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ABSTRACT. We study the global analogue of the Fargues—Fontaine curve over
function fields F'. We prove some foundational results about its moduli of G-
bundles Bung, r, which is a geometrization of the global Kottwitz set B(F, G).
For example, Bung, r plays the role of Igusa stacks over function fields. We use
Bung,  to reformulate the global Langlands conjecture for G over F in terms of
categorical local Langlands, refining conjectures of Arinkin—Gaitsgory—Kazhdan—
Raskin-Rozenblyum—Varshavsky and Zhu. Finally, we verify this conjecture
when G is commutative. Along the way, we prove a GAGA theorem for smooth
proper schemes over sousperfectoid spaces, which is of independent interest.
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The title of this paper pays homage to the foundational work of Fargues—Fontaine
[24]. Starting from a nonarchimedean local field F, with residue field F, (and an
auxiliary algebraically closed nonarchimedean field K over F,), they constructed an
adic space X, x with remarkable properties. Since its introduction, the Fargues—
Fontaine curve X, i has played a fundamental role in arithmetic geometry over
F,. For example, work of Fargues—Scholze [25] shows that its moduli of G-bundles

Bung, r, is central to the Langlands correspondence for G over Fi,.

When F, is the function field F,((2)), the Fargues—Fontaine curve already appears
in work of Hartl-Pink [37], so we also call it the Hartl-Pink curve. It can be
described as follows. The product Spa F,, x Spa K over I, exists as an adic space
(in fact, it is isomorphic to the punctured open unit disk over K), and the absolute
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g-Frobenius automorphism Froby of K acts freely and totally discontinuously on
Spa F,, x Spa K. Hence we can form the quotient adic space

) Xr, k= (SpaF, x SpaK)/Frobg .

The goal of this paper is to study a global analogue of the above constructions.

G-bundles on the global Hartl-Pink curve. Let F be a global function field
with field of constants F,. By viewing schemes as adic spaces, one could try to
define a global Hartl-Pink curve by naively copying and attempting to form

(1) “(Spec F x Spa K)/ Frobg ”.

However, two obstacles arise:

1) Tt is unclear how to interpret “Spec F' x Spa K” in a well-behaved way.

2) In any reasonable interpretation of “Spec F' x Spa K”, Frobg will no longer act
freely and totally discontinuously.

We will primarily be interested in G-bundles on , so we can circumvent 2) via

descent. To circumvent 1), write C' for the geometrically connected smooth proper

curve over I, associated with F. Then Spec F' = lim U, where U runs over dense

open subschemes of C', so formally we expect

“Spec F' x Spa K" = “@U X Spa K.
U

Now U x Spa K does have a well-behaved interpretation: this product exists as
an adic space and in fact is isomorphic to the analytification U of U over K.
Moreover, this interpretation works well in families, which leads to the following:

Definition. Let G be a connected spliﬂ reductive group over F. For all affinoid

perfectoid spaces S = Spa(R, R*) over F,

a) Write Bung (S) for the groupoid of G-bundles ¢ on UE" equipped with an
isomorphism ¢ : ¢4 = Frobs ¢.

b) Write Bung, ¢ (S) for the groupoid ling, Bung 7 (S).

Remarks.

1) One can recover Bung y from Bung, r; see Lemma Therefore we will inter-
changeably use Bung,y and Bung r.

2) Amusingly, while we do not define the global Hartl-Pink curve, nonetheless we
can define its moduli of G-bundles Bung . This is reminiscent of the situation
for local Hartl-Pink curves Xp, i, which depend on the auxiliary K.

Geometry of Bung, r. We start with the following basic properties of Bung ¢.

Theorem A. Bungy is a small Artin v-stack over F,. It is {-cohomologically
smooth over F,, and its dualizing complex with F-coefficients is isomorphic to F,.

Theorem A mirrors results of Fargues—Scholze [25] Theorem IV.1.19] and Hamann—
Imai [34, Proposition 3.18] in the local setting.

To state our next theorem, let us introduce the localization map, which plays an
important role throughout this paper. Write Z for the closed complement C' \ U.

1n the introduction, we work with split G for simplicity. However, everything works for general
connected reductive groups G over F', and we work in this generality in the body of the paper.
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For all z in Z, there is a natural map Spa F, — U, so by restricting G-bundles along
these maps and using the presentation , we get a map of v-stacks

locz : Bungy — H Bung,F, .
z2€Z
Recall that the local moduli Bung, r, has an open substack Bung, . [25, Theorem
II1.4.5], which is the locus where the corresponding G-bundle on the curve Xp, x is
semistable. By taking its preimage under locz, we define a global semistable locus
Bung ;. While Bun ;; is defined in terms of its local analogue Bung 5, we prove
that it admits the following intrinsic description.

Theorem B. Bung ;. is an open substack of Bung, r, and we have an isomorphism

Bungr= J[  #/Gu(F),
bEB(F,G)basic
where B(F,G) denotes the global Kottwitz set [49], B(F, G)pasic denotes its subset
of basic elements, and Gy, is the inner twist of G associated with b.

Theorem B mirrors a result of Fargues—Scholze [25, Theorem II1.4.5] in the local
setting. This is one incarnation of the idea that Bung g, is a geometrization of the
local Kottwitz set B(F,, &), but there are other such incarnations. For example,
Anschiitz [3, Theorem 10] proved that the underlying topological space |Bung,, |
is naturally in bijection with B(F,, G).

We similarly regard Bung, r as a geometrization of the global Kottwitz set. How-
ever, for reasons explained in the next subsection, we do not expect a natural bijec-
tion between |Bung, p| and B(F,G) in general. Nonetheless, we prove the following
description of the ﬁq—points of Bung r.

Theorem C. Bung p(F,) is naturally equivalent to the groupoid quotient
G(F ®]Fq Fq)/G(F ®Fq Fq),

where the action is given by Froqu -conjugation. Consequently, the set of isomor-

phism classes in Bung, p(F,) is naturally in bijection with B(F,G).

Theorem C mirrors a result of Anschiitz [4 Theorem 5.3] in the local setting.
Actually, we prove a generalization of Theorem C that fully describes the reduction
of Bung r; see Theorem The more general Theorem mirrors a result of
Gleason-Ivanov—Zillinger [32, Theorem 7.14.(1)] in the local setting.

Relation with shtukas. It turns out that Bung,y plays the role of Igusa stacks
[72] over function fields. Igusa stacks capture the geometry of Shimura varieties,
so let us recall the function field analogue of the latter. Let I be a finite set, and
for all 7 in I, let V; be a representation of the Langlands dual group G. Write V
for the representation X;c;V; of GT. Associated with I and V', there is a moduli
space Shtéyv of global shtukas bounded by V [69], which is a Deligne-Mumford
stack that is separated and locally of finite type over C.

There is also a local version of Shté’v. Let {I.}.cz be a partition of I, and for
all z in Z, write V, for the representation X,cr V; of GI:=. Associated with I, and
V., there is a moduli space LocShtéf’Vz of local shtukas bounded by V, [67], which
is a small v-stack over (Spd O,)’=.
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We prove the following function field analogue of Scholze’s fiber product conjec-
ture [72], Conjecture 1.1], which is the defining feature of Igusa stacks:

Theorem D. There is a natural cartesian square of small v-stacks

1 THT I,
(ShtG,v)<>|Hz€Z(spd oz)é; H (LOCShtG,Vz)Fq
z2€Z

locz
Bung,u H Bung, F,,
z€Z

where BL denotes the product of the Beauville-Laszlo maps (LocShtéf’Vz )Fq — Bung, F,
[25, p. 98], and mut is a function field analogue of the Hodge—Tate period map.

Actually, we prove a generalization of Theorem D that allows level structures;
see Theorem Previously, Hartl-Viehmann [38] studied a version of the period
map 7wyt for the function field analogue of Rapoport—Zink spaces.

Remarks.

1) Theorem D implies that Bung y encodes the function field analogue of Igusa
varieties; see Proposition[f.10] Because Igusa varieties associated with non-basic
elements of the Kottwitz set can be positive-dimensional in general, this explains
why we do not expect a natural bijection between |Bung, r| and B(F,G).

2) Gleason-Ivanov—Zillinger [32] Theorem 7.14.(2)] proved a natural description of
the F,-points of LocShtéf,Vz. By combining this description with Theorem C and
the aforementioned result of Anschiitz [4, Theorem 5.3], Theorem D immediately
implies the Langlands—Rapoport conjecture for moduli spaces of global shtukas
with arbitrary (in particular, colliding) legs. This generalizes results of Arasteh
Rad-Hartl [6, Theorem 3.21], who proved this when the legs are disjoint.

Relation with Langlands. In the local setting, Bung,r, plays a central role in
the Langlands correspondence for G over F,. For example, let A be one of Q,, Z;, or

Fy, and write D(Bung,r., A) for the associated derived category of étale sheaves
Associated with I, and V,, Fargues—Scholze [25] constructed a Hecke operator

Ty, : D(Bung,r,,A) = D(Bung, g, , A),

which they used to define the automorphic-to-Galois direction of the Langlands
correspondence for G over I, up to semisimplification.
Using Theorem D, we prove that applying Hecke operators to the object

locz)A € D (H BunGVFZ,A) = ® D(Bung r.,A)
2€Z 2€Z
recovers the cohomology of the moduli of global shtukas at infinite level. Write
TooZ - (Shté,V,OOZ)?q — Uﬁlq

for the moduli of global shtukas with infinite level at Z, which has an action of
G(Fz) = ]].c, G(F.), and write Sy for its intersection cohomology sheaf. Forth-
coming work of Eteve-Gaitsgory—Genestier-Lafforgue will endow 7o z1Sy with the
structure of a representation of the Weil group Wé on the level of derived categories.

2Strictly speaking, when A # F, we use (a base change of) motivic sheaves [65} [66]; see



COURBES ET FIBRES VECTORIELS EN THEORIE DE HODGE 2-ADIQUE GLOBALE 5

Theorem E. After restricting to [].., Wfl,i, we have a natural isomorphism
ooz, Sv =1 (Ty (locz 1 A)),

where i1 denotes the product of the natural open embeddings x/G(F,) — Bung .,
and Ty is the endofunctor Q,c, Tv, of @.c, D(Bung r,,A).

Remarks.

1) If one is only interested in Theorem E after taking cohomology groups, it suffices
to use work of Xue [71] instead of the forthcoming work of Eteve—Gaitsgory—
Genestier—Lafforgue. For example, this is the case for the next remark.

2) One can use Theorem E to recover all of the representation-theoretic results in

[54]; see Remark 2).

In light of Theorem E, it is natural to ask how to interpret locz A on the Galois
side of the Langlands correspondence. Write LS@ r, for the moduli of continuous G-
valued representations of W, over A [16] 25 [73], which is an algebraic stack locally
of finite type over A. When the order of mo(Z(G)%) is invertible in A, Fargues—
Scholze [25, Conjecture X.3.5] conjecture that there is a canonical equivalence

Ly, : D(Bung,p,,A) S 1Ind Dggh(LSG,FZ)Ni]p,

z

where Ind D, (LS5 . )Nilp is the derived category of ind-coherent sheaves on LS5
with nilpotent singufar support, and L, depends on the choice of a maximal unip,o—
tent subgroup N of G along with a generic continuous character 1, : N(F,) — A*.

The following conjecture was suggested by Scholze. Let v : N(A)— A be a

generic continuous character trivial on N(F'), and for all z in Z, take . = ¥|n(p,).

Conjecture F. Assume Fargues—Scholze’s conjecture, so that & Ly, yields

z€Z

&) D(Bung, ., A) = Q) Ind DL, (LS5 5 iy = Ind DI, (1] LSz 1. ) -
z€Z z€Z z€Z

Under this equivalence, locz 1A corresponds to resz,*(sté U), where LS@ U denotes

the moduli of continuous G-valued representations of Wy over A [73], and

resz : LSg ; — H LSz
zeZ

denotes the restriction map.

Remarks.

1) For U = C and A = Qy, Conjecture F specializes to asking for a natural isomor-
phism C.(G(F)\G(A)/G(0),Q,) = I'(LSg s wisg )5 see Example [6.11) Pre-
viously, Arinkin-Gaitsgory-Kazhdan-Raskin-Rozenblyum-Varshavsky [8] con-
jectured this, and recently Gaitsgory—Raskin [29] proved a weak version thereof.

More generally, we use Theorem E to prove that Conjecture F implies a con-
jecture of Zhu [73 Conjecture 4.49] after restricting to [] W{i ; see Proposi-
tion

2) Given the previous remark, we regard Conjecture F as the Langlands conjecture
for G over F when ramification is allowed at places in Z. This fulfills a suggestion
of Fargues—Scholze [26, §7] that the global Langlands conjecture ought to study
an object that encodes automorphic forms on Gy, for all b in B(F, G).

z€Z
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In the number field setting, Fargues [23] section 7] has already emphasized the
importance of studying the analogous object Ty A, though Shimura varieties
place severe restrictions on which b in B(Q, G) can appear.

3) Conjecture F fits well with the interpretation of Langlands as an isomorphism of
4-dimensional topological quantum field theories. In particular, it fits well with
the recent interpretation of relative Langlands as an identification of boundary
theories [9]; we will investigate this in future work.

4) For a version of Bung r adapted to the global Kaletha set [20] instead of B(F, G),
see Appendix C, written by Peter Dillery. This builds on work of Fargues [22],
who introduced a version of Bung,r, adapted to the local Kaletha set [19].

We conclude by proving Conjecture F in the commutative case:
Theorem G. When G is a (not necessarily split) torus, Conjecture F holds.

Proof sketches. We start with part of Theorem A. We prove that Bung  and
Bung,r are small v-stacks by locally choosing a Frobenius-splitting on U and an-
alyzing affinoid charts of U§", which reduces the problem to a v-descent result of
Scholze~Weinstein [67, Lemma 17.1.8] for vector bundles on perfectoid spaces.

Next, we turn to Theorem D. The S-points of (Sh‘cé,v)<> involve G-bundles on
the algebraic curve Cg, while one can glue in the analytic topology to show that
S-points of the fiber product in Theorem D involve G-bundles on the analytification
Cg". To reconcile this, we prove the following GAGA result in Appendix @

Theorem H. Let S = Spa(R, R") be a sousperfectoid space, and let X be a smooth
proper scheme over R. Then the analytification functor

{wector bundles on X} —{vector bundles on X§"
is an equivalence of categories.

Remark. While we were finalizing this paper, Theorem H was proved independently
by Wang [0, Theorem 4.3.1] along very similar lines; evidently, it is of independent
interest. For example, as an application we prove that algebraic stacks of Higgs
bundles agree with their analytification, answering a question of Heuer—Xu [40,
Remark 8.1.2]; see Theorem This was also proved independently by Wang.

Theorem H provides a lot of control. In addition to proving Theorem D, we use
it to prove Theorem C as follows. An [Fg-point of Bung ¢ involves a G-bundle ¢
on Ug;‘a?q (1797 equipped with a descent datum with respect to the diagram

SaLIrjfmq((tl/‘fx’))XFqSlf"(ﬁq((lﬁ”q”))XE,SPan((tl/“m))

an an

= USpa?q((tl/q“’))Xﬁqua?q((tl/qm)) = SpaFq((t1/4°)
A result of Gleason-Ivanov—Zillinger [32, Theorem 3.15] implies that the restriction
of 4 along Spa F, — U arises uniquely from a G-bundle on F,. The latter are all
trivial, so we can glue in the analytic topology to assume that U = C. Finally, we
can apply Theorem H and a result of D. Kim [48, Theorem 4.9] to conclude that ¢
arises uniquely from a G-bundle on Cﬁq.

We now turn to Theorem B. By proving a description of pro-étale &p-local
systems analogous to Kedlaya—Liu’s description [47, Theorem 8.5.12] of pro-étale
Qp-local systems, we show that Bung, p has a natural open substack isomorphic to

*/G(F). From here, twisting and Theorem C let us show that Bung r has an open
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substack isomorphic to the disjoint union in Theorem B. To prove that this is all
of Bung ., we use Beauville-Laszlo uniformization [25, Proposition I11.3.1] to lift
geometric points from Bung . to LocShtéz,Vz for some V,. Combining this with
Theorem D yields geometric points of Shtéyv, and we conclude using a standard
nonemptiness criterion for Shtlgyv. Similarly, we finish proving Theorem A by using
the charts provided by Beauville-Laszlo uniformization and Theorem D.

In an ideal world, Theorem E would follow immediately from Theorem D. For
A = Ty, one can successfully execute this using the étale sheaf theory of [63], but for
general A one has to compare the motivic sheaf theory of [65] with classical étale
f-adic sheaf theories for algebraic varieties. We develop some tools for facilitating
these comparisons in Appendix [B]

Finally, we prove Theorem G by using work of Langlands [52] on his conjectures
for tori T" to prove an explicit description of LSrp ;.

Outline. In I we study vector bundles on the global Hartl-Pink curve. In §2]
we use the Tannakian description of G-bundles to convert results from §1]into part
of Theorem A, part of Theorem B, and Theorem C. In §3| we introduce shtukas
and prove Theorem D. In §4] we use Theorem D to finish proving Theorem A and
Theorem B, as well as explain the relation with Igusa varieties. In we state a
forthcoming result of Eteve—Gaitsgory—Genestier—Lafforgue and prove Theorem E.
Finally, in §6| we discuss Conjecture F and prove Theorem G.

In Appendix [A] we prove Theorem H, which is used throughout the paper. In
Appendix [B| we prove basic results about the (overconvergent) motivic sheaves of
[65], [66], which we use in and Finally, in Appendix written by Peter
Dillery, we consider a version of Bung r adapted to the global Kaletha set.

Notation. Except for in Appendix all rings and stacks are classical (i.e. not
derived) unless otherwise specified.

By nonarchimedean field, we mean a topological field complete with respect to a
rank-1 nonarchimedean valuation. For any ring homomorphism A — B, write A™
for the integral closure of the image of A in B. For any scheme X and affine group
G over X, write Repx G for the category of representations of G in vector bundles
on X.

We view schemes as adic spaces via the fully faithful functor sending Spec A
to Spa(A,Z™) for all rings A, where A is endowed with the discrete topology [62]
p. 64]. For any adic space X over SpaZ,, write X ¢ for the associated small v-sheaf
over I, as in [67, Lemma 18.1.1].

Unless otherwise specified, all products are over F,. For any prestack X on

{affine schemes over F,},

write Frobyx : X — X for its absolute ¢g-Frobenius endomorphism, and write XPe'f
for its limit perfection. The transition morphisms for our ind-schemes are required
to be closed embeddings. Write Perf for the category of affinoid perfectoid spaces
over F,,, and for any small v-stack X over F,, write Frobx : X — X for its absolute
q-Frobenius endomorphism.

We view derived categories as stable oo-categories, and we view all functors
between derived categories as derived functors. Write Sym for the co-category of
presentably closed symmetric monoidal stable oo-categories.
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For any ring A, write D(A) for the derived category of A-modules, and write
Dperi(A) € D(A) for the full subcategory of perfect objects. For any derived
algebraic stack X, write Dgcon (X)) for its derived category of quasicoherent sheaves,
and write Dpe(X) € D(X) for the full subcategory of perfect objects. Write X¢!
for the underlying classical algebraic stack of X.

For any topological space X, write X for the associated condensed set as in [61]
Proposition 1.7].
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1. VECTOR BUNDLES ON THE GLOBAL HARTL-PINK CURVE

In this section, we introduce and study vector bundles on the global Hartl-Pink
curve. They are defined using analytifications, so we start by discussing the latter
in terms of adic spaces. For example, we prove v-descent for vector bundles on
analytifications. This entire discussion applies to any smooth scheme over [F,.

We then specialize to smooth curves U over F,, which are the main case of
interest in this paper. We prove a description of pro-étale &p-local systems in
terms of vector bundles on the global Hartl-Pink curve, analogous to Kedlaya—
Liu’s description of pro-étale Q,-local systems. Finally, we prove a vector bundle
version of Theorem C. o

1.1. Analytification has the following interpretation in the category of adic spaces.

Definition. Let X be a scheme. Let S be an adic space over X, and let Y be a
scheme over X. Write Y&", if it exists, for the fiber product ¥ x x S in the category
of adic spaces.

By replacing X and Y with affine open covers, the Spec-global sections adjunc-
tion implies that Y&" equals the “fiber product” ¥ x x S in the sense of [42] (3.8)].

1.2.  We will use the following generalization of [54, Lemma 4.4], which describes
the functor of points of analytifications without needing to sheafify in the analytic
topology. Let D be a noetherian ring. Let S be an adic space over D, and let Y
be a quasiprojective scheme over D.

Lemma. For all adic spaces Spa(A, AT) over S, morphisms Spa(A, AT)—Y§"
over S are equivalent to morphisms Spec A—Y over D.

Proof. Since D is noetherian and Y is quasiprojective over D, there exist finitely
many homogeneous polynomials fi,...,f; and g1,...,g9m in D[Ty,...,Ty] such
that Y is the locus in P4, where f,(Tp,...,T,;) vanishes for all 1 < a < [ and
av(T0, - .., T4) vanishes nowhere for all 1 <b < m.
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By the universal property of Y&", morphisms Spa(A4, AT) — Y§" over S are equiv-
alent to morphisms Spa(A, A7) =Y over D. The Spec-global sections adjunction
implies that the latter are equivalent to the data of a line bundle . on Spa(4, A1)
equipped with sections so,...,sq generating £ such that f,(so,...,sq) vanishes
for all 1 < a <1 and gy(so,...,Sq) vanishes nowhere for all 1 < b < m. Finally, [46,
Theorem 1.4.2] shows these are equivalent to morphisms Spec A—Y over D. [

1.3. The following lemma lets us compute the global sections of analytifications.

Lemma. Let Y = Spa(A, AT) be a smooth affinoid adic space over a monar-
chimedean field K, let Spa(R, RT) be an affinoid sousperfectoid adic space over
Spa K, and write (AQg R, (AT @ xo RT)™) for the base change of (K, K°) —(A, AT)
to (R, RY). Then Spa(ARkR, (AT ®xoR1)™) is a sousperfectoid adic space.

Proof. Since Y is smooth over K, [43] (2.2.8)] implies that there is a finite rational
open cover {Y;}7, of Y that are rational open subspaces of finite étale covers of
closed unit polydisks over K. For all 1 < i < m, write Y; = Spa(A;, A]"). Then
A;®k R is a rational localization of a finite étale algebra over R(Ty,...,Ty), so [67,
Proposition 6.3.3] shows that A;®@k R is sousperfectoid and hence strongly sheafy
as in [36, Definition 4.1].

Write (A;@kR, (A @xoRT)™) for the base change of (K, K°)—(A;, AF) to
(R, R*). Then {Spa(A;®x R, (A7 ®xeR*)~)}, is a finite rational open cover of

Spa(ARkR, (AT @x-RT)™),

and its associated Cech complex is obtained by applying —®x R to the Cech com-
plex associated with {¥;}7,. Because A is sheafy, the latter has cohomology A
in zeroth degree and 0 elsewhere. The exactness of —®KxR implies that the Cech
complex associated with {Spa(A4;@x R, (A @ ke R*)™)}™, has cohomology AR R
in zeroth degree and 0 elsewhere, so the result follows from [36], Corollary 4.5}8 O

1.4. We will analytify smooth varieties as follows. Let Y = Spec K[T1,...,Tq4]/I
be a smooth affine scheme over a nonarchimedean field K, and let S = Spa(R, R™)
be an affinoid sousperfectoid space over Spa K. For all pseudouniformizers w of
K, write Bg,  for the topological ring R(wT1,...,wTy)/I, and write B;w for the
integral closure in Bg » of the image of R™(wTy,...,@wTy).

Proposition. The pre-adic space Ys o = Spa(Bs w, B;{w) s a sousperfectoid adic
space. Moreover, Yi" equals ling Ys w, where w runs over pseudouniformizers of
K and the transition morphisms are open embeddings. Consequently, Y&" exists
and is sousperfectoid.

