LOCAL-GLOBAL COMPATIBILITY OVER FUNCTION FIELDS

SIYAN DANIEL LI-HUERTA

ABSTRACT. We prove that V. Lafforgue’s global Langlands correspondence is
compatible with Fargues—Scholze’s semisimplified local Langlands correspon-
dence. As a consequence, we canonically lift Fargues—Scholze’s construction
to a non-semisimplified local Langlands correspondence for positive character-
istic local fields. We also deduce that Fargues—Scholze’s construction agrees
with that of Genestier—Lafforgue, answering a question of Fargues—Scholze,
Hansen, Harris, and Kaletha. The proof relies on a uniformization morphism
for moduli spaces of shtukas.
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INTRODUCTION

The Langlands program predicts a relationship between automorphic forms and
Galois representations. More precisely, in the case of a connected reductive group
G over a global function field F of characteristic p > 0, the Langlands program
posits a canonical map

GLCG : {

cuspidal automorphic L-parameters
representations of G(Ar) for G over F [’

where Ap denotes the adele ring of F, and all representations are taken with Q,-
coefficients for some ¢ # p. In a landmark result, such a map GLCqg was constructed
by V. Lafforgue [33].

In the case of a connected reductive group G over a nonarchimedean local field
F', the Langlands program predicts a similar map

irreducible smooth } { L-parameters }

(1) LLCq : { representations of G(F') for G over F

1
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Recent breakthrough work of Fargues—Scholze [I2] constructs such a map up to
semisimplification; namely, they construct a map

) LLCS: irreducible smooth semisimple L-parameters
G "1 representations of G(F) for G over F ’
Our main result is that V. Lafforgue’s global Langlands correspondence is com-
patible with Fargues—Scholze’s semisimplified local Langlands correspondence.

Theorem A. Let v be a place of F. Then the square

cuspidal automorphic GLCq L-parameters
representations of G(Ar) for G over F

y—)v lw e,

irreducible smooth LLCG, semisimple L-parameters
representations of G(F,) for Gg, over F,

commutes.

Since GLCg [33, Théoréme 12.3] and LLCE [12] Theorem IX.0.5] are compatible
with the Satake isomorphism at unramified places, for a given cuspidal automorphic
representation this is already known at unramified places.

We actually prove a refinement of Theorem A on the level of excursion algebras;
see Theorem [6.13]

Remarks.

(1) V. Lafforgue [33 Théoreme 13.2] and Fargues—Scholze [12, Proposition IX.4.1]
prove a version of their results with Fy-coefficients, and the analogous version
of Theorem A also holds in this mod-¢ context. See Theorem [6.15]

(2) Once one constructs a non-semisimplified local Langlands correspondence as
in Equation (e.g. see Theorem B below), one can ask whether Theorem
A holds before semisimplification. The answer is already negative when G is
the units of a quaternion algebra [I5, Remarque 0.3]. More generally, Arthur’s
conjecture [B] predicts that the answer is negative precisely for global A-packets
where a local A-packet II,, contains a representation whose L-parameter does
not equal the L-parameter associated with IL;, . For instance, examples of
Howe—Piatetski-Shapiro [26] show that the answer is also negative when G is
Spy-

We now turn to some consequences of Theorem A. When char F' > 0, Theorem A
enables us to remove the “up to semisimplification” ambiguity in Fargues—Scholze’s
construction.

Theorem B. Assume that char F' > 0. Then LLCE canonically lifts to a non-
semisimplified local Langlands correspondence LLCq as in Equation .

The proof that Theorem A implies Theorem B is due to Gan—Harris—Sawin [13];
roughly, the idea is to maneuver into a situation where Theorem A holds even
before semisimplification. This uses a globalization result of Beuzart-Plessis [13],
work of Heinloth-Ngé—Yun [25] on (-adic Kloosterman sheaves, results of Xu—Zhu
[47) on their p-adic companions, and Deligne’s purity theorem.

Our next result concerns previous work of Genestier—Lafforgue [I5], who also con-
structed a map as in Equation when char F' > 0. Genestier—Lafforgue obtained
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a version of Theorem A for their construction, and since this property basically
uniquely characterizes such maps, we deduce the following result.

Theorem C. The Genestier—Lafforgue correspondence agrees with the Fargues—
Scholze correspondence.

This answers a question of Fargues—Scholze [12], Hansen, Harris, and Kaletha
[29]. We also prove a refinement of Theorem C on the level of Bernstein centers;
see Theorem [6.15]

Remark. Conversely, if we only had Theorem C, then work of Genestier—Lafforgue
would imply Theorem A. However, our proof of Theorem A is independent of their
results.

We conclude by showing that LLCE satisfies the expected compatibility with
the local Jacquet-Langlands correspondence [6], which we denote by JL, when
char F > 0 and G is the units of a central simple algebra over F.

Theorem D. Assume that char F > 0 and G is the units of a central simple
algebra over F. For any irreducible essentially L? representation m of G(F), we
have LLCg (7) = LLCEy, (JL(m)).

When char F' > 0, Theorem D was previously only known when the central
simple algebra has Hasse invariant 0 or % [12] Theorem IX.7.4]. The charF =0
analogue of Theorem D is due to Hansen—Kaletha—Weinstein [20, Theorem 6.6.1]
as a consequence of their work on the local Kottwitz conjecture.

Let us discuss our proof of Theorem A. Elements of our strategy go back to
Deligne’s letter to Piatetski-Shapiro [10], which proves local-global compatibility
for modular forms. Their associated Galois representations are constructed via the
cohomology of modular curves, and one of Deligne’s key ideas was to restrict to the
supersingular locus, using the uniformization of the latter by Lubin—Tate space to
relate the local and global Langlands correspondences for GLs.

Deligne’s proof, as well as subsequent works on local-global compatibility using
basic uniformization [9] 22} [40, 36], also crucially relies on arguments specific to the
particular group G in question. However, our proof of Theorem A is uniform in all
groups G.

We begin by observing that, since the correspondences of V. Lafforgue and
Fargues—Scholze are constructed via excursion operators, it suffices to show that
said operators are compatible. Let us recall their definition, which involves moduli
spaces of shtukas. For simplicity, assume that G is split, and write G for the dual
group of G over Q,. For any finite set I and representation V of G! , write Shtéﬁv
for the associated moduli space of global G—shtukasﬂ which is a Deligne-Mumford
stack. Work of Xue [48] naturally endows the compactly supported intersection
cohomology H{, of its generic fiber with an action of Wi, where Wg denotes the
absolute Weil group. For any z and £ in V and V'V, respectively, that are fixed
by the image of A : G—G! , and any v, in W, the associated global excursion
operator is

x T * _ I e I _ * 3 *
@) H1—>HV|A<C:~) =H;, —Hy, _HV‘A@ — Hy,
where * denotes the singleton set, and 1 denotes the trivial representation.

1n the introduction, we ignore convolution data and level structures in our notation.
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In the local setting, write LocShtéy for the associated moduli space of local
G-shtukas, which is an analytic adic space. Work of Fargues—Scholze [12] naturally
endows the intersection homology H %f ol of its generic fiber with an action of WF{U,
so when 7, lies in Wi , one can form local excursion operators using the same
recipe as in Equation .

We compare the local and global excursion operators using a uniformization mor-
phism. To define it, first we construct a formal model EOCGhtéy for L'ocSht{;y at
hyperspecial level. Stating the formal moduli problem is straightforward, although
comparing it with our original definition of local G-shtukas requires an equicharac-
teristic version of Kedlaya—Liu’s results [32] on relative p-adic Hodge theory, which
we prove. Next, we use Beauville-Laszlo gluing to construct a formally étale mor-
phism of formal stacks

~ —1
© : LocBhtg 1 — Shtg

when the level is hyperspecial at v, where §}RIGV denotes the formal completion
of Shté)v along v, and we assume that degv = 1 for simplicity. This generalizes
results of Arasteh Rad-Hartl [3].

From here, we restrict to a Harder-Narasimhan truncation Shtéf‘f of Shtéy
and enlarge the level away from v. This yields a scheme that is locally of finite
type, so we can use Huber’s analytification [27, (3.8)] to extend O toa morphism
of analytic adic spaces

O : LocShtgT —(ShtG ) spar,)! -

for deeper levels at v. To prove that © is étale, it suffices to consider the case of
hyperspecial level. There, we prove that QOCGhté”V is a formal scheme that is
locally formally of finite type, generalizing results of Arasteh Rad-Hartl [2]. After
restricting to a Harder—Narasimhan truncation, this lets us upgrade the formal
étaleness of © to étaleness, as desired.

Since © is étale, we can form the !-pushforward map

. rrloc,I,<s 1,<s
@! : HV —)HV .

After restricting to a Harder—Narasimhan truncation, this induces a morphism from
the composition diagram in Equation @ to the analogous composition diagram
for H‘I;’C’I. We use this to prove that the global and local excursion operators are
compatible, which concludes the proof of Theorem A.

With Theorem A in hand, let us return to the local context and sketch the
proofs of Theorem B, Theorem C, and Theorem D. For Theorem B, compatibility
with parabolic induction and the Langlands classification reduce us to the case of
L? representations m. Then the Langlands program predicts LLCq(7) to be the
unique pure L-parameter whose semisimplification is LLCE (), if it exists. To
construct this L-parameter, we use a globalization result of Beuzart-Plessis [I3] to
obtain a cuspidal automorphic representation I that has the same cuspidal support
as w at one place and is isomorphic to the cuspidal representation 7’ considered by
Gross—Reeder [I7] at another place. Combining Theorem A with work of Heinloth—
Ng6-Yun [25] and Xu-Zhu [47] shows that the Fargues—Scholze parameter of 7’ is
irreducible. From here, applying Deligne’s purity theorem [I1] and Theorem A to
IT yields the desired result.
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For Theorem C, we instead reduce to the case of cuspidal representations. Then
a classical Poincaré series argument and Theorem A give the desired result. Finally,
for Theorem D we use the simple trace formula to construct a cuspidal automorphic
representation of GL,, that globalizes JL(7) and transfers to a suitable central
division algebra under the global Jacquet—Langlands correspondence [7]. Finally,
the Chebotarev density theorem and Theorem A imply the desired result.

Outline. In we recall some facts about loop groups and Beilinson—Drinfeld
affine Grassmannians. In we define the formal moduli problem and prove that
it is a formal scheme that is locally formally of finite type. In we prove the
necessary results on z-adic Hodge theory. In §4] we define the analytic moduli
problem, compare it with the formal moduli problem, and recall results of Fargues—
Scholze [12] on its intersection homology. In §5| we recall the global moduli problem
and construct the uniformization morphism. In we use this to prove Theorem
A. In {7 we use Theorem A to prove Theorem B, Theorem C, and Theorem D.

Notation. Unless otherwise specified, all products are taken over F,. The tran-
sition morphisms for our ind-schemes are required to be closed embeddings. We
view all functors between derived categories as derived functors.

Starting in we freely use definitions from perfectoid geometry as in [41] and
[12]. When viewing an adic space X as a locally ringed space, we take Ox for its
structure sheaf. For any adic space X over Z,, write X ¢ for the associated v-sheaf
over I, as in [43, Lemma 18.1.1].

Acknowledgements. The author thanks Mark Kisin for his patience and advice.
The author would also like to thank Michael Harris for giving a talk on [I3] that
motivated him to prove Theorem A, to thank David Hansen for his interest and
encouragement, and to thank Urs Hartl and Thibaud van den Hove for corrections.

1. RECOLLECTIONS ON AFFINE GRASSMANNIANS

In this section, we begin by setting up our local context. We then establish some
notation on loop groups, Beilinson—Drinfeld affine Grassmannians, and their affine
Schubert varieties, as well as recall basic facts about these objects. Nothing in this
section is new.

1.1. Let F be a local field of characteristic p > 0, and write I, for its residue field.
Fix a separable closure F of F, and write I'p for Gal(F/F). Choose a uniformizer
z of O, which yields an identification Op = F,[z]. Let G be a parahoric group
scheme over O as in [, 5.2.6].

It will be convenient to use the following globalization of our local setup, although
we will see that our constructions are independent of this globalization.

Lemma. There exists a geometrically connected smooth proper curve C over Fg,
a nonempty open subspace U C C, a parahoric group scheme G over C as in [39,
Definition 2.18], a closed point v of C, and an isomorphism Ufc,v >~ Op such that
a) Gelu is reductive over U,

b) Gelo, is identified with G as group schemes over ﬁAC,U =~ Op.

Moreover, there exists an SLp-bundle ¥ on C and a closed embedding

L Gc %M(qf/)
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of group schemes over C such that Aut(¥)/Gc is quasi-affine over C.

Proof. By [39, Lemma 3.1], there exists a connected smooth curve C over Fy, a
smooth affine group scheme G over C’ with geometrically connected fibers, a closed
point v of C, and an isomorphism ﬁc,v ~ Op such that G|C\U is reductive over

C'~ v and é‘ﬁc,v is identified with G as group schemes over 50,,, =~ Of. Because C
has an F,-point v, it is geometrically connected. Write C' for the associated smooth
proper curve over F,. Fpqc descent and [8], 5.1.9] yleld a parahoric group scheme
G over C as in [39 Definition 2.18] that extends G, so we can take U = C' \ v.
Finally, the last claim follows from [3], Proposition 2.2(b)]. |

1.2. Let us recall some facts about loop groups and affine Grassmannians. Let I
be a finite set, and let S = Spec R be an affine scheme over C!. For all i in I, write
I'; for the graph of its i-th projection S — C', which is a relative effective Cartier
divisor on C' x S. R

Let Iy,...,I; be an ordered partition of I. Write O¢(S) for the ring of global
sections of the completion of ¢y g along > ., T';. For all 1 < j < k, write (5300 (S)
for the version that is punctured along >

lEI
il

Definition.
a) Write L}(Ge), Lf (Ge), and L7°(G) for the sheaves over C7 given by sending
Sto Go(Ony, 1) Ge(Oc(S)), and Gc (0L (S)), respectively.
b) Write Gr(l1 1) for the sheaf over 7 whose S-points parametrize data con-
sisting of R
i) for all 1 < j <k, a G-bundle ¢; on Spec Oc(S),
ii) for all 1 < j <k, an isomorphism of G-bundles

¢j : gj'Spec @éo(S) - gj"‘l |Spec 6@0(8)’

where ¢);+1 denotes the trivial G-bundle.

Write L} G and L, G for the fiber at v of L (GC) and L1°(Ge), respectively, where
% denotes the singleton set. Also, write Gr® . for the fiber at vl of Grg {1} """ k),
The proof of [I9, Lemma 3.2] shows that L} (G¢) is of finite type and affine over

CT so LT (Ge) = lim L}(Ge) is affine over C1. Recall that L}°(G¢) is ind-affine
over CT [19, Lemma 3.2(i)], and Gr(GIé""’I’“) is ind-projective over C'! [3, Proposition

3.12]. Also, note that L}TG, L,G, and GrZG are independent of the globalization
from Lemma [[11

1.3. The following lemmas give an alternative description of the Beilinson—Drinfeld
affine Grassmannian after completing at a point. Write D for the formal scheme
Spf Op, and recall that Spec yields an anti-equivalence from the category of F,[¢;]ic1-
algebras where the ¢; are nilpotent to the category of affine schemes over D!. Let
S = Spec R be an affine scheme over D’ .

Lemma. The direct system (n) . ;Li)n>0 of schemes over C' x S is naturally

iel
isomorphic to (nv x S),>0. Consequently, Oc(S) is naturally isomorphic to R[#],
and OF°(S) = (’)C(S)[Z%Ci]ielj = R[[z]][z%ci]iefj is naturally isomorphic to R((z)).
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Proof. As nilpotent thickenings are étale-local and C' is smooth at v, it suffices
to replace C' with A]%q = SpecFy[z] and v with the origin. Then n} ., I'; is the
vanishing locus of [],.;(z — {;)™ in C' x S = Spec R|[z], and nv x S is the vanishing
locus of 2" in C' x S. Choose positive integers n; such that (' =0 in R.
Set Ny == ,c.;n+n;—1and Ny :=n+maxser{n;} —1. Onn),;T';, we have
n+n;—1

SN — H((Z _ Cz) + Cz n+n171 H Z n+n171 o Ci)l4?+niilil —0,

iel iel =

icl

sony .. lies in Nyv x S. Conversely, on nv x S, we see that

HZ_CZNQ_HZ ZCNZZ 0,

iel i€l =0
sonv x S liesin Np ) .., ;. O
(I
1.4. Write Grr(G1 1 for the formal completion of Gr(h’ ~Tk) along v in C7.
Lemma. Our GIG1 " s an ind-projective ind-scheme over DY, and it is natu-
rally isomorphic to Gr’;’G Ipr-
s k)

(I
Thus Gr(G1 is independent of the globalization from Lemma
Proof. This follows immediately from Lemma ([

1.5.  We now introduce affine Schubert varieties. Write F,(C) for the separable
closure of F,(C) in F, and write Iy, (¢ for Gal(F¢(C)/F4(C)). Let T be a maximal
subtorus of Gelg, (), and write X (T) for the set of dominant cocharacters of
Tm with respect to a fixed Borel subgroup B C de containing Tm.

Identify X (T) with the set of conjugacy classes of cocharacters of Gc\m

Let pe = (1i)icr be in X (T)!. Identify the field of definition of y; with F,(C;)
for some finite cover C; — C' that is étale over U, and write U; for the preimage of
U in C;. Note that the closure F; of F,(C;) in F equals the completion of F,(C;)
at the closed point v; of C; above v induced by F,(C) — F. Write D; for Spf Op, .

Definition.

a) Write Grgé H.I") M, U Gr """ L) [1,., v: for the associated closed affine
Schubert variety, and write Gr, Il’ I") |H ¢, for its closure in Gr, Il’ ~ 1) ITT e, Ci-

b) Write Gr(Gll;m’ k)|1—[ p, for the formal completion of GrGIé’ u; |Hz‘el ¢, along

[Lievi in [Lig; Ci
¢) When I = %, write Gri,G’u |p, for the fiber at v, of Grgi u

Ch-

Recall that Grilt-1%) |H ., C; is a projective scheme over I1;c; Ci, and the nat-

Goite el
ural L] (G¢)-action on GrG I’“) I1,., c: factors through L7 (G¢) for large enough

(I, d
n [33} Proposition 1.10] Therefore Gr(;lu k)|1—[i€1 p; is a formal scheme that is

formally of finite type and adic over J],.; D, and its special fiber is projective

2While [33, Proposition 1.10] only treats the case of split G, it extends to the general case.
Indeed, this is already implicitly used in [33} (12.10)].
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~(I1,.., T
over [],c;vi. Also, the proof of [50, Lemma 3.2] shows that Gr(Gjm k)|H'ieID77 is
independent of the globalization from Lemma [1.1

1.6. Recall that we have an isomorphism
Gr’i,c :>(G1",17G)k
giVBIl by ((gj);?:la ((bj);c:l) = ((g]ﬁ ¢k)’ ) (gh ¢k: ©---0 ¢1))

Definition. Under this identification, write Grlzc,SLh,m for the closed subsheaf of

! )"k C (Gri’SLh)k, where 2pY denotes the sum

k .
Gr7 g1, corresponding to (Gr, g1, m2,v

of positive coroots in SLy,.

