ON CLOSE FIELDS AND THE LOCAL LANGLANDS
CORRESPONDENCE

SIYAN DANIEL LI-HUERTA

ABSTRACT. We prove that Fargues—Scholze’s semisimplified local Lang-
lands correspondence (for quasisplit groups) with Fe-coefficients is com-
patible with Deligne and Kazhdan’s philosophy of close fields. From
this, we deduce that the same holds with Q,-coefficients after restricting
to wild inertia, addressing questions of Gan—Harris—Sawin and Scholze.
The proof involves constructing a moduli space of nonarchimedean local
fields and then extending Fargues—Scholze’s work to this context.
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INTRODUCTION

Close fields. In number theory, there is a heuristic that
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“as absolute ramification tends to oo, p-adic fields tend to function fields.”

For example, let F be a p-adic field with residue field F; and absolute ramifi-
cation index e, and write E’ for the function field Fy((t)). Write I" and I'" for
the absolute Galois groups of F and E’, respectively. Building on work of
Krasner [28], Deligne [10] showed that there exists a canonicaﬂ isomorphism

1Everything depends on a choice of uniformizer (up to multiplication by 1+ p®, where
p denotes the maximal ideal of the ring of integers) of E. However, we ignore this in the

introduction.
1
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(up to conjugation)
r/Ie=r'/re,

where I¢ and I’® denote the e-th ramification subgroup of I' and I, respec-
tively. Consequently, we get a canonical bijection between representations
of I that are trivial on I¢ and representations of IV that are trivial on I’¢.

This bijection also applies to Galois representations with extra structure.
More precisely, Deligne’s isomorphism induces a correspondence G/E <>
G’/ E' between isomorphism classes of quasisplitﬂ connected reductive groups
that split over an e-ramified extension. Under this correspondence, Deligne’s
isomorphism also induces a canonical bijection

L-parameters p L-parameters p/
for G with p|re =1 for G’ with p'|pe =1 [~

Something similar happens for representations of p-adic groups. Fix a
positive integer n. One can compatibly define n-th congruence subgroups
K™ and K™ of G(F) and G'(E’), respectively, by using the corresponding
Chevalley group over Z. Let £ # p be a prime, and let A be either Fy or Q,.
Extending results of Kazhdan [25], Ganapathy [19] showed that there exists
a canonical isomorphisnﬂ between the bi-invariant Hecke algebras

H(G(E), K")x = H(G'(E), K™)x
over A whenever e is large enough. Consequently, we get a canonical bijec-
tion
smooth irreps 7 of G(E) smooth irreps 7’ of G'(E’)
over A with 7% #£0 over A with 7’5" £0 '

Local Langlands. The Langlands program predicts a relationship between
automorphic forms and Galois representations. For example, in the context
of connected reductive groups G over nonarchimedean local fields F, recent
groundbreaking work of Fargues—Scholze [14] yields a natural map

LLCSS - smooth irreps semisimple L-parameters
G\ of G(E) over A for G over A '

The goal of this paper is to prove that LLC is compatible with Heuristic
(ED. Our first main theorem concerns the case of Fy-coefficients.

Theorem A. Let G’ be a quasisplit connected reductive group over E’ that
splits over an n-ramified extension. There exists an integer d > n such that,
for all p-adic fields E with residue field F, and absolute ramification index
e>d,

20ne can even extend this to all connected reductive groups that split over an e-ramified
extension [I8 Lemma 5.1], though we do not work in this generality.

3While Kazhdan and Ganapathy work over C =~ Q,, one can deduce the result over
F, using their work. Also, strictly speaking, we use an isomorphism whose construction
differs from that of [19], and we do not know whether these isomorphisms are equal. See
Appendix
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i) the map LLCE restricts to a map

LLCSS - smooth irreps @ of G(E) semisimple L-parameters p
G- over Fy with 78" #0 for G over Fy with p|ra =1 [~

i1) the square

smooth irreps ™ of G(E) LLCH semisimple L-parameters p
over By with 78" # 0 for G over Fy with p|ja =1

I I

smooth irreps @ of G'(E') | LLC& [ semisimple L-parameters p'
over Fy with #'K™ # 0 for G’ over Fy with p'|;a =1

commutes.

We actually prove a refinement of Theorem A on the level of excursion
algebras; see Theorem Using this refinement, we prove our second main
theorem in the case of Q,-coefficients.

Theorem B. Let G' be a quasisplit connected reductive group over E' that
splits over an n-ramified extension. There exists an integer d > n such that,
for all p-adic fields E with residue field F, and absolute ramification index
e>d,

i) the map LLCE restricts to a map

LLCS - smooth irreps m of G(E) semisimple L-parameters p
G- over Q, with 8" # 0 for G over Q, with pl;a =1 [~

ii) the square

smooth irreps  of G(E) LLCE semisimple L-parameters p
over Q, with 5" # 0 for G over Q, with p|;a =1

I I

smooth irreps @ of G'(E') | LLC& [ semisimple L-parameters p'
over Q, with =5 # 0 for G' over Q, with p'|pa =1

commutes after restricting to the wild inertia subgroup.

This addresses (a generalization to quasisplit connected reductive groups
of) a question of Gan—Harris—Sawin [I7, Conjecture 11.7]E| and Scholze [35],
p. 470].

Remarks.

1) Since LLC equals the expected local Langlands correspondence when
G is a torus [14] p. 331], in this case Theorem A and Theorem B follow
from work of Aubert—Varma [2, Theorem 1.2.1(iv)].

4Gan-Harris-Sawin work with the Genestier-Lafforgue correspondence [20] for G/, but
this agrees with the Fargues—Scholze correspondence by [30, Theorem CJ.
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2) One can ask whether our main theorems hold for d = n. The answer for
part i) is already negative when G is a wildly ramified induced torus [33),
Sec. 7.1]. However, one expects the answer for part i) and part ii) to be
positive when G is split [I7, Conjecture 11.7].

Idea of proof. We begin by introducing a moduli space of nonarchimedean
local fields, which allows us to conceptualize Heuristic (ED This starts
with the observation that, by Krasner’s lemma, there exists an enumera-
tion {E;}ien of all p-adic fields with residue field Fy (up to isomorphism),
and as 7 tends to infinity, the absolute ramification index of F; also tends
to infinity. We use this to construct a topological ring E such that

e the topological space |Spa F| is naturally homeomorphic to the one-point

compactification N U {oo} of the discrete space N,

e for all ¢ in N, the residue field of Spa E at i is F;, and the residue field of

Spa E at oo is E = Fy((t)).

Therefore Spa FF can be regarded as the moduli space of nonarchimedean
local fields with residue field F,. We prove that finite étale F-algebras
are spread out from finite étale E’-algebras in a way that is compatible
with Deligne’s isomorphism, so the finite étale site of Spa F geometrizes the
Galois side in our main theorems.

What about the automorphic side? First, using the above results, we
spread out quasisplit connected reductive groups G’ over E’ to reductive
group schemes G over E in a way that is compatible with Deligne’s isomor-
phism. Next, we refine our construction of E to produce a ring topological
space E over N U {oc} that recovers E after taking global sections. We use
this to construct a group topological space G(E) over NU{oo} that interpo-
lates between p-adic groups for different nonarchimedean local fields, as well
as to define a compact open group subspace K" C G(E) over NU {oo} that
interpolates between n-th congruence subgroups. Finally, we introduce and
study a notion of smooth representations of G(E) with A-coefficients, which
are sheaves of A-modules on NU {oo} equipped with certain continuous ac-
tions of G(E). An important example is the compactly supported induction

c—IndH(é,(lE) A; crucially, we prove that its endomorphism sheaf
Endg) (c-Indg " A)

is isomorphic to the constant sheaf H(G'(E’), K')a on NU {oo} in a way
that is compatible with Ganapathy’s isomorphism.

From here, we geometrize the above theory as in work of Fargues—Scholze
[14]. Write O C FE for the subring of powerbounded elements. We begin by
constructing a generalization of Witt vectors for O-algebras that interpolates
between O;-typical Witt vectors for all ¢ in N, where O; denotes the ring
of integers of F;. Next, we use this to define and study a generalization
Xg — Spa E of the relative Fargues—Fontaine curve for any perfectoid space
S over NU {oo}F . Restricting to perfectoid test objects S puts us in the

- _~4aq
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world of diamonds [36]E| and here we define a space
Divy —+NU {oo}
- __~aq

of degree 1 relative effective Cartier divisors on Xg. By reducing to the
situation considered in Fargues—Scholze [14], we prove a version of Drinfeld’s
lemma for Div.

Continuing as in work of Fargues—Scholze [14], we introduce the moduli
stack

Bung =+ NU {oo}

of G-bundles on Xg. To study Bung, we reduce many statements to the case
of vector bundles by proving a Tannakian description of G-torsors, which
is subtle because E is non-noetherian. We then handle the case of vector
bundles by using our generalization of Witt vectors to prove an explicit
version of Lubin—Tate theory over E, generalizing arguments of Fontaine
[15] and Fargues—Fontaine [13].

At this point, we prove a version of the geometric Satake equivalence for
G/E with Zg-coefficients. This requires working over non-noetherian rings
like

Cont(NU {0}, Zy),

which seem inaccessible to Tannakian identification results, so we instead
use an elaborate argument to reduce to the situation considered in Fargues—
Scholze [14]. Our geometric Satake equivalence lets us spread out geometric
Hecke operators T{, from the stack Bungs studied in Fargues-Scholze [14]
to our stack Bung.

We can now put everything together to prove Theorem A. Recall that
LLC, is defined using excursion algebras, which are certain Zs-algebras
with canonical generators indexed by tuples (J,V,z,&,~,), where J is a
finite set, V is a representation of the J-th power (*G’)” of the L-group, z
and ¢ are elements of V and V'V, respectively, that are fixed by the image
of the diagonal map @’<—>(LG')J, and ~, is a J-tuple of elements of the
absolute Weil group of E’. Any such tuple induces an endomorphism of

A= c—Indg’;,&E ) F, via the composition

(x) A= T{(A) S THA) 25 THA) S5 TiA) = A,

where we view A’ as an étale Fy-sheaf on the open locus of trivial G’-bundles

Buan/ C Bungr. Using the geometric Hecke operators 7y on our stack

Bung, we can spread out to an endomorphism of A := C—Indgg) F, via

5By the tilting equivalence and almost purity, perfectoid spaces provide another ex-
ample of Heuristic . Hence their appearance here should be unsurprising. See [35]
p. 470].
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the composition
A =Ty (A) 5 Ty (A) 25 Ty (A) =55 Ty (A) = A,

where we similarly view A as an étale Fy-sheaf on the open locus of trivial
G-bundles Buné C Bung. Then part i) follows from compactness properties
of Ty, and part ii) follows from our isomorphism

H(G'(E'), K™)5, = Endgg) (A).

Finally, let us sketch the proof of Theorem B. Work of Bernstein [3]
reduces us to proving part ii) for individual irreducible cuspidal representa-
tions 7’ of G'(E') over Q. After twisting 7/ by an unramified character, we
can assume that 7’ is defined over Z;, which implies that the corresponding
irreducible smooth representation 7 of G(E) is also defined over Z,. By ap-
plying the excursion algebra version of Theorem A, the desired result then
follows from comparing LLC, (") and LLCE(7r) mod ¢ and using the fact

that the kernel of G(Z¢) — G(F) is (ind-)pro-C.

Outline. In 1} we develop a theory of smooth representations over profinite
sets. In we introduce our moduli space of nonarchimedean local fields
and study its Galois theory. In we construct a generalization of Witt
vectors over O, which we use to define a version of relative Fargues—Fontaine
curves. In §4] we prove an explicit version of Lubin-Tate theory over E, and
we apply this in §5| to study vector bundles on Fargues—Fontaine curves in
our context.

In §6 we introduce the connected reductive group G over E, and we prove
that Hecke algebras for the resulting family of p-adic groups over NU {oco}
geometrize Ganapathy’s isomorphism. (Actually, we use an isomorphism
whose construction differs from that of Ganapathy; see Appendix ) We
also define the moduli stack Bung. In §7] we introduce Beilinson—Drinfeld
affine Grassmannians in our context, and in §8 we prove a version of the
geometric Satake equivalence for G/E. Finally, we put everything together
in §9 to prove Theorem A and Theorem B.

Notation. Unless otherwise specified, all rings are commutative. We endow
all finite free Z-modules with the discrete topology. For all rings R and affine
groups G over R, write Rep G for the category of representations of G on
finite free R-modules.

Starting in §3] we freely use definitions from perfectoid geometry as in
[36] and [14]. We work over SpdF, (unless otherwise specified) until
after which we work over Spd Fq.

For all small v-stacks Z on Perfp, and rings A that are {-power torsion,
write Shvg(Z,A) C Dg(Z,A) for the heart of the standard ¢-structure.
Write Dy.(Z,A) for the full subcategory of D¢ (Z,A) given by objects that
are étale-locally constant with perfect fibers, and write LocSys(Z, A) for the
full subcategory of D¢ (Z, A) given by objects that are étale-locally constant
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with finite projective fibers. We view all functors between Dgi(—,A) as
derived functors, and starting in we view Dgi(—, A) as oo-categories.
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1. SMOOTH REPRESENTATIONS OVER PROFINITE SETS

In this section, we develop a theory of smooth representations for certain
group topological spaces over a profinite set. The group topological spaces
that we consider are a relative version of locally compact totally disconnected
(or lctd) topological groups. Examples will include the analogues of absolute
Galois groups in §2] absolute Weil groups in §3| and p-adic groups in §6]

This section is elementary and self-contained; although nobody would
want to, it can be read independently of the other sections.

1.1. We start with some recollections about topological spaces S. Recall
that the étalé space construction yields an equivalence from the category
of sheaves on S to the category of étale topological spaces over S, with a
quasi-inverse given by the sheaf of continuous sections [32), I1.6, Corollary 3].
Consequently, we think of étale topological spaces over S as being “relatively
discrete” over S. For any topological space X over S and open subset U of
S, write X (U) for the set of continuous sections of Xy — U.

For the rest of this section, assume that S is profinite. Then compact
open subsets U of S form a basis for the topology of S, and because U
is also profinite, every open cover of U splits. Hence when evaluating on
this basis, it suffices to check the sheaf condition for S on pairs of disjoint
compact open subsets of S.

1.2.  We study the following generalization of lctd groups in the sense of
27, 2.2].

Definition. Let G be a group topological space over S. We say that G is
lctd over S if G is Hausdorff and

a) there exists a family { K}, of compact open group subspaces of G over
S that is cofinal among neighborhoods of the identity section in G,

b) for all s in S and g, in the fiber G, there exists a neighborhood U of s
and g in G(U) such that g(s) = gs.
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If G is étale over S, then Definition b) holds automatically. However,
for our applications it is important to consider G that are not étale over S.
For all s in S, evaluation at s yields a homomorphism evy : ligU G(U)— Gs,
where U runs over compact neighborhoods of s. Note that Definition [I.2]b)
is equivalent to evg being surjective.

For the rest of this section, let G' be a group topological space over S that
is letd over S, and let { K}, be a family of compact open group subspaces
of G over S satisfying Definition [1.2}a).

1.3.  While evg need not be bijective, it does satisfy the following relation-
ship with open group subspaces H of G. Note that any such H is Hausdorff
and satisfies Definition [1.2]Db).

Lemma. For all s in S, the kernel of evy lies in hﬂU H(U), where U runs
over compact neighborhoods of s. Consequently, evs induces a bijection

ling G(U)/ lig H(U) G/ H..
U U

Proof. Let g be in kerevy, and view g as a continuous map g : U — G for
some compact neighborhood U of s. Then g~!(H) is a neighborhood of s,
so it contains a compact neighborhood U’ of s. Hence g¢|y lies in H(U’).
Finally, the last statement follows from Definition b) applied to G and
H. O

1.4. Since H is open in G, we expect the “quotient” of G by H to be
“discrete.” Naturally, these notions of “quotient” and “discrete” should be
considered relatively over .S, and we make this precise as follows. Write G
and H for their associated sheaves on S, and consider the quotient G/H of
sheaves on S.

Proposition. For all compact open subsets U of S, we have
GU)/H(U) = (G/H)(U),

and for all s in S, we have Gs/Hs = (G/H)s. Moreover, the map q :
G — G/H over S whose fiber at s equals the quotient map Gs— Gg/Hs is
continuous.

Proof. Let U and U’ be disjoint compact open subsets of S. Then

GUUU)/HUUU') =(GU) x GU")/(H(U) x H(U"))

= [GU)/H(U)] x [GU")/H(U")],
so shows that, when evaluating G/H on compact open subsets of S, we do
not need to sheafify. Lemmall.3|immediately implies that Gs/Hs = (G/H)s.
To see that ¢ is continuous, it suffices to show that, for all compact open

subsets U of S and ¢ in (G/H)(U), the preimage under ¢ of o(U) is open.
Now o = gH(U) for some g in G(U), so this preimage equals the union of
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g(u)H, for all v in U. But this is precisely the image of the open subset
Hy C Gy under the homeomorphism

GU:UXSG%GUXSGL)GU. U

1.5. The notion of discrete spaces with continuous actions (and conse-
quently of smooth representations) generalizes to our setting as follows. Let
A be a ring.

Definition.

a) An étale G-space is an étale topological space X over S along with a
continuous action a : G xg X — X over S.

b) A smooth representation of G over A is a A-module étale topological
space V over S along with a continuous A-linear action a : G xgV —=V
over S.

Write Rep(G, A) for the category of smooth representations of G over A,

and write A for the constant topological space over S along with the trivial

action of G.

For all smooth representations V and V' of G over A, write Hom(V, V")
for the sheaf of A-modules on S that sends compact open subsets U of S to
the set of morphisms Viy — V{; of smooth representations of Gy over A.

1.6. We now translate the various ways of interpreting discrete spaces with
continuous actions (and consequently of smooth representations) into our
relative setting. Let X be an étale G-space, and consider the continuous
map

p:GxSXMGxSX.

Write pr : G — S for the structure map, and recall that a G-equivariant
sheaf on S is a sheaf X on S along with an isomorphism pr* X = pr* X
satisfying the cocycle condition.

Lemma. This association induces an equivalence of categories between

a) étale G-spaces X,

b) G-equivariant sheaves (X,p:pr* X = pr* X) on S.

Proof. By checking on fibers, we see that p: G xg X = G x g X satisfies the
cocycle condition and is bijective. Since G xg X is étale over GG, the latter

implies that p is a homeomorphism, as desired.
In the other direction, let X be a sheaf on S along with an isomorphism

pipr* X Sprf X
of sheaves on G satisfying the cocycle condition. Then the composition
P pry
a:Gxg X —Gxg X —— X

is continuous, and checking on fibers shows that a is an action over S. [
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1.7. Let X be an étale G-space, and consider the action G x X = X of
sheaves on S induced by the continuous map a : G xg X — X.

Proposition. This association induces an equivalence of categories between

a) étale G-spaces X,

b) sheaves X on S along with an action G x X — X of sheaves on S such
that, for all compact open subsets U of S and 7 in X (U), there exists an
a with K*(U) stabilizing T.

Proposition implies that Rep(G, A) is naturally an abelian category,
so we can form its derived category D(G, A).

Proof. Since a is continuous and 7 is an open embedding, the cartesian
diagram

stabgT —— U

J

GXSU o

lid XT

GxgX 25X

shows that stabg 7 is a neighborhood of the identity section in Gy. By
Definition a), there exists an o with K} lying in stabg 7, so our action
G x X — X of sheaves on S satisfies the property in part b).

In the other direction, let X be a sheaf on S along with an action G X
X — X of sheaves on S satisfying the property in part b). For all s in
S, taking stalks yields an action of lim, G(U) on X, where U runs over
compact neighborhoods of s. We claim that this action factors through
evs : @U G(U)— Gs. To see this, let g be in kerevy, let 7 be in X,
and view 7 as an element of X (U) for some compact neighborhood U of
s. Lemma represents ¢g as an element of K“(U’) for some compact
neighborhood U’ C U of s, so g stabilizes 7|y, as desired.

The claim induces an action G5 X X; — X, and taking the disjoint union
over s yields an action ¢ : G xg X = X over S. As U and 7 vary, the
open subsets G xg 7(U) of G xg X form a cover, so it suffices to check
the continuity of a by restricting to G xg 7(U). Then Proposition and
checking on fibers show that a : G xg 7(U) — X equals the composition

G xs1(U) L9 G/ x5 7(U) — X,
so it suffices to show that the right map is continuous. Because G/K“ is
étale over S, as U varies and o varies through (G/K%)(U), the open subsets
o(U)xs7(U) of G/K“xg7(U) form a cover. Therefore it suffices to restrict
to o(U) xs 7(U). Finally, Proposition [L.4]identifies ¢ = gK®(U) for some g
in G(U), and we see that a : (U) xg7(U) — X equals the map g-7: U — X.
This is indeed continuous. (|
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1.8. Endow the category of étale G-spaces with the Grothendieck topology
whose coverings are given by jointly surjective collections of étale maps.

Corollary. The site {étale G-spaces} is subcanonical, and the Yoneda em-
bedding

{étale G-spaces} — { sheaves on {étale G-spaces}}
is an equivalence of categories.

Proof. Note that surjective étale maps are quotient maps, which implies the
first statement. For the second statement, let F be a sheaf on {étale G-spaces},
and write X for the presheaf on S given by U — lim F(G/K®|y) for all
compact open subsets U of S. For all disjoint compact open subsets U and
U’ of S, we have

lim F(G/K*[purr) = lim F((G/K|v) U(G/K*|u))
= liy (F(G/K°|v) x F(G/K*|)) = [lim F(G/K°|1))] x [lim F(G/K[1r)],

o) shows that, when evaluating X on compact open subsets of S, it is
already a sheaf.

Let g be in G(U), and write g_le‘jg for the image of the open group
subspace Kf; C Gy under the homeomorphism

—1xid m
GU:UXSGXSUu)GU XSGXSGU—>GU.

Because g_lK(‘}g is a neighborhood of the identity section in Gy, Defini-
tion a) yields an n(«) such that Kg(a) lies in g~ 'Kgg. Therefore right
translation by g induces a map G/K™®|; — G /K|y of étale Gy-spaces.
As « varies, note that {g7'K {79}a forms a family of compact open group
subspaces of Gy over U satisfying Definition a). Hence we can choose the
n(a) so that { K g(a) }a also forms such a family. From here, taking lim F(—)
yields a map X (U)— X(U), and as U varies, we obtain an action G X
X — X of sheaves on S. By construction, this action satisfies the property
in Proposition b), so Proposition endows X with the structure of
an étale G-space. Finally, the image of X under the Yoneda embedding is
naturally isomorphic to F, as desired. O

1.9. Next, we introduce our generalization of compactly supported induc-
tion. For the rest of this section, assume that H is both open and closed in
G. By taking intersections, this implies H also satisfies Definition a), so
H is also lctd over S.

Let W be a smooth representation of H over A.

Definition. Write c-Ind% W for the sheaf of A-modules on S that sends
compact open subsets U of S to the set of continuous functions f : Gy - W
over S such that
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a) the square

HXSGUL)GU

J(id xf Jf
HxgW ——=W
commutes,

b) there exist ¢1,...,9, in G(U) such that, for all v in U, the function
fu+ Gy — W, is supported on (J;_; Hugj(u).

1.10. Lemma. For all s in S, restricting to G yields a bijection
(c-IndG W), = c—Indez (Ws).
Proof. For injectivity, let U be a compact neighborhood of s, let f be in
(c-IndG W)(U),

and let gi,..., g, be the elements of G(U) provided by Definition [1.9]b).
Suppose that f|g, = 0. Then, for all 1 < j < r, the preimage under fog; of
0(U) € Wy is a neighborhood of s, so there exists a compact neighborhood
U’ of s contained in all of them. Definition |1.9b) indicates that f|g,, = 0.

For surjectivity, let fs: Gs— W be in C—Indgz (Ws). Since restricting to
G is additive, it suffices to consider fs of the form

s (w5g; Dws  if g lie.s in Hygs,
0 otherwise,
for some w;s in W and g5 in Gs. By Definition b), there exists a compact
neighborhood U of s and g in G(U) such that ¢(s) = gs, and after shrinking

U, there exists w in W(U) such that w(s) = ws.
Write Hyrg for the image of Hy C Gy under the homeomorphism

GU:GXSUMGXSGUL)GU.

Write f : Gy — W for the continuous function over S whose value on Hyg
equals

Hyg——Hy = H xs U % Hxg W —"s W

and whose value on Gy —Hyg equals Oopr, which is well-defined because Hyrg
is clopen in Gpy. By checking on fibers, we see that f lies in (c-Ind§ W)(U),
and its restriction to G equals fs, as desired. O

1.11.  We get an action G x c-Ind% W — c—Indg W of sheaves on S as fol-
lows. For all compact open subsets U of S, g in G(U), and f in (c-Ind§ W)(U),
define g - f to be the composition
id xg m f
Gy=GxsU—G x5 Gy — Gy —— W.

Note that this action is A-linear.
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Lemma. For all f in (c-Ind% W)(U), there exists an o with K*(U) stabi-
lizing f.

Combined with Proposition Lemma yields a continuous A-linear
action G xg c-Ind% W — c-Ind§ W over S, so we obtain a functor

c-Ind% : Rep(H, A) — Rep(G, A).

Proof. Let g1, ..., g, be the elements of G(U) provided by Definition b).
For all 1 < j < r, the subspace g;l stabp (f 0g;)g; € Gy is a neighborhood
of the identity section in Gy, so Definition a) yields an « such that Kf
lies in

g; ' stabs (f © g;)g;
for all 1 < j <r. By using Lemma to check on fibers, Definition [1.9\a)
implies that every g in K¢(U) stabilizes f, as desired. (]

1.12.  We need the following separatedness property of G/H.

Lemma. Let U be a compact open subset of S, let o1 and o9 be in (G/H)(U),
and let w be in U. If 014 # 094, then there exists a compact neighborhood
U' CU of u such that o1y # 02y for all v’ in U’.

Proof. By Proposition there exist g1 and g2 in G(U) such that o1 =
g1H(U) and o9 = goH(U). Proposition also indicates that g1 (u)H, #
92(u)Hy, so (g7 g2)(u) does not lie in H,. Since g;'ge : U—G is con-
tinuous, the preimage under g; Lge of G — H is a neighborhood of w, so it

contains a compact neighborhood U’ of u. Hence g1 (u')H, # go2(u')H, for
all ' in U’, as desired. O

1.13. We want to prove that C—Indg is left adjoint to restriction, so we start
by constructing the counit. Let V' be a smooth representation of G over A,
and consider the map
e:c-IndG(V|g) =V
over S whose fiber at s equals
fs— Z 0;1f5(05)7
os€H\Gs
where the sum is finite by Definition b), and its terms are well-defined
by Definition [1.9\a).

Proposition. The map € is a morphism of smooth representations of G
over A.

Proof. Let U be a compact open subset of S, let f be in (c-Ind% (V| z))(U),
and let g1,...,g, be the elements of G(U) provided by Definition b).
Note that Definition[1.9/b) depends only on the images o1, ..., 0, in (H\G)(U)
of the g1,...,9,.
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Let u be in U. We claim that there exists a compact neighborhood U’ C U
of u and representatives ¢/, ..., g, in G(U’) of the 01|y, ..., 0|y such that,
for all 1 < ji,j2 < r, if Hygj (u') = Hygj,(u') for some v’ in U’, then
991 = 93-2. To see this, note that Proposition and Lemma yield a
compact neighborhood U’ C U of u such that, if 0,/ = 0j,, for some v’ in
U’, then oj, |y = 0j,|yr. Then take ¢i, ..., g, in G(U’) to be representatives
of the ‘71|U’7 e 7UT|U’ such that, if U]j‘U’ = O’j2|U/, then g}l = gg»z.

By construction, the restriction of € o f to U’ equals the sum of the
compositions

/=1 .
G (9 "95) G x5 Gy id x f GxsV—9 v
as g; runs over distinct elements in gi,...,g;. Therefore the restriction of
go f to U’ is continuous, and as u varies, this implies that eo f is continuous.
As U and f vary, this implies that € is continuous. Finally, using Lemma
to check on fibers shows that ¢ is a morphism of smooth representations
of G over A. O

1.14. We now turn to the unit. Let W be a smooth representation of
H over A. For all compact open subsets U of S and w in W (U), write
n(w) : Gy — W for the continuous map over S whose value on Hy equals
the composition

HxsU XS Hxg W —2 W,
and whose value on Gy — Hy equals 0 o pr, which is well-defined because
Hy is clopen in Gy.
Proposition. The map 7 yields a morphism W—>(C—Indf1 W)|m of smooth
representations of H over A. Moreover, c—Indg is left adjoint to the restric-
tion functor (—)|g : Rep(G, A) — Rep(H, A), with counit given by & and unit
given by n, and c—Indg s exact.

Now (—)|g is also exact, so (—)|x and c-Ind$ agree with their derived
functors.

Proof. Checking on fibers indicates that n(w) lies in (c-Ind$ W)(U). Then
Lemmalets us check on stalks to see that the induced map 1 : W — c-Ind§; W
is a morphism of smooth representations of H over A, that € and 7 satisfy the
counit-unit equations for c-Ind$; and (—)|z, and that c-Ind% is exact. O

1.15.  We define finite generation in terms of c-Ind as follows.

Definition. Let V' be a smooth representation of G over A. We say that V is
finitely generated if there exists a surjective morphism @;‘:1 c-IndIG(aj A=V
of smooth representations of G over A for some aq, ..., .

If W is a finitely generated smooth representation of H over A, then
Proposition implies that c—Indg W is a finitely generated smooth rep-
resentation of G over A.
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1.16. We will need the following lemma.

Lemma. Let V and V' be smooth representations of G over A, and as-
sume that V is finitely generated. For all s in S, restricting to Vs yields an
mjection

Hom (V, V')s = Homg, (Vs, V7).

Proof. Let @’_, C—Ind?(aj A —V be the surjective morphism provided by
Definition Because Lemma induces a commutative square

Hom (V, V')s — Homg (P)_; c-IndGe; A, V'),

J |

Homg, (Vy, V!) — Homg, (@;:1 c—Inng?j AV

S

with injective rows, it suffices to consider V = @;:1 c—Indgaj A. Then we
have

Home (D1 c-Indfa; A, V') = SO Hom g (c-Indfe; A, V')s by finitude
- 69;:1 Hom g (A, V7| o)) by Proposition [1.14

= @ (V)
= @', Hom,go, (A, V] o)

= @;:1 Homg, (c—Indi‘z ;A V]) by Proposition

= Homg, (D), c—Indiij A V), by finitude

as desired. O

1.17. Let W be a smooth representation of H over A. To compute the
endomorphisms of c—Indg W, we will use the following generalization of
Hecke algebras. Write End (W) for the sheaf of A-module endomorphisms
of W.

Definition. Write H (G, W) for the sheaf of A-modules on S that sends com-
pact open subsets U of S to the set of continuous functions ¢ : Gy — End, (W)
over S such that

a) the square
HxsGyxsH—" Gy
lidxqﬁxid Jqﬁ
H x5 Endy (W) xs H —— End, (W)

commutes, where the bottom arrow is the map over S whose fiber at s
equals

(hs, Vs, hls) — hgovg o h;,
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b) there exist ¢1,...,9, in G(U) such that, for all u in U, the function
¢y : Gy — Endp (W,) is supported on U;:1 Hygj(u)H,y.

When W = A, write H(G, H)a for H(G,W).

1.18. In the generality of this section, we can only prove the following
injectivity result. However, in our case of interest, we actually upgrade it
into a bijectivity result: see Theorem

Proposition. We have a natural morphism of sheaves on S
¢ : H(G, W) — End(c-Ind§ W).
When W is finitely generated, < is injective.

Proof. Propositionidentiﬁes End(c-Ind§ W) with Hom s (W, (c-Ind% W) |g),
so it suffices to construct a morphism from H(G, W) to the latter. Let U

be a compact open subset of S, and let ¢ be in H(G,W)(U). For all w

in W(U), define ¢(¢)(w) : Gy — W to be the continuous map given by the
composition

Gu = G xs U 2% End, (W) xs W -2 W

Then Definition a) and Definition [[.17}b) imply that ¢(¢)(w) satisfies
Definition [[.9a) and Definition [1.9}b), respectively.

Note that ¢(¢) yields a morphism Wy, %(C—Indgz W) |k, of smooth rep-
resentations of Hy over A. To see that the resulting morphism ¢ of sheaves
on S is injective when W is finitely generated, it suffices to check on stalks.
For all s in S, restriction to the fiber at s yields a commutative square

H(G,W)s — End(c-IndG W),

J |

H(Gs, W) — Endg, (c-Ind W).

The bottom arrow is a bijection, and Lemmal[I.16]and Lemma[I.10]show that
the right arrow is injective. By using Definition b) instead of Definition
b), the proof of Lemma implies that the left arrow is injective, so
the top arrow is injective, as desired. O

1.19. Later, we will need the following fact. Let g be in G(S), and write
HgH for the image of the composition

id id
HxgSsx H S GxgGxgG—" G .

Lemma. The subset HgH C G is open.

