where Gy
denotes the d-th symmetric group. Applying similar observations (which hold for any topological

group with an index d open subgroup [7, p. 7]) to the Weil group yields a continuous injective
homomorphism Weil(Q) < Weil(F)? x &.

THEOREM A. The complex of intersection cohomology with compact support of Shtg,n,1w o,
with coefficients in Q, canonically lifts from an object of D’(Weil(Q)!,Q,) to an object of
DP((Weil(F)? x &4)!,Qy) via the I-fold product of the map Weil(Q) — Weil(F)? x &,.

Because shtukas can have multiple legs, powers of I appear in Theorem A. However, even
when [ is a singleton (which mirrors the plectic conjecture in the number field setting), the proof
of Theorem A still crucially uses the ability to have multiple legs.

Remark. For w not necessarily defined over @), our methods prove a similar result for the intersec-
tion cohomology with compact support of a union of the plectic Galois translates of Shtg n,7.. In
fact, all our results apply in this level of generality. See Theorem [5.8] Theorem [5.9] and Theorem

0. 12

The (Weil(F)? x &4)!-action we construct enjoys the following compatibility. Write $g x
for the Hecke algebra of G at level N, which acts naturally on Shtg n 1. |g, via finite étale
correspondences and hence on its intersection cohomology groups with compact support.

THEOREM B. The action of (Weil(F)% x &4)! from Theorem A on the level of cohomology groups
commutes with the action of Hg N.

We can always enlarge @ such that the w; are defined over Q. This is analogous to the number field setting, since
the field of definition of [u] is precisely the field over which our Shimura variety lives.

2Strictly speaking, we need to choose a parahoric group scheme over X with generic fiber G. We also need to
choose an ordered partition of I, in order to define partial Frobenius morphisms. However, we will ignore these
issues for the rest of the introduction.
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We can also describe the action of Frobenius elements in (Weil(F)? x G4)! in terms of partial
Frobenius morphisms, as conjectured in [22] Remark 6.7]. Now F'/Q corresponds to a finite mor-
phism m : Y — X, where Y is also geometrically connected over k. Let k' be a degree r extension
of k, and let z = (;);cs be a k’-point of X' such that each x; splits completely in Y, i.e. m™(z;)
is a disjoint union of &’-points (y;m)z:l. For z; lying in a certain dense open subscheme U \ N
of X, a smoothness result of Xue [25] Theorem 6.0.12] identifies the intersection cohomology
groups with compact support of Shtg 1. |, and the intersection cohomology groups with com-
pact support of Shtg 7 |- Write y for the k'-point (yn.i)(h,i)caxr of Y 4! Diagrams (E[) and (E[)
below will enable us to identify Shtq 1 |z and Shty gy s |y up to universal homeomorphism.

We now introduce partial Frobenii. Write V and M for the preimages of U and N in Y. For
any (h,i) in d x I, we have a commutative square

Frep .
(h,i)
Sht f,dx 1w ’(V\M)d“ —— Shtgdxrw ‘(V\M)d“

F‘I‘Ob(hﬂ‘)
_

(V ~ M)y! (VM)

where Frob;, ;) equals absolute g-Frobenius on the (h, i)-th factor and the identity on the other
factors. Therefore Fr(;, ;) induces a Frob, ;)-semilinear endomorphism F{j, ;) of the relative inter-
section cohomology with compact support of Sht g axr.w (v aryexr over (V M) As Frob(,
fixes y, we obtain an action of F("”m) on the intersection cohomology groups with compact support
of ShtH,de,g ‘Q'

On the other hand, we also have Frobenius elements in Weil groups. Namely, the k’-point
Y, of Y yields a geometric ¢"-Frobenius element v, ; in Weil(F'), which acts on the intersection
cohomology groups with compact support of Shtg 1, |o, via the (h,i)-th factor of Weil(F)?*!
in Theorem A.

THEOREM C. Under these identifications, the action of 7y, ; equals the action of I, .

Let us now discuss the proofs of our theorems. For simplicity, assume that H is split, take
N = @, and suppose that F' is everywhere unramified over QE| Thus m : Y — X is étale.

We begin by observing that G-bundles on X are naturally equivalent to H-bundles on Y.
Moreover, this equivalence is compatible with replacing X by the punctured curve X \ z, as long
as Y is replaced by Y ~.m~!(z). We use this to show the existence of a Cartesian square

Shtg, 7 — Sht{); , (>)
JP JP
(m— I)I

X! — (Divd)!,
where Div‘}if denotes the space of degree d divisors of Y, and Shtg}i’)],w denotes a symmetrized
variant of the moduli space of shtukas that keeps track of an I-tuple of divisors of Y, instead of
just points of Y. We make important use of this symmetrized variant, so we study it thoroughly
in §3] Diagram (b)) provides one incarnation of the conjectured plectic diagram from [22, (1.3)].
Because m is étale, the image of the closed immersion m~! : X — Divﬁl/ lies in the open subscheme
Divf}o of étale divisors.

3We treat the general case in the body of the paper, and this simplified case already illustrates the main ideas.
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We can relate Sht(g)l . to a usual, unsymmetrized moduli space of shtukas as follows. By

viewing Div% as the scheme-theoretic quotient of Y by &4, we get a commutative square

Shtg,{)Lg —— Sht g dxsw (<)

P
(Div{ )l «—>—y <!

that is Cartesian up to universal homeomorphism, where we use G = Rp/g H to view each
w; as a d-tuple of conjugacy classes of cocharacters of Hz. Note that 65 acts naturally on
the right-hand side. Now Arinkin—Gaitsgory—Kazhdan—Raskin—Rozenblyum—Varshavsky’s result
endows the complex of intersection cohomology with compact support of Shty gx7w |F,,, With
the structure of a complex of Weil(F)4*/-modules, and the &X-action intertwines the Weil (#)?*-
action by permutation. We use this to obtain the structure of a complex of Weil(F)¥! x &1 =
(Weil(F)4 x &4)f-modules.

By applying proper base change to Diagrams (]E[) and (E[), Xue’s smoothness result [25]
Theorem 4.2.3] identifies the complexes of intersection cohomology with compact support of
Shtg 1w |, and intersection cohomology with compact support of Shtz gxrw |F,, - Under this
identification, we check that the action of Weil(Q)! agrees with the action of its image in
(Weil(F)4 x &4)!, which completes the proof of Theorem A. From here, we deduce Theorem

B by generalizing Hecke correspondences to Shtg;l)l ., and showing that they are compatible with

Diagrams (]EI) and (EI) Finally, we obtain Theorem C using the fact that the Weil(F)?*/-action
on the intersection cohomology groups with compact support of Shtg gxrw |F,,, is constructed
by applying Drinfeld’s lemma to the F, ;. Now Drinfeld’s lemma does not immediately apply,
as these cohomology groups are not finite-dimensional over Q,, but we use results of Xue to
circumvent this. Note that even when I is a singleton, d x I usually is not, so Drinfeld’s lemma
and therefore multiple-leg phenomena play a crucial role in this paper.

Remarks.

(1) We use forthcoming work of Arinkin—Gaitsgory—Kazhdan—-Raskin—Rozenblyum—Varshavsky
for two reasons: to obtain results for general U and N, and to obtain results on the level of
complexes. If we only want Theorem A when U ~ N = X, then we only need existing results
from [4]. If we only want Theorem A on the level of cohomology groups, then we only need
results of Xue [25] Proposition 6.0.10] instead.

(2) We require that F' has the same constant field as @) in order for [25] and [4] to apply to
the moduli of shtukas over Y. Without this hypothesis, Y%/ may be disconnected, so its
local systems are no longer dictated by representations of a single group. However, we expect
some version of [25] and [4] to apply even without this hypothesis. Consequently, this would
remove this hypothesis from Theorem A, Theorem B, and Theorem C.

(3) Our strategy also applies to moduli spaces of local shtukas as in [13]. In particular, we expect
a proof of the plectic conjecture for local Shimura varieties on the level of complexes, which
should yield applications to (global) Shimura varieties via uniformization. We hope to report
on this soon.

Tamiozzo considered a variant of Diagram (]E[) in his thesis, though he did not proceed further.
After completing an earlier version of this paper, the author was informed that X. Zhu proposed
a similar strategy for proving Theorem A, but only on the level of cohomology groups.
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Outline

In we collect facts on the moduli space of G-bundles, as well as certain relative variants
thereof. In §2| we introduce symmetrized versions of the Hecke stack and the Beilinson-Drinfeld
Grassmannian, and we also recall the Beauville-Laszlo theorem and the geometric Satake cor-
respondence. In we use the preceding material to define and study symmetrized versions of
the moduli space of shtukas, which are the main characters of this paper. We also recall Xue’s
smoothness result here. In §4] we discuss partial Frobenius morphisms, their relation to mon-
odromy, and how they arise in the moduli space of shtukas. We also state the anticipated result of
Arinkin—Gaitsgory—Kazhdan—Raskin—Rozenblyum—Varshavsky here. Finally, in §5] we assemble
everything and prove Theorem A, Theorem B, and Theorem C. We conclude by elaborating on
a moduli-theoretic interpretation of Theorem C.

Notation

Unless otherwise specified, all fiber products and thus Cartesian powers are taken over k. We de-
note base changes with subscripts, possibly also with vertical restriction bars. For any connected
algebraic stack X over k, we always suppress base points and write w1 (X') for the associated étale
fundamental group. By a G-bundle, we always mean a principal homogeneous space for G.

We view all derived categories as oo-categories, and we interpret all operations on them
oo-categorically. For any locally profinite group W, write DE(VV, Qy) for the bounded derived
category of continuous finite-dimensional representations of W over Q,, write D(W, Q) for its
ind-completion, and write D*(W,Q,) € D(W,Q,) for the full subcategory of bounded objects.
Finally, for any oo-category C with an action by a discrete group H, we write CBH for the
oo-category of H-equivariant objects in C.
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1. Moduli spaces of bundles

In this section, we collect facts on the moduli space of G-bundles on X, as it plays a central role
in our discussion. We begin by fixing notation for our group schemes G of interest over X, which
serve as integral models for our structure group over (). Then, we define the moduli space of
G-bundles on X with level structure, as well as certain relative variants which will be useful in
§2l We conclude by introducing Weil restrictions and how they affect Bung, which is crucial for
the results of this paper.

1.1

We use parahoric group schemes over X, since their corresponding Hecke stacks and Beilinson—
Drinfeld affine Grassmannians in §2|enjoy nice properness properties. Let us recall their definition.
Let k be a finite field of cardinality g, and let X be a connected smooth proper curve over k.
Write @ for the function field of X, fix an algebraic closure @ of Q, and write ' = Gal(Q/Q)
for the absolute Galois group of @ with respect to Q. For any closed point = of X, write O, for
the completion of the local ring Ox ;, and write @, for its fraction field.
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DEFINITION. We call a smooth affine group scheme G over X parahoric if it has geometrically
connected fibers, its generic fiber Gg is reductive, and for every closed point = of X, the group
scheme G, over O is parahoric in the sense of [10} 5.2.6].

Let G be a parahoric group scheme over X. Then there exists a nonempty open subscheme U
of X such that Gy is reductive over U [12, Exp. XIX 2.6]. Let @ be a finite Galois extension of
@ such that the *-action on a based root datum of G factors through Gal(Q/Q), and let @ be

a finite separable extension of @ such that G@ is split. Write f : X — X for the finite generically

étale rrfl\orphism corresponding to @ /Q, where X is a connected smooth proper curve over k.
Write U for the inverse image f~1(U). After shrinking U, we may assume that Gp is split and
flg is étale.

