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Recall F is a number field. We had a continuous group homomorphism
YQ : A@/Qﬁsl, and then we set ¢)r = g o try, /s, Let's now finish
computing self-dual Haar measures for ¥f.

Example
If p # oo, then ¥F , equals the composition

Fv/Qp

F, 47°Q,—Q,/Z,c Q/ZCR/Z% S

Here, we take f = 1p,. The Fourier transform of f with respect to the
Lebesgue measure on F, is

o) = [ axfeuen(a) = [ dxueu(a0).

v v

This integral doesn’t vanish if and only if ¥ ,(ax) =1 for all x in Oy, in
which case it equals 1. In turn, this occurs if and onIy if tre, /0, (a0y) lies

in Zp, i.e. if and only if a lies in 0,_. /Qp" Therefore f = 1 Lo
OF,/Qp

Write 0f, /g, = 7y 40,, where d > 0. So ;!

Fo/Qp = =r,790,.




Example (continued)

The Fourier transform of f with respect to the Lebesgue measure on F, is

~

0 = [ daflapirs(a 7t = [ | daveu(o

%, /p

= [l ]7 / da' (7 9a'x)
O,
— #(0u/0r,0,) /O dal py (79 a'),

where a = 794", This integral doesn't vanish if and only if
Ve (7, 9a'x) = 1 for all &' in Oy, which occurs if and only if

tre, jq,(m, %4 0,) C Z, < 7,% edl, =7,90, <= d €0,.

Fv/Qp

Therefore f = #(Ov/0F, j9,)10,, SO #(O\,/DFV/QP)_U2 times the
Lebesgue measure on F, is self-dual.

We henceforth use the self-dual Haar measure on Af.
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Classical Poisson summation relates functions on R with their Fourier
transforms via summing on the discrete subgroup Z. Adelic Poisson
summation does the same with Ag and F instead.

For all v in Mg, let f, be in S(F)), and suppose f, = 1o for cofinitely
many v. Then we can form f = HveMF f,. Since the f, are continuous
and integrable, we see f is as well.

Definition
A Bruhat-Schwartz function on Af is a finite sum of functions of the
above form.

Write S(AL) for the set of Bruhat-Schwartz functions on AZ. Note it is
preserved under addition, multiplication, and scaling by C.

Remark

Because F,/Q, is ramified only for finitely many v, we see the Fourier
transform of 1o, equals itself for cofinitely many v. As the Fourier
transform on F, yields a C-linear isomorphism S(F,) = S(F,) for all v in
ME, this implies the Fourier transform on Afg yields a C-linear

isomorphism S(Afr) = S(AF) too. /11




Proposition

Let f be in S(Af). Then F(x) = >_ ¢ f(x +) converges uniformly on
compact subsets of Ar and defines a continuous function F : Ag/F — C.

v

Proof.

Let S O M o be finite. It suffices to consider convergence on [], . Cv,
where C, is a compact subset of F, such that C, = O, for all v notin S
and C, =m for all vin S\ Mg .. By enlarging S, we can assume it
contains all v for which f, # 1p,. For v in § \ ME , by scaling f, and
enlarging its support, we can assume f, = lmev.

Form the fractional ideal / = HveS\MF,oo vmin{avbek of OfF. For all x in
[loem, Cv, if f(x +7) # 0, we see x, + 7 lies in mb for all v in

S\ Mf » and O, for all the other v. Thus = lies in /, so we get

IFOI < 2ser HTvem, .. fv(xv + 7). Recall that I is a lattice in
Hvel\/lr,oo F,, and note (Xv)veMF,m lies in the compact subset HVEMF,QO C,
of HveMF . F.,, so uniform convergence follows from the case of R”. This

also implies F descends to a continuous function Ag/F — C. L1
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Lemma

Let G be an abelian locally compact topological group, let m be a Haar
measure on G, let H be a countable closed subgroup of G, and let D be a
Borel subset of G. If D has compact closure, nonempty interior, and maps
bijectively to G/H, then the pushforward of m via D — G/H yields a Haar
measure on G /H.

v

Proof.
Homework problem. O

V.

We call this the quotient measure on G/H, and we call D a fundamental
domain for G/H.