Proof. Let s be in S, and let hsg(s)h} be in the fiber of HgH at s for some
hs and A, in H,. By Definition b), there exists a compact neighborhood
U of s and h in H(U) such that h(s) = hs. Then (hg)Hy is a neighborhood
of hsg(s)h), that lies in HgH, as desired. O
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1.20.  We conclude this section by providing a way to construct group topo-
logical spaces over S. Let R be a ring topological space over S. For all sets
I, write R! for the I-fold fiber power of R over S.

Proposition. There is a unique functor

(=)(R) : {affine schemes over R(S)} —{topological spaces over S}

that preserves fiber products and, for all sets I, sends the affine space Af{(s)

to RI. Moreover, for all affine schemes X over R(S), we have a natural

identification X (R)(S) = X (R(9)).

In particular, for all affine group schemes X over R(S), we naturally
obtain a group topological space X (R) over S. Write R* for G,,(R).

Proof. Let X = Spec A be an affine scheme over R(S), and fix a presentation
A = R(S)[Ti)ier/a. Because R is a ring topological space over S, elements of
R(S)[T;]ier induce continuous maps R! — R over S. Applying this to every
element of a yields a continuous map R! — R" over S; define X (R) to be
the fiber product

X(R) —— R!

|, |

s —"— Re.

Now let Y = Spec B be another affine scheme over R(S). Fix a presen-
tation B = R(S)[Ujljes/b, and let f : Y — X be a morphism over R(S).
For all i in I, choose a lift to R(S)[U;]jes of f*T;. As i varies, this yields
a continuous map R’ — R! over S. Checking on fibers indicates that the
diagram

Y(R) —— R’/

/

|,

S Y% L Re

commutes, which induces a continuous map Y (R)— X (R) over S. This
shows that our construction is functorial, as well as independent of the
presentation.

Our construction evidently sends Af%(s) to RI. Let Z = SpecC be yet
another affine scheme over R(S) along with a morphism Z — X over R(S).
By choosing presentations of B and C over A, we see that our construction
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preserves fiber products. The cartesian square

X—— A{_z(s)

|

0
Spec R(S) —— Afs)
indicates that these properties uniquely determine the value of X (R). Fi-
nally, the fiber product definition of X (R) immediately yields the desired
description of X (R)(S5). O

2. LOCAL FIELDS IN FAMILIES

In this section, we conceptualize Heuristic (ED by converting sequences
{E;}ien of p-adic local fields into nontrivial families over N U {oco}. We
begin by constructing a ring topological space E over NU {co} whose fibers
recover the F;. Next, we define the topological ring E to be the global
sections of [E, and we study finite étale F-algebras. We prove that E enjoys
a version of Galois theory over N U {co} that is compatible with Deligne’s
isomorphism. Finally, we conclude by extending various constructions (e.g.
maximal unramified extensions, adjoining ¢-th power roots of a uniformizer,
separable closures, and Lubin—Tate extensions) to the context of F.

2.1.  When forming families of local fields, it will be convenient to work in
the following generality. Let k be a perfect field. Let {F;};cn be a sequence
of complete discretely valued fields of characteristic 0 with residue field k,
and write E, for x((t)). For all i in NU {oo}, write v; : E; —Z U {oco} for
the (normalized) valuation, write O; for the ring of integers of E;, and write
p; for the maximal ideal of O;. For all positive integers n, recall from [I10}
(1.2)] that Tr,(E;) denotes the triple

(Oi/p} /07 pi /0 — i /PT).

When i lies in N, write e; for the absolute ramification index v;(p), assume
that e; — oo as ¢ — 0o, and fix an isomorphism Tr., (F;) = Tr, (Ex). Note
that this includes an isomorphism O;/p* = Ou/p%. Write mo for ¢, and
choose a uniformizer m; of E; whose image in O;/p;" = O /p% equals the
image of .

2.2. View N as a discrete topological space, and write N U {oc} for its
one-point compactification. Note that N U {oc} is profinite; in fact, it is
homeomorphic to

I'%n{iEN]iSd}U{oo},

where d runs over natural numbers, and the transition map
{ieN|i<d+1}U{occ}=>{i e N|i<d}U{oc0}

sends d + 1 to oo and equals the identity otherwise.



ON CLOSE FIELDS AND THE LOCAL LANGLANDS CORRESPONDENCE 19

First, we construct our family as a ring topological space over N U {oco}.

Definition.

a) Let n be a positive integer. Write Q,, for the ring topological space over
N U {oo} given by lim y of the discrete ring topological spaces

(TTou/p?) 1O /2

1<d

over {i € N |i < d}U{oo}, where, for large enough d, the transition map

( 1T (’)i/p?) [1O0o /P2 — (]_[ Oi/p?) [ O /b5

i<d+1 1<d

sends Og11/py, 1 10 Oco /P, via the isomorphism OdH/pZ‘ff >~ O /Pt
(since d is large enough) and equals the identity otherwise.

b) Write O for the ring topological space over N U {oco} given by lgln Oy,
where n runs over positive integers, and the transition map Q,4+1 — O,
is induced from reduction mod ="

c) Write 7 for the continuous section of O — N U {oco} whose value on 1
in NU {oco} equals m;. Write E for the ring topological space over N U
{o0} given by hﬂr O, where r runs over non-negative integers, and the
transition maps are given by

0 = (NU{00}) Xnugoo) O =25 0 Xy O —2 0.

Note that O, is locally constant over NU{oo}, so O is Hausdorff. Because
E is an increasing union of open subspaces homeomorphic to O, it is also
Hausdorff. Finally, we see that [E is independent of the choice of ;.

2.3. We have the following version of the valuation map for E* over N U
{o0}. Write v : EX —Z x (NU {oo}) for the map over NU {oo} whose fiber
at 7 equals v;. Note that Q> is an open group topological subspace of E*
over NU {oo}.

Proposition. The map v is a morphism of group topological spaces over
NU {oo}, and kerv equals O*.

Proof. Now 7 induces a morphism Z—E* /O of abelian sheaves on N U
{o0}. By using Proposition to check on stalks, we see that this is an
isomorphism. Its inverse yields an isomorphism EX /0% = Z x (NU {oo}) of
group topological spaces over N U {oo}, and v equals the composition

EX - E*/0* 37 x (NU {o0}).

Proposition shows that EX —E* /O is continuous, and checking on
fibers shows that it is a morphism of group topological spaces over NU{oo}.

So the same holds for v. Finally, the above work also shows that ker v equals
0*. O
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2.4. Next, we study the topological ring associated with E. Write E for
E(NU{oc0}) equipped with the compact-open topology, which is a topological
ring. Similarly, write O for the topological ring O(N U {oc}). Note that O
is an open subring of F, equals the subset E° of powerbounded elements,
and contains .

Lemma. As topological rings, O is naturally isomorphic to
lim lim ([ Oi/p}) x Oco /P,
n o d  i<d
1
ogy and is complete, and we have O/n" = %d (Higd Oi/p?) X Ooo /Pl =
On(NU {oo}).

and E is isomorphic to Ol=]. Consequently, O carries the m-adic topol-

Proof. Since O = lgln 0y, and O, is locally constant, we have
0= ContNU{oo}(N U {00}7 0) = yanontNU{oo}(N U {OO}, On)

= timliny (T 0s/p7) x Ouo /b2
n o d i<d

as topological rings, where Contyyfoo}(N U {00}, —) denotes the space of

continuous sections equipped with the compact-open topology. Because NU

{o0} is compact and the transition maps in E = ligir O are open embeddings,

we also have

E = Contyyfoy (NU {00}, E) = liﬂContNU{oo}(N U{o0},0) = lim O = O[] O

2.5. For all i in NU{oo}, evaluation at ¢ yields a continuous ring homomor-
phism ev; : E— E;. Note that ev;(O) = O;, so ev; is surjective and ker ev;
is maximal.

Proposition. Fvery closed prime ideal of E equals kerev; for some i in
NU{oo}. Thus |Spa E| is naturally homeomorphic to NU {oco}, and Spa E
is an adic space.

Proof. For all i in N, write b; for the continuous section of E— N U {oco}
whose value on i’ in NU {oc} equals 1 if i = ¢ and 0 otherwise. Let a be a
closed prime ideal of F/, and first assume that a does not contain b; for some
7 in N. Since b;x = 0 for all z in ker ev;, a being prime implies that it equals
ker ev;.

Next, assume that a contains b; for all ¢ in N. Because a is closed and O is
m-adically complete, this implies that a contains ) ;  fib; for all sequences
{fi}ien with f; in E; such that v;(f;) — oo as ¢ — oco. The set of such
> icn fibi is precisely ker evy, so a equals ker eve.

Since |Spa E;| is a singleton, the above discussion identifies |Spa E| with
N U {oo} as sets. For its topology, let {|h;| < |g| # 0} be a rational
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open subspace of |Spa E| for some g, hq,...,h, in E. Under our bijection
|Spa E| 2 NU {oo}, this becomes

{i e NU {00} | vi(evi(hj)) > vi(evi(g)) # oo for all 1 < j < m}.

Note that, for all f in E, one of the following is true:

® evoo(f) # 0 and the function i — v;(ev;(f)) on NU{oc} is locally constant,
or
e evo(f) =0 and v;(ev;(f)) — oo as i — oo.

This implies that {|h;| < |g| # 0} yields a compact open subset of NU {oo}.
One can readily choose g, hi,..., hy such that all compact open subsets U
of NU {oo} arise in this way, showing that bijection [SpaF| = N U {oco}
is a homeomorphism. This also shows that the rational localization of E
corresponding to U equals E(U), which immediately implies that Ogp, g is
a sheaf. O

2.6. Let us recall the setup of Deligne’s isomorphism. For all 7 in NU{oco},
fix a separable closure E; of E;, and write I'; for Gal(E;/E;). Write C; for
the completion of F;, and recall that C; is algebraically closed.

For all positive integers n, write I/* for the n-th ramification subgroup of
I'; in the upper numbering. Using our isomorphism Tr., (E;) = Tre,(Es), we
obtain a canonical isomorphism TI';/I7* = I's, /IS of topological groups (up
to conjugation) [10, (3.5.1)]. Fix an isomorphism in this conjugacy class.

We now introduce the analogue of the absolute Galois group for F.

Definition.

a) Write I'™ for the group topological space over N U {oo} given by m g of
the group topological spaces

(TIre/z) e/

i<d

over {i € N |i < d}U{oo}, where, for large enough d, the transition map

(T ro/m) e/t = (TTTe/17) T Too/ T2
i<d+1 i<d
sends Lgy1/1}, | to Too/I% via the isomorphism gy /1510 = Do /IS™
(since d is large enough) and equals the identity otherwise.
b) Write II" for the group topological space over NU {oc} given by lgln rm,
where n runs over positive integers, and the transition map I'*1 — '™
is induced from quotienting by I7*.

Because '™ is profinite, so is I'.  Moreover, note that II' is lctd over
NU {oo}.
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2.7. We will use the following fiberwise criterion to construct étale maps
over F.

Lemma. Let (A, AT) be a sheafy complete Huber pair over (E,Q), and let
(A’, A'M) be a finite free Huber pair over (A, AT). Then A’ is étale over A
if and only if, for all i in NU {oo}, the base change A’ @ E; is étale over
AREg E;.

Proof. Write Z for Spa(A, AT), and write Z’ for Spa(A’, A'"). By [23,
(1.7.5)]@ the morphism f : Z' — Z is étale if and only if, for every rank-
1 point z of Z, the fiber f~1(z) is étale over z. Gathering rank-1 points z
according to their images in [Spa E| = N U {cc} and applying [23], (1.7.5)]
again shows that this holds if and only if Z’ XSpa E Spa B — Z Xgpa g Spa F;
is étale for all 4 in N U {oo}.

Because F is Tate, the morphism (E, O) —(A, AT) is adic. Therefore [22,
(3.7)] shows that Z’' xgpar SpaE; and Z Xgpa g Spa E; are affinoid, with
global sections equal to A’ ®g F; and A ®g E;. Combined with the above
criterion, we get the desired result. ([l

2.8. Via Deligne’s isomorphism, finite étale F-algebras spread out from
finite étale F-algebras as follows.

Proposition.

i) Base change induces an equivalence of categories
liglU{ﬁm'te étale E(U)-algebras} —{finite étale Eoo-algebras},

where U runs over compact neighborhoods of oo.

i1) Let Fo be a finite étale Ex-algebra such that I acts trivially on its
associated I'os-set. For any compact neighborhood U of co and finite
étale E(U)-algebra F with F' @ Fxw = Fw, there exists a compact
neighborhood U' C U of oo such that, for all i in U’', we have e; > n,
and the finite étale extension (F Qv E;)/E; corresponds to Fuo/FEso
via the isomorphism I'; /I = T'so /1'%

Proof. Because Osp, 00 = ligU E(U), base change induces an equivalence
MU{ﬁnite étale E(U)-algebras} —{finite étale Ogpa p o-algebras}.

Note that the residue field of Ogpap oo 18 Foo. Since Ospa g0 is henselian
[26, Lemma 2.4.17 (a)], part i) follows from [40, Tag 09ZL).

We turn to part ii). Part i) indicates that, after shrinking U, it suffices to
find a compact neighborhood U of co and a finite étale E(U)-algebra F' such
that, for all ¢ in U, we have e; > n, and the finite étale extension (F Rr()
E;)/E; corresponds to Fi/Eo via the isomorphism I'; /I = T' oo /T

6While [22] and [23] involve finitude hypotheses, the results cited here (and their proofs)
continue to hold in our context because (A’, A’") is finite free over (A4, AT), (A, AT) is
sheafy, and (E, O) is sheafy and Tate.
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By taking finite products, we can assume that Fi is a field. The maximal
unramified subextension of F,, is handled by repeating the construction of
E (except that in we replace xk with a finite extension, and we replace
E; with its corresponding unramified extension).

Thus we can assume that Fi,/FE is totally ramified. Then F, is gener-
ated by an element with minimal polynomial

Joo = T" + 7I'oo(ar—l,oojﬂﬂi1 +-+ a0,00)7

where the a,_1 ,...,00,00 lie in Oy. Choose a,_1,...,a¢ in O such that
eVoo(aj) = aj oo for all 0 < j <7 —1. Let U be a compact neighborhood
of oo such that, for all ¢ in U, we have ¢; > n, and for all 0 < j < r — 1,
the image of ev;(a;) in O;/p}" equals the image of 4« in O /pl, under the
isomorphism O;/p! = O /pl.

Let F be the finite free E(U)-algebra obtained via quotienting E(U)[T
by

f=T + ﬂ(ar_lTrfl + - +ap).

For all i in U, [10, (1.3)] shows that (I ®g(y E;)/E; is the finite separable
extension corresponding to Fi/Es via the isomorphism I'; /I = T'oo /I.
Therefore Lemma [2.7| implies that F is étale over E(U), as desired. O

2.9. Proposition [2.8] implies that E enjoys the following version of Galois
theory.

Corollary. The category of finite étale E-algebras is naturally anti-equivalent
to the category of finite locally constant topological spaces X over NU {oo}
along with a continuous action I' Xyyfscy X — X over NU {oo}.

Proof. Let F be a finite étale F-algebra. Let n be a positive integer such
that I acts trivially on the I's-set associated with F ®p E, and let U’
be a compact neighborhood of co as in Proposition ii). Consider the
finite locally constant topological space X (F') over NU {oco} along with a
continuous action

over NU {oo} such that

a) for all i not in U’ its fiber X (F'); at 7 is the I';-set associated with FQgFE;,
b) X (F)y is the pullback to U’ of the I'oo /1% -set associated with F @ g Ex

(since 'Y, = T /I% x U’ as group topological spaces over U’).

By Proposition [2.8ii), our X (F') is independent of the choice of U’, and the
assignment F' +— X (F) is functorial.

For full faithfulness, let F’ be another finite étale F-algebra. After en-
larging n and shrinking U’, we can assume that I acts trivially on the
I'so-set associated with F’ @ p Es and that U’ also satisfies Proposition
2.8lii) for F'. Then X(F)y and X (F')y are finite constant, so any mor-
phism X (F) — X (F") is locally constant in a neighborhood of co. Combined
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with Proposition [2.8i) and the usual Galois theory of E; for all i in NU{occ},
this shows that F' — X (F) is fully faithful.

For essential surjectivity, let X be a finite locally constant topological
space over NU{oo} along with a continuous action II' Xy} X — X over NU
{oo}. Because II' is lctd over NU{oo}, there exists a compact neighborhood
U of oo, a positive integer n, and a finite continuous I'w-set X, such that

o [ acts trivially on X,

e for all 7 in U, we have e; > n,

e Xy is isomorphic to the pullback to U of the I's /17 -set X, (using again

that 'Y, = I'o /17, x U as group topological spaces over U).

Write F for the finite étale F.-algebra associated with X.,. After shrink-
ing U, let Fyy be a finite étale E(U)-algebra as in the proof of Proposition
ii). For all 7 not in U, write F; for the finite étale F;-algebra associated
with the fiber X;, and write F' for the finite étale E-algebra ( Hi¢U E) x Iy,
By construction, X (F) is isomorphic to X. O

2.10. Later, we will need to spread out finite Galois extensions from F,
to E as follows. Let F/FEs be a finite Galois extension, and let n be
a positive integer such that the image of I, in Gal(Fx/F) is trivial.
Write ¢ : [—1,00) —[—1,00) for the Hasse-Herbrand function associated
with Fio/Ex as in [39, Chap. IV, §3].

In this subsection, assume that e; > n for all ¢ in N. Write F;/E; for
the finite Galois extension corresponding to Fi/Es via the isomorphism
/I = T'w/I%, and recall that our isomorphism Tr., (E;) = Tr, (Foo)
induces an isomorphism Try ) (F;) = Try,)(Fo) [10, (3.4.1)]. Because
P(x) — oo as x — 00, repeating Definition (except that in we
replace k with the residue field of F,, and we replace F; with F;) yields
ring topological spaces O ,,, O, and F over NU {oo}.

Write F' for the topological ring F(NU{oo}), and note that Op(NU {o0})
is naturally isomorphic to F°. Lemma implies that F' is finite free over
E of rank [F : FEy]. Since the Fj-algebra F ®p E; is isomorphic to Fj,
Lemma 2.7 shows that F is étale over E.

Finally, note that the above construction is functorial in F,,. Therefore
we obtain actions of Gal(Fi/Es) on Op p, Op, and F over NU {co}. By
checking on fibers, we see that the natural closed embedding [E < F of ring
topological spaces over N U {oo} identifies E with the fixed point locus of
Gal(Fx/Es) in F.

2.11. For the rest of this paper, assume that x = F, is a finite field.
Then O, is finite locally constant over N U {oco}, so @ is profinite and E is
locally profinite.

Let us describe the analogue of (the completion of) the maximal unram-
ified extension of E. For all i in N U {co}, write E; for the completion of
the maximal unramified extension of F;, and write (’v)l for its ring of inte-
gers. Applying — ®F, F, to Tr.,(E;) & Tr.,(Es) induces an isomorphism
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Tre, (F;) 2 Tre,(Foo), s0 repeating Definition (except that in we re-
place r with F,, and we replace E; with E; i) ylelds ring topologlcal spaces o)
and E over NU{oo}. Write E for E(NU{oc}), and write O for O(NU {o0}).
Finally, write ¢ : [E— I for the map over NU {oo} whose fiber at i equals
the lift ; : EZ —>E1 of absolute ¢-Frobenius. Note that ¢ is a morphism
of ring topological spaces over N U {oo} and preserves 0. By checking on
fibers, we see that the natural closed embedding E T of ring topological
spaces over N U {oc} identifies E with the fixed point locus of ¢ in E.

2.12.  We now consider the analogue of (the completion of) adjoining all ¢-
th power roots of 7 to E. For all i in NU{oo}, write Elperf for the completion
of U2, Ei(m; 1 ). Our choice of uniformizer 7; induces an identification
(Elperf) = E&?rf such that m; = wio. Choose a system of g-th power roots of
m; in C;, which induces a map E} rf _, ¢, over E. Since E? ot is perfectoid
and this realizes C; as the completion of its separable closure, the tilting
equivalence induces an identification Cf =Cx.

Write OP*f for the m-adic completion of |J02, O[r'/9"], and write EP°

for (’)perf[%]. Because O[r'/7'] is a direct summand of O[r'/¢"""] as finite
free O[r'/?"]-modules for all non-negative integers r, taking [J°2, and 7-
adic completion exhibits @ as a direct summand of OP*! as topological
O-modules. Moreover, note that EP*f @p FE; is naturally isomorphic to
E@perf.
2.13. The following is the analogue of (the completion of) the separable
closure of E. Let {K“}, be a directed family of compact open group sub-
spaces of II'" over NU{oc} that is cofinal among neighborhoods of the identity
section in I'. Then I'/K® is finite locally constant over N U {oco}. Write
F© for the finite étale E-algebra corresponding to I'/ K via Corollary
write O¢ for the m-adic completion of | J, (F*)°, and write C for O¢[1]. By
cofinality, O¢ is independent of the {K*},.

Proposition. The ring C is perfectoid, and our identifications C’f = Cy
induce an identification C° = Cont(N U {00}, C) such that wh, = .

Proof. For all i in NU{oo}, write F for the finite étale E;-algebra F*®pg E;,
and note that F/* corresponds to the I';-set I'; /K. Now C° = O¢, and we
have

Oc/m = gq(Fa) /7= @gnopa /7 X Opa [Too,

i<d

where d is large enough with respect to . Since {K{*}, is a cofinal family of
open compact subgroups of I';, we see that liga Ope /7 = Oz, /mi = Oc, ;.
Our identification C? = Cy, induces an identification Oc,/m; = Oc., /Moo,
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so switching the order of the direct limits yields

limlim [ [ Ore /mi x Ora /7o = lim [ [ O, /o0 X O, /700
d

@ i<d d i<d
= Cont(NU {0}, Oc_ /Tx0)-

This description implies that the absolute g-Frobenius map O¢/p— O¢/p
is surjective. As C' is complete, C° = O¢ is bounded, and taking a (p + 1)-
th root of 7 yields a pseudouniformizer of C' whose p-th power divides p,
this shows that C' is perfectoid [36, Remark 3.2]. Moreover, the above work
identifies (’)bc with

Cont(NU {o0},Oc.),

so C” is naturally isomorphic to Cont(N U {oo}, Cs). Finally, the fact that
w?;o = m; under the identification C’f = ('« implies the desired description

of wt. in C. O

2.14. Finally, we define the analogues of Lubin—Tate extensions over E as
follows. (In we will explain their relationship with Lubin—Tate theory
over E.) For all ¢ in NU {oco}, write Eix for the profinite completion of
E, and write Art; : EZ-X = I‘?b for the local Artin isomorphism normalized
by sending uniformizers to geometric g-Frobenii. For all positive integers n,
note that Art; and our choice of uniformizer 7; induce a surjective continuous
homomorphism I'; /I —(O; /pi) . Write E}T’” for the corresponding finite
abelian extension of F;. Write EZ-LT for the completion of (77, EZL T’", and
recall that EiLT is perfectoid.
Note that O, is finite locally constant over N U {oo}.

Lemma. The map I — O,; over NU{co} whose fiber ati equals T'; /1" —(O;/pi')™
is continuous. Consequently, there exists a natural finite étale F-algebra

EYT™ such that, for all i in NU{oc}, the E;-algebra EYT" @ E; is isomor-

phic to EZ'LT’n.

Write O for the m-adic completion of (JOO, (E¥1")°, and write EXT for
O[]
s
Proof. Because Proposition [I.20] is compatible with inverse limits in S, we
have

07 = lim [( [T(O/6)") LLOx/52)" |
i<d

as group topological spaces over N U {oo}. Next, consider the continuous
map

(LLram) Troe/22 = (T1@i/98)* ) TT(0s0/p%)*

i<d i<d
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over {i € N | i < d}U{oo} given by the disjoint union of the I'; /I —(O; /p}')*.
Now [10, (3.6.1)] shows that this is compatible with the lim  in Definition
a), so taking @1 4 yields a continuous map I'"™ — Q¢ with the desired
property.

By checking on fibers, we see that IT'™ — Q) is a morphism of group
topological spaces over N U {oo}. Therefore precomposing with I' — I'™
yields a continuous action I' Xyy(ee} @ — @y over NU {oo}. Finally, the
corresponding finite étale E-algebra EXT" from Corollary has the desired
property. ([l

3. FARGUES—FONTAINE CURVES

To carry out Fargues—Scholze’s program [14] in our context, we need to
define a version of relative Fargues—Fontaine curves over F. This is the
goal of this section. First, we construct a generalization of Witt vectors for
O-algebras, which specializes to O;-typical Witt vectors when applied to O;-
algebras. We prove that various properties of O;-typical Witt vectors extend
to our generalization, and we also construct a version of Witt bivectors over
O (which will be needed for computations in §4)).

Next, we use this to define a relative Fargues—Fontaine curve Xg over
Spa E for any affinoid perfectoid space S over NU {oo}. After proving basic

facts about Xg, we show that S-points of Div := (Spd E)/¢? induce closed
Cartier divisors on Xg, where ¢ denotes the relative ¢g-Frobenius morphism.
Finally, we prove a version of Drinfeld’s lemma for (Divk)ﬁq by reducing to

the situation considered in Fargues—Scholze [14].

3.1.  We start by constructing the analogue of Witt vectors over O. For all
non-negative integers j, write w; for the polynomial in O[Ty, ..., Tj] given
by

T8 47T I
For all O-algebras A, view w; as a function
wj : {sequences (ap, a1,...) in A} —A
by sending (ag, a1, ...) — wj(ao,- .., a;).

Proposition.

i) Let A be an O-algebra that is w-torsionfree and has an O-algebra endo-
morphism ¢ whose reduction mod 7 equals absolute q-Frobenius. Then
the map (wg, w1, ... ) is injective with image equal to

{sequences (b, by,...) in A| for all j >0, bjs1 = @(b;) (mod 7)1,
ii) The functor {O-algebras} —{sets} given by

A — {sequences (ag,ai,...) in A}
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factors uniquely through a functor W : {O-algebras} —{O-algebras}
such that, for all non-negative integers j, the map wj : W(A) — A is an
O-algebra homomorphism.

Proof. For part i), A being m-torsionfree implies that (wg,wn,...) is in-
f et . . j—3'+1 i
jective. Next, aj., = ¢(aj) (mod 7) implies that ag, = ¢(aj)?
(mod 77=7"+1) for all 0 < j/ < j, so the image of (wp,ws,...) lies in the
above subset.

In the other direction, let (bg, b1, ...) be a sequence in A satisfying bj;1 =

¢(b;) (mod 7/ TL) for all j > 0. Define ag := by, and inductively apply

b1 = p(b)) = (a0)” +mp(a)” 4+ 7lp(a;) (mod 7H)
qj+
ag

1 i . .
+maf +---+nlal  (mod EARR

which implies that 7/*1 divides bj41 — (a%jJrl + Wa‘fj +- Wja?), to define
1 J+1 j ;
aji1 = m(l)j+1 —(af  +mafl +---+7ad)).

Then the image of (ag, a1, ...) under (wg, w1, ...) equals (bg, b1, ...), which
yields the desired result.

For part ii), note that part i) uniquely determines the value of W when A
is a polynomial O-algebra. Finally, reducing to this universal case uniquely
determines the value of W on any O-algebra. O

3.2. Proposition. Let A be an O-algebra.
i) The map [—]: A—=WI(A) given by a — (a,0,...) is multiplicative,
it) There exists unique maps ¢ : W(A) =W (A) and V : W(A) = W(A)

such that, for all non-negative integers j, we have w; o ¢ = wjy1 and

wjoVI{O ifj =0,

m-wj—1 otherwise.

Consequently, ¢ is an O-algebra homomorphism, V is O-linear, and
poV =m.

iii) Let n be a positive integer. Then im V"™ is an ideal of W(A), and the
map W(A) — A" given by (ap,a1,...) — (ag,...,an—1) induces a bijec-
tion from W™ (A) := W(A)/im V"™ to A".

iv) Assume that A is an O/m-algebra. Then Vop = m, and ¢ equals the O-
algebra homomorphism W (A) — W (A) induced by absolute q-Frobenius
A— A

Proof. First, assume that A is m-torsionfree and has an O-algebra endomor-
phism whose reduction mod 7 equals absolute g-Frobenius. Then Proposi-
tion [3.1]i) identifies W (A) with its image under (wp, w1, ... ). This uniquely
determines ¢ and V', as well as verifies part i), part ii), and the first state-
ment in part iii). Note that V' sends (ag,a1,...) to (0,ap0,a1,...), which
implies the second statement in part iii).
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The above includes the case where A is a polynomial O-algebra. Reducing
to this universal case uniquely determines ¢ and V', as well as verifies parts
i)-ii), for any O-algebra. Similarly, reducing to the universal case and
taking reduction mod 7 verifies part iv). O

3.3.  When restricted to perfect O/m-algebras A, our Witt vectors satisfy
the following usual properties. Here, Proposition [3.2ii) and Proposition
3.2iv) imply that ¢ : W™(A) — W (A)/7" is an isomorphism for all positive
integers n. Proposition iii) identifies W(A) with lim W"(A), so W(A) is
m-adically complete. Note that (ag,a1,...) in W(A) equals > O[an/q ",
which shows that W (A) is m-torsionfree.

For all m-adically complete O-algebras B, recall that the tilt B’ is natu-
rally isomorphic to the inverse limit perfection of B/ [3, Lemma 3.2(i)].

Proposition. Consider the functor
W i {perfect O/m-algebras} —{m-adically complete O-algebras}.
i) It is left adjoint to the tilt functor (=)". The unit A— W (A)" is an iso-
morphism, and the counit 0 : W(B”) — B sends Y02 [ra]n™ to S50, rham.

i) It is fully faithful, and its essential image consists of w-adically complete,
m-torsionfree B such that B/m is perfect.

Proof. For part i), our candidate for the unit is the isomorphism
A= lm A = m V(4)/7 = W (4)"

where r runs over non-negative integers, and the transition maps are given
by absolute g-Frobenius.

We turn to our candidate for the counit. Let n be a positive integer, and
recall that the O-algebra homomorphism wy,_; : W"(B) — B is given by

(bos .- bo1) = b0 4 wbd T e,

For all 0 < j < n — 1, we see that b = b (mod 7) implies that b? = ¢’
(mod 7/*1), so the composition W"(B) — B — B/x" factors through an O-
algebra homomorphism 6,, : W"(B/n) — B/n". Proposition [3.2]ii) implies
that the square

Wnrt(B/x) —— WY B /1) —— W"(B/x)

Jen-&-l Jen

B/n" ! B/n™

commutes, so taking @n yields an O-algebra homomorphism

0: W (B’)—W(B/r) =lim W"(B/x) —lim B/7" =
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Tracing through our identifications shows that our candidates satisfy the
counit-unit equations for W and (—)°, as well as the desired description of
6.

For part ii), full faithfulness follows from part i), so we focus on the
essential image. When B/ is perfect, note that (—)* yields a section B/ =2
B’ Bof B—B /7. Therefore, when B is also 7-torsionfree, every element
of B equals Y > ria" for uniquely determined r,, in B /7. This shows that
0 : W(B®) = B is an isomorphism, so B lies in the essential image of W. [

3.4. In this subsection, assume that A is a perfect O/m-algebra.
Corollary. Reduction mod m induces an equivalence of categories

{finite étale W (A)-algebras} —{finite étale A-algebras}.
Moreover, it has a quasi-inverse given by W.

Proof. The first statement follows from the m-adic completeness of W (A),
since W(A)/m = A. For the second statement, let A’ be a finite étale A-
algebra, and B’ be a finite étale W (A)-algebra satisfying B’/m = A’. Since
W(A) is m-adically complete and m-torsionfree, so is the finite projective
W (A)-module B’. Moreover, [26, Lemma 3.1.5] shows that A’ is perfect.
Hence Proposition [3.3}ii) implies that B’ = W (A’), as desired. O

3.5. Later, we will need the analogue of Witt bivectors over O, so first
let us introduce the analogue of Witt covectors over O. Write CW"(A)
for the O-module lim W™(A), where the transition maps are given by V' :
Wn(A) = W™ (A), and write V : CW*(A) — CW*(A) for the map given
by hgn of the composition

W (A) —Lo WrHL(A) —— W(A).

Identify CW*"(A) with the set of sequences (...,a_1,ap) in A satisfying the
following property: there exists an M > 0 such that a_,,, = 0 for all m > M.
Under this identification, V sends (...,a—_1,a9) to (...,a—2,a_1).

3.6. Write CW(A) for the set of sequences (...,a_1,ap) in A satisfying the
following weaker property:

(<)

there exists an M > 0 such that the ideal (a_,)m>nr of A is nilpotent.

Lemma. The O-module structure on CW*"(A) naturally extends to CW (A),
and the natural extension of V- to CW (A) is O-linear.

Write BW(A) for the O-module m CW (A), where r runs over non-
negative integers, and the transition maps are given by V' : CW(A) — CW (A).
We identify BW(A) with the set of double sequences (...,a_1,ap,a1,...)
in A satisfying (ED
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Proof. Note that [I5, n° I1.1.5, lemme 1.2] holds after replacing p with q.
Therefore, for the polynomials S; that compute the j-th coordinate of ad-
dition on W, the analogue of [15, n°® II.1.5, lemme 1.3] also holds, and the
bound depends only on q. Thus the desired result follows from the proof of
[15, n° II.1.5, proposition 1.1]. O

3.7.  Crucially, our Witt vectors specialize to the usual Witt vectors as
follows. For all ¢ in N U {oo}, write Wy, for the ring of O;-typical Witt
vectors as in [I2, Proposition 1.1], and view O; as an O-algebra via the
surjective ring homomorphism ev; : O — O;.

