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ABSTRACT. Quaternionic modular forms on Go carry a surprisingly rich arithmetic structure. For example,
they have a theory of Fourier expansions where the Fourier coefficients are indexed by totally real cubic rings.
For quaternionic modular forms on G2 associated via functoriality with certain modular forms on PGL2,
Gross conjectured in 2000 that their Fourier coefficients encode L-values of cubic twists of the modular
form (echoing Waldspurger’s work on Fourier coefficients of half-integral weight modular forms). We prove
Gross’s conjecture when the modular forms are dihedral, giving the first examples for which it is known.
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1. INTRODUCTION

To any holomorphic modular cusp form f of even weight 2k, one can associate its Shimura lift F [31], which
is a holomorphic modular cusp form of weight k + % Waldspurger [33] discovered a remarkable relationship
between the Fourier coefficients of F and the L-values of quadratic twists of f. This led, for example, to
Tunnell’s partial resolution [32] of the congruent number problem.

The goal of this paper is to prove a similar relationship between the Fourier coefficients of certain quaternionic
modular forms on Go and the L-values of cubic twists of certain holomorphic modular forms. This was
conjectured by Gross in 2000, and we prove his conjecture for the first class of examples: the dihedral case.

1.1. Quaternionic modular forms on G,. Let G be a connected reductive group over Q. When the
symmetric space associated with G(R) is Hermitian, there is a natural generalization of holomorphic mod-
ular forms to G: automorphic forms on G that generate a holomorphic discrete series over G(R). These
automorphic forms are well-known to have rich connections with arithmetic.

When G is the split simple group of type Gg, the real Lie group G(R) does not have holomorphic discrete
series. Nonetheless, Gross—Wallach [13] singled out a class of representations {7 }x>1 of G(R) called quater-
nionic discrete series', and Gan-Gross-Savin [8] initiated the arithmetic study of quaternionic modular
forms (of weight k), that is, automorphic forms F on G that generate m; over G(R).

1Strictly speaking, 71 is only a limit of quaternionic discrete series, but this does not matter for our purposes.
1
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Pollack [26] developed the following explicit theory of Fourier expansions for quaternionic modular forms.
The group G has a Heisenberg parabolic with Levi subgroup M = GLy and unipotent radical N. Write Z for
the center of N, write X for Hom(N/Z, G,), and write (—, =) : X x (N/Z) — G, for the evaluation pairing.
For all £ in X(Q), Pollack defines an explicit function W€ : M(R) — C such that, for any quaternionic
modular form F, its Z-constant term Fz(g) = fZ(Q)\Z(A) F(zg)dg can be written as

(1.1) Fz(ng) = Z ag(F)e 7 EMWE (g)  for all g € M(R) and n € N(R),

£ex(Q)
where the ag(F) lie in C [26, Corollary 1.2.3]. Since the representation X of M = GLg is isomorphic to
Sym® @ det ™!, a classic result of Delone-Faddeev [6] shows that M (Q)-orbits in X(Q) correspond to cubic
algebras over Q. In fact, their work refines to show that M (Z)-orbits in X(Z) correspond to cubic algebras
over Z. When £ € X(Q) corresponds to an étale cubic algebra E/Q, one can show that ag(F) vanishes
unless E is totally real.

Examples of quaternionic modular forms include certain Eisenstein series, whose Fourier coefficients ag(F)
have been studied extensively by Jiang—Rallis [15], Gan-Gross—Savin [8], and Xiong [34].

1.2. Gross’s conjecture. What about cuspidal examples of quaternionic modular forms? For any holo-
morphic modular cusp form f of even weight 2k with level 1 and trivial character, Arthur’s conjecture [1]
predicts a cuspidal quaternionic modular form F of weight £ on G associated with f by Langlands func-
toriality. In a manner analogous to Shimura lifts, Gan—Gurevich [9] gave a conjectural construction of F,
assuming that L(3, f) # 0.

Gross conjectured the following analogue of Waldspurger’s theorem [33]:

Conjecture 1.1 (Gross [23]). Assume that f has level 1. For all £ € X(Z) corresponding to the ring of
integers of a totally real étale cubic algebra E/Q, we have

a:‘;(]:)2 = L(%mf@ VE) : A’;‘_§7

where Vi is the 2-dimensional Artin representation with Ind% 1=1&Vg, and Ag is the discriminant of E.

Since f has level 1, the form F is invariant under G(z), which implies that ag(F) vanishes unless £ € X(Z).

More generally, for any holomorphic modular cusp form f with trivial character, Arthur’s conjecture [1]
predicts multiple cuspidal quaternionic modular forms on G associated with f.

Our paper studies the case where f is dihedral. Namely, let K/Q be an imaginary quadratic extension, let x
be a conjugate-symplectic Hecke character for K with L(%, X) # 0, and take f to be the associated dihedral
modular cusp form. Then the level N of f must be nontrivial; in fact, IV is necessarily not squarefree.

Here, Arthur’s conjecture [1] predicts that, for every sequence € = (¢,), in {£1} indexed by primes p with

e ¢, = +1 when p splits in K or x> = 1 (which includes all p not dividing N),
b Hp €p = _6(%7X3)7

there should be a cuspidal automorphic representation 7¢ of G associated with f whose p-adic component
is explicitly determined by €, and x, and whose archimedean component is 7. In our previous work [2], we
proved Arthur’s conjecture in this case (assuming that K/Q is unramified at 2); in particular, we gave an
unconditional definition of 7€.

For any quaternionic modular form F¢ € 7€ and for all £ € X(Q) corresponding to an étale cubic algebra
E/Q, we show that ag(F€) vanishes for local reasons unless

e ¢, = ¢,(Ep, xp) for all primes p, where €,(E,, x,) € {£1} is purely local (see Definition 2.2?),

2While Definition 2.2 depends on a continuous character ¥, : Qp — C*, in the introduction we fix ¢ : Q\A — C* to be the
unique continuous character such that e (x) = e ™27,
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e F is totally real (which is the archimedean analogue of the above e-condition).

When p does not divide N, we show that e,(E,, xp) = +1 for all étale cubic algebras E,/Qp; this explains
why the above e-condition does not appear in Conjecture 1.1.

We construct a quaternionic modular form F¢ € 7€ satisfying the following version of Conjecture 1.1, which
takes into account the aforementioned local obstructions:

Theorem 1.2 (Theorem 3.14). Assume that L(3, f) # 0. For all € € X(Q), the Fourier coefficient ag(F€)
vanishes unless € € X(Z). Moreover, if £ € X(Z) corresponds to the ring of integers of a totally real étale
cubic algebra E/Q such that €, = €,(Ep, xp) for all p dividing N, then

[SIE

lag (F)> = L(L, f @ Vi) - Al

Remark 1.3. Conjecture 1.1 does not take absolute values, while we do take absolute values in Theorem
1.2. This is essential for our method, as we explain in §1.4 below. Something similar happens when extract-
ing explicit results from Waldspurger’s theorem [33]: precise formulas which calculate all the constants of
proportionality all take absolute values [19, 20, 4, 28].

Remark 1.4. We actually work over totally real fields F' and prove a generalization of Theorem 1.2 to dihedral

Hilbert modular forms (see Theorem 3.14). We restrict to F' = Q here for the sake of exposition.

1.3. Related work. Fourier coefficients of cuspidal quaternionic modular forms have been extensively stud-
ied by Pollack; for example, he proved that, for all £ > 6, there exists a basis of cuspidal quaternionic modular
forms on G whose Fourier coefficients lie in Q*P [27, Theorem 1.0.1].

Let us explain why this is consistent with Theorem 1.2. The projection formula yields
Ind% X ® Ind% 1= Ind%E(MKE),
so we get (Ind% x) @ Vg = Ind% (x| k) — Ind% x. Taking L-functions gives
L(%, X|xE)
L(3.x)
Blasius’s work [5] on Deligne’s conjecture shows that there are periods ¢ (x), c™ (x|kg) € C such that

L(%?X) L(%7X|KE)
ct(x) " et (xlxE)

L(3,[®Ve) =

€ Q(x)-

If the motive for x is realized in an abelian variety A/Q with CM by K, then the motive for x|k g is realized
in A/FE, so one can show that ¢t (x|xg) = ¢t (x)3. Therefore we get

ct(x)?

Because ¢ (x)? is independent of E, this yields the desired consistency with Pollack’s result.

€ Q(x) € Q™.

Pollack [27, Corollary 1.2.4] also obtained the first result towards Gross’s conjecture: when f is the cusp
form A of weight 12, Conjecture 1.1 is true when £ corresponds to the ring of integers of Q x F’ for a totally
real étale quadratic algebra F’ over Q.

Recently, assuming Arthur’s conjecture [1], Kim—Yamauchi [17, Theorem 1.4] generalized Pollack’s [27,
Corollary 1.2.4] to all f with squarefree level. Because the f that we consider do not have squarefree level,
their results are disjoint from ours. Their methods are also quite different: they only consider the case where
e, = +1 for all p, and by using explicit models for 71';‘ and studying the Fourier-Jacobi expansion of 7€
along the other maximal parabolic subgroup of G, they relate ag(F€) to the D-th Fourier coefficient of the
Shimura lift of f when £ corresponds to the ring of integers of Q x (@(\/5) Finally, they relate the latter
to L(3,f ® VQXQ(@)) = L(3, f)L(3, f ® xp) using Waldspurger’s theorem [33].
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1.4. Idea of proof. Let us explain the proof of Theorem 1.2. We start with the construction of F¢: it is
an ezceptional theta lift from the compact form G’ of PUs with respect to K/Q, using theta kernels on the
quasi-split adjoint form G of E¢ with respect to K/Q. More precisely, we associate a cuspidal automorphic
representation o€ of G’ to € and x, and for all f/ in ¢ and ¢ in the minimal representation  of é, we
construct a quaternionic modular form F¢ := 0(yp, f') € 7¢.

The Fourier coefficient ag(F€) is explicitly related to the automorphic Fourier coefficient 8(y, f')n y, (1),
where ¢ denotes the continuous character of N(A) associated with £. Write N for the unipotent radical of
the Heisenberg parabolic of G. By studying the automorphic Fourier coefficients of the theta kernels 6(p)
along N , we prove that

(1.2) Ol e () = [ 00" )50, (Pl )y,

i(Te)(A\G' (4)
where i : Ty < G’ is a certain maximal subtorus associated with the étale cubic algebra E/Q, 1; is a certain
continuous character of N(A) restricting to ¢ on N(A), and

mu»=/ () ar
I(Te)(Q)\i(Te)(A)

is the period on ¢ associated with i : Tg — G’.

For certain special factorizable f/ in ¢, we relate [P;(f/)|? to L(3, f ® Vg) - Agz by combining a seesaw of
(classical) unitary group theta lifts with explicit calculations of T. Yang [35]. To leverage this relationship,
we prove that (1.2) also has a factorizable form

(o, f')nwe (1) = Pi(f]) - [ [ Zo (& 00, £3)

whenever ¢ = ®/p, and f' = ®! f/ are factorizable, where the Z,(,, ¢,, f1) are certain local integrals that
incorporate both the discrepancy between f! and f{,v as well as the local Fourier coefficients of the local
minimal representation €2,,. Hence it remains to compute Z,,(,, ., fi) for appropriate choices of ¢, and f.

At p-adic places where p does not divide N, we take ¢, and fI’) to be normalized spherical vectors in €,
and in the p-adic component o,” of o€, respectively. We prove that f, is an (unspecified) C'-multiple
of an i(T)(Qp)-translate of f; ,, which lets us reduce the computation of |Z,(&y, ¢p, f,)| to the following
elementary statement (Lemma 4.5) and its Hermitian analogue:

for all p-adic fields F),, étale cubic algebras E,/F,, and OF, -algebra injections i : O, — M3(OF,),
if g in GL3(F,) satisfies g~ 'i(Og, )g € M3(OF,), then g lies in i(E)) GL3(OF,).

At the archimedean place, the local minimal representation €., is actually a limit of quaternionic discrete
series for the ambient group é(R), so we can study it using the work of Pollack [26]. To ensure that
Ooo (Yoo, fLo) 1s a highest weight vector in the lowest K-type of 7y, we first define a raising operator D,‘: in gc
and then take ¢, to be D,j applied to a normalized highest weight vector in the lowest K -type of 4. Since
G'(R) is compact, we can take f.  to be a normalized highest weight vector in the archimedean component
0o Of o¢. With these choices, we compute Zoo (Exos Yoo, fh) using work of Pollack [26]. The result (Theorem

1)/2

6.6) crucially involves A(g_ as well as some factors that cancel with the definition of W¢ from (1.1).