By we see that Gr’z“’SLh’m is a projective scheme over F,.

1.7.  We conclude by showing that, after pulling back to the loop group, affine
Schubert varieties are affine. Write L;(Gc) .1, ¢; for the pullback of
Iy I,
Gr(G;’H- & |H1,e] Ci
. k j,0 Iy,... Iy
under the natural morphism [[;_, L7°(Gc) = Gr(Gé &)
Lemma. Our Li(Gc)u,lr1,., c; i affine over [],c; C.

Proof. Because Aut(¥)/G¢ is quasi-affine over C, the proof of [51, Proposition
1.2.6] shows that ¢4 : Grglc"“’l’“) %Grgﬁ;'é’l’“) is a locally closed embedding. Now

indicates that Grg;’;l;f’“) I1,., c: is a quasi-compact scheme, so [24, Lemma 5.4]
(I, Ty)

SLlh,Cy(];TLQPv)iEI M., c: for large enough m.

Since Gri/t-r) [1,c, c: is projective over [I;c; Ci by and ¢, is a monomor-

Gec,lte
: . . (I1yeeesdr) (I, 1k) :
phism, we see that ¢, : Grg 7, |Hi€10i _>GTSLh,c,(m2pV)igz |Hielci is a closed

embedding. Combined with the fact that L} (G¢)— L} (SLpc) is a closed em-
bedding, this implies that L1(Gc)pu.l11,., ¢i = L1(SLn,c) (m2pv)icr 11, ¢: 18 also a
closed embedding. Now the argument in the proof of [2, Lemma 4.23] shows that

L1(SLu,c) (m2pv);e, is affine over C1, so L1 (G¢),, IM,., o is affine over [[,.,; C;. O

implies that its image under ¢, lies in Gr

2. FORMAL MODULI OF LOCAL SHTUKAS

To define the uniformization morphism via Beauville-Laszlo gluing in §5 we
need a formal variant of the moduli of local shtukas. Moreover, to show that the
uniformization morphism is étale (after passing to generic fibers), we need some
finitude properties of this formal moduli. Accomplishing these tasks is the goal of
this section.

We start by defining local shtukas and their quasi-isogenies in the formal setting.
After proving a rigidity property for quasi-isogenies, we define the formal moduli
problem, and we dedicate the rest of this section to proving that it gives a formal
scheme that is locally formally of finite type over D?.

Our strategy ultimately harks back to Rapoport—Zink’s proof [37] of the analo-
gous property for Rapoport—Zink spaces. The equicharacteristic incarnation of this
argument is heavily based on work of Hartl-Viehmann [24] and Arasteh Rad-Hartl
[2], although we generalize their results to the case of arbitrarily many legs.
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2.1. Later, it will be useful to work in the following generality. Let R be a topo-
logical Fy[(;]icr-algebra that is adic with finitely generated ideal of definition, and
write S := Spf R. Write 7 : S — S for the absolute ¢-Frobenius endomorphism. By
abuse of notation, we also write 7 : R[z] — R[z] for the canonical lift of absolute
g-Frobenius. We use " (—) to denote pullback by 7.

Write R[z, 1) for the completion of R((z)) with respect to the topology induced
from R. We now define local G-shtukas.

Definition.

a) A local G-shtuka over S consists of
i) for all 1 < j <k, a G-bundle ¢, on Spec R[],
ii) for all 1 < j <k, an isomorphism of G-bundles

5 %j|SpecRﬂz]][zjci Jier, Yi+1lspec RI2l[ 2 lier;

where %1 denotes the G-bundle "% .

b) Suppose that S lies over [];c;D;, and let & = ((¢;)5_,, (¢;)%_,) be a local
shtuka over S. We say that & is bounded by e if, for any affine étale cover
Spf R— S with T%|SI()}SC§[[§]] )trivial and any trivialization ¢ : T%1|Spec Rle] 5a,
the Spf R-point of (/?EG“”’ g |HieIDi given by

(¢1)§ﬂz,%> (%71)1:3[[2%) (t0¢k)§[[z%>

EA |Spec R[z] e

o (I1yesd (1,
lies in Gré;. k)|1—[i€1 p,, using the description of Gr(G1 Y from Lemma
It suffices to check Definition b) for a single Spf]§—> S and t.

2.2. For the rest of this section, assume that R is discrete, so that the (; are
nilpotent in R and S = Spec R. In this setting, we use the following notion of
quasi-isogenies.
Definition. Let ¢ and ¢’ be local G-shtukas over S.
a) A quasi-isogeny from ¢4 to 4’ consists of, for all 1 < j < k, an isomorphism of

G-bundles

0j : Filspee R(z) = Fjlspec R(2)
such that the diagram

¢.
gj |Spec R((2)) 41) gj-‘rl ‘Spec R((2))

l%‘ L‘Hl
’

G!|spec R(=) — Yj11Ispec R(2)

commutes, where ;.1 denotes the isomorphism 747, and we use Lemma to
identify R[[z]][z%ci]iefj with R((2)).

b) Let m be a non-negative integer, and let & be a quasi-isogeny from ¢ to ¢’. We
say that 0 is bounded by m if, for all 1 < j < k, the morphism ¢,(4;) yields a
point of [L} SLh\Gri,SLh_’mQPV].

Since LT G-bundles on Spec R are trivial after an étale cover, [24, Lemma 5.4]
implies that any quasi-isogeny is bounded by m for large enough m.
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2.3.  We will need the following quantitative version of the rigidity of quasi-isogenies.
Let J be an ideal of R satisfying J” = 0, and write 1 : S — .S for the associated
closed embedding.

Proposition. For all local G-shtukas 4 and 4’ over S, pullback yields a bijection
{ quasi-isogenies from 4 to 9’} ={quasi-isogenies from 1*9 to 1*9'}.

Moreover, suppose that S lies over [],.;D; and that 4 and 4" are bounded by .
There exists a non-negative integer B such that, if 1*§ is bounded by m, then § is
bounded by m + B[log,n].

Proof. By induction, it suffices to consider the n = g case. There 7: 5 — S factors
as 10 for a unique morphism j : S — .5, so for any quasi-isogeny ¢ from ¥ to ¥’,
we get 701 = J*1";. Hence the commutative square

o -
gk|Spec R((2)) 4k> gl‘Spec R((=z)) »

Jzék JT(Sl

G |spec R((2)) — Tgl/‘Spec R((2)

enables us to recover Jj, from 1*01, where we use Lemmato identify R[z] [Z%Ci]ielk
with R((z)). From here, we similarly recover §; for 1 < j < k — 1, showing that
pullback by 1 is injective on quasi-isogenies. Considering the same squares over S
also shows that pullback by 1 is surjective on quasi-isogenies.

Next, suppose that S lies over [],.;D; and that ¢4 and ¢’ are bounded by fie.
If 1*6 is bounded by m, then its pullback j*1*61 = "d; is as well. Because ¢y, and ¢,
are bounded by (p;)icr,, where the relative position bound is taken with respect
to the (z — (;) for ¢ in Iy, a quasi-compactness argument shows that there exists
a non-negative integer B such that 0y is bounded by m + B. For 1 < j < k — 1,
applying the same argument to J; indicates that, after increasing B by an amount
depending only on (i, our §; is also bounded by m + B. O

2.4. We now define the formal moduli of local G-shtukas.

trize data consisting of

i) alocal G-shtuka ¢ over S,

ii) a quasi-isogeny ¢ from ¢ to the trivial local G-shtuka G = ((G);’?:l, (id);?:l).
Write SOCGhtg}l;:"I’“)mieIDi for the subsheaf of SOCGht(GII""’I’“)\HiEIDi whose S-
points consist of the (¢, ) such that ¢ is bounded by .

Write f* : SOCGht(GI;l:"Ik) M., = [Lier Di for the structure morphism.

D!, and SOCGhtgL’L‘_'"I’“”HiEIDi is a closed subsheaf of EOCGhtgl"“’Ik)\l—[iQDi.

Proof. In Definition note that i) and ii) are uniquely determined by (%)?zl,

(@-)?;11, and 0. This is precisely the data parametrized by Gr’;G |pr, which proves
Iy, I
the first claim. The second claim follows from the fact that Gré;. k)|Hi€I D, is a
Iy, I
closed subsheaf of Gré1 k)|1—[1’61 p,; see the proof of |2 Proposition 4.11]. O
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2.6. First, we naively stratify 2oc6htg’lﬁ:"1’“) |Hiel p, by bounding the quasi-isogeny.
Write EOCGht(h"”’I’“)mieIDi for the subsheaf of SOCGht(GI;l‘."’I"’)\HiEIDi whose S-

G,lie,m
points consist of the (¢, §) such that J is bounded by m.
Proposition. Our SOCGht(G{,l;L:;;ka)|HiGIDi is a formal scheme that is formally of

finite type and adic over [[,.; D, its reduced subscheme is projective over []

(117---71k)|
G,pem ien,”

ier Vi,

and SOCGhtgfll'.'"[k”queIDl equals the direct limit li_n;m LocGht

Proof. Note that we have a Cartesian square

Loe®htg ) |, 0, —— Lochig ™|

k k
>
GrZ:SLh:m |Hi51D1 Grz,SLh ‘H

icr Di

ier Di»

where we use Propositionto identify £0c6htélﬁ}1”"l") I11,., p; with GrZSLh [Tie;Di-

Because SLy /G is quasi-affine over O, Proposition and [51l Proposition 1.2.6]
show that Soc@htgfk’b:"lk) Mo, D — GrZSLh

fore its pullback QOCGht(GI}I;:;;TIf)

[1,.,D: is & closed embedding. There-

k . .
e, 0: — G2 8L, m [[T,., p; 18 as well. Since

k
Grz,SLh,m |Hi€1 nv;

is projective over [];.; nv; for any positive integer n by the same holds for

SOCGhtgjl;:;;i’“) M., nv:i- Now the urzderlying topological space of GriSme IT1,c) s

Iy i)
Galll'- -,mk
here, [I8, (1, 10.6.4)] indicates that SocGht(h""’Ik)miEIDi is a noetherian formal

G,pe,m
scheme that is adic over []

is independent of n, so the LocGht |H1‘e] nv; have this property too. From

;. Therefore its reduced subscheme equals that of

iel
EOCGht(GI}/;:;;{Lk”HieI vi» which is projective over [],.; vi, so SOCGhtg’ll;:;;,Il’“)|Hi€I D,
is formally of finite type over [[,.; D;. Finally, last statement follows from Gr?SLh
equaling the direct limit lim - Grf7SLh7m. O

2.7. To obtain a better stratification of SOCGhtg}P’L'.’"I’“”HieIDi, we need the fol-
lowing algebraization lemma. Briefly, relax our assumption that R is discrete, since
we will also use this lemma later. Let (S;);>¢ be a direct system of affine schemes
Sy = Spec R; over [[,.;D; such that

i) the morphisms S; — Sy are closed embeddings,

ii) the associated ideals ker(R; — R;) are nilpotent.

Take R to be the ring @l R;, and endow R with a topological ring structure
such that F,[{;]icr — R is continuous, the R — R; are continuous for the discrete
topology on R;, and R is adic with finitely generated ideal of definition.

Lemma. Pullback yields an equivalence of groupoids

local G-shtukas over o im local G-shtukas over
S bounded by e ; S; bounded by jie
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Proof. Let (4');>0 be a compatible system of local G-shtukas over S; bounded by
fts. We can form the G-bundles &; = lim, ¢! on Spec R[z], so now we just need to
form the isomorphisms ¢;.

Let Spec EO — Sy be an affine étale cover where gjO|Spcc Bol2] is trivial for all
1 < j <k, and fix trivializations of the g]Q‘Spec Role]"
affine étale cover Spec El — S; whose pullback to Sy is Spec Eo, and there also exist
compatible systems of trivializations of the %l|spec Rl [24, Proposition 2.2(c )]ﬂ

By ii), there exists a unique

Under these identifications, the (¢ )& Ri(2) correspond to compatible systems of bl in

G(Oéo(Spec R))), where we use Lemma 3| to identify R;((z)) with (’)Jd (Spec Ry).
For all 4 in I, let V; be an affine neighborhood of v; in C;. Because the @g!
are bounded by p,, our (bé.)é‘?:l yield R;-points of L;(Gc)u,|11,., vi- The latter is

affine by Lemma so the compatible system of (b5)%_; yields an R = Jim, R
point (b;)h_, of Li(Ge)lry,., vi- By construction, the resulting local G-shtuka
G = ((gj|SpeC§[[z]])§:1’ (bj)k_,) over Spec R is bounded by f1e. Since the (¢} B, @)
and thus bé— are compatible with the descent data of gjl from Spec Rl to S;, we see
that the b; are compatible with the descent data of ¢; from Spec Rto S. Hence 9
naturally descends to a local G-shtuka & over S bounded by e, as desired. d

2.8. Resume our assumption that R is discrete. The following stratification of

EocGht(G{ll;'”’I’“” . p, has the advantage of being closed under formal completion.
Write EOCGhtG{Z I’“ IT,., o for the formal completion of }Z,OCGht(I1 Ik)|Hi€ID1:
along the reduced subscheme of SocGhtgz.mi’“”

Lemma. Our £066htgll;:';7]lk)|nielmi is a formal scheme that is formally of finite
type over [[;c; D;

Proof. Proposition and [24, Lemma 5.4] imply that SOCGhtgll;"';ff)| Il;c; D:

equals the direct limit lim, £oc6htgll;. ’ﬂIlkl)|Hi€1Di where SocGhth,;. 7£kl)|Hi€1D1

denotes the formal completion of SOCGht(Cv{}LL:;;TIL]ﬁl‘HiGIDi along the reduced sub-
scheme of SocGhtG{l;; m") I11,, p;- The reduced subscheme of SOCGht(G{,ll;:;;ik) M., D

is quasi-compact by Proposition. S0 it is covered by finitely many affine open sub-

schemes U. Proposition indicates that S}ocGht(Cflli Ti"l) IM,., D is a noetherian
11,

formal scheme with the same reduced subscheme as LocGht, e ‘H ,D;» so U

corresponds to an affine open formal subscheme ; = Spf A; of 2006ht(6{1# 77Lkl) |1—Iiel D; -

The above shows that hm $1; is an open subsheaf of SocGht(Il’ I’“ | rer Di-

Thus it suffices to prove that lgi $1; is an affine formal scheme that is formally of

finite type over [],.; D;. Because the inclusion morphisms

i€l

(I1,..

£ocehtG{1l; mz|n b, — LocGhty ml,|n1€,

are closed embeddings, the maps Ay — A; are surjective. Write A := @l Ay. Write
Jo for the largest ideal of definition of Ay, and write J for its preimage in A.

3While [24] only treats split reductive G, the proof immediately adapts to any smooth G.
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For any positive integer ¢, we claim that Ay /J¢— A;/J¢ is an isomorphism for
large enough [ and I’. Note that Ay /J¢— A;/J° is surjective with nilpotent kernel,
and the Mittag-Leffler criterion implies that A/J¢ = Jim, A;/Je. Endow A/J€ with
the discrete topology. Because the (; vanish in A/J = Ay/Jy, the (; are nilpotent
in A/J¢, so Fy[(]ier — A/J€ is continuous. Altogether we can apply Lemma
to the local G-shtukas ¢ over Spec A;/J¢ obtained from the morphism

Spec A;/J¢—Spf A; =4, C 20C6ht(11,--~71k)‘n 5

G pe,m,l 1;erDi
to get a local G-shtuka ¢ over Spec A/J¢ bounded by p,. Next, consider the
quasi-isogeny ¢° obtained from Spec Ag/Jo —>20(:6htglﬁ’b'.”;#[))|nielpi. Proposition
uniquely lifts §° to a quasi-isogeny & from ¢ to G, which implies that the

resulting A/ J¢-point (¢, §) of EOCGht(G{L’L:"Ik) IT1,., p; lies in LocGhtd1x) I, Ds-

G,lie,M
Therefore |24, Lemma 5.4] indicates that (¥¢,4) lies in EOCGht(G{,l;;:;;?IzITl)'HiQDi for
large enough [. Pulling back to Spec Ag/Jy shows that (¢,9) even lies in Spf A;.
The uniqueness of Proposition implies that the pullback of (¢, d) to Spec A /J¢
equals (¢, 6'), so Ay — A — A/J¢ — Ay /J¢ equals the quotient map. Quotienting
by the image of J¢ in A; shows that Ay /J¢— A;/J¢ is an isomorphism, which
concludes our proof of the claim.

Write a; := ker(A — 4;). The claim indicates that the ideals a;+J¢ of A stabilize
for any positive integer ¢, and because the A; are noetherian, we see that the
im(J/J? = Ay/J?) = J/(J?+a) are finite over A. Therefore [37, proposition (2.5)]
shows that A with the inverse limit topology is noetherian and J-adic, which implies
that hﬂl $1; = Spf A. Finally, the reduced subscheme of Spf A is of finite type over

[;c; vi by Proposition so Spf A is formally of finite type over D;. (]
2.9. We can use the quasi-isogeny to define the following distance function.

Definition. Let K be a field over F,, and let z = (¢,0) and 2’ = (¢',0") be

K-points of SOCGhtgl’”"I’“). Write d(z, z') for the smallest non-negative integer m
such that the quasi-isogeny d=! 0§’ of local G-shtukas over Spec K ((z)) is bounded
by m.

2.10. Lemma. As K runs over all fields over Fy, the maps d induce a metric on the

underlying set |Eoc6htgl""’1k)|. For any x in |£oc6htgl’“"1’“)| and non-negative
integer r, the associated closed ball B,.(x) of radius r centered at x is closed with

respect to the Zariski topology on |£oc6htg1""’lk)|,

Proof. We immediately see that d is insensitive to field extensions, so d induces
a map \SOCGht(G{l“”’I’“)\ X \EOCGhtgl"”’Ik” — Z>¢. Since relative position bounds
along the same divisor are sub-additive under composition, d satisfies the triangle
inequality, and because 2p" is fixed by the Chevalley involution, d is symmetric.
Next, if d(x,2') = 0, then ¢, (5]71 0 0%) extends to an isomorphism of SLp-bundles
on Spec K[z] for all 1 < j < k. Since ¢ is a monomorphism, this implies that the
6;1 04} extend to isomorphisms of G-bundles on Spec K[z], so x = 2'. For the last
statement, note that B,.(z) equals, on the level of topological spaces, the preimage
of the closed substack [LT SLh\Gri,SLhﬂpv]k under the morphism

Loc@htlt ™) S [LF SL,\Grl g, 17
given by (¢/,0") — (1,*(5]-_1 o 6;-));?:1. O
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2.11.  All points of 20C6htg1}l:"lk) ‘Hie] p; are close enough to one defined over a
fixed finite field in the following sense.

Lemma. There exists a finite extension Fy of F, and a non-negative integer D

such that, for every x in \SocGhtgfl;:"Ik)‘Hi@Di
I, dy o
£066ht(G’1#. k)|l_h61 p, satisfying d(z,y) < D.