Proof. Write A for K{(wTy,...,@Ty)/I, and write AT for the integral closure in
A of the image of K°(wTi,...,wTy). Since Y is smooth over K, the affinoid adic
space Spa(A, AT) is smooth over K. Hence the first statement follows from Lemma
and (Bg, w, B;L’w) being the base change of (K, K°) —(A, AT) to (R, RT). The
second statement follows from the universal property of Y§". O

3While [36] works over Qp, the proof of [36] Corollary 4.5] does not use this assumption.
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1.5. Next, we specialize to smooth varieties over F,. Let Y = SpecFy[T4,...,Tq]/I
be a smooth affine scheme over Fy, and let S = Spa(R, R™) be an affinoid perfectoid
space over IFy. Any pseudouniformizer @ of R induces a morphism

S —SpaF,(w/17)).

By applying Proposition to Yg_ (w1/a>), We see that YE" exists and equals
U, Ys,w, where w runs over pseudouniformizers of R.

To prove v-descent for vector bundles on the analytification of Y, we use Frobe-
nius to construct the following natural perfectoid cover. Note that (Froby )% sends
St/
runs over non-negative integers and the transition maps are given by (Froby )g ".

Write BEL for BE 2™ [L]. Finally, write (Y&™)Pe"!, if it exists, for the limit Jim V"
in the category of uniform analytic adic spaces, where the transition maps are given
by (Froby)%".

Y wi/a t0 Ys . Write B;f”;erf for the w-adic completion of lim_ B where 1

Proposition. The pre-adic space Y§:,f = Spa(Bgfg,Bg?;f’+) is affinoid perfec-

toid. Moreover, Yé’j;f equals the fiber product Yg o Xyzn (Y;“)perf in the category

of uniform analytic adic spaces, so (Yah)Pert = (J_ Yg;f

Finally, the map Bs - — Bgirﬂf of topological Bg -modules splits.

exists and is perfectoid.

Proof. For the first statement, note that (B2 B;f,;zp,erf) is the colimit of

S,
{(Bs, 1/t By _yy0)}i

in the category of uniform Tate Huber pairs. Therefore [63, Proposition 3.5] in-
dicates that it suffices to check that Bge;f is perfect. Because S is perfectoid,
Frobg induces an isomorphism Yg , — Yg 1/4. Composing this isomorphism with
(Froby )§" : Yg 174 — Y5, yields the absolute g-Frobenius endomorphism, which
implies that Bge;f is indeed perfect.

For the second statement, the above shows that Y; f;f equals the limit @Z Ys,wl Jqi
in the category of uniform analytic adic spaces. The universal property of Y™ im-
plies that the square

(Froby )"
Ys,wl/q ” YS,w

(Froby )gn [

an an
—>
YS YS

is cartesian, so taking l&nz in the category of uniform analytic adic spaces yields
the desired result.

For the third statement, the smoothness of Y implies that Froby . F,[T1, ..., Ty]/I
is a finite projective F,[11,...,Ty]/I-module [I2] Lemma 1.1.1]7} Since Y is also
affine, [12, Proposition 1.1.6] shows that Y is Frobenius-split.

“While [12] works over an algebraically closed field, the proofs of [I2, Lemma 1.1.1] and [12}
Proposition 1.1.6] do not use this assumption.
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Note that the square

Frob}
F,[Ty,...,Ty)/T Y Froby . F,[Ty,..., T4)/T

l (Froby )g™" J’

BS,w BS,wl/q

is a pushout in the category of rings. Therefore applying —®g, (1, ..., 1,)/1 Bs,= to an
F,[T4,...,Ty]/I-module splitting of the top arrow yields a topological Bg -module
splitting of the bottom arrow. Finally, taking the completed colimit of {Bg _./4i }4

yields a topological Bg -module splitting of Bg o — Bgf;f ) O

1.6. We now prove v-descent for vector bundles on (open subspaces of) analyti-
fications. Let Y be a smooth scheme over I, and let Vs be an open subspace of
Y&". For all affinoid perfectoid spaces S’ over S, write Vs for the preimage of Vg.

Theorem. The presheaf of categories on Perfg given by
S" + {wvector bundles on Vs:}
satisfies v-descent.
Proof. By replacing Y and Vg with open covers, we can assume that
Y = SpecFy[Ty,...,Tq]/I

is affine and that Vg = Spa(A4, A™) is affinoid. Let S’ — S be an affinoid perfectoid
v-cover. Since Y&" = (J_ Ys o, we see that Vg lies in Yg o for some pseudouni-

formizer w of R. Write V¥ °f for the preimage of Vg in Yy ‘;f.
Let & be a vector bundle on Vs, with descent datum a with respect to

Vsixssxss = Vsrxgsr = V.

By Proposition pullback yields a vector bundle &’ on Vg?,crf with commuting
descent data o with respect to the adic spaces

perf perf perf
VS/XSS/XSS/QVS/XSS/jV/
and 3’ with respect to the affinoid pre-adic spaces
perf perf perf perf perf perf
Ve, XVS, VS’ XVs/V’,WHVS’ XVS/V/ jV/ .

Proposition indicates that the V(pf; are perfectoid, so [67, Lemma 17.1.8] en-
ables us to descend (£”,a) and (3,a) to a vector bundle & on Vsperf with descent
datum [ with respect to the affinoid pre-adic spaces

perf perf perf perf perf perf
VS X g VS Xy VS = VS X g VS = VS .

Finally, Proposition shows that the map Bg %B%fg of topological Bg -
modules splits, so the map A — A@Bswagffg of topological A-modules also splits.

Hence [68, Tag 08XA] and [68, Tag 08XD] enable us to descend (&, ) to a vector
bundle & on Vg, as desired. (]
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1.7. The Frobenius-invariants of global sections of analytifications are given as
follows. Write A for the global sections of Y, endowed with the discrete topology.

Proposition. The natural map A(S) — T'(Y§", ﬁySan)FrObg:l is an isomorphism.

Proof. By replacing Y with an open cover, we can assume that
Y = SpecF,[Ty,...,Ty]/I

is affine. Let {ey,}m be an F,-basis of A consisting of images of monomials. For
all pseudouniformizers w of R, this induces an identification ®MR e = Bs - via
sending T} to wT; for all 1 < i < d. Under this identification, Frob§ : By s — Bwa s
acts coordinatewise, so @, R™Ps=!.¢, ng;bgzl. Now [47, Corollary 3.1.4]

implies that Cont(|S|,F,) = R¥™P5=1 5o the quasicompactness of |S| shows that

A(S) = Cont(|S|, A) = Cont (|S\7@Fq ) g@Rmobgzl e

Finally, note that the global sections of Y&" are given by (1_ Bs,w, where @ runs
over pseudouniformizers of R. Therefore taking (7)_ yields the claim. a

1.8. Finally, we specialize to smooth curves over [F;, which are the main case of
interest in this paper. Let C be a geometrically connected smooth proper curve
over F,. Write F' for its function field, and write A for its adele ring. Let U be a
dense open subscheme of C, and write Oy for its ring of integral adeles. When U
equals C, we omit it from our notation.

For all closed points v of C, write F, for its residue field, fix an embedding
F, —>ﬁq over Fg, write O, for the completed local ring at v, and write F), for the
fraction field of O,. Let A, be one of {O,, F;,}. By applying [25, Proposition I1.1.1]
to SpaF, x S, we see that Spa A, x S is a sousperfectoid adic space.

We define vector bundles on the global and local Hartl-Pink curves as follows.

Definition.

a) Write Buny (S) for the category of vector bundles & on U§" equipped with an
isomorphism ¢ : & = Frobg &.

b) Write Bung(S) for the category lin, Bung (S), where U runs over dense open

subschemes of C.
¢) Write Buny, (S) for the category of vector bundles & on Spa A, x S equipped

with an isomorphism ¢ : & = Frob§ &.

Theorem [I.6] indicates that Buny satisfies v-descent. Proposition [I.7] implies
that the transition morphisms in b) are faithful, so Buny also satisfies v-descent.
1.9. Usually, the local Hartl-Pink curve for F, is defined using ¢%°¢v-Frobenius
instead of g-Frobenius. We now relate these two definitions. Write Xg p, for the
relative Fargues—Fontaine curve for F, as in [25] Definition 1.2.2].

Proposition. The presheaf of categories Buna, satisfies v-descent, and its base
change to Perfr, is naturally isomorphic to

g vector bundles & on Spa A, Xg, S equipped
with an isomorphism ¢ : & =5 (Frob&®v)* ¢ [~

5While [47} Corollary 3.1.4] is stated for ¢ = p, the proof applies verbatim for general q.
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Consequently, the base change of Bung, to Perfy, is naturally isomorphic to

S — {vector bundles on Xg p,}.

Proof. For the first statement, let S’ — S be an affinoid perfectoid v-cover. Then
SpalF, xS’ — SpalF, x S is also an affinoid perfectoid v-cover, so the first statement
follows from [67, Proposition 19.5.3]. The second statement follows from arguing
as in the proof of [54, Lemma 5.12]. Finally, the third statement follows from

Xs.r, = (SpaF, xw, S)/ Frobgegv . 0
1.10. Thanks to Artin—Schreier-Witt, Bunp, enjoys the following description.

Proposition. The presheaf of categories Bune, is naturally isomorphic to

S — {pro-étale O,-local systems on S}.

Proof. After replacing (—)[r] with —®p, F,[r], where 7 denotes a uniformizer of
O,, the proof proceeds as in [54, Proposition 3.7] and [54, Theorem 3.12]. O

1.11. The following relationship between vector bundles on the global and local
Hartl-Pink curves plays an important role in this paper. Write Z for the closed
complement C' ~\. U. For all closed points uw of U, we have a natural morphism of
adic spaces SpaO, — U, and for all z in Z, we have a natural morphism of adic
spaces Spa F, — U. Therefore pullback yields morphisms

loc, : Bunyy — Bunp, and loc, : Buny — Bung, .

Definition.
a) Write

loc : Buny — H Bunp, x H Bunp,

for the morphism induced by the {loc, }, and {loc,}., where u runs over closed
points of U, and z runs over Z.

b) Write Buny for the presheaf of categories lim, [[, Bunep, x [, Bung,, where U
runs over dense open subschemes of C.

¢) Write loc : Bung — Buny for the morphism obtained by taking ligU of a).

Proposition [[.9] implies that Buny satisfies v-descent.

1.12.  We will use the following lemma to reduce to the situation where PicU = 1.
Because U is Dedekind, PicU =1 if and only if all vector bundles on U are trivial.
Since U is a smooth curve, this implies that U is affine.

Lemma. There exists an open cover {C1,Ca} of C satisfying PicC; = PicCy =1
and hence an open cover {Uy,Us} of U satisfying PicUy = PicUs = 1.

Proof. The finitude of IF, implies that PicC' is finitely generated. Let .Z,...,.%,
be generators of Pic C, and let C; be a dense open subscheme of C' such that Z|¢,
is trivial for all 1 < i < g. Then excision for class groups implies that PicC; = 1.
Because C' \ (] is finite, weak approximation shows that the order-of-vanishing
map F'* — 79(CONC) g surjective, so for all 1 < ¢ < g, there exists a divisor D;
supported on C; such that .%; = Oc(D;). By taking Co = C ~\ J_, supp D;,
excision for class groups again implies that PicCs = 1. Finally, the analogous
statements hold for Uy = UNC; and Uy = U N Cs by excision for class groups. 0O
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1.13. We will use the following notion of local systems on S with coefficients in
Oy, which is local both in S and in U. For any & in QCoh(U), write & for the
constant QCoh(U)-valued sheaf on the site #pro.4¢ induced by &

Definition. A pro-étale Oy -local system on S is an Oy-module on the site Spro-¢t
that, locally in Spro-¢, is of the form & for some vector bundle & on U.

When PicU = 1, note that this agrees with the notion of pro-étale A-local sys-
tems, where A denotes the global sections of U endowed with the discrete topology.

1.14. We now prove a description of pro-étale &y -local systems in terms of vector
bundles on the global Hartl-Pink curve; this is the global analogue of a theorem of
Kedlaya-Liu [47, Theorem 8.5.12].

We say that an object in Bunpg, (S) has slope zero if, under the identification from
Proposition its image in Bung, (SpaF, x S) has slope zero Harder—Narasimhan
polygon as in [25, p. 74]. Note that this agrees with the usual notion when S lies
over F,,. Moreover, for all (&, ¢) in Bung o, (S), its image in Bung, g, (5) has slope
zZero.

Theorem. We have an exact tensor equivalence of categories

{pro-étale Oy -local systems on S} = { objects in Buny (S) whose image in }

Bung, (S) has slope zero for all z in Z
given by L = (L ®¢, Ovz, L @6, (Frobg!)*).

Proof. By replacing U with the open cover {Uj,Us} from Lemma [1.12] we can
assume that PicU = 1. Note that the above functor preserves tensor products and
duals. Hence taking internal homs reduces full faithfulness to proving that, for all
A-local systems L on S, the map

Homy (4, L) = Homg,,. ((Guge, (Frobg')*), (L ®©4 Ouge, L ®4 (Frobg')"))

is a bijection. By replacing S with a pro-étale cover and using Theorem we can
assume that . = A. Then the result follows from Proposition

For essential surjectivity, let (&, ¢) be an object in Bung (.S). By full faithfulness
and pro-étale descent, it suffices to prove that there exists an affinoid perfectoid
pro-étale cover S’ — S such that (&, ¢)|s is trivial. Since loc,(&, ¢) has slope zero
for all z in Z, |25, Theorem I1.2.19] yields an affinoid perfectoid pro-étale cover
S’ = Spa(R’, R't) — S such that, for all z in Z, the base change loc,(&, ¢)|s: is
trivial. Now {U&" }U{Spa O, x5’} is an open cover of C&, so we can glue (&, ¢)|s
with the trivial object in Bune, (S’) for all z in Z to obtain an object (&”,¢’) in
Bunc(S5”). Theorem[A.19|shows that (£”, ¢') is the analytification of a vector bundle
&8 on Cp equipped with an isomorphism ¢'?& : &/318 5 Frob%, &2, After
replacing Spec R’ with a clopen cover, [50, Lemme 3 du paragraphe 1.3] indicates
that (&'%!8,¢/?8) is isomorphic to (£2|p,idga ®p, (Frobp)*) for some vector
bundle £*# on C. Finally, PicU = 1 implies that &8|y is trivial. O

1.15. Let B be a perfect F,-algebra, endowed with the discrete topology. We
conclude this section by proving that, in many situations, vector bundles on Upg
are equivalent to vector bundles on “Uspa B”-



COURBES ET FIBRES VECTORIELS EN THEORIE DE HODGE 2-ADIQUE GLOBALE 15

What do we mean by “Uspqa 3”7 Note that Spa B((t'/9”)) — Spd B is surjective
and representable in perfectoid spaces, so we have a natural diagram of perfectoids

Spa B("/77) xspa 5 Spa B(#/1) xspa s Spa B(#/77)

" = Spa B((t"/97)) xspan Spa B(t'/97)) = Spa B((t'/7).

Theorem. Assume that each connected component of Spec B is a valuation ring.
Then analytification induces an exact tensor equivalence from

{vector bundles on Ug}

to vector bundles on Us;aB((tl/qoo» with descent datum with respect to

an
USpa B((t'/1%°)) X spa pSpa B((t'/1°°)) x spa BSpa B((t1/4°)

<**) an an

= Ugpa B((11/9% ) x spa 5Spa B(#1/9%) = Uspa B(t1/)-

Proof. For full faithfulness, let & and &; be vector bundles on Ug, write (&7, aq)
and (&, az) for the corresponding vector bundles on Uspa B(#1/2)) with descent
data with respect to @, and let f’ : & — & be a morphism of vector bundles
compatible with the descent data. By replacing U with an open cover, we can
assume that U = Spec A is affine. Write A = Fy[T4,...,T4]/I. For all affinoid

perfectoid spaces S = Spa(R, R") over Fy, Lemma shows that
Us1 = Spa(R(Ty,...,Ta)/I,(RT(Ty,...,Ta))™)

is an open subspace of U§". For all affinoid perfectoid spaces S’ over S, note that
the preimage of Ug 1 in U equals Ug 1, so restricting to Ugpa (t1/a>y),1 Yields

Uspa B(11/4%)) Xspa Spa B((t1/9% ) xspa 5Spa B((t1/47)),1

= Uspa B((11/4 )) xspa 5Spa B(#1/4%),1 = Uspa B(#1/a>Y),1-

Since [ is finitely generated, for all positive integers m, we have
B((ty " . YW, Ty )T = (BT, Ta) /) (. 807,
so taking global sections yields
(A@r, BY(1/ .67 67 = (Aer, BY(HT .67 = (Aer, B)(H).

Therefore [48, Theorem 4.9] indicates that the restriction of f’ to Ugya ps1/0>) 1
arises uniquely from a morphism f : & — & of vector bundles on Up. Since
morphisms of vector bundles on Ug" are determined by their restrictions to Ug 1,
this yields the desired result.

For essential surjectivity, let &’ be a vector bundle on Ug;‘a B(#1/4%) with descent
datum o with respect to @ For all z in Z, pullback yields a vector bundle &7 on
Spa F, x Spa B((t'/77)) with descent datum «, with respect to the evaluation of
Spa F,x(—) on (E), and applying [32, Theorem 3.15] and [32, Remark 3.14] to F, ®r,
B shows that (&7, «,) arises uniquely from a vector bundle &, on Spec FZ@)FqB.
After replacing Spec B by a clopen cover, [45) Theorem 6.1] indicates that &, is
trivial. Now {U{%)} U {Spa O, x (=)} is an open cover of C7Z), so we can glue

(6", @) to the trivial vector bundle on Spa O, x Spa B((t'/9”)) with descent datum
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with respect to the evaluation of Spa O, x (=) on (). This yields a vector bundle
&' on ngaB((tl/qoo)) with descent datum & with respect to

an
CSpa B(#1/9% ) xspa 5Spa B(#1/1) x spa 5Spa B(#1/4%)

= Cpa B(11/1) xspa nSpa B(11/4%) = Cspa p(a1/a=)-

Theorem |A.19| shows that this corresponds to a vector bundle &3 on O

B(t,/17)

with, for all positive integers n, a descent datum a,, with respect to

(x50 4) CB[[t}/‘I"" a9 M TN J ot 4D [t 8 Jtita) (1)t tats]

= Cpp/a™ /91 4n 1 a3 /0) 1 /tata] = OB/~

Let {Cy,C2} be an affine open cover of C. For all ¢ in {1,2}, write A; for the
global sections of C;, and note that A; is free over F,. Hence restricting (x x +) to
(Ch) BTy taking global sections, and taking @ yields

Ly n

A; @, B(t" /7 ) = Ay o, BT 17T = A or, B(H/T).

Therefore [A8, Theorem 4.9] indicates that the restriction of (@2’,&) to (Ci) ()1
arises uniquely from a vector bundle & on (Ci)p- Now {(C1)(—y,1,(C2) (=1} is an

~

open cover of CfZ) and {(C1)B,(C3)p} is an open cover of Cp, so (&”',&) arises

uniquely from a vector bundle & on Cp. Finally, restrict EtoU B- O

2. G-BUNDLES

In this section, we introduce G-bundles on the global Hartl-Pink curve. After
defining the moduli stack Bung,  thereof, we define its localization map to a product
of local moduli stacks Bung, r , which plays an important role in this paper. For
example, we use the localization map to define the global semisimple locus BunsGS’ F
in Bung, p. Using results from we prove part of Theorem A, part of Theorem B
(though we postpone the official statement of Theorem B to , and Theorem C.

2.1. Let G be a parahoric group scheme over C as in [57, Definition 2.18]. We also
write G for its base change to U, F, O,, or F, for any closed point v of C.

We have the following standard Tannakian description of G-torsors. Let Y be
a sousperfectoid space over C, and let ¢4 be an étale G-torsor on Y. For all V in
Repe G, write 4 (V) for the locally free Oy g-module & x (V ®4,. Oy ), which
arises uniquely from a vector bundle ¢4 (V') on Y by [47, Theorem 8.2.22 (d)].

Proposition. The above induces an equivalence of categories between

a) étale G-torsors on'Y,
b) exact tensor functors Repy G —{vector bundles on Y'}.

Moreover, when Y = Spa(T,TT) is affinoid, all étale G-torsors on Y are repre-
sentable by adic spaces, and the above are naturally equivalent to

¢) étale G-torsors on SpecT,
d) exact tensor functors Rep~ G —{finite projective T-modules}.

Proof. By [13, Lemma 3.1], O¢ is a filtered colimit of objects in Reps G. Hence
the result follows from the proof of [55, Proposition 6.10]. O
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2.2. We now define the stack of G-bundles on the global and local Hartl-Pink
curves. Let A, be one of {O,, F,}.

Definition.

a) Write Bung ¢ (S) for the groupoid of G-torsors ¢ on UE" equipped with an
isomorphism ¢ : ¢ = Frob§ 4.

b) Write Bung, #(S) for the groupoid liglU Bung 7 (S), where U runs over dense
open subschemes of C.

¢) Write Bung 4, (S) for the groupoid of G-torsors ¢ on Spa A, x S equipped with
an isomorphism ¢ : 4 = Frob§ ¢.

Using Proposition Theorem indicates that Bung ¢y is a v-stack. Proposi-
tion implies that the transition morphisms in b) are faithful, so Bung g is also a
v-stack. Finally, Proposition @ indicates that Bung, 4, is a v-stack, and the proof
of [25] Proposition III1.1.3] implies that all of these v-stacks are small.

2.3. Example. We claim that Bung ¢ is naturally isomorphic to the constant stack
over IF, associated with the groupoid

©) [T GatnGaa)/co),

acker! (F,G)
where ker! (F, G) denotes the kernel of the localization map

(locy)y : H'(F,G) = [ [ H'(F,., G),

and G, over F' denotes the inner twist of G associated with «. To see this, write
Bg for the smooth algebraic stack over F, of G-bundles on C. Then Theorem
identifies S-points of Bung,c with Spec R-points of the algebraic stack (Bg)¥°Psc
of Frobpg,-fixed points of Bg. By [69, Lemma 3.3 b)], the latter is naturally iso-
morphic to the constant stack over F, associated with the groupoid Bg(F,), and
[51, Remarque 12.2] identifies Bg(F,) with @ Since its automorphism groups are
finite, the claim follows from the natural equivalence (Spec R)gs; — Sts .-

2.4. In a manner analogous to Proposition the trivial locus in the stack of
G-bundles on the Fargues—Fontaine curve descends to our setting as follows. Write
Buna r, for the substack of Bung r,(S) whose S-points consist of objects such
that, for all geometric points 5 of S, its image in Bung, g, (5) is trivial. Consider the
morphism * — Bung,F, corresponding to the trivial object for all S, which factors
through a morphism *—>BunaFv. One can identify G(Fy) with * Xg,,1 P, 88

group v-sheaves, so descent yields a morphism */G(F,) — Buna F,-

Proposition. The substack Buné’Fv C Bung,p, is open, and x/G(F,) —>Buné’Fv
is an isomorphism. Moreover, Bung o, is naturally isomorphic to x/G(O,). Fi-
nally, the base change of Bung, p, to F, is naturally isomorphic to the stack of
G-bundles on the Fargues—Fontaine curve for F, as in [25, Definition I11.1.3].

Proof. After replacing (—)[r] with —®g, F,[r], where 7 denotes a uniformizer of
O,, the first statement follows from the proof of [25] Theorem III.2.4], and the
second statement follows from the proof of [54, Proposition 3.8] and [54, Theorem
3.12]. The third statement follows from Proposition O
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2.5.  The following localization maps play an important role in this paper. For all
closed points w in U and z in Z, pullback yields morphisms

loc,, : Bung iy = Bung,p, and loc, : Bung y — Bung,F, .
Definition.
a) Write
loc : Bung,uy — H Bung,o, X H Bung, F,
u z

for the morphism induced by the {loc, }, and {loc.}., where u runs over closed
points of U, and z runs over Z.

b) Write Bung s for the prestack lim, [, Bung o, % []. Bung,r, on Perfg,, where
U runs over dense open subschemes of C.

c¢) Write loc : Bung, g — Bung s for the morphism obtained by taking @U of a).