The above work already suffices to prove (Theorem 3.13%) that, under the necessary local conditions,
€ k—3
|Clg(f )|2 = L(%mf oY VE) . AE 2. H |Ip(8p7¢p7fglj)|2'
p|N

Finally, at p-adic places where p divides N, we custom design ¢, and f;, so that Z,(&,, ¢y, f;) equals 1 when
ep = €p(Xp, Ep) and equals 0 otherwise (Proposition 5.3). This concludes the proof of Theorem 1.2.

3There are also some local constants in Theorem 3.13, which we ignore here for simplicity; alternatively, one can renormalize
the definition of Z,(Ep, p, f,) to incorporate these constants.
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Outline. In §2, we introduce the automorphic forms on PUj that we will lift to Gy and compute their
relevant torus periods. In §3, we define Fourier coefficients for quaternionic modular forms on Go, gather
facts about the exceptional theta lift between PUj3 and Go, and prove our main results modulo calculating
certain local integrals. We calculate these local integrals at p-adic places where p does not divide N in §4,
at p-adic places where p divides N in §5, and at archimedean places in §6.

Notation. Throughout this paper, F' is a field of characteristic 0, and K is a quadratic étale F-algebra.
Write k +— k for the nontrivial element of Autp(K) = Z/2.

When F' is a nonarchimedean local field, write v for its normalized valuation, and write w for a choice of
uniformizer. When F' is an archimedean local field, we always assume that F' =R and K = C. We use the
absolute value on C given by z +— v/2Z. Whenever possible and unless otherwise specified, all Haar measures
give maximal compact subgroups volume 1.

When F' is a number field, we always assume that F is totally real and K is totally imaginary. For any affine
algebraic group G over F, write [G] for G(F)\G(Ar). Our automorphic representations are all irreducible,
contrary to our convention in [2].
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arithmetic study of quaternionic modular forms on Gs. In addition, we are extremely thankful to Wee Teck
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Mathematics. The fourth-named author was supported by NSF grant #DMS2401823.

For the purpose of Open Access, the authors have applied a CC BY public copyright licence to any Author
Accepted Manuscript (AAM) version arising from this submission.

2. UNITARY GROUP THETA LIFTS

We will construct and study automorphic forms on G, using an exceptional theta lift from PUs, so in this
section we gather the necessary results about PUs. In §2.1, we begin with basic notation on 3-dimensional
Hermitian spaces, as well as their relation with cubic algebras. In §2.2, we introduce our unitary group theta
lifts and seesaw, the latter of which is essential for our results on torus periods.

We take a break in §2.3 to define spherical vectors in our local representations for later use. In §2.4 and §2.5,
we return to our torus periods and study them in the local context. Finally, we study the analogous global
torus period in §2.6. Our work relies on explicit calculations of T. Yang [35].

This section can be viewed as a refinement of [2, §3] in the setting of this paper.

2.1. Unitary groups and algebra embeddings. We begin by setting up our 3-dimensional Hermitian
spaces and explaining their relationship with Freudenthal-Jordan algebras.

Equip K? with the Hermitian form for K/F given by (vi,vs) + vy - T3. Write Us for its associated unitary
group over F', and write G’ for the adjoint group of Us. Note that the discriminant of K? equals the image
of —1 under F* — F* /Nmg, p(K™).

For all  and y in M3(K), write z oy for %(xy +yx), and write 27 for the adjugate matrix of x. Write J for
the set of Hermitian matrices in M3(K), and use o to equip J with the structure of a Freudenthal algebra
over F in the sense of [18, §37.C]. Now G’ acts on J via conjugation, which identifies G’ with the connected
automorphism group of J over F.
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Let E be a cubic étale F-algebra, and write L for F @ p K. Write Tg for the 2-dimensional torus
COker(R}(/F Gy — RE/F(RlL/E Gm))

over F. Because F*/Nmg, p(K*) is 2-torsion and the composition

Nm
B/ N p (K*) —— B/ Ny (LX) =5 F*/ N p (K )
is the cubing map, the left arrow is injective. Therefore (R, /B Gm)(E) = TE(F) is surjective.

Write {E — J} for the set of F-algebra embeddings E < J. Note that any i in {E — J} induces an
injective morphism 7 : RE/F(RlL/E Gyn) = Us and hence i : Tp < G’ of groups over F. Moreover, we see
that the stabilizer of i in G’ equals i(Tg).

Let A be in E*. Write Ly for the associated 1-dimensional Hermitian space for L/FE, so that RlL/E Gm
is its associated unitary group over E. By postcomposing the Hermitian form with trp,x, we view Ly as
a 3-dimensional Hermitian space for K/F. If we have an isomorphism K?® =2 Ly of Hermitian spaces for
K/F, then we obtain an embedding L — M3(K) of K-algebras with involution and hence an element of
{E < J}. By [2, Lemma 3.2], every i in {E < J} arises from this construction for some A in E* and some
isomorphism K3 22 L of Hermitian spaces for K/F, and A\; and Ay in E* induce the same G’(F)-orbit in
{E < J} if and only if A;\; " lies in F* Nmp,,p(L*).

2.2. The seesaw and local representations of G’. We now introduce our unitary group theta lift over F,
which we will use to construct representations of G’. This theta lift fits into a seesaw with a unitary group
theta lift over F, which we will use to compute torus periods of our representations of G’.

Let €1 be in F*. Write K, for the associated 1-dimensional Hermitian space for K/F, and write U; for its
associated unitary group over F. Let § in K* satisfy trg,pd = 0, and write W for the symplectic space
K., ®x K? = K3 over F', where the symplectic form is given by

(w1, wa) = trg/p(de1wy - Wy).

Note that W has a polarization given by F3 @ §F2. When K = F x F, it also has a polarization given by
(1,0)F3 @ (0,1)F3.

Given a A in EX and an isomorphism K? = L of Hermitian spaces for K/F that give rise to i as in §2.1, we
get an isomorphism between W and the analogous symplectic space over F' induced by ¢ and L., ®, Ly = L.
Then the analogue of [21, (2.17)] for unitary groups yields a seesaw of dual pairs in Spy, over F

Re/rRL/5 Gm Us
(2.1) T }
Uy Ri/r Ry g G-

Note that L., ®, Ly has a polarization given by £ ® JE.

For the rest of this subsection, assume that F' is a local field or a number field. Write

F> F local field, F F local field, F F local field,
CF = F e F =

F*\A% F number field, F\Ar F number field, B Apr F number field.

Let x : Cx — C! be a conjugate-symplectic unitary character, and let 1) : Ap — C* be a nontrivial unitary
character. By [22, Theorem 3.1], the data of

e ¢ and (x, x*) induces a lifting of (U; x U3)(Rr) — Spy (Rr) to Mpy, (Rr),
e Yotry/p and (xoNmy k, x o Nmy, k) induces a lifting of (RlL/E G X RlL/E Gm)(Rg) — Spw (RF)
to Mpyy, (Rp).
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Since Nmy i (k) = k? for all k in K>, these lifts restrict to one another under (2.1).

Endow R%, with the self-dual measure with respect to ¢, which yields a Hermitian pairing on the Schwartz
space S(R3%.). Using the polarization W = F3®§F3, equip S(R%) with the Weil representation of Mpyy, (Rr)
associated with 1, and write 615(—) for the resulting theta lift from Uy to Us.

In the setting of (2.1), endow Rp with the self-dual measure with respect to ¢ o trg,p, which yields a
Hermitian pairing on S(Rg). Using the polarization L., ®, Ly = E®JE, equip S(Rg) with the Weil repre-
sentation of Mpy,(RFr) associated with ¢, and write 6 (—) for the resulting theta lift from Rg,/p RlL/E Gm
to Rg/r RlL/E Gy, (when F' is a number field, assume that RIL/E Gy, is anisotropic over E). When F is
a number field, any element of Spy, (F) that sends the polarization F3 & §F3 to E & §E induces a uni-
tary isomorphism S(A%) = S(Ag) of representations of Mpy, (Ag) that preserves their natural automorphic
realizations.

For the rest of this subsection, assume that F is a local field. Write wg/p : F* —{%1} associated with K/F
by class field theory, and consider the sign

e = wgyr(—€1) - e(5, X3 Y(tr/p(6-))) € {£1}.
When x? = 1, assume that € = +1, and when F is archimedean, assume that e = —1.

Definition 2.1. Write o€ for the irreducible smooth representation 613(1) of G'(F).

By [2, Proposition 3.7] or [2, Proposition 3.9], Definition 2.1 agrees with the o€ from [2, §3.4] or [2, §3.5].

2.3. Spherical vectors for G’. In this subsection, we define spherical vectors in our representations of G’
for later use. Assume that F is a nonarchimedean local field, K/F and y are unramified, and ¢ has conductor
0.

When K is a field, our unramified hypotheses imply that x2 = 1, so € = +1 by assumption. Therefore v (Je1)
must be even; write n = vx (de;)/2. Then w"O% is self-dual in W and compatible with the polarization
W = F3 @ §F3. Write ¢ in S(F?®) for vol(w™"0%) /2 times the indicator function of @ "0O3..

When K = F x F, endow (1,0)F? = F3 with the self-dual measure with respect to v, which yields a
Hermitian pairing on S((1,0)F?). Using the polarization W = (1,0)F3 & (0,1)F?3, equip S((1,0)F3) with
the Weil representation of Mpy, (F) associated with ¢. Fix a unitary isomorphism S((1,0)F3) = S(F3) of
representations of Mpy, (F), and write ¢y in S(F?) for the image of the indicator function of (1,0)O0%.

Finally, write fo for the image of ¢¢ under the theta lift map S(F3) — 1K 613(1) = 1 K0 = 0. Observe
that fo is indeed G’ (Op)-fixed.

2.4. Local torus periods. In this subsection, assume that F' is a local field. Our local torus periods are
controlled by the following invariants. Identify E*/Nmp, g(L*) with its image in {£1}70(Spec B) ypder
wr /g, and consider the following element of E*/Nmy g (L*):

Ao =Ag/p-e(z,x o Nmy g, ¥(try p(6—))) - Nmp/p [6(%a xoNmp g, ¥(trp p(6-)))]|,

where A, in F>*/(F*)? denotes the discriminant of E/F, and the e-factors at s = % are interpreted as
elements of {:I:l}ﬂ'o(spec EB).

Definition 2.2. Write €(F, x,v) for the sign wx/rp(—Ag/r Nmg,p(Xo)) - e(%,xg,d)(trK/F((S—))) in {£1}.

When F is nonarchimedean and K/F and x are unramified, [2, Proposition 6.8] shows that ¢(E, x, 1) = +1.
When F is archimedean, the proof of [2, Proposition 6.15] shows that

4+1 when F =R x C,

E7 ) =
(B, x¥) {—1 when F 2R3,
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Proposition 2.3. There exists at most one G'(F)-orbit of i in {E — J} satisfying Hom; 1) ry(c€, 1) # 0.
This G'(F)-orbit exists if and only if € = e(F, x,v), and in this case it arises from Ao and an isomorphism
K3 = L), of Hermitian spaces for K/F, as in §2.1.

Proof. This follows from [2, Proposition 3.8] and [2, Proposition 3.10]; note that Ag differs from the A therein
by an element of F*, chosen so that K3 and Ly, are already isomorphic as Hermitian spaces for K/F (instead
of after scaling Ao by an element of F'*). |

Assume a G'(F)-orbit as in Proposition 2.3 exists, and fix an i in it. Fix a representative of Ao in E*, and
fix an isomorphism K* 22 L), of Hermitian spaces for K/F that gives rise to 4o as in §2.1, so that we get an
isomorphism W = L., ®r, Ly, of symplectic spaces over F' as in §2.2.

2.5. Local vectors for G’. In this subsection, assume that F is a local field. We will normalize our local
torus periods using the following vectors in our representations of G’.

Recall from §2.2 that we endowed S(E) and S(F3) with Hermitian pairings for which the Weil representation
of Mpyy, (F) is unitary. Fix a unitary isomorphism S(FE) = S(F?®) of representations of Mpy, (F), and write
b5, in S(F3) for the image of the element of S(E) defined as ¢, in [35, p. 48] with respect to the quadratic?
E-algebra L. Write f;, for the image of ¢;, under the theta lift map S(F?) = 1K 63(1) = 1Ko = o°.