, there ezists an Fg-point y of

Proof. Suppose that x corresponds to a K-point (¢, ¢), where we can assume that
K is an algebraically closed field over F,. Then ¥; is trivial for all 1 < j < &,
and after fixing trivializations of the ¥, our ¢; correspond to g; in G(K((2))). The
commutativity of the diagram

b1 Pr—1 b
g41|SpecK((z)) — === ég41€|SpecK((z)) - - gg1|Spec K((2)
| | |
| 61 | 6k I 71
+ + +
G G G

implies that 67! 0 d; = ¢y 0--- 0 ¢, so the image of 7(g1) g in Gri’G |, lies

v.- Now indicates that Grivg,ziel i

scheme, so [24] Lemma 5.4] shows that its image under ¢, lies in Gri,SL’“m for large
enough m. Therefore [34, 2.2.1 (ii)] and [38, (2.1)] yield a non-negative integer D
such that, for all such gy, there exists hy in G(F,((2))) such that the image of g1h]*
in Gr;SLh lies in Gri’SLh)D%v.

v, 18 & quasi-compact

. 1
n Grz,G,E

ier Hi

If > ,c; i is not a coroot, then SOCGht(GI,IL’L:.7Ik)‘Hi€IDi is empty, and the re-

sult vacuously holds. So assume that )., p; is a coroot, which implies that
[I,c, v contains the image of 1 in Grg) I, - Since the convolu-

o Ii) )
‘Hiel v 7 GrG,ZieI i

surjective, its fiber at 1 has an Fy/-point b for some finite extension F, of ;. Next,
identify Grgl’”"l’“) |,r with Gr]Z“yG |- Because the fiber of (L.G)* — Grk, [T, v atb
bis an (LT G)*-bundle on SpecF,/, Lang’s lemma indicates that it has an F,/-point
(bj)?zl. By construction, the local G-shtuka J# = ((G)g?:l, (bj)?:ﬂ over SpecF
is bounded by jie, and by - by equals 1 up to right G(Fy [z])-translation. After
replacing by with a right G(F [z])-translate, we can assume that by ---by = 1.
Combined with the fact that hy = 7(hq), we see that the diagram

(N
GrG:EiEI Hi

tion morphism GrG{l}; i, vi 1S of finite type by and

| h1
<
G

|
| Thy
+
G

b by — b
G-25...-CLhae-%5¢a
\ \
| bk
<
G

commutes for uniquely determined ho, ..., hy in G(Fy(2))). Since b; and ¢; are
bounded by Zielj pj for 1 < j <k —1, where the relative position bound is taken
with respect to z, a quasi-compactness argument shows that, after increasing D by
an amount depending only on p,, the image of g; hj_1 in Gr;SLh lies in GrinL}“DQ[,v.
Hence the quasi-isogeny h := (hj)é?zl from # to G yields an Fy-point y == (47, h)

of £oc6htg;’b:"l’“)|nielm with d(x,y) < D, as desired. O
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2.12. The following theorem is the main result of this section. Write B, (z),, for

4-point

(G, (id)k_,) of £066htg1’ ) Note that B,,(1),, equals |£oc6htgll; "I’Lk)h_liel D, |-

Theorem. Our SOCGht """ )‘HiEI]D)i is a formal scheme that is locally formally
of finite type over [[,c; D;

Proof. Let Fy and D be as in Lemma Write Z;, for the union
U BD(?J)H. n Bm(]‘)ﬂo

where y runs over Fy-points of LocSht, Il’ Ik)|Hie1Di satisfying d(1,y) > s. The

triangle inequality implies that it suﬂices to take y also satisfying d(1,y) < m+ D.

Because By, p(1),, equals |2006htg}l;'.';;i’f£[,|ni . »; |, Proposition 2.6/ implies that

there are finitely many such y. Hence Lemma indicates that Z° is a a finite
)

m
11,

union of Zariski closed subsets of |£ocGht

i€l T
Iy .
Write 47 for the open formal subscheme of SocGhtéjﬂhm’“” <, D; with un-

derlying topological space given by the complement of Z7 . By Lemma w,
is formally of finite type over [, ;D;. Note that SOCGhtgll;"';ff)mieIDi equals
(I, k)
G,u o,m+1
SOCGhtG{ll’L rfzk)h_hezﬂ)w so U7 1 equals the formal completion of 7, along the
reduced subscheme of u .

For any non-negative integer s, we claim that 47 stabilizes. The above indicates

that it suffices to check this on underlying sets, so suppose that there exists x
in [, 1] ~ [4,]. Lemma [2.11| yields an Fg-point y of SocGht(Il’ I")| [Lc, D
satisfying d(z,y) < D. As zx doeb not lie in Z;, ;, we have d(1, ) < s, SO the
triangle inequality yields m + 1 = d(1,z) < s + D. Hence U2, stablhzes for m >
s+ D — 1, which concludes our proof of the claim.

Set ° = ligm 2 . Proposition implies that 1° is an open subsheaf of

the formal completion of EocGht |H p, along the reduced subscheme of

Loc®htgh ™ b,

The claim shows that 4° equals 47, for large enough m, so ° is formally of finite
type over HZGIID) Now we just need to prove hm U8 = LocBht, Il’ *)|

(11’

ier Di-

It suffices to check this on underlying sets, so take z in [CocGhty ', Ik)h—lieIDl

Proposition [2.6] indicates that z lies in

I I
[CocGhtey | b,

for large enough m, so for all y in |£)0(36ht(I1 """ I’“)| such that z lies in Bp(y) .,
the triangle inequality yields d(1,y) < m + D. Therefore x lies in |[Um+P+1|. D

2.13. Using representations of the dual group, we can index relative position
bounds as follows. Let F be the finite Galois extension of F such that Gal(F/F)
equals the image of the I'p-action on X (T). Write D for SpdOp. Let E be a
finite extension of Q(,/q), write G for the dual group of G over O, and write
LG for G x Gal(F/F).
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Let V be an object of Repy(“G)!. Note that II,. £0c6htg71l’t:"I’“)|®, naturally
descends to a sheaf £0c6htgf‘}"’lk) over D!, where p, runs over highest weights
appearing in V@el@' Theorem and descent imply that QOCGhtg’l‘;”’Ik) is a
formal scheme that is locally formally of finite type over D’.

2.14. Finally, we define partial Frobenii for the formal moduli of local G-shtukas.

Definition. Write Fr(/t-/%) : goc@htlry ™) — LocGhtly ™) for the mor-
phism given by sending

Pr— : : "¢
glfqil%"'*kflﬁg]@*%%ﬁrgl ggfq?%-'-*%%Tgl**l%ng
I I | I | I
| 01 | O 17861 to 162 | 71 | T2
+ + + + + +
G G G G G G.

Note that Fr(/t--%) lies above the endomorphism of D! given by geometric
g-Frobenius on the i-th factor for ¢ in I; and the identity on all other factors.

3. RELATIVE z-ADIC HODGE THEORY

The local shtukas defined in §2f are (formal) algebraic, while the local shtukas
used by Fargues—Scholze [12] are (non-archimedean) analytic in nature. To compare
them, we need an equicharacteristic version of Kedlaya—Liu’s results [32] on relative
p-adic Hodge theory. Our goal in this section is to prove the necessary results on
relative z-adic Hodge theory, in the spirit of work of Hartl [23].

We begin by recalling the equicharacteristic version of Fontaine’s period ring Ain¢.
Using a result of Anschiitz [I], we prove an algebraization theorem for G-bundles on
Aing, at least pro-étale locally on the base. Finally, we relate G(Op)-local systems
to G-bundles on the equicharacteristic version of the (relative integral) Robba ring
equipped with a Frobenius automorphism.

Our arguments closely follow those of Kedlaya—Liu [32] and Scholze-Weinstein
[43]. However, we have streamlined and simplified the presentation, both because
we only prove what we need as well as because the arithmetic of formal power series
is easier than that of Witt vectors.

3.1. Let S = Spa(R,R") be an affinoid perfectoid space over F,, and choose a
pseudouniformizer w of R. Write Vg for the complement of the vanishing locus of
@ and z in Spa RT[2], and note that Vg is the analytic locus of the pre-adic space
Spa RT[z]. We have a continuous map rad : |Vs| —[0, o] given by

log | ()|

log |2(z)]’
where Z denotes the unique rank-1 generalization of x in Jg. For any closed interval
7 in [0, co] with rational endpoints, write Vs z = Spa(Bs z, B;f’z) for the associated
rational open subspace of Spa RT[z], which lies in Js. More generally, for any
subset Z of [0, oc], write Vs 7 for the open subspace |J7, Vs, 7/ of Vg, where Z' runs
over closed intervals in 7 with rational endpoints. Note that Vg7 C radfl(I). We
see that Vs 0,00) and Vs (9,0) are naturally isomorphic to D x S and Spa F' x S,
respectively.
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Write 7 : S — S for the absolute g-Frobenius automorphism, and by abuse of
notation, write 7 : R[z] — R[z] for the canonical lift of absolute ¢-Frobenius. Note
that rad o7 = ¢ - rad. Finally, write Xg for the quotient 3{97(0,00)/72.

3.2. When 7 contains oo, we can describe Bg 7 using the following lemma. For

any positive r in Z[%], write R1[z, %T> for the w-adic completion of R™ [[z]][%T]

Lemma. We can identify

R+[[z,zzr>:{ i amz"

m——0o0
and for m <0, a,, @™ lies in R

m=—0o0

the a,, lie in RY, lim a,=@ ™ =0, }

If we give RT |z, %) the (w, z)-adic topology, then Bg 1 /y00) equals RT [z, %T>[l]

z

Proof. The above description of RT [z, %T> follows immediately from the definition.
This description shows that R* [z, %) is z-adically complete as a ring, so RT [z, %)
equals the (w, z)-adic completion of RT[z] [%T] as rings. Since Vg [1/r,o0] €quals the
rational open subspace {|w”| < |z| # 0} of Spa R*[2], this identifies Bg 1y, ] With
Rt[z, Z5)[L] if we give R* [z, Z-) the (w, 2)-adic topology. O

3.3. Sometimes, it will be convenient to ignore the topology induced from R as
follows. Write A’(R™) for R™[z] with the z-adic topology.

Lemma. Our Spa(A'(RT)[1], A'(RT)) is a sousperfectoid adic space.

Proof. The natural map A’'(R")[1] — R* [21/P7] is a split injection of topological
A'(RT)[1]-modules, where we give RT[zF1/7™] the z-adic topology. O

3.4. Proposition. Our Vs is a sousperfectoid adic space.

Proof. Note that Vs is covered by Vs [0,00) and Vs, [1,00]- Now Vg [0,00) IS a sousper-
fectoid adic space by [12], Proposition II.1.1], so it suffices to prove that Vg (1,50 is a
sousperfectoid adic space. By Proposition Bg [1,00] €quals RT [z, Z)[1], where
R*[z, Z) has the (w, z)-adic topology.

Now z divides w in R*[2][Z], so the (w, z)-adic topology on RT[z][Z] equals
the z-adic topology. This enables us to identify Vg |1 o] With the rational open
subspace {|w| < |z] # 0} of Spa(A’'(RT)[1], A/(RT)). The latter is sousperfectoid
by Lemma 50 Vs [1,00] Is as well. O

3.5. Since a power of w divides a power of z in RT[z][ =], the (w, z)-adic topology
on RT[z][Z] equals the w-adic topology. Therefore Bg o1/, equals the Tate

algebra R(Z). This argument similarly lets us identify

BS,[1,1] :{ Z amz™

m=—0o0

m—r

the a,, lie in R and lirjrtl amm’t = 0} .

We will use the following result with the Tannakian description of G-bundles.
Proposition. Pullback yields a fully faithful functor

{vector bundles on Spec R*[z]} — {vector bundles on YVs}.
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Proof. Let f: M — M’ be a map of finite projective R* [z]-modules, and consider
its pullback g to Vs. Now Proposition and [32] Theorem 2.7.7] indicate that
Vs 0ayr 9Vsp.os a0d glyg o, correspond to maps of finite projective modules
over Bg (0,1], Bs,[1,00]; and Bg [1,1], respectively, which are given by tensoring with
f over R*[z]. Lemma indicates that Bg |1 o equals Rt [z, 2)[1] as rings, so

we see that Bg g1] and Bg [1,o] inject into Bg (1 1;. Note that their intersection
equals R*[z]. Therefore the flatness of M yields a Cartesian square

M M ®pi1 Bs,on

M @g+pz BSy[Loo]C—> M ®pg+[2] Bs,j1,1)s

and the same holds for M. In particular, we recover f as the restriction of gy ,
(or of glyg |, .,) to the intersection of M @p+(.] Bs,j0,1) and M ®@pg+[] Bs,[1,00] In
M @ gty Bs,n.u)- O

3.6. We turn to the first main result of this section, which algebraizes G-bundles
on Vs when S is a product of points as in [I6, Definition 1.2].

Recall that Spa yields an anti-equivalence from the category of perfectoid Huber
pairs over F,[(;]icr to the category of affinoid perfectoid spaces over Df. Let
S = Spa(R, RT) be an affinoid perfectoid space over D!, and for all i in I, write I';
for the graph of its i-th projection S — D, which is a closed effective Cartier divisor
on Vs [12 Proposition VI.1.2 (i)].

Theorem. Suppose that S is a product of points as in [16, Definition 1.2], and let
1 < j <k be an integer. Then pullback yields an equivalence of groupoids

{G-bundles on Spec RT[2]} —{G-bundles on YVs},

where morphisms on the left-hand side are given by isomorphisms of their pullbacks
to Spec R™[2] [Z%C_]jefj , and morphisms on the right-hand side are given by isomor-

phisms of their pullbacks to Vs ~ Ziel I'; that are meromorphic along Zlel
Proof. First, we tackle full faithfulness. Write &(3_,. I

Ys associated with the closed effective Cartier d1v1sor > e, T';, and let ¢4 and

I';) for the line bundle on

%’ be G-bundles on Vg. The Tannakian description of G- bundles implies that an

isomorphism %b;s\z er, T Sa \ys\z er, T that is meromorphic along Zlel

corresponds to a family of morphisms of Vector bundles over Vg
GV)=9'(V)® ﬁ(Zielj r;)env)

that is functorial in V', compatible with tensor products, and compatible with duals,
where V' runs over objects of Repy . (G) and n(V) is a large enough integer. Hence
full faithfulness follows immediately from Proposition

As for essential surjectivity, let ¢ be a G-bundle on Ys. By [32, Theorem 2.7.7],
Yys o and ]y, , ., correspond to G-bundles Ny and N on Spec Bg,[o 1) and
Spec Bg,[1,0], respectively. Note that the z-adic completion of RT[z][£] equals
R*(Z) as rings, so the global sections of the rational open subspace {|z| < |w| # 0}
of Spa(A’(R*)[ ], A(RT)) equals R(Z)[1] = Bg o1[1] as rings. We have seen in
the proof of Proposmon [3.4] that the global sections of the rational open subspace
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{|w| < |2| # 0} of Spa(A’'(R*)[L], A’(RT)) equals Bg [ ). Because these two ra-
tional open subspaces cover Spa(A'(RT)[1], A'(R")), Lemmaand [32] Theorem
2.7.7] enable us to glue NO[%]H and Nog into a G-bundle N1 on Spec A'(RM[L] =
Spec R™((2)).

Note that the z-adic completion of R* [z][2] equals R[z]. Since

N1 ®p+(2) Bs,paylz] = Nol3),
we see that Né[i] ®p+ (2] B(2) = No @y (o, R((2)). Therefore we can apply

Beauville-Laszlo to the vanishing locus of z in Spec R*[2][1] to glue N 1 [L] and
No ®Bg ., R[7] into a G-bundle N1 on Spec RT[Z][L]. As N%[%] = N%[é], we
can glue N1 and N1 into a G-bundle N on the complement of the vanishing locus
of @ and z in Spec R* [z]. Finally, because S is a product of points, [I, Proposition
11.5] uniquely extends N to a G-bundle N on Spec R*[z].

Let us verify that the pullback of N to Vs equals 4. Because N[1] = N [i]=N
we see that N @ g+[.] Bs,[1,00) = Noo. Thus we just need to show N ®@pg+.] Bs,[0,1]
No. We have N[L] = N[L] = N1, so

1
- 1
w w =

=

)

I

N ®p+[2) Bsjo1[2] = N1 @re(2) Bsjonli] = Nol7]-
Note that the z-adic completion of Bg [o1) = R(Z) equals R[z], and
N @p+[) B[zl = N1 @pipgpay Rlz] = No ®Bg o 4 R[2]-

Hence the desired result follows from applying the uniqueness of Beauville-Laszlo
gluing to the vanishing locus of z in Spec Bg [g,1- O

3.7.  'We have the following version of non-abelian Artin—Schreier—Witt theory for
Op. Recall the terminology of 7-modules as in [43 Definition 12.3.3], and let n
be a positive integer. For any Op/z™-local system L on S, write M (L) for the
7-module over Spec R[z]/2" given by L ®¢,./2» (Ospec r[2]/27»1d). Conversely, for
any 7-module (M, ¢) over Spec R[z]/z", write L(M, ¢) for the Or/z"-sheaf over
Spec R given by Hom, _.,4((Ospec R[] /2m,1d), (M, ).

Proposition. Our M(—) yields an exact tensor equivalence of categories
{Or/2"-local systems on S} —{r-modules over Spec R[z]/2"}.

Consequently, L — L®Ol(ﬁspec R[<],1d) is an evact tensor equivalence of categories
{Op-local systems on S} —{r-modules over Spec R[z]}.

Proof. Note that M(—) is left adjoint to L(—), and the unit id - L(M(—)) is an
isomorphism. So we just need to prove that M (—) is essentially surjective. Because
Op/z™-local systems are trivial after a finite étale cover, it suffices to prove that
the same holds for 7-modules over Spec R[z]/z".

So let (M, ®) be a T-module over Spec R[z]/z" such that M has rank h. When
n = 1, the desired result is [32] Lemma 3.2.7]. For n > 2, by induction there
exists a finite étale cover Spec R’ — Spec R such that the pullback of (M, ¢) to
Spec R'[2]/2"~! has a basis fixed by ¢r/ [:]/zn—1- Nakayama’s lemma shows that
any lift of this basis to R'[2]/z" yields a basis of M ®p R’. In these coordinates,

4By abuse of notation, we apply notation for pullbacks of vector bundles to G-bundles.
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we see that (b}_%,l[[z]]/zn acts by A o7, where A in GLj,(R[z]/2") satisfies A = 1
(mod 2"71).

Write Spec R for the vanishing locus in Spec R’ [ugp]1<q,b<p Of the matrix
U) = U~ (A1),

where U denotes the matrix with entries uy,. Examining entrywise shows that R
is finite over R/, the Jacobian criterion shows that R is étale over R’, and checking
on fibers shows that Spec R — Spec R’ is surjective. Finally, on R[z]/z" we have

1+ 2" TATA+ "0 P =1+ 2" ')A+ A-1)(1 - 2" U - (A+1) =1,

so the basis of M ®p R given by 1+ 2"~1U is fixed by (bfél. Therefore the pullback
of (M, ¢) to Spec R[z] /=" is trivial, as desired. O

3.8. We can upgrade Proposition [3.7] to G-bundles as follows. Briefly, let X be a
scheme or a sousperfectoid adic space over O, and let 7 : X — X be an endomor-
phism over Op. By a 7-G-bundle over X, we mean a G-bundle ¢4 on X along with
an isomorphism of G-bundles ¢ : ¥4 = 7%.