Let T' be a maximal subtorus of Gg, and let B be a Borel subgroup of G@ containing T@.
After shrinking U, we may assume that T' extends to a split subtorus of G over U and B extends
to a Borel subgroup of G over U. Let £ be a prime not dividing ¢, and write (@, f, E) for the
based dual group over Q, associated with the based root datum of (G@, T@, B). Write L@ for

the semidirect product G(Q;) x Gal(Q/Q).

1.2 Remark. Any connected reductive group Gg over @ arises as the generic fiber of a parahoric
group scheme as follows. By spreading out G¢g to a smooth affine group scheme over some
nonempty open subscheme U of X, applying [12, Exp. XIX 2.6] and [I1, Proposition 3.1.12],
and shrinking U if necessary, we obtain a reductive group scheme Gy over U with geometrically
connected fibers whose generic fiber is isomorphic to Gg. For the finitely many = in X \ U,
there exists a parahoric group scheme G, over O, whose generic fiber is isomorphic to Gg, [10),
5.1.9]. Gluing the G, with Gy via fpqc descent yields a parahoric group scheme over X whose
generic fiber is isomorphic to Gg.

1.3

We now introduce a general, relative variant of the moduli space of G-bundles on X with level
structure. Let T' be a scheme over k, and let D be a T-relative effective Cartier divisor of X x T'.

DEFINITION. Write Bung p for the prestack over T' whose S-points parametrize data consisting
of

i) a G x S-bundle G on X x S,
ii) an isomorphism 9 : G|p —(G x S)|p of (G x S)|p-bundles.

When T'= k and D = @, we shorten this to Bung. For T-relative effective Cartier divisors D1
and Dy of X x T such that D; C Ds, pulling back 9 yields a morphism Bung p, — Bung p, .

Now Bung is a smooth algebraic stack over k [I7, Proposition 1], and note that Bung g =
Bung xT. In general, the Weil restriction Rp,7((G x T)|p) has a left action on Bung p via
composition with 1, and we see that this exhibits the morphism Bung p — Bung xT' as an
Rp,r((G x T)|p)-bundle. Since Rp,7((G x T)|p) is a smooth affine group scheme over T', we
see that Bung p is a smooth algebraic stack over T'.

1.4

In this subsection, we relax our properness assumption on X to separatedness. Let us establish
notation on the space of divisors of X. Let d be a non-negative integer, and write Divg( for the
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presheaf over k whose S-points parametrize S-relative effective Cartier divisors of X x S with
degree d. Also, write X (@) for the scheme-theoretic quotient of X¢ by the permutation action of
the symmetric group &4. Since X is a smooth curve over k, the morphism « : X% — Divg( that
sends (xh);ilzl — ZZZI I';, induces an isomorphism X (@) = Div%, where I';, denotes the graph
of =, [5, Exp. XVII 6.3.9].

Write Divgléo for the subpresheaf of Divgl( whose S-points parametrize S-relative effective
Cartier divisors of X x S that are étale over S. We see that the preimage ofl(Divgléo) consists
of the complement of all diagonals in X, so Divi(’O is an open subscheme of Divg(.

1.5

In §2 we will apply the relative variant of Definition [T.3]to the following setup. Let I be a finite
set. The summation morphism (Div%)! —>Divgl(#l corresponds to a (Divé)!-relative effective
Cartier divisor of X x (Div&)! with degree d#1I, which we denote by I's>.., p;- For any non-

negative integer n, write I's~._ ,.p, for the (Divd )!-relative effective Cartier divisor nl's. b, of

e d T .
X x (Div%)’, and write GFE:’EI"

. for the Weil restriction

RFZZ‘GI nDi/(Divg()I (G XX FZ’LEI nD; ) .

Note that Gziel nD; is a smooth affine group scheme over (Div&)!. For any n; < ng, we can pull
back the counit of the base change-Weil restriction adjunction

GZM noD; X(Divgl()f ing naD;
- RFEiGI@Di/(DinX)I (G xx FZieI naD;) X (Divg)? ISsnap, = G X x FZiGI n2D;

along FZielnlDi — inel nyD; tO obtain a morphism

GZieImDi X (Dive)! inez mp; = G Xx FZieInlDi’
which induces a morphism GZingi %GZieznlDi by adjunction. Write GZZ_EI oD, for the

resulting inverse limit @n GZ@” p,» Which is an affine group scheme over (Divgl<)1 .

1.6

We conclude by introducing our Weil restrictions. Let m : Y — X be a finite generically étale
morphism, where Y is a connected smooth proper curve over k. Write F' for the function field of
Y, and let H be a parahoric group scheme over Y. Applying the discussion in to H over Y
yields an open subscheme V' of Y, a finite Galois extension Fof F , a finite separable extension
F of ﬁ, a maximal subtorus A of Hp, and a Borel subgroup C of Hz. After shrinking V', we
may assume that m~'(m(V)) = V and m|y is étale. Write U for m(V/).

Form the Weil restriction Ry, x H. Its generic fiber is the connected reductive group R/ (HFr)
over (), and for all closed points = of X, we have

(Ry;x H)o, = Riyxxo,)/0,(Hyxxo,) = [[ Ro,/0.Ho,).
yem~!(z)
Now [19, Fact F.1] shows that this is parahoric in the sense of [10} 5.2.6]. Thus we may take our
parahoric group scheme G to be Ry, x H in this subsection.

The restriction Gy equals Ry 7 (Hy ), and because Hy is reductive over V' and m|y is finite
étale, we see that Gy is reductive over U. As the x-action of I'g on a based root datum of G is
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induced from the *-action of I'p on a based root datum of Hp, after enlarging F we may choose
Q = F. Then we may take @ = F. Furthermore, we may choose T = Rp/q A. The natural
commutative square

T= L) HL AF\’

where ¢ runs over Homg(F, F), indicates that we may take B = I1, C. Because V is étale over
U, we see that Tz and By extend over V.

1.7

Maintain the notation of|1.6} and let R be a scheme over X. Note that R(yx , r)/r(H X x R) = Gr.
Write € : Gy xyr — H X x R for the counit of the base change-Weil restriction adjunction, which
is a morphism of group schemes over Y x x R. For any H X x R-bundle H on Y x x R, the Weil
restriction Ry x  r)/r H 18 a Gr-bundle on R, as Weil restriction commutes with products. For
any Gr-bundle G on R, the pullback ¥ xx G is a Gy« g-bundle on Y xx R, so we can form
the pushforward H x x R-bundle €,(Y xx G).

Since m is a finite morphism of connected curves, [8, lemma 3.3] shows that this yields an
equivalence of categories between G r-bundles on R and H X x R-bundles on Y xx R. Let N be
a finite closed subscheme of X, and write M for m~1(N). By applying this to R = X x S and
R =N x5, we get an isomorphism ¢ : Bung y = Bung .

2. Hecke stacks and Beilinson—Drinfeld affine Grassmannians

In this section, we introduce symmetrized Hecke stacks and Beilinson—Drinfeld affine Grass-
mannians. Instead of parameterizing G-bundles on X, points on X, and isomorphisms between
these G-bundles away from said points, these symmetrized versions more generally parametrize
divisors on X, along with the other data. This divisorial version appears naturally when taking
preimages of points under m : Y — X.

Our symmetrized Hecke stacks and Beilinson—Drinfeld affine Grassmannians enjoy many of
the same properties and structures as in the unsymmetrized special case. We start by defining
them, including convolution versions thereof, which will be invaluable in Next, using the
Beauville-Laszlo theorem, we study their relation to each other as well as their relative position
stratifications. Finally, we recall the geometric Satake correspondence, which describes equivariant
perverse sheaves on (usual, unsymmetrized) Beilinson-Drinfeld affine Grassmannians in terms
of representations of the dual group.

2.1

First, we introduce a symmetrized, convolution version of the Hecke stack. Let Iy,..., I, be an
ordered partition of I, and let IV be a finite closed subscheme of X.

DEFINITION. Write Hek'? )]s,l v 1) for the prestack over k whose S-points parametrize data con-

sisting of

i) for all i in I, a point D; of Divd _y(S9),
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ii) for all 0 < j < k, an object (G;,v;) of Bung n(.5),
iii) for all 1 < j < k, an isomorphism

¢ gj 1|X><S\ZZeI gj|X><S\Z
such that ”Lﬂj o) ¢j‘N><S = ¢j_1.

When d = 1, we omit it from our notation, and when N = &, we omit it from our notation.
For finite closed subschemes Ny and Na of X such that N; C N», pulling back the v; yields a

ZEI

morphism Hck(éi)jglh}“’lk) Ly Hek )(11171 o)
For any 0 < j < k, write p; : HCk(Cfvl)]S[I 11""’]’“) — Bung y for the morphism sending the above

data to (Gj,v;). We also have a morphism
Iy d :
p: Heleyy 7" — (Divk y)’
that sends the above data to (D;)ier. And if Iy, ..., I}, refines another ordered partition I, ..., I,
of I, we get a morphism

) Bl

by preserving i), preserving (Go, 1), and for all 1 < j' < &/, taking ¢; to be the composition of
¢jover 1 < j <k with I; C Ié,.

Because the D; are disjoint from N x S, for any 0 < j < k we see that the commutative
square

Hek( ) s Hek ()

)

J(pj,p) (pj:p)

Bung v x(Divk.y)! —— Bung x(Divg)!

is Cartesian. Therefore |1.3shows that Hck(G)]S,I}’ o) Hck(ci)l(ll"”’l’“) |(Div§(\N)I is an Ry /(G n)-
bundle. As the morphlsm

(pk. p) : Hek&{ ™) 5 Bung x (Div)!

is ind-projective [I, Proposition 3.12] so we see that Hckg)l(h’“"lk) and hence more generally
Hckgl’)]s,{ll""’lk) is an ind-algebraic stack over k.

2.2

We define similar versions of the Beilinson—Drinfeld affine Grassmannian.

(d)(Ilv )

DEFINITION. Write Grg, o) for the presheaf over k£ whose S-points parametrize data con-

sisting of
i biect ((D;)ser. (G:)F Nk f Hek @10 (g
i) an object ((Dj)ier, ( ])j:07(¢])j:1) or Hekea 'y (S),
ii) an isomorphism 6 : Gy, 5G x S of G x S-bundles.

“In [1], only the d = 1 case is considered. However, the proof of the key step [I, Proposition 3.7] is phrased entirely
in terms of relative effective Cartier divisors, so it works for any d. Also, [I] uses po instead of px, but this makes
no difference.
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When d = 1, we omit it from our notation. We have a morphism

p: Gr(Gd?I(h""’I'“) —(Divd)!
as in If I, ..., I} refines another ordered partition I7,..., I}, of I, we also get a morphism
W((f,l’:::’g“)) : Grg)l(h’“"lk) — Grgl’)l(li""’l’/“’) as in

. d)(I1,dp) - . .
Since Gr(G)I( k) s defined via a Cartesian square

Gr(él,)l(h,...,lk) Hck(é{)](h,...,lk)
J( lpk
Speck ¢ Bung,

we see from [2.1| that p : Grg)](h"“’l’“) —(Div)! is ind-projective.