Since the stabilizer of 4o in G'(F') equals io(Tg)(F), we identify the G'(F)-orbit of ig with G'(F')/io(Tg)(F).

Write (=) : G'(F) — G'(F)/io(Tg)(F) for the quotient map, and fix a section s of (—).
Definition 2.4. For all ¢ = z - ig in the G'(F)-orbit of ig, write ¢; for s(Z) - ¢;,, and write f; for s(T) - fi,.

Recall from Proposition 2.3 that Hom;(z,)(r)(c€, 1) is 1-dimensional.
Lemma 2.5. For all g’ in G'(F), i in the G'(F)-orbit of i, and f in Hom;p,) ) (0€, 1), we have
Blg™" fori) = B(f)-

Proof. Let x be an element of G'(F) such that i = x - 49. Then o2 is an element of Hom;, (1, (r)(c<, 1),
and 27 1g'"1s(g’x) and 2~ 1s(F) lie in ig(Tg)(F). Therefore

Blg'™" fyi) = Bla- a7 g s(g'2) - i) = Bl - fiy) = Bla-27's(@) - fi,) = BSi). 0
Remark 2.6. When K is a field, 6;3(1) is the summand of Sp where Uy (F) acts trivially. Moreover, if
R}/ G is anisotropic over E, then (Ry,,p G )(E) acts trivially on ¢;, by construction [35, p. 48]. Because
(RIL/E G )(E) contains Uy (F), this shows that ¢;, lies in 615(1). In particular, io(Tr)(F) acts trivially on
fis = ¢i,- Therefore in this situation the section s is unnecessary for defining f;, and we have ¢'~!- fr.; = f;
even before applying 5. However, when R}J /& Gm 1s not anisotropic over E, one can see from [35, Corollary

2.10 (i)] that (RlL/E Gm)(E) does not act trivially on ¢;,.

Lemma 2.7. Let 8 be in Hom;, (1) (r) (0, 1). If B is nonzero, then B(fi,) is nonzero.

Proof. Using (2.1), the proof of [2, Proposition 3.8] or [2, Proposition 3.10] shows that precomposition with
the theta lift maps S(F?) — 1 X 013(1) =2 0 and S(E) = 0 (1) X 1 = 0z (1) identify

Hom;, (7)) (0, 1) = Homy, (pyx (vt 6,5 (S(F?), 1)

L/E
= Homy, (m)x (g1 ,, ¢,.)(2)(S(E), 1) & Homy, () (05 (1), 1).

L/E

Now 6g(1) is isomorphic to 1 by [29, Prop 3.4], and the image of ¢;, in O (1) is nonzero by construction.
Hence the desired result follows. ]

Write 3;, for the unique element of Hom;(r, () (0, 1) satisfying B;,(fi,) = 1, which exists by Lemma 2.7.

4We warn the reader that [35] denotes the base field by F, and the quadratic étale algebra by E.,.
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Definition 2.8. For all i = z - ig in the G'(F)-orbit of ig, write 3; for 8;, o x~1.

Definition 2.8 implies that By, = 8; 0 ¢'~! for all ¢ € G'(F), and Lemma 2.5 implies that 3;(f;) = 1.
Moreover, B; is compatible with the spherical vector fy as follows:

Lemma 2.9. Assume that F is nonarchimedean, K/F is unramified, x is unramified, and ¢ has conductor 0.
Ifi in {E < J} arises from an isomorphism K* = Ly, of Hermitian spaces for K/F under which the image
of O% in Ly, is Or-stable, then |B;(fo)| = 1.

Proof. 1f i satisfies the above condition, then ¢’ i does too if and only if ¢’ lies in G'(Op)i(Tg)(F'). Therefore
we can assume that i = ig.

By inspecting the construction in §2.3, we see that ¢g in S(F?) is a unitary spherical vector with respect to
a self-dual Op-lattice in W of the form tO3 for some ¢ in K*.

On the other hand, by inspecting Yang’s construction [35], we see that ¢;, in S(E) = S(F?) is a unitary
spherical vector with respect to a self-dual (with respect to the symplectic form over F') Op-lattice in Lj.
Because any two such lattices are translates under L' and 3;, is ig(L!)-invariant, we can assume that ¢;, is
spherical with respect to the image of tO%. Then the desired result immediately follows. ]

2.5.1. Archimedean case. In this subsubsection, assume that F' is archimedean. Because G’'(R) is compact,
the existence of iy implies that F = R3. Therefore RlL /i Gm 1s anisotropic over E, so Remark 2.6 applies.
Write (—, —), for the Hermitian pairing on 0~ = #;3(1) given by restricting the Hermitian pairing on S(F3).
Since ¢;, is a unitary element of S(E) = S(F?) by construction [35, p. 48], we see that f;, = ¢;, is unitary
with respect to (—, —),. Because G'(R) preserves (—, —),, this implies that f;, equals (—, fi,),. More
generally, this implies that 8; equals (—, f;), for all ¢ in the G’'(R)-orbit of 4.

2.6. Global torus periods. In this subsection, assume that F' is a number field. We consider the following
cuspidal automorphic representations of G’. Let (e, ), be a sequence in {£1} indexed by places v of F with

e ¢, = +1 when v splits in K or 2 = 1,
e ¢, = —1 when v is archimedean,

o [T, e0 =€(5,%%)
Choose €; in F'* such that its image in F'*/Nmg,p(K*) is the unique element satisfying
€10 = wi,/p, (—1) - (3, X5, Yo (tric, /7, (6-))) - €0 € {£1}
for every place v of F', which exists by the Hasse principle and the fact that
[L, €10 = ([T, wre,/m, (=1) - €(5.x%) - (IT, €0) = +1 - (3, x°)* = +1.
Then [2, Proposition 3.3] and §2.2 identify o = 613(1) with &’ o¢, where ¢ is the irreducible smooth

v

representation of G’ (F),) from Definition 2.1. Write €,(F,, Xv, 1) for the sign from Definition 2.2.

We consider the following global torus periods. For any i in {E — J}, write P; : ¢ — C for the C-linear map
= f[i(TE)] f(#)dt’. Then [2, Proposition 3.12] shows that P; is nonzero only if, for every place v of F, we

have €, = €,(E,, Xv, ¥v), and i localizes to the unique G’ (F,)-orbit of 4, in {E, < J,} satisfying
Homiu(TE,,)(Fu)(Uze)v’ ]l) 75 0.

Assume these conditions hold for ¢, and i. Then RlLv /&, Gm s anisotropic over E, for any archimedean

place v of F, so RIL /E G, is anisotropic over E. Moreover, since J does not arise from a division algebra,
there exists a unique G'(F)-orbit of such ¢ in {E < J} [11, Lemma 15.5.(2)]. Let ¢ be an element of this
G'(F)-orbit. Write f;, for the element of & from Definition 2.4, and write f; for the element ®! f; of o.

Let S be a finite set of places of F' such that,

e for all v not in S, v is nonarchimedean, K, /F, is unramified, and Y, is unramified,
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o Ok s is a free O g-module.

Then R}QK,S/OF.S G, is a smooth model of R}(/F Gy, over Of, g, and its Lie algebra is the rank-1 free OF g-

module (Ok 5)™=°. Hence there exists a nowhere vanishing, translation-invariant 1-form p on R x.5/Ops Gm

Note that (R}QK’S/ORS Gm)ops = R}QL’S/OE,S G, is a smooth model of Ri/E Gy, over Op,g, and the
pullback of u to R%QL s/Op.s G, remains nowhere vanishing and translation-invariant. For every place w

of E, write vol,, for the associated measure on L, and write M, for the volume with respect to vol, of the
maximal compact subgroup of L. When w does not lie above S, we have M,, = L, (1,w L/ B,)

Proposition 2.10. We have
AL/2
PP = L(s. ndfy x @ ndf 1) - AY2 - T] €
veS

where Ao,z in Z denotes the discriminant of Op/7Z, and C, is a nonzero constant depending only on x.,
E,, and p.

By Proposition 2.10, the product [],.q C, is independent of p.

veS

Proof. Choose ) in EX and an isomorphism K3 = Ly of Hermitian spaces for K/F that give rise to i as in
§2.1. Using (2.1), for all ¢ in S(A%) = S(Ag) we see that

Ndt' = 1 N 34/
y OO B DON G [ DO
. 1
= Yol([U1) o 05 (¢, 1)(u) du = 0p(¢,1)(1)

since 6 (1) is isomorphic to 1 by [29, Prop 3.4] and [12, Proposition 1.2].

We will apply (2.2) as follows. For every place v of F, write ¢;, for the element of S(F2) from §2.5, and
write ¢; for the element @’ ¢;, of S(A%). By construction, ¢; is an (R} /& Gm)(Ap)-translate of the element
of S(A%) = S(Ag) defined as ¢y in [35, p. 48]. Because the Hermitian pairing on S(Ag) is (R}:/E Gm)(AR)-
invariant, this implies that ¢; still satisfies [35, (2.18)], so [35, Theorem 2.6] shows that

271'0(SpecE)L 1 wL/E ws

105(i, 1)(1)]* = L(3, Indk x © Ind 1) -

where w runs over places of E, and

(14 g1t when w is inert in L and x, o Nmy,_ /g, is ramified,
—a,')?
1 otherwise.

Bw — q_C(X'uONme/Ku)(l

w when w is split in L and x, o Nmp, /k, is ramified,

By [25, Main Theorem], we have

vol([R} s Gn]) = 2P BV L (1 wp ) - AYZ HDw

where
Do {Mwle(l,wLw/Ew)l when w is nonarchimedean,

Mt when w is archimedean.

Therefore we get

05(6, )(D? = L(3, Ind y © 5 1) - AY? - HB D,

We conclude by noting that f; = 613(¢;, 1) and that C, =], , BwDw depends only on x,, E,, and p. O

wlv
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3. FORMULAS FOR FOURIER COEFFICIENTS

Our goal in this section is to prove (modulo calculating certain local integrals) our main results on the
Fourier coefficients of quaternionic modular forms on Gs over totally real fields. We will calculate these local
integrals later in §4, §5, and §6.

We start in §3.1 by recalling quaternionic discrete series representations on Gz, which we use to define
quaternionic modular forms and their Fourier coefficients in §3.2. Our quaternionic modular forms of interest
arise from an exceptional theta lift between PU3 and Gs, using theta kernels on a quasi-split adjoint form
of Eg. We gather basic facts about the Fourier coefficients of these theta functions in §3.3, §3.4, and §3.5.

In §3.6, we relate Fourier coefficients on Eg to Fourier coefficients on G, leading to the definition of the local
integrals in §3.7. Finally, in §3.8 we put everything together and prove our main results.

3.1. Quaternionic discrete series on G,. We start with some notation on Gy. Write g for the Lie algebra
over F' defined as gr in [2, §2.2], and write G for its automorphism group over F. Recall that G is the
connected split simple group of type Gg over F' [2, §2.3]. Following [2, §2.5], write P for the Heisenberg
parabolic subgroup of G, write N for the unipotent radical of P, and write M for the Levi subgroup of P.
We can naturally identify M with GLo.

Write Z for the center of N, and recall that N/Z is abelian [2, §2.5]. Write X for Homp(N/Z, F). We
can naturally identify X and N/Z with F* [2, §2.5], and under this identification, the evaluation pairing
X x (N/Z)— F corresponds to

{(a,b,e,d), (a’, 0, c,d")) = ad — b + cb' — da’.
Write g for the quartic form (a, b, ¢,d) — b?c® + 18abed — 4ac® — 4db® — 27ad? on X.

For the rest of this subsection, assume that F' is an archimedean local field. We now recall the quaternionic
discrete series on G(R). Recall that the maximal compact subgroup K of G(R) is SU(2), x {1} SU(2),,
where the subscripts mean that their complexifications induce fong and short root subgroups, respectively, of
G(C) [13, Proposition 4.1]. For any positive integer n, write ,, for the irreducible smooth representation of
G(R) defined as 75, , in [13, Proposition 5.7]. In particular, the minimal K-type of m, is V,, := Sym®" K.