In this subsection, assume that A is an O;-algebra.

Proposition. The O-algebra W (A) is naturally isomorphic to We,(A).

Proof. First, assume that A is m-torsionfree and has an O-algebra endomor-
phism whose reduction mod 7 equals absolute ¢-Frobenius. Then Propo-
sition [3.1}i) identifies W (A) with its image under (wo,ws,...), and this
satisfies the characterizing property in [I2, Proposition 1.1]. Therefore the
uniqueness in [12 Proposition 1.1] implies that W (A) is naturally isomor-
phic to W, (A).

The above includes the case where A is a polynomial O;-algebra. Finally,
reducing to this universal case shows that W(A) is naturally isomorphic to
Wo,(A) for any O;-algebra A. O

3.8. Note that O/m = Cont(NU {oo},F,) and that Spd Cont(NU {oco},F,)
equals the v-sheaf N U {oo} on Perfr, . Hence Spa yields an anti-equivalence
from the category of perfectoid Huber pairs over O/m to the category of
affinoid perfectoid spaces over I, equipped with a morphism to N U {oo}.
We can now define the analogue of relative Fargues—Fontaine curves over
O. Let S = Spa(R,R") be an affinoid perfectoid space over F, equipped

with a morphism S — NU {co}. Choose a pseudouniformizer w of R, and
1
.
Endow W (R*) with the (7, [ww])-adic topology, write Vs for the complement

of the vanishing locus of (7, [w]) in SpaW (R™), and note that Vg is the
analytic locus of Spa W (R™).
We have a continuous map rad : |Vg| —[0, cc] given by

log |[=](7)|
log [m(Z)]

write ||—|| for the associated spectral norm on R normalized by ||w| =

where T denotes the unique rank-1 generalization of x in Jg. For any closed
interval Z in [0, co] with rational endpoints, write Vg7 = Spa(Bs,z,B;{I)
for the associated rational open subspace of Spa W(R™), which lies in Vs.
More generally, for any subset Z of [0, cc], write Vg 7 for the open subspace
Uz Yszr of Vs, where Z' runs over closed intervals in Z with rational end-
points. Write Yg for Vg o), and note that Vg 9 o) is the complement of
the vanishing locus of [ww] in Spa W (R™).
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Write ¢ : §— S for the absolute ¢-Frobenius automorphism, as well as
the induced automorphisms of W(R*1) and )Js. Note that rad op = ¢ - rad,
so ¢ acts freely and totally discontinuously on Yg over Spa E. Write Xg for
the quotient Yg/@%.

3.9. Write W/(R") for the ring W (R™) endowed with the 7-adic topology.

Lemma.
i) The ring W'(RT)[L] is sousperfectoid,
ii) The pre-adic space Vs,[1,00] @S sousperfectoid and hence adic.

Proof. For part i), we claim that W/(RT)®0OP*! is integral perfectoid.
Note that

ot jm = | J Ol ] fm = | J(O/m) [t/ ] 1,
r=0 r=0

where /9" equals the image of /7", so we get

(W'(RT)800P™) /7 = Rt o/ (0P /) = | RT[t/7]/1.
r=0

Replacing 7 with 71/9 yields (W'(RT)@0o0P) /xl/1 = | J22, RF[t1/9"]/t1/a.
Since R™ is integral perfectoid, these descriptions imply that the absolute
g-Frobenius

(W' (RH)Bo0P) /x'/1 (W (R)@o0P") /n

is an isomorphism, so [5, Lemma 3.10(ii)] yields the claim. From here, [5,
Lemma 3.21] indicates that (W/(RT)®0o0P)[L] = W/(RT)[L|@gEPe! is
perfectoid, which shows that W’(R")[2] is sousperfectoid.

For part ii), note that the (7, [ww])-adic topology on W (R™)[[zw] /7] equals
the m-adic topology. Therefore Bg i o equals the global sections of the
rational open subspace {|[w]| < || # 0} of SpaW’(R™)[1], which is sous-
perfectoid by part i). O

3.10. Proposition. For all non-negative integers r, the pre-adic space

Vs [0.47] XSpao Spa OP"

s affinoid perfectoid, and our choices of m and w induce an identification
between (Vg [0,47] XSpa© Spa (’)pe]ff)b and the closed perfectoid unit disk over
S. Consequently, Vs, Ys, and Xg are sousperfectoid adic spaces.

Proof. We claim that BS,[O,l]@)O(’)perf is perfectoid. To see this, write A for
the [ww]-adic completion of |JX_, (W (R*)200P)[(n/[w])'/9"]. Because
Bg [0,1) equals W(Rﬂ(ﬂ/[m]}[ﬁ], we see that Bg o ;@0 0P equals A[é]
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Now

A/lw] = Bo0P) [(n/[@]) /"] /[e]

yo
@

R+/w ®O/ (Operf/ﬂ')) I:Xl/qnb]/(ﬂ‘l/q”L 1/q7nX1/q7n)

where X1/9" equals the image of (7/[w])'/?". The proof of Lemma i)
identifies OP**f /7 with | JO2,(O/7)[t'/7"] /t, so the above expression for A/[c]
becomes
U (UES @)/ (X @7 — " Xy = | (R )X,
m=0 r=0 m=0
Replacing @ with w!/4 yields A/[w]'/? = |J0°_,(R* /w!/9)[X/7"]. Since
R* is integral perfectoid, these descriptions imply that the absolute g¢-
Frobenius morphism A/[w]"/? — A/[w] is an isomorphism, so [, Lemma
3.10(ii)] shows that A is integral perfectoid. From here, [5, Lemma 3.21]
indicates that A[ﬁ] = Bg[0,1®00P"" is perfectoid, as desired.

The claim shows that Vg o 1) is sousperfectoid. Because Vs is covered by
Vs, 0,1 and Vg1 o], combining this with Lemma ii) indicates that Vg

is sousperfectoid. Moreover, the above work identifies A’ with R+ (X1/P™)
and hence identifies

(Vs,01] XSpa© Spa OPrT)”

with the closed perfectoid unit disk over S. Since ¢ induces an isomorphism
Ys.j0,1] = Vs,(0,47]> the same holds for (ys,[ojqr] XSpa© Spa Operf)b. ([

3.11. As usual, relative Fargues—Fontaine curves enjoy the following “dia-
mond formula.” Because O = O/, we get a natural morphism Spd O — N U {oco}.

Proposition. The v-sheaves yg [0,00) and Spd O Xny(ec} S are naturally

isomorphic over Spd O. Consequently, we get a natural continuous map
| V50,000 = 151

Proof. For the first statement, let T = Spa(4, A") be an affinoid perfec-
toid space along with an untilt 7% = Spa(Af, A*) of T over Spa®. A
morphism T’ ti—>3)S’[0700) over SpaQ is equivalent to an O-algebra homo-
morphism W (R')— A*" such that the image of [w] is invertible in A%,
By Proposition i), this is equivalent to an O/m-algebra homomorphism
Rt — A" such that the image of w is invertible in A, i.e. a morphism of
Huber pairs (R, RT) —(A, AT) over O/n. This yields the desired result. By
[36, Lemma 15.6], the second statement follows from applying |—| to the

composition yg 0.00) = =~ Spd O XNUfsc} [SRaENyS) 0
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3.12. Relative Fargues—Fontaine curves are open-local in the following sense.
Let U be a rational open subspace of S.

Proposition. The morphism Yy 0,00) = Vs,[0,00) 5 an open embedding, and
its image is the subset | Vs 0.00)l X|s] U] of |Vs,[0,00)!-

Proof. Write U = {|f;| < |g| # 0 for all 1 < j < m} for some g, fi,..., fm
in R such that the ideal generated by fi,..., i is open. After multiplying
the g, f1,..., fm by a power of w, we can assume that they lie in RT.

Write Y(U) for the open subspace {|[f;]| < |[g]] # Oforalll < j <
m} of Vg 0,), and note that the image of Vs (9.0c) = Vs, [0,00) lies in Y(U).
The proof of Proposition shows that Y(U)? is naturally isomorphic to
Spd O Xnu{ee} U over Spd O, so [36, Lemma 15.6] implies that |V(U)| =
1Vs,0,00)| X1 U]

Now Vi70,00) = Y(U) equals the increasing union of its restrictions

Vu,0,g7] = YU) N Vs 0,475

where r runs over non-negative integers. Thus it suffices to prove that these
restrictions are isomorphisms. Both sides are affinoid, so it suffices to check
on global sections, and because O is a direct summand of O as topological
O-modules, it suffices to show that

yU, [0,g7] XSpa© Spa Operf —>(y(U) N y& [07q7‘}) XSpa® Spa Operf

is an isomorphism. Proposition indicates that both sides are perfec-

toid, so it suffices to check after applying (—)b. Finally, this follows from

Proposition [3.10} O

3.13. Next, we turn to divisors on relative Fargues—Fontaine curves over
O. For any affinoid perfectoid space S = Spa(R, R") over Spd O, write
S% = Spa(R!, R*) for the associated untilt of S over Spa O.

Proposition. The O-algebra homomorphism 0 : W (R™) — R* s surjec-
tive. Its kernel is generated by an element of the form m + [w]a for some
pseudouniformizer @ of R and o in W(R"), and ker induces a closed
Cartier divisor St — V5,[0,00) -

Proof. Choose a pseudouniformizer @ of R such that @ divides 7 in RIT.
Since W (R*) and RT are [w]-adically complete, it suffices to check the sur-
jectivity of # mod [w]. There, 8 becomes RT — R*" /w®, which is surjective
because Rt is integral perfectoid.

The fact that R'T is integral perfectoid also shows that there exists /3
in R such that 8¢ = 7/@ (mod 7), so @w!B! = 7 (mod win). The sur-
jectivity of 6 then yields >°°° ([r,]7" in W(R") such that w'gf = 7 +
whr S, rbr™. By setting o == [8] — S0 olra]m™ L we see that ¢ =
m — [w]a lies in ker 6.

Note that ¢ is not divisible by [w], so W(R")/¢ remains [w]-adically
complete and [w]-torsionfree. Therefore, to show that the induced map
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W(RT)/¢ — R*" is an isomorphism, it suffices to check mod [w]. There, it
becomes

W(R')/(& [w]) = W(RY)/(r, [w]) = R" Jw — R*" o,

which is indeed an isomorphism.
Finally, suppose that &> 7 [s,]n" for some > 7 ([sp|7™ in W(RT).
Then

Z[sn]W"H = WZ[Sn]ﬂ‘n = fZ[sn]W” =0 (mod [w]),
n=0 n=0 n=0

so the s, are divisible by w. By repeatedly replacing the s, with s,/w,
this shows that the s,, = 0. Hence £ is a non-zerodivisor. Finally, by using
Proposition instead of [14, Proposition II.1.1] and the fact that the
tilt of S* — Spa O equals S — N U {co}, the proof of [14, Proposition II.1.4]

shows that the induced Cartier divisor S% — Vs,[0,00) 18 closed. O

3.14.  Write Divi, for the v-sheaf Spd E over N U {oo}, and write ¢ : Divi. — Divi,
for the absolute ¢-Frobenius automorphism. By Proposition the S-
points of Divi- naturally induce closed Cartier divisors S* < Ys. Note that
¢ sends S* < Yg to its image under ¢ : Y5 — Yg, so ¢ acts freely on Divi-.

Write Divk for the quotient Divi /¢%. Since ¢ acts totally discontinu-
ously on Yg, the S-points of Div}( naturally induce closed Cartier divisors
S : — X S.

Lemma. Our Divi — NU {co} is representable in spatial diamonds and
proper.

Proof. Because absolute ¢-Frobenius is compatible with products and acts
trivially on underlying topological spaces, we have

Divk xnugoo) S| = [Divh xmugoy S|/ (6 % i) = [ Divh: sty S|/ (1 x9)”.

Proposition [3.11| indicates that Divi- XNUfoo} O = Yé? . Therefore the above

implies that Divy Xyu(eo}S has an open cover by v-sheaves of the form yg’z

for small enough closed intervals Z in [1, ¢|, so [36, Lemma 15.6] shows that
Divﬁ( XNU{oo}d 18 a locally spatial diamond. Similarly, we get a surjective

continuous map
D}S,[l,q]‘ - |DiV}( ><NU{OO}S|7

so the latter is qcgs. Hence [36] Proposition 11.19 (iii)] shows that Div Xyygeo}S
is spatial, and properness follows from [36, Proposition 18.3]. O

3.15.  Write (—)E for the fiber product — xgpqr, Spd F,.

Lemma. We have a natural isomorphism Spd O = (Spd O)Fq over Spd O.



36 SIYAN DANIEL LI-HUERTA

Proof. Note that Ois m-adically complete, w-torsionfree, and satisfies
O/7 = Cont(N U {oo},F,).

Hence Proposition ii) implies that O = W (Cont(NU{oc},F,)), so a mor-
phism S% — Spa@ over Spa O is equivalent to an O-algebra homomorphism

W (Cont(N U {o0},F,)) — R*.
By Proposition i), this is equivalent to an O/m-algebra homomorphism
(O/7) ®F, Fq = Cont(N U {o0},F,) — RT.

Applying Proposition i) again shows that this is equivalent to an O-
algebra homomorphism W (O /r) — R*T along with an F -algebra homomor-
phism F, — R™. Finally, Proposition ii) implies that W(O/n) = O, and
this yields the desired result. ([

3.16. To state the analogue of Drinfeld’s lemma in our context, we need
the analogue of the absolute Weil group for E. For all i in NU{oo}, write W;
for the absolute Weil group of E;/E;, write I; for its inertia subgroup, and
write v; : W;/I; — Z for the isomorphism that sends geometric ¢g-Frobenius
to 1. By repeating Definition (except that we replace I';/I* with W; /I
or I;/Il") we obtain natural group topological spaces W and I over NU {oco}
whose fibers at ¢ are isomorphic to W; and I;, respectively. Note that W
and I are lctd over NU {oo} as in Definition
View E as an E-subalgebra of C. Because O” 2 Cont(N U {oc},F,), we
get natural morphisms Spd C' — Spd E — N U {OO}F .
- _"4q

Proposition. We have a natural action of W on Spd C' over NU {OO}F
- -4q

such that Spd C' — Spd E induces an isomorphism (Spd C)/W g(Div}()ﬁq
over NU {oo} .
.

Proof. Arguing as in the proof of Lemma shows that the maps
W—Zx (NU{oco}) and W— T

over NU {oo} whose fibers at ¢ equal W; — W;/I; 57 and W; < T, re-
spectively, are continuous. By checking on fibers, we see that they are
morphisms of group topological spaces over N U {co}.

Corollary and [36, Lemma 15.6] imply that SpdC — Spd F is a II'-
torsor. Therefore precomposing with W —II' yields an action a of W on
Spd C over NU {oo}. Since absolute g-Frobenius ¢ is an automorphism
of SpdC over NU {oo} that commutes with a, it induces an action of
Z x (NU{oo}) on Spd C over NU {oo} that commutes with a. By precom-
posing with W —7Z x (NU {oo}) and multiplying by a, we get our candidate
action of W on Spd €' over NU {oo} .

- _-4q
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Because the image of I under W — Z x (NU{oo}) is trivial, the restriction
to I of our candidate action equals a. Hence (Spd C')/I is naturally isomor-
phic to Spd EZ. Under the identification Spd £ = (Div%/)ﬁq from Lemma
3.15, we see that the resulting action of W/I = Z x (NU {oo}) on (Div%/)Fq
is induced by ¢ X idﬁq. Thus further quotienting by W/I yields a natural

isomorphism (Spd C')/W ;(Div%{)ﬁq, as desired. O

3.17. We conclude this section by proving some analogues of Drinfeld’s
lemma in our context. In this subsection, we work over SpdF,. For any
group topological space G over NU{oo}, write BG for the v-stack N U {oo}/Q

Proposition shows that Spd C' — N U {oo} induces a morphism Div, — BW.
Let A be a ring that is f-power torsion.

Proposition. For all small v-stacks Z over NU {oo}, the pullback functor
Dét(Z X NU{oo} BW, A) - Dét(Z X NU{oo} DiV%{v A)

is fully faithful. Moreover, it is essentially surjective when the pullback func-
tor

Dét(Za A) - Dét(Z X NU{oo} Spd C, A)
is essentially surjective.

Proof. Note that NU {oo} = BW and Spd C — Divk induce simplicial v-
hypercovers W® — BW and W* Xyy{oeo} Spd C — DivY, respectively, and
this yields a commutative square

Det(Z XNufooy BW, A) ——— Dt(Z Xnufoo) W*, A)

J J

Dét(Z XNU{OO} Divk, A) E— Dét(Z XNU{OO} W. XNU{OO} Spd C, A)

The top and bottom functors are fully faithful by [36, Proposition 17.3].
Proposition identifies Spd C' with NU {oo} x Spa Cw, so applying [30,
Theorem 19.5 (ii)] to F, < Cs shows that the right functor is also fully
faithful. Therefore the left functor is fully faithful, which yields the first
statement.

For the second statement, consider an object of D¢t (Z Xnufoo} Div}(, A),

and write A for its image in D¢t (Z Xnufoo} W* XNufoo} SPA C, A). Then A is

cartesian, and by assumption its ¢ = 0 part lies in the image of D¢ (Z, A).
Since the right functor is fully faithful, this shows that A arises from a
cartesian object of Dei(Z Xnugoo} W*, A), so [36, Proposition 17.3] indicates

that A lies in the essential image of the top functor, as desired. O
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3.18. In this subsection, we work over Sdeq. For any small v-stack Z
over NU {oo} and finite set .J, write Z” for the J-fold fiber power of Z over
NU {o0}.

Corollary. For all small v-stacks Z over NU {oco} and finite sets J, pullback
Die(Z Xnufooy BW?,A) = Die(Z xnujooy (Divi)”?, A)
is an equivalence of categories.

Proof. By induction on #.J, we can assume that #J = 1. Full faithfulness
follows from Proposition [3.17], so we focus on essential surjectivity. Now full
faithfulness and descent [36 Proposition 17.3] indicate that, after replacing
Z with a v-cover, we can assume that Z is strictly totally disconnected.
Then Lemma (3.14) shows that Z Xny(eo) Div is a spatial diamond. Hence

[36, Proposition 20.15] implies that, after replacing Z with a connected
component, we can assume that Z is a geometric point. Finally, the image
of |Z| in NU {oo} equals {i} for some i in N U {00}, so the result follows
from Proposition and [I4, Proposition IV.7.3]. O

4. LUBIN—TATE THEORY

In this section, we develop a version of Lubin-Tate theory over E. We
begin by using our generalization of Witt vectors to construct an analogue
LT over O of Lubin—Tate formal group laws, as in work of Fargues—Fontaine
[13]. This yields a natural choice of coordinates for LT, which we use to
explicitly define an analogue of the logarithm map. We also show that LT
satisfies the expected relationship with the Lubin—Tate extensions defined
in §2

This version of Lubin—Tate theory has the following consequences. First,
after computing the global sections of 0x,(1) on Xg using Witt bivectors
as in work of Fontaine [15] and Fargues-Fontaine [13][7]it lets us reinterpret
sections of @x (1) in terms of Div},. Second, it lets us prove that the mor-
phism Div —NU {co} is cohomologically smooth of dimension 1, which
will be needed in

4.1. Recall that Spec yields an anti-equivalence from the category of O-
algebras A where 7 is nilpotent to the category of affine schemes over Spf O.
Write W for the infinite-dimensional formal disk over Spf O whose A-points
equal

{(ag,a1,...) € W(A) | the a; are nilpotent, and cofinitely many a; are zero}.

Note that V' preserves W, Also, for all non-negative integers j, we see that
the polynomials that compute the j-th coordinate of O-module operations

"See for the definition of the line bundle x4 (1) on Xg. In particular, there is no
circularity.
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on W are homogeneous of degree ¢/, where T; has degree @7 for all

0<j <4,s0 W is naturally a formal O-module. P

Write LT for the O-module object coker(V —1: W — W) over Spf O. By
the discussion on [I3], p. 158-159], we have an isomorphism Spf O[X] = LT
of sheaves over Spf O given by sending ag — [ag], so LT is a 1-dimensional
formal O-module. Moreover, for all 7 in NU {co}, Proposition and the
discussion on [13, p. 156-158] show that LT xgpr o Spf O; is a Lubin-Tate
formal O;-module LT; over Spf O;; in particular, the element fr of O[X(]
that computes multiplication by m on LT satisfies fr = X{ (mod ).

4.2. View LT as the pre-adic space SpaO[X,]. Write (—)g for the fiber
product — xgpao Spa E, and note that LT g is isomorphic to the open unit
disk over Spa E. Recall from Definition [2.2/a) the ring topological space O,
over N U {oco}, and recall from from its associated group topological
space Q) over NU {oo}.

Our formal group LT is related to the E-algebras EXT'" from as
follows.

Proposition. For all positive integers n, multiplication by " yields a finite
étale cover LTy — LTE of degree q". Its kernel LT g[n™] is the finite étale
cover of Spa E corresponding to O, via Corollary where II' acts on Oy,
through T —T" — O,

Proof. Note that LT g equals the increasing union of open subspaces

o
LTg = U Spa E(Xg, Xg/m),
r=1

where each Spa E(Xy, X{j/) is preserved by multiplication by 7™ on LT.
Because the element frn» of O[Xy] that computes multiplication by 7" on
LT satisfies frn = Xgn (mod 7), the analogue of Weierstrass division for
E(Xy, X{/m) implies that the resulting map E(Xo, X{/m) — E(Xo, Xg/m)
is finite free of degree ¢".

To show that E(Xy, X(/7) — E(Xo, X(/7) is étale, Lemma [2.7| indicates
that it suffices to check after applying — ®@g E; for all ¢ in NU {co}. Now
LT g Xspa e Spa E; is isomorphic to LT; Xspa 0, Spa Ej, so this follows from
Lubin-Tate theory over F;. Similarly, Lubin—Tate theory over F; yields the
desired description of LT g[7"]. O

4.3. Next, we consider the “universal cover” of LT in the sense of [37,
p. 170]. Write LT for @n LT, where n runs over non-negative integers, and
the transition morphisms are given by multiplication by 7 on LT. As in[£.]
identify the n-th copy of LT with Spf O[X,,]. Since multiplication by 7 on
LT is invertible, LT is a formal E-module over Spf O.

Write O[X /4] for the m-adic completion of U2, o[xY/d.



40 SIYAN DANIEL LI-HUERTA

Lemma. We have an isomorphism LTS SpfO[[)?l/qw]] of formal schemes

over Spf O given by sending (an)n>0 — (limn_>Oo al )7‘20'

Proof. Note that LT = Spf B, where B denotes the m-adic completion of
hﬂn O[X,], and the transition maps send X, — fz(Xp+1). For any non-

negative integer r, we claim that the sequence (Xf{nir)nz,n converges in B.
To see this, observe that X,, = fr(X,11) = X! | (mod 7) implies that

A L n+l—r
Xn = Xn+1 )

The claim indicates that sending X lim,, s o0 X;%" induces a map of
O-algebras O[XY/4°] — B. Since O[X/9*] and B are m-adically com-
plete and m-torsionfree, to show that (’)[[)A(1 1/ qoo]] — B is an isomorphism,
it suffices to check mod 7. There, it becomes the map of O/m-algebras
U, (O/m)[X V7] = 2, (O/7)[Xe/4"] given by sending X — X, which
is indeed an isomorphism. O

n—r

(mod 7 , which yields the claim.

4.4. Using our choice of coordinates for LTy from we can explicitly
define its logarithm as follows. By the proof of [I3, Proposition 4.3.1], we
have a morphism of O-module objects log : LT g — G5" over Spa E given by
sending

oo
ag — Zagr/ﬂr
r=0
Note that log sends {|Xo| < |7|} € LTg to {|X| < |x|} C G2

Proposition. The induced morphism log : {| Xo| < ||} ={|X| < |x|} is an
isomorphism. Consequently, we get a short exact sequence

0— | LTp[") — LTy —25 Gan 0,

n=1

where log s étale-locally surjective.

Proof. Since the power series Y o0, T /7" lies in T E[T] and has linear term
T, it has a compositional inverse exp in T'- E[T]. Expanding the coefficients
of exp shows that it lies in E(T/7), so the morphism given by sending
a — exp(a) induces the desired inverse to log : {|Xo| < |7|} ={|X]| < |«]|}.

We turn to the short exact sequence. By checking on fibers over Spa F,
we see that, for all positive integers m, the intersection of {|X0|qul(q—1) <
|7} € LTE with (J;2 ; LT g[n"] equals LT g[#™]. This implies that | J;2 | LTg[r"] — LTk
is a closed embedding. Similarly, checking on fibers indicates that | J;- ; LT g[7"]
is the kernel of log.

To show that log is étale-locally surjective, let a be an (A4, A™)-point
of G, Because Spa(A, AT) is compact, the image of a lies in {|X| <
|7| 7"t} C G2 for some positive integer n, so 7"a lies in {|X| < |x|}.
The invertibility of log on {|X| < |r|} lets us lift 7"a to an (A, A™)-point
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po of LTg, and Proposition indicates, after replacing (A, AT) with a
finite étale cover, that there exists an (A, A™)-point ag of LTg satisfying
fan(ag) = po. Since log is O-linear, we get

" log(ao) = log(fxn(ao)) = log(po) = 7"a,
and the invertibility of 7 on G2" indicates that log(ag) = a, as desired. O
4.5. Using the identification from Lemma view LT as the pre-adic space
Spa O[XY/4>]. Write log : LT — G2 for the composition LT g 2% LT log, GZ".

Corollary. We have a short exact sequence

0%1'&% G LTE[wm]> Ty 1%, Gan 0,
n m=1

where lfovg 1s pro-étale-locally surjective.

Proof. Proposition identifies | J;-_; LT g[7™] with the disjoint union

oo
( H Spa ELT’j> [[SpakF.
j=1
Under this identification, multiplication by 7 on LT restricts to the mor-
phism

[j LTE[TI'm]—> D LTE[ﬂ'm]

that sends Spa F to Spa E and Spa E'T7 to Spa EFT7~1 via the natural
morphism Spa EXT7 — Spa E¥T9~1 where EXT0 denotes E. In particular,
this is surjective.

Since multiplication by 7 on G2" is invertible, we can identify @n Gan
with G3* via pry. From here, taking l'mn of the short exact sequence from
Proposition and applying the Mittag—LefHler criterion yield the desired
result. ([

4.6. Let S = Spa(R,R") be an affinoid perfectoid space over N U {oc}.
p=m onositior
S,[1,00]

4.2.1]. Write BW(R") for the O-module Hm BW(R"/w™), where m runs

over positive integers. Note that we can identify BW (RT) with the set of
double sequences (...,a_1,ap,a1,...) in R" satisfying limsup,,_, . [la.| <

We will now use Witt bivectors to compute B , as in [13 Proposition

1. Therefore we have an O-linear map BW (R™) = Bg 1,0 given by sending

(...,a_1,a0,a1,...) — Z[a}/qn]ﬂn.
nez
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For all i in NU {co}, write S; for the fiber of S— NU {oo} at {i}. Note
that S; is affinoid perfectoid; write S; = Spa(R;, R;"), and for all r in R,
write r; for its image in R;.

Proposition. The map B/ﬁ/(R“‘) — Bg [1,00] 18 injective, and it induces a
bijection
BW(R)*=" 5 B

Consequently, the map @ — Y., ., [@*/4"|x" yields a bijection R°® = B?,Tf,roo]'

Proof. First, suppose that Znez[a}/qn]wn = 0 for some (...,a_1,ap,a,...)

in B/ﬁ/(RJF). Then its image in Bg, |1 o) is 0, and Proposition shows that
this image equals > ,[ Ug”]ﬂ?. Hence [I3] p. 95] indicates that a,; = 0

an,z
for all n in Z. As i runs over N U {oc}, [38, Theorem 5.2.1] implies that
an, = 0 for all n in Z.

Next, write [cw!/9”] for the ideal of Bs [1,0c] generated by [w!/"] for all

non-negative integers r. We claim that reduction mod [w'/?”] induces an
injection

BT (B 1,00/ [P,
and precomposing with BW (RT)P=T — Bg’[:f’roo} yields a bijection. For injec-
g,[:foo} lies in [c!/ 9B [1,00] for some non-negative

integer . Then x = 7~ *p¥(2) lies in [qu_T]B&[l,oo} for all non-negative in-
tegers k, so taking k — oo shows that x = 0.

For bijectivity, note that W (R™*)[1] surjects onto BS,[LOO]/[wl/‘IOO]. There-
fore it suffices show that, for all Z in W(R")[2] such that y == 7~ 1p(Z) —
Z lies in [wl/qr]B&[lm}, there exists z in W(Rﬂ“"zﬂ whose image in
(BS,[loo]/[wl/qoo])@:” equals that of Z. Note that y also lies in W (R™)[2],
so y even lies in [w!/? W (R¥)[1]. Thus ¢*(y) lies in [qu_T]W(Rﬂ[%].
Because we have

a FDGHLE) — 7R M (@) = 7R R (T (@) — ) = 7 RR (),

tivity, suppose that z in B

this implies that = = limg_eo 7 *o*(F) = 7 + Y ooy 7 "¢*(y) converges

in BW(R*). By construction, z lies in BW(R)¥=" and satisfies z = &
(mod [@!/™]), which yields the claim.

The claim yields the first bijection. For the second bijection, note that
7™ = ¢ oV implies that BW (RT)?=™ equals the set of constant double
sequences (..., a,a,a,...) satisfying |[a|| < 1. Now {a € R" | |[a]| < 1}
equals R°°, as desired. O

4.7.  We interpret Proposition in terms of LT as follows. Write (=)o /x
for the fiber product — Xgpa0 Spa(O/7). Lemma identifies ﬁ@/w and
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LTp with the open perfectoid unit disk over Spa(O/m) and Spa E, respec-
tively.

Corollary. Under the identification from Lemma[{.3,

i) the map a Y., ,[a? /7" induces an E-linear isomorphism
LT(8) % BE

i) the map log : LTg — G sends (a'/4" )r>0 > D yeg ad/m" on (A, AT)-
points,
ii) for all untilts S* = Spau(Rﬁ7 R¥) of S over Spa E, the square

p=m
) —— B§ ')

- |

LT(S%) e g

commutes, where the left arrow corresponds to the identification R°° =
@T(Rﬁ)oo, and the right arrow is induced by 6.

Proof. For part i), bijectivity follows from Lemma and Proposition
and E-linearity follows from the proof of [I3, Proposition 4.4.5].

For part ii), let (a,)n,>0 be an (A, A1)-point of LTg. As log is O-linear,
we get
o0
r+n
log(ag) = log(frm(ay)) = 7" log(a,) = Z al /7"
r=-n

for all non-negative integers n. The proof of Lemma [4.3] indicates that

a%rm/wr = ani:lnﬂ/ﬂ (mod 7" *1)
so taking lim, o, shows that

[e.9]

o qr+n o qr+n o ~q

log(ap) = lgrolo al” " /n" = Z hm al> /7" Z ad’ /7"
r=-n rez r€Z

This yields part ii). Finally, because the composition R°® = Hm_ (RY)e° 2% Rt

equals (—)F, part iii) follows immediately from part ii), part i), and the de-
scription of € in Proposition i). O

4.8. Next, we turn to study EYT. For this, we use the following relative
analogue of bases for the Tate module of Lubin—Tate formal groups.

Lemma. There exists a sequence (tp)n>1 in (EXT)%°

itive integers n,

such that, for all pos-

e i1 generates EYDL over E, and tht1 generates EYTntl gper LT
n lies in (EYT)°° we have fr(tpi1) = tn, and we have fr(t1) = 0.
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Proof. Note that f is divisible by Xg, and f,/Xo = Xgil (mod 7). There-
fore [29, Chapter IV, Theorem 9.2]E| yields a monic polynomial g; in O[Xj]
such that fr/Xo = u1g1 for some unit u; in O[Xo]. Since fr = Xou1g1, one
can use [29, Chapter IV, Theorem 9.1] to identify LT g[r| with Spa E[Xo]/(X0g1),
which identifies LT g[n] — {0} with Spa E[Xy]/g1. Proposition {4.2|identifies
LT g[r] — {0} with Spa EM'!, so the image t; of X in E¥'! is a generator
over E. By checking the image of #; in EiLT’1 for all ¢ in NU {oo}, we see
that 7 = 0 (mod #;) and that ¢ lies in (E¥11)°°. The latter lets us evaluate
fx(t1) = tiui(t1)g1(t1) = 0.

To inductively obtain ¢,1 from ¢,, note that 7 = 0 (mod t,) implies that

fr—tn=X{ (modty).

Hence [29, Chapter IV, Theorem 9.2] yields a monic polynomial g,4; in
(EYTm)°[Xo] such that fr—t, = Unt1gnr1 for some unit wu, ;1 in (E¥77)°[X,].
Arguing as in the proof of Propositionidentiﬁes BT+l with pLTn [Xo]/gn+1,
so the image t, 1 of Xo in EM'*! is a generator over EXT'". By check-

ing the image of t,41 in EZ-LT’nJrl for all 7 in NU {oo}, we see that 7 =
0 (mod t,41) and that t,y1 lies in (E*"+1)°° Thus we can evaluate
fﬂ'(tn—l—l) - un+1(tn+1)gn+1(tn+1) + tn - tn- (]

4.9. Fix a sequence (t,)p>1 as in Lemma For all 7 in NU {oo}, write
tn,; for the image of ¢, in EZL T Recall from the topological field Eggrf,
and note that EX™ equals the completion Fy(t/97) of 2o Fy(¢H/97).