2.3
Our symmetrized objects are related to the unsymmetrized special case as follows. Write [d] for
the finite set {1,...,d}, and for any finite set J, write d x J for [d] x J. We see that the squares

Hck(g)(f},..‘,]k) O ok @ Lndx ) Grg)}h"“’l’“) o Gr(GdleI,.‘.,dek)

) G,N,dx1
k \ y Jp
(Divd ) 22— (X ~ N (Divd )l & xaxI

are Cartesian, where the o send (zp;)nefa),icr t0 (ZZZl [z, ,)ier and preserve all other data.
Since the bottom arrows are finite surjective, we see that the top arrows are finite surjective as

well. In addition, if I, ..., I refines another ordered partition I{,...,I;, of I, we see that the
squares
(d)([l,...,f) (07 (dX[l,...,dXI) (d)([l,...,f) a (dXIl,...,dXI)
HCkG,N,I e HCkG,N,de * GrG,I 4 GrG,dx[ *

(I1,es1g) (I, ) (I, 51g) (1150 I)
lﬂ‘([i ,,,,, I;C,) J(W(Ii ,,,,, I]/c,) Jﬂ(q ,,,,, II’C,) J{W(Ii ,,,,, II’C,)
@I10T) (dXI{,....dxI/,) (COICEP % B (dXI{,....dxI/,)
HCkG,N,I ¢ HCkG,N,de GrG,I < GrG,dXI
are also Cartesian.
In all the above squares, note that G(Il has a right action on the right-hand sides via permuting
the (74,)ne(q),icr- With tespect to this action, the a are invariant and the right arrows are
equivariant.

2.4

We now recall the Beauville—Laszlo theorem. Let S be a scheme over k, and let D be an S-relative
effective Cartier divisor of X x .S. For any non-negative integer n, the S-relative effective Cartier
divisor nD of X x S is finite flat over .5, so its structure sheaf O, p yields a finite flat Og-algebra.
For any ny < ng, we obtain a morphism O,,p — Op, p. Write O)) for the resulting inverse limit
lim Opp, and write (X x S)p for its relative spectrum Spec, Op. The contravariance of Spec
provides a closed immersion nD —(X x S)7,. By working locally and reducing to affines, we

10
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obtain a natural morphism i : (X x S)% — X x S that preserves the closed subschemes nD [0,
Proposition 2.12.6].
Write Vect(X x S) for the category of vector bundles on X x S. Observe that we have an
exact tensor functor
V; is a vector bundle on X x S\ D,
Vect(X x S)— ¢ (V1,V2,9) | V2 is a vector bundle on (X x S)7}, and

0 Vil(xxsyyD = V2l (xx8)5 D
given by V — (V|xxs-D, V|(X><g)g,id).

THEOREM [0, Theorem 2.12.1]. This yields an equivalence of categories.

More generally, the Tannakian description of G-bundles [9, Theorem 4.8] implies that an
analogous equivalence of categories holds if we replace “vector bundle” everywhere with “G-
bundle.”

2.5

Using the Beauville-Laszlo theorem, we get the following reinterpretation of the Beilinson—

(d)(Ih Ik)

Drinfeld affine Grassmannian. By pulling back, we see that an S-point of Grg, yields

data consisting of
i) for all 4 in I, a point D; of Div&(S),
ii) forall 0 < j <k, a G’(XXS -bundle G; on (X x S)Z

Xier Di Di»

iel

iii) for all 1 < 7 < k, an isomorphism
¢; gj71|(X><S)AZi€IDi\Zi€Ij D; —>gj|(X><S)AEi61Di\ZZ.EIj Dis
iv) an isomorphism 6 : G, — Gl(xxs)2 of G(xxs)% -bundles.
2ier Di Zzel i
The Beauville-Laszlo theorem enables us to use iii) and iv) to glue ii) with the trivial bundle on
X x S\ 3 icr Di. Hence conversely Gr(d)(h’ ’Ik)(S ) parametrizes precisely the above data.

Write (Divd)! C (D1V ) for the subsheaf of (D;);cr such that the D; are pairwise disjoint.

As the preimage of (DlV 438 in X941 consists of the complement of certain diagonals, we see that

(d)(Il ----- Iy)

(Div%)! is an open subscheme of (Div%)’. The above description of Gry indicates that

we have a natural isomorphism

Grg)j(h,...,lk) | (Divi)! e (HG (Cf’l)z(z) ) )(Divg()g‘

i€l
2.6
The above enables us to decompose the Beilinson—Drinfeld affine Grassmannian according to our
ordered partition I, ..., I; as follows. Recall the affine group scheme GZM coD; OVer (Divgl()l

from (1.5} The description of Gr(d)(h’ o1k) given in shows that it has a left action of GZZ_EI coD;

via compomtlon with 6. This description further indicates that S-points of the stack-theoretic
(d)(I1,...,1x)

quotient GrG’ i / Gziel coD; Parametrize data consisting of
i) for all 4 in I, a point D; of Div(S),
ii) for all 0 <j <k, a Gxxs)n % Di—bundle G, on (X x S)/X\:iGIDi7

11
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iii) for all 1 < j < k, an isomorphism
5+ Gimtloxxsny, o Sier, D 7 9ilGo)e | p ~Sier, Di
In particular, we have a morphism

R Grgy Gy,
(I d) (I,
_>(Gr(G,)I(1 v /Gzz'ell ooDi) X X (Gr(Gv)I(kk) /GZZEII@ OODi)

that sends the above to (((D;)er,, (gj);:oy 1), -+, ((Di)ier, (gj);?:k_l, Or))-

2.7

We now explain how the Hecke stack combines the moduli space of GG-bundles with the Beilinson—
Drinfeld affine Grassmannian. Let n be a non-negative integer. Applying Definition toT =
(Div&)! and D = I's>._,np; vields a smooth algebraic stack Bungry. ., over (Divd)!. As

noted in it is a Gziel nD,-bundle over Bung X(Divgl()l, and the GZiEInDi—action is even

D;

. d . T .
defined over (Div%)!. Write BunG’FZiEI ooD; for the limit @n BunG’FZieI which consequently

nD;?
inherits a left action of Gziel coD; -

Consider the stack-theoretic quotient
(D)1, 1x)
(GTG,I ' * X(Divi)’ BunG’FZiEI wDi)/GZiel ooDj»
and write A for the prestack over k whose S-points parametrize data consisting of
. . d)(I1,...]
i) an object ((Dy)ier, (G5)5_q, (65)5-1) of Hek(f[ ™ ")(s),

ii) an isomorphism 0 : gky(Xxs)Azia o, 5 G‘(XXS)AZZ-EI o, of G‘(XXS)AZZ-EI Di—bundles.
Note that GZZH ~D; has a left action on A via composition with 6. We see that this exhibits
the natural morphism A%Hckgi);ll""’lk) as a Gy, cop,-bundle. We also have a morphism
d) (It ],
A— Gr(G,)I( 1 k) X(Divg()l BunG’FZiel woD;

given by pulling back ((D;);er, (gj);?zo, (qﬁj);?:l), considering G in Bung(S), and taking 6 for
the trivialization. The Beauville-Laszlo theorem implies that this is a Gziel soD;-€quivariant
isomorphism.

Therefore quotienting by Gziel soD; induces an isomorphism

HCk(GC,l)(Il"”Jk) %(Gr(d)l(h"”’lk)

i G, X(DiVSi()I BunG’FZieI OoDi)/GZieI ooD; -

Under this identification, write ¢ : Hck(GdI(h""’I'“) — Gr(Gd)I(h""’I’“) /Gy
the first factor.

o1 00D for projection onto
1

2.8

We turn to the fibers of the Beilinson—Drinfeld affine Grassmannian. Let x be a closed point of
X, and write * for the singleton set. The description of Gr(a)* given in shows that Grg)* | 1s
naturally isomorphic to the affine Grassmannian of Gp, over k(z) in the sense of [27, (1.2.1)].
Recall that this equals the fpqc sheaf quotient L(Gp,)/LT(Gp,), where L(Go,) denotes the
loop group of Gp, over k(x), and LiGOI) denotes the positive loop group of Gp, over k(x)

[27, Proposition 1.3.6]. We see from [2.2| that Grg)* | is an ind-projective scheme over k(z).

12
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2.9

Now we describe the relative position stratification on unsymmetrized affine Grassmannians.
Write X (T') for the set of dominant coweights of G with respect to 7' and B, and let = be a
closed point of U. Because G, is reductive, we see that G, is quasi-split and splits over an
unramified extension of Q).

Let w be in X} (T), viewed as a dominant coweight of Gg,. Writing (x),, for the residue
field of the field of definition of w, we see that w yields a closed affine Schubert variety Grng C
Gr(*) 2 Xz Speck(x), as in [27, p. 83]. The union of the Gal(k(x),/k(x))-translates of Gr’

G T,w
descends to a closed subvariety Gr, ., C Grg)* |- Recall that Gr;’w and hence Gr;, is projective
[27, Proposition 2.1.5 (1)].

Write Grg,)*’w lu C Grg?* |y for the scheme-theoretic closure of | J, Grz,, in Grg?* |7, where z
runs over closed points of U. More generally, for w = (w;)ics in X5 (T)!, write Grg’lf”é’l’“) |y C

Grgll’""[’“) |71 for the scheme-theoretic closure of

(H G |U) ‘UI C Grlli 1) |,

icl
in Grglj“"l’“) |71, where we use to view the left-hand side as a closed ind-subscheme of the

right-hand side. From the projectivity of the Gr, ., and the globalization procedure of [23, Remark

4.3], we see that Grglj""")’l’“) |1 is projective over UL. Note that Grgll";’lk) |1 depends only on

the I‘é—orbit of w.

2.10

By bootstrapping from we define relative position stratifications on symmetrized Beilinson—
Drinfeld affine Grassmannians as follows. View elements of 6{1 as bijections d x I = d x I that

preserve the I-factor. Let  be a finite &%-stable and FdQXI -stable subset of X (T)%*!, and write

(dXIl,...,dXIk) .
Grg axi o |;raxr for the union

(dxIy,...,dxIy) L (dxI1,...,dx1Iy) (dxI1,...,dxIy)
GrG,dXI,Q ‘del = U GrG,dXI,g |Ud><I Q GrG,dXI |Ud><1.
weN

Note that Grngl"é’d”k) |yaxs is projective over U1, As € is stable under &1, we see that

GrgiZilI"é’dXI’“) |gaxs is also stable under &). Therefore, writing Grg)l(g""’l’“) ¢

o dxIy,...,dx 1 .
scheme-theoretic image of Gr(G lel’ Q *Ik) |;axr under the morphism

Divd,)! for the

. (dXIl,...,dXIk) (d)([l,...,fk)
a GrG,dXI |Ud><I — GrG,I ’(DivdU)I

obtained from via restriction, we see that Gr(él,)l(g ) |(Div‘§, ) is schematic and proper over

(Divé,)!. Moreover, the closed subset of Gr(G‘i;QI’“"dXI’“) |¢rax1 underlying a1 (Gr(Gd?I(g"“’Ik) |(Diveyr)

is precisely Gr(GdZilj'h’dXI'“) \praxz. If I, ..., Iy, refines another ordered partition I7, ..., I}, of I, we
(I1ye51x) (d) (1, Tk) (@1, 1)

see that T sends Grg 'y q ’(DivdU)I to Grg g * |(DinU)I'

13
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2.11

It will be useful to index relative position bounds with representations. Write X:L(T\ ) for the
set of dominant weights of G with respect to T and B. Recall that Rep@e(@l ) is semisimple,
and every irreducible object of Rep@z(CA}I ) can be uniquely written as X;c;W;, where the W;
are irreducible objects of Rep@ G. Now W; is isomorphic to the Weyl module of a uniquely

determined w; in X% (f) = XJ(T), so altogether we see that isomorphism classes of objects in

Rep@e(él ) correspond to finite multisets of elements in X (7).

For any W in Rep@[((LG)dXI), write Q(W) for the finite subset of X (T)%*! underlying the
multiset corresponding to W|z. Then the Gal(Q/Q)-action of “G shows that € is FdQXI -stable.
If Q(W) is also &1-stable, write

Cp@ (1)

_ (DT Ik
G.IW |DivU Gr

G, IQW) ‘DivdU‘

Observe that Q(W) is always stable under &} in the d = 1 setting.