Let n be a positive integer or co, and define 2> to be 0. For any G(Op/z")-
bundle P on S, by abuse of notation write M (IP) for the 7-G-bundle over Spec R[z]/z"
given by P xE©Or/2") (G id).

Proposition. Our M(—) yields an equivalence of groupoids

{G(OF/2™)-bundles on S} —{7-G-bundles over Spec R[z]/z"}.

Proof. The assignment P — (V s P xE©r/2) y(© /2m)) yields a functor

(G(Op/2™)-bundles on S} —> { Op-linear exact tensor functors }
F/z")- .

Repp,.(G) ={Op/z"-local systems on S}

By Proposition [3.7]and the Tannakian description of G-bundles, the right-hand side
is equivalent to the groupoid of 7-G-bundles over Spec R[z]/z™. Now we just need
to prove that the above functor is an equivalence of groupoids. Because G(Op/2")-
bundles are trivial after a pro-étale cover, it suffices to prove that the same holds
for objects of the right-hand side.

So let p : Repp,, (G) =+{OF/2"-local systems on S} be an Op-linear exact ten-

sor functor, and let S—S be a pro-étale cover such that S is strictly totally
disconnected. Then Op/z"-local systems on S are equivalent to finite projective

Cont(]S], Op/z")-modules, so plg corresponds to a G-bundle 4 on
Spec Cont (| S|, Op/2").

Note that Cont(|S|,Op/z") = Cont(mo(S),Or/z"). For any s in mo(S), [32,
Lemma 2.2.3] indicates that ling, Cont(U, Op/z") is Henselian with respect to the

kernel of evaluation at s, where U runs over neighborhoods of s in m(S). Lang’s
lemma shows that the pullback of & to Spec Cont(s, Op/z™) = Spec Op /2™ is triv-
ial, so Hensel lifting implies that the pullback of 9 to Spec Cont(U, Op/2™) is trivial
for some U. Therefore p|5 is isomorphic to the canonical fiber functor, where U

denotes the preimage of U in |§ |. As s varies, this yields a pro-étale cover of S
where p is trivial, as desired. (]
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3.9. Let us recall the equicharacteristic version of the (relative integral) Robba
ring. Write ||—|| for the spectral norm on R, normalized such that ||| = % For
any positive rational b, we have a map ||—||, : R[z] —[0, oo] given by

- b
=0 am =" = S50 {q ™" [|aml["}-

Evidently [|7(—)l|, = |-/l ;- When 1/b lies in Z[%], shows that the restriction
of ||—|l, to Bso,5) € R[z] is a norm and induces the usual topology on Bg jo -

Moreover,~Z::0 amz™ lies in Bg (o) if and only if ||a,,z™ |, — 0.
Write Riﬁt for ligb Bs (0,5, where b runs over positive rationals. Note that any

multiple f of z in ﬁi}‘;}t satisfies || f||, < 1 for small enough b, so the completeness

of Bg 5 implies that z lies in the Jacobson radical of ﬁiﬁt.

3.10. Just like Op-local systems, we show that 7-modules over the Robba ring are
trivial after a pro-finite étale cover.

Lemma. Let (M, &) be a T-module over Spec ﬁiﬁt such that M is free of rank h.
Then there exists a pro-finite étale cover Spa(R, RY)— S such that the pullback of
(M, ) to Spec Rill%lt is trivial.

Proof. Proposition enables us to assume that the pullback of (M , 5) to Spec R
has a basis fixed by ¢r. Now and Nakayama’s lemma show that any lift of
this basis yields a basis of M , and in these coordinates, we see that 6! acts by
A o7, where A in GLh(ﬁiﬁt) satisfies A = 1 (mod z). Proposition yields a
pro-finite étale cover Spa(ﬁ, E“‘) — Spa(R, R") such that the pullback of (1\7, qZ) to
Spec R[2] has a basis fixed by ((E)E[[z]]' Since the pullback of (M, @) to SpecR is
already trivial, we can choose this basis of M ®ﬁi}¥t é[[z]] such that its matrix U

in GLh(E[[z]]) satisfies U = 1 (mod z). Now we just need to prove that U lies in
GLh(R%‘t).
As A—1is divisible by z, we have ||A — 1|, < 1 for small enough positive rational
b. Write C' == max{q~',||A — 1[|,} < 1, write U, for the mod-2" truncation of U,
and write X,, for the z™-coefficient of U. For any positive integer n, we claim that
12" Xall s 10 = 1l a0t [T = 1], < C.
When n = 1, the last two bounds hold because U; = 1. For general n, we have
Up+2"X, =U = A7(U) = A(7(Uy,) + 2"7(X,,)) (mod ")
= 2"(X, — AT(X,)) = (A—1)1(U,) + (r(U,) = 1) — (U, — 1) (mod 2"T)
= X, —7(X,) = L [(A-1)7(Un) + ((U,) = 1) = (U, — 1)]  (mod 2).

mn

qb’

By evaluating this equation at rank-1 points of S and considering the Newton
polygon of its entries, induction on n implies that

[ Xall, < max{1,(¢"[[(A = 1)7(Un) + 7(Un = 1) = (Un — 1)||b)1/q}
< max{1, (¢"C)"/1} < (¢"C) /.
Therefore [|2" Xy |, < C, so [[Up+1 — 1|, < C. Since C > ¢~", we also get
1Uns1 = 1, < max{[|z"Xully, [Un = 1]l,} < max{g~"(¢"C)"/*,C} < C,

which concludes our proof of the claim.
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By @ the claim implies that U has coefficients in Bg g for any positive
rational ¥’ < ¢b such that 1/¥ lies in Z[%} After decreasing b’ such that b < b,
the claim also implies that U is invertible over Bg [g ). Therefore U indeed lies in
GLh(ﬁ%‘t), as desired. O

3.11.  Vector bundles on the Robba ring are local on S in the following sense. Let
(Sa)a be a finite cover of S by rational open subspaces, where S, = Spa(R,, R}).
Write Sop = Spa(Rag,R;rB) for their pairwise intersections, and write S,5, =
Spa(Rapy, R ) for their triple intersections.

Lemma. Pullback yields an equivalence from the category of vector bundles on
Spec Rmt to the category of vector bundles on the Spec ’Rmt with transition mor-

phisms on the Spec ”R”‘t o whose pullbacks to Spec R‘“t i satisfy the cocycle condi-

tion. Moreover, for any vector bundle M on Spec Rmt there exists (Sq)a as above
such that M|Spec mine 18 trivial for all o
Ro

Proof. Because Rint — ligb Bgs (0,5, we have an equivalence of categories
liﬂb{vector bundles on Spec Bg,[o,4) } ~+{vector bundles on Spec ﬁiﬁt}.

When 1/b lies in Z[%], the Bg jo,5 are Tate algebras over R. Hence S +— Bg jo, com-
mutes with rational localization on S. Applying [32], Theorem 2.7.7] to the resulting
open cover of Vs 105 by (Vs ,0,5])a sShows that vector bundles on Spec Bg g5 are
equivalent to vector bundles on the Spec Bg,_ [0 With transition morphisms on
the Spec B, [0,5) whose pullbacks to Spec Bg,_,_ (0,5 satisfy the cocycle condition.
Because there are finitely many «, taking the directed limit over b yields the first
claim.

For the second claim, [32] Theorem 2.7.7] shows that there exists (Sy)q as above
such that the pullback of M to Spec R, is trivial for all a. Since z lies in the
Jacobson radical of R5", any trivialization lifts to Ri® by Nakayama’s lemma. [

3.12. We conclude by showing that 7-modules on R[z] uniquely descend to the
Robba ring.

Theorem. Pullback yields an exact tensor equivalence of categories
{r-modules over Spec R*} ~5{r-modules over Spec R[z]}.
Consequently, pullback induces an equivalence of groupoids
{7-G-bundles over Spec R‘m} —={r-G-bundles over Spec R[z]}.

Proof. First, we tackle full faithfulness. By considering internal homs for 7-modules,
it suffices to prove that, for any 7-module (M ¢) over Spec R‘Igt, any m in M ®Rmt
R[z] that is fixed by ng R[] lies in M. Lemma implies that it suffices to prove

this after passing to an open cover of S, so we can assume that M is free of rank
h. Then Lemma |3.10| yields a pro-finite étale cover Spa(R RT)— S such that the

pullback of (M qb) to Spec Rmt has a basis fixed by (met In these coordinates, the

entries of m lie in (RT)[[Z]] which lies in Rmt by . Note that the intersection of
R[z] and Rmt equals R‘I%t, so the flatness of M shows that m lies in M.
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As for essential surjectivity, let (M, ¢) be a 7-module over Spec R[z]. By passing
to a clopen cover of S, we can assume that M has rank h. Proposition full
faithfulness, and finite étale descent enable us to assume that the pullback of (M, ¢)
to Spec R has a basis fixed by ¢r. Nakayama’s lemma shows that any lift of this
basis yields a basis of M, and in these coordinates, we see that ¢~* acts by Ao T,
where A in GLp,(R[z]) satisfies A =1 (mod z).

Let n be a positive integer. We inductively construct certain C,, B,,, and U, in
GLy (R][z]) such that C,, — B, is divisible by z™. First, set C; := A and By := 1. For
general n, write X,, for the z™-coefficient of C,, — B,,. There exists Y;, in Mat,(R)
satisfying | X, + Y, — 7(Y,,)|l, < ¢/? [32, Lemma 8.5.2], which we use to define

Uy =1+ 2"Y,, Cpy1 = U,Cr7(U,)" !, and Bpy1 = B, + 2"(Xn + Y, — 7(Y3)).
By induction, we have
Cpy1 =1 +2"Y,)C,(1 - 2"7(Y,))
=B, +2"(X,+Y, —7(¥,)) = Bpy1 (mod z"11),

as desired.

We see from that the B,, converge to a matrix B in GLx(Bg,[,1)). Now the
C,, converge to a matrix C in GLj(R[z]), and because C,, — B, is divisible by
2", we have C = B. Moreover, the infinite product U = UiUs --- converges to a
matrix U in GLj(R[z]), and the above shows that UA7(U)~! = C' = B. Thus the
basis of M given by U descends (M, ¢) to a 7-module over Spec ﬁi}gt, as desired.

Finally, we show that pullback has an exact tensor quasi-inverse. Note that we
have a commutative triangle

{Op-local systems on S}

o

{7-modules over Spec ﬁi]’gt} ——— {7-modules over Spec R[z]}.

Every arrow is an exact tensor functor, and M(—) is an exact tensor equivalence
by Proposition Hence its quasi-inverse LL(—) postcomposed with the left arrow
yields an exact tensor quasi-inverse to pullback. ([l

4. ANALYTIC MODULI OF LOCAL SHTUKAS

In this section, we define local shtukas in the analytic setting and compare them
with the formal variant from We start by giving an algebraic version of local
shtukas over a perfectoid space, which is the equicharacteristic analogue of Breuil—
Kisin—Fargues modules. This mediates between the formal variant and more ana-
lytic variants. Next, we define an analytic version of local shtukas, as well as the
corresponding moduli problem. Using results from §3] we show that the analytic
moduli problem agrees with the formal moduli problem from

From here, we define the covering tower for our analytic moduli problem. We
conclude by recalling the moduli of local shtukas appearing in Fargues—Scholze [12],
which is defined purely in terms of the Fargues—Fontaine curve. While this subtly
differs from our analytic moduli problem, their intersection homology complexes
are naturally isomorphic, which is all we need.
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4.1. Let S = Spa(R, Rt) be an affinoid perfectoid space over D!. For any i in I,
if ¢; is an R°°-multiple of w”, then

1 1o (G)"
z—Ci_zTLE_:()(z)

lies in R1[z, %W[%] As (; is topologically nilpotent, this always holds for small
enough 7.

Recall the y; and D; from [I.5] and recall Definition 2.1 We use Definition [2.7]
to define an algebraic version of local G-shtukas over S.

Definition.

a) An algebraic local G-shtuka over S is a local G-shtuka over Spf R*.

b) Suppose that S lies over [],.; D;, and let & be an algebraic local shtuka over
S. We say that ¢ is bounded by pe if the corresponding local G-shtuka over
Spec R is bounded by .

c) Let & and ¥’ be algebraic local G-shtukas over S. A quasi-isogeny from ¥ to
4’ consists of, for some small enough positive r in Z[%] and all 1 < j <k, an

isomorphism of G-bundles

6j : %j|SpecR+ﬂz,w7T>[%] $%|SPECR+HZ,W7T>[%]
such that the diagram

(@9 pt 2, =) 1)

gj|SpccR+[[z,%r>[§] %+1|SPCCR+[[57W7T>[%]
J(Sj l6j+1
) @Drtp =ty
Egj‘Sl;)ec}:{‘*'[[z,w?T>[%] j+1|SP6CR+[[vaTT>[%]

commutes, where 011 denotes the isomorphism "d;.

4.2. Let n be a non-negative integer, and note that Rt /™ is a discrete Fy[(;]icr-
algebra. For any algebraic local shtuka ¢ over S, write 4" for the local shtuka over
S, = Spec R* /@™ given by pullback. Since R* [z, Z-)[1] /=" equals (Rt /=")((2)),
quasi-isogenies of algebraic local G-shtukas over S pull back to quasi-isogenies of
local G-shtukas over S,,.

Lemma shows that bounded algebraic local G-shtukas are all captured by
this limit process. The following lemma shows that quasi-isogenies between them
are also all captured by this limit process.

Lemma. Suppose that S lies over [[,c;D;, and let 4 and 9" be algebraic local
G-shtukas over S bounded by je. Then pullback yields a bijection

.. . N~ g, .. . /
{quasi-isogenies from 4 to 4'} — @n{quasz—zsogemes from 9™ to G'™}.
Proof. Let (0™),>0 be a compatible system of quasi-isogenies from ¥" to ¢'™.
Because @n(R+/w")((z)) equals R"[z,1), we see that §; = fm &7 yields an
isomorphism of G-bundles ¥jg e g+, 1) =Y |spoc B+ [2,4) forall 1 < j < k. Now

4% is bounded by m for some non-negative integer m as in Definition [2.2lb), so
Proposition [2.3] yields a non-negative integer B such that §™ is bounded by m +
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Bllog, n]. From here, the Tannakian description of G-bundles implies that J;
naturally descends to an isomorphism of G-bundles

~ /
gj |Spec R*[z,%rﬂé] _>g] |Spec R*[z,%)[%]

for any positive r in Z[%]. By taking r small enough such that i lies in
R*[z,Z-)[4] for all i in I, the commutativity of the square in Definition c)
follows from the commutativity of the analogous square in Definition a). O

4.3. Before introducing the analytic version of local G-shtukas, we need some
notation on the Bgg-affine Grassmannian. Write BJ;(S) for the ring of global
sections of the completion of @y, along ., I';, and write B} (S) for the version

that is punctured along . I r;.

el

Definition.

a) Write £7G and L] G for the small v-sheaves over (D?)¢ given by sending S to
GOy, ,1,) and G(BiR(9)), respectively.

b) Write grgl"”’l’“) for the small v-sheaf over (DY)¢ whose S-points parametrize
data consisting of
i) for all 1 < j <k, a G-bundle ¢, on Spec BS'R(S)7
ii) for all 1 < j <k, an isomorphism of G-bundles

¢j : % |Spec BiR(S) - gj‘i‘l |Spec BgR(S)7
where ¥, 1 denotes the trivial G-bundle.

4.4. In certain cases, we can describe the functor of points of (generalized) ana-
lytifications without analytically sheafifying. Briefly, let A be a noetherian ring,
and let X be a scheme locally of finite type over Z := Spec A. Let J C A be an
ideal, write A for the completion of A with respect to J, and write Z for the adic
space Spa A. Write X5 for the fiber product as in [27, (3.8)].

Lemma. Suppose that X is quasi-projective over Z. For any analytic affinoid adic
space S = Spa(R, RT), the S-points of Xz consist of the R-points of X such that
the resulting ring homomorphism A — R is continuous for the J-adic topology on

A.

Proof. The universal property of X [27, (3.8)] indicates that an S-point of X is
equivalent to a morphism S — Z of adic spaces along with a morphism S — X of
locally ringed spaces such that, in the category of locally ringed spaces, the square

S——X

|

7——7Z
commutes. The Spec-global sections adjunction shows that S — X — Z yields a
ring homomorphism A — R, and note that the commutativity of this square is
equivalent to A — R being continuous for the J-adic topology on A.
Now assume that X = PJ. Since Z is affine, the Spec-global sections adjunction
implies that S — X is equivalent to the data of a line bundle .Z on S along with
sections $q,...,sn that generate .. By [31l Theorem 1.4.2], this is equivalent
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to a finite projective R-module M of rank 1 along with elements rg,...,ry that
generate M, which is precisely the data of an R-point of X.

In general, X is a locally closed subscheme of PY. Because Z is noetherian,
there exist finitely many homogeneous polynomials fi,...,f; and ¢1,...,gm in
Alto,...,tn] such that X C PY is the locus where f,(so,...,sx) vanishes for
all1 <a <land g(so,...,sn) does not vanish for all 1 < b < m. These properties
are preserved by [3I, Theorem 1.4.2], so we see that S — X is equivalent to an
R-point of X. |

4.5. We check that the Bgr-affine Grassmannian and its affine Schubert varieties
are the analytifications of their algebraic counterparts. Write S8 for the R-point of
C! given by Spec R — SpecF,[(i]icr — CI and write Falg for the resulting relative
effective Cartier divisor on C' x S as in Recall the F from[1

Lemma. We have a natural isomorphism of rings €0 N F?lg = Ony, T . Con-

sequently, we obtain natural isomorphisms from (L”(Gc))D, and (L+(GC))$, to

o
LM(G) and LT (G), respectively, and we may view (GrG e k)|1—[161 )9 as a closed

subsheaf
gr(GlllL. Ik)h‘[ Do C Grg (L..-. Ik)|niel]m§>.

Finally, the S-points of gr(l1 I’“)|1—[i61 Spd F, consist of the ((%);?:1, (¢j)§:1) such

that, for all geometric pomts 3 of S and 1 < j < k, the relative position of ¢, at
I'; 5 is bounded by ZZ—/ wir, where i’ runs over elements of I satisfying 'y 5 =T3.

Proof. The first claim is immediate, which identifies (L?(Gc))]gl with L7(G). The
first claim also induces isomorphisms O (5*8) = B (S) and (5]00 (S218) = Bygr(S),
which identifies (L} (GC))g, with £F (G). This also shows that, for any presentation
of Gr(h""’l’“) as a directed limit ligl X, of projective schemes X; over C!, we have

Gl 1 () = Grit ) (5218) = (lim, X)(5°'%) = liy, X, (5™5) = ling, (X1)%, (5)

where the last two equalities follow from [24] Lemma 5.4] and Lemma respec-

tively. Nowindicates that Gr(h"“’]’“) I11,., c: 1s a closed subscheme of Xi[1,_, ¢

(1,

for large enough [. Since Gr I’“) |1—[ o Ci is projective over [[,.; C;, the natural

;L
morphism of adic spaces Gr - D= Grineti)y p, 1S an isomorphism
G#- H1€1 i Gc,lte [licr D:
[27, (4.6.iv.d)]. Hence taking (—)® yields the desired closed subsheaf
(I Ti) (It,..,
ng’lﬂ. ’ |HZ€ID§> g ngl |HLEI ’L
Finally, the description of gr """ L) IM,., spa F, follows from O

4.6. Now, we can define an analytic version of local G-shtukas over S. Let a in
Z[%] be non-negative. For any ¢ in I, if (¢ is an R°°-multiple of w, then rad(T’;) lie
in [0,a). As (; is topologically nilpotent, this always holds for large enough a.