Proposition implies that the transition morphisms in b) are faithful, so
Bung, s is a small v-stack.

2.6. When studying Bung,y, one has the following mechanism for changing U.

Lemma. For all dense open subschemes U’ of U, the square

1
Bung,r 2, H Bung,o, X H Bung, F,

u z

J

1
Bung,pv NN H Bung,0,, X H Bung r,,

u! z!

is cartesian, where u runs over closed points of U', and 2z’ runs over C ~ U’.
Similarly, the square

1
Bung,u — H Bung,o, X H Bung, F,
u z

J

Bung s

Bung, r
15 cartesian.

Proof. Note that {U{"}U{Spa O, x S}, is an open cover of UZ", where ¢ runs over
U~ U’. Therefore the first statement follows from gluing, and the second statement
follows from taking li%mU, of the first statement. O

2.7. We use the semistable locus in the stack of G-bundles on the local Hartl-
Pink curve to define a global analogue as follows. Write Bung 5, (S) for the full
subcategory of objects in Bung, p, (S) whose image in Bung g, (SpaF, x ), under
the identification from Proposition lies in the semistable locus as in [25], Section
11.4.2]. Then [25, Theorem II1.4.5] implies that Bung 5 is an open substack of
Bung,r,, and the base change of Bung; . to F, equals the semistable locus as in
[25, Section I11.4.2).

Definition.
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a) Write Bung ; for the preimage of [[, Bung o, x [[, Bung . in Bung y under
loc.
b) Write Bung,  for the prestack ling, Bung ;; on Perfy, .

As in Definition [2.2lb), Bung r is a small v-stack. Since Bung ; C Bungy
is an open substack, we see that Bung » C Bung r is an open substack as well.
Proposition shows that Bung o, — Bung r, factors through Bung, . , so for all
dense open subschemes U’ of U, Lemma implies that the preimage of Bung)U,
in Bung ¢ equals Bung ;.

2.8. The stack of G-bundles on the global Hartl-Pink curve also has a trivial locus
in the following sense. Write BunaU for the substack of Bung,y whose S-points
consist of objects such that, for all geometric points 5 of .S, its image in Bung, i (3)
is trivial. Consider the morphism * — Bung iy corresponding to the trivial object
for all S, which factors through a morphism * — Buné’U. Proposition identifies
G(A) with * X, , * as group v-sheaves, so descent yields a morphism

x/G(A) — BunaU .

Theorem. The substack Bunb,U C Bung,y is open, and x/G(A) %BunéﬁU is an
isomorphism.

Proof. Let (¢, ¢) be an object in Bung 7(S). We claim that
{5 € 15| | the image of (¢,¢) in Bung y/(s) is trivial }
is an open subset of |S|. To see this, by replacing S with a pro-étale cover, we can
assume that S is strictly totally disconnected. Note that the above subset lies in
{5 € 15| | the image of (¥,¢) in Bung , (5) is trivial for all z in Z},

which is an open subset of |S| by [25, Theorem II1.2.4]. Therefore, by replacing
S with an open subspace, we can assume that the image of (¢, ¢) in Bung r. (3)
is trivial for all z in Z and geometric points 5 of S. For all V in Reps G, this
implies that the image of (¢(V),¢(V)) in Bung, (S) has slope zero for all z in Z,
so Theorem shows that (¢, ¢) corresponds to an exact tensor functor

Repy G —{pro-étale Oy-local systems on S}.

Let {Uy, Uz} be the open cover of U from Lemma For all ¢ in {1, 2}, write
A; for the global sections of U;, and write Ao for the global sections of Uy N Us.
Because PicU; = 1, rank-n Oy,-local systems are equivalent to GL,,(A;)-torsors.
Hence [25, Lemma II1.2.6] implies that &7,-local systems on S are trivial, so (¢, ¢)
corresponds to two exact tensor functors

{ Repe G —{finite free Q(S)—modules}}

K2

along with an isomorphism between them after postcomposing with
{finite free A;(S)-modules} —{finite free A;12(5)-modules}.

Since A; is discrete, we have Spec 4;(S) = Spec Cont(mo(|S]), A;) = 7o (|S]) x U;.
Therefore Proposition and gluing show that (¢, ¢) corresponds to an étale G-
torsor .# on mo(|S]) x U.

For all 5 in |S], note that [5| x U = lim (N x U), where N runs over compact
neighborhoods of the image of 5 in 7y (|S|), and the transition morphisms are affine.
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Therefore if 7|5y is trivial, then 7 |yxy is trivial for some compact neighbor-
hood N of the image of 5 in m(]S]). Hence the image of (¢, ¢) in Bung y(N) is
trivial, where N denotes the preimage of N in S. As § varies, this yields the claim.

The claim yields the first statement. For the second statement, the above shows
that * — Bunlc’U is a pro-étale cover, so descent yields the desired result. g

2.9. Let us recall some notation on the Kottwitz set. In this subsection, we work
over SpdF,. Let K be one of {F,F,}, write B(K,G) for the Kottwitz set as in
[49, Subsection 10.2], and write B(K, G)pasic for its subset of basic elements as in
[49, Definition 10.2]. For all b in B(K, G), write G, for the associated connected
reductive group over K as in [49, Subsection 2.6]. Write loc, : B(F,G) — B(F,,G)
for the localization map as in [49, (10.7)], and recall that B(F,G) is naturally
isomorphic to the set of Froqu—conjugacy classes in G(F ®r, Fq) [44, Theorem
12.2].

Similarly to the local setting [25, Corollary I11.4.3], in the global setting we can
pass between the trivial locus and other basic loci by twisting as follows. Let b
be an element in G(Ug ) whose image in B(F,G) is basic. Write Bunl&U for the
substack of Bung iy whose S-points consist of objects such that, for all geometric
points 5 of S, its image in Bung ¢/(3) is isomorphic to (G, (Frobg')* o b). Twisting
G by adb over UFQ yields a parahoric group scheme G} over U, and because b is
basic, [33], (5.2)] shows that the generic fiber of G}, agrees with the above notion.

Proposition. This induces a natural isomorphism Bung,u gBunGb’U such that
the image of BunaU equals Bunébﬂ.

Proof. For all objects (¢, ¢) in Bung y(S), we have a natural isomorphism
Isom (¥4, G) = Isom(Frobg ¢, Frob§ G) = Frobg Isom(¥, G),

where the left arrow denotes precomposing with ¢~! : Frob ¥ =% and postcom-
posing with (Frobg')* ob: G5 Frob% G. Since (Gy)v. = Gy and we work over
q q

Spd F,, we see Isom(—, G) induces the desired isomorphism Bung, ;7 = Bung, 7. O

2.10. For any small v-stack X, write X*4 its reduction, i.e. the perfect v-stack
given by Spec B — Hom(Spd B, X)) for all perfect Fj-algebras B [31, Proposition
3.7]. We conclude by proving the following generalization of Theorem C.

Theorem. The perfect v-stack BunréfiU over F, is the v-sheafification of

(*) Spec B { G-torsors 4 on Up equipped with }

an isomorphism ¢ : 9 = Frobp 4

Moreover, when each connected component of Spec B is a valuation ring, no sheafi-
fication is needed.

Proof. By using [11, Lemma 6.2] and taking perfections, we see that Spec B as in
the second statement form a basis for the v-topology on {affine perfect schemes}.
Hence it suffices to prove that the restriction of BuanCfiU to such Spec B is naturally
equivalent to . Because Spa B((t'/9)) — Spd B is surjective and representable
in perfectoid spaces, this follows from Proposition [2.1] and Theorem [I.I5 (]
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3. SHTUKAS AND THE FIBER PRODUCT CONJECTURE

Our goal in this section is to prove Theorem D. First, we recall the algebraic
stack of global shtukas, and we prove that its associated v-stack takes a simple
form. Next, we recall the v-stack of local shtukas. Finally, we define the function
field analogue of the Hodge—Tate period map, and we prove Theorem D.

3.1. We start with some more notation concerning G over F'. Fix a separable clo-
sure F of F, and write W for the associated absolute Weil group of F. Then global
class field theory yields an isomorphism F*\AX 5 Wf;b that sends uniformizers to
geometric Frobenii. Let 7' be a maximal subtorus of G over F, let B C G be a
Borel subgroup containing T, and write X (T') for the associated set of dominant
cocharacters of T. Write 71 (G) for the cocharacter group of T quotiented by the
subgroup generated by the coroots.

3.2. Let us recall the stack of global shtukas. Let I be a finite set, and let p, =
(pi)ier be in X (T). For all 4 in I, write C; for the normalization of C' in the field
of definition of p;. For all affine schemes Spec B over F, and morphisms

x : Spec B— ()}

over F,, write I'; C Cp for the graph of the corresponding morphism Spec B —C
over F,. Let IV be a finite closed subscheme of C, and write V; for the preimage of
Definition. Write Shté’m’N M., ci~n, for the prestack on {affine schemes over F,}
whose Spec B-points parametrize data consisting of

i) for all 4 in I, a morphism z; : Spec B — C; \ N; over F,

ii) a G-torsor 4 on Cp,
iii) an isomorphism of G-torsors

¢ : g|CB’\EieI F%‘ :> FI'Ob*B g|cB\EiEI in
whose relative position along {T';, };cs is bounded by e,

iv) an isomorphism of G-torsors v : ¢|x, — G such that the square

glNB % FI‘Ob*B g|NB

lw lw
(Froby)~!

G———— Frobp G

commutes.

Write Shté’,ouhN |Hiel c;~n,; for the open substack of Shté,N"N |Hi€1 Ci~nN; Whose
Spec B-points consist of ({z;}icr, ¥, ¢,1) such that the isomorphism ¢ has relative
position along {T';, }scr equal to fie.

Recall that ShtIG’ o, N | [Tics CinN; is a Deligne-Mumford stack that is separated
and locally of finite type over [[,.; C; \ N; [54, Proposition 5.6], and its open
substack Shté’fuhN |1_L:61 ¢,~n; is smooth over [],.; Ci . N;.

For all finite closed subschemes N’ O N of C, write K ﬁ for the kernel of
G(On) = G(ON). Recall that Shtg . n |11, ¢oon: = ShtG v T, €y s fi-
nite Galois with group KY [54, Proposition 5.5].
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3.3. For convenience, we package the Harder—Narasimhan stratification for global
shtukas into a single parameter ¢ as follows. By [B, Proposition 2.2(b)], there exists
an SLy,-bundle 7 on C along with a closed embedding ¢ : G*! — Aut(#) of group
schemes over C such that Aut(?)/G?? satisfies [5, (2.1)]. Let t be a positive integer.

Definition. Write Shté’it. N |1—[i61 c;~n, for the open substack of

I
ShtG,u,.,N |Hi€1 C;~N;

whose Spec B-points consist of ({z;}ic1,%,®,1) such that the SLj-torsor ¢, (424)
on Cp has Harder-Narasimhan polygon bounded by #2pV, where 2p¥ denotes the
sum of positive coroots in SLy,.

Recall that, when deg N is large enough, Shté:%t. N |1—[i61 ¢;~N; is a disjoint union

of quasiprojective schemes over [[,.; C; ~ N; [564, Proposition 5.6].
3.4. We now convert the moduli of global shtukas into a v-stack.

Definition. Write (Shté#hN |1—Iiezc1i\Ni)O and (Shtéfth e, c.n,)¢ for the

prestack on Perfr, whose S-points are given by

(Sht€ puu. v I1T,e; oo, )(R) and (ShtgS, v I, ooons) (B,
respectively.

3.5. Proposition.
1) When deg N is large enough, (Shté’%t. N oo, equals (—)° of the adic
0, e i
space Shtg . n [[1,., ci~n, over Fy.
2) For any increasing family {Ny}o>1 of finite closed subschemes of C such that
deg N, — o0 as a — oo, the morphism

. I . O
@(ShtG,u.,Na ‘Hiel Ci\(Na)i)Q — I&H (H C’L' N (Na)i)
a>1 azl qer
is separated, representable in locally spatial diamonds, and locally of finite dim. trg.
3) The prestack (ShtIG”u,.,N M.e, o,,)% is a small v-stack,
I,<t I
(ShtG,_u.,N |Hi€1 Ci\Ni)O < (ShtG,u.,N |Hi€1 Ci\Ni)o
is an open substack, and for all finite closed subschemes N' D N of C,
I I
(ShtG,H-’N' |H7‘,51 Ci\Nz{)O _>(ShtG7Mo,N |H7’,EI Ci\Nz{)Q
is finite Galois with group KII\\,//.
Proof. Part 1) follows from Lemma and For part 2), it follows from part
1) that, for all positive integers ¢, the morphism
. I1,<t . o
Wm (Shtg o, v, IT,e, Con(Va).)® = lim (H Ci~ (Na)i)
a>1 a>1 jer
is separated, representable in locally spatial diamonds, and locally of finite dim. trg.
Recall that Shté,uhN |1_L-€1 ¢;~N; is the increasing union UtZl Shté’fth |1—[i61 CinN; -

. . I,<t . I
Since the preimage of Shtg— v |1—L-ez c,~N7 in Shtg o\ |1—[i€I o~ N/ equals

I,<t
ShtG,H-yN’ |Hi€1 CinN|

and (—)® preserves open embeddings, taking Ut21 yields the desired result.
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For part 3), let v be a closed point of C~\.N’, and let ¢ be a positive integer. For all
positive integers m, combining the natural equivalence (Spec R)set 5 Sger with

implies that S-points of (Shtélit.w |1-[,iEIci\(N+v)i)<> parametrize KJJ\\,”“m”—torsors

S’ on S equipped with a K ]]VV+m”—equivariant morphism

' 1,<t o
S —>(ShtG7NNN+,,w |Hi61 Ci\(N‘F'U)i) :

By letting m be large, part 1) indicates that (Shté’ithN |H1‘,€I Cin(N40);) " is & small

v-stack, the morphism
I,<t I,<t
(ShtG,u.,N/ |Hi€1 Ci\(N'+U)i)<> %(ShtG,/L.,N |Hi€1 Ci\(N/+U)'i)<>
is finite Galois with group K% /, and varying ¢ yields open embeddings. Hence taking
U;>1 shows the desired statements after restricting to [[;c; Ci \ (N +v);. Finally,
because [],.; Ci \ N; is covered by open subspaces of the form [],.; Ci ~ (N 4v);,
taking |, yields the desired result. [

3.6.  Conversely, we can recover the moduli of global shtukas (up to perfection)
from its associated v-stack:

Corollary.

1) When N is large enough, (Shté:ithN |1—he1 o,n,) 4 is naturally isomorphic to

the perfect scheme (ShtéithN |1—Iiel c,n,)Pet over .

2) The perfect v-stack (Shté7p.,N 11, con: )04 is naturally isomorphic to

i€l

(Shté7u.,N |HiEI C’i\Ni)pcrf.

Proof. For part 1), Proposition 1) shows that (Shté’fth |HiEI o) equals

(—)¢ of the adic space (Shté’ithN M., o, )Pt
result follows from [31, Theorem 2.32].

For part 2), let v be a closed point of C. For all perfect Fp-algebras B, the
functor Spd induces a natural equivalence (Spec B)se; —(Spd B)gs, [48, Corollary

5.4], so Proposition 3) implies that, for all positive integers m, the Spec B-points
I,<t

of (Shtc,unN |HieI Ci\(N+U)i)<>7red

equipped with a K 11\\,/ +TMY_equivariant morphism

over [F, "l Therefore the desired

parametrizes Kﬁ+m”—torsors Spec B’ on Spec B

I1,<t ,
Spec B/ %(ShtGﬁu.,Nerv ‘Hfzel Ci\(N+U)’7)<> red'

By letting m be large, part 1) and@ indicate that (Shté’it“N |1—L_€I ci\(NJrv)i)O’md

is naturally isomorphic to (ShtéithN ‘Hiel Ci\(N_H})i)perf. Finally, taking (J, U7521

yields the desired result. (Il

3.7. Next, let us recall the moduli of local shtukas. For all closed points v of C,
fix a separable closure F,, of F,, and write W, for the associated absolute Weil
group of F,. Write C, for the completion of F,. Fix an embedding F — F, over
F — F,, which induces a homomorphism Wgr, — Wg.

Let {I.}. be a partition of I, where z runs over Z. For all z in Z, write p, for
the projection of ye to X (T)=, and for all i in I., write z; for the closed point
of C; over z induced by F — F . For all affinoid perfectoid spaces S = Spa(R, R*)

6We warn that this is not glued from Spa B as Spec B runs over affine open subspaces of the

perfect scheme (Shté’it. N |H1ez Ci\Ni)pcrf. Instead, this is glued from Spa(B,Z").
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over F, and morphisms z : § = SpaO,, over F,, write I';, C Spa O, xp_ S for the
graph of the corresponding morphism S — Spa O, over .. Write [ ], 1. Spa 0, for
the product of the SpaO,, over F,, and write Hielz Spa F,, for the product of the
Spa F,, over F,. Let n, be a positive integer.

Definition. [1

a) Write LocShtéf’#z |Hie[ spd 0., for the prestack on Perfp, whose S-points pa-
rametrize data consistirzlg of
i) for all ¢ in I., a morphism z; : S — Spa O, over F,,
ii) a G-torsor ¢ on Spa O, Xp_ S,
iii) an isomorphism of G-torsors

. ~ deg z\
¢ GSpa0.xs, S ,e;. Tay, 7 FIODGE ) G 5p0 0, 0 s 5,0, T,
whose relative position along {I'y, }icr. is bounded by pu.,

b) Write LocShtéiuz,nz I[1,.,. spa F., for the prestack on Perfr, whose S-points pa-

rametrize data consisting of an S-point ({x; }icr., ¥, @) of LocShtéz,uz I
equipped with
iv) an isomorphism of G-torsors ¢ : 4|, _.x, s —+ G such that the square

icl,

i€l Spd Fz,

(P)ns=
gglnszFzS _— (FrObgegz)*g|nzz><FzS

(Frobg)~ des=

G G

commutes.

Write LocSht /s ° |Hi612 Spd F, for the open substack of LocShtéiM“m T

Gpiz,nz iel,
consisting of ({x;}icr.,¥, ¢,1) such that the isomorphism ¢ has relative position

along {T';, }icr. equal to .

Spd F.,

i

Using [67, Proposition 19.5.3] and the proof of [25, Proposition 111.1.3], we see

that LocShtéf’MZ .., spd 0., and LocShté{Hzmz .., spd F., are small v-stacks.

il i€l

3.8. In the local and global settings, shtukas induce bundles on the Hartl-Pink
curve in the following way. Recall that choosing a uniformizer of O, identifies
Spa O, xp, S with the open unit disk over S. For all objects ({z;}icr., ¥, ) in

(LocShtéz,uz |1—Iie12 spdo.,) (),

the quasicompactness of |S| shows that there exists a closed disk D C Spa O, xy_ S
over S centered at the origin such that D contains I'y, for all ¢ in I,. Hence
¢ restricts to an isomorphism ¥|spa 7. xs. S<D Q(Frobgeg “)'Y|spaF.xs. 5D Via
continuation by Frobenius and Proposition [2.4] this corresponds to an object in
Bung, r, (S), so altogether this construction yields a morphism

LocShtéz,Mz I

ier. Spd O, — BunG’FZ .

"This definition does not agree with the notation in [54], for which we apologize. This definition
is the one that should be denoted by LocSht, since it parametrizes local shtukas. The definition in
[64] additionally parametrizes a framing (up to isogeny), so it is akin to a Rapoport—Zink space.
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Write [T;c;Spa O, for [1.c, (I;er. SPa0.,), and write [;c; SpaO., for its

open subspace ([[;c;SpaO.,) x11,_, ¢, (ITic; Ci \ Ni). Form the fiber product

(Shté,u.,N |Hf€1 Spa O, )0 — HO Spa Ozi

el

(Shté,/L.,N |Hi€1 Cri\Ni)o — (Hcl ~N Nl)o
el

By arguing as above for all z in Z, we also obtain a morphism
I
(Shtg .y, 115, SP2 0., )¢ = Bung,vr -

3.9. We now describe the analogue of the Hodge—Tate period map for global
shtukas. Write n, for the multiplicity of v in N, and write K'v for the kernel
of G(0,) = G(0,,). Write LocShtg, .. v |[e_, spao., for the product

I I
H LOCShth,lJz |Hi€12 Spd O, X H LOCShth,Mz’nz |H'i€Iz Spd F%, >

2€Z z2€EZ
n.=0 ny>1

and write Knyny for the kernel of G(Oy) — G(Onnv).
Let ({x;}ic1, ¥, ¢,1) be an object in (Shté’m,N e, SpaOZi)O(S). For all z in
Z, arguing as in the proof of [54] Lemma 5.12] shows that
({mitier., Y spac., dlspac.)

corresponds to an object in (LocShtgHz \l—[igz Spd oZi)(S). If n, is positive, then
()n.» corresponds to a lift of this object to (LocShtéiMsz ‘Hie[z spdF. )(S), so
altogether we obtain a morphism
I I
(ShtG,u--,N |1‘[§’€I Spa 0, )O - LOCShtG,y.,N |1‘[;’e, Spd O,
over er ;1 5pd O;,. For all closed points u of U, Proposition indicates that

(Ylspa 0, Plspac,)

corresponds to an object in (x/G(O,))(S). If u lies in N, then (¢),,. corresponds
to a lift of this object to (x/K)(S), so altogether we also obtain a morphism

(Shté,u.,zv T, Spao., )¢ —*/Knnu-
3.10. Finally, we arrive at Theorem D.

Theorem. The square of small v-stacks

(Shté,u.,N ‘H?ez Spa 0., )O _— */KNOU X LOCShtéM.,N |HSEI Spd 0.,

\ J

Bung loc *x/G(Oy) x H Bung, p,
z2€Z

15 cartesian.
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Proof. For all z be in Z and closed disks D, C Spa O, xy, S over S centered at the
origin, write DY for the closed subspace
[I Frobg"(D.)C [ Spa0. xp.,S5Spa0. xS,
r€Z/deg z re€Z/deg z
where Spa O, X, S denotes the product of Spa O, and

3

F‘robFZ
S —— SpaF, —= SpaF,

over I, and the isomorphism is from [54], Lemma 5.11]. Then
{vg~ U b} uispa0. x }.ez
z€Z

is an open cover of C%", so we can glue an object in Bung,y(S) to an object in
(x/Knau X LocShté’uhN IITs., spd 0., )(S) to obtain

i) an S-point {z;}ics of [];c; Spa Oy,

ii) a G-torsor ¥*" on C%",
iii) an isomorphism of G-torsors

¢an : %|an\z
whose relative position along {T';, }ics is bounded by p,,
iv) an isomorphism of G-torsors ¢*" : 4" |yan 5 G such that the square

~ * an
ier Ty - FrObS £4 |C§n\ziel Ta;

(™)~
@an |N§“ E— Frob§ @an |N§,“

lwan J{wan
(Frobgh)*

G——51 L, TFrobG

commutes.
Finally, Proposition [2.I] and Theorem [A719] show that the above corresponds to an

. . T
object in (Shtcyﬂ.’N ‘H?gspa Ozi)0(5)~ O

4. GEOMETRIC CONSEQUENCES

In this section, we harvest some of the fruits of Theorem D. We start by deducing
an algebraic analogue of Theorem D via taking reductions, and we explain how
this implies the Langlands-Rapoport conjecture for global shtukas. Next, we use
the charts provided by Theorem D and Beauville-Laszlo uniformization to prove
Theorem A and Theorem B. Finally, we conclude by explaining the relation with
Igusa varieties.