2.12

Finally, we recall the geometric Satake correspondence. Let ¢ : I — J be a map of finite sets, and
suppose Ji, ..., J; is an ordered partmon of J such that I; = (~ L ;) for all 1 < j < k. Now ¢
induces morphlsms ¢ (PG —(*G) and A; : U7 = UL We also write A¢ for its base change

Grgll’""lk ot xg1 U7 — Gr(h’ +Tk) |;71. Observe that we may identify Grgl’ D) |y s U7 with
GI'(JI’ o |UJ.

Write 3”( v 19 for the category of GZ e ooD; -equivariant perverse Q-sheaves on Gr(Gl’ »I) |l

in the sense of [14, Sect. A.2], with degree shifts normalized relative to U”.
THEOREM [20), Theorem 12.16]|E|. We have a functor
Rep@z((LG) ) — L@(Il’ %) denoted by W+ yl(lvlvlk)

This functor is fully faithful, and for all W in Rep@g (@)1, it satisfies the following properties:

a) The perverse sheaf y[( Leodi) o supported on Grgll"i/'{,lk) |1

b) If I,..., I} refines another ordered partition I{,...,I;, of I, we get a natural isomorphism

(B ) 5

c) If W = Wy K ... X Wy, where the W; are objects in Rep@e((LG)IJ'), we have a natural

isomorphism

Lo dn) ~ s I I
Al 5w A e m AR

d) We have a natural isomorphism

AC(y(Ih ,Ik)) ;yj(’ﬁ/,oc,;]k)

°In [20], the field Cj is taken such that Gal(@/Q) equals the image of I'g under the *-action, and they consider

coefficients in a finite extension of ;. However, everything works for larger @ as well, and extending coefficients
to Q, is harmless.

14
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e) We naturally recover W as the graded derived pushforward

DR ") (B),

PEZL

where (§) denotes the half-integral Tate twist given by our choice of q'/2.

2.13

We conclude by explicitly describing the functor from Theorem [2.12]in certain cases. Let w be
in X}(T). Write W,, for the Weyl module corresponding to w, and write Wr,.w for the direct
sum @, Wy, where w’ runs over the I'g-orbit of w. Because the x-action of I'q preserves the
based dual group ((A}*,T\, E), we see that it naturally endows Wr,., with the structure of a
finite-dimensional algebraic representation of “G over @,. Note that Wr,«w depends only on the
I'g-orbit of w.

The globalization procedure of [27, p. 139] and Theorem e) show that the complex

f*(;%/rg equals the intersection complex of Gr(G |7, with degree shifts normalized relative to

U. More generally, for w in XS (T)!, write I/Vpg2 for the exterior tensor product MieWr, .-

W

We see from Theorem [2.12|c) that YI(I“ ~1k) equals the intersection complex of Grgll";’Ik) lr,

with degree shifts normalized relative to U I .

3. Moduli spaces of shtukas

Essentially all of §I]and §2]holds for any perfect field k. In contrast, we have Frobenius morphisms
when working over a finite field k, and in this section we use these Frobenius morphisms to
define symmetrized moduli spaces of shtukas. These are equi-characteristic analogues of Shimura
varieties and their integral models. However, moduli spaces of shtukas admit richer variants
than their number field counterparts: namely, the ability to have multiple legs, indexed by the
finite set I. In the unsymmetrized special case, this phenomenon already plays a crucial role in
applications to the Langlands program [20} 26], and it also plays a crucial role in this paper.

We start by defining our symmetrized moduli spaces of shtukas and explaining how they
inherit various structures from and In the usual, unsymmetrized case, we describe how
geometric Satake provides coefficient sheaves on the moduli spaces of shtukas, and we recall Xue’s
result [25] that their relative cohomology with compact support over (U ~. N)! is ind-smooth.
Finally, we describe Hecke correspondences for our symmetrized moduli spaces of shtukas.

3.1

We begin with notation for relative position stratifications on Hecke stacks. For any finite 65—
stable and FdQXI -stable subset of X (T)%*!, write

d I7 W 5—1(Gr L., G oD
IICk( )( ) k) | Dlv : ( (C;)l( ) ) ‘(Di‘l])l/ Zie] i)7
and Write

()11, 1k) ()1, 1x)
H kGNIIQ § ’DlvU [y gHCkG,N,ll M T

(DiV%\N)

15
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for the preimage of Hck(Gd)I(g’ 1) | (Divd,_ )1~ Note that Hck(Gd)]S,I ) 1) | (Divé, )1 18 a closed sub-

stack of Hck(Gd)]S,h]’ »Tk) l( (Divi_ )+
Because Grg)l(g"”’l’“) \(Divgj)f is schematic and proper over (Div{;)!, we see that
(d) (I, Ik)
He kG N, I Q |(DivdU\N)I
is schematic and proper over (Div{, )’ x Bung x. For any W in Rep@((LG)dXI) with Q(W)
stable under &7, write

(D -

) 7Ik) ‘
G.N,L.W

— (d)(T1,.-,Tk)
Dive, )1 = Hekg vy ] (k |D1vU joLs
3.2
We have the following symmetrized version of the moduli space of shtukas. For any prestack X
over k, write Froby or Frob for its absolute ¢-Frobenius endomorphism.

DEFINITION. Write Shtg;)(h’ 1) for the stack over k defined by the Cartesian square

Shtg)]g{}”lk) Hck(é{)]ifl’},...,lk)

J J(po Pk)
(id,Frob)

Bung y —— Bung y x Bung n

When d = 1, we omit it from our notation, and when N = &, we omit it from our nota-
tion. For finite closed subschemes N; and Ny of X such that N; C N,, we get a morphism
Sht(GC{)]S,II}"’[k) — Shtg?ﬁ,ika) as in We also have a morphism p : Sht(G)(h’ 1) —(Divk !
as in And if I1,..., I} refines another ordered partition I, ..., I;, of I, we get a morphism

T gpfOheth) gy D000 ]

10t

If we replace Hck(G )]E,Ill’ 1) in the above square with

(d) I, (A1, 1k)
He kGNllﬂ ’(Dlv W or HCkGNIIW * |D1VU\N)I’

then we denote the resulting fiber product using

Sht(d)(h,...,fk) ‘

d)(I1,. I .
GNIGO (Dive, )1 OF Sht(a)ls,’ll’w K ](DiV%\N)I, respectively.

We notate S-points of Sht(G)(h’ oTk) using

(D z)zela(QvaO)_“’(glawl):ﬁi’ (zik—*l(gk 1 Yk— 1)——*( Go, ")),

where 7 denotes the pullback (idx x Frobg)*. We refer to this as a shtuka over S, and we call
(Dy)ier its legs.

3.3
Let us consider level structure covers for moduli spaces of shtukas. Note that G(NN) has a left

action on Sht(d)(h, )

X such that N7 C Ny, the morphism Sht(g)]%}”’lk) — Sht(Gd)]S,III}”’I’“) is equivariant with respect
to the homomorphism G(N2) — G(Ny).

via composition with the ;. For finite closed subschemes N; and Na of

16
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PRroPOSITION. This exhibits the morphism

St 1) _, gDl

iy

as a finite Galois morphism with Galois group G(N). In general, this implies that the morphism

Shtg v ™) s Shtl{ |

(DivdX\N2 )

is finite Galois with Galois group ker(G(N3) — G(N7)).

By pulling back, we obtain a similar statement for Shtg )]S,h["[}i}]k) |(DiV(dJ W

Proof. The equivariance of Sht(cff )](VI 1’[ Ak) Sht(d)(h}"’[’“) shows that the first statement implies

the second. As for the first statement, write B for the prestack over k whose S-points parametrize
a Gy x S-bundle G on N x S along with an isomorphism ¢ : G = "G of Gy x S-bundles. Since N
is finite over k, [8, lemma 3.3] shows that G’ x S-bundles on N x S are equivalent to Ry (Gn)s-
bundles on S. Because Gy has geometrically connected fibers, we see that R N/k(G ~) does as well,
so applying [24, Lemma 3.3 b)] to the classifying stack */Ry/,(Gn) shows that B is naturally
isomorphic to the discrete stack (x/ Ry/x(Gn))(k), which is x/G(N) by Lang’s lemma.

Consider the morphism Shtg)l(h"”’lk) ](Divg( )1 — B given by

1 2 br—1
(Di)ier,Go 25 G125 23 G 1 P57G0) o (Golwxss (6 -+ 0 61) [ wxs).

Because the D; are disjoint from N x S, we see that the square

Shtg;)(ll’ k) Sht(ci)l([l""’lk)

P

|(Div‘)i(\N)I

Speck B
is Cartesian. As the bottom arrow is finite Galois with Galois group G(N), the top arrow is as
well. O
3.4

Convolution morphisms between moduli spaces of shtukas inherit the following properties from
their Beilinson—Drinfeld affine Grassmannian counterparts. Write -y : Sht(d)(h’ I e k( )(Il’ »Ti)
for the projection morphism. If I, ... I refines another ordered partltlon I 1ooos Iy, of I We see

that the square

(d)(Il7"'7 k 607 (d)(Ilvajk)
ShtG,I,W |(Divg)1 » Gr taw |(DivdU)I/GZi6[ ooD;
(I 5eees 1) (I,eees Ip)
l (I}l ) Jw(q AAAAA 1)
()(Ii’ )I;/Cl) 607 (d)(I{’J-]/c/)
ShtG W |(Div‘g])1 GTG,I,W ‘(Div([i])I/GZiel ooD;

17
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is Cartesian. Now shows that the right arrow is schematic and proper, so the left arrow is
as well. In general, we have a Cartesian square

S v S

’(DinU\N)I ’
Iy, zk> (1,003
Jﬂ.([i ,,,,, II’€,) J(ﬂ-([i ,,,,, 1;,)
()15 T0) (D75 T00)
Shte nrw ™ lpiveyr — Shtgw (ive )

which implies that the left arrow here is schematic and proper as well.

3.5

Moduli spaces of shtukas have the following basic geometric structure.

PROPOSITION. The stack Sht(Gd)Js,I }WI’“) |(DiV?] oY is a Deligne-Mumford stack locally of finite

type over (Div{; )L

(I15sTyr)
Proposition (3 3 indicates that it suffices to consider N = @.

Because BunG is algebraic, we see that (id, Frob) : Bung — Bung x Bung is of finite type.

Hence its base change Sht(G)(I) (Dive)! —>Hck(dIW| Divi,)! is as well. Now Hck(d)IW| Divi)! is

Proof. Since the gDl o re of finite type, it suffices to consider k = 1. Furthermore,

schematic and proper over (DlvU) X Bung, which itself is an algebraic stack locally of finite
type over (DivdU)I , so altogether Shtg?}ﬁ%, (Divi,)! is also an algebraic stack locally of finite type
over (Div{)!.
To see that Sht(cf,)l(,lv)v |(Div% ) is Deligne-Mumford, it suffices to check that its relative diagonal
() I)

morphism over (Div$;)! is unramified. As Shte 7w |(DivdU yr is algebraic, this relative diagonal is
already of finite type, so we just need to show that it is formally unramified. The latter follows
from the argument on [I, p. 26-27]. O

3.6
Now, we describe our coefficient sheaves in the usual, unsymmetrized case. Write e for the

composite morphism

Sht(G)]S[Iy 71) Sht(d)(llu 7k) 607 GI'(Gd’)I(Il’M’Ik) /Gziel oD

In the d = 1 setting, write 33](\{1["{5}1’“) for the pullback e*(YI(IVlV’”"I’“)), which Theorem [2.12|a)

enables us to view as a constructible complex of Q-sheaves on Shtglj\}'}[{j‘g (U~N)I- Applying

proper base change to and Theorem [2.12/b) shows that Rp(.# ](\,[ 11 I,I}I’C)) is independent up to
isomorphism of the ordered partition Iy,..., Iy, so we denote this md-(constructible complex of
Q-sheaves) on (U ~ N)! by #y. 1,w- For any integer p, write %]\’}7 W for its p-th cohomology,
which is an ind-constructible Q-sheaf on (U ~ N)Z.