Definition.

a) An analytic local G-shtuka over S consists of
i) for all 1 < j <k, a G-bundle ¥; on Vg [0,50),
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ii) for all 1 < j <k, an isomorphism of G-bundles

¢j E gj|ys,[o,m)\ziﬂ] r; —>gj+1|ys,[o,m)\ziglj Lo

that is meromorphic along ), I T';, where 4.1 denotes the G-bundle "% .
Suppose that S lies over [[,.;D;, and let & be an analytic local G-shtuka
over S. We say that ¢4 is bounded by pe if, for any affinoid perfectoid étale

cover Spa(R, RT) — S where "%, is trivial and any trivialization

YVepact 4.0, ( :
~ = ~+ _ . Iy,..., Iy .
— G, the Spa(R, RT)-point of Grg ‘HieIDio given by

1 ‘yspa(ﬁ.,m),m,w)

dR

) (Pr-1) g1 iy (tod) pi (m)
Dlspec pl )~~~ = - SRS > Dlpt -~ - >

(1 Iy)
lies in Gr ' " |HiEID?.

Let ¢4 and %’ be analytic local G-shtukas over S. A quasi-isogeny from 4 to 4’
consists of, for some large enough rational a and all 1 < j < k, an isomorphism

of G-bundles

6j : gj‘ys,[a,m) ggqus,[a,oo)

such that the diagram

( J)ys la,00)
%‘ys,[a,m) g¢‘7“”1|3}S [a,o0)

P;‘ kﬁl
(#))vg

y[a,00)
li
gj')}s,[a,,oo) J+1|yS [a,00)

commutes, where 11 denotes the isomorphism 7 ;.

It suffices to check Definition [4.6/b) for a single Spa(R, R™) — S and t.

4.7. We now define the analytic moduli of local G-shtukas.

Definition. Write EocShtgll;'“’l’“) Iy _po for the small v-sheaf over 11
e i€ i

el D¢ whose

S-points parametrize data consisting of

i) an analytic local G-shtuka over S bounded by .,
ii) a quasi-isogeny ¢ from ¥ to the trivial analytic local G-shtuka G.

Iy d
Write f£ : L'ocSht(GlM ’“)|1—[
4.8.

Do [Licr DY for the structure morphism.
i€ i

Let us compare the formal and analytic moduli of local G-shtukas. Recall

EOCGhtgjl;:"Ik) I11,., p; from Definition

Proposition. Our (2006}1‘5(6{1};:”[“\HiEIDi)o is the analytic sheafification of the

presheaf over [ [, ID)E> whose S-points parametrize data consisting of

i) an algebraic local G-shtuka & over S bounded by (ie,
1) a quasi-isogeny § from ¢ to the trivial algebraic local G-shtuka G.

In particular, we have a canonical morphism of v-sheaves over [

zEI
117 N 11 Ik
(EocGht( k)|1—[i )¢ — EocSht( ")|1—[iel D9

given by pulling back (¥,6) to Vs j0,0)-
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Proof. Theorem shows that SOCGhtgi;'.'"I’“) ‘Hiel p; is a locally noetherian for-
mal scheme, so as an adic space it is the analytic sheafification of the presheaf

Spa(A, AT) — Hom(Spf AT, EocGhtgjl;'.'"I’“) |Hi€1 D; )-
Because R is adic with ideal of definition generated by =, we have

Hom(Spf R, £oc6htg)1,;'.'"lk) IM,., ;)

= @n Hom(Spec RT /@™, SOCGht(GI;;:"Ik) \1‘[7@ D;)-

From here, Lemma and Lemma yield the first claim. The second claim
follows from the fact that ,CocShtng;'_'"I’“) |H‘€I po is already a sheaf in the analytic

topology, so pulling back (¢,0) to Vg [0,00) induces a morphism an as desired. [

4.9. Theorem. Our an is an isomorphism. Consequently, EocShtgl;[_'"I’“) I
is a locally spatial diamond.

ier SPA I

Proof. First, we prove that an is an isomorphism. Because products of points as
in [I6 Definition 1.2] form a basis for the v-topology [16, Example 1.1] and both

(iloc(‘Eht(GI’lF’L'.”’I’“)|1—[ielDi)<> and CocSht(GI’lF’t:"I’“)|HiEI po are v-sheaves, it suffices to
check this on S-points when S is a product of points. Products of points are totally
disconnected [I6], Proposition 1.6], so we do not need to analytically sheafify when
evaluating SOCGhtg}P’L:"Ik) I1,., p; on them.

So assume that S is a product of points, and let (¢,0) be an S-point of

EocShtgf,;:"Ik)h‘[ D¢

For large enough rational @ and all 1 < j < k, we can use J; |ysy[

and G|ys,[a,w into a G-bundle ¢; on Vs. The commutativity of the square in
Definition c) imply that ¢; and id glue into an isomorphism of G-bundles

to glue ¥; |ysy[

a,al 0,a

95 GilysnTier, 0 = Gittlys Sicr, T

iEIj

where ?kﬂ denotes the G-bundle 7?1' Then T heoremﬁindicates that ?j and aj
are uniquely pulled back from a G-bundle éf;ﬂg on Spec R*[z] and an isomorphism

alg | alg ~ palg alg
of G-bundles ¢ : " spec mt 21 2)ier, = Divilspec R+ 212 )ier,» Where G105

2=¢; 7=
denotes the G-bundle "%3'8.
Altogether @218 = ((gflg)f:p (¢2'8)k_) is an algebraic local G-shtuka over S.

j=1
Since ¢ is bounded by e, Lemma shows that 422 is too. Finally, take a for
which r := 1/a lies in Z[%]. Applying Lemma Proposition and [32, The-

orem 2.7.7] to the canonical isomorphism %j|ys)[a)w] 5 G yields an isomorphism

of G-bundles 5?13; : %jalg|spec R+[2, =) (1] 5 G, and we see that 618 := (5?@).’;:1 is
a quasi-isogeny from %2 to G. The uniqueness of Theorem and [32], Theo-
rem 2.7.7] imply that (¢,9) is uniquely the image of (42!#,5%!¢) under an. Hence
an is bijective on S-points, as desired. Finally, the last statement follows from

Soc(‘Shtg}l;:"I’“)ijI Spa F; being an analytic adic space and [41, Lemma 15.6]. [
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4.10. Next, we turn to level structures. Let n be a non-negative integer.

Definition. Suppose that S lies over (SpaF)!, and let & be an analytic local
G-shtuka over S. A level-n structure on ¢ consists of, for all 1 < j < k, an
isomorphism of G-bundles

%‘ : gj|Spec R[z]/z" =G
such that the diagram

(#5)R=] /2™
gj ‘Spec R[z]/z" gj-&-l ‘Spec R[z]/z"

J% J/TZJJ-H

G G

commutes, where %11 denotes "%, and 1,1 denotes "¢;.

Since S lies over (SpaF)!, the (¢;) R[]/~ are isomorphisms. Therefore 1
uniquely determines v; for 2 < j < k.

4.11.  We now define the covering tower of the generic fiber of /.ZocSht(G{I,;”"I’“) M., Do
e i€l i

Definition. Write EocShtg};:;;f:) |1—Ii61 spd F, for the small v-sheaf over [ [;; Spd F;

whose S-points parametrize data consisting of

i) an analytic local G-shtuka & over S bounded by i,

ii) a quasi-isogeny ¢ from ¢ to the trivial analytic local G-shtuka,
iii) a level-n structure ¢ = (wj);?:l on¥.

Write f£ : ﬁOCShtg}ﬁ:;;{f)mie; spd 7, — [ Lie; Spd F; for the structure morphism.

4.12. For n’ > n, we have morphisms

(I1,511) (I1ses 1)
LocShtg ' .., spa = LocShte 7 Ml spa

given by pulling back ¢; to Spec R[z]/z" for all 1 < j < k. Write K, ,, for the ker-

nel of G(Op /2" ) = G(Op/2"), and note that K, ,, acts on EocShtgj,;:;;LI,’;) IM,., Spd i

over EOCSht(GI}l;:;;zI:”H@I spd F; via postcomposition with 1; for all 1 < j < k.

Proposition. The morphism

(117..>71k) (117...7Ik)
[,OCShtG’th/v |Hi€1 Spd F; — ,COCShtG’#.’m] |Hi€I Spd F;

is finite Galois, where the Galois action is given by that of K,/ ,. Consequently,

ﬁocshtgf;:;;fﬁ)lniel spd F; 18 a locally spatial diamond.

Proof. First, take n = 0, so that

Ii,....Iy In,... Iy
ﬁocsmgjw;) M., spar = cocsmg}m ‘)lmel Spd F-

For any S-point (¢, 4) of EocShtgb;'.'"Ik)miEI Spd F;» form the Cartesian square

’ (I, 1k)
S — ‘COCShtG,u.,n’v |HiEI Spd F;

| |

LERTRRY I
S —— LocShtl ™ soap.
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Then S’ parametrizes level-n’ structures ¢ on ¢. Because 17 uniquely determines
pj for 2 < j < k, we see that level-n structures on ¢ are equivalent to trivializations
of the 7-G-bundle (41 |gpec gap/zn’s (k00 O1) o 2n') OVer Spec R[z]/z"". Thus
Proposition [3.8 and [41} Proposition 9.7] imply that S’ — S is finite Galois with the
desired Galois action.

For general n, the result follows from the commutative triangle

I,.... 1 Iy,...1
LocShtth ’“)|H1.EI Spd F; ———— EocShtE;thm’j)miEI Spd

Gpe,n'v

I,
EOCSht(leM- Y |H1‘61 Spd F;

and compatibility of the K, ,-action with changing n’ and n. Finally, the last
statement follows from Theorem [4.9] and [41, Lemma 11.21]. O

4.13. The covering tower enjoys the following Hecke correspondences. Write

1y di) o q; (1o di)
LocSht Flo= lgln LocSht " e, Spd s

G, e ,00v G, e,V

and write K, for the kernel of G(Op) = G(Op/z").

Proposition. We have a canonical G(F)-action on EocShtg}l;'.';ifv) over [[;c; Spd F;

that extends the G(OF)-action fmm. Consequently, for any g in G(F), we have
(Il"“flk)

a canonical finite étale correspondence 1k, 4x,, from LocShtg ' I, spaF, to

itself.

Proof. Let (¢,6) be an S-point of EocShtg’lﬁl:"Ik)mieI spd F;» and let (¢™),>0 be
a compatible system of level-n structures ¢ on ¢. For all 1 < j < k, we see that
Y = @n Y7 yields an isomorphism of G-bundles ¥|spec r[2] 5 G. For any g in
G(F'), we get an isomorphism of G-bundles g o (¢j)r() : ¥lspec R(2) 5 @G, which
we use with Beauville-Laszlo to glue G|specr[z) and 9|y .., into a G-bundle
g9 on Vs [0,00)-

Since (g - gj)'-ys,(o,oo)\zite r, is canonically isomorphic to %y, , <5, Tu»
the commutativity of the square in Definition .10 and Beauville-Laszlo let us glue
id and (¢j)ys,(o,w)\ziefj r, into an isomorphism of G-bundles

i€l

g- (bj : (g . gj)|ys,[0,oo)\zig1j r; ;(g ’ gj+1)|ys,[o,m)\zi€1j Ti»

where g - 9,11 denotes "(g-%). As ¢ is bounded by p., the analytic local G-
shtuka g- ¢ = ((g~€4j)§:1, (g~¢)j)§:1) is too. Because (9-9;)|ys ,..., is canonically
isomorphic to ¥y, ..,, our ¢ induces a quasi-isogeny from g% to G. Since
(9 - 9})|spec R[+] is canonically trivial, we have the trivial level-n structure id =
(id)k_, on g - 9.

Altogether, we define the image of (¢, 6, (¢™)n>0) under g to be (¢-¢, 9, (id),,>0)-
When g lies in G(OF), our g o (¢j)g(>) above extends to an isomorphism of G-
bundles go1; : Fjlspec R[] 5 @G, and tracing through our identifications shows that
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this indeed recovers the action from [£.12} Finally, 1f, 4x, is given by

EocSht(Il""’l’“)/(Kn Ng 1 Kng) —— L',O(:Sht(h""’I’“)/(gKngf1 NK,)

G, lLe,00V G, Lo ,00V
LocShtyl 1) /K, LocShtg ) /K
and identifying LocShty'y i) /I, with LocShta ™| spar,. O

4.14. Recall the following variant of the moduli of local shtukas, which is defined
purely in terms of the Fargues—Fontaine curve. Let K be a compact open subgroup
of G(F).
Definition. Write MévﬂnKh_[iEI spd F, for the small v-sheaf over [ [, ; Spd F; whose
S-points parametrize data consisting of

i) a G-bundle & on Xg such that, for all geometric points 3 of S, its pullback &

to X5z is trivial,
ii) an isomorphism of G-bundles

(07 g|XS\ZiGIFi -G

that is meromorphic along ), I'; such that, for all geometric points 5 of S,
the relative position of as at I';5 is bounded by >, p1ir, where 7' runs over
elements of [ satisfying I';y 5 =T 5,

ili) a K-bundle P on S whose pushforward along K — G(F) equals the G(F')-

bundle on S corresponding to & via [I2, Theorem III.2.4].
Write fM : MéaﬂnK‘HieI spd 7, = [ ;e Spd Fj for the structure morphism.

Recall that Mé,,u.,KIH spd F, 18 a locally spatial diamond.

iel
4.15. The analytic moduli of local G-shtukas is related to the Fargues—Fontaine
variant as follows.

Proposition. We have a canonical morphism

. (N I
c: ﬁOCShtG’#-an|HieI Spd F - MGnuuKn |]._.[iEI Spd F;

of locally spatial diamonds over [[;c; Spd Fj.

Proof. Let (¢4,6,1) be an S-point of EocSht(GI’)uhnv. Theoremand Proposition
show that (%1‘Spec7~zi§“ wl)ﬁ‘;{t) corresponds to a G(Op)-bundle on S, and
Proposition implies that ¥; corresponds to a reduction P of this G(Or)-bundle
to a Ky-bundle. Via continuation by Frobenius, (%1]g,,. Rints (d)l)ﬁi}gt) also induces
a 7-G-bundle (F,v) over Vs [0,00) such that (F|yg , ;s (V)vs 9.0y ) cOITESPONds to
the pushforward of IP along K,, — G(F'). Therefore the pullback of the G-bundle
& = (f|ys,(0’oo))/(v)§,s)(0m) from Xg to X5 is trivial for all geometric points § of
S, and the corresponding G(F')-bundle on S via [I2, Theorem II11.2.4] equals the
pushforward of P along K, = G(F'). Finally, continuation by Frobenius and Lemma

indicate that &; induces an isomorphism of G-bundles « : ngS\Ziezri 5G
with the desired relative position bound, so altogether (&, a,P) yields an S-point

of Mé,ﬂ.,Kn' O
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4.16. We will need the following results of Fargues—Scholze [12] on the intersection
homology of the moduli of local shtukas. Recall the notation of and let V be
an object of Rep(*G)’. Note that

(1505 1k)
HH, ‘COCShtG,,u.,m]j ‘(Spdﬁ)l and Hu. Mé‘vunﬂ(spdﬁ)f

naturally descend to small v-sheaves EocShtGI’l‘}"T'L’UIk) and M, v over (Spd F)7,
respectively, where 1, runs over highest weights appearing in V@e |gz- Proposition
and [41l Proposition 13.4 (iv)] imply that EocShtgj‘;,'r'l’f"') is a locally spatial
diamond, and we see that Mé‘,v, K is also a locally spatial diamond.

Let A be O or E, and now let V' be an object of RepOE(LG)I. If A = Op, then
by abuse of notation write V' for V. Write (Spd F‘)I for the I-th power of Sde‘
over Fy, and write "F{, - , for the object of D (Mé,uK‘(Spd 1> A) obtained from
[12, Theorem VI.11.1] and V by first applying the double-dual embedding as in [12]
p. 264] and then pulling back to Mé,V,K|(Spd Fyr- Write ']-'%,{;L’;)';[’\I"') for the pullback
of 'F {/ K, A under the composition

Ity i I
ﬁOCSht(G,v,m g |(Spd Py = ﬁOCSht(G,)v,m | (Spd F)I = Mé,v,K" |(Spd -

Write Wg for the absolute Weil group of F.

Theorem. Our c induces an isomorphism fhl:(l}—g,zw,A) %th(’}"{/’KmA). Conse-

quently, the object ff(’fgLU7A) of Da((Spd F)!,A) naturally arises via pullback
from D(WE,A).

Proof. Using Theorem and Proposition the argument in the proof of [12]
Proposition 1X.3.2] yields the first claim. For the second claim, [I2] Proposition
VIIL.3.1 (iii)] enables us to identify fuM(/]'—\I/,KmA) with iTTV(ily(c—Indf(f) A)) as
objects of D(A), where i : [*/G(F)] — Bung is the canonical open embedding, and

Ty is the geometric Hecke operator associated with V. Therefore [12, Corollary
IX.2.3] yields the desired result. O

4.17. Finally, we define partial Frobenii for the analytic moduli of local G-shtukas
and relate them to partial Frobenii on the Fargues—Fontaine variant as follows.

Pr— T T "o T
g U g g G- Mg Vg,
| I | I | I
|61 [ 176, to 162 | 71 | 762
+ + + + + +
G G G G G a.

Note that M y, ;- naturally descends to a v-sheaf over (Divk)!, where Div}. de-
notes the small v-sheaf over SpdF, whose S-points parametrize degree-1 relative
effective Cartier divisors of Xg. Write ¢y, : M&V’K %Méy’K for the resulting
endomorphism given by geometric g-Frobenius on the i-th factor of (Spd F)! for i
in I; and the identity on all other factors.
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Lemma. We have a commutative diagram

[,OCSht(G{}‘Zn’UIk) — ‘COCSht(G{)V,nU : MIG,V’Kn

l]:r(ll ,,,,, I1) Jtpll

LocShtG 3y —— LocShte )y, — ME k..
Proof. This follows immediately from the proof of Proposition 4.15 (]

5. UNIFORMIZING THE MODULI SPACES OF GLOBAL SHTUKAS

At this point, we shift focus from local to global considerations. Our goal in this
section is to define the uniformization morphism, which is essential for our main
results. First, we recall some facts about global shtukas and their moduli spaces.
We then take formal completions at a fixed place and define the uniformization
morphism on the level of formal stacks. By restricting to a Harder—-Narasimhan
truncation on the global moduli and using results from §2|on the local moduli, we
can pass from formal stacks to formal schemes that are locally formally of finite
type over D?. This lets us avoid questions about analytifying stacks, as well as
upgrade the formal étaleness of our uniformization morphism to étaleness (after
passing to generic fibers). Finally, we extend the uniformization morphism to the
covering tower on generic fibers.