Examples

o Let G =R, with m being the Lebesgue measure, and H = Z. We can
take D = [0, 1), which results in the usual measure on R/Z = S1.

o Let G = Ag and H= Q. It's a homework problem to show we can
take D = {(xv)v € Ag | ||xv]|v <1 for v # co and 0 < x5 < 1}.
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Examples (continued)

o Let G =Afr and H = F. By choosing a QQ-basis of F, we can identify
F =Q" and hence A = A&. Thus we can take D to be the n-th
power of the fundamental domain on Ag/Q.

Lemma
Write m for the quotient measure on Ag/F. Then the dual measure on
Afp/F = F equals m(Ar/F)~! times the counting measure.

Proof.

As F is discrete and the dual measure is a Haar measure, we see it equals
c times the counting measure for some ¢ > 0. Taking f =1 in the Fourier
inversion formula yields

1=cY F()e(yx) ™t = cm(Ar/F),

YyeEF

since f equals m(Afr/F) times the indicator function on 0. iny




Theorem (adelic Poisson summation)

Let f be in S(AF). Then ¥ cp F(7) = X cr F(3).

Proof.

Let F(x) = >, cp f(x + ), considered as a function Ag/F — C. Note
that F(0) equals the left-hand side above. Let D C Af be a fundamental

~

domain for G/H. First, | claim f(c) = F(c) for all c in F, where we use
the self-dual measure on Ar and the quotient measure on Ag/F. To see
this, note that

Fle) = /D dx F(x)e(cx) ! = /D ax 3 F(x +7)e(ex) !

yeF

= [ X fxt(ele+ ) = [y f)e(en ™ = o

yEF Ar

where y = x + . Now f lies in S(Af), so > ek 7(7)| = Y oveF IF(v)|

converges. In other words, F lies in L1(F). 511




Theorem (adelic Poisson summation)

Let f be in S(AF). Then ¥ cp F(7) = X cr F(3).

Proof (continued).

Hence Fourier inversion applies to F, so

D (1) = F(0) = m(Ap/F)™H Y F()ee(0) ™ = m(Ar/F) Y (7)

YyEF YyEF yEF

Replacing f with f in this formula and applying Fourier inversion to f
yields

> F(7) =m(Ar/F) Y F(—) = m(Ar/F)"2 ) f(y)

yeF yeEF yeEF

Taking any f with >°_ ¢ f(7) # 0 indicates m(Ap/F)~2 =1, so we see
m(Afr/F) = 1. Thus the original formula yields the desired result.

O

v

9/11



Remark

This shows m(Ar/F) =1 when m is the quotient measure of the self-dual
measure on A with respect to ¢r. We won't use it, but it's often useful
take the measure on Af that takes the usual Lebesgue measure for v{oo.
With the quotient measure of this, the volume of Ag/F is

H #ff(ov/ol—'v/(@p)l/2 = #(OF/DF/Q)I/Z
v&MFr

= |NmF/Q(0F/Q)\1/2 = |DF/Q’1/2-

We conclude by relating idelic and ray class group characters as follows.
Proposition

Let x : AE/FX — C* be a continuous group homomorphism such that
X" =1 for some m. Then ker x contains the image of K(; s;) for some
modulus (/,Sp) for F.

Hence x induces a continuous group homomorphism from the ray class
group (s (F) = K(,’SO)\A,?/FX —C*.
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Proposition

Let x : Af/F* — C* be a continuous group homomorphism such that
X™ =1 for some m. Then ker x contains the image of K(; s,y for some
modulus (/, Sp) for F.

Proof.

As x™ =1, the image of x lies in {¢ € C | (™ = 1}, which is discrete.
Now R~ and C* are connected, so their images under x must be trivial
by continuity. Thus if we take S to be all the real embeddings, ker x

contains HVEMF,QO K(1,50),v-

Let U be a neighborhood of 1 in C* containing no nontrivial subgroups of
C*. As the preimage of x7*(U) in Af is a neighborhood of 1, we see it
contains vaMF’w N,, where the N, are open subsets of F* such that

N, = O for all v not in some finite subset S O MF , and N, =1 +m3
for all v in 5\ Mf o. Now the image of [[, ¢, _ Ny in C* is a subgroup
and thus trivial, so we can take [ = HveS\Mp,m vav, O

v
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