3.7

To state Xue’s result, we recall the definition of ind-smoothness. Briefly, let X be any normal
connected noetherian scheme over k. Recall that we say an ind-constructible Q,-sheaf .# on
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X is ind-smooth if .4 is isomorphic to a directed colimit of smooth Q,-sheaves on X. This is
equivalent to requiring that, for any geometric points * and 3 of X and étale path § ~» T, the
resulting specialization map .#z — .# is an isomorphism [25, Lemma 1.1.5].

THEOREM [25, Theorem 6.0.12]@. Assume that X is geometrically connected over k. Then the
ind-constructible Q,-sheaf 7% ; v, on (U~ N)! is ind-smooth.

In particular, for any geometric points Z and 7 of (U ~ N)! and étale path 7 ~» T, the
specialization morphism ¢y 1wz — N, 1wy in the derived category is an isomorphism.
Remark. Even without the geometrically connected assumption on X, we expect some form of

Theorem to hold.

3.8

Our symmetrized objects are related to the unsymmetrized special case as follows. Recall the
Cartesian squares from By pulling back along ~, we get analogous Cartesian squares

(d)Y(I1,000) | (dxIy,...,dxIy)
Shtg ;""" «——Shtg ndxi
(I15ee51g) 7r(11 ..... 1)
(Ii ..... I;C,) (Ii ..... I}’C,)
(d)(Iiv 7112/) « (dXIl, ”7d><II/9')
ShtG N,I ShtG N,dxI
P p

for any ordered partition I1,..., I}, of I refined by I,..., I.
Let Q be a finite &1-stable subset of X (T)%1. We see from that the above diagram

restricts to commutative squares

(d)(I1,e-,1k) a (dxIy,...,dxTy,)
Shte/n 16 ‘(Div?]\N)I%ShtG,N,dXI,Q |~ nyaxt

7r(11 ,,,,, Ip) (1/1,-~,15€>
(CL ) (I10Tpy)

(d)(]{,7lll€,) o (dXIi,...,dXI;ﬂ,)
ShtG,N,I,Q |(DiV‘§;\N)’ ShtG,N,de,Q \

p p

(Div{y y) - (U~ N)»!

that are Cartesian up to universal homeomorphism. As in we see that 65 has a right action
on the right-hand sides for which the « are invariant and the right arrows are equivariant.

®Now [20] and [25] consider relative intersection cohomology of Shtg’lji;;'[’ﬁ,’{,) [(wny1/E instead of

Shtg’l]{,‘;fﬁf,) [(rn)r, where E is a discrete subgroup of Z(Q)\Z(Aq) such that Z(Q)\Z(Aq)/E is compact, Z
is the center of G, and the action of Z(Ag) is given via twisting. However, the key ingredients [25] Lemma 6.0.6]
and |25l Lemma 6.0.7] are proven via geometry on Shtg}]g;‘[’fv’f) |1, so they and hence [25, Theorem 6.0.12]

continue to hold for the latter’s relative intersection cohomology. Indeed, this version of [25] Theorem 6.0.12] is
already crucially used in [4, Theorem 3.2.3].
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3.9

We conclude by describing Hecke correspondences in our setup. First, we define the adelic action

at infinite level. Write Ag for the adele ring of (), and write Qg for the integral subring of Ag.

Write 7(g); for the inverse limit Jim N(Divf,l(\ ~)!, and write Sht(Gd)gll’”"I’“) for the inverse limit

) (I
l&nSht(G,)JEI,II © |"7(d)I’
N

where N runs through finite closed subschemes of X. Write Sht(éi)og lj'i,'{/]’“) for the analogous inverse
limit. By Proposition we see that Shtgiv)g}]’""l’“) is a pro-Galois cover of Shtgi’)l(h’""["
with Galois group G(Qqg).

We extend the left G(Og)-action to a left G(Ag)-action as follows. Note that the S-points of

Sht(Gd )O(OI lj""[k) parametrize data consisting of

)
’W(d)[

i) for all i in I, a point D; of 1g)7(95),

ii) for all 0 < j <k—1,aG x S-bundle G; on X x S and an isomorphism
¢j : gj|]_[z(X><S);\Xs :>G X Hx(X X S);}\XS

of G x [[,(X x S)2, ¢-bundles, where x runs over closed points of X,

XS

iii) for all 1 < j < k, an isomorphism
¢j : gj—1|X><S\Zielj D~ gj|X><S\Zite D;
such that ¥; 0 ¢[[1 (xxs)n, , = ¥j—1, where we set (Gx, ¢r) = ("Go, o).

Let g = (g2)2 be an element of G(Ag). For every closed point x of X, we get an isomorphism
Gr G X (X x 9)iyg o x8) DG x (X x9)g~mwx8),

and for the cofinitely many z such that g, lies in G(O,), this extends to an isomorphism over
(X x S)2. . For the finitely many other x, the Beauville-Laszlo theorem enables us to use

gz © lbj’(XxS)stxxxS to glue Gj|(xz)xs With the trivial bundle on (X x S)7 .

Apply this to each of the finitely many other x. This yields a G x S-bundle g-G; on X x §
along with an isomorphism g - 1; as in ii) such that, for every closed point  of X, we have a
commutative square

gj\(Xxs)QXs\xxs — (- gj)\(XxS)QXs\xxs
J{wj(XXS)QXS\sz J((g.wj)kXXS);\XS\IXS

Gx (XX gz x8)—Esax((X xS g~zx89).

This procedure is compatible with iii), and it yields a G(Ag)-action on Shtgl)o(gll’""l’“). Since the
above square extends to isomorphisms over (X x S)2 o when g, lies in G(O,), we see that this

indeed extends the G(Qg)-action. Finally, compatibility with iii) indicates that the G(Ag)-action

preserves Sht(Gd) o(g 11,.%/1,6)‘
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3.10

The adelic action satisfies the following compatibilities. If I1, ..., I} refines another ordered parti-

tion I{, e 7Il/c’ of I, the morphisms Wg[}’ Jk)) pass to the inverse hmlt 1n and yield a morphism
1o !

(117 7Ik) (d)(IL . ) (d)( 17 ) /)
T - Sht —Shtg oy H
This commutes with the G(Ag)-action, and we see that it also restricts to a morphism

((fll jzl)) Sht(d)(hl’m’, )—>Sht(g>o(ol’ 2

Similarly, the morphisms a pass to the inverse limit in 3.9 and yield a morphism

o : Shtly I Shtg 1yli).

This commutes with the G(Ag)-action, and we see that it also restricts to a morphism

o Shtg;f}]’h’,d”k) Sht! )(hm’,l’“)

Note that the right GQ—action on Sht(GdZ.fll’""dXI’“) and hence Sht(Gdz.fll"i,'[’,dXI’“) commutes with the

G(Ag)-action.

3.11

From here, we obtain an action of the Hecke algebra by correspondences as follows. Write
K¢ n for the subgroup ker(G(Og) — G(N)) of G(Og), and write $g n for the ring of finitely-
supported Qy-valued functions on K¢ n\G(Ag)/Ka N, where multiplication is given by convolu-
tion with respect to the Haar measure on G(Ag) for which K¢g y has measure 1. For any closed
point x of X, write g, for the analogous ring of finitely-supported Q,-valued functions on
G(0)\G(Q)/G(Oy,). Recall that i n contains the restricted tensor product & ¢ ., where
u runs over closed points of X ~\ N.

Let g be in G(Ag). The G(Ag)-action from [3.9) yields a finite étale correspondence

Shtg’)g}f""[k) /(KG7N N gilKGgNg) %} Shtgy)o(il[’m’lk) /(gKGVNgfl N KG,N)

| J

I,..., I,.... 1
Shel (ot |, St

’ﬂ(d)]’

using the fact that Sht(G)(h’ N /K GN = Sht(G)(h’ " |y, - By sending the indicator function

of KgngKg N to the above correspondence, we obtain a ring homomorphism from $Hg n to

the ring of Q,-valued finite étale correspondences on Sht(G)(h’ o1k) |n

()15 Tk)
obtain finite ¢tale correspondences on Shtg 'y /'y ’n( o1

(@ Over nyr. We similarly

We see from |3.10|that our correspondences are compatible with W((f,l""’ﬁ“)) and a. Inthed =1
10 k/

setting, proper base change shows that they induce an action of $¢ x on I,W|n( T

3.12 Remark. Let N(g) be a finite set of closed points x of X containing those for which g does
not lie in G(O,). Note that the construction inmore generally yields a left (Hw¢ N G (0z)) x

( erN (Qx))‘aCtiOI’l on

d) I LA )
L Sht¢rny~ |Dive._ )1
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where N runs through finite closed subschemes of X supported on N(g), that extends the left
G(0gq)-action. Therefore the construction in naturally extends to a finite étale correspon-
(d)(Ilv)Ik) (d)(1177]k

dence on Shty’y 1, which restricts to one on Sht, 'y /1w ) |(Div

. d .
|(D1VX\(NUN(g))) U\(NUN(g)))I

4. Partial Frobenii and derived categories

In positive characteristic algebraic geometry, forming fundamental groups rarely commutes with
taking products—even over an algebraically closed field. One can remedy this by asking for
additional structure: namely, partial Frobenius morphisms. Because we want to implement this
strategy in the derived category, we must resort to using oo-categorical structures.

First, we define partial Frobenii and describe their action on derived categories of Q,-sheaves.
Next, we explain a monodromy interpretation of partial Frobenii, which generalizes the relation
between Weil sheaves and Weil groups. We then describe how partial Frobenii arise in the setting
of symmetrized moduli spaces of shtukas. In the usual, unsymmetrized case, we state an antici-
pated result of Arinkin—Gaitsgory—Kazhdan—Raskin—-Rozenblyum—Varshavsky showing that their
relative cohomology complex satisfies a derived version of Drinfeld’s lemma. Finally, we use work
of Xue to relate the action of Frobenius elements in the Weil group with that of partial Frobenii
on our cohomology groups.

4.1

Let us start with notation on derived categories. For any algebraic stack X over k, write Shv (X))
for the derived category of Q-sheaves on X as in [2, Sect. 1.1.1]. For any morphism f : X — )
of algebraic stacks over k, we have functors Rf' : Shv()) — Shv(X) and Rf, : Shv(X) — Shv())
[2, Sects. 1.1.1-1.1.2], and by using the alternative description of Shv(X’) from [3, (C.1)], we
similarly obtain functors f* : Shv()) — Shv(X) and Rf, : Shv(X)— Shv()). Moreover, these
constructions are functorial in f.

Now let X} and X, be smooth quasicompact schemes over k. Then the external tensor product
ShV(Xl) & ShV(XQ) — ShV(Xl Xz XQ)

is fully faithful [I5, Lemma A.2.6], where ® denotes the Lurie tensor product over Q, [21, §4.8.1].

4.2

Products of spaces over k have the following Frobenius structures. Let I be a finite set, and
let X be a prestack over k. For any subset I; of I, write Froby, : XTI — x! for the product
(Hieh FrobX) X (HiEI\h id;(). Note that Frob;, and Frob;, commute for any subsets I; and
I of I, and for any partition Iy,..., [ of I, the composition of Froby, for all 1 < j < k equals
the absolute g-Frobenius endomorphism of X.