5.1. We start by switching our notation to a global context. Let C' be a geometri-
cally connected smooth proper curve over a finite field F,, and write F' for F (C).
Fix a separable closure F of F, and write ' for Gal(F/F). Write A for the adele
ring of C, and write O for its subring of integral adeles.

Let G be a parahoric group scheme over C as in [39, Definition 2.18], and write
Z for the center of G. By [3, Proposition 2.2(b)], there exists an SLy-bundle ¥ on
C and a closed embedding ¢ : G*! — Aut(7) of group schemes over C such that
Aut(7) /G satisfies [3, (2.1)].

Let T be a maximal subtorus of G, and write X (T') for the set of dominant
cocharacters of 1% with respect to a fixed Borel subgroup B C G containing
T=. Identify X (T) with the set of conjugacy classes of cocharacters of Gz. Let
e = (pi)icr be in X;F(T)!, and identify the field of definition of y; with F,(C;) for

1yeee

some finite generically étale cover C; — C. Write Grg’ e

affine Schubert variety as in [1.5

Te) |Hiel ¢, for the closed

5.2. Let us recall the definition of global G-shtukas. Let S be an affine scheme over
C!, and adopt the notation of Write 7 : § — 5 for the absolute g-Frobenius
endomorphism, and by abuse of notation, write 7 : C' x S — C x S for the identity
times 7.

Definition.

a) A global G-shtuka over S consists of
i) for all 1 < j <k, a G-bundle ¢, on C' x S,
ii) for all 1 < j <k, an isomorphism of G-bundles

i Gjloxs s, 1 = Gjriloxs s, T

where %1 denotes the G-bundle "% .
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b) Suppose that S lies over [[,.; C;, and let ¥ = ((%)?:17 (¢j)?21) be a global
G-shtuka over S. We say that ¢ is bounded by e if the S-point of

LT (GNGIE " |, ]

BIVen b (% lgec 6 5)) it (0) s ) ir) Tios in [ (GN\GEL= ) [ ).
¢) Let ¢ be a global G-shtuka over S. We say that ¢ has Harder—Narasimhan

polygon bounded by s if the SLy-bundle ¢, (474) has Harder-Narasimhan polygon

bounded by s2p¥, where 2p" denotes the sum of positive coroots in SLj,.

5.3. Next, we turn to level structures. Let IV be a finite closed subscheme of C.

Definition. Suppose that S lies over (C ~ N)!, and let ¢ be a global G-shtuka
over S. A level-N structure on ¢ consists of, for all 1 < j < k, an isomorphism of
G-bundles

wj . gj |N><S :> G
such that the diagram

(i)~
gj‘NxS — gj+1|N><S

l’ﬁj ijﬁ»l

G——————G
commutes, where %1 denotes "%, and 1,1 denotes ");.

Since S lies over (C \ N)!, the (¢;)n are isomorphisms. Therefore ¥; uniquely
determines 9; for 2 < j < k.

5.4. We now recall the moduli of global G-shtukas and its associated structures.
Write N; for the preimage of N in C;.

Definition. Write Shtgll’t:'}\[,’“) IM1,c, ci~n, for the stack over J[,c; Ci \ N; whose
S-points parametrize data consisting of

i) a global G-shtuka ¢ over S bounded by p.,
ii) alevel-N structure ¢ = (d’j)?:l on¥Y.

Write Shtg}ll'_';}\l,’“)’gs .e; Ci~n; for the open substack of Shtgjl;'.';’]{,’“) e, Cinns
whose S-points consist of the (¢, ) such that 4 has Harder—Narasimhan polygon
bounded by s.

Write f5 : Shtglﬂ.]\[,k) |Hiel c;nN: = [ ;e Ci ~ N; for the structure morphism.

Our Shtglu.]\[,’“) I, ci~n; has an action of Z(F)\Z(A) by twisting. Since

the image of Z in Aut(¥') is trivial, Shtg}l;:;’]\[,"')’gs |Hig10i\Ni is preserved by

the Z(F)\Z(A)-action. Finally, note that Shtglu.J{,’“) II1,c, ci~n, is the increas-

. . Iy T), <
ing union of the Sht(Gll;. ’N’“)’*5 M, CinNs-
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5.5. For finite closed subschemes N’ O N of C, we have morphisms

(I, 0k) (15003 11)
ShtG:liuN' IHieICi\N{%ShtG,HnN ‘Hielc‘i\Nt‘/

given by pulling back 1; to N x S for all 1 < j < k. Write K/ v for the ker-

nel of G(On/) — G(On), and note that Ky/ n acts on Shtg}’;:;’]\],’f) II1,., cinn; OVer

Shtglll:"]{,’“) [1,c,; ci~n; Via postcomposition with t; for all 1 < j < k.

s1s : (I, 1k) (I, 11) .
Proposition. The morphism Shtg') "\ 11, ., coanvy = Shte 0N L, ooy s

finite Galots, where the Galois action is given by that of Kn/ n.

Proof. When N = @, the result follows from the proof of [45, Proposition 2.16 b)].
For general N, the result follows from the commutative triangle

(1o 1r) (1o 1x)
ShtG,H-,N’ |Hiel CinN| ShtG,#-,N |Hiel CinN|

N7

(11 ..... I)C)
ShtG’Mu@ ‘Hiel Ci~N;

and compatibility of the K/ y-action with changing N’ and N. (Il

5.6. Proposition. Our Shtglu.j\l,k) M., ci~n; s a Deligne-Mumford stack that is

separated and locally of finite type over [],.; Cs ~ N;. Moreover, for large enough
deg N, our Shtg’lll:;}\l,’“)’gs |1—[i61 ci~N; 5 a scheme that is separated and locally of

finite type over [[;c; Ci ~ Nj.

Proof. The second claim follows from the proof of [33] Lemme 12.19]. Using Propo-
sition the first claim follows from the argument in [49, §5.1.5]. O

5.7. Let F be the finite Galois extension of F such that Gal(F/F) equals the image
of the I'p-action on X (T), and identify F with ]Fq(é) for some finite generically
étale cover C — C. Write N for the preimage of N in C. Write G for the dual
group of G over O, and write “G for G x Gal(F/F).

Let V be an object of Repy(“G)!. Note that I1,. Shtglu_;,’“) | (@) and

Hu. Shtgl};:.}{[k),gs I(g\ﬁ)l naturally descend to stacks
Shtgi\’/',f\’flk) and Sht(Gljl"/;'j\}Ik),Ss

over (C~\.N)!, respectively, where 11, Tuns over highest weights appearing in V@/Z lgr-

Proposition and descent imply that Shtg,l"/l,‘]'\}l") is a Deligne-Mumford stack that

is separated and locally of finite type over (C'\.N)!, and for large enough deg N, our
Shtgj‘})']'\}lk )'S% i a scheme that is separated and locally of finite type over (O~ N)?.
5.8. Write K for the kernel of G(O) — G(Ox). For any g in G(A), recall that we
have a canonical finite étale correspondence 1x, 4, from Sh‘c(cflu.]\l/c ) M, Fo(ci) O

itself [33], Construction 2.20}@ Note that 1k, gk, commutes with the Z(F)\Z(A)-
action.

5Although [33l Construction 2.20] only addresses the case when G is split, it extends to the
general case. Indeed, this is already implicitly used in [33} (12.16)].
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5.9. Definition. Write Fr(/*-/2) ; Sht!iy o™ 5 Shtl2: ™) for the morphism
given by

(% fqil+---f’f?%f@“+7%)|—>(%f@+~--f@+7% - is197%).
Note that Frft++) Jies above the endomorphism of (O~ N)! given by geometric

g-Frobenius on the i-th factor for ¢ in I; and the identity on all other factors.
By [33 Lemme 3.1]E|, there exists a non-negative integer (V") such that

Fr(117~.~71k)(Shtgl‘;,<]~\}1k)»§3) c Shtgz‘z-i\}lk,fl)és-ﬁ-ﬁ(v) )

5.10. At this point, we fix a place of F' and begin exploring the interplay between
the local and global situations. Let v be a closed point of C, write r for the
degree of v, and write O, for ﬁAqv. Choose a uniformizer z of O,, which yields an
identification O, = Fgr[z]. Write F, for the fraction field of O,, and write D for
the formal scheme Spf O,,.

Fix a separable closure F, of F,, and fix an embedding F — F,. By abuse of
notation, write G for the pullback of G to O,. Using T, for our maximal subtorus
of Gp, and B for our Borel subgroup of G , we can identify F; from With the
closure of F,(C;) in F, as well as identify D; from with the formal completion
of C; at the closed point v; of C; above v induced by F — F,,.

5.11. The following two lemmas explain how to resolve the clash between our
local and global base fields. Write D! for the I-th power of D over Fy-. Adopt the
notation of and let S = Spec R be an affine scheme over D?.

Lemma. We have a natural isomorphism of affine formal schemes

H]D) Xp,raS—D xS,
d

where D g, 4 S denotes the product of S — SpecFyr T—d> SpecFyr and D over Fyr,
and d runs over Z/r. Under this identification, 7 : D x S—D x S on the right-
hand side corresponds to the disjoint union of 7 : D XF,r g S—D XFr g1 S on the
left-hand side.

Proof. Take Dxp . ,S—DxS tobe the natural morphism. Since I+ is finite Galois
over F, with Gal(F,- /F,) = 7%/7, the induced morphism above is an isomorphism.
The last statement follows immediately. (I

5.12. Lemma. A local G-shtuka over S is equivalent to data consisting of

i) for all1 < j <k, a G-bundle 5 on D x S,
it) for all 1 < j <k, an isomorphism of G-bundles

Xj + HGoxsnSiey, 1o = Hj+1lDxsTie,, Too

where 4,11 denotes the G-bundle ™ ;.

SWhile [33, Lemme 3.1] only treats the case of split G, it extends to the general case. Indeed,
this is already implicitly used in [33} (12.15)].
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Proof. Let ¢ be a local G-shtuka over S, and for all 1 < j < k, view &; as a
G-bundle on D X, S. Using Lemma we can form 7 by taking Td%l on
D xp,, ¢S for1 <d<r—1and ¥; on Dxp,, S. Note that "7 is given by Td% on
D XF,r.d S for all 1 < d < r. Therefore we can form x; by taking id on D XF,r.d S
for1<d<r—1and ¢; oanFq,. S.

Conversely, let 7 := ((24)5_,, (x;)%_,) be as above. Write (—)|4 for restrictions
to D XF e .d S. Since I'; lies in D XF S for all 7 in I, our x; |4 is an isomorphism for
alll <j<kand1l<d<r—1. By repeatedly using Lemma this identifies
| q with Td<%”1|r. Hence this also identifies 74, 1|, with TT%\T, so altogether we
see that J#|, yields a local G-shtuka over S. g

5.13. In our study of the uniformization morphism, we start by defining it on the
level of formal stacks. Write [],.; D; for the product of the D; over Fy-, and write
Hle 7 v; for the product of the v; over Fy-. Assume that N and v are disjoint, and

write ShtG:m}V I11,, p; for the formal completion of Shtg}ll'.';’]\l,") [, ci~n, along

[Lic;vi in[[;c; Ci \Ni.

Proposition. We have a canonical morphism

~ Iy,...,I
8 : Loc®htI M o Skt n

ze]

of stacks over [[,.; D; that is formally étale.

iel

This result generalizes cases of [3, Theorem 5.3].

Proof. First, we define ©. Let (¢,6) be an S-point of }ZOCGht(I1 I")| . D;» and
let ((j‘f);C 15 (Xj)j 1) be the data corresponding to ¢ as in Lemma For all
1<j5 <k, Lemma shows that taking 6; on D XF,r S and 7 51 on DD XFyrd S

for 1 <d <r —1 yields an isomorphism of G-bundles
€5 : %hDJXS\vXS :> G.

Beauville-Laszlo lets us use €; to glue /4 and G|cxs-vxs into a G-bundle %@ on
C x S. Because the square in Deﬁnltlon nb commutes, Beauville— Laszlo also
lets us glue x; and id into an isomorphism of G-bundles

O . O ~ @O
d)j .%j ‘CXS\Z,ielj I; %gj"rl‘CXS\Zielj i

where we use Lemma to identify R[z] with O¢(S), and 49, denotes the G-
bundle "%P. As ¢ is bounded by s, the global G-shtuka ¥© = ((%j@)?:l, (qﬁ?)?zl)
is too. Because N and v are disjoint, gj@|N><S and ¢]CT)|NX5 are canonically trivial,

so we have the trivial level-IV structure id = (id)k,1 on ¢©. Altogether, we define

(In,..
O(#,6) to be the S-point (¥©,id) of ShtG e N \1—[

161
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To see that O is formally étale, let J be an ideal of R satisfying J® = 0, and
write S — S for the associated closed embedding. For any commutative square
S — }ZOCGht(I1 I"')|1—I

ier Di

)

,,,,,

write (¢, 6) for the S-point of 20(:6ht(11 """ Ik)|l_L:esz and write (#,1) for the S-

(T1es1k) . .
pomt of Shtclu Nk 11,., ;- The restriction of F to D x S yields data as in Lemma

2} which corresponds to a local G-shtuka ¢ over S. As % is bounded by pe, our
{4 is too. Because the pullback of .Z to S is (:)(?, ), we see that the pullback of ¢
to S is &. Therefore Proposition yields a unique quasi-isogeny ¢ from ¢4 to G
whose pullback to S is 4.

Consider the S-point of SOCGht(G{;’L:"Ik) II1,., ; given by (¢,6). The top triangle
commutes by construction, and the bottom triangle commutes by the uniqueness of
Beauville-Laszlo gluing. Finally, the uniqueness of Proposition [2.3] and Beauville—
Laszlo gluing also imply that (¢, 6) is the unique such morphism, as desired. O

5.14. By restricting to a Harder-Narasimhan truncation and letting the (tame)

level be large enough, we can pass from formal stacks to formal schemes. Maintain
oIi),<
the assumptions of |5.13, Write Sht(Gl“ Nk) S‘H/-ez p, for the formal completion of

(I1,...,1x),<s
ShtG»Mu |H1€I CiNN;

along [[;c; vi in [[;c; Ci~ Ny, and write SOCGSht(I1 """ I’“)’Ssh—hy p, for the preimage

<1, Ix),<s
of Shtg ., v M., D under O.

Proposition. For large enough deg N, the restriction

I, I),<
O : LocGhtyly =2y D—>Sht(Gl# N’” n

i€l ’LEI
is a morphism of formal schemes that is formally étale and locally formally of finite

type.
Proof. Proposition [5.13] shows that the restriction

o~ (I,....]x),<s —(I1,0,0%),<
@ . SOCGhtGI# k | iEID — ShtG e N |H1€I
(I, < .
is formally étale. Because Shtglu. |1—[i61 p, is an open substack of

ShtG e N |H eI

Il; (le

we see that SOCGht( Ti),<s I, ., D; is an open subsheaf of LocShtg

so Theorem 1mphes that SocGiht(l1 o1i), =)
locally formally of finite type over ]

Ii)

|HiEI D »
i D is a formal Scheme that is
; ;

el ]D)-. For large enough deg N, Proposition

yees ), <
implies that Sht(Glu Nk) IT1,., »; is a formal scheme that is formally of finite
type over [[;.;D;. Hence O is locally formally of finite type, as desired. O
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5.15. To add level at v, we need to pass to generic fibers as follows. Maintain the

assumptions of [5.14] and assume that deg N is large enough as in Proposition |5.14]
Propositionshows that Shtg,lp’b'.';’]{,’“)’gs |1—[i€1 ¢,~n; is separated over [ [, ; Ci~ Ny,

so the natural morphism of adic spaces

<=1, 1k),<s

< Iy Ii),<s
Sht GM“ |H e D —>(Sht(GlH. k)s )Hiel]D)i

is an open embedding [27] (4.6.iv.c)]. Write [[,.; Spa F; for the product of the

(I, Tk)
Spa F; over Fyr. For any non-negative integer n, write ShtGlu. n:)+N I
(1, 0k),<s (I1,...,T
the preimage of Sht, N |, spar, i (Shtglu. mﬁiN )1ie; Spa Fi-

Write [[,.; Spd F; for the product of the Spd F; over Fy-. Write

i€l

i€l Spa F; fOI'

Il, S
LocShtg 0 = I, spd

Ir),<s

for the preimage of (SOCGht(Il"“’ [T, Spa £)° in EocShtglp’L Ti’f)h—[ia Spd Fy s

where we use Theorem n to identify (EocGht (... I")|1—[iel p,)¢ with
(Ii,eedi)
LocShtg' |Hie[ Do

5.16. We can now define the uniformization morphism on generic fibers. Maintain
the assumptions of and let S = Spa(R,R") be an affinoid perfectoid space
over [[;c; Spa F;.

Theorem. We have a canonical morphism

(It In),<s (I1,..,1x),<s o
e, EocShtGIM m’j |1‘[ sc1 Spd F; —>(Shtg7u,,m}+N |H,€ISpaF)

of locally spatial diamonds over [],.; Spd F; that is étale.
Proof. First, we define ©,,. By Theorem an S-point of

11, S
‘cOCShtG NP %) |Hi€1 Spd F;

corresponds to a cover (S, ), of S by rational open subspaces S, = Spa(Rq, R})
with pairwise intersections S,g = Spa(Rag,R;rB), a family (4%,8%) of Spf RZ-
points of EOCGhtgjl;:"I’“)’SS\ .
1 on the analytic local G-shtuka over S obtained from gluing the (¢%)*"

Proposition indicates that Shtg;;‘.‘;’]\l,’“)’gs .o; Ci~n;, 18 locally of finite type

over [[;c; Ci \ Nj, so for all o, our ©(4°, %) yields an Rf-point of

[LicsDs that agree on Spf R;‘B, and a level-n structure

Sht(ll,...,lk),gs |

G, e, N Ci~N;+

el
Write 9%© for the resulting global G-shtuka over Spec R, which is bounded by /ie
and has Harder—Narasimhan polygon bounded by m. Note that the pullback ¥ of

1 to S, is precisely a level-nv structure on ¥*© so we can form a level-(nv + N)

structure 1 on 4> by taking ¢»* on nv and id on N. Then (4%®,¢*®) induces
(I1ye 1), < c S
an Sy-point of Shtglu nS—i—Nsh_[ , Spa £, and because the ¥ and ¢*® agree on

Spec R, the resulting family glues into an S-point. We define this S-point to be
the value of 9,,.
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To see that ©,, is étale, note that we have a commutative square

I, i), < Ity I), <
LocShte =g qoqp —— (Loc@htGh = spap)

l@” l@o

—(I1,..., I),<s. . —~(I1,.. I),<s
(ShtG e, nU+N |Hzel Spa F; )0 E— (ShtG e, N |Hie] SpaFi)Q'

Theorem [4.9 and Proposition [4.12]show that the top arrow is étale, and Proposition
-and [41, Lemma 15.6] imply that the bottom arrow is étale. Proposmonand
[41, Lemma 15.6] imply that ©9 is étale, so the 2-out-of-3 property [41, Proposition
10.4 (ii)] concludes that ©,, is étale. O

group. Maintain the assumptions of Let ﬁ be the extension of F, as in
| and identify F, with the completion of F at the place ¥ of F above v induced
by F — F,,. Identify G with the dual group of G, over Op, and write La, for

G x Gal(F,/F,). Note that we have a natural 1nc1u81on Lg, -G

. L I Lyeees k) (Ilv Ik)
Let V be an object of RopE( G,)'. Write ShtG VN and Shtg - * for

,,,,, L 10)

5.17. As before, we reindex everything in terms of representations of the dual
i

the formal completions of ShtG and Shtgl‘}']'\',j’“) , respectively, along v in
(C ~ N). Proposition and descent yield a canonical morphism

~ I,...,
8 : LocGhtly ™) o Shigyw

that is formally étale. Write }ZOCGht(I1 )55 g1 the preimage of mgIVNIk)SS
under ©.