For all € in X(R), write 1 : N(R) — C* for the unitary character ¢»((€, —)). Write r for the unique nonzero
real number such that ¥ (z) = e="*. Write ro(i) for the element (1, —i, —1,i) of (N/Z)(C), and let £ be an
element of X(R) such that (r€,m - r¢(i)) is nonzero for all m in M(R). For all integers v, write K, for the
associated K-Bessel function, and write Wﬁ,u : M(R) — C for the function given by

—|<r€,mr0(l)>| U' € mn~ et(m)j| - rE€,m-ro(t
<rg,m.ro(i)>} det(m)" - | det(m)| - K., (|(r€.m - ro(i)]).

which agrees with the expression in [26, Theorem 1.2.1 (1) (b)] by [26, Proposition 2.3.1].

o]

Write {2, y,} for the standard basis of the standard representation of SU(2), so that {z "y} "}juj<n is
a basis of V,,. Then Homy g)(7n, Ye) = Homgr) (T, Indg((ﬂé)) 1e) is spanned by the unique map W¢ such
that, for all |v| < n, the function W (2} ™"y, ") : G(R) — C restricted to M (R) equals

1 £

M o = o e (™)

[26, Theorem 1.2.1 (1) (b)]. On the other hand, if £ is an element of X(R) such that (r€,m - r¢(7)) vanishes
for some m in M(R), then Homyg)(7,,1e) vanishes [26, Theorem 1.2.1 (1) (a)].

3.2. Quaternionic modular forms on G. In this subsection, assume that F is a number field. Thanks
to the results of Pollack [26] recalled in §3.1, the following automorphic forms on G have a good theory of
Fourier coefficients.
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Definition 3.1. We say that a cuspidal automorphic representation m of G(Ap) is quaternionic if, for all
archimedean places v of F, there exists a positive integer n, such that m, is isomorphic to the representa-
tion 7, from §3.1. We say that ()| is the weight of .

Let m be a cuspidal automorphic representation of G(Ar) that is quaternionic of weight (n,)y|oc. For any £

in X(F), write v¢ : [N/Z] — C! for the unitary character 1((€, —)). For any F* in &', _,, the function

vtoo
Foo o (F® ® Foo)w e (1) = /[N] (F> © Fuo) (n)e(n) - dn

yields an element of Hom x (rgqr) (Q)y 00 To: @ yjoo Yv,6) = &0 Homp (r,) (0, Yu,e). If this space is nonzero,
then §3.1 shows that it is 1-dimensional. Hence, after fixing an isomorphism m, = m,, for all archimedean
places v of F, there is a unique ag(F*°) in C such that

(F* ® Foo)nwe (90) = ag(F=) [ ] Wiz (F.)(90)
v|oco
for all Foo = @y Fw in ®v‘oo7rv and goo = (9v)v|oo in G(F ®q R), where £, denotes the image of £ in
X(F).
Definition 3.2. We say that ag(F) is the £-th Fourier coefficient of F>°.

When F = Q, Definition 3.2 agrees with the Fourier coefficient defined in [26, Corollary 1.2.3].

3.3. A quasi-split adjoint form of Eg. We study our quaternionic modular forms on G using an exceptional
theta lift between G’ and G in a quasi-split adjoint form of Eg; let us recall this in the next few subsections.
Write g for the Lie algebra over F' defined as gy in [2, §2.2], and write G for its connected automorphism
group over F'. Recall that G is the quasi-split adjoint form of E6 with respect to K over F 2, §2.2]. Followmg
2, §2.5], write P for the Heisenberg parabolic subgroup of G, write N for the unipotent radical of P, and
write M for the Levi subgroup of P.

Recall that there is a natural injective morphism G x G/ < G of groups over F' [2, §2.3]. Moreover, we have
P=PNG, M=MNG, N=NNG, and G'CM
[2, §2.5]. The center of N equals Z, and the quotient N/Z is abelian; write X for Homp(N/Z, F). We can

naturally identify N/Z and X with F x J x J x F [2, §2.5], and under this identification, the evaluation
pairing X x (N/Z)— F corresponds to

(3.1) ((@,2,y.d),(d,2",y',d")) = ad —tr(zoy’) + tr(y 0 2’) — da’.
By [26, Lemma 4.3.1], the action of M on X identifies M with a certain similitude group® over F. Under
this identification, write v : M — G,,, for the similitude character, and write M for the kernel of v.

Write Opin for the M-orbit of (1,0,0,0) in X over F, often called the minimal orbit. Recall [11, Proposition
8.1] that O, equals

{O # (a,z,y,d) € X | ¥ = ay, y* = dx, and I(x) o I*(y) = ad for all [ in LJ(F)},

where L; C GLj is the subgroup of linear maps preserving N, and (—)* denotes the dual with respect to
the trace pairing (X,Y) — tr(X oY) on J.

Lemma 3.3. The group Ml(F) acts transitively on Opin(F).

Proof. Write S for the ]\71(F)—orbit of (1,0,0,0), which we want to show equals O, (F). For any ¢ in F*,
let g; be a linear automorphism of J over F such that det(g,(z)) = t?det z for all z in J (e.g. we can take

SIn [26], this similitude group is denoted by H ;.
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g+ to be the operation of multiplying the first row and first column of a Hermitian matrix by t). Then [26,
p. 1221] yields an element M (t,g;) of M*'(F) such that

M(t, ge)(a,,y,d) = (t a,t ™ gi(2), tg; (y), td).
In particular, (¢,0,0,0) lies in S.
Next, for any Z in J, [26, p. 1221] also yields an element n(Z) of M? (F) satisfying
n(Z)(t,0,0,0) = (t,tZ,tZ% tdet Z).

Therefore S contains every (a,z,y,d) in Omin(F) with a # 0. On the other hand, given an X in Omin(F),
the locus {m € M' | m - X = (a,,y,d) with a # 0} is a dense open subvariety of M' over F. Since M!
is F-unirational and F' is infinite, this implies that this subvariety contains an F-point. Hence M YF)y-x
meets S, so X lies in S. (]

3.4. Local Fourier coeflicients of G. In this subsection, assume that F is a local field. Write Q for
the minimal representation of G(F') in the sense of [10, Definition 3.6] or [10, Definition 4.6], which is an

irreducible smooth representation of G(F). When K/F is unramified, G is unramified over F, so Q is
unramified [10, Corollary 7.4]. We will use 2 as a kernel for our exceptional theta lift.

For all X in X(F), write ¢x : N(F)— C" for the unitary character given by ¢ ({X, —)). Then (N (F),tx)-
equivariant functionals on () are the local analog of Fourier coefficients for 2; we normalize them as follows.

3.4.1. Nonarchimedean case. In this subsubsection, assume that F' is nonarchimedean. Then there exists a
P(F)-equivariant short exact sequence

0 — O (Omin(F)) = Qzp) — QK/(F) —0

[24, Theorem 6.1]%, where the P(F)-action on C2°(Omin(F)) is given by
o (p)(X) = |v()|/Sp(m~1X) for i in M(F),
o (79)(X) = b (A)p(X) for 7 in N(F).

In particular, for all X in O (F) we have

N(F)x N(F)pa

Moreover, the spaces in (3.2) are 1-dimensional [24, Lemma 6.2].
Definition 3.4. Write ay for the functional in HomN(F)(Q, ) identified via (3.2) with ¢ — @(X).
Lemma 3.5. For all h in M(F), X in Opin(F), and ¢ in Q, we have

ax () = (W) ~Pag (b ¢).
Proof. This follows immediately from the above description of the M (F)-action on C°(Onyin(F)). O

3.4.2. Archimedean case. In this subsubsection, assume that F' is archimedean. Recall that the maximal
compact subgroup K of G(R) is isomorphic to SU(2), x {1} SU(6)/us(C) [13, Proposition 4.1], and recall
from [10, Proposition 12.11] that 2 is isomorphic to the representation defined as 7} in [13, Proposition 5.7].
In particular, the minimal IN(-type of Qis Vy = Sym? X1.

6Note that [24] works in the split case. However, the proof of [24, Theorem 6.1] holds verbatim in the quasi-split case if one
uses [10, Proposition 11.5 (i)] and [10, Proposition 11.7 (ii)] instead of [24, Lemma 6.2].
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Let X be in Opin (R), and recall from §3.1 the nonzero real number . Write 74(7) for the element (1, —i, —1,1)
of (N/Z)(C). For all integers v, write W;* : M(R) — C for the function

[(rX, m - 7o(i))]]"

(33 s | N 2| vt ] £, o),

which agrees with the expression in [26, Theorem 1.2.1 (1) (b)] by [26, Proposition 2.3.1]. (Because X lies
in Opin(R), we have (r&X,m -79(i)) # 0 for all m in M(R).)

Recall from §3.1 the standard basis {z,y¢} of the standard representation of SU(2), so that {z2, z,ys, y3}
is a basis of V;. Recall that HomN(R)(Q,z/)X) is 1-dimensional by [26, Theorem 1.2.1 (1) (b)].

Definition 3.6. Write ay for the unique map in Homﬁ(R)(Q,wX) = Homé(R)(Q,Ind%((ﬂﬂi)) ) such that,

for all |v| < 1, the function ax(z, Ty, ") : G(R) — C restricted to M(R) equals
s e W (i)
T Ao =

which exists and is well-defined by [26, Theorem 1.2.1 (1) (b)].

Lemma 3.7. For all h in M'(R), X in Onin(R), and ¢ in ), we have

ax(p) = aj y(h-p).

Proof. This follows immediately from v(h) =1 and (3.3). O

3.5. Global Fourier coefficients of G. In this subsection, assume that F' is a number field. For every
place v of F, write Q, for the minimal representation of G(F3) from §3.4, and for every X, in Omnin(Fy),
write ay, : 2y = ¢, x, for the N(F),)-equivariant functional from §3.4.

When F, is nonarchimedean, K, /F, is unramified, x, is unramified, and ¢, has conductor 0, write ¢, for

the nonzero é(@pﬂ)—ﬁxed element of Q, from §4.1 below. In particular, Corollary 4.4 below implies that,
for all X in Omin(F), we have ax, (o) = 1 for cofinitely many v, where X, denotes the image of X in

Omin (Fy).-

Write Q for &, Q,. Recall that residues of Eisenstein series yield a G (AF)-equivariant embedding [11, §14.3]
0:Q < L3 ((C).

The (global) Fourier coefficients for {2 take the following particularly simple form.

Lemma 3.8. After replacing 0 with a C* -multiple, the following is true: for all X in Omin(F) and ¢ = & @,

in Q with ¢, = o, for cofinitely many v, we have

0(9) 5.y (V) = [ 0p) @) (@) " dit = [T o, (00).

[N]

Proof. For all X in O, (F) and every place v of F, the space Hom N(F, )(Qv, ¥y x, ) is 1-dimensional. Hence
there is a unique cy in C such that, for all ¢ = ®/ ¢, in Q with ¢, = @, for cofinitely many v, we have

- 0() (@) ()" di = cx [ [ ax, (¢0)-
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We claim that ¢y = cx for all m in M! (F). Indeed, we have

Cim.x H ax, (Yv) = Cm.x H ez, (M- ©y) by Lemma 3.5 and Lemma 3.7

= [ _0(m-)(N)¢m.x(0)" " dn
[N]

= | 0(p)(@m)yx (M tam)dn since (—, —) is M-invariant
[N]

= | _B(p)(mn)x(n)~" dn by 7 > mim !
[N]

— [ o) @un® " di
(N

= cx [ Jax, (p0).

Therefore the desired result follows from Lemma 3.3. O

Henceforth, we replace 6 : Q — L3, (|G]) with a C*-multiple such that the conclusion of Lemma 3.8 holds.
3.6. Cubic algebras and O,,;,,. Fourier coefficients of G are indexed by cubic algebras as follows. Since G
is split over F', it and its various subgroups that we consider have natural models over Z. Let R be a ring;
we say that an R-algebra A is cubic if A is isomorphic to R? as an R-module. Recall that a good basis of A
is an element («, 3) of A% such that {1,qa, 3} is an R-basis of A and af lies in R. Then the proof of [8,
Proposition 3.1]” shows there exists (a,b,c,d) in R* satisfying

(3.4) o’ = —ac+ba—af, B?=-bd+da—ch, of=—ad,
and this induces a bijection
(3.5) {cubic R-algebras equipped with a good basis («, B)} S X(R)

that descends into an equivalence of groupoids {cubic R-algebras} = M (R)\X(R) [8, Proposition 3.1]. Under
this correspondence, q(a,b,c,d) in R is a representative of the discriminant A4/g in R/(R*)? [8, p. 116].