4.1. For all z in Z, write Hielz z; for the product of the z; over F,. Let us recall

the following algebraic analogues of Bung, r, and LocShtéfv fe |H'LEIZ Spd 0., -

Definition.

a) Write #socq, p, for the prestack on {affine perfect schemes over IF/g} whose Spec B-
points parametrize data consisting of G-torsors ¢4 on Spec F.®r, B equipped
with an isomorphism ¢ : ¢4 = Frob} ¢.

b) Write focShté?’ " ‘Hielz ., for the prestack on {affine perfect schemes over F.}
whose Spec B-points parametrize data consisting of
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i) for all 4 in I,, a morphism x; : Spec B — z; over F,,
ii) a G-torsor 4 on Spec O, &, B,
iii) an isomorphism of G-torsors ¢ : 9| . F.8:.B Q(Frob%egz)*%bpec F.8:.B
whose relative position along {I'y, };cr. is bounded by p.,

Note that [45] Proposition 5.9] and [1I, Remark 4.2] imply that #socq r, and
focShtIGZ}HZ ‘Hielz », are perfect v-stacks.
4.2. Write [[;c; 2 for [[.c, (HieIz z;). By taking reductions, we recover the
following algebraic analogue of Theorem [3.10

Theorem. Assume that N and Z are disjoint. Then there is a natural cartesian
square of perfect v-stacks

(Sht; ., v Mo, 2P —— /Ky X H focShtéf,uzh—[

z€EZ
red

Bungy —————%/G(0yp) x H Fsocq, F, -
2€Z

iely %i

Proof. Because (—)™Y preserves limits, base changing the top arrow of Theorem
to [T,c; 2 and taking (=)™ yields a cartesian square of perfect v-stacks.
The classifying stacks are preserved by [48, Corollary 5.4], the top left is identified
by Corollary 2), the top right is identified by [32] Theorem 7.14.(2)], and the
bottom right is identified by [32] Theorem 7.14.(1)]. O

4.3. Remarks.
red

1) By evaluating Theorem [4.2{on F, and using the description of BunG7U(Fq) from
Theorem we immediately deduce the Langlands—Rapoport conjecture for
moduli spaces of global shtukas with arbitary (in particular, colliding) legs.

2) If one takes the v-sheafification of as the definition of BuanefiU, one can
directly prove Theorem using Beauville-Laszlo gluing. However, without
using Theorem [2.10} it is unclear why no sheafification is needed when evaluating
Bung}fiU on Spec B for which each connected component is a valuation ring.

4.4. Next, we recall some facts about affine Grassmannians. For the rest of this

paper, we work over F,. For all z in Z, write Grg for the Bygr-affine Grassman-

nian over Spd F, as in [67, Definition 20.2.1] When I, = {i} is a singleton, recall

from [67, p. 184] the closed affine Schubert variety Grg,p. |gpq i, in Grglg,q i,

and the open affine Schubert variety Gre; ,_ lspa F. in Gra,u. [gpq P The proof of
[67, Proposition 23.3.1] shows that Gre . |gpq i, is naturally isomorphic to
lim LocSht G, lspa 7. -

Pl G,pz,
>

3

SWhile [67] works over Qp, the definition of the Byr-affine Grassmannian and its basic prop-
erties hold over any nonarchimedean local field. Indeed, this is implicitly used in [25].
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The proof of [25, Proposition VI.2.3] implies that
GrG |Spa(Cz = U GrG,uz |SpaCz7
w-€XI(T)

[25, Proposition IIL.3.1] indicates that the natural morphism Grg |g, . — Bung,r,
is surjective in the pro-étale topology, and the proof of [25, Theorem IV.1.19] shows

H (Grauz |Sp(“52i)/G(Fz)%Bung,pz x Spd F,
p=€XF(T)

is a v-cover that is separated, representable in locally spatial diamonds, and coho-
mologically smooth.

4.5. Write locz : Bung,y —]].c, Bung r, for the morphism (loc.).ecz, which
plays an important role in §5| and It enjoys the following finitude properties.

Proposition. When Z is nonempty, locz : Bung,u — [[.c, Bung,r, is compacti-
fiable, representable in locally spatial diamonds, and locally of finite dim. trg. Con-
sequently, Bung y is an Artin v-stack.

When Z is empty, Exampleshows that locy : Bung ¢ — * is not representable
in locally spatial diamonds but that Bung ¢ remains an Artin v-stack.

Proof. Let m be a positive integer. In Theorem [3.10} take I, = {i} to be a singleton
for all z in Z, and take N to be mZ. Then taking l'&nm>1 yields a cartesian square

. I .0 S 13 I .
@1 (ShtG7NumZ |Hie[ Spa in ) @1 LOCShtG7NumZ |Hie[ Spd Fz%
m>1 m>1
J locyz
Bung,u H Bung,F, .

z€Z

Proposition [3.5/2) indicates that l'&anl(Shté,MhmZ \Hig Spa ., )¢ is a locally spa-
tial diamond that is separated and locally of finite dim. trg (}ver [I;c; Spd F;,. By
and [67, Proposition 20.2.3], we see that Y&anl LocShtg . 1z |H7‘,el Spd 7, 18
also a locally spatial diamond that is separated and locally of finite dim. trg over
[I;c; Spd F%;, so the top arrow is separated, representable in locally spatial dia-

monds by [63 Proposition 13.4 (ii)], and locally of finite dim. trg.
Next, implies that the morphism

. I
H I&n LOCShtG,u.,mZ |Hz€Z SpaC, — H Bunapz
‘U'anj(T)I m21 2€Z

is surjective in the pro-étale topology. Hence the bottom arrow is separated by [63]
Proposition 10.11 (ii)], representable in locally spatial diamonds by [63, Proposition
13.4 (iv)] and locally of finite dim. trg, as desired.

Finally, [25, Proposition IV.1.8 (i)] and [25, Theorem IV.1.19] show [ ], , Bung,r,
is an Artin v-stack, so the same holds for Bung 7 [25, Proposition IV.1.8 (iii)]. O
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4.6. At this point, we can finish the proof of Theorem A. For any finite set @ of
closed points of C, write Og for HUEQ O,, and write Fg for HUEQ F,. Write 2p in
X*(T) for the sum of all positive roots, and write d,,, for >, (2p, u1s).

Proposition. The Artin v-stack Bung y is cohomologically smooth over Sdeq,
and its dualizing complezx over Sdeq with Fy-coefficients is isomorphic to Fy.

Proof. When Z is empty, this follows immediately from Example When 7 is
nonempty, take I, = {i} to be a singleton for all z in Z. Then[d.4and the cartesian
square from the proof of Proposition induce a cartesian square

[ i (b, s I, spn e )0] /€2 —— | T] Gre Ispar, | /CF2)
ze€Z

Bung,y H Spd in locz H (BUHG,FZ x Spd F‘z)
z2€Z z€Z

IE

1

%

Now indicates that f is separated, representable in locally spatial diamonds,
and cohomologically smooth, and the proof of [25, Theorem IV.1.19] indicates that
f'Fy is isomorphic to Fy(d,,)[2d,,]. Hence the same holds for g and ¢'F,.

Because Shté:mmz ‘Hiel ¢;~z, is smooth over SpecF,, Proposition implies
. I,0
(0) { W (Sht 1z |Hiel spapzl,)o} /G(FZ)
m>1

admits a separated, representable in locally spatial diamonds, and cohomologically
smooth v-cover from a locally spatial diamond V such that V' is cohomologically
smooth over Sdeq. Moreover, the proof of [I5, Lemma 8.3.4] shows that the
dualizing complex of @ over [[,c;Spd in with Fy-coefficients is isomorphic to
]Ff(du. ) [2du. J-

Next, @ implies that the morphism

H [ lim (Shté,ou.,mz |1_L-ez Spa I, )O} /@—)Bung,y X H Spd F.,
peeX(myr M1 22

is a v-cover. Therefore the above shows that Bung y x [], ., Spd F., is cohomolog-
ically smooth over [],., Spd in and that its dualizing complex over []__, Spd in
with Fy-coefficients is isomorphic to Fy. By [25, Proposition IV.1.8 (ii)], this implies
that Bung ¢ is cohomologically smooth over Spd F,, and by [63, Theorem 19.5 (ii)],
this implies that its dualizing complex over Spd F,, with F,-coefficients is isomorphic

to Fg. |

4.7.  We will use the following analogue of (perfect) Igusa varieties for shtukas. For
all z in Z, let b, be an element in B(F,,G), and write b, for (b.).cz.

Definition. Write Igzg for the prestack on {affine schemes over Fq} whose Spec B-
points parametrize data consisting of

i) a G-torsor ¢4 on Ug,

ii) an isomorphism of G-torsors ¢ : 4 = Frob}, ¢,
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iii) for all z in Z, an isomorphism of G-torsors ¢, : ¥|g .. p. 5, p— G such that

(¢deg z )Fz deg .
g|SpeC F.&,B 7 (Frob%*%) g|Spec F.®. B

|+ |+
(Frob})~ 48 =0b,

G G

commutes.

For any jte = (p12).cz in X} (T)%, write Igla#. for the closed subprestack of Igzg
whose Spec B-points consist of (¢, ¢, {1, }.cz) such that the relative position of ¢
along {zp}.cz is bounded by fis.

Write d for the least common multiple of {deg z},cz. Then Definition [4.7}iii) im-

plies that the morphism Frobfgb, : Iglg u —>(Fr0b% ) Iglg 4. is naturally equiva-
G He q sHe

lent to the isomorphism sending (4, ¢, {-}ze2}) = (¢, ¢, {¢p.0(¢ V46 =)) . }.c 7).

. be be __1; be
In particular, Iga“. and Igs = hgu.EXj'(T)Z Igc)u. are perfect.

4.8. Proposition. When Z is nonempty, Iglg’m 18 a filtered open union of schemes

that are cofiltered limits of disjoint unions of quasiprojective schemes over Fq. In
particular, Iglg is an ind-scheme.

When Z is empty, Example shows that Igg is the constant stack over F,
)

0

associated with the groupoid (V). In particular, Ig: is not an ind-scheme.

Proof. By Beauville-Laszlo gluing, a Spec B-point of Iglg is equivalent to the data:
i) a G-torsor ¢4 on Cp,

ii’) an isomorphism of G-torsors ¢ : ¢|i;, — Frobj 4|u,,

iii’) for all z in Z, an isomorphism of G-torsors v, : €¢|SpeC 0.5:.B = @G such that

(¢deg z)Fz deg o a
ngpec FZ®FZB (FrObB ) g'Spec FZ®FZB
J(wz)Fz J(wz)Fz
(Frob%)~ 9% %op,
G k G

commutes.
Next, write Bg ooz for the prestack on {affine schemes over Fq} whose Spec B-
points parametrize data consisting of
i’) a G-torsor ¢ on Cp,
iii”) for all z in Z, an isomorphism of G-torsors v, : %|Spcc 0.8:.B avyex
Recall that Bg,ooz is a filtered open union of schemes that are cofiltered limits
of disjoint unions of quasiprojective schemes [B) p. 15]. Given a Spec B-point
(@ ,{¢.}:ez) of B ooz, the additional data of
ii”) an isomorphism of G-torsors ¢ : 4|7, — Frobj ¢|v,, whose relative position
along {zp}.cz is bounded by i,
corresponds to a projective scheme over Spec B [5, Proposition 3.12], and the com-
mutativity condition of iii’) corresponds to a closed subscheme. Therefore the mor-
phism Iglau. — Ba.ooz that sends (¢, ¢, {¥.}.ez) — (9,{¢.}:c2) is schematic
and projective, which yields the desired result. [
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4.9. Similarly to Definition [3.4] we now convert Igusa varieties into v-stacks.
Definition. Write (Iglg)<> and (Igzg’#.)<> for the prestack on Perfg whose S-points
are given by Igg' (R) and Igg" e (R), respectively.

When Z is empty, Example shows that (Iglé')<> is a small v-stack. When Z
is nonempty, Lemma [T.2] and Proposition [£.8] imply that

(Igg,,,)¢ and (Ig) = lim  (lges,.)
pe€XI(T)2

o

are small v-sheaves.

4.10. As suggested by Theorem the fibers of locz are given by Igusa varieties
in the following sense. We get a morphism (IgbG’)<> — Bung,y by sending

(&0, {=}2) = (97, 0™).

The element b, induces a morphism b, : * = Bung r,, so as z varies we also get a
morphism b, : * — HZGZ Bung r, .

Proposition. The square of small v-stacks

(Tgg )0 ——— =

| b

locz
Bung,y — H Bung, F,
z2€Z

s cartesian.

Proof. In Theorem take I, = {i} to be a singleton for all z in Z, take N to be
@, and base change the top arrow along the morphism Spd Fq — [],.; zi = [[,c; Spd O,
corresponding to the embeddings [, —>Fq. This yields a cartesian square

I I
(ShtG,,u. ‘?q)o E— LOCShtG,;L. |Spd?q

| J

locz
Bungy —— H Bung,F, .
z€Z

Note that the morphism be : ¥ — ][, Bung r, naturally lifts to a morphism
b : % = LocShtg . Ispar, s
so it suffices to prove that the square of small v-stacks
bo
(IgGHU'- )0 —> *
J Jb.
I I
(Shtg)u. ‘?q)o —_— LOCShtG’M. |Spd?q

is cartesian. An S-point in the fiber product parametrizes data consisting of
i) a G-torsor 4 on Cg,
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ii) an isomorphism of G-torsors ¢ : 4|y, — Frobj 4|y, whose relative position
along {zr}.cz is bounded by i,
iii) for all z in Z, an isomorphism of G-torsors ¥2" : 4|spa 0, x5 5 5 G such that

(¢degz)F dcgz
G spaF.xp, 5 — (Frobg™®")*Y|spa r. xz. 5

Jo= Jo=
(Frobg)~ &2

G G.

Note that everything is independent of RT, so we can assume that Rt equals R°.
Because products of points as in [31], Definition 1.2] form a basis for the v-topology
[31l, Example 1.1], we can assume that S is a product of points. Then [32] Corollary
1.9] implies that the above corresponds to an object in (Iglg#.)o(S’). O

4.11. Let us recall some more notation concerning the Kottwitz set. Let K be one
of {F, F,}, write Xy for the Wx-module given by

< .z if K = F,,
K\ Div(F)o as in 33, p. 75 if K = F,

and write £ : B(K,G) —(m1(G) ®z Xk )w, for the Kottwitz map as in [49, Subsec-
tion 11.5]. Recall that & restricts to a bijection B(K, G)pasic —(71(G) @z Xk )wye
[49], Proposition 13.1, Proposition 15.1].

Recall the global semistable locus from Definition [2.7] which was defined in
terms of its local analogue. We now prove that it admits the following intrinsic
description; this is Theorem B. For all b in B(F, G)pasic, write BunléyF for the
substack of Bung r whose S-points consist of objects such that, for all geometric
points 5 of S, its image in Bung #(3) is isomorphic to (G, (Frobg) ™! o b).

Theorem. The substack Bung’F C Bung,r is open and isomorphic to %/Gy(F').

Moreover, the open substack Bung p € Bung,r equals [[,c p(p .y, BunléwF.

Proof. Theorem implies that Bun};’ r € Bung, r is open and naturally isomor-
phic to */@ Proposition yields an isomorphism Bung r — Bung, r of v-
stacks such that the image of Bung’F equals Bun};b’p, so applying the above to G,
shows that Bunl&p C Bung, r is open and isomorphic to */Gp(F). Theorem
identifies the isomorphism classes in Homg,_ (Spd Fg,, Bung, r) with B(F, G), which

indicates that the Bunl&F are disjoint for distinct b. Hence HbeB(F,G)basic Bunlé’F
is an open substack of Bung, r, and it evidently lies in Bung p.

For the reverse inclusion, let 3 = Spa(K, K*) be a geometric point of Bung ,
where U is some dense open subscheme of C. Then [25, Theorem III.4.5] implies
that, for all z in Z, the image of 5 in Bung, r, lies in Bun%i g, for some b, in
B(F., G)pasic- Take I, = {i} to be a singleton, and take u, to be a lift of x(b,) to
X (T). Then and the proof of [60, Proposition A.Q]ﬂ indicate that the image
of 5 in Bung, p, lifts to a Spa(K, K)-point of hm LocShtéf’#z’mz lspd F., - As z
varies, the cartesian square from the proof of Proposition shows that s lifts to

9While [60, Appendix A] works over p-adic local fields and assumes that the cocharacter is
minuscule, this is not used in the proof of [60, Proposition A.9].
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a Spa(K, K)-point of l'glm>1(Shté7HhmZ M., Spa in)ov which yields a Spec K-

point (¢, ¢) of Shté,u.,g |1—L¢ez c;-

Recall that the algebraic stack Bg over Iy of G-bundles on C satisfies my(Ba) =
m1(G)wy. Since absolute g-Frobenius induces the identity on topological spaces,
% and Frobj ¢ have the same image in m9(Bg). Now ¢ exhibits Frobj ¢ as a
modification of & of relative position »__, yi-, so the image of Frobj ¢ in mo(Bg)
equals the image of & in my(Bg) plus the image of ), pi. in m1(G)w,. Therefore
the image of ), pu. in m (G)w, is trivial. By [49, Proposition 15.6], this shows
that there exists a b in B(F, G)pasic such that loc,(b) = b, for all z in Z and
loc,,(b) = 1 for all closed points u of U.

Let U’ be a dense open subscheme of U such that b has a representative in

G(Uz ), and fix such a representative. By setting b, = 1 for all ¢ in U\ U’, we may
q

replace U with U’. Then Propositionyields an isomorphism Bung ¢ 5 Bung,.v
such that, for all z in Z, the image of 5 in Bung,, r, lies in Bunébsz. After using
fpqce descent to extend Gy to a parahoric group scheme over C, Proposition [2.4]
implies that Bung, 0. — Bunéb, F, is surjective in the pro-étale topology for all 2
in Z. Hence the image of 5 in Bung, g, lifts to a Spa(K, KT)-point of Bung, 0.,
and as z varies, Lemma shows that 3 lifts to a Spa(K, KT)-point (4, ¢p) of
Bungb)c.

Proposition and Theorem indicate that (¢, ¢p) is the analytification of
a Gp-torsor %balg on Ck equipped with an isomorphism q&?lg : %balg = Frobj, %balg.
Applying [69, Lemma 3.3 b)] to Bg, shows that (%balg, 2lg) is isomorphic to

—alg . 1
“,°, idguie @, (Froby')")

for some G-torsor gzlg on C. Write b’ for the image of (?Zlg) F under
H' (F, Gb) — B(F, G(b)basic = B(F; G)basim

where the left arrow denotes the injection from [49] (10.5)], and the right arrow
denotes the bijection from [33] Lemma 5.3]. After shrinking U such that " has a

representative in G(Ug ), we see that 5 lies in Bung U, as desired. O
q El

5. SHEAF-THEORETIC CONSEQUENCES

Our goal in this section is to prove Theorem E, which heavily relies on material
from Appendix [Bl We start by briefly recalling the theory of motivic sheaves and
explaining why we need it. Next, we explain a general mechanism for constructing
(derived) Hecke actions, which we use in both §5| and We then state a forth-
coming result of Eteve-Gaitsgory—Genestier—Lafforgue, which is necessary to even
formulate Theorem E.

At this point, we can prove Theorem E. As an application, we explain how
Theorem E can be used to recover all of the representation-theoretic results of
[54]; for this, it suffices to use work of Xue instead of the forthcoming result of
Eteve—-Gaitsgory—Genestier—Lafforgue.

5.1.  We begin by recalling the sheaf theories that we will use. Let L/Qy be a finite
extension containing a fixed \/q. Write Op, for the ring of integers of L, and write
F for the residue field of Op. Let A be one of {L, O, Fy}.
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Recall from the Z[é]—linear 6-functor formalism Dyt (—) on

{small v-stacks over F,},

and recall from [B.4] the A-linear 6-functor formalism
D(—,A) == Dot (=) ®@po0(+) D(A).

We use (this base change of) the theory of motivic sheaves because it enjoys !-
pushforwards and encodes “non-completed” sheaves even when A # F) (e.g. see
Corollary . However, to facilitate comparisons with classical étale f-adic sheaf
theories for algebraic varieties, we will also use the various 3-functor formalisms

from Definition [B:5] Proposition [B:7} and [B-§
If one is only interested in the A = [F, case, one can instead take

D(—,FA) = Dét(—,]F)\)

and just use the étale sheaf theory of [63]. In fact, since all the sheaves that we
use are overconvergent as in [25] Proposition IV.2.4], the theory of motivic sheaves
specializes to this when A = FFy; see

5.2. We will use the following mechanism for constructing actions of (derived)
endomorphism algebras on both the automorphic and spectral sides. Let (C, E) be
a geometric setup as in [41} Definition 2.1.1], and let D(—) be a A-linear 3-functor
formalism on (C, E). Consider a diagram in C

Yo 2250x X250

T

Ve - pPx X 2R
J{Z&
X,

where the squares are cartesian, and the morphisms are all l-able. Write f for the
morphism Yy — X, and let A be an object in D(Yr).

Lemma. The object fiji A in D(X) is naturally a module for the Eq-algebra
Endp(p)(ji1) over A.

Proof. Since f = py o g o jy, the projection formula and proper base change yield
ijy A= p2.19r1iy, 1y A = p2,19r1 (A ® jy1) = p2.19r1 (A ® jy196p11)
= p229r (A ® gppijil) = p2,1 (P11 ® gr1A).

Because ji1 is naturally a module for the E;-algebra Endp(py(j11) over A, the same
holds for fij5-A by applying the functor ps(p; — @gp1A). |

5.3. For places in U, we have the following (derived) Hecke algebra action on
locz A. Let @ be a finite nonempty set of closed points of U, and write

locg : Bung,y — */G(Oq)
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for the morphism (loc,)yeq. Then Lemma [2.6] implies that the square

locg,loc
BunG,U loca 2) */G(OQ) X H BUHG7FZ
z€Z

J

*/G(FQ) XHuEQ Bung, BUHG7U\Q —_— */G(FQ) X H Bung’pz
z€Z

is cartesian. Proposition implies that the bottom arrow is !-able, so the same
holds for the top arrow. Therefore Lemma [5.2] and Corollary endow locz, A in
D(J],c, Bung,r,,A) with the structure of a module for the E;-algebra

Endg(p,) (c- IndGEOQ) ® Endgp,)(c- Indggg"i)) A)
ueER

over A, which we remind the reader can have cohomology in nonzero degrees when
A # L. Taking the colimit over () shows that locz A is naturally a module for the
E;-algebra ), Endg(r,)(c- IndGEO“)) A) over A, where u runs over closed points of
U.

5.4. Let us recall some notation on Langlands dual groups. For the rest of
this paper, assume that G is reductive over U. Write Wy for the absolute
Weil group of U with respect to F, write F /F for the finite Galois extension such
that Gal(F/F) equals the image of the Wy-action on X (T), and write C for the
normalization of C' in F. Write U for the preimage of U in C and write Z for
the closed complement C ~ U. Write G for the dual group of G over A, and write
LG for G Gal(F/F). Similarly, for all closed points v of C, write F,/F, for the
finite Galois extension such that Gal(F,/F,) equals the image of the Wp, -action
on Xj(T), and write “G,, for G x Gal(F,/F,).

Using “G, we re-index stacks of global shtukas as follows. Recall from the
Deligne-Mumford stack Sht, N |1—[ c,~,- Let V be an object in Rep, (“G)Y,

write N for the preimage of N in C’ and note that the disjoint union

H ShtévﬂnN ‘(5\]\7)1

pe€XH(T)
arisingin V| z1

naturally descends to a Deligne-Mumford stack Sht! |(C\ Ny that is separated

G,V,N
and locally of finite type over (C'~. N)I. Write 7y : ShtG VN lcnyr = (C N N)!
for the structure morphism.