Proposition. The ring EXT is perfectoid, and our choice of (t,)n>1 induces
an identification (EYT)” = Cont(NU{oo}, EE™) such that mh = lim, e t4 .
Proof. The proof of Lemma [4.8 shows that 7 is a multiple of ¢;. Since

td = fx(t2) =t1  (mod ),

this indicates that 4 is a unit multiple of t;. Now (EX)° = O, and we
have

OLT/tl — lig(ELTv”)o/tl = hgqhgn OELT,n/tLi X OELT,n/tLOO,
n n d i<d ¢ <
where d is large enough with respect to n. Commuting the direct limits
yields
lig lim [] O/t x Opuran ftroe =l [T O prrnca /t1i X O purnco /t1,00,
d n<n(d)i<d d i<d '

where n(d) is a positive integer depending on d. Because e; — 00 as i — 00,
we can choose n(d) such that n(d) — oo as d — oo. Hence the above

8Note that [29) Chapter IV, Theorem 9.1] and [29, Chapter IV, Theorem 9.2] hold for
any ring o and ideal m C o such that o is m-adically complete (with the same proofs).
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becomes
@HOELT/tl,i X OE%,OT/'[:LOO.
di<d

Replacing t1 with to yields O¥/ty = hﬂd Higd OEZLT [ta,i X Opur /t2,00. Since
Oprr is integral perfectoid, these descriptions imply that the absolute g-
Frobenius map O/t — OY/t = OY/t; is an isomorphism, so E'T is
perfectoid.

We have t7' = f:(t1)/t1 = 0 (mod 7) and thy = faltny1) = ta
(mod 7). Therefore our choice of (¢,),>1 induces an identification

O /m = G (O/m)[t"/4" " @=D)] /t = Cont (N U {oo}, fj F, [t/ (=1 /t),
n=1 n=1

where /4"~ (a=1) corresponds to the image of ¢,, and the second equality
follows from Fq[tl/qn_l(qfl)}/t being discrete and N U {co} being compact.
From here, taking the inverse limit perfection yields

(O"T)’ = Cont(N U {00}, (EE™)°),
where 7, equals (... ,t/ala=1) 41/(a=1) 0) in the inverse limit perfection of
OYT/x. This implies the desired description of (E“T)’. Finally, because the
sequence (..., to,t1,0) in OV lifts the sequence (..., t%/a@=1 ¢1/(a=1) () in
oLt /7, we see that m’io = lim, oo 1 , as desired. O

4.10. We will use our study of Spd E'T to prove that Divi —NU {oc} is
cohomologically smooth of dimension 1. This requires the following gener-
alization of [30, Lemma 10.13], which will also be useful later. Let G be
a group topological space over N U {oo} that is lctd over N U {oc} as in
Definition and let { K}, be a family of compact open group subspaces
of G over NU {oo} satisfying Definition [1.2a).

Lemma. Let S— S be a G-torsor in the category of v-sheaves. For all a,
the morphism K®\G xS — S is separated étale, and the natural morphism

S—lim K“\G x5S

is an isomorphism. Consequently, S Sisa pro-étale cover and universally
open.

Proof. First, assume that S is the trivial G-torsor G x NU{oc} O+ Lemma [1.12

implies that the étale topological space K*\G over N U {oo} is Hausdorff,
so the morphism

Ka\G ng = KO‘\G X NU{oo} S—S8
is separated étale. Moreover, Definition a) indicates that G — l‘gla KNG

is an isomorphism, so the same holds for 5 — lim | KX\GxES = lim K\GxXnufoo)
S.
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In general, S is trivial after replacing S with a v-cover, so the above and
[36], Proposition 10.11 (iv)] show that K*\G xS — S is separated étale in
general. Because isomorphisms of v-sheaves can be checked after a v-cover,
the above also shows that S — l'£na K*\G x98 is an isomorphism in general.

The presentation S = @a K*\G x¢& S implies that S—Sisa pro-étale

cover. Since the morphisms K*\G x& S — S are universally open and every

open subspace of S arises via pullback from K*\G x& S for some «, this

also indicates that S — S is universally open, as desired. O

4.11. We also need the following relative version of [36, Proposition 24.2].
Let K! be a compact group topological space over NU{oco} that is lctd over
N U {oo} as in Definition and suppose there exists a decreasing family
{K"};>1 of compact open group subspaces of G over NU{oo} such that, for
all positive integers n, the étale topological space K/K"*! over NU {oo}
has fibers of constant finite cardinality k, not divisible by £.

Let f: Z'— Z be a morphism of small v-stacks over NU {oo}, and let

K' v, 72/ -7
be a free action of K!' on Z’ over Z. For all positive integers n, write

7" pgn I g

for the natural morphisms. Let A be a ring that is £-power torsion.

Proposition. If f is representable in locally spatial diamonds, separated,
and cohomologically smooth, then the same holds for fi. Moreover, there is
a natural transformation gy — q!l of functors

De(Z'|K', N) = D (Z', A)
such that qff{ — qllfl! = f! 18 an tsomorphism.

Proof. Let S— Z be a morphism over NU {co}. Then S xz Z’ is a locally
spatial diamond, S x 7 Z’/K" is a diamond, and S x z Z' — S x z Z' /K is an
K'-torsor. By replacing S x 7 Z' /K" with a v-cover by an affinoid perfectoid
space, we can use Lemma m to see that S xz Z' — S x4z Z’/L1 is open,
so [36, Lemma 2.10] and [36, Proposition 11.15] imply that S xz Z'/K! is
locally spatial.

The separatedness of f; follows from [36], Proposition 10.9]. Note that the

Z N

relative compactification Z’/ Kt 7 is naturally isomorphic to (2’ / Z) /K, and
arguing as above shows that

7|~ @)/

is a quotient map. Because f is compactifiable, this implies that f; is com-
pactifiable.
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Next, we turn to our candidate for ¢ — q!l. Since ¢ is proper, it suffices
to construct a natural transformation gi.q7 —id. For all positive integers
n > m, write ¢, m : Z'/K™— Z'/K™ for the quotient morphism, which is
finite étale of degree k,,, - - - k,_1. Lemma identifies ¢ with gnn qn.1, SO
¢1+q] is naturally isomorphic to hgrln qn, 144, 1- Because ¢ni1p is finite étale
of degree ky, the trace natural transformation try : gn,1.qy, ; — id satisfies
the commutative square

* *
An+11xGn4+11 — 7 dn,1xqn 1

J{tr'rr&*l ltrn
xk

id ————id.
Hence taking hﬂn of kT Lo k, ! tr, yields a natural transformation q1.q} — id.

We claim that the natural transformation g¢j f{ - f 'is an isomorphism.
To see this, after replacing Z with a v-cover, we can assume that Z is strictly
totally disconnected. Then Z’ is a locally spatial diamond, and since the
claim is open-local on Z’, we can assume that Z’ is spatial. Because Z is
strictly totally disconnected, [36, Proposition 20.17] indicates that it suffices
to show that

(1) Hom(B, q; f; A) — Hom(B, ' A)

is an isomorphism for all B in D¢t (2, A) and A in D¢ (Z, A). Lemmam
identifies Z’ with @n Z' | K™, so [36, Proposition 20.15] implies that B is iso-
morphic to g, By, for some positive integer m and By, in Dg; pe(Z' /K™, A).
Therefore the left-hand side of becomes

Hom (g, B, 4} £ A)
= Hom(B, Qm*(ﬁﬁA)
= HOHl(Bm, hgln Qn,m*q;71fiA) since hﬂn Qn,m*qz,l = Qm*QT

= lim Hom (B, gnmeyy 1 fi4) by [36, Proposition 20.10]
= lim | Hom(B,,, qn,m*qévlfl!A) because ¢y, is étale
= %n Hom (B, gn.m« frA)
= hgln Hom( fruqy, mBm, A),
where n runs over positive integers satisfying n > m. Next, note that
f1B = fo@m1@r, Bm = fo1@m«Gpy, Bm because ¢y, is proper
=l finiGn,ms 5 mBrm since 1 qn,medy m — Gmedim
= hgn JmlGn,m! Gy mBm because gy, is finite
= lim fu @ B

and the transition morphisms in the directed system {fuq, ,,, Bm}n have
splittings given by normalized traces as above. Since f is quasicompact
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cohomologically smooth, fiB lies in D¢ (Z, A) by [36, Proposition 23.13 (ii)],
so [36, Proposition 20.17] implies that the directed system {f.iqy, ,, Bm}n
is eventually constant with value fiB. Therefore the left-hand side of
becomes

lig  Hom(fpqp, B, A) = Hom(f1B, A) = Hom(B, f'A),

which is precisely the right-hand side of . This yields the claim.

To show that fi is cohomologically smooth, [36l Proposition 23.15] indi-
cates that, after replacing Z with a v-cover, we can assume that Z is strictly
totally disconnected. Then it suffices to check condition (iii) in [36, Propo-
sition 23.4], and this follows from the claim and applying [36, Proposition
23.4 (iii)] again to f. O

4.12. Ezample. For all positive integers n, write (O*)" for the kernel of
0* = 0,. Then O* is lctd over NU {oc}, and {(0*)"},,>; forms a family
of compact open group subspaces of (O*)! over N U {oo} satisfying the
conditions in £.11]

4.13. The proof of Lemma shows that W (O/m) = O, so the composi-
tion

F, < Cont(NU {oo},F,) = O/n b w(0/m) = 0
induces a morphism F;* x (NU{co}) — O™ of group topological spaces over

N U {oc}. By using profinitude and checking on fibers, we see that the
induced morphism

F x (NU{00}) Xnufoo} K' = O

of group topological spaces over N U {oco} is an isomorphism.
We conclude this section by proving the promised smoothness result.

Corollary. Our Div}( —NU{oc} is cohomologically smooth of dimension
1.

Proof. Proposition identifies Spd E™T with the punctured open perfec-
toid unit disk over NU {oo}. This identifies Spd E'T XNU{oo} SPA C' with

the punctured open perfectoid unit disk over Spd C, so Spd EM x NU{oo}

Spd C' — Spd C' is cohomologically smooth of dimension 1.
Corollary and [36, Lemma 15.6] imply that Spd E'T —Spd F is an
0*-torsor. Therefore Spd EMT —(Spd ELT)/IE‘qX is a finite étale cover, so

the above and [36, Proposition 23.13] show that (Spd EMT)/FX Xyufoo)

Spd C' — Spd C' is cohomologically smooth of dimension 1. Since (Spd ELT)/IF;< —Spd FE

is an (0*)!-torsor, Propositionthen shows that Spd E'X (e} Spd C — Spd C
is cohomologically smooth of dimension 1.
Because Spd ET is isomorphic to the punctured open unit disk over
NU{co}, we see that Spd EMT and hence Spd F has finite dim.trg over
N U {oo}. Hence Lemmaand [36, Proposition 23.15] imply that Spd £ — N U {oco}
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is cohomologically smooth of dimension 1. Finally, the proof of Lemma
implies that the same holds for Divi —NU {oo}. O

5. VECTOR BUNDLES ON FARGUES—FONTAINE CURVES

In this section, we study vector bundles on Xg. First, we prove that they
satisfy v-descent with respect to S. Next, we define the analogue of absolute
Banach—Colmez spaces over E, and we use results from §4| to prove various
facts about them. We also define general Banach—Colmez spaces over F,
and we use an ampleness result to extend the aforementioned facts to this
setting. Finally, we apply these facts to prove properties about the Harder—
Narasimhan filtration in our context, as well as to generalize a theorem of
Kedlaya-Liu [26].

5.1. Let & be a vector bundle on Xg. Write BC(&') for the presheaf of
E-modules on Perfr, over S whose S’-points equal H(Xg, Elxg)

Proposition. The presheaf of categories on Perfr, over NU {oo} given by
S +— {wvector bundles on Xg}
satisfies v-descent. In particular, BC(&) is a v-sheaf.

Proof. Because Xg =Yg/ goZ , vector bundles on Xg are equivalent to vector
bundles on Yg equipped with a (-semilinear automorphism. Therefore it
suffices to prove that S — {vector bundles on Yg} satisfies v-descent. Let
S"— S be an affinoid perfectoid v-cover. Since Yg = J; Vs z, where 7 runs
over closed intervals in (0, 00) with rational endpoints, it suffices to prove
that vector bundles on Vg7 are equivalent to vector bundles &’ on Vg 1
with a descent datum o with respect to yS/XSS/XSS/7I§yS/XSS/7I = Vs 1.

perf

Pullback yields a vector bundle &’ on Vg 1 Xgpao SpaO with com-

muting descent data « with respect to the adic spaces
£
Vs/x 55 %55 T XSpa0 Spa OP
SVs/xs5/.7 Xspa0 SPaOP = Vo 7 xgp00 Spa OP!
and B’ with respect to the affinoid pre-adic spaces
p p P
Vs .1 Xgpa0 Spa orert XSpa© Spa orert XSpa O Spa orert
Vs 7 X8pa0 Spa OP™ xgpa 0 Spa O™ = Ve 7 X gpa 0 Spa OP™.

Proposition indicates that the Y_ 7 xgpa0 Spa Orert are perfectoid.
Hence [38, Lemma 17.1.8] enables us to descend (&7, &) and (8, @) to a vector
bundle & on YVs.z Xspa© Spa oret with a descent datum 3 with respect to
the affinoid pre-adic spaces
perf

perf perf

yS,I XSpa ©® Spa O XSpa©® Spa O XSpa©® Spa O

=Vs7 Xspa0 Spa OP™ xgpa 0 Spa OP™ = Vg 1 X gpa 0 Spa OPL.
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Because O is a direct summand of QP as topologigal O-modules, [40, Tag
08XA] and [40, Tag 08XD] enable us to descend (&, 3) to a vector bundle
& on Yg 7. This yields the desired result. O

5.2. Next, we study the analogue of absolute Banach—Colmez spaces in our
context. Let A be a rational number, and write A = 5 for coprime integers
c and d such that d is positive. Write Ox () for the rank-d vector bundle

on Xg given by descending ﬁ;BSd along Yg — Xg via

7.‘.70

©d

1

and write BC(O'())) for the presheaf of E-modules on Perfr, over NU {oo}
whose S-points equal HY(Xg, Ox4(A)). Since Ox4()\) is compatible with
base change in .S, Proposition [5.1| implies that BC(&'()\)) is a v-sheaf.

Proposition. If \ is positive, then H*(Xg, Ox4(\)) is naturally isomorphic

d_ﬂ.c )
tOBaiﬂﬂde%X&ﬁXJM)wzmu

Proposition shows that Corollary i) yields a natural E-linear iso-
morphism I:'VI“(S) 5 HY(Xg, Ox4(1)). Under this identification, Corollary
iii) implies that for all untilts S* = Spa(R?, R**) of S over Spa E, the
map H°(Xs, Ox.(1)) = R* given by pullback to the closed Cartier divisor

5% < Xg from [3.14] corresponds to the composition LT(S) = LT(S%) o8 Rt

Proof. By repeating the construction of E (except that in we replace F,
with F 4, and we replace E; with its corresponding unramified extension),

we obtain a topological ring E?. Write Xg(E?) for the adic space associated
with £ as in By construction, we have a degree d finite étale morphism
Xg(E%) — Xg given by quotienting by ¢, and Ox(A) is the pushforward
of Ox 4 (gay(c). Therefore Shapiro’s lemma lets us assume, after replacing £
with F¢, that A = ¢ is an integer.

Note that Xg is obtained from Yg 1 4 by using ¢ to glue Vg 1 1] 5 Vs jq.q-
Because the Vs 7 are affinoid, we see that I'(Xg, Ox4(c)) is quasi-isomorphic
to

p—me
Bsj1,q — Bsn1-
We claim that restriction yields a quasi-isomorphism to this complex from

p—me
Bg 1,060 = B 1,00
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To see this, recall fromthe topological ring W/(RT). Now Spa W'(R¥)[1]
is covered by the rational open subspaces

{Im| < |[w]| # 0} and {[[w]| <[] # 0},
and the proof of Lemma ii) shows that the global sections of the latter
equals Bgj o). Arguing similarly shows that the global sections of the

former equals Bg [o 1] [%], and the global sections of their intersection equals
Bg1,1)- Using the two-sided 7-adic expansions of elements of Bg 1], we

see that the difference map BS’[OJ][%] X Bg[1,06] = Bs,1,1] is surjective, so
Lemma i) yields a short exact sequence

0 —— W(RT)[1] — Bgjo,1][2] X Bs 1,00 — Bg1,1] 0.
Replacing {|7| < |[w]| # 0} with {|7?| < |[w]| # 0} instead yields
0 —— W(RM)[L] —— Bg0,9[2] X Bs1,00 — Bg,j1,q — 0,

and ¢ — 7€ induces a map from the bottom row to the top row. By the
snake lemma, it suffices to see that the maps W (R")[2] — W (R")[2] and
Bs (0,4 = Bs,[0,1) are isomorphisms. Note that ™! is bounded when consid-
ered as a map Bg o 1] — Bg[0,q Or @ map W (RT)[2] = W(R")[2]. Because

7 is topologically nilpotent, this indicates that y > 7™ —1=m converges
on W(R")[1] and Bg g 1], which provides the inverse to ¢ —7¢ on W (R™)[2]
and Bg 1. This yields the claim.

The claim yields the first statement. For the second statement, note
that Bg 1 «) is spanned by W (RT)[1] and [w]Bg 1 o, and the above work

shows that W (R*)[1] lies in the image of ¢ — 7. Now — 3 oe_ w(=1=mlepm
converges on [@] Bg |1 »], Which implies that [z ]B S,[1,00] also lies in the image
of ¢ — m°. (]

5.3. Recall that S = Spa(R, R") is an affinoid perfectoid space over N U {oo}.
Let us now explain the relationship between &'x, (1) and divisors on Xg.

Proposition. Our choice of (tn)n>1 induces an isomorphism over N U {oo}

Spd EYT 5 BC(6(1)) — {0}.

Proof. Let St = Spa(R*, R*) be an untilt of S with a morphism S* — Spa E'T.
Since fr(t1) =0 and fr(tp+1) = t, for all Il positive integers n, our choice of

(tn)n>1 induces a morphism Spa EVT S 1T. Composing this S* — Spa EMT
yields an element of LT(S%) = LT(S) > H(Xg, Ox4(1)), and as S and
5% — Spa ET vary, this yields a morphism Spd E*T — BC(6/(1)) over NU {oc}.

Proposition shows that E'T is perfectoid. Moreover, Proposition
identifies

Spd EXT = Spa(EY)’ = Spa Cont(N U {oc}, ER™),
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and under the identification from Corollary i), the morphism Spd E*' — BC(0(1))
sends S* — Spa E*T to the image of 7o in R. Hence the image of this mor-
phism lies in BC(€(1)) —{0}. Corollary [4.7]i) even identifies BC(&/(1 1))—{0}
with the punctured open perfectoid unit disk Spa Cont(NU{oco},F ((X 1/a>=))
over NU {co}, and Spd EYT - BC(0(1)) — {0} corresponds to the map of

O /m-algebras
Cont(N U {00}, Fq(()?l/qoo ) = Cont(N U {oo}, EPT)
that sends X — moo. This is indeed an isomorphism. U

5.4. Let o be an S-point of BC(&(1)) — {0}. By Proposition o corre-
sponds to an S-point of Spd EMT, whose image under Spd EMT — Div%/ — Div&
naturally induces a closed Cartier divisor S* < Xg by

Proposition. We get a short exact sequence

0 Oxy —7— Ox4(1) Ogs 0
of sheaves on Xg.

Proof. Write g for the ideal of Ox, corresponding to the closed Cartier
divisor S* < Xg. Note that the morphism Spa ELT 1T g induced by our
choice of (t,)n>1 lies in the kernel of log, so Corollary iii) indicates that
the image of 0 : Oxy, — Ox(1) lies in I (1).

Since Fgi(1) is a line bundle, to show that o : Ox4 — I (1) is an iso-
morphism, it suffices to check after pulling back to geometric points s of S.
Now the image of 5 in NU {oo} equals {i} for some i in N U {oo}, so the
result follows from Proposition and |14, Proposition II1.2.3]. O

5.5. Proposition. Let A be a rational number.
i) If X is positive, then the morphism BC(O(N\)) — N U {oo} is representable
in locally spatial diamonds, partially proper, and cohomologically smooth.
ii) If X is zero, then BC(O()N)) is naturally isomorphic to E, and the pro-
étale sheafification of the presheaf on Perfg, over NU {oo} whose S-
points equal H*(Xg, Ox4(N)) is zero.
iii) If X is negative, then H*(Xg, Ox4(N)) is zero.

Proof. The proof of Proposition lets us assume that A\ = ¢ is an integer.
Let S = Spa(R, R") be an affinoid perfectoid space over NU {oo}. Under
the identification from Corollary i), any pseudouniformizer of R yields
an S-point o of

Bc(o(1)) - {0}

By Proposition we get a short exact sequence

0 Oxs —7— Ox4(1) Ogs 0

S
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of sheaves on Xg, where S% < X is the closed Cartier divisor from asso-
ciated with the image of o under BC(€0/(1))—{0} = Spd E¥T — Divi, — Divl.
Since the pullback to Yg of x4 (1) is trivial, its pullback to S* is also trivial.
Therefore twisting by Ox(c) yields a short exact sequence

(l>) O%ﬁXS(C)L)ﬁXS(CqL 1) ﬁsu 0.

First, suppose that c is positive. If ¢ = 1, the result follows from the
identification in Corollary . To inductively get the case of ¢ + 1 from
the case of ¢, Proposition [5.2] shows that the long exact sequence induced
by (]ED yields a short exact sequence

0 —— BC(Ox,(c)) — BC(Oxg(c+1)) — (G2,)® —— 0,

where the morphism BC(Ox4(c + 1)) —( Zns,j)o is surjective on S-points.
Because BC(Ox (c+ 1)) —( Znsﬁ)o is also a BC(Ox(c))-torsor, the result
for BC(Ox4(c)) implies that BC(Ox¢(c+1)) —( Zns,j)o is representable in lo-

cally spatial diamonds, partially proper, and cohomologically smooth. Now
(GZ?Sﬁ)O — S is a locally spatial diamond, partially proper, and cohomolog-
ically smooth, so [36, Proposition 23.13] shows that the same holds for the
composition BC(Ox4(c+ 1)) —>(GZT‘S,1)O —S.

Next, suppose that ¢ is zero. Then Proposition shows that the long
exact sequence induced by (]E[) yields an exact sequence

0 —— H(Xg, Oxy) — H(Xg, Ox4(1)) — R* —— HY(Xg, Ox,) —— 0,
and Corollary iii) and Corollary identify its first four terms with

OHL( U LTg[r ) (%) — TT(SH) —%, .

Corollary indicates that 1/(;3 is pro-étale-locally surjective, so our ex-
act sequence implies that the pro-étale sheafification of S — H'(Xg, & Xs)
is zero. As for H°(Xg, Ox,), Proposition shows that LTg[r™](S*)
is a pseudotorsor for ContNU{oo}(|Sﬁ|,@m). Now o induces a morphism
St — Spa EM — Spa EM'™ 50 Proposition also shows that this pseu-
dotorsor is naturally trivial. Therefore the compactness of |S| = }Sﬁ‘ yields
the desired description

i U LT ) (5%) = U Contrr o) (151, Om) = Contiggocy ([S], E).

Flnally, suppose that c is negative. Then the long exact sequence induced
by (]ED yields an exact sequence

0 —— H(Xg, Ox,(c)) — H(Xs, Oxs(c+ 1)) — RE,
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soif ¢ = —1, the result follows from part ii) and the injectivity of E —(G2", )0,
This exact sequence also indicates that the case of ¢+ 1 implies the case of
c. (]

5.6. To extend our discussion to general Banach—Colmez spaces, we use
the following ampleness result for Ox(1).

Proposition. Let & be a vector bundle on Xg. Then there are positive
integers ¢ and m such that there exists a surjective morphism Ox (—c)®™ —

&.

Proof. After replacing the usual Witt vectors with our Witt vectors, the
proof proceeds as in [14, Theorem I1.2.6] verbatim. O

is profinite, and the morphism Z x (N U

5.7. Note that 0% = lim OF
{o0}) = E* of group topological spaces over NU{oo} arising from 7 induces

an isomorphism
[Z x (NU {OO})] X NU{oo} 0* SE*.

We now consider the analogue of projectivized Banach—Colmez spaces in
our context. For all vector bundles & on Xg, Proposition ii) shows that
BC(&) is naturally an E-module over S.

Corollary. The morphism BC(&) — S is representable in locally spatial dia-
monds and partially proper. Moreover, the morphism (BC(&)—{0})/EX — S
1s representable in spatial diamonds and proper.

Proof. Applying Proposition [5.6] twice yields an exact sequence
ﬁxs(—CQ)@Tm E— ﬁXs(—Cl)$m1 — & ——0

of sheaves on Xg, where the ¢y, co, m1, ms are positive integers. From here,
taking duals and global sections yields an exact sequence

0—— BC(éo) e BC(ﬁXS (Cl))@ml I BC(ﬁXS (02))$m2‘

Now BC(Ox(c2))®™2 — S is separated by Proposition i), so its zero sec-
tion is a closed embedding. Hence our exact sequence implies that BC(&) — BC(Ox(c1))
is a closed embedding. Proposition i) indicates that BC(Ox,(c1))®™ — S
is representable in locally spatial diamonds and partially proper, so this
shows that the same holds for the composition BC(&) — BC(Ox4(c1)¥™) — S.

We turn to the second statement. We claim that |[BC(&)| and the auto-
morphism arising from 7 satisfy the conditions in [I4, Lemma I1.2.17]. The
first paragraph is satisfied by [14, Remark I1.2.18], and since BC(&) is a
closed subspace and subsheaf of E-modules of BC(Ox(c1))®™, it suffices
to check conditions (i)—(ii) for |[BC(Ox4(c1))®™|. The proof of Proposition
i) identifies BC(Ox4(c1)) with an iterated extension of (LT XSpa0/r 9)°
and (GZ?Su)O, which themselves satisfy conditions (i)—(ii). This yields the
claim.

dmi
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Because the fixed point locus of 7 is precisely the zero section, the claim
and [I4, Lemma I1.2.17] imply that

(BC(&) —{0})/n" = (BC(&) — {0})/Z x (NU {co})

is a spatial diamond. Note that O acts freely on (BC(&)—{0})/Z x (NU {oo})
over S, so [36, Remark 11.25] shows that

((Be(&) — {01)/Z x (NU {o0})) /0 = (BE(&) — {01/ [Z x (NU {50})] Xpiugoc) O

— (BC(&) — {0})/E*

is a spatial diamond. Finally, we see that (BC(&) — {0})/E* — S remains
partially proper, so [36, Proposition 18.3] indicates that it is proper, as
desired. 0

5.8. Let us recall the notion of Harder—Narasimhan polygons. Let & be
a vector bundle on Xg. For any geometric point s of S, the image of 5
in NU {oo} equals {i} for some ¢ in NU {co}, so Proposition and [14,
Theorem I1.2.14] imply that &|x. is isomorphic to

Ox;(\1) &+ ® Ox,(\r)

for some rational numbers Ay > --- > A,. For all 1 < j <7, write d; for the
rank of Ox_ ().

Definition. The Harder—Narasimhan polygon of & is the function
pe : |S| —{concave down polygons in R?}
sending 5 to the polygon with vertices given by
(0,0), (di,diA1), ..., (di+ - +dr,di A + -+ dp Ny).

5.9. As usual, the properness of projectivized Banach—Colmez spaces has
the following consequence for Harder—Narasimhan polygons.

Proposition. Let & be a vector bundle on Xg.

i) The function pg is upper semicontinuous.

it) If pe is constant, then there exists a decreasing filtration {éaz’\})\eQ of
& such that, for all geometric points 3 of S, the pullback {&> x.}re0
equals the Harder—Narasimhan filtration of &|x.. Moreover, there exists
an affinoid perfectoid v-cover S" — S such that, for all rational numbers
A, there is a mon-negative integer m and an isomorphism

(¢=/ U )

A>A

=~ ﬁXS,()\)@m.

Xgr

Proof. For part i), after replacing S with a clopen cover, we can assume that
& has constant rank d. Note that pg(3) equals the convex hull of

{(j,m) € Z*|0<j<dand H(X5,(N &) ® Oxg(—m)|y ) is nonzero},
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so it suffices to show that, for all vector bundles % on Xg,
{5 €|S|| H(X5, Z|x.) is nonzero}
is a closed subset of |S|. Now the latter equals the image of the morphism
(BC(F) —{0})/EX — S,
which is proper by Corollary Hence its image is indeed a closed subset

of |S].
For part ii), suppose that pg is the polygon with vertices given by

(050)7 (dladl)‘l)v ey (dl + -+ dr’dl)\l + - +d7‘)\1“)

for some rational numbers Ay > --- > \,.. We claim that there exists an
affinoid perfectoid v-cover S’ — S and an isomorphism

Elxy = Oxy (M) B ® Ox g (Ar).

To see this, consider the vector bundle .% = J#om(0x (A1), &) on Xg. The
morphism (BC(.#) — {0})/E* — S is quasicompact by Corollary and
by assumption it is surjective on geometric points. Therefore [36, Lemma
12.11] indicates that (BC(.#) — {0})/EX — S is a v-cover. Since BC(%#) —
{0} =(BC(ZF) — {0})/E* is also a v-cover, we see that, after replacing S
with a v-cover, there exists a morphism o : Ox4 (A1) — & whose pullbacks
to geometric points 5 of S are nonzero. Because Ox_(—A\1) is stable as in [14,
p. 69], checking on geometric points 5 of S shows that 0¥ : &Y — Ox (A1) =
Ox s (—A1) is surjective, so o is injective and has a vector bundle cokernel. By
induction on rk &, after replacing S with a v-cover, we have an isomorphism
cokero = Ox(A2) @ - -+ @ Ox4(Ar). The resulting extension

0—— Oxs(M) ——= & —— Oxg(A2) @ ® Oxy(Ny) —— 0

splits after replacing S with a pro-étale cover by Proposition [5.2]and Propo-
sition [5.5}ii). This yields the claim.

Let S’ — S be as in the claim, and for all rational numbers \, write &’=*
for the sub-bundle @/\JZA Oxy,(Nj) of &lxy, = Oxy, (M) D@ Ox ().
Note that &|x, has a descent datum « with respect to Xgry s57x g5 = Xgrx 55 =

Xg. Proposition iii) implies that « preserves the sub-bundles &’ ZA so
Proposition enables us to descend (62, ) to a sub-bundle &2 of &.
By construction, &= satisfies the desired properties. O

5.10. 'We conclude this section by using Proposition to prove the ana-
logue of [26, Theorem 8.5.12] in our relative setting.

Corollary. We have an exact tensor equivalence of categories

vector bundles & on Xg }

{pro-étale E-local systems on S} — { with slope-zero pe

gwen by L — L ®g Ox,.
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Proof. Note that — ®g Ox, preserves tensor products and duals. Therefore
internal homs let us reduce full faithfulness to proving that, for all pro-étale
E-local systems L on S, the map Homg(E, L) %Homﬁxs(ﬁxs,L QFE Oxy)
is a bijection. Now IL is trivial after replacing S with a pro-étale cover,
Homg(E, L) satisfies pro-étale descent on S, and Homg, (Ox,, L ®g Ox;)
satisfies pro-étale descent on S by Proposition [5.1] Hence we can assume
that I = E, where the result follows from Proposition ii).

For essential surjectivity, let & be a vector bundle on Xg with slope-
zero pg. After replacing S with a clopen cover, we can assume that & has
constant rank d. Then Proposition and Proposition ii) indicate that
the presheaf S on Perfr, over S whose S’-points equal Iso(&|x,,, ﬁ;‘?z’) is
a pseudotorsor for GL4(E) = GL4(E), and Proposition ii) shows that

S is a torsor. Proposition and Proposition indicate that GL4(E) is
lctd over NU {oco}, so Lemma shows that S — S is a pro-étale cover.
This yields an affinoid perfectoid pro-étale cover S’ — S and an isomorphism
Elxy = ﬁ;‘?g/. By full faithfulness, the resulting descent datum on ﬁ;‘?g,

with respect to Xg/xo5/xs5=Xgxqs = Xg induces a descent datum o
on E®? with respect to S’ x 5.5’ x 55’38 xS’ = ', and (E®?, ) descends
to the desired pro-étale E-local system on S. (]

6. REDUCTIVE GROUPS IN FAMILIES

In this section, we study p-adic groups over E. We start with some
recollections about Chevalley groups over Z. Then we combine this with
results from §2|to spread out quasisplit connected reductive groups over Fo,
to reductive group schemes G over E. Using a construction from the
latter yields a group topological space G(E) over N U {oo}, which we show
is lctd over NU {oco} as in Definition We also define the analogue K" of
congruence subgroups of G(E), and we prove that

Endg (c-Indg” A)

is isomorphic to the constant sheaf H(G oo (Ex), KL )a in a way that recovers
Ganapathy’s isomorphism on stalks.