Fourier coefficients of G can also be described in terms of cubic algebras as follows. Write p : X —» X for the
map induced by N/Z — N/Z. Under our identifications, p corresponds to the map

dxtrxtrxid: FXJXJXF=3FXFxFxF
[2, Lemma 2.3]. Recall from §2.1 the set of F-algebra embeddings {F < J}.

Assume that R is a subring of F. Let J(R) be an R-submodule of J such that

J(R) ®pr F equals J,

J(R) contains 1,

J(R) is closed under (—)#,

the image of J(R) under tr : J — F lies in R.

Example 3.9. When F' is a nonarchimedean local field, we take J(OF) to be the set of Hermitian matrices
in Mg(OK)

Write X(R) for the image of R x J(R) x J(R) x R under our identification F x J x J x F = X(F).

Let £ = (a,b,c,d) be an element of X(R), and write A for the associated cubic R-algebra equipped with a
good basis (a, 8). Assume that A ® g F' is isomorphic to a cubic étale F-algebra E. Write {A — J(R)} for
the set of R-module embeddings i : A — J(R) such that ip : E — J is an F-algebra embedding.

We have the following (integral, non-monic) generalization of [2, Lemma 6.1]:

"While [8] works over R = Z, the proof holds verbatim over general R.
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Lemma 3.10. We have a natural bijection
{A = J(R)} S X(R) N Omin(F) N p~'(€)
given by i — (a,i(a),—i(B),d).
Proof. View E as a Freudenthal algebra over F' in the sense of [18, §37.C], and write (—)# : E— E for the

adjoint in the sense of [18, §38]. Then any ¢ in {E < J} is an embedding of Freudenthal algebras over F,
so (3.4) implies that

tr(i(e)) = tr(e) = b, tr(=i(8)) = —tr(8) =¢, i()* =i(a®)=—ai(B), (—i(B)* =i(8¥) = di(«).

This shows that (a,i(a), —i(3),d) lies in p~1(€). To see that (a,i(a), —i(8),d) lies in Opn(F), first note
that (3.4) implies that i(a) 0i(8) = —ad. Next, recall from [3, p. 330] that the group L ;(F') is isomorphic to

{g € GL3(K) | det g lies in K'} x Z/2,

where the generator of Z/2 acts via x +— T, and ¢ acts on J via x — gz 'g. Since ad lies in F, we see that
i(a) 0i(B) = —ad. As for g, we have

g(i(@)) o g"(i(B)) = 1Lfﬂ'(oz}i(ﬂ)g’l +'g7i(B)i(a) g]-

2
When F is algebraically closed, i : E = F? « J = M3(F) is conjugate to the diagonal embedding. Therefore,
in general we have i(z) 0i(2z") = i(2)i(z’) for all z and 2’ in J, so i(a) 0 i(8) = —ad implies that the above

expression also equals —ad. Altogether, this shows that (a,i(a), —i(83),d) lies in X(R) N Omin(F) Np~(E).

Conversely, let (a,z,y,d) be an element of X(R) N Omin(F) Np~1(E). Because z# = 22 —tr(z)z + tr(z#) for
all z in J, we have

2? = —tr(z?) + tr(z)z + 2% = —atr(y) + br + ay = —ac + bz — a(—y),
(—y)2 = — tr(y#) + oy + tr(y)y = —dtr(z) + dz + cy = —bd + dz — c(—y),
zo(—y) = —ad.

Hence (3.4) implies that the unique R-module morphism ¢ : A — J(R) with i(1) = 1, i(a)) = z, and i(8) = —y
becomes an F-algebra embedding E — J after applying — ®g F. In particular, ¢ lies in {A — J(R)}. O

3.7. Local integrals. In this subsection, assume that F'is a local field. We now define the local integrals that
arise when calculating the (global) Fourier coefficients of our quaternionic modular forms on G. Recall from
§2.2 the sign € and the irreducible smooth representation o€ of G'(F), recall from §2.4 the sign ¢(E, x, 9), and
assume that € = €(E, x,v). Then Proposition 2.3 shows there exists a unique G’'(F)-orbit of ¢ in {E — J}
satisfying Hom;(p, () (0, 1) # 0. Let ¢ be an element of this G'(F)-orbit, write X’ for the corresponding
element of Oy (F)Np~1(€) under Lemma 3.10, and write Sx : o€ — 1 for the associated i(Tg)(F)-invariant
functional denoted by S; in Definition 2.8.

Definition 3.11. For any ¢ in Q and f in ¢, write

(€, o, f) ¢=/ ax(g - ¢)Bx(g - f)dg .

i(Tp)(F)\G'(F)
Because G’ is semisimple, it lies in M. Hence Definition 2.8, Lemma 3.5, and Lemma 3.7 imply that
Z(€, ¢, f) does not depend on the choice of X.

When F is archimedean, write N for the unique odd integer such that x(z) = (2/|2])", and write n for the

e |N|+1
positive integer ——.

We will compute Z(€, —, —) in the unramified case in §4 and in the archimedean case in §6:

Proposition 3.12.
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(1) Assume that F is nonarchimedean, K/F and x are unramified, and ¢ has conductor 0. Write g for
the nonzero G(OFr)-fized element of Q from §4.1 below, and recall from §2.3 the nonzero G'(OF)-fixed
element fo of o. Then we have

1 if & lies in X(Op) and Og = O,
0 4f & does not lie in X(OF),

where Og denotes the cubic Op-algebra associated with £ in X(OF) via (3.5).

(2) Assume that F' is archimedean. Write g for the element of Q denoted by pn in §6.3 below, and write
fo for the element of o= from §6.4 below. After replacing fo or ¢g with a C*-multiple independent
of £ and X, we have

IZ(€, %0, fo)| {

1

Ir(aitb=ci= 1 i+ b — ci — d)]).

r(ai+b—ci—d)

(€, 00, fo) = q(€) /2 [

Proof. Part (1) is Theorem 4.8, and part (2) follows from Theorem 6.6. |

3.8. Global Fourier coefficients of . In this subsection, assume that F' is a number field. We use an
exceptional theta lift to construct our quaternionic modular forms on G as follows. Recall from §2.6 the
sequence (€,), and the associated cuspidal automorphic representation o of G'(Ar). For all archimedean
places v of F, write r,, for the nonzero real number associated with v, from §3.1, write N, for the odd integer
associated with y, from §3.7, and write n, for the positive integer %

Write 6(—) for the theta lift from G’ to G from [2, Definition 2.8]. Assume that K,/F, is unramified for
every place v of F above 2, and assume that L(%,y) # 0. Then [2, Theorem B] shows that m := 6(0) is a
cuspidal automorphic representation of G(Ar) that is quaternionic of weight (12, )y|oo-

We actually work without the unramified assumption at 2, as follows. In this generality, our arguments from
[2] still yield a G(Ar)-equivariant map (a priori possibly zero) 7 := @ 6(c5) — L2,sp([G]), where 6(c5) is
isomorphic to 7, for all archimedean places v of F. After fixing such isomorphisms, Definition 3.2 still goes
through, where now F°° lies in ®'/U)(oo 0(o5). For example, if the map ©— qusp([G]) is zero, then ag(F>)
vanishes for all £ in X(F).

We will calculate the Fourier coefficients of certain elements of 7. Let S be a finite set of places of F' where

e for all v not in S, v is nonarchimedean, K,/F, and x, are unramified, and ¢, has conductor 0,
o Ok s is a free OF g-module.

Recall from §2.6 the nowhere vanishing, translation-invariant 1-form g on R}QK s/0p s Gm. For all v not

in S, write ¢g,, for the nonzero é(OFU )-fixed element of Q,, from §4.1 below, and write fy , for the nonzero
G'(Op,)-fixed element of o} from §2.3. For all archimedean places v of F', write ¢ ,, and fo , for the elements
of 2, and o, respectively, from Proposition 3.12.(2).

Let ¢ = ®,p, in Q and f = Q) f, in o be elements such that, for all archimedean places v of F or v not
in S, we have ¢, = g, and f, = fo. For every place v of F, write F, = 0(py, fy), and write F = Q! F,,.
For all archimedean places v of F', Proposition 6.3 below indicates that F, lies in the highest weight space

of the minimal K-type of m,. Fix the isomorphism m, = 7, such that F, corresponds to x?”

Theorem 3.13. If & does not lie in X(Opg), then ag(F>) = 0. After replacing F with a C*-multiple, the
following is true: for all € in X(F), if € lies in X(Op,s) and corresponds to a cubic étale F-algebra E, then

o if the cubic Op g-algebra corresponding to € is Op s and €, = €,(Ey, Xv, ¥y) for all v in S, then
lag(F)2 = L1, ndf x @ Vi) - [T a€)™ 2 - T] 1ol 00 £) 2+ ] Co

v|oo vfoo veS
veS

where Vi denotes the 2-dimensional Artin representation associated with E/F, and C, is a nonzero
constant depending only on x., E,, and p,
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o ife, # e,(Ey, Xv,¥y) for some v in S, then ag(F>°) = 0.

Proof. By our choice of isomorphism m, = m,, for all archimedean places v of F', we have

Frope (1) = ag(F>) [ Was(@7™)(1)
v|oo

(3.6)

1 7o (ayi + by — cpi — dy)| 1™ ) .
= 0 K — _
af(f ) H (2711;)' |: Ty(av'l: + b’U _ CU'I: _ d’u) ’I’Lv(|rv(avl + b’u Cyl dq)>|)7

v|oco
where (ay, by, ¢y, d,) denotes &,.

If €, # €,(Ey, Xv,¥y) for some v in S, then [2, Proposition 6.2] and the discussion from §2.6 show that
Fn,ype (1) =0 and hence ag(F>®) = 0. If €, = €,(Ey, Xo,¥y) for all v in S, then [2, (6.1)] indicates that

(3.7) Fpe (1) = 0(0, fnye (1) = /(T en )9(9“90)&,11,;((1)7%(9’-]‘) dg’,

where i is any element of the G'(F)-orbit from §2.6, X is the corresponding element of Opin(F) Np~1(E)
under Lemma 3.10, and P; : ¢ — 1 is the associated i(Tg)(Ap)-invariant functional from §2.6.

Recall from Proposition 2.10 the element f; of o. First, we claim that, for all f in o of the form &/ f,,
(38) Pig - ) =Pi(f) - [] B, (g, - fo),
where v runs over places of F'. To see this, note that P; is an element of the 1-dimensional space

Hom; (1) (a0 (0, 1) = ® Hom;(7,)(r,) (05", 1),

so P; is a C-multiple of [ Bx,. Evaluating at f = f; shows that this multiple is P;(f;), as desired.
The claim (3.8) and Lemma 3.8 show that (3.7) equals

Frue) =P [[ / o, (d) - 0u)Be.@, 1) dg)
(Te)(Fu)\G'(Fy)

= m HIU(SU,(PU7.]CU)7

where Z,(€,, —, —) denotes the integral from Definition 3.11. If £ does not lie in X(Op,s), then Proposition
3.12.(1) shows that this vanishes. If £ does lie in X(Op ) and corresponds to Og g for some étale F-algebra
E, then Proposition 2.10 and Proposition 3.12 yield

\Fn e (D1 = [Pi(£)P - T 1Z0(Evs oo, )P

:L(%7X)L(%a1nd§X®VE)Agj/z ‘I 11790117.](‘1) HC

v veS

2

. (ny—1)/2 |’rv(a’ui + b’U - C’ui - dv)| o K . _ .
H Q(gv) { ry(avi+bv i — dv) —nru(lrv(avl"‘bv Cyl dv)D

v|oco

Finally, by rewriting
Aoz =D,z Nmo, z(Aogj0r) = Ab, 2 - Hq

v|oo

the desired result follows from comparing (3.9) with (3.6). O

For nonarchimedean v in S, we can explicitly calculate Z,(&,, ¢y, fv) for certain ¢, and f,, which yields:

Theorem 3.14. We can choose ¢ and f such that the following is true: for all £ in X(F),
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o if £ does not lie in X(OF), then ag(F>) =0,
o if £ lies in X(OF) and corresponds to the ring of integers of a cubic étale F-algebra E, then

L(%,Indf( xX® Vi) - H (&)Y if e, = e(By, Xo,Y0) for all v in S,
Jag (F>)|* = vloo
0 otherwise.