5.5. Briefly, write Sht for ShtG VN |(C\N . Using|3.2 Proposition (3.5 and finite

étale descent, we can extend the A-linear 3- functor formalisms from Proposition[B.7]
and to the mildly stacky setting of 7wy : Sht —(C \ N)% . More precisely, we
q
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have a natural diagram

(C~N)g \IT;er SpaCs, Y
Ind Dmot K . ((Sht |Hz‘e[ SpaC., )O) — Dot ((Sht |Hiel SpaCs; )0)

T
J £,(Sht ‘Hiel SpaCz; )0

(C\N)f{q\ [licrSpaCs;

Ind D, ((Sht|r,_, spac.,)® A) «——"—— D(Sht, Z)

such that !-pushforward along 7y yields a morphism of diagrams to

(N N\ Tl SpacCs,

IndD,_, (TLic; SPaCs,) —— Duot (1, SpaCs,)

l’“e,niel SpaCyz;

(C~N)X \Tl;c; SpaC.,
mdD, T ([T, SpaCan, A) 22— D((C' < N1, Zy).

5.6. We now state a forthcoming result of Eteve—Gaitsgory—Genestier—Lafforgue.
Roughly, it asserts that the cohomology of stacks of global shtukas satisfies the
conclusion of Drinfeld’s lemma even on the level of derived categories. On the level
of cohomology groups, this is already known by work of Xue; see Remark[5.7] below.

For any separated finite type scheme X over ﬁq, write Diis(X, A) € Deons(X, A)
for the full subcategory of lisse objects. Since Froby . is a universal homeomor-
phism, the functor

(FI'ObU\N)%q : Dcons((U AN N)Fq, A) — Dcons((U ~ N)FqVA)
restricts to an equivalence (Froby n)% : Diis((U N)E,’ A) = Diis((U N)Fq A)-

Write Sy, for the object in Dcons(Shté,V’N |(U\N)é ,\) associated with V via
q

geometric Satake. Unless otherwise specified, all Lurie tensor products are over
D(A).

Theorem (Eteve-Gaitsgory-Genestier-Lafforgue). The object mn 1Sy, in
D((U N, A)
lies in the image of the fully faithful external tensor product functor

I
[Ind Diis((U ~ N)Fq,A)} = D((U~ N)L ,A)

. . (Frobyn )% er
and naturally lifts to an object of [(Ind Dyis (U ~ N)g, A)) Lﬁq}

5.7. Remark. Work of Xue [7I, Theorem 3.2.3]E| already implies the first statement
in Theorem as well as the second statement after taking cohomology groups
[T1, Corollary 3.2.6]. In particular, if one is only interested in Theorem below
after taking cohomology groups, one does not need to appeal to Theorem [5.6] For
example, this is the case for Corollary below.

L0While [71, Theorem 3.2.3] assumes that G is split, its proof does not use this. See [T} §4].
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5.8. For places in U, we have the following (derived) Hecke algebra action on the
cohomology of stacks of global shtukas. Let @ be a finite set of closed points of U.
Write

ju—

o I I
Too(QUZ) * (in ShtG,V,m(QUZ) |(U\Q)% _>(U N Q)?q
2 q

3

for the structure morphism, and recall that @1 >1 Shté‘,V,m(QUZ) |(U\Q)§q has a

natural G(Fguz)-action over (U ~ Q)F [53 3.9]. Because the square

[ lim Shtl, . o) } / G(Fy) —=% 5 +/G(Oq) x */G(Fz) x (U~ Q)L
m>1 a

| l

. Too(QUZ)
[ lim Shtl, . ouz) |(U\Q)%J /G(Fauz) +/G(Fg) % +/G(Fz) x (U~ Q)L

is cartesian, applying Lemma and taking the colimit over @ endow
. (Froby)z 19
Tooz2Sy = 1 w218y € D(+/G(Fz). A) @ [(Ind Dis(Us, A)) }
m>1

with the structure of a module for the E;-algebra @), Endg(Fu)(c—IndgEg ) A).

5.9.  Our formula for 74, 7Sy, will involve the following Hecke operators of Fargues—
Scholze. For all closed points v of C, recall from the relative Fargues—Fontaine
curve Xg . Write Divi(S) for the set of degree 1 effective Cartier divisors on
Xs.r, as in [25, Definition I1.1.19], so that Div, is a small v-sheaf [25, p. 52]. For
all objects V, in Rep, (“G,)’, recall that we have a natural functor [66, p. 25]

Ty, : D(Bung. f,, A) = D(Bung r,, A) ® D(Divy, A)®7.

For all 2 in Z, let V. be an object in Rep, (“G)’=, and take V to be the object
X.czV. in Rep, (“G)!. Write V, for the restriction of V, to (“G.)!*, and write V
for the restriction of V to [L.cs(*G.)%. Then ®, ., Tv. yields a natural functor

Ty : Q) D(Bung k., A) = (X) [ (Bung,r,, A) ® D(DiV;A)WZ]
2€Z z€Z
Recall from [66, Proposition 3.2] that @) .., D(Bung,r,,A) = D([].c, Bung,r., A).

5.10. We restrict ¢-adic sheaves on UE to local Galois representations as follows.
Write F,, for the completion of the maximal unramified extension of F,. Fix an
isomorphism ?: = Q/Z[%]. For all z in Z, choose a uniformizer 7 of O, and choose
a compatible system {7r1/ " }ptn of n-th roots of 7 in F.. These choices induce

e group schemes IDr, and WDy, over A by [B.
e a functor ¥, : D(SpaC,,A) — D(x,A) by [B.11
e compatible identifications

D(Spd F, A) = Dyeon((Spec A)/IDp.) and D(Divi, A) = Dycon ((Spec A)/WDp )

such that the composition D(Spd F., A) — D(SpaC,,A) RZN D(*, A) corresponds
to pullback along Spec A —(Spec A)/IDp,, by Lemma
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Moreover, Grothendieck’s ¢-adic monodromy theorem implies that these choices
also induce a functor DCOHS(UE,A) — Dpert((Spec A)/IDp,), arising from pullback

along Spec F,— UFQ~ Ind-extending and taking Frobenius-equivariant objects yields
a functor D(U, , A) (Frobuls, _, Dacon ((Spec A) /WDy ).

5.11. Finally, we prove Theorem E. Recall from the natural open embedding
i1 : %/G(F,) — Bung r., so that taking the product over all z in Z yields an open
embedding iy : */G(Fz) =[], , Bung,r. .

Theorem. The image of Tooz,Sy in

D(/G(Fz), A) ® (R) Dacon ((Spec A) /WD, ) '~
z€Z

is naturally isomorphic to i (Ty (locz,A)) as modules for @, Endg(r,) (C—Indggg;)) ).

Proof. After pulling back along Spec A —(SpecA)/WDp,, we claim that the im-
ages of Too 7Sy, and i1 (T (locz 1 A)) in D(x/G(Fz),A) are naturally isomorphic as

modules for ), Endg Fu)(c—lndggg:)) A). To see this, first let us write

Sht = [ lim Sht(, y ., |(U\Q)§J JGFz)

m>1

for convenience.

Next, Theorem enables us, after replacing V, with its restriction to the
diagonal, to assume that I, is a singleton for all z in Z. Consider the diagram

(Sht |Hzez SpaCz)O —_— |: H GrG,Vz ‘Spacz]/G(FZ) —_— */G(Fz) X H Spa(CZ
z€Z z2€Z

N

i1 Xid

H HCkG,Vz |SpaCz L} H BUHG7FZ X H Spa(CZ

z2€EZ z€Z ze€Z
h1
locz
Bung,u H Bung,F,,
z€Z

where Hckg v, |spac, denotes the Hecke stack over SpaC, as in [25, p. 16], and hq
and hg denote the morphisms as in [25] p. 317]. The left square is cartesian by
and Theorem and the right square is cartesian by [25, p. 97]. Note that the
composition in the top row equals the restriction of 71'20 7 to [l.cz SpaC..

Proper base change and the above diagram imply that the image of i (T (locz,1A))
in D(*/G(Fz), A) has the following description. For all z in Z, write Sy, for the ob-

ject in Dot (Heka v, |spac, ) associated with V,, via motivic geometric Satake as in
[66l, Theorem 5.7], and write Sy for the pullback of K,czSy, to (Sht ‘HZEZ SpaC. )©.

The discussion on [66 p. 25] shows that Wgo 1Sy lies in the full subcategory

Dmot(*/G(FZ)aA) ®Dmot(*) ® Dmot(spacz) %Dmot(*/G(FZ) X H Spa(cz);

z€Z z€Z
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where @), is over Dyt (%), and Proposition implies that applying
Q) ¥ Dinot(#/G(F2)) s () @) Diner (3pa.C2) = Dinot (+/G(Fz). A)
z2€EZ z€EZ

yields an object whose image under

Dot (%/G(Fz)) — D(x/G(Fz), )

is precisely the image of i§(Ty (locz, A)) in D(x/G(Fz), A).
We lift this to a Zariski-constructible version as follows. Note that Sy lies in

UL \Tl,c, SpaC.
sz)qt s ((Shth_[zez Spa(CZ)O) - Dmot((Sht‘HzEZ SpaCz)O)a

so [5.5] yields an object

Ui \Il.ez SpaC:
(8) 78218V € Dot (#/G(Fz)) ®ppon(ey Imd Dy 7 (]I spac.)

z€Z

whose image under Y is identified with the previously mentioned

Tré)oZ,!SV S Dmot(*/G(FZ)) ®Dmot(*) Dmot( H Spa(cz)
2€Z

The Zariski-constructible version enables us to compare with /-adic realizations.
More precisely, the proof of [54, Lemma 6.4] identifies r; (gps Mocy spacs)® (Sy) with
p(Sy), so identifies the image of @ under

UL \Tl,cy SpaC.
TeT1.cz SpaCs :DmOt(*/@) @ Dyt (+) Ind Dmiqt - ( H Spa Cz)

z2€Z

([]spac:.A)

z€Z

UZ\Tl.cSpaC.
— D(+/G(Fz),A) ®Ind D¢ 7"

with p(7 200,18y, ). Theorem indicates that mzo,1Sy, lies in the full subcategory
D(x/G(Fz),\) ® D(Up ,A)®I — D(x/G(Fz),\) ® D(U% ).
“\rz) P “\rz) .

Finally, consider the diagram

7, \SpaC. 2ez L
® nd Dot (SpaC.) —222 "5 (R) Duner(SpaC.)

mot
z€Z 2€Z

l@zgz T¢,SpaC,

Uz \ SpaC, z
® md Dy (SpaC.,A) 22 DUy M),

z€Z

where the top arrow is an equivalence by Proposition and [65, Proposition 10.1],
and the left arrow is identified with Q.. , ¥. by Proposition [B.11} Then the claim
follows from the observation that external tensor product induces a morphism from
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this diagram to

£ SpaC.
Ind DZFC;\ Heezse (J] spaC.) — Dot [] SpaC.)

z€Z z€Z

lre,nze 7 SpaCy

VP (] SpaCe,A) - D(UI ).
z€Z

Ind D,

By instead working over []_., Spd F, and keeping track of the partial Frobenii, we
obtain the stated result. O

5.12.  As an application of Theorem [5.11] we can give a quick proof that the excur-
sion operators constructed by V. Lafforgue and Xue agree with those constructed
by Fargues—Scholze. We proved this originally in [54, Theorem 6.13].

Recall from Example the set ker' (F,G). For any finite set I, object V in
Rep, (“G)!, morphism  : 1%V|A(@), morphism ¢ : V|A(é) — 1, and element ~,
in Wg, recall that work of V. Lafforgue and Xue defines a A-linear endomorphism
St g OF O (Upeker (rg) Ga(F)\G(A), A) [TT], Proposition 2.2.1].

Write 3(G(Fy), A) for the Bernstein center of G(F,) over A, and write V for the
restriction of V to (“G,)’. When ~, lies in W, , recall that work of Fargues-Scholze
defines an element 37 v,z.¢ ~, of 3(G(F,),A) [25, Theorem VIII.4.1].

Corollary. The element j1,v,z¢, acts on C ([l exert (rq) Ga(F)\G(A), A) via
S

Proof. After shrinking U, we can assume that v lies in Z. Take I, to be empty for
all zin Z\wv, so that I, = I. The counit ¢; 127 — id induces a commutative diagram

LV, 3.&~e

i1 Tyiy ijlocz ) A —— it Ty yijlocz ) A —— i3 Tyiy yijlocz ) A —— i3 Tyiy itlocz A

| | | |

. . Yo . £ .
itThlocz A —r i1Tv1ocz ) A ————— iiTylocz A ———— iT1locz 1 A.

Because T3 is naturally isomorphic to the identity, the left and right arrows are
isomorphisms, and the corners are identified with iflocz A. By using Lemma
and arguing as in Example we see that HY(i{loczA) is naturally isomorphic
to C(Hpeker (r,q) Ga(F)\G(A)/G(Ou), A). After applying H°(—) to the above
diagram, the top arrow equals the action of 37 v, ¢+, by construction, and the bot-

tom arrow equals S LV 3.6 e by Theorem This indicates that the restrictions
of 31V, ve and SI,V,I,E,'V. to Cgo(Haekerl(F,G) Ga(F)\G(A)/G(@U)7A) coincide.
Finally, taking | J, yields the desired result. [

5.13. Remarks.

1) The proof of Corollary only relies on Theorem after taking cohomology
groups. In particular, one does not need to appeal to Theorem see Remark
b7

2) The main ingredient for the representation-theoretic results in [54] is [54, Theo-
rem 6.13]. Therefore one can use Corollary to prove all the representation-
theoretic results in [54]; see the proof of [54) Theorem 6.16].
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6. RELATION WITH LANGLANDS DUALITY

In this section, we discuss the role that Bung r plays in the Langlands corre-
spondence. First, we recall the moduli of Galois representations and their derived
categories of ind-coherent sheaves, which are the main players on the Galois side. By
restricting Galois representations to decomposition groups, we obtain a map resz
analogous to locz; we study the pushforward of the coherent dualizing complex w
along resy.

Next, we recall the spectral action of Fargues—Scholze, which enables us to
state their categorical Langlands conjecture. We can then state Conjecture F, and
we explain how Conjecture F implies conjectures of Arinkin—Gaitsgory—Kazhdan—
Raskin—-Rozenblyum—Varshavsky and Zhu. Finally, we prove Conjecture F when G
is commutative; this is Theorem G.

6.1. We start by recalling the stacks of Galois representations that we will use.
For the rest of this paper, assume that ¢ > &H Write LSw ¢ ¢y for the derived

algebraic stack over A of continuous “G-valued representations of Wy
e as in [73] (3.24)] when Z is nonempty, or
e as in [73] Remark 3.36] when Z is empty,
using our choice of /g to replace “G with L@ 73, Remark 3.1]. When Z is
nonempty, write LSEG_U for its framed version as in [73] (3.24)], which the proof
of [73, Theorem 3.29] shows is a disjoint union of derived affine schemes almost of
finite type over A.

Similarly, for all closed points v of C, write LS. f, for the algebraic stack over
A of continuous “G,-valued representations of W, as in [73, (3.3)], and write
LS'E’G, , for its framed version as in [73, (3.3)]. Then [66, Corollary 4.5] implies
that LSr g, is the base change to A of the algebraic stack from [66], Definition 4.3],
and [25, Theorem VIII.1.3] shows that LSE'Q F, 1s a disjoint union of affine schemes
of finite type over A.

For all closed points u of U, write LScg o, € LScq f, for the closed substack of
unramified “G,-valued representations of W, as in [73 p. 82]. Write LSPGQU for

its framed version, which is naturally isomorphic to G.
6.2. We will consider ind-coherent sheaves on these stacks. Namely, recall the
A-linear ind-coherent 6-functor formalism IndCoh(—) from [64] Lecture VIIL.7] on

{derived qcgs schemes almost of finite type over A},

where we use the notation of Gaitsgory—Rozenblyum [30] p. 273] for the associated
functors instead of the notation of [56], Definition A.5.6]. Then [41, Theorem 3.4.11]
extends this to a 6-functor formalism on

{derived algebraic stacks over A}.

Let D be one of {U # C, F,}. Thenimplies that the value of IndCoh on LS. p
is naturally equivalent to Ind DX (LSrg p).

coh

HThis arises from the fact that de Jong’s conjecture [I8, Conjecture 1.1], which is used to
prove basic properties of LS. ¢y [73, Theorem 3.29], is only known when ¢ > 3 [27].
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6.3. When restricted to bounded below objects, there is no difference between
ind-perfect and ind-coherent objects on LS. p. More precisely, applying Ind to
(LSzg.p) € D, (LSt p) yields a fully faithful functor

. . qc
the inclusion D coh

perf

=:Ind Dngf(LSLG,D) — Ind Dggh(LSLG,D)'

Write ¥ : Ind D¢ (LSe ¢, p) — Ind DY, (LS1 p) for its right adjoint. Then argu-

ing as in the proof of |28, Proposition 1.2.4] shows that W restricts to an equivalence

U [nd D, (LS1.6.)] 7" 5 | [Ind D (LSe p)] =",
neZ neZ

which we use to identify D3¢

con(LSr g p) with its image under .

6.4. Restriction induces the following morphisms between our stacks of Galois
representations. For all closed points u of U and z in Z, write

TeS,, - LSLG,U —>LSLG,Ou and res, - LSLG7U _)LSLG,FZ

for the resulting morphisms over A. Write resz : LSty —[].c; LSt p. for the
morphism (res,).cz, where all products are over A. By the value of IndCoh
on [[,c, LSt p. is naturally equivalent to

) Ind DX, (LS1¢ ).
z€Z

6.5. For places in U, we have the following (derived) spectral Hecke algebra action
onresz.(wLs, . ). Let @ be a finite nonempty set of closed points of U, and write

reSQ : LSLG,U — HUGQ LSLG,OU

for the morphism (res,)yey. Then [(3] Lemma 3.34] implies that the square

LSLG,U m ( H LSLG,Ou ) X ( H LSLG,FZ )
ueEQR z2EZ

J

LSLG,U\Q _— ( H LSLG,F“) X ( H LSLG,FZ )
ueqQ 2€Z

is derived cartesian. Moreover, [6.1] implies that bottom arrow is *-able, so the
same holds for the top arrow. Therefore Lemma endows resz . (wLs, ) in

®zEZ Ind ch

coh

(LSt ) with the structure of a module for the E;-algebra

Endp, (Mo 1526 ) (Olluco 15r6.0,) = @ Endp sy, ) (Oiseg o)
ueq
over A. Taking the colimit over @ shows that resz .(wLs, , ) is naturally a module

for the Eq-algebra @, Endp,,, (s, ,. )(LStg,0, ), where u runs over closed points
of U.
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6.6. Write Dggh (LSLG,FW)NUP - ch

= ““coh

(LSt p,) for the full subcategory of objects
with nilpotent singular support as in [25, VIII.2.2.2]. It is Ind D, (LScq g, )Nilp
that appears in the categorical local Langlands conjecture, so we need to check that
resz «(LSrg 1r) lies in this subcategory.

Ind D%

Proposition. The object resz .(wrs, ., ) " Qe ooh

(LSt p,) lies in

) Ind D (LS2.¢; k. )nilp-
z2€EZ

Proof. When Z is empty, this condition is also empty. When Z is nonempty, [73}
Theorem 3.29] implies that LSILjGﬁU is quasismooth over A, so [7, Corollary 2.2.8]

shows that its dualizing complex Wi gD is a shift of a line bundle. By smooth
G,U

descent, the same holds for wys, ., so the result follows from O

6.7. The local automorphic and spectral sides are related by the following spectral
action of Fargues—Scholze. Write Zg for the center of G over F', and for the rest
of this paper, assume that m(((Z¢)5) is invertible in A. Then [66, Theorem
6.1] and show that there is a natural A-linear action of Dperf(LSrg f,) on
D(Bung,r,,A)¥. Write V,, for the vector bundle on LSrq g associated with the

object V, in Rep,(YG)!, so that by construction V, in Dpert(LSeg ) acts on
D(Bung r,,A)* via Ty, .

By restricting to D¢ (LSt g,) and applying Ind, the above naturally extends
to a A-linear colimit-preserving action of Ind D¢ (LSt p,) on D(Bung,r,,A).

6.8. We now use the spectral action to state the categorical local Langlands con-
jecture of Fargues—Scholze. For the rest of this paper, assume that G is
quasisplit over F. Then we can choose B to be a Borel subgroup of G over F
and T to be a maximal subtorus of B over F'. Write N for the unipotent radical
of B, and let 1) : N(A) — A™ be a continuous homomorphism trivial on N(F') such
that, for all closed points v of C, its restriction 4, to N(F,) is generic.

Consider the colimit-preserving functor ay, : Ind D¢ (LSt p,) = D(Bung, r,, A)

given by acting as in on iL!c—Indg((I;z)) 1,. Denote its right adjoint by
¢y, : D(Bung, g, A) = Ind D¢ ((LSzg p, )-
Conjecture ([25, Conjecture X.3.5]). The functor cy, restricts to an equivalence
D(Bung,r,,A)* = Dy (LSt g, )Nilp-
Consequently, applying Ind yields an equivalence

Ly

v

: D(BHHG,Fv y A) :> Ind Dggh (LSL G,F, )Nilp~

Conjecture [6.8) is known when G is a torus [75, Theorem 6.4.1].

12WWhile [7] works over an algebraically closed field of characteristic zero, the proof of [7,
Corollary 2.2.8] does not use this assumption.
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6.9. To compare the actions of the (derived) automorphic and spectral Hecke
algebras for places in U, we consider the following conjecture of Zhu.

Conjecture ([73] Conjecture 4.11]). Let u be a closed point of U.

1) Assume Conjecture fm" u. Then Ly, (il»!C'IndgEgZ)) A =0, -

2) There is a natural isomorphism of Ei-algebras over A

G(F,

EndG(Fu)(C_IndG(Ou)) A) = Endth(LSLG,Fu)(ﬁLSLG,Ou )

Note that Conjecturel) implies Conjecture 2). The proof of [75, Theorem
6.4.1] shows that Conjecturel) is known when G is a torus; see [73 Proposition
4.13] for an explicit description of the resulting isomorphism in Conjecture 2).

Conjecture [6.9]2) is known when A equals L [74, Theorem 5.3 (2)].

6.10. Finally, we arrive at Conjecture F.

Conjecture. Assume Conjecture[6.8 for all z in Z, which yields an equivalence
Q) Ly. : Q) D(Bung r., A) 5 (X) Ind DI, LSz, . )Nilp-
z2€Z zeZ z€Z

Assume Conjecture . 2) for all closed points u in U, which yields an isomorphism

G(Fy, ~
® EndG(Fu) (C-IndGEOu)) A) = ® Enchoh (LSLG,FU,) (ﬁLSLG,ou )

Then the @, Endg(r,) (C—Indggg‘;)) A)-module

locz A € ® D(Bung,r.,A)
z€Z

corresponds under @ ., Ly, to the ), Endp (Ois,,, , )-module

con(LSL g g,)
c
resz7*(stLG U) S ® Ind Dgoh(LSLG)FZ)Nﬂp.
z€Z

6.11. Ezample. Assume that Z is empty. Then Example identifies Bung, ¢ with
the constant stack over E] associated with the groupoid 1@) SO

IOCZ,IA = @ FC(Ga(F)\G(A)/G((O))a A)a
acker! (F,G)

where we remind the reader that T'.(G,(F)\G(A)/G(0),A) can have cohomology
in nonzero degrees when A # L [TT, Remark 0.0.3]. On the other hand, by definition

resg,*(stLGvc) =TI (LSeg,c, stLGYC).

Altogether, we see that Conjecture specializes to [8, Conjecture 24.8.6] when
G is split, A = L, and Z is empty.
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6.12. More generally, Conjecture implies the following formula for the coho-
mology of stacks of global shtukas for extended pure inner twists of G, which is
a conjecture of Zhu [73, Conjecture 4.49]. Let b be an element in G(UE) whose
image in B(F, Q) is basic, and recall from the parahoric group scheme G}, over
U. Using fpqc descent, extend Gy to a parahoric group scheme over C. Since Gy
is an inner twist of G over F, we have compatible identifications “G = G} and
Lq, = LG;,,U. Write
’ﬂ'fobz : I&H Shtéb’v)mz |(U\Q)%q —>(U AN Q)%q
m>1

for the structure morphism.
Recall the open embedding iy : %/Gp(F,) — Bung, g, [25, Theorem III.4.5], so
that taking the product over all z in Z yields an open embedding

ib : */Gb(Fz) (_>HzeZ Bunapz .