Write Shtg;l{/ nvi)N_ for the preimage of Shtgl{,]\} Wb (Sht(c,{l{/' ;;Jj]N)(Spa F)Ts
and write EocShtG{I{,m * for the preimage of (EocGht (. )Ss)?SpaF yr in
,CocSht(G{lx; 'n’v k) Where we use Theorem 4.9| to identify (SOCGht(G{l{/ i), <S)(Spa F)T

with L:ocShtG{l"/ 0;; . Theorem and Galois descent yield a canonical morphism

(11,0 D), <
0, LocShtgl",n7vk)’ —(Sht (GVnU:-)N e

of locally spatial diamonds over (Spd F,) that is étale.

5.18. We conclude by showing that the uniformization morphism is compatible
with partial Frobenii. Maintain the assumptions of [5.15]

Lemma. Our ]—'r(ll""vlk) restricts to a morphism
FrlloeDo)  LocShtl =" = LoeShtl o)==+,
After enlarging deg N, we can also form the r-fold composition

Iy I I I
(Fr( k))Tril(SpaFv)Il x(SpaF,)I~11 © 7770 (Fr( k))(SPaFv)I’

which yields a morphism

Iy,...,I;),<s Iy, 1), <s+rk
(Fr(Ila ))(SpaF )t (Sht(Ganvj-)N )(SpaF ) —)(Sht(lenUi)N +re(V ))(SpaFv)I'
Finally, we have ©,, o Fri-—Ik) = (Fpt-- I’“))Esiap )1 © On.
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1yeensd .
Proof. Write ShtG V.N g |*pn xpr~n for the formal completion of Shtg}‘;;]'\}l’“) along

r(v)" x o> in (€'~ N)L. We see from [5.9| that Fr/t+1*) induces a morphism

~ (I I)  ~(I15001) (I2,.... 1%, 1)

Fr ShtG V,N *)Sh GVN |TDIIXDI\11.
If » = 1, then stop here. Otherwise, the relative effective Cartier divisors on
C x S corresponding to S- points of "D and D are disjoint, so the right-hand side is

- Tk) . ~ (I1yee 1)
naturally isomorphic to ShtG VN |-pr1 xpr~ri . By forming Fr

and repeating this » — 1 more times, we obtain a morphism

|"']D)Il xDI~I1

~ (I,...,1x) ~ (I1,..., 1)) Jie) =~ (I2,...., Ik, I1)
Fr ‘Tr_l]D)le]D)I\Il o -o Fr ShtGVN _>ShGVN
Tracing through our identifications shows that
~ ~ (I1,...,.1 ~ (I1,..., ~
O o Friflv) :Fr( ' k)|7_7'71 o-~oFr( b le) 00,

DIt xDI~11
s05.9) implies that Fr(/1»-Ix) restricts to a morphism
Loc®htdly 1S5y ooty bk Ss V),

Pulling back to Spa F), and using Theorem [£.9] yields the desired result. O

6. LOCAL-GLOBAL COMPATIBILITY

Our goal in this section is to prove Theorem A. First, we recall the coefficient
sheaves used for the cohomology of the global and local moduli problems. We show
that they are compatible under the uniformization morphism from Next, we
recall smoothness theorems for our cohomology sheaves, which are due to Xue [48]
in the global case and Fargues—Scholze [12] in the local case.

These smoothness theorems yield global and local excursion operators. Using the
uniformization morphism, we prove that the global and local excursion operators are
compatible. From this, we deduce that the Bernstein center elements constructed
by Genestier—Lafforgue [I5] agree with those constructed by Fargues—Scholze [12],
and we also deduce Theorem A.

6.1. For the cohomology of the moduli of global G-shtukas, we use the follow-
ing sheaves obtained via geometric Satake. For large enough e, recall from [I5]

that the natural L} (G)-action on Gr(h’ T .., c. factors through L7 (G). Write

AGL) for the L§(G)-bundle on Shtgll; N M., ¢, whose fiber over (4,4)
parametrlzes trivializations of the G-bundle "%lex,., 1, Note that we have a nat-

ural L§(G)-equivariant morphlsm A(Il’ I") — Gr (11’ I’“) I[,., ¢:» Which is smooth
by [33], p. 867]. Write Aglll N BSS for the rebtrlctlon of AG{I;;. 1) to

Shtit =

G,pie,N [Tic; Ci~Ni-

Write V,,, for the highest weight representation of G! corresponding to pe, and

write S, Il’ ) for the correspondlng object of D(Gr(h’ »1k) | <, C;» E) under geo-
I, (I,
metric Satake Write ]—"fb NE ) for the object of D(Shtglu. |Hi51 Ci~N;: E) ob-

tained by first pulling back S Hj.l”E " to Aglﬂ. AI,’“) and then using L$(G)-equivariance
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(It Ty (tyeon Ty) . (T s
to descend along Ag' "N —Shtg N |11, i, Finally, write F, ' 5" B

for the restriction of flelNék) to Sht(GI)ll;:;’]\I,’“)’SS IM,e; G-

6.2. We will also take cohomology after quotienting by a lattice = of Z(F)\Z(A),
where a lattice means a discrete torsionfree cocompact subgroup. We proceed as
follows. Note that LT (Z) acts trivially on Grg}l;'.'"lk) I11,., ¢:» S0 the natural LT (G)-
action factors through L}F(Gad). For large enough e, indicates that this factors
through L$(G*Y). Now L$(Z) acts trivially on the objects of

(I Ti)

D(GI‘G}#. : |Hzﬂer Ci’E)
obtained from geometric Satake [33, Théoréme 12.16], so these objects are L (G?4)-
equivariant. Adapting the construction in yields an object féIL.NI"bZ of

Iy i)
D(Sht(G,lu.,Nk)/:' |Hi€1 Ci~N;» E)7
and we see that the pullback of féIL.NI,}E) to Shtgz'.';}\l,") [T, ci~n, equals }'ﬁ{lNEI’“)

6.3. Next, we describe the sheaves used for the homology of the moduli of local
G-shtukas. Recall £$(G) and L7 (G) from Definition For large enough e,

and Lemmaindicate that the natural £ (G)-action on grg};"'”l’“) |H1‘,el D factors
through £$(G). Write ALT6) o the L5(G)-bundle on LocSht{ 1) IT1,c, Spd

G, e, 0V G,,u.,ny
whose fiber over (¢, 0, ¢) parametrizes trivializations of the G-bundle ™ 4|, s T
Note that we have a natural £5(G)-equivariant morphism

(I, 1x) (1o k)
‘AG,M-JW - ng,H- |H'iel Spd F; -

Recall A from and write [[,.; Spd F; for the product of the Spd F; over
F,. Write ') o the object of D.(EocSht(Il"”’l’“)\nk ,Sde»A) obtained
1€ v

Lo U, A G, e ,nV
from [12, Theorem VI.11.1] and V,,, by first applying the double-dual embedding as

in [I2, p. 264], then pulling back to Agll;"';i’j”l—[ L Spd By and finally using £5(G)-
sHes ic i

equivariance and [41] Proposition 17.3] to descend along

(I1yeeesd) (I, 1) .
AG,Mn’ﬂ’U —>L’oc$htG7M.,m |Hi61 Spd By

e Iy) < - (I It) (I, 1), <s
Write Ag"0 00 for the restriction of A" 77 to LocShtg !0 |Hiel Spd Fi »

. 1 ~(I1,..,1k),<s C . 1T, Ik)
and write "F Ty for the restriction of "F, "7 to

(I i),<s .
LocShtGMhm} |H’i€ISdei.

6.4. Our local and global coefficient sheaves are compatible under ©,, in the fol-
lowing sense. Adopt the assumptions of , and write [ [,.; Spa £ for the product

of the Spa F} over F,. Write (f;{lnvf}“\,)gs)nel spa 7, for the object of

Iy,..,1),<
D((Shtg b N, spa s B)

obtained by analytifying F IS{IMJFI’}V);S as in [28], (3.2.8)]. Because

(I15e-,1%),<s .
(ShtG,u.,nv—&-N )Hiel Spa F};
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is an analytic adic space, [41, Lemma 15.6] and [41, Remark 14.14] indicate that

(I1,..,I1),<s Lo . (L1503 11), <8\ O
( pe,nv+N,E )HiEI Spa F; ylelds an Ob‘]eCt (‘F:u.,nv-i-N,E )HiEI Spa F; of

(I15- 1K), <5\ O
Dea((Shtc i, ok N ), spaitr E)-
(1o 1), <510 N : v
Lemma. (]:“'l’”“J“?V’ES)HiGI Spa F, 5 universally locally acyclic over [];., Spd F;.
L 1 (T1 e D), <50 O ) (I, Ii), <500
Moreover, its image (}—#olﬂerN’E )HiEI Spa F; m D.((ShtG’H-’”5+N )Hiel Spa F17E)
under the double-dual embedding as in [12], p. 264] satisfies
11 I) <500 (D) <
@n[ ( ;,L.,nv—&-?\LE )HiQISPaF’j:I = N.17ny,Ek' .
Proof. We start by rewriting (]ig{lnvjﬁ“\?;s)onlg Spa £, 25 follows. Since
(Il
(GTG,IM. § )Hielspaﬁy

is an analytic adic space, [41, Lemma 15.6] and [41, Remark 14.14] indicate that

(Ilv“'»Ik) o : 3 , (Ilv-u:Ik) o
(S )HTEI Spa 2 yields an object of Det((Grg!). )HTEI Spaﬁi’E)' By first

: (I Ik)\O (I1,-16),<5\0 y
pulling back (S, "% """ )Hiel Spa 7y O (AGLeiN )Hiel Spa 2 and then using £5(G)-
equivariance and |41 Proposition 17.3] to descend along
(1, 11), <8\ O (15 1k), <8\ O
( G, 1ie ,nv+N )Hiel Spai‘i *)(ShtG»#oynUJrN )Hiel SpaF‘i’

where we use Leml?ato identify (L?(G))gl with L’?gG), we see that the resulting
: Lyoli) <500 L) <510
object of Dei((Shtg ', oy N )Hz‘a Spa Fi’E) equals (f“’l’"”JV*EQ)HiU Spa
Let us prove the first claim. By using the explicit description in [I2], Proposition
VI.7.9] and the fiberwise criterion for perversity [12, Corollary VI.7.6], we see that

(SL{I’E“’I’“))% Spa # equals the object obtained from [12] Theorem VI.11.1] and
’ i€l i
V.., where we use Lemma [£.5] to identify
(Il,.“,Ik) <> _ (117...,I;€) .
(GI‘G,“. )Hiel SpaF; ngvl‘t |H¢61 Spd F;*
Hence ( S;(LI. ' EI k))OH . spal, is universally locally acyclic over [],.; Spd F;. Now
o (I Tk), <500 (T TN O
and [4I] Proposition 24.4] show that (A" 7 VN )Hiel Spa 2 —(Grg " )Hiy o £
is ¢-cohomologically smooth, so [12, Proposition IV.2.13 (i)] implies that the pull-
In,.... I, In,... Iy),< : :
back of (Sl(“l)E ’“))OHiEI Spa 7y 1O (A(G}“""S‘)FNS)OEQ Spa 7, TOMAINS universally locally
acyclic over [[,.; Spd F;. Applying [41l Proposition 24.4] again shows that
(Il 1111 Ik),SS o (Il ''''' Ik)wgs O
(AGu AN T spa iy 2 OGN T pars

is ¢-cohomologically smooth, so [12], Proposition IV.2.13 (ii)] implies that
( (11,...,Ik),§5)0
He,nv+N,E Hiel Spaﬁ'i
is universally locally acyclic over [],.; Spd Fi, as desired.
For the second claim, note that ©,, naturally induces a morphism

(Il,ka);SS_>( (11,~-~71k),SS)<>
G, pe,nv G,pe,nv+N JT],c; Spa F;
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such that the diagram

(I, 1k) . [CETIY NG
ngan |Hi€1 Spd F; (G G e )Hiel Spa I?‘l

< . (I1,-315), <8\ O
G, e ,nV |Hi€1 Spd F; (AG,;J,.,nv+N )Hiel Spa F;

(I,e.s (IseT3), <5\ O
LocShtgh Mt |H1€ISde On, (Sht{fTe< .., spafs
commutes. Therefore the above discussion yields the desired result. O

6.5. We now consider the cohomology of the moduli of global G-shtukas. Let
V be an object of Repy(“G)!. Note that the .7-"(11’ I’“) and .EE{I’N é’“)’gs nat-
urally descend to objects .7:‘,[}\} Elk) and fV{}\}’Elk) SS of D(Shtg}{,’NI’“),E) and
(Sht(GI’l",y N &), <9,E), respectively, where pe runs over highest weights appearing
in V@[| ar with multiplicity.
Recall that f,S.F‘(,I}\}“];J’I")’SS is independent of the ordered partition Iy, ..., I} [33]
p. 868], so we write it as HVN g- The same holds for f.Sf(I}\}”E’Ik) so we write it as

H{, y - Because Shtglv le) is the increasing union of the Sht, Il’ I’“)

HVN p = lim H{/TVSE Note that ylelds an action of CC(KN\G(A)/KN, E) on

HVNE

, we have

6.6. Recall the following smoothness result of Xue [48]. Write 7 for Spec F, and
write A for diagonal morphisms. Write Wg for the absolute Weil group of F', and
write valg : Wgp — Z for the homomorphism that sends geometric g-Frobenii to 1.
Write U C C for the largest open subspace where Gy is reductive.

Theorem. The cohomology sheaves of H{/,N,E|(U\N)’ are ind-smooth, and the co-
homology sheaves ofH‘I/,N7E|A(m have a natural action of Wk. For any ve = (Vi)ier
in W1, the ve-action sends the image of the cohomology groups ofH{}?va|A(ﬁ) to the
image of the cohomology groups of 7—[{,’%8;5|A(ﬁ) fors' > s+ 3,y max{0, valg(y;)}.
Proof. The first claim follows from the proof of [48, Theorem 6.0.12], and the WZ-

action follows from the proof of [48, Proposition 6.0.10]. The last claim follows
from [5.91 O

6.7. Let us record the analogous results after quotienting by =Z. Let V be an
Iy, k)

object of RepE(LG) and note that the F2 S N.E naturally descend to an object
.Fg%,NIE’“) of D(Shtgj"ﬂ NI") =, E), where pi, runs over highest weights appearing in
V@Z |gr with multiplicity.

Recall that f.ng%/"j'\',’%) is independent of the ordered partition Iy,..., I [33
p. 868], so we write it as ’HE’V’N’E. Note that yields an action of

Ce(KN\G(A)/ KN, E)
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on HLy yp- Recall that the cohomology sheaves of HL v v plw-n)r are ind-
smooth [48, Theorem 6.0.12], and the cohomology sheaves of HL y, y p|a) have a
natural action of WII; [48, Proposition 6.0.10].

6.8. Next, we consider the homology of the moduli of local G-shtukas. Let V' be

an object of Repy, (“G,)!. Note that the ]-"MI1 o ") and fl(il,;'l',l'}’i\’“)’gs naturally

descend to obJectS J’-'Vn’;}”/’\’“ and fv n’;'/’\ VS of D.(ﬁocShtgf‘}’;;’;k)|(spd JRYERLY
)<s|(Sp a4 Fv),,A), respectively, where u, runs over highest
weights appearlng in V% q, | ar with multiplicity.

Recall the notation of .16} Since the square

(I) c I
[’OCShtG,V,nU|(Spd B — MG,V K

T J

Iy d e I
EocShtélvnvk)kspd Py [‘CI(G)\gr(G,)V|(Spd )]

(Spd F,)!

commutes, where Qrgy)v denotes the natural descent of ]_[ Qrg)u |(]I~))I)<> to (D)9,

the 'F g’z;";\[’“) defined in agrees with the "F %,Ilm ) defined here.

The smallness of convolution implies that fh ('F g/hm 'Ajk)’gs) is independent of

the ordered partition I1,..., Ix, so we write it as Hl‘(,)cni ;S. The same holds for

Ity odg) .
fh ('F E,ln’v Ak)) so we write it as ’Hlefcni A- Because EocShtg;l", n’v’“) is the increas-

ing union of the EocShthl"/m) S e have ’Hg’fﬂl) A = lim Hl‘?ii%é Note that

Proposition yields an action of C.(K,\G(F,)/Ky, F) on Hl‘?ii A

Write C, for the completion of F,,, and write 7, for Spd C,. Theorem Myields
a natural action of Wlév on the cohomology groups of ’H%?i”[) Alag,)- For any 7, in
W, , Lemma[5.18 and Lemma [£.17imply that the v,-action sends the image of the
cohomology groups of /H,ﬁ(};i/g\s to the image of the cohomology groups of ’Hi?‘;f}/g\s

for 8" > s+ 3, ., max{0, valp(v;)}.

6.9. Let us recall some facts about excursion algebras. For any abstract group W,
finite group @ with a pinned action on G , and group homomorphism W — Q, write
Exc(W, @) for the excursion algebra over O as in [I2, Definition VIIL3.4]. Recall
that Exc(W, CA?) is flat over O and has canonical generators St v,z ¢ ~,, Where I runs
over finite sets, V' runs over objects of RepoE((CA? x Q)1), x Tuns over morphisms
1— V|A(é)7 £ runs over morphisms V\A(@) — 1, and 7, runs through W7.
Proposition. Let L be an algebraically closed field over Op. We have a unique
bijection

{ Og-algebra homomorphisms } ~ { semisimple homomorphisms }/@ conj

X : Exc(W,G) — L p: W —=G(L) xQ over Q

such that x(S1.v,z.e.~.) equals the composition

I z V(L) (p(vi))ier V(L) I
Proof. This follows from [12, Proposition VIII.3.8] and [12], Corollary VII.4.3]. O
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6.10. The following theorem summarizes the work of V. Lafforgue [33] and Xue
[ 48] on global excursion operators. Write Bung n(Fy) for the groupoid of G-bundles
on C equipped with a trivialization along N.