Proof. For all v in S and cubic étale F,-algebras E,, write Cg, , for the resulting nonzero constants from
Theorem 3.13 (which depend on p). For archimedean v in S, replace ¢, or fo, with its Cﬂgglv—multiple.
For nonarchimedean v in S, apply Proposition 5.3 below with these constants Cg, , to obtain elements Vo
of Q, and f, of oi*. Finally, the result follows from applying Theorem 3.13 to our resulting ¢ and f. ]

Remark 3.15. If there exists a positive integer n such that n = n,, for all archimedean places v of F', and if
€ lies in X(Op) with associated cubic Op-algebra Og, then

[ a€)™ "% = Nmo, jz(Ao, jo. )" /2.

v|oco
4. UNRAMIFIED TEST VECTORS AND LOCAL INTEGRALS

In this section, assume that F' is a nonarchimedean local field and that K/F is unramified. Then G and
its various subvarieties that we consider have natural models over Op. For instance, recall J(Op) from
Example 3.9. Also, assume that y is unramified and that 1 has conductor 0.

Our goal is to prove Theorem 4.8, which shows that our local integral evaluates to 1 in the unramified, locally
maximal setting. We begin in §4.1 by defining and studying our spherical vector ¢q in 2. We calculate local
Fourier coefficients of ¢g in terms of certain subalgebras of J(Op), and we analyze how these subalgebras
behave in §4.2. Finally, in §4.3 we use these results to compute our local integral.

4.1. Spherical vectors for G. For all X in Opmin(F), write v(X) for the unique integer n such that X lies
in W"X(OF) - ’(DnJrlX(OF)

Lemma 4.1. The sets Sy, == {X € Onin(F) | v(X) =n} are precisely the M(OF)—orbits in Onin (F).

Proof. We follow the discussion in [16, §3.4], with some simplifications. Since M acts linearly on X, we see
that M (OF) preserves S,,. To show that S, is a single orbit, write Q C M for the stabilizer of the line
spanned by (1,0,0,0) in X(F) Write S C @ for the stabilizer of (1,0,0,0), write A : G,,, — M for the
cocharacter given by scaling on X, and note that @ = S x A(G,,,). Because @ is a parabolic subgroup of M ,
the Iwasawa decomposition yields M(F) = M(OF)S(F))\(FX).

Let X be in én Then Lemma 3.3 and the above decomposition imply that there exists ¢ in F' * such that X
lies in the M (Op)-orbit of A(t) - (1,0,0,0) = (¢,0,0,0). Since M(OpF) stabilizes S, this indicates that

v(t) = n. Therefore X lies in the M (Op)-orbit of (@™, 0,0,0), i.e. S, is indeed a single orbit. O

Lemma 4.2. For any nonzero é(@p)—ﬁxed element ¢ of Q, the image of p in QN(F) 1S Monzero.

,%(1,0,0,0)

Proof. We will use the model for  from [16] in the split case (for the non-split case, see [30]). In this model,
there is a certain continuous representation of G(F) on L%(F* x F x .J), and Q is its subspace of smooth
vectors. Moreover, using a pinning of G over Op, we get an isomorphism z : G, = Z of groups over O and
a section n : N/Z < N over O of the quotient morphism such that, for all f in €2, we have

(4.1) (z(t) f)(y, 20, ) = »(ty) f(y, xo, ),
(4.2) (n(a,b,0,0)f)(y, x0,z) = f(y,z0 + ay,x + by),
(4.3) (1(0,0, ¢,d) f)(y, zo, 2) = (= tr(c o x) + dxo) f(y, xo, x)
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[16, p. 5.8 Also, for a certain pair of Weyl elements A and S in G(OF), we have

xhxo + tr(z’ o x))

(44) (SN z0,2) = | fly,wha'y( [y~ defyda’

FxJ

(4.5) (Af) (Y, o, ©) = (= det(z)/(z0y)) f (=0, y, 2),

where (4.5) only holds for z¢ # 0 [16, p. 5].

For all X = (a,z,2% /a,det(z)/a?) in Opin(F) with a # 0, one can use (4.3) to show that the functional
(4.6) i Jim (- det(x)/ (a0a)) F (~0,a,) = (Af)(a,0,2)

yields a nonzero element of HomN(F)(Q, ). In particular, ay is a C*-multiple of (4.6).

Let ¢ be a G(O)-fixed element of Q. Because ¥ has conductor 0, (4.1) and (4.3) imply that ¢ is supported
on (Op —{0}) x Op x J(OF). If a(1,0,0,0)() = 0, then we will show by induction on non-negative integers n
that ¢(y, g, ) = 0 whenever v(y) = n. As n varies, this will imply that ¢ = 0, which completes the proof.

First, consider the base case n = 0. Because v(1,0,0,0) = 0 and (;,0,0,0)(¢) = 0, Lemma 4.1 and Lemma
3.5 indicate that ax () = 0 for all X with v(X) = 0. For all y in O, (4.2) implies that (x¢,z) — ¢(y, zo, x)
is invariant under translation by O x J(Op), so it suffices to check that ¢(y,0,0) = 0. Since Ap = ¢, (4.6)
shows that this is equivalent to vy 0,0,0)() = 0, and the latter follows from v(y,0,0,0) = 0.

Next, consider the inductive step. Let y be in @™ OF, and by induction assume that ¢(y',zg,z) = 0
whenever v(y') < n. Since Ap = ¢, (4.6) shows that a(y 0,0,0)(¢) = 0. Hence Lemma 4.1 and Lemma 3.5
indicate that ax (¢) = 0 for all X with v(X’) < n. Applying Ay = ¢ and (4.6) again yields ¢(y, 0, z) = 0 for all
xin J(F)—w" ™ J(OF). Applying Ap = ¢, (4.5), and the induction hypothesis indicates that ¢(y, xg,x) = 0
whenever v(zg) < n, so altogether (zg,z) — ©(y, 7o, x) is supported on ("1 Or) x (w"T1J(OF)). Therefore
(4.4) implies that (xg,z) — (S¢)(y, o, ) is invariant under translation by Or x J(OF). Finally, S = ¢,
so we see that ¢(y, zo,z) = 0 for all (zg,z) in O x J(OF), as desired. O

Write ¢q for the unique é((’)p)—ﬁxed element of Q satisfying a(1,0,0,0)(¢0) = 1, which exists by Lemma 4.2.
Corollary 4.3. For all X in Onin(F), we have ax (o) =0 if v(X) <0 and ax(po) =1 if v(X) = 0.

Proof. 1f v(X) <0, then tx N(F) — C! is nontrivial on N(Op) because ¥ has conductor 0. In particular,
the N(Op)-invariance of ¢q implies that ax(¢g) = 0.

If v(X) = 0, the claim follows from the G(Op)-invariance of ¢ along with Lemma 3.5 and Lemma 4.1. [J

Corollary 4.4. Let £ = (a,b,c,d) be an element of X(OF) such that the associated cubic Op-algebra Og is
the ring of integers of a cubic étale F-algebra. Then for all X = (a,,y,d) in Onin(F) Np~(E), we have

1 when z and y lie in J(OF),
0 otherwise.

ax(po) = {

Proof. If x and y do not both lie in J(Op), then v(X) < 0, so the claim follows from Corollary 4.3.

Now assume that  and y lie in J(Op). By Corollary 4.3, it suffices to show that v(X) = 0, i.e. that
(a,z,y,d) # 0 (mod w). If we had (a,z,y,d) = 0 (mod w), then (a,b,c,d) = 0 (mod w), so that Og/w
is isomorphic to (Or/@)[a, B]/(a?, %, aB) by [8, p. 115]. In particular, the Op-algebra Og is ramified and
not monogenic. But Og¢ is the ring of integers of a cubic étale F-algebra, so O¢ is only not monogenic when
Op/w = Fy and Og¢ is split over Op. But this Og is unramified, so altogether we must have v(X) =0. O

8The formulas in [30, Proposition 41] look slightly different and in particular omit the minus sign in (4.3). This arises from
us using a different identification between N/Z and F & J @& J & F than the one in [30]; compare [30, Proposition 10] with (3.1).
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4.2. Conjugates of algebra embeddings. Leti: F < J be an F-algebra embedding such that i(Og) lies
in J(Op). To apply Corollary 4.4, we will need a criterion for when conjugates of i(Og) remain in J(Op).
First, we tackle the case when K = F' x F.

Lemma 4.5. If ¢’ in GL3(F) satisfies ¢ 'i(Og)g’ C M3(OF), then g’ lies in i(E*) GL3(OF).

Our original proof of Lemma 4.5 used tedious casework on the ramification behavior of E/F. We are very
grateful to Aaron Pollack for explaining to us the following, much simpler proof.

Proof. The two Op-algebra embeddings Op < M3(OF) given by i and ad ¢'~! o i both endow O3 with an
Opg-module structure extending its Op-module structure. In both Og-module structures, (’)}9’: is evidently
finitely generated and torsionfree, so it is finite free over Op. These two Og-module structures have the same
rank over O and hence are isomorphic, so there exists an Op-linear isomorphism k : O3 = O% sending
the action of i to the action of adg’~! oi. This implies that ¢’k centralizes i(E*). But i(E*) is its own
centralizer in GL3(F'), which yields the desired result. O

Next, we use Lemma 4.5 to deduce the case when K is a field.
Proposition 4.6. If ¢ in U3(F) satisfies ¢ 1i(Og)g’ C J(OF), then g’ lies in i(L') U3(OF).
Proof. When K = F x F, this is Lemma 4.5, so assume that K is a field. If ¢""1i(Og)g’ C J(Or), then

applying Lemma 4.5 to L/ K shows that g’ = hk for some h in i(L*) and k in GL3(Of). Since i(L') C Us(F)
and i(O]) C GL3(Ok), it suffices to prove that h lies in i(L'O;).

We have ¢ = t?_l, so 'hh = k1%~ lies in i(L*) N GL3(Ok) = i(OF). Because i : L — M3(K) is an
embedding of K-algebras with involution, it suffices to prove that, for all hg in L*, if hohg lies in O, then
ho lies in L'O . By writing E as a product of fields, we can assume that E is a field. Finally,

e If L is a field, then L/FE is an unramified quadratic extension. Therefore if hohg lies in Of, then hg

lies in OF.
o If L = E x E, then hy = (hy1, hy) for some h; and ho in EX. Hence if hoho = (h1ha, hihs) lies in
OF = (0F)?, then hg = (h1,h7")(1, hihy) lies in L' O . O

4.3. Unramified local integrals. With Proposition 4.6 in hand, we are ready to finish calculating the
unramified local integrals. Recall from §2.3 that, under the unramified hypotheses of this section, when K
is a field we have x? = 1, so the sign € equals +1. Recall from §2.4 the element \g of E*/Nmp,,g(L*).

Lemma 4.7. There exists an isomorphism K3 = Ly, of Hermitian spaces for K/F such that

e the image of O3 in Ly, is Op-stable,
e the associated F'-algebra embedding i : E — J satisfies Homi(TE)(F)(UJF, 1) #0.

In particular, i(Og) lies in J(OF).

Proof. By Propositon 2.3, the i satisfying Homi(TE)(F)(a+, 1) # 0 are precisely those arising from )¢ and
an isomorphism K3 & Ly, of Hermitian spaces for K/F as in §2.1, with Ao as in §2.4. If there exists an
Opr-lattice M in Ly, which is self-dual with respect to the Hermitian form on K3, then we can choose the
isomorphism K2 = L), to send O3 to M. Hence it suffices to prove that such an M exists.

When E = F x F x F, our )\ is represented by 1, so we can take M = O3 C Ly, = K3.

When E/F is a field, note that the inclusion and norm maps induce mutually inverse isomorphisms between
E*/Nmp,p(L*) and F*/Nmg,p(K*). Write d(E/F) for the valuation of the different of Og/OF (equiv-

alently, of O /Ok). Because the norm of the different is the discriminant, A\ is represented by w};d(E/ B,

Using this, we see that we can take M = Oy,
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When E = F x F’ for a field F’, write K’ := K @ F’, and write d(K’/K) for the valuation of the different
d(K'/K)
F/

of O /Ok. Then we see that Ao is represented by (1, w ) in

B/ Ny (L°) = (F/ N/ w(K X)) x (F™ ) Ny (K')) € {1} x {£1}.

