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My main interests lie in the field of representation theory. I am currently working under
the supervision of Pavel Etingof on a variety of questions concerning representation theory
in symmetric tensor categories. The questions that I have been investigating fall into two
categories.

(1) Representation theory in complex rank (See Section 1).
The name stands for a collection of problems related to the study of various algebraic

objects in Deligne tensor categories Rep(GLt),Rep(Ot),Rep(Sp2t),Rep(St). These
categories interpolate the categories of representations of classical groupsGLn, On, Sp2n,
Sn to complex values of the parameter n. So, such problems are often closely connected
to or even reduce to the consideration of stable behavior patterns of representations
as n goes to infinity.

(2) Representation theory in symmetric tensor categories in positive characteristic (See
Section 2).

One would like to study anchored (i.e. coming with a map from the fundamental
group of the category) group schemes in symmetric tensor categories and their cate-
gories of representations. It was proved recently that for any pre-Tannakian Frobenius
exact category C linear over an algebraically closed field of characteristic p and of mod-
erate growth there exists a fiber functor F : C → Verp to the Verlinde category (see
[CEO21] or [Os15] for the case of fusion categories). Thus, for categories satisfy-
ing the above conditions one can reduce this problem to studying the categories of
representations of (anchored) group schemes in Verp.

My current research in progress concerns the representations of the group scheme
GL(X) for X ∈ Verp and follows the work of S. Venkatesh [V19,V21].

1. Representation theory in complex rank

Deligne categories are the interpolation of the categories of representations of classical
groups (e.g. GLn, On, Sp2n, Sn) to complex rank, i.e. to non-integer values of n. They were
introduced in [DM82] and [D07].

These categories provide means to study the stable behavior of representation theoretic
constructions for classical groups GLn, On, Sp2n, Sn as n goes to infinity. In particular, one
can transfer many classical notions and constructions to the case of complex rank and try to
prove some analogues of classical theorems. This direction of study was suggested by Pavel
Etingof in [E14] and [E16].

Some examples of problems in the field are classifying either simple (see [HK19]) or simple
commutative (see [S15]) algebras in Rep(St), classifying finite dimensional representations
of Yangians in Rep(GLt) (see [K20]) or studying the representations of rational Cherednik
algebras in complex rank (see [EA14]). Below is the description of the problems that I have
worked on so far.

1.1. Background. Let me, for simplicity, formulate all definitions and statements for the
category Rep(GLt) only. Most of them can be transferred easily to the case of Rep(Ot) or
Rep(Sp2t).
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Definition 1.1. The Deligne category Rep(GLt) is the Karoubian envelope of the rigid sym-
metric C-linear tensor category generated by a single object V of dimension t ∈ C, such that
End(V ⊗m) = C[Sm] for all m ≥ 1.

Theorem 1.2. [D90] The category Rep(GLt) has the following universal property: if D is
a symmetric tensor category then isomorphism classes of (possibly non-faithful) symmetric
tensor functors Rep(GLt) → D are in bijection with isomorphism classes of objects in D of
dimension t, via F 7→ F (V ).

Example 1.3. By Theorem 1.2, for any positive integer n there exists the restriction functor
Resm : Rep(GLt+m)→ Rep(GLt) sending V to V ⊕ 1m.

Let gt = gl(V ) = V ⊗ V ∗. The natural action of gt on V gives rise to an action of gt
on all objects (and Ind-objects) of Rep(GLt). We will refer to it as the natural action of
gt. Let U(gt) be the universal enveloping algebra of gt and let Z(U(gt)) be the center of
U(gt), i.e. HomGLt(1, U(gt)), which naturally is a filtered commutative algebra over C. Then
Z(U(gt)) ' C[c1, c2, . . .], an infinitely generated polynomial algebra with one generator of each
degree i ∈ Z>0. We will fix a particular choice of generators, such that each ci interpolates
the trace of i’th power of a matrix.

A central character of U(gt) is an algebra homomorphism

χ : Z(U(gt))→ C.

We denote by χ(u) the exponential generating function of χ. That is

χ(u) := 1 +
∞∑
i=1

χ(ci)

i!
ui.

We denote by Uχ the quotient U(gt)/(z − χ(z))U(gt), z ∈ Z(U(gt)).

1.2. Harish-Chandra bimodules. In papers [U20, U21] my goal was to study Harish-
Chandra bimodules in the setting of Deligne categories. Below I provide a short recap of
what I proved and hope to prove in the future.

Let me first state a couple of well-known facts about classical Harish-Chandra bimodules.
For a simple Lie algebra g we define the diagonal subalgebra l ⊂ g⊕gop as {(X,−X)|X ∈ g}.

Clearly, it is isomorphic to g. We denote by Z2 the center of U(g)⊗U(gop), which is isomorphic
to the tensor product of the centers of each algebra.