Next, let ¢ : I — J be a map of finite sets, and let f : X — ) be a morphism of prestacks over
k. This induces a morphism f¢ : X7 — V! and if I} = ¢~'(J;) for some subset J; of .J, we get a
commutative square

¢
XJ f y[

lFrole J(Frobl1

S
X Lyt
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Now suppose X is an algebraic stack over k. Because Froby, and hence Frob 1,k are universal
homeomorphisms, we see that Frob  vields an equivalence on categories of etale sheaves. By
applying this to subsets I1,..., I} of I and using the functoriality of Shv, we obtain an action
of Z* on ShV(XEI). Finally, if f is a morphism of algebraic stacks over k, we obtain a functor

fg* : Shv(yEI) — ShV(/YEJ) that is compatible with this action.

4.3

Next, we turn to a group-theoretic version of Let X be a geometrically connected algebraic
stack over k. Since Frob n is a universal homeomorphism, it induces an automorphism of 71 (A7)
as a topological group. By applying this to subsets Iy, ..., I} of I, we obtain a continuous action
of Z* on m (Xy). Write FWeil?""’Ik (X) for the resulting semidirect product 7 (X) x Z*. When
the I; are precisely the singletons in I, we write FWeil;(X) instead, noting that this recovers the
Weil group Weil(X) when I itself is a singleton.

Let ¢ : I — J be a map of finite sets, let f : X — ) be a morphism of geometrically connected
algebraic stacks over k, and suppose that I; = C*I(Jj) for some subsets Jp,...,J; of J. We see
from that fc*,E DT (J}‘E] ) —>7r1(XEI) commutes with the Z*-action. This induces a continuous

homomorphism
FWeil )b 7% (V) — FWeil ' (x).

In particular, by applying this to the inclusion of singletons in I and f = idy, we obtain a con-
tinuous homomorphism FWeil;(X) — Weil(X') for each ¢ in I. Together, they yield a continuous
homomorphism

FWeil7(X) — Weil (X)),

which is surjective because ﬂl(XEI ) — m(XE)I is surjective.

4.4

We now recall the monodromy interpretation of Frobenius—Weil groups, as well as Drinfeld’s

lemma. Let X be a geometrically connected algebraic stack over k. By restricting to 771(/'\%) and

separately considering the action of ZF, we see that finite-dimensional continuous representations
of FWeil?""’]k (X) over Qy are equivalent to smooth Q,-sheaves on XEI equipped with commuting
Frob I E—semilinear automorphisms. The latter are called partial Frobenius morphisms. Moreover,
a similar equivalence holds for ind-smooth Q,-sheaves, and precomposing with the continuous
homomorphisms from corresponds to pullback.

Now suppose X is a noetherian scheme. Then, as in the proof of [I8 Theorem 5.6], we
see that [20, Lemme 8.11] and [I8, Lemma 5.7] imply that any finite-dimensional continuous
representation of FWeil; (X') over Q, factors through Weil(X')! via the continuous homomorphism

FWeil; (X) — Weil(X)! from

4.5

Partial Frobenii and Frobenius elements in the Weil group are related as follows. Maintain the
assumptions of [£.4] and suppose X is geometrically integral over k. Let 77 be a geometric generic

"Strictly speaking, [I8, Lemma 5.7] applies over finite extensions of Q;, not @,. But FWeil;(X) is an extension

of a finitely-generated group by a compact group, so its finite-dimensional continuous representations over QQ, are
defined over finite extensions of Q.
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point of XEI. Let k' be a finite extension of k with degree r, and let z = (z;);e; be a point of
XI(K'). Choose a geometric point Z of XEI lying over z, as well as an étale path 77 ~~ Z.

Write pr; : X — X for projection onto the i-th factor. This induces an étale path pr,;(77) ~ T,
from which we naturally obtain a continuous homomorphism Weil(z;) — Weil(X'), where we form
Weil(x;) using absolute ¢"-Frobenius instead of absolute g-Frobenius as in Write ~y,, for the
image of the generator of Z = Weil(z;) in Weil(X').

Let .# be a smooth Q-sheaf on XEI equipped with partial Frobenii

Fi: Frob:E,//l:L//l.

Now we have a specialization isomorphism .# |z = .#|7. On the one hand, endows A |7
with an action of Weil(X')!. On the other hand, we see that F; o Frob:E(Fi) 0---0 Frob:%l’*(Fi)

restricts to an automorphism of .Z|z.

PROPOSITION. Under the specialization isomorphism # |E:>% 7, this automorphism corre-
sponds to the action of 7, in the i-th entry of Weil(X)!.

Proof. By using to pass to finite-dimensional continuous representations of Weil(X')! over
Qy, we obtain a surjection X;c;&; — .# compatible with partial Frobenii, where the & are
Weil Qg-sheaves on X. Thus it suffices to prove the claim for X,;c;&;. Now the identification
(Mic16i)lz = Q;c;(Elz7) is compatible with partial Frobenii, and (M;e;6;)l7r = @y (Elpr, ap))
is compatible with the Weil(X')!-action. So it suffices to prove the claim for &; and I = {i}. But
Z = Weil(x;) — Weil(X) sends the generator of Z to r times the generator of Z C Weil(X'), and
by definition this image acts via F; o Frob;‘,E(Fi) 0---0 Frob;;’*(Fi). O

4.6
We now specialize to the setting of moduli spaces of shtukas. Consider the morphism Frgil)](élj""lk) :

Sht(G)]S,hI’ SLONEN Shtg)]g,%"”’b“h) that sends

((Di)ier~n, (D z)zell,(go,%)"*(gl 7/11)?*2+ qik*;(gk: 1, Yk 1)***( Go, o))

to
((Di)ier~, (" z)zeh,(ghiﬁl)"*(gz,%) s, .. —¢—k+( gm”ﬁo)--*( G1,71)).

Let  be a finite G4-stable and FdQXI—stable subset of X (T)%*!. We see that Fr(;f)z(\{l[’"" 1) sends
(d)(T1,..,Tk) (d)(T2,--, Tk, 11)

ShtGNlIQ * |(Divg\N)I to ShtG,N,QI,Q o |(DivdU\N)I~
Next, observe that the square

LD UL Tp)
I1,N,I

Sht(G)(II’ ) ) Sht(cg{)](v{?f---ylkv[l)

| k
. Frob; .
(Div§ y) ————— Divg y)”

commutes. Finally, note that the composition

r(d)(Il ..... 1) F‘r(d)(lk’ll"”’Ik 1)
I1,N,I I ,N,I I I,
1 . k Sht( )( 17 ) )

d)(I1,.,I
Q@ ) (g

G,N,I
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equals Frob : Sht(él)]s,j 11"“’11“) — Shtgl )]i,] 11""’['“ ). Since Frob is a universal homeomorphism, this shows

that Fr g )J(\{II’ +Ik) ig a universal homeomorphism too.

4.7
Our Frg )(Il’ 1) are compatible with other structures as follows. If I1,..., I} refines another
ordered partltion I, ..., I;, of I such that I{ = I U--- U I;, we obtain a commutative diagram
Dty e e Tdvd)
11, o1k 1 155 dies Iy
ShtG AR ShtG NJI
(I, ) (I, Ig)
T / T ’
J, ool DL T J, T Tyer)
()(Iiv 71//) Ii’N’I ()( PERES) /)
Shtee .y Shtgnr "

We also have a commutative square

Sht(G)(Il’ - )#Sht(él?v]i&}dxlk)

(d)(Iq,.--, 1) (dxIq,..., dx1Iy)
J{F Il Nll k Jprdxlll,N,de .
(d)([g,‘..,lk,ll) [e% (dXIQ, ,dXIk,del)
ShtG,N,J < Sht N, dx T

Finally, note that the Frg )(h’ +1) pass to the inverse limit in The resulting morphism

Frg‘f)gll ol Shtg{g}l’ o1k) Shté)(b’ i) evidently commutes with the G(Ag)-action, so we
see that Frf)](éll"“’lk ) commutes with the finite étale correspondences from [3.11{and Remark [3.12]
4.8

. I, 0y . . . .
In the usual, unsymmetrized case, we convert our Frgll}v} %) into partial Frobenius morphisms

as follows. Let W be in Rep@z((L G)"). Then and the proof of [20, Proposition 3.3] yield a
canonical isomorphism

(Il,...7lk)7>k 0-\(127 Ik,Il) (Il, ,I)
Fry NT77 FNTw _>‘/NIW .

Since Fr(I 1]’\,} ¥ and Frob 1, are universal homeomorphisms, applying proper base change to the
commutative square from 4 E and arguing as in [20, §4.3] yields an isomorphism

Fy, Fl“ob?1 e%ﬁ\[’],W =5 e%ﬁ\[’],W

of ind-(constructible complexes of Q,-sheaves) on (U ~ N)T.

By @ we see that Fp, is compatible with the independence of J#y w on the ordered
partition I1,..., I up to isomorphism. In particular, reordering the Iy, ..., I} shows that

Fy, o Froby, (Fr,) = Fy, o Froby (Fp,)

on J ;- We can also use to see that Fh\n(l)f commutes with the action of $g n on
TN LW oy

8Now [20, Proposition 3.3] only treats the case of split G. However, it extends to the general case, which is already
implicitly used in [20] §12].
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4.9

We now present the anticipated result of Arinkin—Gaitsgory—Kazhdan—Raskin—Rozenblyum—
Varshavsky. By applying we see that the fully faithful functor Shv((U~ N)z)®! < Shv((U~

N )é) is equivariant for the action of Z!. In particular, we naturally have a fully faithful functor

(Shv((U ~ N)p)®1)P2 s Shv((U ~ N)HFZ,

THEOREM. ﬂ Assume that X is geometrically connected over k. Then we have a functor
I
Repg, ((“G)") =(Shv((U ~ N)p)®)P#" denoted by W = Ty 1w
satisfying the following properties:

a) for all W in Rep@((LG)I), the image of I 1w in Shv((U ~ N)é) is naturally isomorphic to
the pullback St ; 7 of Hn 1w to (U N N)é, and the equivariance data corresponds to the
pullbacks F; of the Fj,

b) as I varies, there exist co-categorical coherences for I 1w in the sense of [4, Sect. 1.6].

Proof. When U ~ N = X, take Jy_ to be Sht]"(—) as in [4, Sect. 4.1.1]. This has the
desired structure by [4, Sect. 4.5.3]. Part b) follows since the inclusion Shv((U \ N)z)®! <
Shv((U ~ N )é) is compatible with changing I, and part a) follows from [4, Theorem 4.1.2] and
[4, Sect. 4.5.4]. The general case is forthcoming work of Arinkin—Gaitsgory—Kazhdan—Raskin—
Rozenblyum—Varshavsky. d

Remark. Even without the geometrically connected assumption on X, we expect some form of
Theorem [£.9] to hold.

4.10

Maintain the assumptions of Theorem which we will use to define symmetrized versions of
In,1,w as follows. Note that yields an action of &% on Shv((U ~ N )%XI ) intertwining the

action of Z4*! and observe that
Shv((U ~ N)p)® @D — Shv((U ~ N)&)
is equivariant for this action, where Shv((U . N)z)®(@*1) has the natural &1-action.