Hence M = Ok x w[}?(K,/K)(’)KI yields the desired Op-lattice. O

Recall from §2.4 that, under the unramified hypotheses of this section, the sign e(E, x,v¢) = +1.

Recall from §3.6 that £ denotes an element of X(F') such that the associated cubic F-algebra is isomorphic
to E. When & lies in X(Op), write Og for the associated cubic Op-algebra. Recall from §2.3 the nonzero
G’ (OF)-fixed element fq of 0¥, and recall from Definition 3.11 the integral Z(&, —, —).

Theorem 4.8. We have

1 if € lies in X(Op) and Og = O,
200 o)l = ¥ (Or) and Oc = O
0 if € does not lie in X(OFp).

Proof. Since G’ lies in ]T/.fl, Lemma 3.5 yields

(&, 0, fo) = / ax(q - 00)Be(d Jo) dd

W(Te)(F)\G'(F)
- / ag-1.x(00)Bx(g - fo)dg'.

W(Te)(F)\G'(F)
If £ does not lie in X(OFp), then for any X in O (F) Np~1(E), we have v(g'~1 - X) < 0 for all ¢’ in G'(F)
because p sends X(Op) to X(Op). Together with Corollary 4.3, this proves the second case.
For the first case, choose 4 satisfying the conclusion of Lemma 4.7, and write X = (a,z,y,d) for the cor-
responding element of Opin(F) N p~1(€) under Lemma 3.10. In particular,  and y lie in J(Op). Then
Corollary 4.4 and Proposition 4.6 show that
1 when ¢ lies in i(Tg)(F)G' (OF),
0 otherwise.

ag’_le(()OO) = {

Because G'(Op) fixes fy, Definition 2.8 indicates that Sx (¢’ - fo) = Bx(fo) for all ¢ in i(Tg)(F)G' (OF).
Therefore Lemma 2.9 implies that the absolute value of our integral equals
IZ(€, %0, fo)| = vol (i(T)(F)\i(Tr)(F)G'(OF)) = vol (i(Tr)(F) N G'(Op)\G'(OF)) -

Since i(Og) lies in J(OF), we see that i(Tg)(F) N G'(OF) is the maximal compact subgroup of i(Tg)(F).
Hence our choice of measures yields vol(i(Tg)(F) N G'(Op)\G'(OF)) = 1, as desired. O

5. RAMIFIED TEST VECTORS AND LOCAL INTEGRALS

In this section, assume that F' is a nonarchimedean local field. Our goal is to prove Proposition 5.3, which
lets us choose local vectors with particularly nice local integrals.

Recall from §3.6 that £ denotes an element of X(F') such that the associated cubic F-algebra E is étale.
When & lies in X(Op), write Og for the associated cubic Op-algebra.

Lemma 5.1. Assume that € lies in X(Op), and write M for the stabilizer of € in M(Op). There exists a
continuous section s : M(Op)/M — M(OF) of the quotient whose image is a compact neighborhood of 1.

Proof. The discussion from §3.6 shows that M is isomorphic to Autp, (Og) and hence is finite. Therefore
the quotient map M(Op) — M(Op)/M is finite étale. Because M(Op)/M is profinite, this map has a
continuous section s : M(Op)/M — M(OFp), which is étale and hence an open embedding. Finally, after
replacing s with an M-translate, we can assume that its image indeed contains 1. ]
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Recall from §2.2 the sign € and the irreducible smooth representation o€ of G'(F'), recall from §2.4 the sign
e(E, x,v), and assume that e = €(E, x, ). Then Proposition 2.3 shows there exists a unique G'(F)-orbit
of i in {E — J} satisfying Hom;(p, () (0, 1) # 0. Let 4 be in this G'(F)-orbit, and recall the element 3; in
Hom;(7,,)(r)(c€, 1) from Definition 2.8.

Recall from Definition 3.11 the integral Z(€, —, —).

Lemma 5.2. Let Oy be a cubic Op-subalgebra of O, and let f in o° be an element such that B;(f) # 0.
Then there exists po, in ) such that

1 if € lies in X(Op) and Og = Oy,
0 otherwise.

I(Evngovf) = {

Proof. Let & be an element of X(Op) such that the associated cubic Op-algebra is isomorphic to Op.
Write Xy for the element of Ouin(F) N p~1(&) corresponding to i under Lemma 3.10, and let K’ be a
compact open subgroup of G'(F) that fixes f. Write M, for the stabilizer of & in M(Op), write s :
M(Op)/Mo— M(OF) for the section of M(Op)— M(Or)/M, from Lemma 5.1, and write U for the
image of sg.

We claim that (U x K') - X is a compact open subset of Op,in(F'). To see this, it suffices to prove that the

map M x G'/i(Tg) = Omin over F given by (m,g’) — mg’- X, is an open embedding in a neighborhood of 1.

By dimension counting, it suffices to show it is injective in a neighborhood of 1. If mg’ - Xy = Xp, then
m-E =m-p(Xo) =m-p(g - Xo) = p(mg’ - X) = p(Xo) = &.

The discussion from §3.6 indicates that the stabilizer of & in M is finite, so in a Zariski neighborhood of 1
the above implies that m = 1. Then ¢’ - Xy = X, so ¢’ lies in i(Tg), concluding the proof of the claim.

Let o, be an element of 2 whose image in Q(p) corresponds to the indicator function of (U x K') - &y
under the injection C2°(Omin(F')) < Qz(p) from §3.4.1.

Now choose an element X € Opin(F) N p~1(E), with which we will calculate the local integral. If £ does
not lie in X(Op) or Og¢ is not isomorphic to Op, then £ is not in the M (Op)-orbit of &. This implies that
ax (9 - po,) =0 for all ¢ in G'(F), so Z(&, po,, f) = 0.

If € lies in X(Op) and O is isomorphic to Oy, then the discussion from §3.6 indicates that there is a unique
w in U such that u- & = £. In particular, we can take X = u - X for the definition of the local integral, so
(&, po,, [) = / X, (9" 90, Bu-xo (9" - ) dg'

i(Te)(F)\G'(F)
Now Definition 3.4 shows that
, 1 when ug’~! - Xp lies in (U x K') - Xp,
Q- X (g ’ 90(90) = .
0 otherwise.

We claim that ug’~! - &p lies in (U x K') - Xy if and only if ¢’ lies in i(Tg)(F)K’. To see this, if ug’~! - Xy =
urky - Xp for some uy in U and kq in K, then u - & = uq - &, so u = uy by uniqueness. This implies that
gt Xy =ky - Xo. Then ¢'k; stabilizes Xy, so it lies in i(Tg)(F'), concluding the proof of the claim.

The claim indicates that our integral equals

/ Bu-x, (9" - f) dgl~
i(Te)(F)\i(Te)(F) K’
Because K’ fixes f, we obtain

Z(E, 904, f) = Bu-a, (f ) vol(i(Tp) (F)\i(Te) (F)K).

Finally, dividing ¢, by the above constant yields the desired result. |

Now we allow F to vary. Suppose we are given, for each isomorphism class of cubic étale F-algebras F, an
element Cg of C*.
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Proposition 5.3. There exists oo in Q and fo in o€ with the following property: for all £ in X(F'), we have
C’El if € lies in X(Op) and Og = Og for some cubic étale F-algebra E with e(E, x, ) = e,

0 otherwise.

Z(&, 0, fo) = {

Proof. There are finitely many (isomorphism classes of) cubic étale F-algebras E, so in particular finitely
many FE satisfy ¢ = €(F, x,%). For each such FE, fix a corresponding i : E — J and hence §; as above.
Because each f§; is nontrivial and C is infinite, there exists an fy in o such that 5;(fo) # 0 for each such
E. Finally, for each such E write po, for the corresponding element of 2 constructed in Lemma 5.2 with
f = fo. Then Lemma 5.2 implies that it suffices to take

QOO = Z Cglgo(gE D
E with
e(E,x,p)=¢

6. ARCHIMEDEAN TEST VECTORS AND LOCAL INTEGRALS

In this section, our goal is to prove Theorem 6.6, which computes our local integrals at archimedean places.
This calculation relies heavily on work of Pollack [26]. First, in §6.1 and §6.2 we recall some structural results
about é(R) and its complexified Lie algebra. Then, in §6.3 we define the element of ) that we will use.
Finally, in §6.4 we define the element of o~ that we will use and compute the associated integral.

6.1. The Freudenthal construction of G. In the computations of this section, we will use the following
alternate description of g from [26, §4]. Write m® for the Lie algebra of M!. Then we have an identification

§=(sbam’) e (1h®X)
[26, Section 4.1, §4.2.4], where V4 denotes the standard representation of sl with standard basis {e, f}. Under

this identification, the Lie bracket between the two summands is the natural action, and n corresponds to

([8 3}@0)@(6@95&)@.

For the rest of this section, assume that F' is an archimedean local field. Choose K to be the maximal
compact subgroup of G (R) with Lie algebra equal to the fixed points of the explicit Cartan involution from
26, §4.2.3]. We identify K with SU(2), x {£1} SU(6)/us(C) using [13, Proposition 4.1]. By checking on Lie
algebras, we see that

SU(2), xF1 SU(2), x PU(3) S K N (G(R) x G'(R)),

where the map SU(2); — K corresponds to the first factor, and the map SU(2), x PU(3) — K corresponds
to the tensor product map SU(2) x SU(3) — SU(6)/u3(C) into the second factor.

In the notation of [26, p. 1242], recall that the complexified Lie algebra of K is spanned by the following;:

e The complexified Lie algebra of SU(2), is given by the slo-triple {eg, f¢, he} in ge.
e The complexified Lie algebra of SU(6)/u3(C) is spanned by ng(Z), ng(Z), and np(Z) for Z in Jc.

6.2. Some explicit elements in ge. In the notation of [26], we now describe some explicit elements in the
complexified Lie algebra of G. Write J; for the trace-zero subspace of J.

Definition 6.1. For all Z in Jy c,
(1) Write M (®1,z) in m2 for the element acting on X by
M(®1,2)(a,z,y,d) = (0,2Z oz, —2Z 0 y,0).
(2) Write ny,(Z) in m2 for the element acting on X by
0 (2) a2, d) = (0,02, (z + 2% — 2% — 2% (y 0 2)).
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(3) Write R(Z) in m for 1M (®1,7) + ing(Z), and write S(Z) in A¢ for ie ® (0,iZ,—Z,0).
(4) Write h_1(Z) in gc for R(Z) + 3ny(Z), and write hi(Z) in gc for S(Z) — np(2).

Since J arises from the associative algebra M3(C), [26, §3.3.1] shows that M (®q z) agrees with the notation
from [26, (3)] and [26, p. 1229]. One immediately sees that ny(Z) agrees with the notation from [26, p. 1228],
and [26, p. 1249] shows that h_1(Z) and hy(Z) agree with the notation from [26, p. 1242].

Lemma 6.2. Let Z; and Zy be elements in Joc = M3(C)"=0 satisfying
I Zy = ZoZy = Zy o Zy =0 and (Zy + Zo)* — 2F — 7 = 0.
Then [R(Z1),nu(Z2)] = [R(Z1),np(Z2)| = [S(Z1),nu(Z2)] = [S(Z1),np(Z2)] = 0.

Proof. We claim that
i (Z1),nu(Z2)] = [nu(Z1),nr(Z2)] = [np(Z1),np(Z2)] = 0.

To see this, use the description of ny and ng from [26, p. 1246] (where {v1,v2,v3} is defined in [26, §4.2.3])
and apply [26, Claim 6.3.2] along with the last identity in [26, §3.3.1]. Using the claim, we can replace S(Z;)
with hy(Z1) and R(Z1) with h_1(Z1). Then the lemma follows immediately from [26, Proposition 6.2.1]. O

6.3. Archimedean vectors for G. Recall from §2.2 that the sign € equals —1, and recall from Definition
2.1 the irreducible smooth representation o~ of G'(R). Recall from §3.7 the odd integer N associated with 1,
and write m for the non-negative integer WlT_l

Recall that o~ has highest weight (m,m,—2m) when N is positive and (2m, —m, —m) when N is negative.
To emphasize the dependence on N, we write o = o~. Write §(—) for the theta lift from G’ to G from [2,
Definition 2.5], and recall that 6(o) is isomorphic to the irreducible smooth representation 7,1 of G(R)
from §3.1 [14, Theorem 5.2].