Next, we turn to the study of G-bundles on Xg. After proving a Tan-
nakian description of G-torsors, we define the moduli stack

Bung — N U {o0}

of G-bundles on Xg. Using results from §5| we prove that the locus Buné -
Bung of trivial G-bundles is open, and that Buné is isomorphic to the
classifying stack of G(E) over NU {oo}. Finally, we prove an invariance
property of Dg(Bung, A) when base changing to Bung Xy} Spd C, by

reducing to the situation considered in Fargues—Scholze [14].
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6.1. Let (G, 15 X*(T%), A, {xz}zea) be a pinned split connected reductive
group over Z as in [9, Definition 6.1.1], and recall that the global sections
Ogs of G® is a free Z-module [0, 4.9]. Write B® for the Borel subgroup of G*
associated with the base A, and note that &ps is also a free Z-module.

Let § : I'oo = Aut(G®, T%, X*(T®), A, {xz}aen) be a continuous homomor-
phism, and write Fi,/ E for the finite Galois extension such that Gal(Fuo/Eoo)
is the image of J. Descending (G}, Ty, B:._,{Ta}aea) along the étale
Gal(Fx/Ex)-torsor Spec Fiy, — Spec E4, via § yields a quasisplit connected
reductive group G, over Fo, with a pinning (Beo, Too, {Zg}aea) over Eoo
as in [24], Definition 2.9.1]. Recall that every quasisplit connected reductive
group over Fo, arises this way for a uniquely determined ¢ (up to conjuga-
tion).

6.2. We now spread out G to a connected reductive group over £ as fol-
lows. Let n be a positive integer such that the image of I in Gal(Fu/FExo)
is trivial. For the rest of this paper, assume that e; > n for all i in
N. Recall from [2.10] the function ¢ : [~1,00) —[—1, 00), the finite Galois ex-
tensions F;/E;, the finite étale E-algebra F', and the ring topological spaces
Or 1, Op, and F over NU {oo}.

Corollary implies that Spec F'— Spec E is an étale Gal(Fx/Ex)-
torsor. Therefore descending (G%, T}, By, {x5}aea) along Spec F'— Spec £
via ¢ yields a connected reductive group G over E, a maximal subtorus 1" of
G, a Borel subgroup B of G containing T, and generators zz of the rank-1
free F-module (Lie Gp)g for all @ in A.

For all 7 in NU {oco}, write (G;,T;, B, {zz}aea) for the base change to
E; of (G,T,B,{xz}3eca). Then G; and (B;,T;,{xz}zen) are the objects
associated with G and (Beo, Too, {Z7}gea) as in In particular, when
1 = oo this agrees with the notation of

6.3. By Proposition the affine group G over E = E(NU{oo}) induces
a group topological space G(E) over N U {oc}.

Proposition. The group topological space G(E) over NU{oc} is Hausdorff,
locally profinite, and satisfies Definition . b).

Proof. Since E is Hausdorff, the same holds for G(E). Similarly, because G
is of finite type over E and E is locally profinite, the same holds for G(E).
We turn to Definition [1.2]b). Let i be in NU{oo}, and note that the fiber
G(E); is G(E;). Moreover, the evaluation map ev; : limy, GE)(U)— GE),,
where U runs over compact neighborhoods of 7, equals the composition

ling G(E)(U) = limy G(E(U)) — G/(Fspa ) — G(Ei) = G(E)s,
U U

where the first equality follows from Proposition The first arrow is an
isomorphism because Ospap; = lignU E(U) and G is of finite presentation
over . The second arrow is surjective because F; is the residue field of
Ospa E,i, the latter is henselian [26, Lemma 2.4.17 (a)], and G is smooth
over E. O
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6.4. To construct our family of congruence subgroups over NU{oo}, we use
Theorem|A.6l For all i in NU{oo}, write B(G;/E;) for the (reduced) building
of G; over E;, and write o; for the vertex in B(G;/E;) corresponding to the
adjusted Chevalley valuation associated with the pinning (B;, T;, {zz}aen)
over F;. Write IC; for the smooth affine model of G; over O; such that
Ki(0;) € Gi(E;) equals the open compact subgroup G;(E;)} [24, Proposi-
tion 8.3.1], which is maximal.

Let n be a positive integer. For large enough i, Theorem[A.6|indicates that
our isomorphism Tre, (E;) = Tre,(Eo) induces an isomorphism (K;)o, jpr =
(Keo)oo pn, of groups over O;/p! = Oco /Pl -

Definition. Recall from our presentation of N U {oco}.

a) Let n be a positive integer. Write K,, for the group topological space
over NU {oo} given by lim ; of the discrete group topological spaces

(TLK:0i/91)) L KeclOnc/p%)

i<d

over {i € N |i < d}U{oo}, where, for large enough d, the transition map

(TT K0i/oi)) T Koo (O /p) = (TTKi(Oif51)) TT Koo (O P%)

1<d+1 1<d

sends Kg11(Oay1/9y, 1) 10 Ko (Ooo/pl,) via the isomorphism

(Kar1)oa pn,, = Koo)ow /o,

(since d is large enough) and equals the identity otherwise.

b) Write K for the group topological space over NU {oo} given by 1&171 Ky,
where n runs over positive integers, and the transition map K, ;1 — K,
is induced from reduction mod 7'

c) Write K" for the kernel of K — K.

Note that K,, is finite locally constant over N U {oo}, so K is profinite.
Moreover, {K"},>; forms a family of compact open group subspaces of
K over N U {oo} satisfying Definition a). We see that K also satisfies
Definition [L.2]b), so it is lctd over N U {oc}.

6.5. For all 4 in N U {oo}, note that the fiber K; is K;(0;). Write ¢ :
K— G(E) for the map over NU {co} whose fiber at i equals the inclusion

Proposition. The map ¢ is an open embedding of group topological spaces
over NU {oo}. Consequently, G(E) satisfies Definition[I.2.a), so it is lctd
over NU {oo}.

Proof. Note that Proposition [1.20]is functorial in the ring topological space
involved, which we will apply to the open embedding O — F. Because
G® is of finite type over Z and finite products of open embeddings remain
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open embeddings, the resulting map G*(Op)<— G*(F) is an open embed-
ding of group topological spaces over N U {oco}. Endow G5(F) with the
action of Gal(Fy/FE+) arising from § and Proposition Then taking
Gal(Fuo/ Eoo)-invariants yields an open embedding

Gs(@F)Gal(Foo/Eoo) SN GS(F)Gal(FOO/EOO) _ G(E)

of group topological spaces over N U {oco}.
For all ¢ in NU {oo}, we claim that there exists a natural morphism

Ki—Rop, j0,(Goy,)

of groups over O; such that the resulting diagram

Ki(Oi) Gs(fm)

commutes. To see this, consider the image of o; in B(G;/F;). Note that Gg, .

is the smooth affine model of (G;)r, over OF, such that G*(OFr,) C G;(F;)
equals G;(F;),. Now K;i(O;) equals the intersection of G(E;) with G;(F;)S,
so IC; is the smoothening as in [24, Definition A.6.3] of the Zariski closure
of G; in ROFi/Oi(G?')F.)' This yields the claim.

Because Propositiozn 1.20] is compatible with inverse limits in R and S,
we have

G*(0r) = in G*(0z.,) = imjim (T1*(On /) L1 G¥(Or. /P3|

i<d

as group topological spaces over NU{oo}. For all ¢ in NU{oo}, the claim in-
duces a homomorphism K;(O;/pi') — G*(OF, /p}.), so taking lim  lim Hi<ayuoo}
yields a morphism K — G®*(QOp) of group topological spaces over N U {oo}.

By checking on fibers, the above work shows that the image of this map is
G5(0p)Gal(Fo/Ex) - Moreover, we see that the composition

K — G*(Qp) G2 (F/E) <y G(E)

equals ¢, so ¢ is a morphism of group topological spaces over NU {oo}. Fi-
nally, since K is compact and G(E) is Hausdorff, ¢ is a homeomorphism
onto its image. We already saw that this image is the open subspace
GS(@F)Gal(Fm/E“). O
6.6. We have the following version of the valuation map for T(E) over
N U {oo}. Recall from @ the F-algebra E, as well as the ring topolog-
ical spaces O and E over N U {o0}. Note that the pullback to Spec F' of
Hom(T, G,,) is naturally Gal(F /Ex)-equivariantly isomorphic to the con-
stant Z-local system with fiber X*(7T), so elements of X*(Tx,)'> induce
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morphisms 7' — G,,, of groups over E. Similarly, elements of X*(Th )/ in-
duce morphisms Ty — Gy, of groups over E , and elements of X, (T4 ) induce
morphisms G, — T’z of groups over F.

For all compact open subsets U of NU {co} and f in T(E)(U), write

o(f) : X (Too) "> = Z(U)
for the map that sends w in X*(Th )= to the composition

UL ri) 2B B Y7 (NU {oo)).

Note this yields a morphism v : T(E)— Hom(X*(Ts)'>*,Z) of abelian
sheaves on N U {co}. Identify Hom(X*(Tx)?>,Z) with the Z-torsionfree
quotient X, (Too)loo,tf of X, (Too)loo-

Write T(E)! for the subspace of T(E) whose fiber at i equals Tj(E;)?,
and write T'(E)! for the subspace of T(E) whose fiber at i equals T};(FE;)'.
Proposition shows that T(E)! is an open group topological subspace
of T(E) over NU {oco}. Similarly, arguing as in the proof of Proposition
shows that T(]]:])1 is an open group topological subspace of T(IFS) over
NU {oo}.

Lemma. The morphism v induces an isomorphism
v: T(E)/T(E) 5 X (Too) 1o st
of abelian sheaves on N U {oo}. Moreover, v restricts to an isomorphism

v: T(E)/TE) 5 (Xu(Too) 1,0 1£) 7>

Proof. By using Proposition[I.4]to check on stalks, the first statement follows
from [24, Corollary 11.6.2], and the second one follows from [24, Corollary
11.7.6]. O

6.7. In we compare elements of T'(E); for different values of i in NU
{o0}. To carry out this comparison compatibly over all ¢ in N U {oco}, we
proceed as follows.

Choose a uniformizer mp _ of F. For all ¢ in N, choose a uniformizer
7, of F; whose image in Op,/ p}@fei) ~0r./ pﬁf") equals the image of 7p,_,
and write 7 for the continuous section of F —NU {oco} whose value on i in
NU {oo} equals 7g,.

Choose a Z-basis p1, ..., pr of Xy (Tso)r. 4, and choose representatives
1y iy in Xy (Too) of the pq,...,pu,. Consider the morphism of abelian
group topological spaces over N U {oco}

Vi Xu(Too) 1o at X (NU {o0}) = T(IE)
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that sends the constant section p; to Nmﬁ/E(ﬁj ormp) forall 1 <j<r. By

checking on fibers, we see that V is a section of the composition
T(E) —— T(E)/T(E)" —— X.(Too) 1. st x (NU{00}).

Lemma [6.6] implies that this composition is a surjective morphism of abelian
group topological spaces over N U {oo} with kernel T'(E)!, so V induces an
isomorphism of group topological spaces over N U {oco}

[Xu(Too) 1t X (N U {00})] Xnugooy T(E) 3 T(E).

6.8. Let A be a ring, and recall the notation of Definition [I.5] Definition
and Definition [I.17} For the rest of this paper, assume that ¢; is
large enough as in Theorem for all 7 in N. For all 7 in NU {oo},
Theorem indicates that our isomorphism Tr, (E;) = Tr,, (Fso) induces
an isomorphism of A-algebras

H(G(Eoo), K3 )a = H(G(E;), KA.

The following result is crucial for the spreading out argument in our main
theorems.

Theorem. We have a natural isomorphism

¢ H(G(Boo), K2)a ™ End ) (c-Indgy ) A)

of sheaves of A-modules on N U {oo} such that, for all i in N U {oo},

the stalk <; equals the composition H(G(Ex), K%)A = H(G(E;),K')p =

Endg,)(c-Indg) A).

Proof. For all i in NU {co}, Proposition yields a natural bijection
KNG (Ei) /K" = KIN\G(Eoo) /K-

We claim that there exists a map T : KL\G(Fx)/KYL — G(E)(N U {o0})
such that, for all 7 in N U {oo}, the square

~

KiNG(E;) /K KE\G (Eoo) /K
I
G(E;) «——— G(E)(NU{o0})

commutes. To see this, choose a Z-basis v1,...,vs of (Xu(Too)r t£)¥>.
By Lemma there exist t1,...,ts in T(E)(N U {oo}) such that, for all
1 < j < s, the image of ¢; under v equals the constant section v;. Write

Vi (Xu(Too) 1.0 48)? = T(E)(NU {o0})

for the homomorphism that sends v; — t; for all 1 < j <s.
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For all ¢ in NU {oo}, write 7; for the Néron model of T; over O;, and
note that 7; is naturally a subgroup of K; over O; by Lemma i). For all
1 <j < s, write ¢; for the composition

pro

(X (Too) 108 X (NU{00})] Xnugooy T(E) —= T(E)*.

~

N U {oo} —25 T(E)

Because 7; is continuous, the image in 7;(O;/p*) = Too(Ooo /%) of its fiber
at 7 is constant for large enough i.

For all ¢ in N U {oo}, write T* for the kernel of 7;(0;) — T;(O;/p}).
Now indicates that our choice of fiy, ..., i, in X, (T ), along with our
choice of uniformizers 7y, and 7p_, induce an isomorphism T;(E;)/T)* =
Too(Ex)/T%, and the above implies that the images of ev;(t;) and eva(t;)
in T;(E)/T!" = Tw(Ex)/TY coincide for large enough i. Therefore, by
modifying ¢; at finitely many ¢, we can assume that this holds for all . As v
runs over (X, (Two)r )7 ", using the resulting ev;(V(v)) and eveo(V(v))
in the proof of Proposition yields the claim.

Recall the notation of By checking on fibers, the claim identifies

G(E) = [ K" (goo )K"
goo
as sets, where go, runs over K2 \G(E)/KZ . Combining this with Lemma
shows that K"Y(g.)K" is clopen in G(E), so we can form the continu-
ous function hy_ : G(E) = A whose value on K" Y (go )K" equals 1 o pr and
whose value on G(E) — K™Y (goo)K" equals 0 o pr.
By checking on fibers, we see that hy_ lies in H(G(E),K")A(N U {c0}).
As goo varies, the hy_ induce a morphism of sheaves of A-modules

H(G(Ex), K& )a = H(G(E), K")

on N U {oo}; take our candidate morphism ¢ to be the composition

H(G(Eso), K )a = H(G(E),K™)s 5 End ) (c-Indg™ A).

Proposition [1.18] shows that ¢ is injective, and the above discussion shows
that ¢ is surjective via explicitly constructing sections. U

6.9. Next, we turn to the study of G-torsors. More generally, let H be one
of {G, B}, and view Oy as a representation of H over E via right translation.

Lemma. The representation Oy is isomorphic to ligla Vi for some directed
family {V,}o of objects of Rep H.

Proof. Because H® is an affine group over Z and Ops is a free Z-module,
arguing as in the proof of [I1], I1.2.4] and taking Z-saturations show that &g
is isomorphic to lim V3 for some directed family {V$}a of objects of Rep H®.
Now the finite group Gal(Fu/Fo) acts on Ops via d, so after replacing each
V2 with the sum of its Gal(Fu/Es)-translates, we can assume that each
V2 is Gal(Fi/Eoo)-stable.
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Note that Ops is isomorphic to hga(vg) r. The above indicates that
each (V) descends to a constant rank finite projective E-module V, with
a co-action of Oy, and that Oy is isomorphic to %a Va. Because |Spa E|
is profinite, every constant rank vector bundle on Spa E is free, so |26
Theorem 2.7.7] implies that every constant rank finite projective E-module
is free. Therefore V,, is an object of Rep H, as desired. O

6.10. With Lemma in hand, we can prove the following Tannakian
description of H-torsors. Let Z be a sousperfectoid space over Spa F, and
let # be an étale H*-torsor on Z. For all V' in Rep H, write p(V') for the
locally free 0z ¢-module

p(V) = x5 (V™ @p Oz4).

Now [26, Theorem 8.2.22 (d)] implies that p(V') is a vector bundle on Z, so
this yields an exact tensor functor p : Rep H —{vector bundles on Z}.

Proposition. This association induces an equivalence of categories between

a) étale H*-torsors 7€ on Z,
b) exact tensor functors p : Rep H —{vector bundles on Z}.

Moreover, when Z = Spa(R, R") is affinoid, the above are naturally equiv-
alent to

c) étale H-torsors ' on Spec R,
d) exact tensor functors p : Rep H —{finite projective R-modules}.

Proof. Both a) and b) are open-local on Z, so we can assume that Z =
Spa(R, R") is affinoid. Let

p : Rep H —{vector bundles on Z} = {finite projective R-modules}

be an exact tensor functor, where the equivalence follows from [26, Theorem
2.7.7]. Lemma [6.9| indicates that Oy = lim V, for some directed family
{Va}a of objects of Rep H, so we can define p(0) to be lim p(V4,). Because
the V,, are finite free E-modules, this is independent of the family {V, }4.

Note that & is an E-algebra with an H-equivariant co-action of Oy over
E vialeft translation. Since p is a tensor functor, this endows p(Op) with the
structure of an R-algebra with a co-action of &y over E. Moreover, p(Cp)
is a direct limit of flat R-modules and hence itself flat over R. Because Oy
contains E and p(E) = R, the exactness of p shows that p(&y) is supported
everywhere on Spec R, so p(0p) is even faithfully flat over R.

Write 728 for Spec p(0p). The above implies that 728 has an action
of H over E, and we see that 7218 XSpec R 2lg ig naturally H-equivariantly
isomorphic to H Xgpec B alg gver 8. Since s — Spec R is faithfully
flat, this shows that #2!¢ is an fpqc H-torsor on Spec R. The smoothness
of H indicates that J#2 is even an étale H-torsor on Spec R. Because Z is
sousperfectoid, the analytification of /22 over Z yields an étale H**-torsor
¢ on Z. Finally, passing to an étale trivialization shows that ¢ — p and
p — ¢ are mutual quasi-inverses. O



ON CLOSE FIELDS AND THE LOCAL LANGLANDS CORRESPONDENCE 65

6.11. We have the following analogue of the moduli of G-bundles on the
Fargues—Fontaine curve in our setting.

Definition. Write Bung for the presheaf of groupoids on Perfr, over NU {oo}
whose S-points equal the category of étale G*"-torsors on Xg.

Proposition and Proposition imply that Bung is a v-stack, and
the proof of [14, Proposition II1.1.3] shows that Bung is small.

For all ¢ in NU {oo}, write Bung, for the v-stack as in [14, Definition
II1.1.2]. Proposition identifies the fiber of Bung at ﬁ with Bung,.
6.12.  Forall i in NU{oo}, write v; : [Bung,| =(X.(T) )" = (Xu(Too)y) ™
for the Newton map as in [I4, Theorem II1.2.3]. Because identifies the
set |Bung| with the disjoint union [[, |Bung,|, where ¢ runs over N U {oo},
the maps v; induce a map v : |Bung| —>(X*(Too)6)r°°.

Proposition. The map v : |Bung| —>(X*(TOO)6)F°° is upper semicontinu-
ous.

Proof. Let w be in X*(Ts) >, write V, in Rep G for the associated Weyl
module, and write p, : G — GLg4 for the corresponding morphism of groups
over E. For all i in NU {oco}, write (V,, pw,;) for the base change to E; of
(Vigs pw)- Identify w with its image in X*(T;)'sF = X* (T )+, and note
that V,,; in Rep G; is the Weyl module associated with w.

Let ¢ be a G*-torsor on Xg, and let vy be in (X*(TOO)E)FOO. By defini-
tion,

(5e sl v@lx) 2 ) = { e8]

Now [34, p. 165] shows that this equals

s¢S| PG| (Vi) = puwi(0) for all w in X*(T;)Vo T,
where {i} is the image of 5 in NU {oc} ’
so the above implies that this equals

m {§ € ‘S’ ‘p%(Vw)(g) > pw,oo(VO)}v

w

where w runs over X*(Th) >+, Proposition i) indicates that this is a
closed subset of |S|, and this yields the desired result. O

vi(9|x.) > v, where {i} is
the image of §in NU {o0} [~

6.13.  Write Bun, for the substack of Bung whose S-points consist of étale
G -torsors ¢4 on Xg such that, for all geometric points 5 of S, the pullback
9| x, is trivial.

As usual, the trivial locus Bun}; admits the following description in terms
of classifying stacks. Recall the notation of Consider the morphism
N U {oo} — Bung corresponding to the trivial G*"-torsor, which factors through
a morphism

NU {oo} = Buny, .
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Proposition ii) identifies G(E) = G(E) with NU {oo} X Bun, NU {0} as
group v-sheaves over N U {00}, so descent yields a morphism BG/(E) — Bung,.

Proposition. The substack Bun}; C Bung s open, and the morphism
BG(E) — Bung, is an isomorphism.
Proof. Let ¢ be a G*-torsor on Xg. We claim that

{5 € |S|| the pullback ¢|x, is trivial }

is an open subset of |S|. To see this, [30, Lemma 7.18] and [36, Lemma 2.5]
indicate that, after replacing S with a pro-étale cover, we can assume that
S is strictly totally disconnected. Now

{§ eS| ‘the pullback ¢|x_ is trivial} C {E € |9] ‘ v(¥Y|x,) = 0},

and the right-hand side is an open subset of |S| by Proposition There-
fore, after replacing S with the corresponding open subspace, we can assume
that v(¥|x.) = 0 for all geometric points 5 of S. For all V' in Rep G, this im-
plies that pg(y) has slope-zero, so Corollary shows that ¢ corresponds
to an exact tensor functor

Rep G —{pro-étale E-local systems on S}.

Because S is strictly totally disconnected, Lemma[4.10]implies that pro-étale
E-local systems on S are trivial. Hence the natural functor

{finite free E(S)-modules} —{pro-étale E-local systems on S}
is an exact tensor equivalence, so ¢ corresponds to an exact tensor functor
Rep G —{finite free E(S)-modules}.
Proposition [6.10] shows that this corresponds to a G-torsor .# on
Spec E(S) = Spec Contyyiacy (|5, E) = Spec Contyy ooy (mo(]S]), E).
Since mo(|S]) is profinite, we can form the analytic adic space
Z = mo(|S]) x NU{oo} Spa E.

Note that Z is affinoid with global sections equal to Contyyiecy (mo([S]), E).
For all s in |S|, write z for the point of Z corresponding to the image of §
in 7y(|S]). Then

ﬁZ,z = hgl COIltNU{OO} (U, E),
U

where U runs over neighborhoods of 5 in my(|S]), and the residue field of
Oz, is Contyyisc) (5, E). Because Oz, is henselian [26, Lemma 2.4.17 (a)],
the triviality of . |cong,,, (00} (5.E) implies the triviality of 7 |con,, (o0} (UB) for
some U. Therefore if ¢|x is trivial, then ¢|x_ is trivial, where U denotes
the preimage in |S| of U. As s varies, this yields the claim.
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The claim yields the first statement. For the second statement, note that
the above work shows that the morphism N U {co} — Bung, is a pro-étale
cover. Hence the second statement follows from descent. ([

6.14. In this subsection, we work over Sdeq and assume that A is /-
power torsion. We conclude this section by proving that the second state-
ment in Proposition holds for Z = Bung, which will be needed in
§91 Recall from the F-algebra C, and recall from the morphism
SpdC - NU {o0}.

Proposition. The pullback functor
D¢t (Bung, A) = Det(Bung Xnyfoo) SpA C, A)
is an equivalence of categories.

Proof. Proposition identifies Spd C' with NU {oo} x SpaCy , so ap-
plying [36, Theorem 19.5 (ii)] to F, < Cs shows that our functor is fully
faithful.

We turn to essential surjectivity. Since N is discrete, [6.11] indicates that

Bung |y is naturally isomorphic to the disjoint union [ [, Bung,, where i runs
over N. This identifies the functor

Dét (Bung|N, A) — Dét (Bung|N XNu{oo} Spd C, A)

with [[; D¢ (Bung,, A) = [[; Dét(Bung, x Spd Cj, A), which is an equiva-
lence by [14, Corollary V.2.3|. Similarly, identifies the functor

Dét(Bungf@, A) — Dy (Bung|@ X NU{oo} Spd C, A)

with Dgi(Bung,_, A) = D¢ (Bung_ X Spd Coo, A), which also is an equiva-
lence by [14, Corollary V.2.3]. Therefore the essential surjectivity of our
functor follows from combining full faithfulness and the excision exact tri-
angle associated with

Bungm XNu{oo} SpdC‘—) Bung XNU{oo} Spdc — Bungl{oo} XNu{oo} Spd C.
g

7. BEILINSON—DRINFELD AFFINE GRASSMANNIANS

In this section, we introduce the analogue of Beilinson-Drinfeld affine
Grassmannians Gré over . After proving various basic facts about Gré
and its affine Schubert subvarieties, we study the analogue of semi-infinite
orbits. This lets us apply the machinery of hyperbolic localization as in [14],
Section IV.6] to define the constant term functor CTp for étale sheaves on
Gré. We conclude by giving, in terms of CTp, criteria for étale sheaves on
Gré to vanish or to be universally locally acyclic.

Our arguments in §7] and §§ closely follow those of Scholze-Weinstein
[38] and Fargues—Scholze [I4]. For some statements, we can even reduce
to the situation considered in Fargues—Scholze [14] by working fiberwise
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over NU {oo}. This lets us avoid (direct) reduction mod 7 arguments over
N U {oo}, for example.

7.1. Recall from the v-sheaves Divi{- and Divk over NU {oco}, and
recall the notation o Let J be a finite set. For all morphisms
S —(Div})” over NU {oo} and j in J, write S; — Divi, for the j-th pro-
jection, write Sg — Yy for the closed Cartier divisor from and write

¢ for the corresponding ideal of Oy,. Write Dg for the closed Cartier
J

divisor > jed Sg — Yg, and write .#pg for the corresponding ideal of Oyy.
Lemma. The presheaf of categories on Perfg, over S given by

S" — {wvector bundles on Dg:}

satisfies v-descent.

Proof. Let S’ — S be an affinoid perfectoid v-cover. When S is a geometric
point, the image of |S| in NU{oo} equals {i} for some 7 in NU{oo}, so the re-
sult follows from Proposition and [14, Proposition VI.1.4]. When S’ — S
is finite étale, Corollary implies that Xg — Xg and hence Dgr — Dg is
finite étale, so the result follows from [26, Theorem 8.2.22 (d)]. Combined
with Proposition this shows that

D vector bundles on Dg are equivalent to vector bundles on Dg with
o a descent datum with respect to Dg/y o5/ g5 =Dg/x g5 = Dg

satisfies the conditions in [26, Proposition 8.2.20], so [26], Proposition 8.2.20]
indicates that the result holds when S’ — S is étale.

In general, let & be a vector bundle on Dg with a descent datum «
with respect to Dg/y g5/ g5 =Ds/xgsr = Dg. For all geometric points 5
of S, the result for Ds enables us to descend (6”|p,, ,alp, ) to a vector

bundle &p, on Ds. Because |Dg| is a disjoint union of points, &p, and hence
its pullback &’|p,, is free. Therefore [16, Proposition 5.4.21] implies that

any basis of &p. induces a basis of &”’|p,, for some affinoid perfectoid étale
neighborhood U of S%; in particular, &’|p, is free. In these coordinates,
a|p, corresponds to a matrix with entries in ﬁDUXDSDU = ﬁDUXSU, and
after shrinking U, we see that a|p, — id has entries lying in the image of

[@] ﬁ;UX B where r is large enough such that Dg lies in Vg (g 4. Since
sU,lU,q Yy

O is a direct summand of OP* as topological @-modules, Proposition
and [36], Proposition 8.8] show that the v-cohomology group H.. (S, ﬁ;s o r])
51V, q

is annihilated by [w]"/?" for all non-negative integers m. Hence the result
follows from arguing as in the proof of [38, Lemma 17.1.8]. O

7.2. Let us introduce the analogue of loop groups, affine Grassmannians,

and local Hecke stacks in our setting. Write BJ (S) for the global sections of

m  Oxg /7D and write Bqg (S) for the global sections of (@ Oxg /JBS) [ﬁ]
n n s
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Lemma indicates that the global sections of O, /JBS = Oypg yields a

v-sheaf over (Divk )7, so the same holds for Bj; and Bgg.
Let M be an affine scheme over E, and let H be one of {G, B}.

Definition.

a) Write LM, LM, and LM for the presheaves on Perfy, over (Divy )’
whose S-points equal M(0,py), M(Bjx(5)) and M(Bar(S)), respec-
tively.

b) Write Hckjy for the presheaf of groupoids on Perfr, over (Divy )/ whose
S-points parametrize data consisting of

i) two H-torsors 7 and " on Spec Bj;(S),
ii) anisomorphism p : 3|, (5) = H"'| pyr(s) of H-torsors on Spec Byg(S).
c¢) Write Gr}; for the presheaf on Perfg, over (Div)”/ whose S-points pa-
rametrize data consisting of
i) an H-torsor . on Spec Bj;(9),

ii) an isomorphism p : 7|, ()~ H of H-torsors on Spec Bar/(S).

Since M is affine, we see that L'} M, LjM , and LjM are v-sheaves, and
the proof of [14, Proposition III.1.3] shows that they are small. We have a
natural morphism Gr?; — Hcky; given by (2, p) — (#, H, p).

7.3. Let M be a smooth affine scheme over E.

Proposition. The morphism L' M —(Divy)? is representable in locally
spatial diamonds, partially proper, and cohomologically smooth of dimen-

stonn - #J - dim M.

Proof. First, assume that M = Gg, and choose an enumeration J = {1,... #J}.
The filtration 0 C £ gR C...Cc g /I C O,p. shows that
Sg+...+S§#J/ Dg SitJ/ Dg ntig

the morphism LM —(Div)” is the iterated extension of L,y M-torsors,
where j runs over J, and the filtration 0 C f;}[l /j;" c..-C fsg /fgjﬁ C

J

J
O 4 shows that the pullback to S of LY\ M —(Divk)”7 is the iterated ex-
J

n {7}
tension of n many (Gd’?;)o—torsors. Because (Gd"igﬁl)<> — S is representable
a - a .

) )

in locally spatial diamonds, partially proper, and cohomologically smooth
of dimension d, the result for M follows.

Next, let D —nDg be a quasicompact separated étale morphism. We
claim that the presheaf on Perfr, over S whose set of S’-points equal the
set of lifts

D

*J

anr —_— TLDS
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is representable by a separated étale morphism S—S. To see this, [36),
Proposition 9.7] indicates that, after replacing S with a pro-étale cover, we
can assume that S is strictly totally disconnected. For all geometric points
5 of nDg, the morphism 5 x,,pg D—3is quasicompact separated étale and
hence a finite disjoint union of 5. Since S is strictly totally disconnected,
[36, Lemma 15.6] and [36], Proposition 11.23 (iii)] imply that there exists an
open neighborhood U of s such that U x,,pg D — U is a finite disjoint union
of U. Therefore after replacing D with an open cover, we may assume that
D— nDg is an open embedding. Then Lemma shows that the image
C of {nDS — D! in |S| is closed. The resulting open subspace S — C of S
satisfies the desired property, which yields the claim.

In general, after replacing M with an open cover, we may assume that
M is étale over G¢. By the Spec-global sections adjunction, morphisms
S — LM over (Divy)” correspond to morphisms nDg — M®" over Spa E.
Applying this to M and Gg shows that morphisms S’ — S x LG LM over
S correspond to lifts

nDS XGd,an Mal’l
a

TLDS/ —_—> nDs.

Now M?2* — Gg’an and hence nDg X d.an

arated étale, so the claim indicates that LM — LG is separated étale.
Combined with the case of G, this yields the desired result. O

M?® —nDg is quasicompact sep-

7.4. Proposition. The presheaves Hckyy and Griy are small v-stacks. More-
over, the natural morphisms L yH — Gril — /Hckil induce isomorphisms from
the étale quotients (LyH) /(LT H) = Gryy and (LYH)\(LysH) /(LY H) = Heky,.
Proof. We claim that the presheaf of categories on Perfy, over (Divi)” given
by

S+ {finite projective B, (S)-modules}
satisfies v-descent. To see this, note that base change induces an equivalence

{finite projective BJj(S)-modules} = @{ﬁnite projective &, p¢-modules},
n

so the claim follows from Lemma [7.1] and [26, Theorem 2.7.7].

The claim and Proposition indicate that Hck?, and Gr{; are v-stacks.
For the second statement, let 7 be an H-torsor on Spec Bj(S). For all
geometric points § of S, note that BSFR(E) is a finite product of strictly
henselian local rings, so J¢ BE.G) and hence J|g,,_is trivial. Because H
is smooth affine over E, [16 Proposition 5.4.21] implies that there exists an
affinoid perfectoid étale neighborhood U of § such that 7 |ﬁDU is trivial.

Since BJ;(U) is complete along .#p,, and H is smooth over E, this shows
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that | B is trivial. As 3 varies, we get an affinoid perfectoid étale cover
S’ — S such that 77| BE(S") is trivial, which yields the second statement.
Finally, the second statement implies that #ck?; and Gr}; are small. [

7.5. Our affine Grassmannians and local Hecke stacks specialize to the
usual ones from [14], which lets us reduce many facts to their “classical”
analogues from [14]. More precisely, for all ¢ in N U {oo}, write Divﬁ(i for

the v-sheaf as in [I4] Definition II.1.19], write Hckéi for the v-stack over
(Div,)” as in [14, Definition VI.1.6], and write Gréi for the v-sheaf over
(Div}(i)‘] as in [14, Definition VI.1.8]. Proposition |3.7|identifies the fiber at
{i} of Div,, HckZ, and Grl with Div,, HckZ , and Grf,., respectively.