For all z in Z, let K. be a compact open subgroup of G (F.). Write K for [|
and consider the structure morphism

. [ I )
7TKb . |: £l_r>nlshth7V,mZ |(U\Q)%q:|/K—>(U AN Q)Fq'

z2€Z KZ?

Write V for the vector bundle on LScg y associated with the object V in
Rep, (@), and write D(—) for the Grothendieck-Serre dual.

Proposition. Assume Conjecture . Then the image of ﬂ'%!SV mn

&) Dacon ((Spec A) /WD, )® T
z€Z

is isomorphic as modules for @), Endg(Fu)(c—IndgEgi)) A) to
[(LStgy, V @ resy(R.ezD(Ly, (i, c-Ind 5 7)),
Proof. Because b is basic, Proposition [2.9] and Theorem [5.11] identify
TSy = (15t Sy) = Home, i) (e-Indi ) A, 7S, Sy)
= Homg, () (e-Ind’ F2) A, 5 (Ty (loc 7, A)) )
= Hom(iw C—Indf{b(FZ) ATy (locZJA)).
By Conjecture [6.10| and the projection formula, this is isomorphic to
Hom ( M.ez Ly_ (is,1 C—Indf(i(FZ) A),V® resz7*(stLG,U))
= Hom(R.ez Ly, (i c-Ind ™ A, ves 7, (V @ wis, . )
Finally, applying Grothendieck—Serre duality yields
Hom (reszy(D(V @ wis, , ), BaezD(Ly. (iny c-Ind " 7))
— Hom( 1resZ}1(‘./v)7 X,ezD(Ly, (ip, c—Ind%(FZ)) )
=T (LSicy, V @ resy (Mo zD(Ly, (ip c-Ind e 7)), O

6.13. Remark. When b = 1, it is expected that Ly_ (i1, C—Indf((zFZ) A) is isomorphic
to its Grothendieck—Serre dual [73, Remark 4.27].
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6.14. In this rest of this section, our goal is to prove Conjecture[6.10| when G =T
is a torus. We start by recalling work of Langlands [52] on his conjectures for tori.

Write W = Wr/[Wg, W] for the relative Weil group of ﬁ/F, so that global
class field theory gives a natural short exact sequence of locally profinite groups

1— ﬁX\Ag —— Wg/p—— Gal(F/F) — 1.

Write T for the locally profinite group [T(ﬁ)\T(Aﬁ)]Gal(ﬁ/F). Then the long
exact sequence for group cohomology yields a natural short exact sequence
1 —— T(F)\T(A) —— T ——ker' (F,T) —— 1
of locally profinite groups. Recall that the transfer map induces an isomorphism
Hy (W) Xo(T)) S Hy (FX\AX, X, (T))F/F) =
[52, p. 233], and for all Gal(ﬁ/F)—stable open subgroups P of ﬁX\AE, write

O(P) = ker [Hy (W, Xu(T)) = Hy (W, /P, X.(T))].

Lemma. Under the identification Hy(Wg ., Xo(T)) ST, the subgroup ©(P) cor-
responds to the image of P ®z X.(T) C T(ﬁ)\T(AI;) under the norm map.

Proof. The five term exact sequence for group homology identifies ©(P) with the
image of Hy(P, X,(T)) = P®z X.(T) under the corestriction map. Postcomposing
the corestriction map with the transfer map yields the norm map, as desired. [
6.15. Assume that Z is nonempty. We will stratify LScp; by bounding rami-
fication as follows. Let K be a Gal(f /F)-stable compact open subgroup of F ZX’
and write LS?T7 x for the presheaf on {affine schemes over A} whose Spec A-points
consist of 1-cocycles Wﬁ/F/@gK% T(A). Since Wﬁ/F/@gK is finitely generated,
LS'LjT x 1s an affine scheme of finite type over A. Write LS.y j for the algebraic

stack LSILZIT’K/f over A.

For any finitely generated abelian group M, write Hom(M, G,,) for its Cartier
dual over A. Note that Hom(M, G,,) is a flat affine scheme of finite type over A.

Proposition. The algebraic stack LSwp i is naturally a gerbe over
Hom(T/@ENmﬁ/F(K @z X«(T)),Gm)
banded by TGal(F/F),

Proof. Write HP™ for the presheaf on {affine schemes over A} whose Spec A-points
consist of the set-theoretic quotient

LSEr k(A)/T(A) = H' (W5, /O K, T(A)),

and write H for its fpqc-sheafification. Using the presentation LSc o = LS'L:’T7 &/ T,

we see the inertia stack of LScy g is naturally isomorphic to TGal(F/F) 5 LScy k¢
over LSrp ;. Therefore [68, Tag 06QJ] shows that LSrp x is naturally a gerbe over

H banded by TGalF/F),
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Since X*(T) @z A* = T(A), the natural map

H'( Wi p/O5K, X*(T) ® AX)—>Hom(Hl(WﬁF/@gK,X*(T)),AX)

yields a morphism (P™ : Hpre%}k)im(Hl(Wﬁ’F/@gK, X.(1)),Gy,). When A%
is divisible, the above map is an isomorphism, so [75, Lemma 4.1.1] implies that
(Pr¢ fpqe-sheafifies to an isomorphism ¢ : H = Hom(H (W 7 F/(O)XK X.(T)),Gr).
Finally, Lemma [6.14] shows that the transfer map yields an 1som0rph1srn

Hy (Wp p/OLK, X.(T)) 5 T/OyNmp, n(K ®z X.(T)). O

6.16. Assume that Z is nonempty. Using work of Langlands, we can prove the
following explicit description of LSty (.

Theorem. The derived algebraic stack LScp y; is classical and equals
U LSL T,K7
K

where K runs over Gal(ﬁ/F) -stable pro-p open subgroups of ﬁZX and the transition
morphisms are clopen embeddings.

Proof. Recall that the Spec A-points of LS?TC IU consist of 1-cocycles ¢ : Wy — f(A)

that are continuous with respect to the ind- E—adl\c topology on A as in [73, Remark
2.54]. Because ¢|w, is a homomorphism and T'(A) is abelian, ¢ factors through
WU—>Wﬁ/F/©5. Since FX\A::/@E is locally pro-p, there exists a Gal(F/F)-
stable pro-p open subgroup K of F ZX such that ¢ factors through Wi /F /(ODEK .
This shows that

LS'LjTClU JLSPr
K

where K runs over Gal(ﬁ /F)-stable pro-p open subgroups of ﬁg, and the proof
of [25, Theorem VIII.1.3] implies that the transition morphisms are clopen embed-
dings. Quotienting by T yields an analogous description

Sy = ULSLTK

Because the finitely generated abelian group ’JT/@UNmﬁ/F(K@)ZX* (T")) has rank
dim fGal(ﬁ/F), its Cartier dual Hom(T/(D)lX]Nmﬁ/F(K ®z X«(T)), Gy,) has relative

dimension dim T¢*(F/F) over A. Hence Proposition indicates that LScp x has
relative dimension 0 over A. Finally, LSry ; also has relative virtual dimension 0
over A, so [35, Proposition B.0.1] implies that LSz s is classical. O

6.17. Finally, we prove Theorem G.
Theorem. Conjecture[6.10] holds when G =T is a torus.

Proof. Using Proposition we can assume that Z is nonempty. Then Theorem
and Proposition indicate that LS, is naturally a gerbe over

Hom(T /05, Gy, ) := | ) Hom (T/Of Nmj p(K ©2 X.(T)),Gny)
K



48 SIYAN DANIEL LI-HUERTA

banded by TGalF/F ), where K runs over Gal(ﬁ /F)-stable pro-p open subgroups
of FZX This implies that WLSLy is isomorphic to ﬁLsLT,U' Using [75], Proposition
4.3.2], this also implies that we have a decomposition

perf(LSLT U) @ perf(LSLT U)

XEX«(T)wp

such that D{C ¢ (LSry )1 is naturally equivalent to D¢ (Hom(T/Op;, Gyy)), the
latter of which [75, Lemma 4.2.1] identifies with D(x/T/O, A)¥. For all x in
X«(T)wp, tensoring with the line bundle associated with x also yields an equiva-
lence Dperf (LSLT U)l —> Dperf(LSLT,U)X'

For all z in Z, [(5, Lemma 6.2.3] and [75, Lemma 4.2.1] indicate that we have

an analogous decomposition

DI (LSerp,) = @ DI (LSer k. )x.»
Xz EX* (T)WFZ

where D¢ (LStp g, )y. is naturally equivalent to D(x/T(F,),A)* for all x, in
X+(T)wp, . This induces a decomposition

() Q) Ind DX ((LSey f,) = 11 D(x/T(Fz),\).

2€Z X’Eeazez X*(T)WFZ

Under these identifications, resz .(ww7 ;) corresponds to C2°(T/Qp, A) in the fac-

tors where X, lies in ker(P, ., X«(T)wy, — X«(T)w;) and 0 in the other factors.
Since T is a torus, every element in the Kottwitz set is basic. Therefore Bunr s

equals Bun7. ;;, so Theorem and Lemma naturally identify Buny y with

HT A)/T(0y)T (Fz),

where b runs over elements in B(F,T) satisfying loc, (b) = 1 for all closed points u
of U. Hence, for all by in [],., B(F.,T), the corresponding factor of locz A in

(W) &) DBung p., A) = II D(x/T(Fz),\)
z€Z be€ll.c, B(F.,T)

equals @@, C(T(F)\T(A)/T(0y), A), where b’ runs over elements in B(F,T) sat-
isfying loc,(b') = b, for all z in Z and loc, (b') = 1 for all closed points u of U.
By [49, Proposition 15.6], the set of such b’ is nonempty if and only if (k(b,)), lies
in ker(P,c; X«(T)wy, = Xu(T)w), and when this occurs, [49] p. 83] shows that
this set is a ker! (F, T)-torsor. Using this implies that the images of locz 1A in

and resz . (wrp ) in @ are isomorphic. Finally, [75] Remark 6.4.6] indicates
that &), , Ly, is given precisely by composing the equivalences @ and @ O

APPENDIX A. GAGA OVER SOUSPERFECTOID SPACES

Our goal in this section is to prove Theorem H. Actually, we prove a generaliza-
tion of Theorem H over any complete Tate Huber pair, though stating it requires
the analytic geometry of Clausen—Scholze [62]; see Theorem While we were
finalizing this paper, a generalization of Theorem [ATI8] was proved independently
by Wang [70, Theorem 4.4.4] along very similar lines.
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The proof of Theorem [A1g] closely follows Clausen—Scholze’s proof of GAGA for
complex analytic spaces [14, Theorem 13.10]. Namely, given an abstract formalism
of “analytic loci”, first we use discrete Huber pairs to prove a GAGA theorem for all
solid quasi-coherent sheaves. Next, we prove the analogue of Grauert’s coherence
theorem in our setting. Finally, we use this to prove that the previous GAGA
theorem restricts to an equivalence on pseudocoherent objects.

We conclude by applying Theorem H to prove that the analytification of algebraic
stacks of bundles agrees with analytic stacks of bundles, answering a question of
Heuer—Xu [40, Remark 8.1.2]. This was also proved independently by Wang [70].

Notation. For any (animated) condensed ring A, write Deona(A) for its derived
category of condensed A-modules, and recall that there is a natural fully faithful
functor D(A(x)) < Deona(A).

A.1. We start with some notation on analytic rings. Write AnRing for the oo-

category of (normalized animated) analytic rings as in [62, Definition 12.11], and

for any analytic ring (A, M), write D(A, M) C Dconda(A) for the full subcategory

of complete objects as in [62, Remark 12.5]. Recall that D(A, M) C Dcona(A)

determines the analytic ring structure (A, M) on the underlying condensed ring A.
Recall that (A, M) — D(A, M) yields a functor D(—) : AnRing — Sym.

Lemma. The functor D(—) : AnRing — Sym preserves pushouts.
Proof. Consider a pushout square in AnRing

(A, My) —— (B, M)

J |

(€, Mc) —— (D, Mp).
Then [62, Proposition 12.12] shows that we have a pullback square
D(A, Ma) +—— D(B, M)

T T

D(CaMC) ¢ D(DvMD)v
so the result follows from passing to adjoints. [

A.2. Next, let us recall the theory of quasi-coherent modules for analytic rings.
For any (A, M) in AnRing, write AnSpec(A, M) for the corresponding object of
AnRing®°?. Endow AnRing®® with the topology generated by finite families of jointly
conservative steady localizations, as in [62] p. 95]. Consider the following classes of
morphisms AnSpec(B,N') — AnSpec(A, M) in AnRing®":

(I) the functor D(A, M) — D(B,N) is an open embedding as in [14], p. 61],

(P) (B,N) is induced from (A, M) along A — B as in [62], Proposition 12.8].
Write E for the class of morphisms in AnRing®? of the form poi for p in P and i
in I. Then the proof of [59, Lemma 3.2.5]E| shows that

e [ and P form a suitable decomposition of E as in [56 Definition A.5.9],

13While [59) Lemma 3.2.5] restricts to the full subcategory of AnRing®P consisting of solid
affinoids as in [59), Definition 2.6.6], this hypothesis is not used in the proof of [59] Lemma 3.2.5].
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e the functor D(—) : AnRing — Sym satisfies the conditions in [41l, Proposition
A.5.10] with respect to I and P,

so [1], Proposition A.5.10] endows AnSpec(A, M) — D(A, M) with the structure
of a 6-functor formalism on AnRing®® with E as its class of !-able morphisms. By
[62, Proposition 12.18], this 6-functor formalism is sheafy as in [41], Definition 3.4.1].

Write {analytic stacks} for the oco-category of sheaves of anima on AnRing®®.
Then [41l Theorem 3.4.11] extends the above 6-functor formalism on AnRing®® to
a sheafy 6-functor formalism on {analytic stacks}. Note that the oo-category of
analytic spaces as in [62, Definition 13.5] is a full subcategory of {analytic stacks}.

A.3. Nuclear modules enjoy the following compatibility with induced analytic ring
structures. Let (A, M) be an analytic ring, let B be an algebra in D(A, M), and
write (B,N) for the analytic ring induced from (A, M) along A— B as in [62,
Proposition 12.8]. Then Lemma implies that D(B, ) is naturally equivalent
to Mods(D(A, M)), so the image of — @ ) — in D(A, M) is given by — ®p —.

Lemma. Assume that B in D(A, M) is nuclear as in [14], Definition 8.5 (1)]. Then
an object C' of D(B,N) is nuclear if and only if its image in D(A, M) is nuclear.

Proof. Recall that C in D(B, ) is nuclear if and only if, for all extremally discon-
nected S, the natural morphism

(Homp(NS], B) @5 C)(+) = Homp(NV[S], C) (%)

is an isomorphism. Adjunction shows that Homz(N[S], —) = Hom 4(M[S], —), and
because B in D(A, M) is nuclear, [T, Proposition 5.35] shows that Hom ,(M[S], B)
is naturally isomorphic to Hom 4 (M([S], A) @4 r) B. Therefore the above becomes

(Hom 4 (M(S], A) @(a.m)y C)(*) = Hom 4 (M[S], C) (),

and this is an isomorphism for all extremally disconnected S if and only if the image
of C in D(A, M) is nuclear. O

A.4. When the analytic rings are all nuclear over a base, we can check nuclearity
on a cover as follows. Let (A, M) be an analytic ring, let B be a nuclear algebra in
D(A, M), and write (B, ) for the analytic ring induced from (A, M) along A — B
as in [62] Proposition 12.8].

Let {B;}’_, be a finite family of nuclear algebras in D(B,N), and write (B, /N;)
for the analytic ring induced from (B, ') along B— B, as in [62, Proposition 12.§]
for all 1 < j < r. Assume that {(B,N\) —>(Bj,J\/j)};=1 is a family of jointly
conservative steady localizations.

Proposition. An object C of D(B,N') is nuclear if and only if C®gB; in D(B;, Nj)
is nuclear for all 1 < j <.

Proof. Since the functor D(B,N') — D(B;, N;) is symmetric monoidal, it preserves
trace-class morphisms as in [14] Definition 8.1]. It also preserves colimits, so it
preserves basic nuclear objects as in [I4, Definition 8.5 (2)] and hence nuclear
objects by [14, Theorem 8.6 (2)].

Conversely, assume that C ®p B; in D(B;,N;) is nuclear for all 1 < j < r.
Then Lemma indicates that the image of C' ®p B; in D(B,N) is nuclear.
Descent shows that C' is naturally isomorphic to a finite limit with terms of the form
C®BQ,c; Bj for nonempty subsets J of {1,...,r}, and because the C®5 Q)¢ ; B;
are nuclear, [14, Theorem 8.6 (1)] implies that C' is also nuclear. O
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A.5. In the following situation, we can check pseudocompactness on a cover. Let
(A, M) be an analytic ring. Let {(A, M) %(Aj,/\/lj)};:l be a finite family of
jointly conservative steady localizations such that, for all 1 < j < r, the functor
D(A,M)— D(A;, M;) is the open embedding as in [I4, p. 61] corresponding to
an idempotent algebra Z; in D<°(A, M).

Proposition. An object C of D(A, M) is pseudocompact as in [14, Definition 9.9]
if and only if its image in D(A;, M) is pseudocompact for all 1 < j <r.

Proof. Because D(Aj, M;)— D(A, M) is left t-exact and preserves direct sums, if
C is pseudocompact, then its image in D(A;, M;) is pseudocompact.

Conversely, assume that the image of C in D(Aj, M;) is pseudocompact for all
1 < j < r. Since the composition D(A, M)— D(A;, M;)— D(A, M) is given by
Hom 4 (fib(A — Z;), —) and Z, lies in D=9(A, M), we see that D(A, M) — D(A;, M;)
sends D=Y(A, M) to DS1(A;, M;). Descent shows that Hom 4(C, —) is naturally
isomorphic to a finite limit with terms of the form

Homg, _(4;,:m,)(C ®an) Qjes(Ajs Mj), = @anm) Qe (Aj M;))

for nonempty subsets J of {1,...,7}. The above shows that —®(4 rm) &) ;e ;7 (Aj: M;)
sends D=<0(A, M) to D=7 (®;cs(Aj; My)). Because C @am) Qe (Aj, M)

is pseudocompact, this implies that C' is also pseudocompact. O

A.6. Next, let us recall the analytic rings associated with complete Huber pairs.
For any complete Huber pair (A, AT), write (A, A™)a for the associated analytic
ring as in [62, Proposition 13.16], write (A, A™)m[—] for its functor of measures,
and write Du(A, AT) for D((A, A™)m). When A% equals A°, we omit it from our
notation. By [I, Proposition 3.29], we see that Da(A, A") is naturally equivalent
to Mod (D (A™)).

Lemma. We have the following pushout squares in AnRing:
(Z[X’ Y],Z). — (Z[Xv Y]»Z[X])l
(ZIX,Y],Z]Y])m —— Z[X,Y |u,
(ZIXY),Z)w ———— Z[ XY |u (ZIX+Y],Z)a——Z[X +Y]n
(Z[Xﬂ YLZ)I — (Z[X7 Y],Z[XY])., (Z[Xv YLZ)I — (Z[Xa Y]v Z[X + Y])l

Proof. This follows from combining [62, Proposition 12.12] with the characteriza-
tion of (—, —)m from [Il Proposition 3.32]. O

A.7. The following analytic rings correspond to the complements of the closedE|
unit disk centered at the origin and at infinity. Recall that Z((T~1')) is an idem-
potent algebra in Du(Z[T],Z) [61, Observation 8.7], and the corresponding open

14«Closed” in the sense of being defined by a non-strict inequality; our closed unit disks are
actually open in the affine line, so their complements in the affine line are actually closed.
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embedding as in [14] p. 61] is Da(Z[T]|,Z) — Du(Z[T]) [61, Observation 8.10]. Also,
recall that the complex
Z[U] @z Z[T] —=—— Z[U] @z Z[T)

is a projective resolution of Z(7T~1)) in Da(Z[T],Z) [61, Observation 8.6].
Recall that Z[U] is naturally isomorphic to Za[N U {c0}]/Z[{o0}], where multi-
plication by U is induced by the endomorphism n — n + 1 of N [I, Lemma 3.11].

Lemma. Z[T] is also an idempotent algebra in Du(Z[T],Z), and we have
Z(T™) ®zir),z)m Z[T] = 0.
Proof. By [61, Example 6.4], we obtain
ZIT] @ ziriwz) ZIT] = (Z[Th] ©zg Z[T2])/(Ty — T2) = Z[Ty, T2] /(Ty — T2) = Z[T].
Next, using the above projective resolution of Z((T~1)), we see that
Z(T™Y) @@ zym ZIT]
is the solidification of the complex
Z[U] @z Z[T] —2= Z[U] ®z Z[T].
After solidification, [61, Example 6.4] indicates that both terms become Z[U,T].
Because UT — 1 is invertible in Z[U, T], the resulting complex is indeed exact. O
A.8. Let (R, R") be a complete Huber pair.

Lemma. We have a pushout square in AnRing

79— Z[Tm

| |

(R, R )m — (R(T), R*(T))um.

Proof. Write (A, M) for the pushout. Since [I, Lemma 3.8] indicates that Zg — Z[T|u
is steady, we see that

A=R®z4 Z[T)u by [62], p. 84],

= R(T) by [1, Proposition 3.14].
Next, [62, Proposition 12.12] indicates that D(A, M) C Decona(R(T)) is the full
subcategory of objects whose images in Deond (Z[T]) and Deona(R) lie in Da(Z[T))

and Dm(R, R"), respectively. Because RT(T) is topologically generated by Z|[T]
and R™, [I, Proposition 3.32] implies that D(A, M) equals Dg(R(T), R*(T)). O

A.9. One can use analytic rings to define the following version of analytification;
remarkably, it still remembers algebraic functions. For any R-algebra A, write A8
for the pushout in AnRing

(Rdism R+ )I E— (Adism (R+)N )I

disc disc

| |

(R,R")g —— A%,
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Since Agisc is nuclear in D(Rgisc, R:{isc), [62] Proposition 13.14] shows that the top
arrow is steady. Therefore underlying condensed ring of A% is A, by [62, p. 84].
For any f in A, write A|y<; and Ajs>; for the following pushouts in AnRing:

(ZIT],Z)a —— Z[T]u (Z[T),Z)w — (Z[TH'], Z[T~])m
Lol |
AMe ——— Ajp<a, AME ——————— Ajpp>1.

Because the top arrows are steady localizations, the same holds for the bottom
arrows.

A.10. The following analytic ring corresponds to the closure of the closed unit
disk centered at the origin. For the rest of this section, assume that R is Tate.

Proposition. The object R(T) in Du(R, R") is nuclear as in [14, Definition 8.5
(1)]. Moreover, the analytic ring induced from (R,R")m along R— R(T) as in
[62, Proposition 12.8] is naturally isomorphic to (R(T), R +T - R°°(T))m, and the
induced morphism R[T]*& —(R(T), R* + T - R°°(T))m is a steady localization.