Definition 1.4. We say that a U(g)⊗ U(gop)-module M is l-algebraic if the restriction M |l
is the direct sum of finite-dimensional l-modules.1

Theorem 1.5. (See [BG80], Proposition 5.3.) Let M be a finitely-generated, l-algebraic
U(g)⊗ U(gop)-module. Then the two following conditions are equivalent:

(1) The ideal AnnZ2M has finite codimension.
(2) The multiplicity of each irreducible l-module L in M |l is finite.

Definition 1.6. A finitely-generated, l-algebraic U(g)⊗U(g)op-module satisfying the condi-
tions above is called a Harish-Chandra bimodule.

Note that it is easy to generalize the classical definition to the case of Deligne categories.
We say that a finitely-generated U(gt)⊗U(gt)

op-module M is l-algebraic if the action of l ' gt
on M coincides with the natural action.

However, the statement of Theorem 1.5 is no longer true in Rep(GLt). As a counterexample
one can take the algebra Uχ considered as a U(gt) ⊗ U(gt)

op-module via the left and right
multiplication (see [E16], Proposition 3.17).

1We can generalize this definition for a reductive Lie algebra g. In this case we ask that the action of l on
M integrates to the action of the corresponding Lie group.
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Definition 1.7. We call a finitely-generated, l-algebraic U(gt)⊗U(gt)
op-module M a Harish-

Chandra bimodule if it satisfies condition 1.5(1).

Definition 1.8. A Harish-Chandra bimodule M is said to have a finite K-type if it satisfies
condition 1.5(2).

1.2.1. Harish-Chandra bimodules of finite K-type. In light of what was said above, it is in-
teresting to understand what the Harish-Chandra bimodules of finite K-type look like. To
do this one should look at the stable behaviour of multiplicities in classical Harish-Chandra
bimodules. Unfortunately, in general this is mostly unknown.

However, one can say something about the multiplicities in finite-dimensional Harish-
Chandra bimodules. It allows one to construct a family of simple Harish-Chandra bimodules
Hom(λ,µ) interpolating finite-dimensional bimodules Vλ ⊗ V ∗µ , which I do in preprint [U21].
I also provide some related computations. In particular, I compute the associated central
characters and study the categorical action of slZ on the subcategory generated by these bi-
modules (similarly to [EA16]). The analogous constructions for Rep(Ot) and Rep(Sp2t) are
discussed in the appendix of [U21] in co-authorship with Serina Hu.

The problem of full classification of finite K-type Harish-Chandra bimodules is, however,
still unsolved and is going to be one of the future directions for my research.

1.2.2. The categories HCχ,ψ. Classical simple Harish-Chandra bimodules are classified by W -
orbits of pairs of weights (λ, µ) with λ − µ ∈ Λ (see [BG80], Theorem 5.6). However, for
Deligne categories the theory of highest weights is not well-defined. It turns out that in this
context it is more natural to look at the central characters.

Definition 1.9. We denote by HCχ,ψ the category of Harish-Chandra bimodules over gt⊕gopt ,
on which Z2 acts with the character χ⊗ ψ. That is, for any M ∈ HCχ,ψ we have

AnnZ2M = Ker(χ)⊗Z + Z ⊗Ker(ψ).

For these categories one can prove the following result:

Theorem 1.10. [U20] The category HCχ,ψ is nonzero if and only if

χ(u)− ψ(u) = (eu − 1)(

k∑
i=1

eaiu −
l∑

j=1

ebju)

for some k, l ∈ N and some constants ai, bj ∈ C.

This result interpolates the condition on two central characters saying that the correspond-
ing highest weights differ by an integral weight.

The calculation in [U20] generalizes to the case of Ot or Sp2t. We fix a particular choice
of generators in Z(U(ot)) and Z(U(sp2t)) and define the exponential generating function
similarly to the type A case. The following result is contained in the appendix of [U21] joint
with S. Hu.

Theorem 1.11. [U21] The category HCχ,ψ is nonzero if and only if there exist some complex
numbers a1, . . . , ar, such that

χ(z)− ψ(z) =
r∑
i=1

(cosh((ai + 1)z)− cosh(aiz)) .

In the future, I would like to study further and understand in greater depth the categories
HCχ,ψ. One can hope at least to classify all simple Harish-Chandra bimodules. Another direc-
tion for my future research is to study Harish-Chandra modules for other types of symmetric
pairs (g,K) as defined in [E16], Section 3.2

2Harish-Chandra bimodules over U(gt) ⊗ U(gopt ) are a special case of Harish-Chandra modules for the
symmetric pair (gt ⊕ gopt , Gt).
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1.3. Olshanski’s centralizer construction of the Yangian. This section is a short recap
of [U19].