We now define an element ¢ of £ by using certain raising operators. Define the matrices

0 00
0 0 1| when N is positive,
0 0 1
0 0O
Zy=10 0 O and Zy =< E d
00 0 010
0 0 0| when N is negative
0 0 0

in Jo,c = M3 (C)"=Y and define the raising operator

Dy = Z(—l)j <Zl> hor(Z1)Y hey(Z2)" Ty (Z0) " ha(Z2) € (gc)®*™.
=0

Recall from §3.1 that V,, 1 = Sym®”"? X1 is the minimal K-type of 41 and that 22" is a highest
weight vector in V,,,41, and recall from §3.4.2 that V; := Sym? X1 is the minimal K-type of Q and that z?
is a highest weight vector in V. Define ¢y = Dyz? in .
Proposition 6.3. The image of on under the theta lift map

Q—=onyXRO(on) oy Ryt

lies in oy X x?mw,

Proof. By [14, Proposition 4.2] and [14, Theorem 5.2], it suffices to show that e;pny = 0 and hppn =
(2m+2)¢n. Now [26, p. 1251] shows that [eg, h1(Z)] = [eg, h—1(Z)] = 0 for all Z in Jy ¢, which implies that

2 2
CPPN = egDN:ce = DNegme =0.
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Moreover, [26, p. 1251] also shows that
[he, h1(Z)] = hi(Z) and [he, h—1(Z)] = h_1(Z)
for all Z in Jy ¢, which similarly implies that

hggDN = h[DNJ}z = DNthS% + QmDNxf = QDNI? + 2mDN:L'? = (2m + 2)()0]\[. O

6.4. Archimedean local integrals. Assume that there exists a G'(R)-orbit of i in {E < J} satisfying
Hom; (7)) (07, 1) # 0 (this G'(R)-orbit is unique by Proposition 2.3), and let 7 be in this G’(IR)-orbit.
Because G'(R) is compact, this forces E = R3. Recall from Definition 2.4 the element f; of 0~. Recall from
§2.5.1 the Hermitian pairing (—, —), on oy and the fact that 5; equals (—, f;),.

Recall from §3.6 that £ = (a, b, ¢,d) denotes an element of X(F) such that the associated cubic F-algebra
is isomorphic to E. Write X = (a,z,y,d) for the element of Oy (F) N p~1(E) corresponding to i under
Lemma 3.10, and recall from Definition 3.11 the integral Z(&, —, —).

Recall from §3.1 the nonzero real number r. Write (—, —) for the trace pairing (X,Y) — tr(X oY) on J.

Write T C G’ for the subgroup of diagonal matrices, and let fy be a highest weight vector in o with respect
to T"(R) that is unitary with respect to (—, —),. We now begin calculating our archimedean local integral:

Proposition 6.4. The integral Z(E, on, fo) equals the product of

|r(ai+b—ci—d)
r(ai +b—ci—d)

q_ ) K_pi(Jr(ai+b—ci— d)|)

and
(2ir?)m

2 /(T JENG ) (¢ Zay2) (g - Z1,y) — (9" - Za2,y)(g - Z1,x)}mm dg’ .
i(Tg ’

Proof. 1t will be convenient to describe ¢y using another differential operator instead. Write
Dy = 31 (R RS2 52 € @)
3=0
Then the SU(6)-invariance of 27 and Lemma 6.2 indicate that Diyz? = Dyxz? = @, so Definition 3.6 yields
~ 1 o~

ax(m-on) = §(D§v W) ()

for all m in M (R). Using the equivariance of W under left translation by N (R), for all Z in Jy ¢, we get
(S(ZYWX)) () = (rX, i (0,02, —2,0)) WX (1).

Because N/Z is abelian, for all Z' in Jy ¢, the differential operator S(Z) annihilates the function

s (r X, - (0,i2',—Z',0)).

Next, for all integers v, [26, Corollary 7.6.1]° shows that
(R(Z)WX ) (i) = (rX, i - (0,—iZ,—Z,0))W¥, _ (i)
for all m in Ml(R). For all £k and &' in {1,2}, the endomorphism of N/Z induced by R(Zy) annihilates
(0, £iZy, £Z;+,0), so the differential operator R(Z)) annihilates the function
e (P X, (0, £iZ), £ 25, 0)).
Altogether, the above computations show that, for all m in M? (R),
(R(Z1) R(Zo)™ 7 S(20)" 7 S(Z2) W) (i)

9A guide to the notation of [26, Corollary 7.6.1]: Dz« (E) is defined on [26, p. 1250], M is defined in [26, Theorem 7.5.1],
and V(E)* is defined on [26, p. 1242]. We take F = Z and M = m. Then Dz« (FE) = R(Z) and V(E)* = (0, —iZ,—Z,0).
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equals wx

—m—1

(r&,m - (0,=iZy, = Z1,0))? (rX,m - (0, —iZy, = Z,0))™ 7 (rX,m - (0,iZy, = Z1,0))™ 7 (rX,m - (0,iZ2, —Z2,0))’.

(m) times

Finally, specialize to m = ¢’ in G'(R). Since ¢’ lies in K N M*(R), it fixes 7o(), so ax (g’ - o) equals

—m—1

|r(ai+b—ci — d)]

r(ai +b—ci—d) K_p_1(r(ai +b—ci —d)))

W2, 1(g) = {

times
1 & , , , . ,
32 (1 (?) P2 e —iy,g - Z1) (x — iy, g - Zo)" (@ iy, g - Z0)" T (e + iy, g - Zo)
=0
r2m . / . Vi . ! . ! m
=5 @—iyg D)@ tiyg - 2) (v —iy. g Z1)(z +iy,g - Z)]
r2m ' ) m
=5 [—2i(y, g Za)(x, g - Z1) + 2i(x, g - Z2)(y, 9 - Z1)]
2ir2)m m
— I Zow)a - 219) ~ (6 Zo)e - 2]
This immediately yields the desired result. O

To compute the integral from Proposition 6.4, we use two different models of o :

(1) Write C? for the standard representation of SU(3), write (C3)V for its dual, and write {21, 22, 23} for
the standard basis of (C?)¥. Checking highest weights yields an isomorphism of PU(3)-representations

ON =

Sym3m((C3)V ®det®™  when N is positive,
Sym®™(C?) ® det® ™) when N is negative.

(2) Write A for the partition (m,m) of 2m, and write ¢y in C[Sa,,] for the associated Young symmetrizer
as in [7, p. 46]. Then the representation S*(gf) = cx(gz)®?™ C (gi)®?™ of PU(3) contains both
(m,m,—2m) and (2m, —m, —m) as extremal weights with multiplicity one. Since Z¥™ @ Z5™ in
(97)®?™ has weight (m,m,—2m) when N is positive and (2m,—m,—m) when N is negative, this
implies that o is isomorphic to the subrepresentation of S*(g)®?™ generated by cx(Z7™ ®@ Z5&™).

Lemma 6.5. For all ¢’ in G'(R), we have
[(g/ : Z27x)(g/ : Zl»y) - (g/ : Z2>y)(9/ : Zlvx)]m = CQ(aa bv &) d)m/2<gl : an fi>c77

where C' is a nonzero constant independent of £ and X .

Proof. First, we show that the desired identity holds up to some constant, using model (2) for oy above.
Endow g = M3(C)"=° with the Hermitian pairing (X,Y) — tr(X - t?), which induces a Hermitian pairing
(=, =) on (g¢)®*™ and hence on $*(g(.), and write pr, in Endpys)(S*(gf)) for the associated orthogonal
projector onto 0. Because PU(3) preserves (—, —)g, its restriction to oy C S*(gf) equals a scalar multiple
of (=, —)s. Moreover, (z +iy)®™ @ (z — iy)®™ is fixed by i(Tx)(R), the i(Tg)(R)-invariant subspace of oy
is 1-dimensional, and ¢y (ZP™ ® Z$™) is a highest weight vector in 0. This implies that there exists C; in
C* such that, for all ¢’ in G'(R), we have

Cilg" - fo, fi)o = (Pryex(g’- (Z7™ @ Z3™)), pry ex((z +iy)®™ @ (x — iy)*™))e
=(ea(g' - (ZP" @ Z5™)), ex((@ +iy)*™ @ (& — iy)*™)) e
={eA((¢g" - Z0)°" @ (¢' - Z2)®™), (x +iy)*™ @ (z — iy)*™ ).
A combinatorial exercise using the definition of ¢y shows that cx((¢’' - Z1)®™ ® (¢’ - Z2)®™) equals
m
Z(_l)j (T;) Z o1 ((g’ S Z)% @ (g - Z2)®(m—j)) ® oy ((g’ - Z2)% @ (¢ - Z1)®(m_j)) .

01,02€Sm
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Combined with the Sy,,-invariance of (—, —)g, this shows that

Cilg - fo. fiYo = D _(—1) (m) (mY2(g" - Z1, 2 +iy) (g Zosx +iy)™ (g - Zayw —iy) (¢ - Zn, 2 — iy)™

Jj=0 J
(6.1) = (m)?[(¢ - Za,x +iy)(g - Z1,x —iy) — (¢ - Zv, 2+ iy)(g - Zo,xw — zy)]m
= (=20))"(m))?((¢' - Zo, ) (g - Z1,y) — (¢ - Zo, (g - Z1,2)] "

To finish the proof, we will compute C; by evaluating at a convenient point. For this, choose h’' in G'(R)
such that A’ - z is of the form
x1
) )
x3
where 21 > x5 > x3. Because b’ - X = (a,h' - x,h' - y,d) and fr..; = b’ - f;, we can replace z with b’ - z to

assume that z is of the above form. Then i(T%) equals 7", and

xoTs/a
y:aj#/a: .’L'lxg/a
x122/a

Since (6.1) is a polynomial identity in ¢’, it also holds for ¢’ in G’(C). Hence we can evaluate at

1
1 when N is positive,
t 1
g =1+s'Z +1'Zy = ‘j 1
t 1 when N is negative,
s 1

where s and ¢ are complex numbers.

For the rest of the proof, assume that N is positive; the other case is analogous. Then the right-hand side
of (6.1) involves

(9 Zo,x) (g - Z1,y) — (¢ - Z2y) ¢ - Zr,x)=| | =5 —t 1|,z Y

— , T -s —t 1|,y
—s2 —st s —st —t2 ¢

= —ts(xo — x3)(x1 — x3)x2 /0 + st(x1 — x3) (22 — x3)21 /0
= st(xo — x3)(x1 — x3)(x1 — T2) /@@
= stq(a, b, c,d)'/?.
Finally, we calculate the left-hand side of (6.1) using model (1) for o above. Endow C? with the standard

pairing, which induces a Hermitian pairing (—, —)sym on Sym®™(C3)V. Then 23™ is a unitary highest weight
vector of Sym®*™(C)Y @ det®™, and

2 ~3

(6.2) m!m!m! ™!

is a unitary i(Tg)(R)-fixed vector of Sym®”™(C)Y @ det®™.

Let oy 2 Sym®™(C?)Y ® det®™ be the unique unitary isomorphism that sends fo to 23™. Then the image
of f; in Sym®™(C?)Y @ det®™ is a C'-multiple of (6.2), where the multiple does not depend on X. After
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replacing f; with this C'-multiple, we get

(3m)!
(9" fo, fi)o = m(g/ : ng,z?%zgzzgnﬁym

= m((*sn —tz2 +23)°", 21" 25" 25" ) sym

3m)!
A i R R L o .
g [ B
B m!m!m!’

We conclude by taking s = ¢ = 1 and comparing both sides of (6.1). |

By putting everything together, we finally obtain:

Theorem 6.6. The integral Z(E, vn, fo) equals the product of

Pr(awbczd)

| —m—1 ‘ .
K_ b—ci—d
r(ai+b—ci—d) 1(jr(ai+b—ci—d)))

and

CN : q(aa b7 c, d)m/Qu

where Cn is a nonzero constant independent of € and X.

Proof. After combining Proposition 6.4 and Lemma 6.5, we conclude by observing that

10.

11.

12.

13.

14.

15.

(9" fo, [1)olg" - fo, fi)o dg’ = dim(on) "' vol(i(Tr) (R)\G' (R))(fo, fo)o (fis fi)o

= dim(on) "t O

/i(TE)(R)\G’ (®)
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