Proof. Since R is Tate, the first statement follows from [2] Lemma 4.4]. For the
second statement, write (A, M) for the analytic ring induced form (R, R")g along
R— R(T) as in [62, Proposition 12.8]. Because R(T) lies in Du(R, R"), we see that
A = R(T). Next, [62 Proposition 12.12] indicates that D(A, M) C Dcona(R(T)) is
the full subcategory of objects whose image in Deong(R) lies in Dg(R, RT). Since
R*T +T-R°°(T) is topologically generated by R, [I, Proposition 3.32] implies that
D(A, M) equals Dg(R{(T), R +T - R°°(T)), as desired.
For the third statement, [62], Proposition 13.14] and the first statement imply

(R, R )m—(R(T),R" + T - R°*(T))u
is steady, so [62] Proposition 12.15] shows that

R[T]™8 —(R(T),R" +T - R°°(T))m
is also steady. Finally, Lemma implies that the composition

R[T]™® —(R(T),R* + T - R°°(T))m —(R(T), R*(T))m

is a localization. Because the right arrow is a localization, the same holds for the
left arrow. O

A.11. For any R-algebra A and f in A, write ngl for the pushout in AnRing

R[T)*e —— (R(T),RT + T - R°°(T))m

I J

Ale A<

The following analytic spaces correspond the loci in AnSpec A?!8 where f is analytic
and where f is analytically invertible, respectively. Choose a pseudouniformizer w
of R, form the colimits in {analytic stacks}

an(A, f) = ligAnSpec Ajongi<1 and D*(f) = hﬂAnSpec Ajg—nf>1,
n>0 n>0
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and note that they do not depend on the choice of . Moreover, the factorization
(R(wT), R (wT))m—(R(T),R" + T - R*°(T))m —(R(T), R"(T))m

indicates that an(A, f) is naturally isomorphic to hgnzo AnSpec Aj5n pi<1.

A.12. The analytic loci satisfy the following basic properties.

Proposition.

1) For any r in R, we have an(R,r) = AnSpec R*S.
2) Write an(R[X,Y], X)Nan(R[X,Y],Y) for the fiber product in {analytic stacks}

an(R[X, Y], X) Nan(R[X,Y],Y) — an(R[X, Y], X)

| |

an(R[X,Y],Y) ————— AnSpec R[X, Y]*&.
Then an(R[X,Y], X) Nan(R[X,Y],Y) — AnSpec R[X, Y]*® factors through
an(R[X,Y], XY) — AnSpec R[X,Y]*8 and an(R[X,Y],X +Y) — AnSpec R[X, Y]*.

3) The composition an(R[T*'],T~') — AnSpec R[T*']*"¢ — AnSpec R[T]*® is nat-
wrally isomorphic to D*(T) — AnSpec R[T]*® over AnSpec R[T]*.

4) {an(R[T),T), D™ (T)} forms a cohomologically étale (as in [64, Definition 6.12] )
steady localization cover of AnSpec R[T]%.

5) Write D*(X) U D*(Y)) for the pushout in {analytic stacks}

D™ (X)N D™ (Y) —— D™ (X)

| |

DY) —— D (X) U D*(Y).
Then D*(X +Y) — AnSpec R[X, Y8 factors through
D™ (X) U D*(Y) — AnSpec R[X, Y]*s.

Proof. For part 1), it suffices to show that R, <1 = R™& when 7 lies in R°°. By
[A.7] the functor D(R[T]*'8) — D(R[T)|<1) is the open embedding as in [I4, p. 61]
corresponding to the idempotent algebra Z((T 1)) ®74 (R, R*)w in D(R[T]*#). The
descriptions of Z((T")) and Z[U] from show that Z((T™')) ®z4 (R, R")m is given
by the complex

(R, R")m[NU {c0}] vr-1 (R, R")m[NU {o0}]
R[{o0}] R[{oo}]

Since 7 lies in R°°, multiplication by Ur—1 is invertible on (R, R")g[NU{oo}]/R[{o0}].
Therefore, after base changing the above complex along the R-algebra morphism
R[T] — R that sends T — r, the resulting complex is indeed exact.

For part 2), it suffices to show that

Rr R[T]

& RIT.

R[X, Y] = R[X,Y]|x|<1 @rpx,vjus RIX,Y]yi<1
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factors through R[X,Y]*8 — R[X,Y] xy|<1 and R[X,Y]*8 — R[X, Y] x1y|<1. This
follows from applying — Q@75 (R, R")a to Lemma and the morphisms

(Z[X,Y],Z[XY])m — Z[X,Y]m and (Z[X,Y],Z[X +Y])m = Z[X,Y]a.

For part 3), note that T is invertible in (Z[T*!], Z[T~'])m, and T + T~! induces
an isomorphism (Z[T*'], Z[T))a —(Z[T*'],Z[T'])u. Applying — @74 (R, R*)a
to this shows that R[T]*& — R[T] > factors through R[T)™e — R[T*'!8 and
that the analytic rings R[T]r|>1 and R[TilhT—llgl are naturally isomorphic over
R[T*']2'8. This implies the desired result.

For part 4), [59, Lemma 3.2.9] indicates that it suffices to show that

{RIT)\r1<1, RIT)|7)>1}

forms a family of jointly conservative steady localizations of R[T]*® such that, after
applying D(—), the resulting functors are open embeddings as in [I4, p. 61]. This
follows from applying — ®z4 (R, R")am to Lemma

For part 5), Lemma[A.7|shows that Z[T7] is an idempotent algebra in Du(Z[T], Z),
and implies that Dg(Z[T],Z) — Da(Z[T*',T7']) is the open embedding as in
[14, p. 61] corresponding to Z[T]. Hence applying —®zg (R, R*)m to the morphism
Z[X + Y] —Z[X,Y] of idempotent algebras in Du(Z[X,Y],Z) yields the desired
result. d

A.13. Using discrete Huber pairs, one can prove the following GAGA theorem for
all (solid) quasi-coherent sheaves as in work of Clausen—Scholze [14]. Let A be a
finitely generated R-algebra, and let AT C A be the integral closure of a finitely
generated R-subalgebra. If AT equals the integral closure of the R-subalgebra
generated by fi,..., fm, write an(A, AT) for the intersection (-, an(A, f;) in
{analytic stacks} over AnSpec A%, By Proposition 1), Proposition 2),
and proof of [I4, Lemma 6.11], this does not depend on the choice of f1,..., fm.

Theorem. The assignment Spa(Adisc, A;SC) +— an(A, A1) sends rational covers to
steady localization covers. Consequently, the assignments Spec A — an(A, R™) and

Spec A — an(A, A) naturally glue to functors
(—)8 and (=)™ : {schemes locally of finite type over R} —{analytic stacks},

respectively, along with a natural transformation (—)* —(—)8. Moreover, (—)>"

sends Zariski covers to cohomologically étale steady localization covers. Finally, for
any proper scheme X over R, the morphism X® — X*8 is an isomorphism.

Proof. The first statement follows from the description of rational covers of
Spa(Adiscy A(—;sc)

from [14, Lemma 6.12] and Proposition The second statement follows from
the first statement and the fact that the assignments Spec A — Spa(Adisc, R3is.)
and Spec A — Spa(Aqisc, Adisc) send rational covers to rational covers. The third
statement follows from Proposition 4). Finally, the fourth statement follows
from the valuative criterion for properness. (Il

Remark. By [62, Proposition 13.6], the functors (—)2!2 and (—)2" are valued in the
full subcategory of analytic spaces as in [62, Definition 13.5].
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A.14. We will later need the notion of pseudocoherent sheaves on schemes, as well
as its relation with finite presentation. For any scheme X, write Dy (X) for the full
subcategory of Dq(X) consisting of pseudocoherent objects as in [68, Tag 03CB].
When X = Spec A is affine, recall from [68, Tag 08E7] that this is equivalent to the
full subcategory Dp.(A) C D(A) of pseudocoherent objects as in [68, Tag 064Q)].

Lemma. Let A be a finitely generated R-algebra. Then A is a finitely presented
R-algebra if and only if, for all R-algebra surjections R[Ty,...,Tn] — A, the object
A lies in Dpo(R[T1, ..., Tn])-
Proof. Let R[Th,...,T,,] - A be an R-algebra surjection with A lying in
Dyo(R[Th, - .., Thn))-
Then [68, Tag 064T] implies that A is a finitely presented R-algebra.
Conversely, assume that A is a finitely presented R-algebra, and let
a:R[Ty,....Tyn] > A

be an R-algebra surjection. By [68, Tag 00R2], ker « is finitely generated. Therefore
noetherian approximation yields a noetherian ring Ry, a surjection

Qg R(][leuva] — Ao

of Ry-algebras, and a ring homomorphism Ry — R such that the base change of
(Ao, ap) to R is isomorphic to (A4, «). Because Ry[Th, ..., ] is noetherian, Ag lies
in Dpc(Ro[Th, - .., Tim]). Hence A lies in Dyo(R[T4, ..., Ty))- O

A.15. By construction, the analytifications from Theorem [A13] are covered by
analytic rings of the following form. For any finitely generated R-algebra A with
generators f = (f1,..., fm), write A|f|<1 and A‘f‘q for these pushouts in AnRing:

(Z[Ty, ..., Tm],Z)a —— Z[T1, ..., Tr]m

I |

A Ay

R[Ty,..., T, —— (R(Ty,...,Tn), RY + (T, ..., Tn) - R°°(T1, ..., Tn))m

! |

For any scheme X locally of finite type over R, Theorem shows that X"
is glued from objects of the form AnSpec A| fl<1 along covers as in Therefore
Propositionindicates that the full subca{egory of D(A| | <) consisting of pseu-
docompact objects as in [I4], Definition 9.9] naturally gluesito a full subcategory of
D(X?"). We say that an object of D(X?") is pseudocompact if it lies in this full
subcategory.

Theorem [A.T3] and [ATT] show that X" is also glued from objects of the form
AnSpec A| fl<1 along covers as in Hence Proposition indicates that the full

subcategory of D(A|s<1) consisting of nuclear objects as in [I4} Definition 8.5 (1)]
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naturally glues to a full subcategory of D(X?"). We say that an object of D(X?")
is nuclear if it lies in this full subcategory.

Finally, write Dpc(X?") for the full subcategory of D(X?®") consisting of pseu-
docompact and nuclear objects. Recall from [I, Theorem 5.50]E| that

Dye((Spec R)™) C D((Spec R)*™) = Du(R, R™)
equals the image of D,.(R) C D(R) — Du(R,RT).

A.16. For the analytifications from Theorem I-pullback of quasi-coherent
sheaves commutes with arbitrary direct sums of uniformly bounded below objects.
More precisely, for any scheme X locally of finite type over R, write

7 X* —(Spec R)* = AnSpec(R, R")u
for (—)* applied to the structure morphism X — Spec R.
Proposition. Assume that X is of finite presentation over R, and let d be an

integer. Then there exists an integer e such that, for all families (My)q of objects
of Dg%(R, R"), the family (7' Mga)q lies in DZ¢(X*) and the natural morphism

@ WIMQ 7 ( @ Ma)
[0 @
is an tsomorphism.

Proof. Theorem indicates that (—)*" sends Zariski covers to cohomologically
étale steady localization covers, so by replacing X with an open cover, we can
assume that X = Spec A for a finitely presented R-algebra A.

Let f = (f1,..., fm) be generators of A. Then X" is isomorphic to

li AnSpecAwn ,
s =z <1

where the transition morphisms are cohomologically étale, so it suffices to replace
X with AnSpec A|f|<1. Write T = (T4,...,T,,) for the standard generators of

R[T:,...,Ty)], and note we have a pushout square in AnRing

(R[Tl, . 7Tm]dism R;isc). _— R[Tl, . 7Tm]|z|§1

| |

(Adise: (BT)ise)m —————— A1

Now [Il, Proposition 3.22] and the characterization of (—, —)m from [I, Proposition
3.32] imply that the left arrow is induced as in [62, Proposition 12.8], so the same
holds for the right arrow. Therefore the functor

(AnSpec f)' : D(R[Ty, ..., T]jzj<1) = D(A|4<1)

is given by Homp p, m>(R<T1, ooy Tin) ®Rmy,... 1] Ay —), where we identify

yeeey

RIT1, ..., Tlizj<1 = (R(T1, ..., Tn), RYT1, .. T

L5While [1l Section 5] assumes that (R, R1) is sheafy, this hypothesis is not used in the proof
of [T, Theorem 5.50].
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using Lemma [A.8] Lemma shows that A lies in Dpo(R[Th,. .., Tn]), so
(ﬁ) R<T1, - ,Tm> ®R[T1,A..,Tm] A
lies in Dy (R(T1,...,Tm)). By [I Theorem 5.50], yields a pseudocompact ob-
ject of D(R[TY, ..., Tn)jr)<1) as in [14}, Definition 9.9], which implies that (AnSpec f)'
commutes with direct sums of objects of D="(R[T1,. .., Ty]r|<1) for all integers
n. Because also lies in DSO(R[T, ..., T)ir<1), the functor (AnSpec f)' is also
left t-exact.

Hence we can assume that A = R[T7,...,T,,]. Consider the morphisms

AnSpec Ajp|<; AN AnSpec A¥ls 2 AnSpec(R, R")u,

and note that the restriction of 7 to AnSpec Ajr|<; is po j. We claim that j'p'
is naturally isomorphic to j*p*[m]. First, [59, Lemma 3.2.9] and show that
j is cohomologically étale, so j* = j'. Since p is induced, for all objects M of
Du(R,RT) we have j'p'M = j'Homp(A, M). Next, note that Homp(A, M) is
naturally isomorphic to M((T;*,...,T;")/M[T,...,Ty], which is a module for
the idempotent algebra Z((T; ') @z (R, R ) in D(A™#) forall 1 < j < 7. By
' is the intersection of the open embeddings as in [I4} p. 61] corresponding to these
idempotent algebras, so applying j' to the tensor product of the exact triangles

MITy) —— M(T; ") —— M(T;)/M[T;) —

implies that
' Homp(A, M) = ' M((T ..., T ) /My, ..., T = 5 M[Ty, . .., T,,][m]
= j'p*M[m] = j*p*M[m).
Finally, the desired result follows immediately from the claim. O

A.17. As a consequence, we prove the following finitude result for proper pushfor-
wards, which is the analogue of Grauert’s coherence theorem in our setting.

Corollary. For any proper scheme X of finite presentation over R, the functor
7. : D(X*) — Du(R, R")
sends Dpo(X™) to Dpo(R).

Proof. Theorem indicates that X" 5 X?8  Because X% is covered by
finitely many objects of the form AnSpec(A, M), it is quasicompact, so the same
holds for X", Therefore [A-T5] shows that X*" is covered by finitely many objects
of the form AnSpeczmgl. Since X is separated over R, the intersection of these
objects over X®" are also of this form, so Lemma and [I4] Theorem 8.6 (1)]
imply that 7, sends nuclear objects of D(X?") to nuclear objects of Dg(R, RT) as
in [I4], Definition 8.5 (1)].

We claim that m, is naturally isomorphic to m. To see this, note that Proposi-
tion indicates that (R, R")m —>Z|f|<1 is induced as in [62, Proposition 12.8].

Hence [41], Lemma 4.5.5] implies that AnSpec Z|f|<1 — AnSpec(R, RT)g is cohomo-

logically prim as in as in [41l Definition 4.5.1.(b)] with trivial codualizing complex,
and applying [41l Remark 4.4.11.(iii)] to the cover of X?* by such objects shows
that the same holds for w. This yields the claim.
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Let C be a pseudocompact object of D(X?*), and let d be an integer. Then
Proposition shows there exists an integer e such that, for all families (M, )q
of objects of Dg®(R, Rt), the family (7'M,)q lies in DZ¢(X*") and satisfies

DM = (D M),
Because C' is pseudocompact, the claim indicates that
Hom(7.C, @ M,) = Hom(C, ' @ M,)

« (e}

= Hom(C, @WIMQ) = @Hom(C, ' M,) = @Hom(w*C, M,).
Therefore 7,C is pseudocompact, as desired. O

A.18. Using Corollary we prove that Theorem restricts to an equiva-
lence between subcategories of pseudocoherent objects as follows. For any scheme
X locally of finite type over R, Theorem shows that X®8 is glued from ob-
jects of the form AnSpec A8 along covers induced from Zariski covers. Hence
indicates that the full subcategory Dp.(A) C D(A) < D(A™®) naturally glues to a
full subcategory of D(X?8) that is naturally equivalent to Dp.(X).

Consider the functor D(X?#) — D(X®"). When X = Spec A is affine, [T, Theo-
rem 5.50] and [I4] Theorem 8.6 (1)] imply that this sends Dpe(A) to Dpc((Spec A)*"),
so in general this sends Dpc(X) to Dpc(X?").

Theorem. For any proper scheme X of finite presentation over R, the resulting
functor Dpo(X) — Dpo(X*") is an equivalence.

Proof. Full faithfulness follows from Theorem [A-T3] For essential surjectivity, let
C be an object of Dp.(X*"). By full faithfulness, it suffices to prove that, for all
affine open subschemes j : Spec A — X, the image of C' under the composition

calg,*
Dpe (X)) C D(X) +=— D(X?I8) i) D(A%e)

lies in the image of Dy.(A) C D(A) < D(A™2). Since j*'&* preserves pseudocom-
pact objects, it suffices to prove that j2%*C lies in the image of D(A) < D(A*8).
Noetherian approximation yields a finitely generated ideal sheaf 2 of X whose
vanishing locus equals the closed subset X \ Spec A C X, so after replacing X with
its blowup along 2, we can assume that Spec A = X ~\ D for an effective Cartier
divisor D on X. Then j&jals+C = lim _ C® Ox(—nD) and hence

e jejeleE o = h_H)l e (c ® ﬁX(_nD))_
2

3
o

Note that 7, j2'8 ja*C is the image of *8*C in Da(R, R"). Because C®0x (—n.D)
lies in Dy (X "), Corollary shows that 7. (C ® Ox(—nD)) lies in Dyc(R), so
the image of j41%*C in Dg(R, R") lies in the image of D(R) — Dg(R, RT). There-
fore j21*C lies in the image of D(A) < D(A™#), as desired. O
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A.19. Finally, we prove Theorem H. Recall that the assignment
Spa(A, AT) — AnSpec(4, A1)

from Tate affinoid adic spaces to {analytic stacks} sends rational covers to steady
localization covers [59, Proposition 2.3.2], so it naturally glues to a functor

(—)m : {analytic adic spaces} —{analytic stacks}.

For the rest of this section, assume that R is sousperfectoid, and write S for
Spa(R,R"). Then for any smooth scheme X over R, the adic space X2" as in
Definition exists by [25, Proposition IV.4.9].

Theorem. For any smooth proper scheme X over R, the functor
{vector bundles on X} —{vector bundles on X§"

is an equivalence of categories.

Proof. By covering X*" by small enough steady subspaces of the form AnSpec A| fl<v

we see that X®" is isomorphic to (X2")m. Then Theorem yields a natural
equivalence Dpc(X) = Dpe((X%")m), hence a natural equivalence between the full
subcategories consisting of perfect objects C' as in [I4, Proposition 9.2] such that
—® C is t-exact.

For D,o(X), [68, Tag 0658] shows that this subcategory is naturally equivalent
to {vector bundles on X'}. For D,c((X3")m), applying [I, Theorem 5.50] and [68]
Tag 0658] to the above cover of X" = (X¢")m by objects of the form AnSpec A<,
shows that this subcategory is naturally equivalent to {vector bundles on X3"}. O

A.20. As an application of Theorem we conclude this section by proving
that the analytification of algebraic stacks of bundles agrees with analytic stacks of
bundles. This answers a question of Heuer-Xu [40, Remark 8.1.2].

Let K be an algebraically closed nonarchimedean field over Q,,, and write Perfdx
for the category of affinoid perfectoid spaces over Spa K. Endow Perfdx with the
v-topology. Recall from [40, Definition 8.4.4] the diamondification functor

(—)® : {algebraic stacks over K} —{small v-stacks on Perfd}.

Let X be a smooth proper scheme over K, and let G be a linear algebraic group
over K. Write Bg, x and H¢ x for the algebraic stacks over K of G-bundles and G-
Higgs bundles on X, respectively. Write Bung, x and Higg x for the small v-stacks
on Perfdy as in [39, Definition 7.12.(1)] and [39, Definition 7.12.(2)], respectively.

Theorem. The natural morphisms of v-stacks on Perfd g
ng — Bung x and Hg,x — Higg y
are isomorphisms.

Proof. This follows immediately from Theorem ]

APPENDIX B. /-ADIC REALIZATIONS OF BERKOVICH MOTIVES

In §5|and §6] we use Berkovich (i.e. overconvergent) motivic sheaves as in [65}, 6]
because they enjoy good formal properties. For example, there are !-pushforwards,
and when evaluated on condensed anima, they can be described in terms of classical
sheaves on profinite sets. We start this section by recalling this material.
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Difficulties arise when we need to compare Berkovich motives for (analytifica-
tions of) moduli stacks of global shtukas Shtéy with their classical {-adic sheaves.
Ideally, we would start from a motivic intersection cohomology sheaf on Shtéﬁv,
analytify it, and then pass to f-adic realizations. However, such motivic intersection
cohomology sheaves are only known when G is split [58], and one would still need to
compare Berkovich motives with classical motives. To avoid this, we develop some
tools that keep track of the relationship between f-adic sheaves on varieties, f-adic
sheaves on their analytifications, and motivic sheaves on said analytifications.

We conclude this section by recalling the description of motivic sheaves on F,
and Div}, and describing their relationship with motivic nearby cycles.

Notation. In this section, we work over Fq.

B.1. We start by recalling the theory of Berkovich motives [65]. Endow the cat-
egory {perfectoid rings over F,}°P with the arc-topology as in [65, Definition 3.1],
which is subcanonical by [65, Theorem 3.14]. Write {arc-sheaves over F,} for the
oo-category of sheaves of anima on {perfectoid rings over F,}°P, and recall from
[65, p. 54] the Z[%]—linear overconvergent motivic 6-functor formalism Do (—) on
{arc-sheaves over F}.

B.2. When evaluating on stacks arising from profinite sets (i.e. condensed anima),

Berkovich motives enjoy the following description. Recall from [41 Construction

3.5.16] the Z[%]—linear 6-functor formalism D(—, Z[%]) on {condensed anima}, and
write

(=) : {condensed anima} —{arc-sheaves over F,}

for the left Kan extension of the assignment X — X from profinite sets. Then the
proof of [66, Proposition 2.1] implies we have a morphism of 3-functor formalisms

D(_vz[ ]) %Dmot((_))

1
q =)
on {condensed anima} with respect to !-able morphisms for D(—, Z[%])
Proposition. This induces an isomorphism of 6-functor formalisms
D(—,Z[3)) ®p(z(1]) Dmot(*) = Dinot((—))

on {condensed anima} with respect to !-able morphisms for D(—,Z[%]),

Proof. When evaluating on finite sets, this is immediate. For any cofiltered limit
X = lim, X; of finite sets, we have X = lim_ X;, so [65] Lemma 10.4] shows that

D Drﬂot(*)

1
a

D(X,Z[3)) ®pz[1]) Dmot(+) = [th(Xi,Z[é])] ®p(z|

1
q

= limy [D(X3, Z[3]) ©p a2 )) Dimot(+)]
— 11 Dot (X,) = Dot (X).

Finally, the result follows from the uniqueness in [66, Theorem 3.4.11]. (]
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B.3. Berkovich motives are related to étale sheaves in the following way. Write
a’* : {small v-stacks over F,} —{arc-sheaves over F,}

for the left Kan extension of the assignment Spa(R, RT) Homg_ (R, —) [66] p. 3].

For all positive integers m and any small v-stack X over F,, [65, Proposition 12.3]
yields a natural fully faithful symmetric monoidal functor

Modz,/gm (Dot (a”* X)) <= Dey (X, Z2/0)

that is compatible with pullback and whose essential image consists of overconver-
gent objects as in |25, Proposition 1V.2.4].

Using this, one can define ¢-adic realization functors as follows. Write Dgt (X, Zy)
for yﬂlma De(X,Z/0™), so that taking @le of the above induces a functor

Po,x t Dot (" X) = 1im Modg, g (Dot (¢"* X)) = Dt (X, Zy).
m>1
Write ﬁ(Z@) for LianZI D(Z/¢™). Then the natural functor Dpers(Zy) —>B(Z¢) is
fully faithful [0, Lemma 4.2], and [25, p. 168] identifies Dgq(*,Z¢) with D(Z).
Under this identification, [65, Theorem 11.1] shows that 7 . restricts to a functor
Dot (%)¥ = Dperi(Zyg), so [65, Theorem 11.1] indicates that applying Ind yields a
functor 74 . : Dot (%) = D(Zy).