7.6. In this subsection, assume that G is split. Let pe = (15)jes be in
(X.(Too)t)?. We define affine Schubert varieties in this setting.

Definition.
a) Write ”Hckééu. for the substack of Hck{, whose S-points consist of
(A, 7", p) such that, for all geometric points 5 of S and j in J, the

relative position of p|p . (5) at the completion of Xg along 52- is bounded

by Zj, s, where j' runs over elements of J such that 52, =3,

J
b) Write Gré’gu. for the pullback to Gr{, of ’Hckéé#..
Note that the action of L}FG on Gré preserves Gréé o

7.7. In this subsection, assume that G is split. Write 2p in X*(T) for the
sum of all positive roots, and for all ue be in (Xu(Too)T)”?, and write d,,
for 3¢ ;(2p, pj). For all positive integers n, write (L3 G)™ for the kernel of
LYG— LjG.

Proposition.
i) The substack ’Hckééu. C Hck, is closed, and the morphism Gré’gu. —(Divk)”’
s representable in spatial diamonds, proper, and of finite dim. trg.
ii) Assume that n is greater than all weights of G,, acting on LieG wvia
> jestj- Then (LYG)™ acts trivially on Grééu_.
iii) The natural morphism hﬂy. Grééu. — Grl,, where e Tuns over (X«(Too)t)”,
s an tsomorphism.
w) For par in 72, write (Grl)P™ for liglﬂ. Grééu., where (e TUNS OVET
elements of (X.(Txo)t)” such that the image of d,, in Z/2 equals par.
Then the subspace (Grl)P* C GrZ, is clopen.

Proof. To prove that Hckééu. C ’Hcké is closed, [36, Proposition 10.11 (i)]

shows that it suffices to prove that Gréé e C Gré is closed. This statement,
along with the rest of part i), follows from arguing as in the proof of [14,
Proposition 20.4.5].
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For part ii), note that part i) indicates that the equalizer of
J s ad
(L7G)™ % iy )7 GIg <, o Grg <pu.
2

is a closed subspace of (L} G)" X (Divl)7 Gréé#., so [36, Lemma 12.11] shows
that, to see that a and pry agree, it suffices to check on geometric points.
This follows from and [14, Proposition VI.2.8].

For part iii), the natural morphism lignm Gréé e = Gré is injective, so
we focus on surjectivity. Let S be a totally disconnected perfectoid space.
For any morphism S — Grg, note that the image of |S| in |Gr | lies in a
finite union of subspaces of the form Gréé 4o Part i) implies that Gréé e
is closed in Gré, SO as e varies we obtain finitely many perfectoid sub-
spaces Grééu. X @l S — S whose images cover S. This forms a v-cover

of S on which the morphism S — Gré lifts to %ﬂu Grééu., which yields

surjectivity, as desired.
Finally, part iv) follows from (2p, a) being even for all coroots a in X, (7).
O

7.8. In this subsection, assume that G is split. For all j in J, let &; in
B(J{R(S) be a generator of fsj‘?’ and choose an enumeration J = {1,..., #J}.

For all pe in (Xu(Too)t)”, write [ue] : (Div)” — GrZ for the morphism
over (Divy)” given by sending S Hfgl(L J1t5)(&5), which is independent
of the {; and the enumeration of J.

For the rest of this subsection, assume that #J = 1. In this case, we also
consider affine Schubert cells. Proposition i) indicates that

Hckgi = HCkg,}gu - U Hckg}gu,
W

yields an open substack of ’Hckg}< 4 Where ' runs over elements of X, (T )™

such that p/ < pu. Write Grgi for the pullback to Grg} of ’Hck{*L, and note
that [u] factors through a morphism [1] : Divk — Gré*i:

(L?*}G) p for the stabilizer of [u] in LE;}G, which is a closed subspace by
Proposition [7.7}i).

Proposition. The morphism [u] : Div}( — Hckgi; s a v-cover, so it induces

over Divl. Write

an isomorphism Divk/(L?*}G)u = Hckgi over Div.
Proof. This follows from the proof of [14, Proposition VI.2.4]. O

7.9. As usual, local Hecke stacks satisfy the following fusion property.
For all partitions P = {Ji,...,Js} of J, write (Div )P for the subsheaf
of (Divk)” whose S-points consist of S —(Divk)” such that, for all geomet-
ric points 5 of S and j # j' in J lying in different J;, we have 5; # 5j.
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Lemma implies that (Divi)? C (Divi)”’ is an open subspace. Note
that we have a natural identification

Hck‘(];|(Div§()P = (kf[l%d{ék) ‘(Divk)"’

where ] denotes the product over NU {oco}. When G is split, under the

above identification the closed substack HCké,gu.|(Div§()P - ’Hcké|(Div}()p
corresponds to

( H HCkék< (15) JEJk) ’(Div}()" < (kf[lHCkék) ’(Div&,)l"

7.10. In this subsection, assume that G is split. We need the following
decomposition of Gr#.. For all 4 in N U {co}, write %; : ‘Gr%i‘ — X (T;) =
X, (T) for the continuous map as in [14} (V1.3.1)]. Now|[7.5|identifies the set
|G| with the disjoint union []; ‘Gr%i‘ as sets, where i runs over NU {00},
so the 3; induce a map of sets 3 : ’Gr%‘ — X (Two)-

Lemma. The map of sets ¥ : |Gr| = X(Two) is continuous.
For all v in X, (Tx), write Gré’” for the preimage under ¥ of v.

Proof. As jie Tuns over X, (T )”, the [1e] induce a morphism
X, (Ts)? x (Divk)? — Gri

over (Div})” that is surjective on geometric points. Therefore [’36 Lemma
2.5] indicates that resulting continuous map X, (Ta)” x |(Divi)’| — |Gr |
is a quotient map. Checking on fibers shows that the continuous map

X (Too)? % |(Divh)!| — Xu(Too)? —— X.(Tie)

factors through a map |Gr%’ — X«(To) with the desired description on
fibers. (]

7.11. In this subsection, assume that G is split. We turn to study the
analogue of semi-infinite orbits in our setting. For all v in X, (Tx), write

Gr]‘gy for the preimage of Gr:‘,]JV under Gr§ — Gr.. Choose a regular element
X of X,(Ts)™, and consider the action of G2* on Gr{; given by composing
the conjugation action of L}FT with

-] 1

— LA
n + I T+ +
G — LGy, LT LY H.

Proposition.

i) The morphism Gr— Grl is a closed embedding, and it identifies Grs
with the fized point locus of G&.
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ii) The morphism Gré — Grg; mnduces a bijection on geometric points. Its
restriction to Gr]‘gy 18 a locally closed embedding, and the image of

Hl/’

satisfying V' < v. Finally, the action of G2 on Gr{; naturally extends
to an action of (A1),

!
Gr;é” | in ‘Gré| is closed, where V' runs over elements of X.(Tx)

Proof. For part i), the first statement follows from arguing as in the proof
of [38, Lemma 19.1.5]. Write (Grl)®" for the fixed point locus of G2
Now Gr — Grl, factors through a morphism Gr# —(Grg)®= | which is a
closed embedding by the first statement. Note that this closed embedding
is a bijection on geometric points, so the second statement follows from [36),
Lemma 12.11].

For part ii), the first statement follows from the Iwasawa decomposition.
The action of G,, on B given by composing the conjugation action of T’
with A naturally extends to an action of A', which implies the last statement.
Finally, everything else follows from the proof of [14, Proposition VI.3.1]. O

7.12. In this subsection, assume that G is split. Proposition [7.11]enables us
to use hyperbolic localization as in [14], Section IV.6] to define the constant
term functor as follows. Let A be a ring that is ¢-power torsion, and for all
small v-stacks Z over (Divk)”, write Dg (Grl|z, A)P? for the full subcate-
gory of D (Grl|z, A) consisting of objects arising via pushforward from a
finite union of subspaces of the form Gré7< el Z-

Note that the action of G2 on Grg, preserves the subspace Gré7< e Write
D¢y (Grd| z, A)PLER for the full subcategory of Dy (Gr|z, A)Pd consisting of
objects arising from G2'-monodromic objects as in [I4] Definition IV.6.11].
Write B for the opposite Borel in G, and write

J 4 J
Grg +—— Gry

Bl
Gr% SN Gr%

for the natural morphisms over (Divi)”.
Corollary. We have a natural transformation p,G — piq* of functors

Dét(Gré|Z, A)bd — Dét(Gr%|Z, A)bd.

When restricted to Dg(Grl|z, A)PYCw | this natural transformation is an
isomorphism, and the resulting functor

CTB : Dét(Gré‘Z, A)bd’G%] — Dét(Gr%|Z, A)bd

is compatible with base change in Z and preserves universal local acyclicity
over Z as in [14, Definition IV.2.1].
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Proof. For all j1e in (X,(T)")”, Proposition i) shows that Gr‘(];é#. —(Divi)’
is representable in spatial diamonds, proper, and of finite dim. trg. We claim
that the action of G%' on Grééu. satisfies [14, Hypothesis IV.6.1]. Proposi-

tion i) indicates that the fixed point locus of G2 in Gréé 4o 18 its inter-

section with Gr., and this intersection equals 1L, Gré’S e N Gr;"], where v
runs over elements of X, (T ) such that the Weyl translate of v in X, (Txo) ™"
is bounded by jeg Wj- There are only finitely many such v, so applying

Proposition ii) to B and B provides the desired decompositions
Gt <y = [[ Gl <o NGry and Gl o, =[] Grdc, G2
v v

This yields the claim.

As 4 varies, the claim and [14, Definition IV.6.4] yield the natural trans-
formation 7,¢ — pig*, and its restriction to De(Grl|z, A)PICH is an iso-
morphism by [14, Theorem IV.6.5]. The resulting functor CTp is compatible
with base change in Z by [14, Proposition IV.6.12] and preserves universal

local acyclicity over Z by [14, Proposition IV.6.14]. O

7.13. In this subsection, assume that G is split. The constant term functor
enjoys the following conservativity property. Write Dei(Hckl|z, A)Pd for
the full subcategory of Dg(Hck{|z, A) consisting of objects whose pullback
to Gr{|z lie in Dy (Grd|z, A)PY, and note that the image of the pullback
functor

Dey(Hekl |z, AP — Dy (Grl|z, A)P4
lies in Dét(Gré\ 7, M)PLC' - Also write CT g for the composition

an CT
D¢y (Hekd| 7, A)PY —— Dg(Grl|z, A)PIER ——Z5 Dy (Gri| 5, A)P9.

Proposition. Let A be in De(Hckd|z, AP, If CTg(A) is zero, then A is

ZETo.

Proof. To check that A is zero, [36, Proposition 14.3] implies that it suffices
to check on geometric points of ’Hcké| z. Hence Corollary indicates
that we can assume that Z is a geometric point. Then the image of |Z| in
NU{oo} equals {i} for some i in NU{oo}, so the result follows from [7.5|and
[14, Proposition VI.4.2]. O

7.14. We will use the following to reduce many proofs to the case when G
is split. Recall that G is split. Write Xg(F') for the adic space associated
with F as in and write Div}(( ) for the v-sheaf over NU {oo} associated
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with F' as in Note that we have a cartesian square
Xs(F) — Xg
|
Spa F'—— Spa F,
so the morphism Xg(F')— Xg is finite étale. This induces identifications
HCké|(Div§((F))J = Hcky, and Gré|(DiV§((F))J = Grg,
as v-stacks over (Divﬁ((F))J. Also, applying [36, Lemma 15.6] to Spa ' — Spa E

implies that Divk( )~ Div is finite étale.
We even use the above to reduce definitions to the case when G is split:

Definition.
a) When G is split, write Dét(Gré\ 7, M)A for the full subcategory of
Dey(Grf|z, M)

consisting of universally locally acyclic objects over Z as in [14] Definition
IV.2.1], and write Dg(Hck{|z, A)UEA for the full subcategory of
Dy (Hekd |z, A)P
consisting of objects whose pullback to GrZ |z lie in D (Grl|z, A)VEA.
b) Write Dei(Hck |z, A)VEA for the full subcategory of Dey(Hckl|z, A) con-
sisting of objects whose pullback to

J _ J
HCkG’(DiV§(<F>)‘]><<DiV§()JZ - HCkGF |(Div§(<F))‘]><(DiV§()JZ

lie in Dey(Hek,, I

c¢) Write Dgi(HckZ |z, AP and Dei(Grd |z, A)PY for the full subcategories
of

A)VEA as in Definition [7.14}a).

DiV&(F))JX(Divﬁ()JZ’

Dg(Hekg |z, A) and D (Grl |z, A),
respectively, consisting of objects whose pullback to

HkE it 1%

and
X (F) 7Z

_ J
iz 7'[CkGF|(Div§((F))Jx(

_ J
= GI'GF

(Divl Divl)
J
GI'G ‘(

Divﬁ((F))Jx(DiV%()JZ ’(Divg((m)JX(DiV%{)JZa

respectively, lie in

Dét(HCkéF A)P? and Dét(Gré‘F ¢ )P4

|(Div§(<F>)J><(DiV§()JZ’

as in and respectively.

Div%{(F))JX(Div}()JZ’
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7.15. Later, we will need the following fact. Write sw : Hck{, — Hck{, for
the automorphism given by (7, ", p) v+ (', 7 ,p~'). When G is split,
note that sw restricts to an isomorphism 7—[cké,S e 5 Hcké <—wo(ue) for all
e in (X.(Too)T)”, where wy denotes the longest Weyl element. Conse-
quently, for general G the functor sw* preserves Dy (Hckl |z, A)Pd.

Lemma. Let A be in De(Hckl|z, A)PY. Then A lies in Dg(Hckd |z, A)VMA
if and only if sw* A lies in De(Hckd |z, A)UA.

Proof. Definition [7.14]b) indicates that we can assume that G is split. For
all e in (X, (Too)™)’, write (LyG)<,, for the preimage in LG of Gré7<u..
Proposition and [I4, Proposition IV.2.13 (ii)] show that an object of
Dét(Gré7< 1ol z> A) is universally locally acyclic over Z if and only if its pull-
back to (L;G) <y, /(LYG)™ is universally locally acyclic over Z. As n varies,
we have a natural isomorphism between the pro-systems {(L;G)<,, /(LTG)"}y,
and {(LTG)"\(L;G)<u. }n, and universal local acyclicity over Z on the two
pro-systems is equivalent by Proposition and [14, Lemma VI.6.3]. Hence
the result follows from the commutative square

(LG < /(LG TS (LEGY (LG <

J |

J sw J
—>
Hekg<,, HCkG,g—wo(

M-)

o)

and applying the above to —wq(ite). O

7.16. Write mg : Grg, —(Divk)” for the structure morphism, and for the
rest of this subsection, assume that G is split. Proposition i) indicates
that we have a functor m¢ : Dét(Gré\Z, A)Pd = Dy (Z,A) that agrees with
TG

We conclude this section by proving the following criterion for being uni-
versally locally acyclic in terms of the constant term functor.

Proposition. Let A be in Dg(Hck{|z, A)PY. Then the following are equiv-
alent:

a) A lies in D¢ (HckZ |z, A)URA,

b) CTp(A) lies in Dg(Gr|z, A)VEA,

c) 7 CTp(A) lies in Di(Z,\).

Proof. Now 7 is ind-finite by Proposition iii), so [14, Proposition IV.2.28]
and [14, Proposition IV.2.9] indicate that b) <= c¢). Corollary indi-
cates that a) = b), so we focus on b) = a). For all e in (X.(Ts)")”,
Proposition ii) shows that the action of LjG on Grg <, factors through
LjG — LG, where n is any positive integer greater than all weights of G,
acting on Lie G via ), ; p;. Then [I4, Proposition VI.4.1] and the proof of
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Proposition imply that pullback induces an equivalence of categories
Dét(( 1}G)\Gré‘,§u. |Z7 A) = Dyt (HCké,gu. ‘Z, A)‘

By Proposition (LGG)\GréS 1]z is an Artin v-stack over Z. Therefore
we can apply [14] Theorem IV.2.23] to see that it suffices to check that the
natural morphism

(1) Homy (A, 7T!GA) X A — Homp (pr] A, pr!2 A)

is an isomorphism. Note that Hck{,, Glz = Heks |z x 2 Hekd| 7, and () lies
in Dg (”HckéXEdz, A)P4. By applying Proposition to the cone of H it
suffices to check that becomes an isomorphism after applying CTEXE B

Because hyperbolic localization is compatible with exterior tensor products,
[14, Proposition IV.6.13] shows that the left-hand side of () becomes

CT5(Homp (A, mA)) @4 CTp(A) = Homy (CTx(A), mrA) @4 CTp(A).

For the right-hand side, note that the roles of (p,q) and (p,q) from are
swapped when we replace B with B. Therefore the right-hand side of
becomes

(p x P)«(q x §)' #Hom(pr} A, prh A)

= (p x p)uom((q x Q)" pri A, (¢ x q)' pry A) by [36, Proposition 23.3 (ii)]

p % p)sHom(pr} ¢* A, pry 7 A)

p x id),om(pri ¢* A, (id xp). pro G A) by [36], Corollary 17.9]

= (
= (p x id).(id xp),#om((id xp)* prj ¢* A, pry 7 A)
= (
= (

)
p x id),Fom(pri ¢* A, pry G A) by [36], Proposition 23.16 (i)]
= (p x id).#om(pri ¢* A, (p x id)' pry p.7 A)

= Hom((p x id) prt ¢* A, pryp,q A) by [36, Proposition 23.3 (i)]

= stom(pr; CTp(A),pry CTp(A)).

Since CTp(A) is universally locally acyclic over Z, applying [14, Theorem
IV.2.23] again implies that this is indeed an isomorphism, as desired. ([l

8. GEOMETRIC SATAKE

To construct geometric Hecke operators in our context, we need the ana-
logue of geometric Satake over E. This is the goal of this section. We begin
by defining the perverse t-structure on Dét(Hcké\ 7, A)P? via characterizing
its < 0 part. To analyze its > 0 part, we prove a characterization of the
perverse t-structure in terms of (a shift of) the constant term functor CTp.

After defining the analogue of the Satake category in our context, we prove
that it enjoys all of the structures needed to apply Tannakian reconstruction.
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However, computing the resulting Hopf algebra requires working over rings
like

Cont(N U {oc},Zy),

which seem inaccessible to Tannakian identification results. Instead, we first
prove the result with Qy-coefficients by explicitly constructing objects and
morphisms in the Satake category, using the fact that Rep G, is semisim-
ple, and then we deduce the result with Z-coefficients using a continuity
argument. In both steps, we reduce to the situation considered in Fargues—
Scholze [14].

8.1. Write pDéStO(Hcké|Z, A)P4 for the full subcategory of D (Hcks| 7, A)Pd
consisting of objects A such that, for all geometric points s of Z with image
{i} in NU{oo} and under the identification HckZ|s = Hckéi |5 from ﬁ the

pullback to HCké|§ of A lies in the full subcategory
PDSO(HckZ, |5, A)P? C Dey(Hek, |5, A)P?
as in [I4, Definition/Proposition VI.7.1].

Lemma. There exists a unique t-structure on Dét(HCké’Z, A)Pd whose < 0
part equals PD3" (Hckd| 7, )P4

Write pDéZtO(”HckgﬂZ,A)bd C Dy (Hckl|z, A)P? for the > 0 part of this
t-structure, and write Perv(Hck{|z, A) € Dei(HckZ |z, A)P? for the heart of
this t-structure.

Proof. This follows from [36], Proposition 17.3] and [31], Proposition 1.4.4.11].
O

8.2.  When G is split, write deg : !Gr%’ — Z for the composition

|Grf| 2 X, (To) 274 2.

The perverse t-structure and the constant term functor (after shifting by
deg) enjoy the following exactness properties.
Proposition.

i) Let A be in De(Hckd|z, AP, and assume that G is split. Then A lies
in pDéo(HckaZ, A)Pd orpDézto(Hcké\Z, AP if and only if CTp(A)[deg]
lies in DéStO(GrﬁZ,A)bd or DéZtO(Gr%\Z, A)P4, respectively.

ii) For all small v-stacks Z' over Z, the pullback functor

D (Hekd |z, AP — Dy (Hekd |z, A)P?

is t-exact for the perverse t-structure.
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Proof. For part i), let A be in PDZ°(Hckl| 7, A)Pd or PDZ0(Hckl| 7, A)P4.

To check that CTp(A)[deg] lies in D5’(Gri|z, A)P? or DZO(Grd|z, A)P4,
respectively, [36l Proposition 14.3] implies that it suffices to check on geo-

metric points of Gr#|z. Hence Corollary indicates that we can assume

that Z is a geometric point. Then the image of |Z| in NU {oco} equals {i}

for some i in NU {oo}, so the result follows from and [14, Proposition

VL7.4].

Conversely, assume that CT g(A)[deg] lies in DéStO(Gr%\Z, A)Pd or DéZtO(Gr%\Z, A)Pd,

The above shows that applying CTp(A)[deg] to the exact triangles

+1
PrOg A yppElg T

_ +1
PrElA A pp20y T

yields exact triangles

70 CT5(A)[deg] —— CTp(A)[deg] — CTp(Pr>1A)[deg] — 1

CTp(Pr<—14)[deg] —— CTp(A)[deg] — 720 CTp(A)[deg] —— ,

respectively. Therefore CT (P72 A)[deg] or CT(PT<"1A)[deg] is zero, re-
spectively, so Proposition indicates that P72'A or P7<71A4 is zero, re-
spectively. This yields the desired result.

For part ii), right t-exactness holds by construction, so we turn to left
t-exactness. Let A be in pDéztO(Hcké]Z,A)bd. By [, 1.3.4], A|z lies in
PDZO(Hckl| 2, A)PY if and only if, for all A" in PDZ°(Hckd|z, A)PY, the
mapping complex #omp(A’, A|z) lies in D=°(A). By descent [36, Propo-
sition 17.3] and the fact that DZ(A) is preserved under inverse limits, we

can replace Z with a v-cover, so indicates that we can assume that G
is split. Then it follows from part i) and Corollary O

8.3. Corollary.
i) Let A be in Dey(Hckd|z, A)PL. Then A lies in PDZ°(Hckd |z, AP if
and only if, for all geometric points s of Z, the pullback to HCké|§ of
A lies in pDéZtO(Hcké]g, M)PL. Therefore, A lies in Perv(Hckl|z,A) if
and only if, for all geometric points s of Z, the pullback to HCké|§ of
A lies in Perv(Hckl|s, A).
ii) For all open substacks U C Z, the x-pushforward functor

Dt (Hekd |, A)PY — Deg(Hekd |z, A)P?
is left t-exact for the perverse t-structure.

Proof. For part i), the forward direction follows from Proposition [8.2ii). In
the other direction, arguing as in the proof of Proposition ii) shows that
we can assume that G is split. Then the result follows from Proposition

B.2li), Corollary and [36, Proposition 14.3].
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For part ii), write {i} for the image of 5 in NU {oo}, and identify Hck{|s
with ”Hckéi |z as in 7.5l Now pDéZtO (Hckd|s, A)PY equals the full subcategory

D (kG NP € Da(Hele )

as in [14, Definition/Proposition VI.7.1], so the discussion on [14, p. 221]
characterizes pDéZtO(’Hckéb, A)P4 in terms of certain -pullbacks. Therefore
the desired result follows from part i) and [36, Proposition 23.16 (i)]. O

8.4. We now introduce the Satake category. Write Sat(Hck{|z, A) for the
full subcategory of Dg;(Hck{|z, A)UA consisting of objects A such that, for
all A-modules M, the tensor product A ® M lies in Perv(Hck} |z, A). In
particular, Sat(HckZ|z, A) lies in Perv(Hckl |z, A).

The Satake category can be described in terms of the constant term func-
tor:

Proposition. Let A be in Dét(Hcké\Z,A)ULA, and assume that G is split.
Then A lies in Sat(Hckl |z, A) if and only if 71 CT g(A)[deg] lies in LocSys(Z, A).
Proof. Proposition shows that mp CTp(A)[deg] lies in Dy.(Z,A), and

77 is ind-finite by Proposition[7.7]iii). Therefore Proposition [8.2]i) indicates
that A®p M lying in Perv(#Hckg|z, A) for all A-modules M is equivalent to

gl CTB(A XA M)[deg] = (7TTg CTB(A)[deg]) Qpa M
being concentrated in degree 0 for all A-modules M. The latter is equivalent
to m CTp(A)[deg] lying in LocSys(Z, A) by [40, Tag 0658]. O
8.5.  Write mg for the composition

Perv(Hck}| 7, A) —— D (Gri|z, A)PY "% Dg(Z, A).

The (relative) total cohomology functor on Perv(HckZ|z, A), which will be
the fiber functor we use to apply Tannakian reconstruction, satisfies the
following properties.

Proposition. Let A be in Perv(HckZ|z, A).
i) When G is split, we have an isomorphism
P H (71 A) = 701 CTp(A)[deg].
dez
ii) The object Fz(A) = @ eq H4(TcnA) is concentrated in degree 0, and
the resulting functor Fy : Perv(Hckl|z, A) — Shvg(Z, A) is conserva-
tive, exact, and faithful.
iii) When Fy is restricted to Sat(Hckd|z, A), its image lies in LocSys(Z, A).
Moreover, Sat(Hcké|Z,A) admits and Fyz reflects coequalizers of Fy-
split pairs.

When Z = (Divy)’, write F/ for Fipivtys-
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Proof. For part i), note that Gr}, = [, Gré”, where v runs over X, (Tx).
Therefore CT5(A) = @, pugiA, where p, : Gry” — Gri and g, : Gry” — Gr;
denote the restrictions to Gré’” of p and ¢, respectively. Proposition i)
indicates that p,1q}A is concentrated in degree (2p,v), and because mp is
ind-finite by Proposition iii), this implies that mpp,1¢} A is concentrated
in degree (2p,v).

Proposition ii) yields a stratification of Grg, by g, : Grﬁ” — GrZ. The
excision exact triangles associated with this stratification yield a filtration
of A with graded pieces ¢,1q},A, so applying 7y yields a filtration of 7 A
with graded pieces Tqu1qs A = mripngiA. The proof of Proposition
shows that the image of ¢, lies in the clopen subspace (Grlré)@“”> C Gré
from Proposition [7.7liv), so we can restrict to v such that the image of
(2p,v) in Z/2 is fixed. Then the above implies that the spectral sequence
associated with this filtration of T A degenerates, which yields the desired
isomorphism

P H (7 A) = P H®) (rripug) A) = 7 CT(A)[deg].
deZ v

We turn to part ii) and part iii). Descent [36, Proposition 17.3] and
[36, Proposition 22.19] imply that we can replace Z with a v-cover, so
indicates that we can assume that G is split. Then part i) shows that
Fz(A) = 771 CTp(A)[deg]. By Proposition [8.2]i), the object Fz(A) lies in
Shvgi (Z,A), and Fz is exact. Since 7p is ind-finite by Proposition iii),
Proposition shows that F; is conservative, and by taking differences
of morphisms, exactness and conservativity imply that Fz is faithful. This
yields part ii).

For part iii), Proposition indicates that Fz(A) lies in LocSys(Z, A).
Finally, by taking differences of morphisms, it suffices to show that, for
all morphisms f : A— A’ in Sat(HckZ|z, A) such that coker Fz(f) is a
direct summand of Fz(A), the object coker f in Perv(HckZ|z, A) lies in
Sat(HckZ |z, A). This follows from Propositionand Proposition O

8.6.  We can use Proposition to prove that Verdier duality preserves the
Satake category. More precisely, write D : D (HckZ| 7, A)VMA — Dy (Hekd| 7, A)VEA
for the Verdier dual as in [14, IV.2.3.1] on Hckééu. |7 relative to Z/(LTG),

where j1o Tuns over (X, (Tho)")”.

Proposition. Let A be in Dg(Hckl|z, A)VIA.

i) The object A lies in pDéStO(Hcké\Z,A)bd or pDéZtO(Hcké|Z,A)bd if and
only if D(A) lies in pDio(’HckaZ, A)Pd or pDio(Hcké\Z, A)P4, respec-
tively.

i) If A lies in Sat(HckZ|z, A), then D(A) lies in Sat(Hckl|z, A).

Proof. For part i), we start with the first equivalence. Corollary i) and
[14, Proposition IV.2.15] imply that we can assume that Z is a geometric



ON CLOSE FIELDS AND THE LOCAL LANGLANDS CORRESPONDENCE 83

point. Then the result follows from [36], Proposition 23.3 (ii)] and the proof of
Corollary ii). As for the second equivalence, it follows from [14), Corollary
IV.2.25] and the first equivalence.

For part ii), Corollary i) implies that we can replace Z with a v-cover,
S0 indicates that we can assume that G is split. Part i) shows that D(A)
lies in Perv(HckZ|z, A), so Proposition i) and [36, Proposition 23.3 (i)]
indicate that

711 CT p(D(A))deg] = @) H(raD(4)) = €D H (0. D(4))

dezZ d€eZ
= @ HY(Aomp(rcr A, A)) = Hom, ( P H (e A), A),
d€eZ deZ

since @ ez, HY(mcn A) lies in LocSys(Z, A), by Proposition iii). Therefore
7w CTp(D(A))[deg]
also lies in LocSys(Z, A), so the result follows from Proposition O

8.7. In this subsection, assume that G is split. The following construction
provides an important source of objects in the Satake category. Write j, :

Hckgi — Hckg} for the locally closed embedding from

Proposition. The objects?PH®(3,uA[d,]) and?HO (3, Ad,]) ofPerv(Hckg} |z, )
lie in Dgt (”Hckg}\z, A)UTA - and their values under CT g[deg] are locally con-

stant with finite free fibers. Consequently, the same holds for their values
under Fz, and PHO(3,uA[d,]) and PHO (3, Ald,]) lie in Sat(Hcks |z, A).

Proof. The first sentence follows from the proof of [I4, Proposition VI.7.5].
The second sentence follows from Proposition[8.5]i) and Proposition[8.4 O

8.8. We now give our first definition (via convolution) of the monoidal
structure on the Satake category. Proposition [7.4] implies that we have a
cartesian square

Hekl ———— (Divh)/(LTG)

| |

(Div)’/(L}G) — (Divk)’/(LsG).

Taking into account the discussion on [T4} p. 224], this identifies De; (Hck |z, A)P4
with the category of l-endomorphisms of the object Z/(LTG) in the 2-
category Cz/(r,¢) as in [14, IV.2.3.3]. Write

* 1 Dét (Hcké‘z, A)bd X Dét (/Hcké|z, A)bd — Dét(/HCké|Z, A)bd

for the monoidal structure arising from composition of 1-morphisms in Cz /(1 ,)-

Proposition. Let A and A’ be in Dg(Hckd|z, A)Pd.
i) If A and A’ lie in De(Hckd| 7, A)UVA, then Ax A’ lies in Dy (Hckl |z, A)UEA.
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ii) If A and A’ both lie in pDégtO(’HckaZ, AP or pDézto(’HckaZ, A)PY, then
Ax A lies in pDéStO (Hckl|z, A)PY or pDéZtO(Hcké]Z, AP respectively.
iii) If A and A’ lie in Sat(Hckd|z, A), then Ax A’ lies in Sat(Hckd |z, A).

Proof. Proposition i) lets us apply [14, Proposition 1V.2.26] and [14],
Proposition IV.2.11] to show part i). For part ii), Corollary [8.3i) and [36,
Proposition 22.19] imply that we can assume that Z is a geometric point.
Then the first statement follows from[7.5and [I4, Proposition VL.8.1 (ii)]. By
Proposition [8.6]i) and [14, Theorem IV.2.23], the second statement follows
from the first.

For part iii), part i) shows that A« A’ lies in Dg(Hckd|z, A)VMA. Since

(A*A/) QR M = (A®A M)*A/ = A*(A/ XA M)
for all A-modules M, the result follows from part ii). O

8.9. The 2-categorical machinery of Cy/(1,g) from [14, Section 1V.2.3.3]
shows that the Satake category has duals with respect to convolution.

Proposition. Let A be in Sat(Hckl|z, A). Then A is dualizable with respect
to x, and its dual is isomorphic to sw*D(A).

Proof. Taking into account the discussion on [14, p. 224], we see from [14],
Proposition 1V.2.24] that the dual of A in Dg (Hcks|z, A)Pd is isomorphic
to sw*ID(A). Proposition ii) shows that D preserves Sat(Hck{|z, A).
Finally, Corollary i) and the proof of Corollary ii) indicate that sw*
preserves Sat(Hcks |z, A). O

8.10. We now give our second definition (via fusion) of the monoidal struc-
ture on the Satake category. Let P = {Jj,...,Js} be an ordered partition
of J. Under the identification from [7.9] write

S
x ! H Dét (%Ckék 5 A)bd — Dét (HCké‘(Divk)P’ A)bd
k=1
for the functor that sends (Aj,...,As) —» (A1 X--- X As)‘(Divﬁ()% By the
Kiinneth formula and [36 Proposition 22.19], * is monoidal with respect to
[1;—; * on the source and x on the target.