Let W be in Rep@é((LG)dXI), and suppose Woo* = W for all ¢ in &%. Then Theorem 4.9/b)

gives an Gé—equivariance structure on the object I gxrw of (Shv((U ~ ]\7)E)®(dXI))BZX , SO
we obtain an object of

(Shv((U ~ N)g) 2 D) PR PO = (Shy (U~ N)p) @) PE e
= ((Shv((U ~ N)p) P52ty B,
where we use [16, Proposition 2.5.7] to see that ® commutes with taking equivariant objects.
By finite étale descent, we see that pullback yields a natural equivalence

Shv((U ~ NP /&h) 5 Shv((U ~ N)&) B,

9While [4] only treats the case of split G, their methods adapt to the general case.
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where (U ~ N)%XI/GI = (U~ N)%/Gd)l denotes the stack-theoretic quotient. Thus if we only

remember the action of Z! x 65 C 731 65, then we obtain an object 9]\%) w of

Shv((U ~ N)E)PEED = Sh((U ~ N)! /&))"

Finally, since &4 preserves and acts freely on the open subscheme (U ~ N)¢ of (U ~ N)4, we
can identify the stack-theoretic quotient (U ~ N)?¢/&,)! with (Div%i ) via In particular,

restricting ﬁjf,fll)’W to (U ~ N)gE/Gd)] yields an object of

Shv((Div( v )HFE.

4.11

From here, we obtain complexes of representations as follows. Write 7 for the generic point of
X, and note that taking fibers at 5 yields a functor

Shv((U ~ N)E)BZ — D(Weil(n), Q).
By taking (d x I')-th tensor powers and postcomposing with the exterior product, we get a functor
Shv((U ~ N)z) P22 @) D(Weil(n), Qy).
Finally, taking 6§—equivariant objects gives us a functor

((Shv((U ~ N)z)BZ)2@<DYBSG D (Weil ()T x &1, Q).

4.12

We conclude by using work of Xue to bootstrap Proposition to the ind-smooth Q-sheaves
H pwon (UNN )I. Assume that X is geometrically connected over k, and apply the notation
in to X = U ~ N. By projecting to (U ~ N)!, we view 77 and Z as geometric points of
(U~ N)L.

We have a specialization isomorphism %1\7;7 I7W‘E:>’%]\Z;7 rwlar by Theorem On the one
hand, Theorem a) and Theorem (3.7 endow J£y | v/ [77 with an action of Weil(n)!, which one
can show factors through Weil(U ~ N)* [25 Proposition 6.0.13]. On the other hand, we see that
F; o Frob?(F;) o - -- o Frob, ~"*(F}) restricts to an automorphism of I 1wz

PRroroOsSITION. Under the identification %”15 I W‘Eg f%”]\z;l w lmr» this automorphism corresponds
to the action of 7, in the i-th entry of Weil(U ~. N)!.

Proof. Now [25, Lemma 6.0.9] and Theorem [3.7|show that 7 ; ;;; is a union of ind-smooth Q,-

subsheaves . over (U~ N)!, where . |7 is preserved by and finitely generated over ®,c; ¢, u,
for some closed points u; of U ~. N, and the F; restrict to isomorphisms on .# . Hence it suffices
to prove the analogous claim for .Z .

Let m be a maximal ideal of &);.; Hc. ;- Since the Hg ,,; are finitely generated Qy-algebras,
we see that (.7 |q7)/m™ corresponds to a smooth Qg-sheaf on (U ~ N)! equipped with partial
Frobenii. By base changing to (U \ N), Proposition proves the analogous claim for this
smooth Q,-sheaf.

Because @), HG,u; is noetherian, the map . |5z — @, (A |57)n is injective, where m runs
over maximal ideals of @),c; HG,u;, and (—)j denotes m-adic completion. We similarly obtain an
injection . |z — @@, (A |z)n- As the partial Frobenii and @);; H¢,u,-actions commute, we see
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that these injections preserve the relevant structures. Thus the analogous claim for the sheaves
corresponding to the (. |5;)/m™ implies the claim for .#, as desired. O

5. The plectic conjecture

In this section, we prove our results on the plectic conjecture for (usual, unsymmetrized) moduli
spaces of shtukas. We begin by using the relationship between Weil restriction and Bung from
to describe one incarnation of the conjectured plectic diagram from [22] (1.3)]. This relates
unsymmetrized shtukas for G to symmetrized shtukas for H. From here, we use the link between
symmetrized and unsymmetrized shtukas for H to prove Theorem A. Next, we use the Hecke
compatibility of this relation to prove Theorem B. We conclude by explicating our constructions
to prove Theorem C.

5.1

First, we describe the Hecke stack incarnation of the plectic diagram. Recall the notation of
and write d for the degree of m. Since Y and hence Divﬁl/ is proper, the morphism m~! : X — Div‘f/
sending z + m~(T';) is proper as well. As m~! is also a monomorphism, we see that it is a
closed immersion. Because m is étale over U, we see that m ™! sends U to Divéo.

For any 0 < jo < k, recall the morphisms pj, and p from Definition

PROPOSITION. We have a natural Cartesian square

(I15-Ix) ()1, 1k)
H kGlNI HCkH,M,lf g

l(p‘]o#‘) l(pjo?p)
—1)1

Bung, v x (X ~ N)' Z" % Buny s x (Dive ).

Proof. An S-point of Hckgll’v 7 ¥ consists of

i) for all 7 in I, a point z; of (X ~ N)(S5),

ii) for all 0 < j <k, an object (Gj,v;) of Bung n(S5),
iii) for all 1 < j < k, an isomorphism

oj - gj—l’XxS\Zielj Ta, 7 gj‘XXS\Zite La;

with 1j 0 ¢j|nxs = -1
By using the isomorphism ¢ and applying to R=X xS\ ¢ I I';,, we see that ii) and iii)
are equivalent to objects (H;, ;) of Bung,y(S) along with isomorphisms

d); : Hj_1|Y><S\Zi€Ij m~1(Tq;) = Hj’YXS\Zite m=t(Tz;)
satisfying ¢ o @[ mxs = ¥j_;. Along with i), this is precisely the data parametrized by the fiber

product of Hck( )(111’ »Tk) and Bung v x (X ~ N)! over the product Bung s x(Div{_ ). O

5.2

We obtain the Beilinson-Drinfeld affine Grassmannian version of the plectic diagram as follows.
Take N = @ and jo =k in Proposition After pulling back along the k-point of Bung = Bung
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corresponding to the trivial bundle, this yields a Cartesian square

Gr(é}j..,,lk) Grgl’)l(h,...,lk)

X[ (m=HI . dNI
L (Divi)

5.3

Next, we explain how the relative position stratification fits into the plectic diagram. Because
T =Rpjg A, we see that Xo(T) is isomorphic as a I'g-module to

{0 :Tg— Xuo(A) | p(zg) = g p(x) for all g € Tp and = € T},

whose I'g-action is given by inverse left multiplication. Under this identification, X, (T)Fe cor-
responds to the subset of functions ¢ taking constant values in Xo(A)'F. As B =[], C, we see
that X (T) corresponds to the subset of functions ¢ that take values in X} (A). After choosing
representatives for I'q/T'r in T'g and enumerating them, we may identify Xo(7) with X,(A)?
and X (T) with X} (A)%

Let © be a finite &!-stable and I’%Xl—stable subset of X} (A)¥!. In particular, Q is also

I'f-stable when viewed as a subset of XJ(T)!. Hence we can form Grg)}%""’lk) |(Divayr and

C}(Ihnwlk

To o ) |y as in[2.10L Because (m is a locally closed immersion, we see that the Cartesian
square in [5.2] restricts to a Cartesian square

—1)[

(I, 0i) (d)(I1,....I1)
GrG,I,Q ot g GrH,I,Q |(Div“1,)1

| |

I (m~7 - d I
U (Divy,)".

Remark. Note that stability under F%XI is a condition that is independent of our choice of
representatives for I'g/I'r in I'g. Similarly, stability under 65 is a condition that is independent
of our enumeration of said representatives.

5.4

In the plectic setting, we work with the following relative position strata and corresponding
sheaves. First, suppose €2 equals [ [, ©;, where the §; are finite G4-stable and F%—stable subsets
of X} (A)4. In particular, €, is a finite disjoint union of F‘}p-orbits O. Then we can form Wy as in
and we write Wq ; g for the object @, Wo of Rep@é((LH)d). Note that the &4-stability of

; implies that Wq ; g o 0™ = Wq; g for all o in &4. Finally, write Wq g for the exterior tensor

product X;e;Wa ; g, and recall from [2.13| that Y;i?l‘}[}é'jﬂk) equals the intersection complex of

dxI,.d X . . . :
Grgflel’ . 2 |yaxr, with degree shifts normalized relative to V<.

By viewing 2; as a subset of X (T') instead, we see that it is I'g-stable. Form W ; ¢ and Wq ¢
as above. We analogously see that YI(I‘}VQG[’“) equals the intersection complex of Grgll’"djk) lirrs
with degree shifts normalized relative to U”.

More generally, let Q be any finite subset of X (A)%*! that is 6§—stable and FdFXI -stable.
Then €2 is a finite union of subsets of the form considered above, and we write Wo i and W ¢
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for the corresponding direct sum of algebraic representations over Q,. We see that the above
relation with intersection complexes continues to hold.

5.5

Finally, we arrive at the plectic diagram for moduli spaces of shtukas. By pulling back along
v, we get an analogous Cartesian square

smgyv pR— Shtﬁ?}é}j""l’“)

bk

(X ~ N7 Divd )

Moreover, further restricting to via v 0§ yields a Cartesian square
(I1551x) (d)(I1,...,I)
ShtG,N,I,S% |(U\N)I ’ ShtH,M,I,Q §

L

(U~ N — (Divé_ ).

’(Divﬁl/\kf)l

If I, ..., I) refines another ordered partition I, ..., I;,, of I, note that

Sht(Gh]’Vf ) $Sht(d)(ll7m71k)

H,.M,I
Iq,..., I Iy,..., I
J”Ez% ,,,,, IZ,)) J(ﬂ((li ,,,,, IZ,))
(Bt @Gty
Shtg 'y 7 %" —— Shtyp 7

yields a commutative square. Also, we have a commutative square

Shtgr 7™ ———— Sht o

H,M,I
(Iseees 1) (d)(Iy,--- I)
J’Frlll,N,I k lF ', Mll K
(T2, I1, 1) (d) (12,11, 11)
ShtGNJ —_ ShtH’M 7 .

5.6

We now transfer [5.4] to moduli spaces of shtukas by using the morphism € from Inthed=1
setting, the proof of [20, Proposition 2. 11]@ indicates that € étale-locally induces an isomorphism

from Shtg}]’\'f;;l’“) l(~n)r to Gr(h’ +1k) |(~)r- Therefore J](Vh[ Wékz; = e*(YI(I‘}VQ:C)) equals the
intersection complex of Shtglj\, jlg’a) (-1, With degree shifts normalized relative to (U ~ N ).

Applying this discussion to H shows that # ﬁzill’ V[’,QXI’“) equals the intersection complex of

Shtgﬁléx’[délk) |(v-aryixt, with degree shifts normalized relative to (V' ~ M)xT,

Write % ]EZ)IUI}[} 1) for the intersection complex of Shtg)ﬁll"é’lk) |(Div€, L with degree shifts

normalized relative to (Div¢,_,,)!. In the commutative squares from note that the horizontal

ONow [20, Proposition 2.11] only treats the case of split G. However, it extends to the general case, which is
already implicitly used in [20] §12].
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arrows are locally closed immersions, up to universal homeomorphism. Hence we can identify
the pullback of .7 JS/I)](h, 2l) Shtglj’\’,'}lfl) | with F ](VI ﬁwék) And because the commutative

G
squares from are ﬁmte generically étale, we can similarly identify the pullback of % ﬁ)f(%}ﬂ ;’“ )

(dX[l,...,dXIk) (dXIl, ,dXIk,)
to ShtH,M,dXI,Q | V\M)dxl with JM dxI,Wa. g °

5.7

We leverage the link between symmetrized and unsymmetrized shtukas for H to get the following
relation on cohomology. Restricting the commutative square from to (Div?,’o\ M)I yields a
Cartesian square

(@) (11, I1) a (dxIy,...,dxI)
Shty v 1o |(Div$;°\M)1< ’ShtH,deI,Q |((V\M)g)1

| I

(Divi2 ) x (VN M)H,

Henceforth, assume that Y is geometrically connected over k. Now proper base change and
show that

* I,..1
o fip (‘%EH Van Hk)’ (Divy? )7 1) = %MadXLWQ,Hk(V\M)g)Iv

so Theorem {4 l ) and 4.10| enable us to identify Rpl(J]Ej)I([ﬁ‘}Q . )|(Dwd o )1) with the image of

3M I Won ](Dl 20 )L in Shv( (DIVV\ M) ). Repeating the arguments in 4.8 yields an isomorphism

1)

and we see from Theorem [4.9 .a ) and [4.7] - 7| that, under our identification, the equivariance data of
d . d,
g]&»)LWQ,H ]( ° L corresponds to the pullbacks F( a)i of the Figy; to (DlvVO\M)é.