B.4.  For the rest of this section, we will use the following base change of Berkovich
motives. For any small v-stack X over F,, write Dyot(X) for Dot (a™*X).
Let A be a Zg-algebra, and consider the composition

Dmot(*) E>(Z/) — D(A)

Write D(X, A) for the symmetric monoidal co-category Dot (X) ®p
that D(—, A) is a A-linear 6-functor formalism on {small v-stacks over [, }.

As a consequence of Proposition evaluating D(—, A) on classifying stacks
yields categories of smooth representations. More precisely, let G be a locally pro-p
group, let K be a compact open subgroup of G, and write j : /K — /G for the
associated morphism of small v-stacks.

(%) D(A), SO

mot

Corollary. The symmetric monoidal oco-category D(x/G,A) is naturally equiva-
lent to the derived category of smooth representations of G over A. Under this
identification, ji : D(x/K,A)— D(x/G,A) corresponds to c-Ind%..

Proof. View G as a condensed set, and consider the condensed anima */G. Then
the arc-sheaf */G is naturally isomorphic to a*(x/G), so the result follows from

Proposition [41], Proposition 5.3.10], and [41] Proposition 5.4.4]. O

B.5. To facilitate comparisons with classical étale (-adic sheaf theories for varieties
over F, in we will consider the following notion of Zariski-constructible motives
(or étale sheaves) relative to a base. Let Z be a separated finite type scheme over

F,, and let C' be a small v-stack over Z9.

Definition. For any separated finite type scheme X over Z,

a) Write Dé}f (X&) C Dot (X&) for the full subcategory generated under cones

and retracts by objects of the form fg!Z[%](n), where f : Y — X runs over
separated finite type morphisms and n runs over integers.
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b) For all positive integers m, write D2\ (X, Z/0™) C Dg (X2, Z/t™) for the
full subcategory generated under cones and retracts by objects of the form
fg (Z/¢™), where f:Y — X runs over separated finite type morphisms.

c) Write Dézt\c (X8,2) C D (X8, 2Zy) for the full subcategory
. zZ\C m
lim D\ (X, Z/0m).

m>1
B.6. One immediately has the following relationship between étale sheaves on
varieties over Iy and étale sheaves on their analytifications. Note that Dmot((f)g),

ﬁét((_)g7 Zy) and D(—,Z;) are 6-functor formalisms on
{separated finite type schemes over Z}.

Now [63], Proposition 27.1], [63, Proposition 27.2], and [63, Proposition 27.4] yield
a fully faithful morphism of 3-functor formalisms

¢ D(=,Z¢)— ﬁét((—)ov Zy)

on {separated finite type schemes over Z}, and proper base change shows that pull-
back induces a morphism of 3-functor formalisms

ot Dee(—)®,Ze) = D ()&, Ze)
on {separated finite type schemes over Z}.

B.7.  One also has the following relationship between Zariski-constructible motives
and étale sheaves.

Proposition.

1) Dmot((f)g) restricts to a 3-functor formalism Dfl}f((f)g)

2) ﬁét((—)g7Zg) restricts to a 3-functor formalism DéZt\C((—)g,Zg).
3) The composition |c o ¢* sends Deons(—,Z¢) to DZ\C((—)g,Zg).

ét
Z\C Z\C

4) The functor @7(_)3 sends Dy sy ((—)&) to Dy, ()&, Z4) and induces a mor-
phism of 3-functor formalisms on {separated finite type schemes over Z}.

Proof. Part 1) and part 2) follow immediately from proper base change. For part
3), recall that Decons(X,Z/€™) is generated under cones and retracts by objects of
the form f,(Z/¢™), where f : Y — X runs over separated finite type morphisms.
Therefore and proper base change show that |¢ o ¢* sends Deons(X,Z/0™) to
Dézt\c((—)g, Z/¢™). Finally, taking @le yields the desired result.

For the first statement in part 4), let f : Y — X be a separated finite type mor-
phism, and let n be an integer. By Nagata compactification, there exists a proper
morphism f : Y — X and an open embedding j : Y =Y such that f = f o j.
Then jg is a partially proper open embedding, so the image of jgy!Z[%](n) in
Dét(Vg,Z/ém) is isomorphic to jg’,(Z/ém). Because f& is proper and of finite
cohomological dimension as in [65, Definition 4.17], we see from [65, Proposition

12.3] that the image of fO,Z[1](n) = F¢.j0\Z[L)(n) in De(XS,Z/6™) s iso-
morphic to fgv*jg!(Z/Em) = fg,!(Z/Em). Hence taking lim _ yields the desired
statement. Finally, the second statement in part 4) follows fror_n and the above
argument. [
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B.8. Finally, we Ind-extend the preceding discussion. Proposition 2) implies
that Ind-extending yields a morphism

Y : Ind D2 ((=)%) = Dot ((—)%)

mot
of 3-functor formalisms on {separated finite type schemes over Z}, and Proposition

.3) indicates that applying Ind to |coc* : Deons(—, Z¢) — DZ\C((—)C, Zy) yields
a morphism of 3-functor formalisms

p: D(—,Z¢) —Ind D2\ ()%, Zy)
on {separated finite type schemes over Z}. Finally, Proposition Eél ) shows that
Te,(2) induces a morphism of 3-functor formalisms

DZN((—)2) = D2 ()8 Z)

mot

on {separated finite type schemes over Z}, so applying Ind yields a morphism
ro oy Ind DI ((-)2) = Ind DS ((—)8, Zo)

mot

of 3-functor formalisms on {separated finite type schemes over Z}.

B.9. Write F for F (7)), fix a separable closure F' of F, and write C for the
completion of F. Then there is a simple description of Zariski-constructible étale
sheaves on SpaC' (relative to any Z). More precisely, ﬁét(Spa C,Zy) is naturally
isomorphic to E(Zg), and under this identification, implies that

DZ\SpaC(SpaC Z@) Dperf(Zg).

We prove an analogous description of Zariski-constructible motives on Spa C":

Proposition. We have Di}fpac(Spa C) = Dot (Spa C)«.

Proposition and [65, Proposition 10.1] imply that
Y : Ind DZ)5P2 C(Spa C') = Dot (Spa Q)

mot

is an equivalence.

Proof. By considering f : Z x X — Z for smooth projective schemes X over F,
[65, Proposition 10.1] shows that Dp,et(SpaC)® lies in DZ\SpaC(Spa C). For the

mot
reverse inclusion, it suffices to prove that, for any separated finite type morphism
[ : Y —=SpecC, the object f <>Z[ ] in Diot(SpaC) is compact. Since (—)2©
factors through limit perfection, we can assume that Y is reduced.

We now induct on dimY, where the dimY = 0 case is immediate. By ex-
cision [65, Proposition 4.25] and the induction hypothesis, we can assume that
Y is irreducible. Then [I7, Theorem 4.1] yields a smooth projective morphlsm
f Y — SpecC, a dense open subspace V' C Y, a dense open subspace i : Vs Y
and a finite étale morphism j : V—V over C. By excision [65, Proposition 4.25]
and the induction hypothesis, we can assume that Y = V. Write d for the product

of all primes ¢ # p dividing deg j. Because (f{"Z[L]) @y Z/d™ = (2 /d™),
spreading out implies that the image of f!an’OZ[l] in

lim Modz, g (Dot (Spa C)) = D( ] | Z)
m>1 l\d
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is compact. Therefore it suffices to prove that the image f,an’OZ[diq] of f,an’OZ[%] in
Modz[di](Dmot(Spa () is compact.
q

The proof of [65, Proposition 10.1] shows that ﬁan’QZ[diq] is compact in
(Dmot(spa C))7

so excision [65], Proposition 4.25] and the induction hypothesis imply that the same
holds for (f o i)?”’oZ[diq]. Finally, the trace map exhibits f!an’oZ[diq} as a retract of

(fo i)?n’OZ[d—lq], which yields the desired result. O

MOdZ[

1
A1

B.10. Write F for F, (), write ¢ : Spd F' — Spd F for the geometric g-Frobenius
automorphism over F,, and write Div' for the small v-sheaf (Spd F)/¢" over F,.
Let us recall the following descriptions of motives on Spd F and Div'. Fix a
group isomorphism qu = Q/Z[]%], and choose a compatible system {m'/"},, of
n-th roots of m in F. Recall that these choices induce a short exact sequence of

certain group schemes over Z[%] [66l p. 10]

1 IDg WDpr YA 1.

Lemma. These choices induce compatible equivalences

D(Spd ', A) 2 Dyeon((Spec A)/IDr) and D(Div', A) 2 Dyeon ((Spec A) /WD ).
Proof. Write MGy for the algebraic stack over Z[é] from [65, p. 62], and recall
that we have a natural functor Dgcon(MGg, ) = Dimot(*) [65, p. 62]. Consider the
morphism Spec Z[%} — MGy induced by the isomorphism F; = Q/Z[%] as in [66]
p. 10]; note that the isomorphism qu =Q/ Z[%] also induces a commutative square

choh (MGFq ) — Dot (*)

N

D(Z[L])) ——— D(Zy).
Write MG and MGp;,1 for the algebraic stacks over MGFq from [66, Definition
4.1]. Then [66, Theorem 4.2] and its proof yield compatible equivalences
Daeon (MG 12) @ Do, (Mg, ) Dot (¥) = Dot (Spd F),
Dacon(MGpivt) @ Do (Mg, ) Dmot (+) 5 Dot (DivY).

so the above commutative square induces compatible equivalences

Dacon (MG j» Xn;, Spec A) = D(Spd F.A),

Digeoh(MGpiyt X m;, SpecA) 5 D(Div', A).
Finally, [66, p. 10] compatibly identifies
MG 3 X MGy, Spec A = (Spec A)/IDp,
MGpj,1 XMy, Spec A = (Spec A)/WDp. O
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B.11. We conclude this section by describing how motivic nearby cycles behave
after f-adic realization. Write f : Spa C — * for the structure morphism. Recall that
f+ yields an equivalence Dyt (Spa C) = Mod 2[2)(Dmot (*)) and that our choice of

{Wl/n}me from induces a morphism f*Z[%] —>Z[%] of Exo-algebras in Dot (*)
[65, p. 61]. Under this identification, write ¥ : Dy,o1(SpaC) = Dot (%) for the
functor corresponding to — ®, 51, Z[é] [65], Definition 11.3].

¢ q

Recall that pullback yields an equivalence [25] p. 168]
Bét(*a Zf) :> ﬁét(spa Ca ZE)

Proposition. The functor U preserves compact objects. Moreover, we have a com-
mutative square

T¢,SpacC

Dinot (Spa C) De(SpaC, Zy)

JI/ TZ
Dmot(*) #} ﬁét(*a Z[)

Proposition and imply that 7y spa ¢ restricts to a functor
Dot (Spa C)“ = Dpert(Zy),
so [65], Proposition 10.1] indicates that applying Ind yields a functor
7¢.5paC * Dot (SpaC) — D(Zy).

Proof. Because f* : Dot (%) = Dot (Spa C) is left adjoint to fi, it corresponds to
— ®z[1 f*Z[%]. Therefore W o f* is naturally isomorphic to the identity, so the first

statement follows from [65, Proposition 10.1] and [65, Theorem 11.1].

For the second statement, the proof of [65, Proposition 11.4] implies that, for all
positive integers m, applying — ®g(1) Z/0™ to f*Z[%] — Z[%] gives an isomorphism.
This yields the desired result. O

APPENDIX C. GLOBAL RIGID INNER FORMS, BY PETER DILLERY

In the following, G always denotes a connected reductive group over F' a global
function field associated to the projective curve C' with constant field F,. We will
break from the notation of the rest of the paper by denoting F'* a separable closure
of F inside a fixed algebraic closure F. The set of all places of F will be denoted
by Vr. We denote the Kottwitz gerbe over F' by Kottg, and the Kottwitz gerbe
over each F, by Kott,. For a set of places ¥ of F', we denote by Op x the ring of
Y-integers of F'.

C.1. Theorem says that the B(F, G)pasic-inner forms G} of a quasi-split con-
nected reductive group G appear naturally in the description of the semistable
locus of Bung r. The goal of this appendix is to use results in the main body
of the paper to prove fundamental geometric properties of the “extended” stack
Bung r introduced in [2T], which has geometry analogous to that of Bung r but
whose semistable locus encodes global rigid inner forms of G, in the sense of [20],
rather than just B(F, G)pasic-inner forms. The advantage of using global rigid inner
forms is that they enable a statement ([2I, Conjecture 5.7]) of a multiplicity for-
mula for discrete automorphic representations that applies to arbitrary connected
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reductive groups over F. It is reasonable to believe that a Bung p-adapted ver-
sion of the machinery in the main part of this paper together with the conjectural
Kott, x g, Kal,-adapted refined Langlands correspondence from [21, Conjecture 5.1]
at each v can be used to prove cases of this multiplicity formula. We emphasize
that the construction presented here is inspired by the work of [22] in the local case.

C.2. We review the notion of local and global rigid inner forms. One can use class
field theory to construct a global gerbe Kalp — Spec(F) ([20, Proposition 3.21])
and for each place v € Vp a local gerbe Kal, — Spec(F,) ([19, Theorem 3.4]) which
are banded by profinite multiplicative group schemes P and wu,, respectively. We
refer the reader to [21] §2.1] for a more detailed summary of these two gerbes and
their bands. We give these gerbes the étale topology inherited from Spec(F).

For ? € {F,v}, the basic cohomology H!(Kals, G)pasic is defined as all isomor-
phism classes of étale G-torsors on Kal, whose restriction to the band of Kal; is an
F-rational homomorphism P — Zg or u, — Zg. A key property of these gerbes is
that the natural map

H'(Kal?, @)pasic — H'(F, Gaq)

is always surjective. In other words, any inner form of G can be realized as coming
from a G-torsor on one of these gerbes.

There is a variant of this gerbe defined in [22] and [21] which is better—suited to
geometry:

Definition. Define B.(G) (resp. B.(GF,)) to be all isomorphism classes of étale
G-torsors on the gerbe Kottr x p Kalp (resp. Kott, X r, Kal,) whose restriction to
the band of Kalg (resp. Kalg,) factors through Zg. Define the subset Be(G)pasic
(resp. Be(GF,)basic) to be those classes whose restriction to the entire band of the
gerbe Kottp xp Kalg (resp. Kott, x g, Kal,) factors through Zg.

~

In the same way that there is a bijection B(F, G)pasic — (m1(G)[VFs]o)Gai(rs /F),
one has a linear-algebraic description of B.(G)pasic given by [2I, Theorem 3.10]
which recovers the B(F,G)-bijection and the H!(Kalg, G)pasic-bijection from [20,
Theorem 4.11]. We omit the details here for sake of brevity, but remark that the
proof relies on an explicit Tannakian description [2I, Proposition 3.1] of the gerbe
Kottrp X p Kalp generalizing the description of Kottyr using Drinfeld isoshtukas.

C.3. The key ingredient for defining the stack Buna r is a generalization of Kalp
which is defined over a fixed affine open subset U = C'\ || of the curve C for a
finite set of places X. This gerbe is denoted by Kalp s, — U.

The gerbe Kalpx is built from finite level gerbes. Fix a set of lifts 3 of ¥ in
Vps and denote by Fy the maximal Y-unramified extension of F'. Fix also a cofinal
system of pairs {(F;, n;)}ien such that n; € N, FF C E; C Fy, and if j > 4 then
E; C E; and n; | nj. Define szi to be the Op s-group scheme Cartier dual to
(n%Z/Z)[Gal(Ei/F) X X, ]o,0 consisting of all elements whose [(o, w)]-coefficient is

zero unless 0~ (w) € Xp,. The subscript “0,0” means we insist that the elements
must be killed by both augmentation maps. There is ([2I, Corollary 2.12]) a “level
17 canonical class &; € H?ppf(OF’27P27,L-), and these classes are compatible via a
system of transition maps {Py ; — P ;} defined loc. cit. such that Py, = m P, ;.

To define the canonical class corresponding to Kalg s, one takes the unique lift

of 1&1& in H?ppf(F, Pg,) which, for each v € Vg, localizes in some suitable sense



68 SIYAN DANIEL LI-HUERTA

to the class in prpf(Fv,uv) corresponding to Kal,—for the full details see [21],
Theorem 2.16]. One can define a transition map Kalpyy — Kalpy for all ¥ C ¥/
and pullback by these maps induces a bijection

lim Hy (Kalp,s, G) = Hg (Kalp, G).
P

C.4. We now recall the definition of the stack Bung p from [21, §4], which is
inspired by the ideas of [22]. Each gerbe Kalg s defines ([2I, Lemma 4.2]) an adic
gerbe Kal}‘ﬁ}z — Spa(Op,x) (for the v-topology), and, for an affinoid perfectoid space
S over Iy, define H, élt (Us, G)Kal-basic as all isomorphism classes of étale G-torsors
9 on Ug 1= Ug" Xgpa(0p.y) Kal'}f)jz whose restriction to the band is a morphism

(Pa)s 2% Zg 5.

We denote all such torsors (not isomorphism classes) by Z} (s, G)Kalp-basic-
The main definition is then ([21, Definition 4.6]):

Definition. (1) Given U a dense affine open of C, define a functor Bung ;;
from affinoid perfectoid spaces over F, to groupoids by

S {(94,0)|9 € Z} (s, @)Kalp-basic, ¢: Y — (Frobg x id)*%};
(2) Define a functor Bung,  from affinoid perfectoid spaces over I, to groupoids
by
S lingunﬁ;,U(S).
U

It is proved in [21, Lemma 4.7] that both of these functors are small v-stacks.
C.5. The assignment (¥, $) € Bung 1;(S) + Ay defines a map
Bung,; - Homy (P, Za),

where Homy; (P, Z¢) is the functor sending S to Hongn((Pgd)g, Za,s). We now
recall one more definition [2I], Definition 4.11].

Observe that we have a canonical isomorphism for every geometric point 5 of a
perfectoid space S over F,

HomU(PZ, ZG) :_> HOInUgm ((P;d)g’ chg)Frobg.

In view of this, given \ € Hom(Pgd, Za), define Buna}‘U as the substack character-
ized by

Bungy, (S) = {z € Bun ;1(S)|As = A € Homyan (P25, Za5)™P},

where § runs over all geometric points of S and Z denotes the image of x at s.

A key result which allows us to use the results in the main body of paper in this
new setting is [2I], Corollary 4.13], which says that A induces a decomposition (as
a v-stack)

Bung,U = |_| Bunz:?U,
AeHomp (P, Za)
and analogously for Bung p.
There is an analogue [21] Definition 4.9] of the notions introduced in



COURBES ET FIBRES VECTORIELS EN THEORIE DE HODGE 2-ADIQUE GLOBALE 69

Definition. (1) Define Bung}F to be the substack characterized by
Bung}F(S) = {z € Bung (5)|7 = triv € Bung r(3)},

where 5 runs over all geometric points of S and Z denotes the image of x
at s.

(2) Given b an element of B.(G)pasic, define Bung?F as the substack character-
ized by Bungf)F(S) = {z € Bung ¢(5)|Z = b € Bung r(5)}, where 5 runs
over all geometric points of S and Z denotes the image of x at s.

The identical twisting argument from the proof of Proposition 2.9 shows that:

Proposition. (1) For b € Bc(G)pasic pulled back from Kottpy xy Kalpy,
there is a natural isomorphism Bung ;; — Bung, ;; sending Bungf}U to
BunZliyU.

(2) For b € H'(Kottry Xy Kalpy)pasic above a fized X € Homy (P, Za), we
. . e,N
have an isomorphism BunG’U — Bung, v.

In the above Kottpy, is a “U-level” version of Kotty defined in [21] §2.3]. Com-
bining this result with [2I, Corollary 4.13] proves that the stack Bung ;; is isomor-
phic to a disjoint union of the stacks Bungs iy for varying inner forms G’ of G (this
is a global analogue of [22, Exemple 12.6]).

We therefore deduce from Proposition that:

Corollary. Each Bung ;; is an Artin v-stack.

C.6. We now prove some more refined results about the geometry of Bung p.
First, we deduce the following analogue of Theorem [2.10} which, in particular,
identifies Bung, ;;(Spd Fy) with B.(G):

Theorem. The perfect v-stack Bungfgd over F, is the v-sheafification of

(1) SpecB s { Kalp-basic G-torsors 4 on Up xy Kalpx, equipped with }

an isomorphism ¢ : 4 = (Frobp xid)*¥

Moreover, when each connected component of Spec B is a valuation ring, no sheafi-
fication is needed.

Proof. [21], Corollary 4.13] implies that Bung’rf]d = Lnetomr (g, 2c) Bungf‘l}red. We

have seen in Proposition that picking b € Hl(KottF’z x Kalp 5)basic above a
fixed A (we can do this by [21, Proposition 2.29]) gives an identification Bung,’\U =
Bung, u. A similar (but easier) argument as in the proof of [21I, Proposition 4.12]
gives an analogous disjoint union decomposition of the functor (1) according to
Homy (Py, Z¢), and twisting by b gives an isomorphism from the presheaf mapping
Spec B to all ¢ as in (1) such that Ay = A at all geometric points of B to the
functor in . We can then use Theorem to deduce the result. O

C.7. This subsection is purely review from [2I] and concerns the localization prop-
erties of the stack Bung; . First, we define for a place v € Vp the stack Bung 5 to
be the same as BuneG’U but with F;, in place of Op 5 and Kal, in place of Kalg s,
as defined in [22] §12].
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We recall from [21], §4.2] the functor Bung , defined by
S lim H Bung,o, (S) x H Bung g, (5),

L p¢s vEXD
where the limit is over all finite subsets of places ¥. This defines a small v-stack,
and we have a morphism
Bung  — Bung
induced by a localization map Kal, — Kalp at each place as discussed in [21], §2.1].
One then has [21, Proposition 4.16]:

Proposition. There is a morphism
Bung ; — H Bung,o, X H Bune (Z) C H Bung o, X H Bung 5,
vgs VvED vES vED

which makes the square

e 67(2)
Bung y — vaz Bung,o, X [[,ex Bung i’

| !

e e
BunG,F BunGA

Cartesian.

In the above, Bung ’( ) is a minor modification of the stack Bung . adapted to
the completion of Fg at a fixed place above v, see [21], §4.2] for the full details.

C.8. There is an analogue of the semistable locus of Bung, r:

Definition. Set Bung’. to be the preimage of

1_1’1)1 H Bung,o, x H Bung’,
vgS veEY

in Bunf, ;, where Bung™, s the local semistable locus as defined in [22]. This does

not depend on the choice of localization maps, is a small v-stack, and is an open
substack of Bung™z.

One can explicitly describe the semistable locus of Bung p using Be(G)basic-

Theorem. (1) The substack Bung,lU C Bung i, is open, and is isomorphic to
*/G(OF,E)-

(2) Forb € Be(G)pasic, the substack Bung?F C Bung f is open and isomorphic
to x/Gp(F).

(3) We have an equality of stacks Bungp = | lyep_ () &b

basic BunG F-

Proof. For the first statement, we observe that the image of Bung’U via A is deter-
mined by its value at any geometric point, and is thus the trivial morphism Op. By
Proposltlonwe can identify the inclusion BunG y < Bung OP with the inclusion
BunQU — Bung,y, so that the desired result is true by comblnmg [21l Proposition
4.12] with Theorem

The second part is a consequence of the first statement and Proposition [C.5
The disjointness part of the second statement can be deduced from the disjointness
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of the Bunlz;,  after decomposing Bung; » using [2T, Corollary 4.13]. Similarly, the
verification that this union is exhaustive can be done using the decomposition (as
stacks)

e,ss €,85,\
Bung)U — I_l BunG)U
AeHomp (Py,,Zg)

induced by [2I), Corollary 4.13] and then observing that the identification Bungf‘U =

Bung, ; for b € Be(G)pasic identifies Bung®? with Bung, ;. Now one can use
Theorem ET1] (]
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