Theorem. There exists a unique E-algebra homomorphism
EXC(WF, é)E — EndCc(KN\G(A)/KN,E) (CC(BUDG,N(FQ), E))

that sends St v,z ~, to the composition

*,0 1,0
Ce(Bung,n (Fy), E) == H}'y ply —— Hy|, o ElT=—— Hy n slam
l’y.
C B F E 77_[*,0 13 H*O 77_11,0 -
c(Bung,n(Fg), B) ==H | \ plg ¢—— V|A(G)NE|777 vN.ElAm)-

Moreover, the image of Exc(Wp, é)E in Ende, (xy\ca)/Ky,E)(Ce(Bung n(Fy), E))
preserves the kernel of the surjective C.(Kn\G(A)/Kn, E)-equivariant map

Ce.(Bung,n(Fyq), E) = Co(Bung n(Fq) /=2, E),
so we obtain an E-algebra homomorphism
EXC(WF, G)E — EndCC(KN\G(A)/KN,E) (CC(BUHG7N(IF(1)/E, E))

Proof. Arguing as in [33] p. 870] shows that the images of the St v, ¢ ~, satisfy the
necessary relations, so we get the desired E-algebra homomorphism

Exc(Wr, G) g — Ende, (xp\6(8)/ 5 x5 (Ce(Bung v (Fy), E)).

Next, because Shtg}‘})']'\’,l’“) — Shtg,l",'7‘]‘\}l’“ )/ = is étale, yields a natural !-pushforward
morphism H{/’ NE ’Hé,u ~, k> Which induces a morphism from the composition di-
agram above to the analogous composition diagram for HéM ~.g- Note that, when
I = and V =1, the natural !-pushforward morphism recovers

C.(Bung n(Fy), E) = C.(Bung n(Fy) /=, E)

on fibers. Thus the image of SI,V,x,{,’y. in EndCc(KN\G(A)/KN,E) (CC(BUHG7N(FQ), E))
satisfies the desired property. (I

6.11. We now elaborate on variants of Theorem [6.101 Recall that
BunG N H G )/KN

as groupoids [33] Remarque 12.2], where a runs over G-bundles on Spec F' whose
pullback to Spec F, is trivial for all closed points ¢ of C, and G, denotes the
inner twist of Gr over F associated with . Hence C.(G(F)\G(A)/Ky, E) and
C.(G(F)E\G(A)/Kn, E) are C.(Ky\G(A)/Ky, E)-stable direct summands of

C.(Bung n(F,), E) and C.(Bung n(Fy)/E, E),
respectively, so Theorem induces F-algebra homomorphisms
Exc(Wr, G)p — Ende, (ky\a(8)/ 5. 5) (Ce(GF\G(A) /Ky, E)),
Exc(Wr, G)p — Ende, (iy\6(2)/ k. 5) (Ce(G(F)E\G(A) /K, E)).
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6.12. For us, the most convenient interpretation of Fargues—Scholze [12] is the

following theorem. Write 35, (G(F),), A) for the center of Co(K,\G(F,)/Kpn,A).

Theorem. There exists a unique A-algebra homomorphism
Exc(We,,G)a — 35, (G(F,), A)

that sends Sy v,z.¢,~. to the composition

loc,*,0 loc,*,0 loc,I,0
CC(G(FU)/KTHA) 77—[1 o, AT, HVIA(G)J”“A‘W” (M)
J’Y.
loc,*, 3 loc,x, loc,T
CC(G(F’U)/KTH A) - Hlo,(”r:w,?\ My HV0|CA<§),7LU,A Mo = H\3Cnv (/)\lA(ﬁu)
Proof. This follows from [I2] Corollary IX.2.4] and [12], Theorem VIII.4.1]. O

6.13. We now prove local-global compatibility on the level of algebras over E.
Write AY for the away-from-v adeles, write K3, for A N Ky, and let n be the
multiplicity of v in N. So Ky = K, K}, .

Theorem. The square

EXC(VVFU7 é)E G(FU

EXC(WF,G)E %Endc (KN\G(A)/Ky, E) CC )\G( )/KN,E))

commutes.

Proof. It suffices to check commutativity on the canonical generators Sy v,q.¢~, Of
Exc(Wp,,@)g, where I is a finite set, V is an object of Repy((G x Gal(F/F))T),
x is a morphism 1%V|A(§), & is a morphism V|A(@)ﬁ17 and v, is in WI{ﬂv.
This amounts to computing certain E-linear actions on C.(G(F)\G(A)/Kny, E),
which we check on the E-spanning set given by 1g(r)gr, for g in G(A). Since
the C.(K,\G(Fy)/ Ky, E)-action commutes with the G(AY)-action, we can assume
that the away-from-v components of g equal 1.

Then 1¢(rygky equals the image of 1,4, g, under the natural pushforward map

Ce(G(Fy)/Kn, E) = Ce(G(F)\G(A)/ KN, E).

Because this map commutes with the C.(K,\G(F,)/K,, E)-action, it also com-
mutes with the action of the image of Sr v,z ¢+, in 3k, (G(Fy), E). Hence we can
compute the latter for 1g(r)gx, by computing it for 1, f,

. . . . loc,*,<s,0|
Fix s such that 1,4, g, lies in the image of Hl,nv,E 7, 11

HY S |, = CelG(F,) [ K, E).

By Theorem and the image of St va.¢~, 0 3k, (G(Fy),E) acts on 1.k,
via the composition

loc,*,<s,0 loc,*,<s,0 loc,1,<s,0
HYOos? < = HYDS

1,nv,E My V|A(é),nv,E My — ""Wonv,E |A(ﬁu)
Ve loc,I,<s’,0 _ qyloc,*,<s’,0 € 4 loc,%,<s’,0
(*) HV,n'U,E |A(ﬁv) - Hle(é),n’U,E Mo Hl,nv,E Mo
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for large enough s’. By enlarging the away-from-v part of N and using the action
of G(A") as before, we can assume that deg N is large enough. Then Lemma
shows that ©,, yields a natural f-pushforward morphism

loc,I,<s I1,<s
HV,nv,E‘ |A(ﬁu) - HV,N.,E|A(W)7

where we use Lemma [6.4] [I2, Proposition VIL5.2], and [28, (5.7.2)] to identify
I, D), <s I,<s
(fs)g(mu [(l]:g/,lN,E © )X(ﬁv)] = /HV,NS,E|A(W)'

Lemma and Lemma imply that ’H%?‘;Li%ﬂ A@) —>7—L{,§Vs glag induces
a morphism from the composition diagram in Equation @ to the composition
diagram

#5801 T, g%<s,0 __q1,<s,0
HLN,E n HVIA@),N,E‘W - HV,N,E|A(W)
Yo 1,<s’,0 _ 4y%,<s',0 € 4,%,<s’,0
(%) —HYNE lam = HV|A(@),N,E|W_>H1,N,E l7-

When I = x and V = 1, the natural §-pushforward morphism recovers
Ce(G(Fy)/Kn, E) = Ce(G(F)\G(A) /KN, E)

on fibers, so we see that the image of Sy v.¢.¢ 4, in 3K, (G(Fy), E) acts on 1g(p)gky
via Equation (@ But Theorem and indicate that this is precisely how
the image of St v,z.¢~, in Exc(Wr, G)g acts on 1g(pygiy, as desired. O

6.14. Let us recall the elements of the Bernstein center constructed by Genestier—
Lafforgue [15]. Write mpg for the maximal ideal of O, and let ¢ be a non-negative
integer. Write 3, (G(F,), Og/m$) for the center of C.(K,\G(F,)/Kpn, Op/m%).
For any finite set I, algebraic function f on @\(L Gl G, element e of WI{:U, and pos-
itive integer n, write 3% ; . for the element of 3k, (G(F,), Op/m%) constructed
in [I5, Théoréme 1.1]ﬂ

6.15.  We prove that the elements of the Bernstein center constructed by Fargues—
Scholze coincide ‘with those constructed by Genestier—Lafforgue. Recall that the im-
age of Exc(Wr, G) in Ende, (xy\c(a)/Kn,E) (Ceusp(G(F)E\G(A) /K, E)) preserves
Ceusp(G(F)ENG(A)/K N, Og) [33, Proposition 13.1], so induces an Og-algebra
homomorphism

~

EXC(VVF7 G) — EndCC(KN\G(A)/KN,OE)(Ccusp(G(F)E\G(A)/KNy OE))
For any object V' of Repe, (*G)!, morphism z : 1—>V\A(@), and morphism £ :
V|A(@) — 1, write f for the algebraic function on é\(LG)I/@ given by ge — £(ge-2).

Theorem. The square

~

EXC(WFNG) 3K, (G(Fv)voE)

| J

~

EXC(WF, G) e EndCC(KN\G(A)/KN,OE)(Ccusp(G(F)E\G(A)/KNa OE))

"While [I5] Théoréme 1.1] is stated for split G, the proof adapts for all G. Indeed, this is
implicitly used in [I5, Théoréme 8.1].
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commutes. Consequently, the image of Sivze~. 0 3k, (G(Fy), Op/m%) equals
5Sy%alvf/‘/o'

Proof. Since Theorem [6.12] is compatible with changing A, the first claim fol-
lows immediately from Theorem and the flatness of the above objects over
Opg. From here, tensoring with Op/m§ shows that the image of Srvze¢, in
3k, (G(Fy), Og/m%) has the same action on

Ceusp(G(F)E\G(A)/ KN, O /m)

as the image of S7 vz, I Exc(Wp,G) does. Now 3o 1 f~. €njoys the same
property by [I5, Proposition 1.3], so they must be equal by [15, Lemme 1.4]. O

6.16. We conclude this section by proving Theorem A. For us, cuspidal automor-
phic representations of G(A) are irreducible summands of C25. (G(F)E\G(A), Q)

cusp
~

lying in a single generalized eigenspace for Exc(Wpg, G)@[, where = is some lattice
of Z(F)\Z(A).

Theorem. The square

cuspidal automorphic GLCg L-parameters
representations of G(A) for G over F

J(—n l(—wm

irreducible smooth LLCG, semisimple L-parameters
representations of G(F,) for Gg, over F,

commutes.

Proof. Let II be a cuspidal automorphic representation of G(A), and let N be

large enough such that II®~ is nonzero. Adopt the notation of and write

X1, : 3, (G(Fy), Q) — Q, for the Q-algebra homomorphism induced by ITX».
By Theorem the square

~

EXC(WFU,G)@[ IK, (G(Fv)v@f)

| J

Exc(Wr, G)g, — Ende e\ aa)/ 0 3, (Ceusp (GIF)E\G(A) /K, Q)

~

commutes. The action of Exc(Wr,G)g, on 15~ corresponds to GLCg (IT) under

Proposition and composition with the left arrow corresponds to GECG(H”%?’FU
under Proposition On the other hand, the action of 3z, (G(F,),Q,) on X~
corresponds to xm,, and the composition with the top arrow corresponds to to
LLCg,, (II,) under Proposition Hence commutativity of the square yields the
desired result. (]

7. APPLICATIONS

We revert our notation to the local context: let F' be a local field of characteristic
p > 0, let G be a connected reductive group over F', and write C for its radical.
Our goal in this section is to prove Theorem B, Theorem C, and Theorem D. The
proofs all proceed by carefully embedding local representations into global ones.
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7.1. First, we need some notation about purity.

Definition. Let p = (p*, N) be an L-parameter for G over F, where N lies in
(Lie G)(Q,). We say that p is pure if (ad op®,ad(N)) is pure as in [44] p. 471].

7.2. Lemma. Let p be an L-parameter for G over F, and write r, for the associated

homomorphism Wr x SLy(Q,) — “G(Q,) as in [I7, Proposition 2.2].

a) Our p is pure if and only if, for all isomorphisms Q, = C, the restriction of Tp
to Wg x SUs(R) has bounded image after projecting to @ad((C).

b) If p is semisimple, then there exists at most one pure L-parameter for G over F
whose semisimplification equals p.

Proof. By postcomposing with ad : “G — GL(Lie é), part a) reduces to showing
that an L-parameter p for GL;, over F is pure as in [44] p. 471] if and only if, for
all isomorphisms Q, 2 C, the restriction of r, to W x SUs(R) has bounded image
in PGL,(C). This follows from [46], (4.3.7) (2)].

Finally, part b) follows from part a) and the proof of [4, Proposition 1.3.1]. O

7.3.  With the above preparations, we now prove Theorem B. Fix an isomorphism
Q, = C, which we use to define essentially L? representations

SS

Theorem. The family of maps LLCg uniquely lifts to a family of maps

LLC.. - irreducible smooth L-parameters
G\ representations of G(F) for G over F |’

where G runs over connected reductive groups over F', that is compatible with twist-
ing by characters, compatible with parabolic induction for essentially L? represen-
tations as in [30, Conjecture 6.1 (7)], and whose value on L* representations with
finite order central character is pure.

Proof. By compatibility with parabolic induction for essentially L? representations,
LLC¢ is determined by its values on essentially L? representations m. By compati-
bility with twisting by characters, we can assume that 7 also has finite order central
character w, : C(F) H@Z . There exists at most one pure L-parameter for G over
F whose semisimplification equals LLCE(7) by Lemma b), so we just need to
construct it.

By [14, Lemma 3.2], there exists a global field F of characteristic p, a place v of
F, a connected reductive group G over F, and an isomorphism F,, = F such that
e Gy, is identified with G as group schemes over F,, = F',

e the radical C of G has F-split rank equal to the F-split rank of C.

Write Ag for the adele ring of F. By the Chebotarev density theorem, there exists a
place v # v of F where Gy, is split. Write [Fys for the residue field of F/, identify
F, with Fy(1), and write Gg,, as the pullback of a split connected reductive
group H over Fy .

Let ¢ be a generic character for H as in [25, Section 1.3]. Write II' for the
cuspidal automorphic representation of H(A]Fq, (z)) associated with the automorphic
sheaf Ay as in [25], Definition 2.4], and write R for the L-parameter for H over Fy/(z)
associated with the H-local system Klg(¢) as in [25, Theorem 1(1)]. Since Ay is a

8By [42], Corollary 6.2], LLCE arises from a map of algebras over Q(,/g), so everything works
canonically using representations with C-coefficients instead.
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Hecke eigensheaf with eigenvalue Klg(¢), we see that II"” and R are associated via
the Satake isomorphism at cofinitely many places of Fy/(z). Hence the Chebotarev
density theorem shows that, for all V' in Rep@ ﬁ, the representations V o R and
V o GLCg (IT') are isomorphic. In particular, for all irreducible summands V' of ad,
a) V o GLCy(Il') is pure of weight 0 by [25] p. 292],

b) Vo GLCu(Il')[w, (1, is irreducible by [47, Corollary 4.5.8].

Now a) and [11}, (1.8.5)] imply that ado GLCg(II')|w. ,  is pure of weight 0 as

For(Ly
in [44, p. 471]. Then b) implies that GLCH(H’)|WF L is already semisimple, so
Theorem [6.16|indicates that LLC;SIF Ly (Il) = GLCu(Il')[w, Ly

By [14] p. 2829], there exists a finite order character w : C(F)\C(Ar) %@Z such
that w, is identified with w, and w,/ is identified with an unramified twist of w,_.
Note that kerw contains a lattice = of C(F)\C(Ar). Then [13, Lemma A.1] and
[14, Lemma 8.1] yield an irreducible summand IT of CZ5, (G (F)E\G(AF), Q) such
that

e II, has the same cuspidal support as 7,
e Il is isomorphic to an unramified twist of II’, via F, = Fg ((2)).
Now [33], Lemme 16.2]E|indicates that ad o GLCg (II) is mixed. Because ad o GLCg (IT)

is also semisimple, its irreducible summands are pure by [I1], (3.4.1) (ii)]. The-
orem and [I2, p. 331] show that GLCg(II)[}}, = is an unramified twist of

LLC, , (), so adoGLCa (I, = ado LLCH, .
of Weigilt 0 as in [44] p. 471] by the above discussion. Therefore 11, (1.8.5)] implies
that the irreducible summands of ad o GLCg(II) (and hence ad o GLCg (II) itself)
are pure of weight 0.

Finally, [11, (1.8.5)] shows that ad o GLCq(II)[ws, is pure of weight 0 as in
[44, p. 471]. Hence Theorem indicates that GLCq(IT)|ws, is the unique pure
L-parameter for G over F whose semisimplification equals LLCE (). O

(IIL.), which is pure

7.4. We give the following abstract proof of Theorem C.

Theorem. There exists at most one family of maps
LLOS - { 1rreducible smooth } { semisimple L-parameters }
G )

representations of G(F) for G over F

where G runs over connected reductive groups over F', that is compatible with twist-
ing by characters as in |21}, Property 2.8], compatible with parabolic induction as in
[21l Property 2.13], and satisfies the conclusion of Theorem .

Consequently, the Genestier—Lafforgue correspondence agrees with the Fargues—
Scholze correspondence.

Proof. By compatibility with parabolic induction, LLCZ is determined by its values
on cuspidal representations 7. By compatibility with twisting by characters, we can

assume that 7 also has finite order central character w, : C(F) —>@ZX .
Let F, v, G, and C be as in the proof of Theorem By [14, Lemma 3.3],

there exists a finite order character w : C(F)\C(Ap) — Q, such that w, is identified
with w,. Note that ker w contains a lattice = of C(F)\C(Ar). Poincaré series yield

9Although [33) Lemme 16.2] only addresses the case of split G, it extends to the general case.
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an irreducible summand II of C5,,(G(F)E\G(A), Q) such that II, is identified
with 7 [I5, Theorem 1.1], so the conclusion of Theorem uniquely determines
LLEE (m) as GLCa (N[,

The Fargues—Scholze correspondence satisfies the aforementioned properties by
[12, p. 331], [12, Corollary 1X.7.3], and Theorem The Genestier-Lafforgue
correspondence also satisfies these properties by [15, Théoréme 8.1], so the above

shows that it agrees with the Fargues—Scholze correspondence. O

7.5. Finally, we prove Theorem D. Let D be a central simple algebra over F' of
degree n.

Theorem. The triangle

irreducible essentially L? irreducible essentially L?
representations of D* representations of GLy,(F)

MA

n-dimensional semisimple
representations of Wr

} JL
N

commutes, where JL denotes the local Jacquet—Langlands correspondence as in [6l,

(th. 1.1)].

Proof. Because both JL [6, (th. 1.1)] and LLCE [12] p. 331] are compatible with
twisting by characters, it suffices to check commutativity on L? representations 7

with finite order central character wy : F'* —>@Z .

Let F be a global field of characteristic p along with a place v of F and an isomor-
phism F,, = F'| and let D be a central division algebra over F such that Dg, is iden-
tified with D as central simple algebras over F,, = F. Using the pseudo-coefficient
for JL(7) constructed in [T, Section 5|, the proof of [35 (15.10)] yields a lattice =
of F*\AZ and an irreducible summand IT of CZ5,,(GL, (F)E\ GL,(Ar),Q,) such
that
e II, is isomorphic to JL(),

e for all places v' # v of F where Dy, is ramified, II,/ is cuspidal.

Therefore we can apply the global Jacquet—Langlands correspondence [7, Theorem
3.2] to II, which yields an irreducible summand II of CZ5,,(D*E\(D ®r Ar)*, Q)
such that

e II, is isomorphic to T, B

o for all places w of F where Dy, is split, II,, is isomorphic to IL,,.

Then [33, Théoréme 12.3] and the Chebotarev density theorem imply that

GLCpx (1) = GLCqy, (1),
so Theorem [6.16] enables us to conclude that
LLCH« (7) = GLCpx (H)ﬁ;}FU = GLCqL, (ﬁ)ﬁj}FU = LLCgL, (JL(7)). O
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