Because the identification from is independent of the ordering of P,
we have a natural isomorphism Ay * - % As & Agyq) * -+ x Ay, for all o
in the symmetric group &;. Using Proposition iv), replace these natural
isomorphisms with their modified version as in [14, p. 228].

8.11. Lemma. If A lies in Sat(Hckék,A) foralll <k <s, then Ayx---xAg
lies in Sat(’l-[ckékDiV&)p, A).

Proof. The Kiinneth formula indicates that A % --- % Ag lies in

Dt (HKE | pivt ye- AU,
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Next, we have (Ayx- - -x A ) @AM = (A1 @4 M)* Agx- - -x Ag for all A-modules
M, so it suffices to show that Aj % --- x Ag lies in Perv(?—[cké“DiV%{)p,A).

Corollary i) implies that we can replace (Div) )P with a v-cover, so
indicates that we can assume that G is split. Then Proposition .i) shows
that the desired condition is equivalent to CTp(A; * --- * Ag)[deg] being
concentrated in degree 0. Since hyperbolic localization is compatible with
exterior tensor products and deg is compatible with Corollary in-
dicates that the above is isomorphic to
(CTB(Al)[deg] X-. X CTB(AS)[deg]) ‘(Divk)p,

so applying Proposition i) again s times yields the desired result. O

8.12. The Satake category enjoys the following functoriality with respect
to surjective maps ¢ : J—.J' of finite sets. Note that we have a natural
identification HckZ X (Divk )7 (Div)”" = Hckl and hence a natural mor-

phism ¢ : Hckd — Hcky, over the morphism ¢ : (Div)” —(Divy)”’. The
resulting pullback

C* : D (HekZ, A)PY— Deg(Hekd, A)P?
sends Sat(HckZ, A) to Sat(?-[cké/, A) by Proposition .ii), and the square

Sat(HckZ, A) — > Sat(Hck, A)

| |

*

LocSys((Divi)7, A) <, LocSys((Divi)”', A)
commutes by [36, Proposition 22.19].

8.13. We need the following version of “analytic continuation” for the Sa-
take category. Write jp : (Divk)? —(Div))” for the open embedding from
and write

Ip: [(Divk)‘] — (Divk)P] —(Divi)’!
for the complementary closed embedding.

Lemma. For all A in Sat(Hck,, A) and B in LocSys((Divi)”, A), the mor-
phisms

A—PH(3p,35A) and B — H°(jp.j5B)
are isomorphisms. Consequently, the pullback functors
Sat(Hek, A) = Sat(HekE | i1 s A)
LocSys((Divy )7, A) = LocSys((Divi )P, A)
are fully faithful.
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Proof. If #.J = 1, then (Divy)? = (Divy)’, and there is nothing to prove.
Hence assume that #.J > 2. For the statement about B, the excision exact
triangle

+1
1p*1{,B —— B—— jppB——

implies that it suffices to prove that 1p,1pB lies in DéZtQ((Divk)J ,A). Now
Corollary shows that (Divy)” is cohomologically smooth of dimension
#J > 2 over NU{oc}, and it also shows that (Divi)’ — (Divi)? has a
stratification by locally closed subsheaves that are cohomologically smooth
of codimension > 1 over NU {oc}. Because B lies in LocSys((Divk)”, A),
using [36, Proposition 23.16 (iii)] to work étale-locally yields the desired
result.
We turn to the statement about A. The excision exact triangle

+1
Ipylp A —— A —— Jp s A ——

implies that it suffices to prove that 1p,15 A lies in P D?(Hcké, A)P4. Since
is an étale cover, [36, Proposition 23.16 (iii)] and imply that we can
assume that G is split. Then Proposition i) shows that the desired
condition is equivalent to CT g (1ps1pA)[deg] lying in Dézf((Div%{)J , ), and
Corollary yields

CT5(1px1pA)[deg] = 1p,1p CT p(A)[deg].
Proposition indicates that CTp(A)[deg] lies in LocSys((Divi)”, A), so

the desired result follows from the above work. O

8.14. At this point, we can prove that fusion yields a symmetric monoidal
structure on the Satake category, as well as that fusion agrees with convo-
lution.
Proposition.

i) The image of the functor

«: [ Sat(Heklr, A) = Sat(Hekd | pig1 e, A)
k=1

lies in the image of Sat(Hckl, A). Write s : [[_, Sat(Hckék,A) — Sat(HckZ, A)
for the resulting functor. Then the square

[T;_, Sat(HckF, A) ——"—— Sat(Hckl, A)
Jﬂi_l F JFJ
| LocSys((Div )7, A) =, LocSys((Divi)7, A)

commutes, and this is functorial in refinements and permutations of P.
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ii) The functor  is naturally isomorphic to the composition

Sat(Hckd, A) x Sat(HekZ, A) —— Sat(HcekZH7 A) s Sat(HckZ, A),

where ¢ : J[[J— J denotes the natural map. Consequently, x is nat-
urally a symmetric monoidal structure, and F” is symmetric monoidal
with respect to x on the source and @, on the target.

Proof. We start with part i). The first statement follows from the proof of
[14, Definition/Proposition VI.9.4]. As for the second statement, Lemma
shows that it suffices to check that the square

[Ti=y Sat(HekZE, A) —— Sat(Hckg| pit . A)

anl 7k leiw
[1;_; LocSys((Divk )7, A) —=— LocSys((Divk )P, A)

commutes, and this follows from the Kiinneth formula. Finally, the last
statement follows from [R.10l

For part ii), part i) and imply that the composition yields a sym-
metric monoidal structure that commutes with x. Therefore the Eckmann—
Hilton argument shows that it is naturally isomorphic to x, so the last state-
ment follows from part i). O

8.15. Let us explicate the target of our fiber functor F/. Recall from

the group topological space W over NU{oo}. Because W is lctd over NU{oo}

as in Definition so is its J-fold fiber power WY over N U {oco}. Recall

from Definition the category Rep(W” A), and write Rep(W”, A)'P for

the full subcategory of Rep(W”, A) given by objects whose underlying sheaf

of A-modules on NU {oo} is locally constant with finite projective fibers.
For the rest of this paper, we work over Sdeq.

Lemma. The category Shve (Div, A) is naturally equivalent to Rep(W, A),
and the category LocSys((Divi)?, A) is naturally equivalent to Rep(W”, A)P.

Proof. The second statement follows from Corollary [3.18 and Lemma [I.6]
As for the first statement, Proposition identifies Spd C' with N U {oo} x
SpaCs, so the pullback functor De(NU {oo}, A) — D¢ (SpdC,A) is an
equivalence. Hence the desired result follows from Proposition [3.17] and
Lemma L6l O

8.16. When applying Tannakian reconstruction to the Satake category, we
consider the latter as an enriched category as follows. Tensoring yields an
action

@4 : Shve(Z, A) x De(Hekg |z, AP — Dey(Hekl| 7, A)P?
with respect to ®a on Shvg(Z, A).
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Lemma. This action preserves Perv(Hckl|z,A), and Fy is Shve(Z, A)-
linear. Moreover, this action restricted to LocSys(Z, A) preserves Sat(Hck{|z, A).

After restricting the action to LocSys(Z,A), write Hom for the corre-
sponding LocSys(Z, A)-enriched homs in Perv(HckZ| 7, A) and Sat(Hckl |z, A).

Proof. Let B be in Shvg(Z,A), and let A be in Perv(HckZ|z, A). For all
geometric points 5 of Z, the pullback (7f5B)[s is a finite free A-module
concentrated in degree 0, so Corollary i) implies that 7/, B ®a A lies in
Perv(Hcks| 7, A). Next, the projection formula [36, Proposition 22.23] shows
that F/ is Shvg(Z, A)-linear. Finally, suppose that B lies in LocSys(Z, A)
and A lies in Sat(Hck{|z, A). Since

(6B @p A) @A M =75B @A (A M)
for all A-modules M, the above indicates that it suffices to check that
T5B ®@p A lies in Dg(Hekl|z, A)VMA. Using [14, Proposition IV.2.13 (ii)]

and we can assume that G is split. Then combining Proposition [8.5)
with the above shows

7 CT (B @5 A)[deg] = F/ (B @p A) = By F/(A) = B ®p 7 CT(A)[deg].

Proposition indicates that 7w CTpg(A) lies in Di.(Z,A). Since B also
lies in Dy.(Z, A), applying Proposition again yields the desired result.
[l

8.17. We now prove the co-representability results needed to apply Tan-

nakian reconstruction. For all j in J, let £2; be a finite I',-stable downwards-

closed subset of X, (T )". Proposition ﬁl) shows that the substack |J,,, HckéFé e ©
’HckéF, where (e runs over Hje 781, is closed, and it descends to a closed

substack Hckég C Hck{. Write Perv(HCké,Q\Z,A) and Sat(%cké,Q\Z,A)

for the full subcategories of Perv(Hckl|z, A) and Sat(Hcks|z, A), respec-

tively, consisting of objects that are supported on Hcké’g\ 7.

Write Lq : Shvg (Z,A) — Perv(Hcké7Q|Z, A) for the left adjoint of

Fy : Perv(Hckf o)z, A) — Shve (Z, A),
which exists by the adjoint functor theorem.
Proposition. When #J =1 and Z = Divk, Lo(A) lies in Sat(?-lck{G%,A).

Proof. Corollary [8.3]i) and [14, Proposition IV.2.13 (ii)] imply that we can
replace Divﬁ( with an étale cover, so indicates that we can assume that
G is split. By Proposition and Proposition it suffices to show
that ) CT(Lo(A))[deg] lies in Rep(W, A)P. Because this is checked on
underlying sheaves of A-modules on N U {oco}, Corollary indicates that
we can work over Z = Spd C'. Moreover, Proposition lets us replace
7 CTp(La(A))[deg] with Fz(Lq(A)), and it suffices to consider A = Z /™.
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For all p in ©, we claim that 7, Lo(A) in Dét(HCk{Gii’Z,A) is a constant
finite free A-module over N U {oo} concentrated in degree —d,,. Since A =
zer, Propositionimplies that it suffices to show that Hom(j}, La(A), Ald,])
is a constant finite free A-module over NU{oo}. By adjunction and Corollary

B.3lii), we have

Hom(y; Lo (A), Aldy]) = Hom(La(A), jueAld,]) = Hom(La(A), PH (1 Ald,)))
— Hom(A, Fz("H (0 Ald,]))) = Fz(HO QA ld,]),

so the claim follows from Proposition [8:7]

Let i be a maximal element of (2. The excision exact triangle associated
with

Hekl ) — Mokl ekl

and Lq(A) yields the perverse cohomology long exact sequence

0—— K ——PH(j5,La(A)) — La(A) — Lo_n(A) —— 0

for some K in Perv(?—[ck olz,A). The claim and Proposition indicate

that FZ(”HO(JML]HLQ(A))) is locally constant with finite free fibers, and by

induction on #€2, we can assume that the same holds for Fz(Lg_1,3(A)).

Hence Proposition [8.5]ii) implies that it suffices to show that K is zero.
Now [36], Proposition 14.3] shows that it suffices to check on geometric

points s of ’Hckgaz. The image of 5 in NU{oo} equals {i} for some i in NU
{oc}, and under the identification Hckg}|{i} = ’Hck{G*i} from combining
Proposition [8.5i) with Corollary implies that Lq is compatible with

pulling back to Hck{G} Therefore the desired result follows from the proof
of [I4], Proposition VI.10.1]. O

8.18. Forall j in J, Proposition|8.17|indicates that Lg; (A) lies in Sat(?-[ckg}éj ).
Hence we can form *;je s Lo, (A) in Sat(’Hcké,Q, A).

Corollary. Under the identification from Lemmal[8.15, the functor
F7. Sat(?—[cké’ﬂ, A) — Rep(W7, A)P
is co-represented by xjey Lo, (A).

Proof. We have the unit morphism A — F{j}(LQj (A)), so taking X;c; and
applying Proposition i) yields an element of

Hom(A, F (*jes Lo; (7)) = Hom(La(A), *jes Lo, (A)).

Write P for the partition of J into singletons. We claim that the resulting
morphism

pLa(A) = p(*jes Lo, (4))
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is an isomorphism. To see this, [30, Proposition 14.3] implies that it suffices
to check on geometric points s of Hcké“Div%{ ) SO 7.14| indicates that we

can assume that G is split. Now the image of 5 in N U {oco} equals {i} for
some i in NU{oo}, and under the identification ’Hcké“i} = ’Hckéi from
the proof of Proposition shows that Lgq is compatible with pulling bac
to Hckél_. Therefore the claim follows from the proof of [14, Proposition
VI.10.1].

Finally, for all A in Sat(?—lcké’ﬂ, A), we have

F7(A) = Hom(Lq(A), A)

= Hom(Lq(A),”H°(Jps5A)) by Lemma [8.13
= Hom(Lq(A), jp+JpA) by Corollary [8.3]ii)
= Jp-Hom(jp Lo (A), 3p4)
= Jp«Hom (35 (*jes Lo, (A)), 1pA) by the claim
= Hom(*;¢c s Lo, (A), A) by Lemma [8.13
as desired. O

8.19. To identify the Hopf algebra arising from Tannakian reconstruction,
we want to work with Q-coefficients. This requires us to first work with
Zg-coefficients, so let us explicate the Zg-version of the target of our fiber
functor F”.

Later, it will be convenient to work in the following generality. Let
L/Qq be a finite extension, write Op, for its ring of integers, and write A
for the maximal ideal of Or. Write Rep(W”7,Op) for the inverse limit

lim Rep(W”,0/\™)P.
Lemma.

i) The category
{finite projective Cont(N U {oo}, Or)-modules}

is naturally equivalent to the category of topological O -module topolog-
ical spaces V' over NU {oco} that, open-locally on N U {cc}, are finite
free topological Or-module topological spaces.

ii) The category Rep(W7, Op) is naturally equivalent to the category of V
as in part i) along with a continuous Or -linear action W’ XNU{oc}V =V
over NU {oo}.

Proof. All finite projective Or,/A™-modules are free, and O /\™ is discrete.
Therefore [21, Lemma B.2.5] implies that the category

{finite projective Cont(NU {co}, Or/A™)-modules}

is naturally equivalent to the category of Or /A™-module topological spaces
Vim over NU{oo} that, open-locally on NU{oo}, are finite free Or,/A™-module
topological spaces. This identifies Rep(W”, Or,/A\™)® with the category of
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such V;,, along with a continuous Oy, /\™-linear action W~ XNUfoo} Vim = Vin.
Finally, taking @m yields part i) and part ii).

8.20. We now put everything together to apply Tannakian reconstruction.
Write Sat(Hck{,, Or) for the inverse limit Jm Sat(Hckl, O /™).

Theorem. The Rep(W, @)fp—em“iched symmetric monoidal category Sat(Hcky, Zy)
s naturally equivalent to the category of representations of the Hopf algebra

HE = lim F/(kjey Lo, (Ze)) € Ind(Rep(W7, Zy)™)
{Q5}jes

n Rep(W‘],@)fp, where {Q;}jcy runs over collections of finite I'w-stable
downwards-closed subsets of X.(Teo)t indexed by J. Moreover, we have

Proof. The second statement follows from Proposition i), so we focus
on the first statement. We claim that the category Sat(HckZ,Z,) and the
functor

FY . Sat(Hckd, Zo) — Rep(WY, Z,)P

satisfy the conditions in [14] Proposition VI.10.2]. Proposition indicates
that Sat(?-[cké, Zy) is rigid, and Propositionindicates that Sat(?-[cké, Zy)
and F” are symmetric monoidal. Moreover, Sat(HckZ, Z,) admits and F”/
reflects coequalizers of F/-split pairs by Proposition iii). Finally, Propo-
sition iii) shows that Sat(Hck{, Zy) equals the filtered union U{QJ_ Ve Sat(?-lcké@, Zy),
and Corollary shows that the restriction of F” to Sat(’Hcké,Q,Zg) is

co-represented by *jes Lo, (Z¢). This yields the claim.
The claim and [14, Proposition VI.10.2] yield the first statement. O

8.21. We have the following version of the L-group for G over NU{oco}. Re-
call from[6.1|the pinned split connected reductive group (G%, T%, X*(T%), A, {zz}zen)
over Z and the homomorphism

§:Gal(Fx/Foo) = Aut(G®, T°, X*(T°), A, {xz}aen)-

Write G for the associated Langlands dual over Z, and topologize O as the
filtered union of finite free Zy-submodules with the ¢-adic topology. Then §
induces a continuous Z-linear action a : Gal(Fio/Ew) X Og — Op.

Write @ad for the adjoint group of @, and note that the composition

—1 A
Z2 7 L Gaa(Zy)

induces a continuous Zy-linear action ¢ : Z x ﬁ@ — ﬁ@ that commutes with
a

Write O for the topological Z,-module topological space over N U {0}
given by 0z x (NU{oo}). Because E' — F induces a morphism W — Gal(Flx / Exo ) X
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(N U {oo}) of group topological spaces over N U {oc}, we get a continu-
ous Zy-linear action a of W on Oz over N U {co}. Precomposing ¢ with
W —Z x (NU {oo}) yields a continuous Z-linear action ¢ of W on &g over
NU {oo}. Then a and ¢ commute, so we can endow &g with the continuous
Z¢-linear action over NU {oo} given by their product. Under the identifica-
tion from Lemma view O as an object of Ind(Rep(W, Zy)P).

8.22. First, we identify Hg} after inverting ¢. Write Rep(W, @)fp for
the category Rep(W,Z)P[}], and write Sat(Hckl, Q) for the category
Sat(Hcks, Zo)[3].

Theorem. There is a natural isomorphism
o531 3 HETG)
of Hopf algebras in Ind(Rep(W, @)fp).

Proof. Write Z for Spd C', write )N : Z Xnu{o} N— Z for the open em-
bedding, and recall the notation of For all p in X, (Tx)™, write V,

in Rep(@Qz) for the associated Weyl module. For all ¢ in NU {oo}, it fol-
lows from and [14, Theorem VI.11.1] that we have a natural Q-linear
symmetric monoidal equivalence

€ : Rep(CA?QZ) = Sat(’Hckg} |z;, Qe)

such that Fyz, : Sat(?-[ckg}\zi,@g) — Shvee (Zi, Q) = Vect(Qy) corresponds
to the forgetful functor Rep(@(@e) — Vect(Qy), and that €;(V,,) = PH°(3,uQy¢|z,[d,])).
We use Proposition [8.2}ii) and [36, Proposition 22.19] to identify the latter
with H°()uQe[dy]))| .-
First, let us construct a Qg-linear functor € : Rep(@(@z) — Sat(’}-[cké*} |z, Q).
By we can assume that G is split, so Proposition [8.7] lets us take

(V) =PH(3,uQe[d,]).-

For all ¢/ in X, (Tx)"t and all morphisms f : V, = Vs, we claim there is a
unique morphism €(f) : €(V,) — €(V,) such that e(f)|z, = €;(f) for all 7 in
NU {oo}. To see this, write ex(f) : j5€(V,) = JN€e(V,r) for the disjoint union
[lien€i(f)- Note that excision [36, Proposition 14.3] and the decomposition

[T HekE 2 = Hek§ 2 o Hekl 2.,
€N

imply that Dg; (Hck{G*}\ z,\) is naturally equivalent to the (oo-)category of
triples

(A € Dg(Heki? 2., A), B € Dét<HHckg}|Zi,A>,m : A—>(JN*B)|Z>.
€N
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Hence we need the data of a commutative square
e(Vu”Zoo %JN*JKE(V;L)’ZOO
J{Goo(f) lJN*GN(f)Zoo
€(Vi)| zeo — Inui€(Vir) | 2o -

Corollary ii) implies that this is equivalent to the data of a commutative
square

€(Vi)| 2o —— PHO (i€ (Viu))| 24
J{ﬁoo(f) JpHO(JN*ﬁN(f))ZOO

(V)| zoo — PHO (3 fi€(Vir ) 2o

which is now a property because all objects lie in the 1-category Perv(?—[ckg} |z, Q).
Proposition8.5}ii) indicates that it suffices to check this property after apply-
ing Fz__. By combining Proposition [8.5i) with Corollary this becomes

V, —— V, ®g, lim,, Cont(U — {00}, Qy)

| o

Vi —— Vi ®g, lim,, Cont(U — {00}, Q).
where U runs over compact neighborhoods of oo, and the top and bottom

maps are induced by the natural map Q, — ligU Cont(U — {oc},Qp). This

square indeed commutes, so the claim follows. Since Rep(@Qe) is semisimple
with simple objects given by the V), the claim finishes our construction

of e. For all i in NU {oco}, note that ¢; : Rep(@@é)—>Sat(7—[ckg}|3i,(@g)
corresponds to the composition

Rep(Go,) —— Sat(Hcki? |7, Qp) —— Sat(Hek |2, Qo).
Next, we claim that ¢ has a symmetric monoidal structure. To see this,
write ey for the composition
Rep(Gg,) —— Sat(?-[ckg}|z, Q) M Sat (H Hckg}|zi, Qg),
€N
and let V and V' be in Rep(éQZ). For all 7 in NU {oo}, write

AL (V) xe(V) S e(V ®q, V')

(2

for the symmetric monoidal structure morphism for ¢;, and write

cg’vl cen(V) *en(V) S en(V ®qQ, 174!
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cV’V/ To construct an isomorphism
ieNY - p

AV (V) xe(V) S e(V ®q, V')

for the disjoint union ||

’ !
restricting to cveV" and CXI’V , arguing as above shows that it suffices to prove

that
€oo(V) % €oo(V") —— PH® (jua (en (V) % en(V"))) | 2.,

J{c},{;vl JPHO(JN*CKV/)ZOO
ess(V ®q, V') —— PH  (iuen(V ®q, V)| 2.0

commutes. Continuing to argue as above indicates that it suffices to check
this after applying Fz__, and Proposition ii) shows that this becomes

V&g V' — V&g, V' ®q, @U Cont(U — {oo}, Q)

V®qg, V' —V ®q, V' ®q, @U Cont(U — {0}, Qp).
Because this square commutes, the isomorphism V" indeed exists. To
check that ¢¥"V" satisfies the axioms of a symmetric monoidal structure for
€, one again argues as above to reduce it to the fact that the C}/’V
symmetric monoidal structure morphisms for ¢; for all ¢ in N U {oo}.

are

Since € is Qg-linear symmetric monoidal and Sat(?-lckg}\ 7,Qy) is natu-
rally Cont(N U {oo}, Qy)-linear, € induces a Cont(N U {oco}, Qy)-linear sym-

metric monoidal functor Rep 05 [3]— Sat(?-lckg} |z,Qy), where we forget the

continuous Qy-linear W-action on 0. This yields a morphism 05 [¢] — ’Hg} 4]
of Hopf algebras in

Ind{finite projective Cont(N U {oco}, Qs)-modules}.

We want to show that this morphism is an isomorphism that also preserves
the continuous Q-linear W-action. Using the identification from Lemma
8.19], it suffices to check this on fibers, where it follows from the fact that,

for all ¢ in NU{oo}, the map ﬁé[%] — Hg} |z, induced by ¢; is an isomorphism
that preserves the Wj-action by [7.5| and [14, Theorem VI.11.1]. O

8.23. Finally, we use Theorem to identify Hg} before inverting ¢.
Theorem. There is a natural isomorphism
o SHE
of Hopf algebras in Ind(Rep(W, Z,)P).
Proof. Note that and [14, Theorem VI.11.1] yield a natural isomorphism

O @Cont(NU{oo},zs) Cont(N, Zg) = He! ®Cont(NU{oc},z,) Cont(N, Zg)
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of Hopf algebras in
Ind{finite projective Cont(N, Z;)-modules},

and Theorem yields a natural isomorphism ﬁAH —>7-[{ }[ | of Hopf
algebras in Ind(Rep(W,@)fp). Because N is dense in N U {oo}, the square

Cont(N U {0}, Zy) —— Cont(N U {oo}, Qy)

| |

Cont(N, Zs) —— Cont(N, Q)

is cartesian. Our natural isomorphisms are compatible with this cartesian
square, and since O and 7—[{ } are both flat over Cont(N U {00}, Zy), this

induces a natural isomorphism 0 — ’H{ Yof Hopf algebras in
Ind{finite projective Cont(N U {oco},Zy)-modules}.

To show that, under the identification from Lemma this isomorphism
preserves the continuous Zg-linear W-action, it suffices to check on fibers.

Finally, the result follows from and [14, Theorem VI.11.1]. O

9. LocAL LANGLANDS OVER CLOSE FIELDS

In this section, we put everything together to prove Theorem A and The-
orem B. We start by proving that étale sheaves on certain classifying stacks
are equivalent to smooth representations, thereby geometrizing the setting
of Next, we use results from §8|to spread out geometric Hecke operators
from F to E. After proving basic facts about geometric Hecke operators
over E, we prove Theorem A using results from §6] and a spreading out
argument. Finally, we combine this with results of Bernstein [3] to prove
Theorem B.

9.1. Recall the notation of Proposition[I.7] Recall from[6.4] the group topo-

logical space K™ over N U {oo}, which is naturally an open group subspace

of G(E) over NU {00} by Proposition Let H be one of {G(E),K"}.
Let A be a ring that is ¢-power torsion.

Proposition. There is a natural equivalence of categories
F—y : D(H, A) 5 Dgy(BH, A).

Proof. First, let us construct a natural functor F(_y : Rep(H, A) — Shve (BH, A).
For all locally profinite topological spaces X over N U {oco} and small v-
stacks Z over NU {oco}, one can show that the natural map ‘X XNU{oo}

Z ! — X XNU{oo} |Z] 18 @ homeomorphism by reducing to the case where X is
profinite. Proposition indicates that G(E) is locally profinite, so this im-

plies that, for all H-torsors S — S in the category of v-sheaves, }S ‘ naturally
has a continuous action of H over N U {oo}. For all smooth representations
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V of H over A, write Fy for the presheaf of A-modules over BH given by
sending S — S to the A-module

{continuous H-equivariant maps |§ | =V over NU {oo}}.

By [36], Proposition 11.5], Fy is a v-sheaf. Since continuous H-equivariant
maps H xXyyjse) [S|—V over NU {oo} are equivalent to continuous maps
|S| =V over NU {oo}, the pullback Fy|yujsc) is naturally isomorphic to V.
over NU {oo}. Hence [36, Remark 14.14] shows that Fy lies in Shve (BH, A).

Note that F(_y is exact. Therefore [36, Proposition 14.16] indicates that
it extends to a functor F(_y : D(H, A) = D¢ (BH, A). Let 5 be a geomet-
ric point in Perfy , and observe that the functor X (X /H)s yields an
equivalence of sites

{étale H-spaces} —(BHsz).
Hence we get a commutative diagram

Fi_
D(H,A) —— = Dy (BH, A)

|

D({étale H-spaces}, A)

|
D((BHs)¢g, A) ——— Dgi(BHz, A),

where the top left equivalence follows from Corollary The right functor
is fully faithful by [36, Proposition 19.5 (ii)], so it suffices to show that the
bottom functor is an equivalence.

For full faithfulness, write A : (BHs), —(BHg)¢ for the natural mor-
phism of sites. To prove that the natural transformation id — A.A* on
D((BHsz)et, A) is an isomorphism, we can replace BH with an étale cover.
Therefore we can assume that H is K”. Then the fiber H; is a pro-p group
for all 7 in N U {oo}, so checking on stalks shows that the morphism of
ringed sites ((BHs)g, A) = ((NU {OO}g)ét,A) has cohomological dimension
0. Because [36, Lemma 7.2] indicates that

((NU {00} Jar. A)

has cohomological dimension 0, this shows that ((BHz)¢, A) also has co-
homological dimension 0, so [40, Tag 0D64] implies that D((BHg)e, A) is
left-complete. Since Dgi(BHz, A) is also left-complete by [36, Proposition
14.15], it suffices to restrict to D' ((BHs)g, A). Then the desired result fol-
lows from using Cech cohomology along the cover N U {oo}g — BHg and the
fact that Hj; is a pro-p group for all ¢ in NU {oo}.

We turn to essential surjectivity. Full faithfulness implies that it suffices
to consider F in Shvg (BHz, A). Now pullback yields a v-sheaf F ’Nu{oo}g of
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A-modules over N U {oo}g with a descent datum with respect to
NuU {OO}§ — BHg,

and because Fyy(sc) s étale over NU {oo}g7 it corresponds to a A-module

étale topological space V over NU {cc}. Lemma shows that the descent
datum endows V' with a continuous A-linear action H Xyy(oe) V —V over
N U {oo}, and descent [306, Proposition 17.3] identifies Fy with F. O

9.2. We have the following analogue of the (global) Hecke stack in our
setting. Recall from the closed Cartier divisor Dg < Xg.

Definition. Write Hck, for the presheaf of groupoids on Perfy over (Divi)’
whose S-points parametrize data consisting of

a) two étale G*-torsors ¢ and ¢’ on Xg,
b) an isomorphism
p: g‘Xs—Ds gg/’Xs—Ds
of étale G®'-torsors on Xg — Dg that is meromorphic along Dg.

Propositionand Propositionimply that Hck‘(]; is a v-stack, and the
proof of [14, Proposition III.1.3] shows that Hcké is small. Proposition
also yields a morphism L : Hcké —>7—[cké via pulling back (4,9’ p) to the
completion of Xg along Dg. Finally, note that we have natural morphisms

p1

Bung Hck?, P, Bung XNU{OO}(DiV%()J

given by (4,9, p) — 4 and (4,9, p) — 4', respectively. Using Beauville—
Laszlo gluing, Proposition [7.7]i) and Proposition [7.7}iii) imply that ps is
ind-proper.

9.3. Theorem [8:23] lets us spread out geometric Hecke operators from E
to E as follows. Recall from [8.21] the action a of Gal(Fi/Ex) on G and
the action ¢ of Z on G. Form the semidirect product G Gal( vo/Exo) via
the action a. By using /g to untwist the action ¢, Theorem induces a
natural functor

Sy : Rep (G x Gal(Fx/Ew ))Z Mﬁsat(ﬂcké,zg[\/@).

Let A be a Z[\/q]-algebra that is (-power torsion, and write S_y for the
composition

S(-) J —®A J
Rep (G X Gal(Fx/Eoo )) —— Sat(Hckg, Z[\/q])) —— Sat(Hckg, A).

Zelv/dl
For all V' in Rep (G x Gal(Foo/ Foo ))

write

Zel\/q)
Ty : Dey(Bung, A) = Dey (Bung Xy oo} (Divi)”, A)

for the functor given by A — pa(piA @ L*Sy).
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Proposition. The pullback functor
Dy (Bung Xnufoo} BW?, A) = Dgy (Bung Xy ee} (Divi)”, A)
is fully faithful, and the image of Ty lies in the image of Dg (Bung XNU{OO}BW‘], A).

Proof. The first statement follows from applying Proposition #J times.
For the second statement, note that V +— Ty, is exact and compatible with
exterior tensor products. Since Dg(Bung x NU{OO}BWJ , ) is left-complete

[36, Proposition 14.15] and V" has a resolution by objects of the form X jes Vi
for V; in

Rep (G x Gal(Foo/Exc)) . il

we can assume that #J = 1. Then Proposition and Proposition [3.17]
imply
Det(Bung X (oo} BW, A) = Dgt (Bung Xyugoo} Divi, A)

is actually an equivalence, so the result follows. O

9.4. As usual, geometric Hecke operators enjoy the following properties.

For all V' in Rep (é X G&I(FOO/EOO))Z[[\/@’

also write Ty, for the composition

Det(Bung, A) — Dy (Bung X jiu(oe} BW?, A) —— Dy (Bung, A),

where the right functor is induced by pullback along NU {oco} — BW”.

Proposition. The functor Ty v is left and right adjoint to Ty. Consequenty,
Ty preserves inverse limits, direct limits, and compact objects.

Proof. Note that V — Ty is monoidal with respect to ®, on

~ J
Rep (G x Gal(Fu /EOO))ZZ[ val

and composition on the category of functors D¢ (Bung, A) — D¢ (Bung, A).
Therefore the evaluation and coevaluation morphisms for V' induce the
counit and unit, respectively, for the desired adjunctions. [l

9.5. Weendow D¢ (Bung, A) with the structure of a condensed (oo-)category
over NU{oc} as follows. For any extremally disconnected profinite set X over
N U {oo}, take the category Dg;(Bung XnujocyX, A). For all i in NU {oo},
[6.17] indicates that the fiber of this condensed category at ¢ is naturally
isomorphic to the condensed category considered in [14] p. 320].

The above structure endows mapping complexes for D¢ (Bung, A) with
the structure of condensed animated A-modules over NU {oco}. By descent
[36, Proposition 17.3], we see that De(Bung Xnyu(ec} BW, A) is naturally
equivalent to the category of A in D¢ (Bung, A) equipped with a morphism
W — Aut(A) of condensed animated groups over N U {oo}.
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Lemma. Let A be a compact object in Dg(Bung, A). For all B in D (Bung, A),
the condensed animated A-module Hom(A, B) over NU{oc} has the relatively
discrete condensed structure over NU {oo}.