The classical result of Olshanski [Ol91] provides a construction of the Yangian Y (gln) as a
subalgebra in the limit of certain centralizer subalgebras in U(glm+n) as m tends to infinity.
It turns out that the setting of Deligne categories allows one to give a similar construction
without passing to the limit.

Let us consider the Lie subalgebra glN−m in glN spanned by elements Ei,j with i, j > m.

The algebra Am(N) is defined as the centralizer U(glN )glN−m . Clearly, A0(N) = Z(U(glN )).
There are natural maps oN : Am(N) → Am(N − 1) that respect the PBW-filtration (see for
example [M07], Chapter 8).

Definition 1.12. The algebra Am is the projective limit of Am(N) with respect to the maps
oN in the category of filtered associative algebras.

We note that A0 is isomorphic to the infinitely generated polynomial algebra C[c1, c2, . . .]
with one generator in each degree i ∈ Z>0. And hence, it is isomorphic to Z(U(gt)).

Theorem 1.13. [Ol91] One has an isomorphism of filtered algebras

Am ' A0 ⊗ Y (glm).

Let us define an analogue of algebras Am(N) in Rep(GLt). Recall that one has the restric-
tion functor

Resm : Rep(GLt+m)→ Rep(GLt).

Definition 1.14. We define

Ãm(t) := (Resm(U(gt+m)))GLt = HomGLt(1,Resm(U(gt+m)).

It is a filtered algebra in the category of vector spaces.

Note that, by definition, Ã0(t) is the center of U(gt). Thus, Ã0(t) is isomorphic to A0.
The main result of [U19] is the following theorem:

Theorem 1.15. [U19] For almost all t one has an isomorphism of filtered algebras

Ãm(t) ' Ã0(t)⊗ Y (glm) ' A0 ⊗ Y (glm).

2. Representation theory in symmetric tensor categories in positive
characteristic

In this project I would like to study categories of representations of anchored group-schemes
in symmetric tensor categories. That is, if G is a group-scheme in C with a group-scheme
map from π1(C), I am interested in the category Rep0(G) of objects in Ind(C) with an action
of G, such that the restriction to π1(C) is the natural action of the fundamental group.

A good starting point for this is studying the representations of GL(X) for some object
X ∈ C. One can show that for a symmetric tensor category C over a field of characteristic
zero and any object X the category Rep0(GL(X)) is equivalent to either Rep0(GL(m|n)) or
to the abelian envelope of Rep(GLt) (see [EAHS20], Theorem 11.1.2).

In positive characteristic the full classification is unknown. However, using Theorem 1.1.
in [CEO21], one can show that if C is a Frobenius exact category of moderate growth
(over an algebraically closed field of characteristic p) then Rep0(GL(X)) is equivalent to
Rep0(GL(F (X))) where F : C → Verp is the fiber functor to the Verilinde category. Thus,
naturally, the first step would be to understand the representations of GL(X) for X ∈ Verp.

In [V21] Venkatesh shows that for a simple object Li ∈ Verp the category Rep0(GL(Li))
is equivalent to Rep(GL(1)) � Ver+p (SLi). He then constructs simple representations of

GL(
⊕p−1

i=1 niLi) using induction from a simple representation of
∏p−1
i=1 GL(Li)

ni extended
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naturally to a representation of some Borel subgroup. This way one gets a classification of
simple GL(

⊕p−1
i=1 niLi)-modules by “highest weights”, i.e. simple objects of

Rep0(

p−1∏
i=1

GL(Li)
ni) = �p−1

i=1 (Rep(GL(1)) � Ver+p (SLi))
�ni .

This construction, however, depends heavily on the choice of Borel subgroup B. It is
interesting to understand which highest weights correspond to isomorphic representations for
different choices of B. The similar question for representations of the supergroup GL(m|n)
(which is a special case of the question above since sVect is a subcategory in Verp) was
answered by Serganova (see for example [PS92], Lemma 0.3 or [BK03], Lemma 4.2 for the
proof). Answering this question in full generality currently is the main focus of my research
in this area.

References

[BG80] J.N. Bernstein and S.I. Gelfand, Tensor products of finite and infinite dimensional representations
of semisimple Lie algebras, Compositio Mathematica 41 (1980), no. 2, 245–285.

[BK03] J. Brundan and J. Kujawa, A new proof of the Mullineux conjecture, Journal of Algebraic Combi-
natorics 18 (2003), no. 1, 13–39.

[CEO21] K. Coulembier, P. Etingof, and V. Ostrik, On Frobenius exact symmetric tensor categories,
arXiv:2107.02372 (2021).

[D90] P. Deligne, Catégories tannakiennes, The Grothendieck Festschrift, Vol. II, Progr. Math 87 (1990),
111–195.

[D02] P. Deligne, Catégories tensorielles, Moscow Math. J 2 (2002), no.2, 227–248.
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