DIVV\M %

d)(Iz,.... T, I1) ~ d)(I1,-,Ix)
F(d) FI‘ObI Rpl( 5\](\4)1 ‘i/ﬂ Hk ! ’(Div‘d/’o\M)I) _>Rp (y](WI VIVQ Hk ‘ Dlvv\M

. . (d) (D) Iz, I, I1) ..
The comparison with 7, I Wo.n shows that Rpi(Fy,; R ‘(Div“i/’i D ;) is independent up
to isomorphism of the ordered partition Iy, ..., It, so we denote this ind-(constructible complex of

Qg-sheaves) on (Div“i;i )L by t%”]é[d)[ Weq - s its pullback under the finite étale o has ind-smooth
’ )

cohomology sheaves by Theorem we see that e%”]\(j IWan does as well.

5.8

From here, we obtain the following generalization of Theorem A.

THEOREM. The complex of intersection cohomology with compact support of Shtg n.ralQ,
with coefficients in @L canonically lifts from an object of D*(Weil(Q)?,Q,) to an object of
DP((Weil(F)? x &4)!,Qy) via the I-fold product of the map Weil(Q) — Weil(F)? x &,.

Proof. Choose a geometric generic point 77 of X’. Now our object of D?(Weil(Q)!, Q) is the
image of In 1 wg . under the functor from where we use the finite-dimensionality of

Shte 1.0 |y and Theorem Ea) to see that the image lies in D®(Weil(Q)?, Q,), and we use
and Theorem to identify its underlying complex of Q,-vector spaces with I,Wea.q T

Choose a geometric generic point Bgx; of Y4*!. By projecting to (Divgz)l, we view Sgx as a
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geometric generic point of (Divgé)f . Proper base change and show that
—1INT d
(m™") ’*‘%ﬂJ\(J,)I,WQH = ‘%ﬂN,LWQ,Gv

so after choosing an étale path SBgx; ~~ (m*I)I (77), we obtain a specialization isomorphism

%N,I,WQL:,TT] :) %(d) by

MIWaq g,Baxr
But the pullback of ) . under a equals Hrax1,we, |y by .7 which identifies

(d) : : . .
%M,I,WQ,H,W with t%”MydeWQHv—ﬁdxl. Theorem |3.7| allows us to view the latter as the image in

Db(Weil(F)? x &4)f, Q) of Ths.ax I,Wq i under the functor from m Finally, the commutative
diagram

((Shv((V . M)y)PP)2@xD)BSi — D(Weil(F)? x &4)7,Qy)

J |

(Shv((U ~\ N)p)PP)#! —————— D(Weil(Q)', Q)

shows that restricting along the I-fold product of Weil(Q) — Weil(F)? x G4 recovers our original
object of D*(Weil(Q)!,Q,), as desired. O

5.9

We prove the following generalization of Theorem B by using the Hecke compatibility of our
constructions.

THEOREM. The action of (Weil(F)? x &4)! from Theorem |[5.8 on the level of cohomology groups
commutes with the action of ) n from|3.11]

Proof. Under the identification G(Ag) = H(AF), we see that the compact open subgroup Kg n
corresponds to Ky pr. This identifies $¢ n with $Hg . For any g in G(Ag), write N(g) for the

finite set of closed points of X where g does not lie in G(O,), and write M(g) for m~1(N(g)).

Remark |3.12| gives an associated finite étale correspondence on Shtglj’\‘,'}lfl) (U~(NUN(g)))! Over

(U~ (N UN(g)))!. By viewing g as an element of H(Af) instead, we obtain analogous corre-
spondences on

(d)(Il ..... Ik) (dXIl,...7dX1k)
Shtgant e lmive a2 SW 0™ v uum(gyex-
Because these correspondences are finite étale, their pullbacks preserve intersection complexes,

3Ny 3 f(d)(llrvlk)
giving us a cohomological correspondence on % AT

Restricting to (Divﬁl/\( MUM( g)))l yields a morphism

(d)(llv""lk)

(I1yeedk)
ShtG,N,],Q ‘(U\(NUN(g)))I_>ShtH,M,],Q |(Div;1,\(MUM(g)))I‘

Note that our correspondence on Sht(Gh]’\','}IS’g) (U~(NUN(g)))! 18 precisely the pullback of our cor-

(d)(I1,....I1)

respondence on Sht 'y, | ;e

L aronton)! along the above morphism. Similarly, we see that
~ U g

our correspondence on

(dxIy,...,dxIy)
ShtH,M,lde,Q * ‘(V\(MUM(g)))d“
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(A1, T

is the pullback of our correspondence on Sht HMIO |(D1v along «, up to universal

V\(]\/IUM(q)))
homeomorphism.

The proof of Theorem 5.8 constructs the (Weil(F)? x &4)f-action on 7 ; We, . ir by iden-
tifying the latter with %”7 dx I7WQ,H|m' The above shows that, under this identification, the
$Ha,n-action on %”AI; [Wo e |l coincides with the ¢ x = Hp ar-action on %XZ, dxI.We, i1 \m. From
here, the desired commutativity follows from and O

5.10

Before turning to Theorem C, we need some notation on the splitting behavior of points along
Y — X. Let k' be a finite extension of k& with degree r, and let x = (z;);e; be a point of
(U ~ N)! (k") such that every x; splits completely in V ~. M, i.e. the inverse image m~!(z;) is a
disjoint union of d points (ys;)¢_, of (V ~ M)(K').

—1)[

Because (m is a monomorphism, we get a Cartesian square

whose top arrow is an isomorphism. Therefore restricting|5.5/to (m~1)!(z) yields an isomorphism
Shtg}z’\};}l’“) le = Shtgl’)ﬁjl’”"l’“) |(m—1y1(2), and further restriction yields an isomorphism

I, I ~ d)(I1,.. ],
Sht(G,lN,I,S%) |£—> Shtgi,)]E/[,lI,Q 2 |(m—1)f(z)'
Since every x; splits completely in V' ~\. M, we see that the preimage of (m~1)!(z) under o equals

{Wohi)jeaicr € (VM) (K) | o € &)},

where each (Yy(n,i))held),icr Mmaps isomorphically to (m~Y!(z) under o.. Write y for the point

(Yn.i)hefd)ier of (V ~ M)PI(k) induced by our enumeration of the m™'(z;). Then pulling back

along (m~')!(z) < y yields an isomorphism Sht( )(Il’ oli) | (m=1) (z) & Shtgjx]élé;’[d“’“) |y, and

urther restriction yields a universal homeomorph1sm

Lol dxT1,...dx ],
Shtg a6 1)1+ Shtig hridre ™ ly

5.11

From we obtain the following implications for cohomology. Our zig-zag of universal home-
omorphisms

Iyl ~ d)(I1,.01 dxIy,..,dxI
Sht(G,lN,L(kz) z Shtg{,)JE/[,lf,Q 2 [(m=1)1 (@) ¢ Shtgq,M,ldxl,Q ) ly
allows us to identify the étale cohomology of the left and right terms.

Choose a geometric point Z lying over x. Now & ](VI 1[ V[}I'“) restricts to the intersection complex

of Sht(Ghj\}'}IS 2, S0 proper base change indicates that J#7; Wo.c |z is naturally isomorphic to the

p-th intersection cohomology group with compact support of Sht(Ghj\','}IS’fz)

z with coefficients in

Q. Analogous statements hold for Shtg{)]gll’ Q’[’“) |(m—1y1(2) and Shtgxz\fé;}%lk) |y, in a manner
compatible with the identifications induced by the above zig-zag.
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5.12

We now prove the following generalization of Theorem C. After choosing an étale path 77 ~~ Z,
Theorem [3.7] yields a specialization isomorphism

/g _ ™ /4 .
HN 1 Wa6|E = TN 1 Wa 6l

Applying (m~1)! to 7j; ~ T induces an étale path (m 1)/ (77) ~ (m~")!(Z), and composing this
with our étale path Bgx1 ~ (m™1)!(77) yields an étale path Bgxs ~» (m~1)!(Z). The isomorphism
(m~Hl(z) & y enables us to view Z as a geometric point g lying over y, so this amounts to an

étale path fgx; ~ a(y). Because « is étale at B4x; and y, this corresponds to an étale path
Baxr ~ Y. Applying Theorem again yields another specialization isomorphism

/4 -~ /4
‘%ﬂM,dX IWa,u |Q - ‘%ﬂ]\/ﬂdx I.Wa,u |f3dx1'

Let (h,i) be in dx I. From our étale path B4x; ~ ¥, we obtain an element v, , of Weil(V \. M)
as in Since Froby, , fixes y, we see that F{, ;) oFrob?hﬂ-) (Fih,iy)o-- -oFrobq("};il)’*(F(h,i)) restricts
to an automorphism of S 4 ;. |7

THEOREM. Under the identifications

~

/4 _ ™ /4 P _
AN 1 Wo, 1T = At ax 1 Wa, i [Bary & POt axt wou |7

this automorphism corresponds to the action of vy, , in the (h,i)-th entry of Weil(V ~\ M yaxt,

Proof. The proof of Theorem [5.8| constructs the action of Weil(V ~. M) on 5%, Wo o T Via
the isomorphism J77 ; Wo.c o = AL 11 Wo.nt \m. So it suffices to see that this corresponds to

the action of v, ; in the (h,i)-th entry of Weil(V \ M) on ‘%ﬂl\?dxl,wgﬂ|mv which follows
immediately from Proposition O

5.13

When r = 1, the action from Theorem has the following description in terms of the special
fiber of the moduli space of shtukas. First, recall from [3.6] that we can use any ordered partition
of d x I to compute H7; ;. ; Weq - L€t P be any ordered partition of d x I \ (h,i). Then F{y ;)

((hs9),P)
(hy),M,dx I’

is induced by the morphism Fr so we see from [5.11f that its action on J¢7; 4. ; We g 18

induced by the restriction

((hi),P) ((h,1),P) (Py(hsi))
Fr i, iy Maxt Shty rasraly = Shty g o ly:

5.14

The case of general r is more complicated for the following reason. We use Theorem b)

to identify Rp(.# ]E}hdlx)]PgVQH) with Rp(F# Jf/]; d(Z})I)/VQH)v which is what enables us to iteratively

compose F{y ;). This identification does not seem to arise from an explicit cohomological corre-

spondence, so for general r and z this impedes us from similarly describing the action of

F(h,i) @) FrObzkh,i) (F(h,z)) O---0 Frob?ill)’*(F(hﬂ))

on %”ﬁ dx 1. We H|g. However, when all the x; are disjoint, the yy, ; will also be disjoint, so we can
use to explicitly identify Shtgh]’\f[) £<)IQ y with Shtg’]g/%)x) r.qly via pulling back along ¢ o 7.

)
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Therefore we obtain a description of the action from Theorem [5.12]in terms of the special fiber
of the moduli space of shtukas in this case.
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