Proof. The proof proceeds as in [I4, Proposition IX.1.2] verbatim. O

9.6. For all ¢ in N, recall from the absolute ramification index e; of
E;, and recall from the isomorphism I';/I7" = TI's /IS of topological
groups. Let P be a compact group subspace of W over N U {oco} satisfying
the following properties:

a) for all 4 in NU {oo}, the fiber IP; is a normal subgroup of W; that is an
open subgroup of the wild inertia subgroup,

b) there exists a positive integer d such that, for all i in N U {oo}, the
fiber P; contains Ifl, and for large enough ¢, the image of P; under the
isomorphism T';/I¢ 2 T'w, /1% (since i is large enough) equals the image
of Pso.

By repeating Definition a) (except that we replace T;/I¢ with W;/P;),

we obtain a natural group topological space W /P over NU {oco} whose fiber

at 4 is isomorphic to W;/P;. Arguing as in the proof of Lemma shows
that the map

q: W W/P

whose fiber at i equals W; — W; /P; is continuous, and by checking on fibers,
we see that ¢ is a morphism of group topological spaces over N U {oco}.
9.7. Proposition.

i) The pullback functor

(id x¢)* : Det(Bung Xnugooy B(W/P)”, A) = Dei(Bung Xpujocy BW?, A)

s fully faithful.

ii) Let A be a compact object in De(Bung, A). Then there exists a group
subspace P of W over NU {o0} as in such that, for all finite sets J
and V in

J
VIANGIK

the object Ty (A) lies in the image of D¢ (Bung XNU{OO}B(W/IP’)J, A).

Rep (G % Gal(Foo/Ex))

Proof. For part i), it suffices to show that the pullback functor
(ld XQ)* : D.(BUHG XNU{OO}B(W/P)Jv A) - D.(BUHG XNU{OO}BWJ7 A)

is fully faithful. The projection formula [14, Proposition VIL.3.1 (i)] indi-
cates that it suffices to show that the counit morphism (id xg);A — A is an
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isomorphism, and combining the cartesian square

Bung Xy BWY ~—% Bung X oy B(W/P)”

J |

BWY B(W/P)’

with [14, Proposition VII.3.1 (iii)] implies that it suffices to show that the
counit morphism gzA — A is an isomorphism. Using descent [36, Proposi-
tion 17.3] and applying [14, Proposition VII.3.1 (iii)] again indicate that it
suffices to show that the structure morphism pr : BPY — NU {co} induces
an isomorphism pry A — A. Finally, this follows from PP; being a pro-p group
for all ¢ in NU {oo}.

For part ii), note that V' +— Ty is exact and compatible with exterior
tensor products, so it suffices to consider a tensor generator V' in Rep (CA? X
Gal(Foo/Eoo))Zé[\/ﬂ. Proposition indicates that Ty (A) is a compact

object in D¢ (Bung, A) after forgetting the W-action, so Lemma implies
that the condensed animated group Aut(7y(A)) has the relatively discrete
condensed structure over N U {oo}. Therefore the kernel of the morphism
W — Aut(Ty(A)) over NU {oo} corresponds to an open group subspace of
W over NU {oc}, which always contains a group subspace P as in [l

9.8. Before proceeding to our main theorems, we need the following prepa-
rations. Write j : BG(E) — Bung for the open embedding from Proposition
Now J1 preserves compact objects, and Proposition implies that
the same holds for c—IndH%(LE). Therefore A := 5 c—IndHC;(LIE A is a compact
object in Dg (Bung, A), so we can apply Proposition ii) to A to obtain
a group subspace P of W over NU {oc} as in

For all i in NU{oo}, choose lifts ¢; and 7; to W; /IP; of absolute g-Frobenius
and a (topological) generator of tame inertia, respectively, such that, for
large enough 7 as in b), the images of ¢; and 7; under the isomorphism
Wi /P 2 Wy /Ps equal @y and 7o, respectively. Write Exc(W;/P;, @) for
the associated excursion algebra over Z,[,/q] as in [14, Definition VIII.3.4].

Recall the notation of Definition [[.17} Briefly, relax our assumption that
A is l-power torsion. Write Z (G(E;), K}') for the center of H(G(E;), K}')a,
and recall from [14] p. 326] the natural map of Z,[,/q]-algebras

Exc(W;/P;, G) — Z5(G(E;),KP).

9.9. By spreading out excursion operators from FE., to E, we can prove our
first main theorem. For all ¢ in NU {cc}, Theorem indicates that our
isomorphism Tr,, (E;) = Tre, (Es) induces an isomorphism of A-algebras

H(G(Eoo), Kgo)A = H(G(El)ﬂ K?)A
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and hence an isomorphism of A-algebras
Z\(G(Ex), KL,) = 25 (G(Ey), KF).
Resume our assumption that A is f-power torsion.

Theorem. For large enough i in NU {oo}, the square

Exc(Wao/Poo, G) —— ZA(G(Ex), K1)

2 ]

EXC(WZ'/]P)i, (A?) —_— ZA(G<E2)a Kn)

)

commutes.

Proof. Recall that Exc(Wao/Pso,G) has canonical generators S TV,2, eoo
J

Zelva
z and £ run over morphisms 1—>V|A(§) and V’A(é)_)l in Rep Gz,[ /g,

where J runs over finite sets, V runs over objects in Rep (CA}N Gal(Fao/Ex))

respectively, and ve oo = (7j00)jes runs over J-tuples in the subgroup of
Woo/Pso generated by @0, Too, and the image of the wild inertia subgroup
[14, Corollary VIII.4.3].

For all j in J, let y; be a continuous section of W/P — NU{oo} such that,
for all ¢ large enough as in[9.6/b), the image of ~;(i) under the isomorphism
Wi /P; = Wa /P equals 7 o0. Since V = Ty is functorial in J and V', we
can form the composition

A=Ti(A) = Ty, (A) = Tv(A) 5 T (A) =Ty, (A) ST = A

Write Sj v+, for this endomorphism of A, which corresponds to an ele-
ment of Endgg (c—IndHCégE) A) because j; is fully faithful. For all ¢ in NU{oo},
Proposition implies that (S7v.eeq.)(7) equals the image of Sy, ¢ o)

under the map
Exc(W;/P;, G) — ZA(G(E;), KD).

Therefore, under the identification H(G(Fs), K% )a — Endg g (C—Indggg) A)
from Theorem [6.8] there exists a compact neighborhood U of oo such that
e all i in U are large enough as in [9.6]ii),
e the restriction of S;y ;¢ ~, to U corresponds to the constant section valued
in the image of S7y,z.¢~, o under the map Exc(Woo /Poo, G) — ZA(G(Ex), KL, ).
Theorem and the above show that, for all ¢ in U, the square in ques-
tion commutes for Sjyv ¢4, .- Finally, since Exc(Wy/Pso, G) is finitely

generated over Zy[,/q|, applying this to finitely many Sjyv.;¢ -, ., yields the
desired result. (|
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9.10. We now prove Theorem A. Write E’ for Fy((t)), and let G’ be a
quasisplit connected reductive group over E’ that splits over an n-ramified
extension.

~

Theorem. For all p-adic fields E along with an isomorphism Tr.(E) =
Tre(E") for some e > n, write G for the quasisplit connected reductive group
over E associated with G' as in[A.5. There exists an integer d > n such
that, if e > d, then

i) the map LLCE restricts to a map

LLCS - smooth irreps m of G(E) semisimple L-parameters p
G- over Fy with 75" £ 0 for G over Fy with plja =1 [’

and the same holds for the map LLCE, .
ii) the square

smooth irreps @ of G'(E") | LLC& [ semisimple L-parameters p'
over Fy with #'K™ # 0 for G’ over Fy with p'|;a =1

| |
smoothfirreps m of G(E) LLC¥ semisimple}—parameters p
over By with 78" # 0 for G over Fy with p|ja =1

commutes.

Proof. For all positive integers e, Krasner’s lemma implies that there are
finitely many p-adic fields F with residue field F, and absolute ramification
index e (up to isomorphism). Moreover, there are finitely many isomor-
phisms Tr.(E) = Tr.(E’). Therefore we can take {E;};en in 2.1 to be the
family of all p-adic fields £ with residue field F, (up to isomorphism), where
we make F appear with multiplicity equal to the number of isomorphisms
Tr.(E) & Tr.(E’). Finally, using [I4, Corollary VIIL.4.3], part i) follows
from and part ii) follows from Theorem ]

9.11. We conclude by proving Theorem B.

Theorem. There exists an integer d > n such that, if e > d, then

i) the map LLCE, restricts to a map

LLCS, - { smooth irreps © of G'(E") } { semisimple L-parameters p' }

over Q, with 75" +£0 for G’ over Q, with p'|pa =1
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ii) the square

smooth irreps @ of G'(E") | LLCE semisimple L-parameters p/
over Qp with 75" £ 0 for G' over Q with p|pa =1

smooth irreps m of G(E) LLCE semisimple L-parameters p
over Q, with 7" #0 for G over Q, with p|;a =1

commutes after restricting to the wild inertia subgroup. In particular,
part i) holds for the map LLCE.

Proof. Let 7' be an irreducible cuspidal representation of G'(E’) over Q
with 7K™ £ 0. Write p/ for LLCE, ('), and let d be a positive integer
with p/|pa = 1. After enlarging d, we can assume that it is at least the d
from Theorem Now [14, p. 331] indicates that LLC{ is compatible
with twisting by unramified characters, so we can assume that 7’ has finite
order central character. Then [41) (I1.4.12)] shows that there exists a finite
extension L/Qy(,/q) such that

e 7’ is defined over L,
e 7' has an Oy [G'(E')]-lattice m(, as in (1] (1.9.1)].

Write Fy for the residue field of L, and write x' : Zo, (G'(E"), K")— O,
for the map of Op-algebras induced by FbL. Since p’ corresponds to x' ® Q,
under [I4, Corollary VIII.4.3], this implies that, after enlarging L, the L-
parameter o’ has a representative of the form o' : W’ — G(Op).

Write 7 for the irreducible smooth representation of G(E) over Q, asso-
ciated with 7/ via the isomorphism

H(G(E), K")g, 3 H(G (E), K™)g,.
Because the above isomorphism is base changed from an isomorphism
H(G(E)> Kn)OL = H(G/(E/)a Km)OL?

the representation 7 is also defined over L, and 7y, induces an Op[G(E)]-
lattice mp, of m. Write x : Zo,(G(E),K")— O, for the map of Op-
algebras induced by mp,. Write p for LLCE(7); arguing as above shows
that, after enlarging L, the L-parameter p has a representative of the form
p:W—G(OL).

The proof of Theorem yields certain normal subgroups P’ and P
of W’ and W, respectively, that are open subgroups of the wild inertia
subgroups, contain I’ and I¢, respectively, and whose images in W'/I'? =
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W/I? coincide. Consider the resulting diagram

Exc(W'/P',G) — Zg, (G'(E'), K"™) “55 F,

- |
Exc(W/P,G) — 25 (G(E), K") = F,.

Theorem indicates that the left square commutes, and the right square
commutes by construction. The top and bottom rows correspond under [14,
Corollary VIII.4.3] to the semisimplification of the images in G (Fy) of p’ and
p, respectively, so after enlarging L, this shows that the semisimplification
of the 1-cocycles

W' /P 25 G(Or) —s G(Fy) and W/P -5 G(O1) —s G(Fy)

are cohomologous (under the isomorphism W'/P' = W/P).
Next, consider the short exact sequence

1— K ——G(Or) — G(Fy) —— 1,

and twist the action of /\\N‘ﬂd inertia on it by conjugation via the 1-cocycle p'.
Since the kernel K of G(Or)— G(F)) is pro-¢ but wild inertia is pro-p, the
resulting non-abelian Galois cohomology long exact sequence implies that
the 1-cocycles

W' /P 5 G(OL) and W/P -5 G(OL)

are cohomologous after restricting to the wild inertia subgroup.

Finally, [3, 2.13] indicates that there are finitely many Bernstein compo-
nents in Rep(G’(E’), Q) that contain an irreducible smooth representation
7' satisfying 7K™ # 0. Because LLC, is compatible with twisting by
unramified characters [14, p. 331] and parabolic induction [14, Corollary
IX.7.3], applying the above to these finitely many Bernstein components
yields the desired result. (]

APPENDIX A. CONGRUENCES OF DISCONNECTED PARAHORIC SUBGROUPS

In the appendix, our goal is to generalize Kazhdan’s Hecke algebra iso-
morphism over close fields [25, Theorem A] to quasisplit connected reductive
groups G over E. While such a generalization has been proved by Gana-
pathy [19] Theorem 4.1], this relies on a congruence result of Ganapathy
[18, Corollary 6.3] for parahoric subgroups associated with stabilizers in
G(E)° (which have connected special fibers). For applications to §6| it is
convenient instead to use parahoric subgroups associated with stabilizers
in G(E)' (which can have disconnected special fibers), since G(E)! enjoys
Galois descent.

Therefore, we begin by proving a congruence result for disconnected para-
horic subgroups. By using birational group laws, we reduce this to the case
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when G is a torus, where it follows from results of Chai—Yu [8]. Afterwards,
we follow Kazhdan’s arguments to construct an isomorphism of Hecke al-
gebras over close fields. Although the Hecke algebras that we consider are
equal to those considered in [19], we do not know whether the isomorphisms
constructed here equal those constructed in [19].

A.1l. We start with some notation. Let E be a nonarchimedean local field,
write O for its ring of integers, and write p for the maximal ideal of O. Fix a
separable closure E of E, and write T for Gal(E/E). Write I for the inertia
subgroup of I'. For all positive integers n, write I" for the n-th ramification
subgroup of I in the upper numbering.

Recall the notation of[6.1] Let § : I' — Aut(G®, T%, X*(T®), A, {zz}zen) be
a continuous homomorphism, and write F//E for the finite Galois extension
such that Gal(F/E) is the image of §. Descending (G%,Th, B}, {x5}aen)
along the étale Gal(F'/E)-torsor Spec F'— Spec E via § yields a quasisplit
connected reductive group G over E with a pinning (B, T, {z;}zea) over E
as in |24, Definition 2.9.1].

A.2. Let us gather some facts about disconnected parahoric subgroups.
Write S for the maximal split subtorus of T', write B(G/E) for the (reduced)
building of G over E, and write A(S) for the apartment in B(G/E) associ-
ated with S. Let x be a special point in A(S). Write K for the smooth affine
model of G over O such that £(O) C G(E) equals the maximal bounded
subgroup G(FE). [24, Proposition 8.3.1].

Write ® for the relative root system ®(G, S), and write ®* for the subset
of positive or negative roots associated with B. By [24, Proposition B.2.4],
the Zariski closure § of S in K is a split subtorus of K. Write T for the
centralizer of S in IC, and for all a in ®, write U, for the a-root subgroup of
K.

Write E for the completion of the maximal unramified extension of F,
and write O for its ring of integers.

Lemma.

i) The group T is isomorphic to the Néron model of T over O.
it) The multiplication morphism [[, U, — K, where a runs over @fed (for
some ordering of (I)ried) and || denotes the product over O, is a closed
embedding whose image is a subgroup Uy of IC that is independent of
the ordering of (I);id'
ii1) The multiplication morphism U_ x0T x oU+ — K is an open embedding.
Proof. Note that T(E)' = T(E) N G(E)L. Because K(O) = G(E)L, we see

that 7(0) C T(E) N G(E)L, and since T is the centralizer of S in K, this

x?
inclusion is an equality and we also have Tp = T. By [0, Lemma 2.2.4],

T is smooth over O, so part i) follows from [24] Corollary 2.10.11] and [24],
Proposition B.7.2]. Part ii) and part iii) follow from [24, Theorem 8.2.5]. O
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A.3. Write ®peq for the reduced root system of ®, i.e. g ={a € P|a ¢
2-®}. Let a be in ®,q. Let @ be a lift of a to the absolute root system
®(G,T), write E5 for the field of definition of @, and write Oy for the ring
of integers of Eg. Write a : T — R, /g Gy, for the associated morphism of
groups over £, as well as the induced morphism a : 7 — Ro,_ /0 G, of Néron
models over O.

Write U, for the a-root subgroup of G. There are two possibilities:

R1: If 2a does not lie in @, then the pinning induces an isomorphism Rg. /g G, 5 U.,.
Moreover, after composing the natural action of Rg. /g Gm on Rg, /g G,
with a, this corresponds to the action of T on U,. B

R2: If 2a lies in @, then the pinning induces an isomorphism R, B /B U, 5 U,,
where b denotes the lift to ®(G, T') of 2a induced by @, and U, denotes
the affine group Ug, /. over Ej as in [24, (2.7.2)]. Moreover, there is
a natural action of REE/Eg Gy, on [7@, and after applying REE/E and
composing with a, this corresponds to the action of T on U,.

The (disconnected) Néron model 7 naturally acts on root subgroups as
follows.

Lemma. The subgroup U, is normalized by T. There are two possibilities:

R1: If2a does not lie in @, then the pinning induces an isomorphism Ro. /0 L?a Su,,
where U, denotes the smooth affine model of G, over Oz such that
U, (0z) C Eg equals Uy q0 [24, §C.2]. Moreover, there is a natural ac-
tion of Gy, on Zja, and after applying Ro, /0 and composing with a, this
corresponds to the action of T on U,. N

R2: If2a lies in ®, then the pinning induces an isomorphism Rog/o U, S U,,
where U, denotes the smooth affine model of U, over O; such that
U (O5) C Ua(E;) equals Uy a0 [24, §C.4]. Moreover, there is a natural
action of ROa/O;; G on ﬂa, and after applying Rog/o and composing
with a, this corresponds to the action of T on U,.

Proof. The desired description of U, follows from [24, Proposition C.5.1].
Because 7(0) C T(E) equals T(E)", this description indicates that U, is
normalized by 7. It also yields the desired description of the action of 7 on
Uy,. O

A.4. The following reconstruction process is crucial for our congruence re-
sult. Write X for the smooth affine scheme U_ xp T xp Uy over O, so
that the multiplication morphism X — K is an open embedding by Lemma
iii). Write K for the smooth affine model of G' over O such that
K°(O) C G(E) equals the subgroup G(E)% from [24, p. 267]; Kb exists
by [24, Proposition 8.3.3]. Then we have a natural morphism 7 — K over
O such that Ty, — ICZ(’,) /p induces a bijection on connected components [24),
Remark 7.7.6]. Since x is a special point, [24, Proposition 7.7.11] implies
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that K? = K, so the image of the open embedding Xop = Koyp 1s dense.
Therefore the group law on K over O restricts to a birational group law on
X over O as in [7, 5.1/1].

Proposition. For any scheme Z over O, the birational group law on Xz
over Z depends only on the group laws on (Us)z and Tz over Z, along with
the action of Tz on (Us)z.

Proof. Applying Lemma iii) to the opposite Borel shows that the multi-
plication morphism Uy xo T xpoU_ — K is also an open embedding. Write
X~1 for the smooth affine scheme U, xpo T xXo U_ over O, and write C
for the intersection of X with X~!. Note that the birational group law
X xp X --» X equals

X xo X =U_x0o (T xoUs xoU-) xo (T xo U;)
2U_Xo Uy x0T xoU-) xo (T xoUy)
DU_xpCxp (T xoUy)

CU-xo U- x0T xoUs) xo (T xoUy)
= (U-xoU-)xo (T xoT) xo Ut xoU)
SU_XoT xXoUy =X,

where the isomorphisms are induced by the action of 7 on U, and the last
morphism is induced by the group laws on Uy and T over O. After base
changing to Z, this yields the desired result. ([l

A.5. We now introduce our setup of close fields. Let n be a positive integer
such that the image of I" in Gal(F/F) is trivial. Let E’ be a nonarchimedean
local field along with an isomorphism Trj(E) = Trj(E’) for some [ > n,
which induces an isomorphism Tr, (E) 2 Tr,(E’). Using our isomorphism
Tr,(E) & Tr,(E’), we obtain a canonical isomorphism I'/I" = I"/I" of
topological groups (up to conjugation) [10} (3.5.1)].

Write F'/E' for the finite Galois extension corresponding to F/E via
the isomorphism I'/I™ = T”/I". We have an isomorphism Gal(F/E) =
Gal(F'/E"), so descending (G5, T%/, B%., {25 }aen) along Spec F’ — Spec E
via ¢ yields a quasisplit connected reductive group G’ over E’ with a pinning
(BT, {s"}zea) over E.

Write S’ for the maximal split subtorus of 7”. Note that we have natural
isomorphisms X*(7T') & X*(T") and X*(S) = X*(S’) that preserve the abso-
lute and relative root systems, respectively, as well as the positive roots. By
using our pinnings (B, T, {zz}aea) and (B',T', {2%}zec) as basepoints, this
induces a canonical isomorphism A(S) = A(S”). Write 2’ for the image of x
under the isomorphism A(S) = A(S’), and write K for the unique smooth
affine model of G’ over O’ such that K'(O') C G'(E’) equals G'(E")},.

Write ¢ : [—1,00) —[—1, 00) for the Hasse-Herbrand function associated
with F'/E as in [39, Chap. IV, §3], and write v for the inertia degree of



108 SIYAN DANIEL LI-HUERTA

F/E. Recall that our isomorphism Tr;(E) = Tr;(E’) induces an isomor-
phism Try, ) (F) = Tryq) (F') [10, (3.4.1)]. Because i (x) — 0o as x — 00,
for large enough [ this yields an isomorphism Op,/p7"" = O/ /p7/* for all
subextensions L/E in F with corresponding subextension L'/ E’ in F’, where

v, denotes the inertia degree of L/E.

A.6. For the rest of this section, assume that [ is large enough as in
The following is our main congruence result for disconnected parahoric sub-
groups.

Theorem. For large enough [, the isomorphism Tr;(E) = Tr)(E') induces
an isomorphism Ko jyn = Kb,/p,n of groups over O /p™ = O /p"™.

Proof. Assume that [ is large enough as in the proof of [8 (9.4)]. Then [8|
(9.2)] indicates that our isomorphism Tr;(F) = Tr;(E’) induces an isomor-
phism Tp/pn = T, Jyn Of groups over O/p" = O'/p"™. Under this identifi-
cation, [8, (9.4)] implies that, for all @ in X*(T) = X*(T"), the square of
groups over O /p" = O /p'™

T(Q/pn = él/p/n
J{ao/pn Jao//p/n
R(Oa/PZUa)/(O/p") Gom R(O’E/pgwa)/(@/p’") Cm

commutes, where vz denotes the inertia degree of Ez/FE.

Let a be in ®,.q. In the two cases of the proof of [I8, Lemma 4.7]
shows that the isomorphism Tr;(E) = Tr;(E’) induces:

Oé/p/anva of
groups over Og /p2@ = OL /™% such that the actions of (G, ), pRac

a
(Gm) s Jpnva Agree,

R1: If 2a does not lie in @, an isomorphism (aa)o~/p?“5 =~ (U

12

R2: If 2 lies in @, an isomorphism (U,) . nv; = (U)) , mvy of groups over
Og/Pg Og/p‘g
Oy/ pgvg o (’)%/ p%nvg such that the actions of
R Gm =R g Gm

(/o )/(Og/o, %) ™ = O Oy )

agree, where vy denotes the inertia degree of Fr/FE.

Therefore Lemma|A.3|yields an isomorphism (Uy )0 /pn = (Uy,) o7 jprn of groups
over O/p" = O'/p™ such that the actions of T pn = 'Té,/p,n agree. By
Proposition this induces an isomorphism Xgp /pn = X(’Q, Jprn of birational
group laws over O/p" = O'/p". Now K¢ /pn and ICEQ,/p,n are solutions as in
[7, 5.1/2] of the birational group laws Xy /y» and X, s respectively, so the
uniqueness of solutions [7, 5.1/3] induces an isomorphism Ky /pn = K, Jprn
of groups over O/p™ = O'/p. This yields the desired result.
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A.7. We now begin preparations for our Hecke algebra isomorphism. Write
F, for the residue field of F, and write ¢ : E — E for the lift of absolute
g-Frobenius.

Choose a uniformizer 7p of F. Choose a Z-basis pi,...,u, of the Z-
torsionfree quotient X, (7)1 ¢ of X, (7)1, and choose representatives fi1, .. ., fir
in X,(T) of the pq,...,py. Sending p1; — Nmg pj(rp) forall 1 <j <
yields a homomorphism

VX (Tt = T(E).

v

Note that V is a section of the valuation map v : T(E) — Xo(T)14¢, and
because v is surjective with kernel T(E)l, this induces an isomorphism

Xu(T) e x T(E)* S T(E).

Lemma i) indicates that T(E)" equals 7(O). Write T™ for the kernel
of T(O) = T(O/p™), write T™ for the kernel of T(0Q) — T(O/p™), and write
K™ for the kernel of K(O)— K(O/p"). Note that 7", T", and K™ remain
unchanged if we replace the groups G over O with their relative neutral
components G°, since G° is open in G, and the only open subscheme of
Spec O containing Spec O/p™ is Spec O.

A.8. We want to compare elements of T'(E) with elements of 7"(E’) in a
way that is compatible with Theorem so we proceed as follows.

Choose a uniformizer wps of F’ whose image in Op /p'F) = Op /p% equals
the image of mp. Using the image of the fiy, ..., 1, in X (T") = X.(T), we
obtain a homomorphism V' : X, (T")p s — T'(E') as in and hence an
isomorphism X, (T") /¢ x T'(O") S T'(E).

For the rest of this section, assume that [ is large enough as in Theorem
Then [8, (9.2)] indicates that our isomorphism Tr;(E) = Tr;(E’) in-
duces an isomorphism 7o /pn = T, Jprn of groups over O/p™ = O’ /p'™; write
7 for the resulting composition

T(E)/T" & Xu(T) e x T(O/p") = Xo(T ) pr e x T'(O' /™) S T/(E))T™.

The proof of [19, Lemma 2.5] shows that 7 intertwines the actions of ¢
and ¢, so [24, Corollary B.10.14] implies that taking -invariants and ¢'-
invariants yields an isomorphism 7 : T(E)/T™ = T'(E")/T™.

A.9. Note that the action of (O) x K(O) on K™\G(E)/K" by left and
right translation factors through (O) x K(O) — K(O/p™) x K(O/p™).

Our comparison from satisfies the following compatibility with The-
orem Let ¢ be in T(FE), and choose ¢ in T'(E’) whose image in
T'(E")/T™ 2 T(E)/T"™ equals the image of t.

Lemma. Under the identification K(O/p™) = K'(O'/p"™) from Theorem
the stabilizer of K"tK™ in K(O/p™) x K(O/p™) equals the stabilizer of
Klnt/Kln n K/(o//p/n) X ,Cl(ol/p/n)
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Proof. Let k and k' be elements of K(O) and K'(Q'), respectively, whose

images in K'(O'/p™) =2 K(O/p™) coincide. We claim that if 1kt lies in

K(0), then ¢~ 1k't' lies in K'(0’), and their images in K'(O’/p™) = K(O/p™)

also coincide. By the Bruhat decomposition, it suffices to check this in the

following two cases:

e If k and £’ lie in 7(O) and T'(O’), respectively, then this follows from
T(F) being commutative.

e If k and &’ lie in U,(O) and U (O"), respectively, for some a in Peq, then
this follows from Lemma [A.3]

Next, note that the map k + (k,t~'kt) induces an isomorphism
v: (K(O) N0 /(K™ NtK™ ) S staby(o/pm)xic(opm) (K"tK™).
We have an analogous isomorphism
Ve (KO N KRI(ONEY) /(K™ 0t K™ ™1) S stabieror ymy o pprmy (K™ K™),
and the claim implies that the images of + and ¢/ in
K(O/p") x K(O/p") = K'(O'/p"™) x K'(O'/p"™)
coincide. This yields the desired result. ([

A.10. Let us recall the Cartan decomposition for disconnected parahoric
subgroups, as well as some of its consequences for Hecke algebras. Choose
a Z-basis vq,...,vs of (Xu(T)r4)?, and choose lifts t1,...,ts to T(E) of
the v1,...,vs. Sending v; — t; for all 1 < j < s yields a homomorphism
V : (Xu(T)14¢)? = T(E). By construction, V is a section of the valuation
map v : T(E) = (X« (T) )%

Let A be aring. Consider the (noncommutative) A-algebra H(G(E), K™)x
as in Definition and for all g in G(E), write hy in H(G(E), K™)a for
the indicator function on K"gK"™. As g runs over K"\G(E)/K", the hq
form a A-basis of H(G(E), K™)a.

Write (X, (T)7146)?t C (Xu(T)145)? for the subset of dominant elements.

Lemma.
i) The group G(E) equals the disjoint union

[[x©)vwK©)

where v runs over (X.(T)r)? .
i) For all v and p in (Xu(T)14)9", we have hy )y * by = hy4p) -
i) For all v in (Xo(T)r4)?" and k and j in K(O), we have

hk: * hV(u) * hj = hk-V(V)~j-

Proof. Since x is a special point, part i) follows from the proof of [24, Theo-
rem 5.2.1]. Next, note that H(G(E), K™)a is base changed from the A =Z
case, so it suffices to consider A = Z. Then part i) and Lemma [A.2]iii)
imply that A = K(0), A¢ = K", and D := V((X.(T)r4)? ") satisfy [I,
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Condition H-1] and [I, Condition H-2]. Therefore part ii) and part iii) follow
from [I, Theorem 2]. O

A.11. At this point, we can compare double coset spaces over close fields.
Using t,...,t. in T'(E’) whose images in T'(E") /T = T(E)/T"™ equal the
images of the t1, . . . , 5, we obtain a homomorphism V' : (X, (T")yr.+£)? — T'(E')
as in[A. 10

Proposition. We have a natural bijection K"\G(E)/K™ = K"\G'(E")/K"™.
Proof. Let v be in (Xu(T)1.4£)?" =2 (Xu(T")1r4¢)?. Note that the diagram

Y L, T(E) T(E)/T"

(Xu(T)r41)?
:

(
:
(Xo(T") 1 41)? — T'(E') — T'(E') /T
commutes by construction, so Lemma indicates that the stabilizer of
K"V (v)K™ and the stabilizer of K'""V'(v)K'™ in
K(O/p™) x K(O/p™) = K'(O'/p™) x K'(O"/p™)
coincide. This induces a natural bijection between the set of K™-double

cosets lying in K(O)V(r)K(O) and the set of K'™-double cosets lying in
KONV (v)K'(O'). As v varies, Lemma i) yields the desired result. [

A.12. Proposition[A.TT]and [A.10]induce a natural isomorphism of A-modules
nn : H(G(E), K")A = H(G'(E"), K'™)x.
To prove that 7, is an isomorphism of A-algebras, we need the follow-
ing result. Let C' C (X, (T);4)?" be a finite subset, and write G(E)¢ for
[Lec K(O)V(@)K(O). View C as asubset of (Xu(T")1r4¢)? " 2 (Xo(T)1.4¢) 9

Lemma. For large enough I, we have n,(hy * ha) = np(h1) * 0, (he) for all
hi and hy in H(G(E), K™)c supported on G(E)c.

Proof. Because K" remains unchanged if we replace K with its relative neu-
tral component K°, this follows from [19, Lemma 4.6]. O

A.13. Finally, we prove our Hecke algebra isomorphism over close fields.

Theorem. For large enoughl, the map n, : H(G(E), K")x = H(G'(E"), K'™)A
is an isomorphism of A-algebras.

Proof. Note that n, is base changed from the A = Z case, so it suffices to
consider A = Z. Because Z — C is injective, the A = Z case follows from
that of A = C.

Therefore assume that A = C. Let kqi,...,k, be a set of representa-
tives in K£(O) of K(O/p"), and let v, ..., 1;" be generators of the monoid

(X«(T)14s)?". Then Lemma [A.10}ii) and Lemma [A.10}iii) indicate that
the foys s By Bty hV(V;L) generate H(G(E), K™)c over C. Now [3,
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2.13] and [3, 3.4] imply that H(G(E), K™)c is finitely presented over C, so
there exist f1, ..., f, in the noncommutative polynomial ring C(X7, ..., Xy1p)
such that the surjective C-algebra homomorphism

C<X1, ey Xa+b> — H(G(E), Kn)(C

induced by the hy,, ..., hg,, hV(VfL)’ e hV(Vb*) has kernel (fi,..., fr)-
Write D for maxi<;<, deg f;. By compactness, there exists a finite sub-

set C C (X(T)re)¥t such that G(E)¢ contains the D-fold product of

G(E){O,Vf,...,ub*} in G(E). Assume that [ is large enough for C' as in Lemma

Since every at most D-fold product of the hy,, ..., hg,, hV(uf)? e hV(VzT)
is supported on G(F)¢, Lemma ii) and Lemma iii) show that

fi(m(hiy)s - ,nn(hka)mn(hv(y;)), R nn(hv(y;)))
= D (fi(Pkys - -, hkth(uj)v e ’hV(VJ))) =0
for all 1 < j <r. Hence the C-algebra homomorphism
C(X1,..., Xopp) = H(G'(E), K")¢

induced by the n, (hg, ), - - ., (&, ), nn(hv(uj))v e 777n(hv(ylj)) factors through
a C-algebra homomorphism ¢ : H(G(E), K")c — H(G'(E'), K')c.

For all 1 < i < a, let k; be an element of K'(O’) whose image in
K'(O'/p'™) =2 K(O/p™) equals the image of k;. Note that n,(hy,) equals
h},. Similarly, for all 1 < m < b, we have Mg t)) = h’v,(VJr). Therefore

Lemma ii) and Lemma iii) indicate that ¥ equals 7y, so 7, is a
homomorphism of C-algebras. Finally, we already saw in that 7, is a
bijection. O
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