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Goal

1 Introduce the basic setup of deterministic limits and
Gaussian free field fluctuations around them for random
height functions, survey some known results.

2 Talk about new work, joint with Andrew Ahn and Marianna
Russkikh, on qvol measure on lozenge tilings of cylinder. We
see Gaussian free field but also discrete Gaussian corrections.
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Lozenge tilings and plane partitions

2 ANDREW AHN, MARIANNA RUSSKIKH, AND ROGER VAN PESKI

(3) a tiling of the triangular lattice by lozenges ⌃ , ⌃ , ⌃ such that in each 120� quadrant, all but finitely
many lozenges are of one of the three types (also Figure 1 middle left). These tilings may equivalently
be viewed as perfect matchings of the hexagonal lattice with vertices corresponding to the triangles
in the triangular lattice, in which case the lozenges correspond to edges (dimers) of the matching.

The second interpretation lends itself to studying the random height function of random plane partitions
defined by the surface of this stack of cubes. For many natural sequences of probability measures on plane
partitions, the limits of these functions have been shown to converge to certain entropy-maximizers [CKP01,
KOS06, KO07]. For some specific choices of boundary conditions the fluctuations have been shown to
converge to the Gaussian free field, a 2 dimensional conformally invariant random field (see e.g. [PW20]),
in a suitable conformal structure, see e.g. [Ken08, BF14, Pet15, BG18, BLR19, BLR20, Hua20]. Such
convergence was conjectured to hold for a broad class of dimer models in [KO07].
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with a jagged wall

Figure 1. An example of a plane partition, a plane partition with a jagged wall, and a
cylindric partition (first row from left to right), together with their stack of unit boxes
representation (second row) in corresponding empty rooms (third row).

It is very natural to stack boxes in rooms with di↵erent geometries and consider the corresponding
questions about limit shapes and fluctuations of the height function. For instance, one may consider a
room with a jagged wall that has several corners, as in Figure 1, middle column; these were considered
in [OR07, BMRT12, Ahn20]. Taking liberties not only with the shape of the room but with the space it
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The height function

The height function of a tiling is determined by its value at any
point and its local increments.

y

h(0, y)

y

x
(figure borrowed from A. Ahn)

How does height function of a random tiling behave in the limit?
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What do we mean by random tiling?

Some options:
1 Uniformly random tiling on finite domain.

2 qvol measure: for tiling π set Pr(π) ∝ qvol(π), 0 < q < 1.

(Simulated by A. Ahn)
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Useful mental model: simple random walk

Consider a simple random walk Zt, 0 ≤ t ≤ T starting at 0,
conditioned to end at X.

of statistical mechanics can and should be applied in areas of mathemat-
ics seemingly very distant from probability or mathematical physics will be
forever associated in my mind with A. Vershik. I thank Richard Kenyon
and Nikita Nekrasov for the joy of collaboration on the topics discussed in
these lectures, and I want to conclude with special words of gratitude to
S. Shlosman for helping me improve these notes.

2 The simple random walk

2.1

This must be a very familiar concept. We consider the simple random walk
in 1 dimension: a particle starts at the origin 0 ∈ Z at time zero and with
each tick of the clock jumps by ±1 with probability 1

2
. For example, its

position X ∈ Z at time T may represent your total gain after trying to guess
the outcome of T independent flips of a fair coin. Plotted in space-time, the
trajectory represents a random zig-zag curve that may look like the curve in
Figure 1.

T

X

(0, 0)

Figure 1: A simple random walk from 0 to X in T steps.

It is well-known that for large times T this random zig-zag curve, rescaled
by T in the horizontal and

√
T vertical direction, converges to remarkable ran-

dom continuous function — the Wiener process or the 1-dimensional Brow-
nian motion. We, however, are interested in a different, and much simpler,
asymptotic regime when the result is elementary and nonrandom.

2.2

Fix T and X and look at a random zig-zag curve from (0, 0) to (T, X). A
probabilist would say that we condition the random walk to reach X in T

3

(figure from A. Okounkov, Limit Shapes, Real and Imagined,
http://math.columbia.edu/~okounkov/AMScolloq_revised.pdf)
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Deterministic limits of the SRW

As X,T →∞, slope X/T = γ constant,
ZbsT c

X
→ s uniformly over s ∈ [0, 1] (‘limit shape’),

steps. Now let X, T → ∞ so that the average velocity V = X/T remains
constant. Alternatively, one may keep X and T fixed, while modifying the
law of the random walk: it will now make steps

(δ, ±δ)

in space-time, where the mesh size δ is small.
Let Z(t), t ∈ [0, T ] denote our random zig-zag curve. What happens to

it as δ → 0 ? It converges to a nonrandom curve, namely a straight line, see
Figure 2. This our first example of a law of large numbers.

T

X

(0, 0)

Figure 2: Random walk with small steps converges to a straight line

More formally, any neighborhood U of the straight line L

x = V t , t ∈ [0, T ] , V = X/T ,

in the space C[0, T ] of continuous functions, has the property that

Prob {Z(t) ∈ U} → 1 , δ → 0 .

The proof, which may be found in practically any probability textbook, pro-
ceeds as follows.

2.3

Since Z(t) is Lipschitz with constant 1, that is,

|Z(t1) − Z(t2)| ≤ |t1 − t2| , ∀t1, t2 ∈ [0, T ],

it suffices to prove that for any ε > 0

Prob {max
i

|Z(ti) − V ti| > ε} → 0 , δ → 0 ,

4

(figure from A. Okounkov, Limit Shapes, Real and Imagined)

Why? Number of N -step random walks ending at γN is
(

N
1+γ
2 N

)
≈ eN(− 1+γ

2
log 1+γ

2
− 1−γ

2
log 1−γ

2 )

and Shannon entropy h(1+γ2 ) is concave.
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Limit shape for lozenge tilings

General setup: sequence of tileable domains DN ⊂ R2 so
1
NDN

N→∞−−−−→ D ⊂ R2.

Show for (x, y) ∈ D, rescaled height function converges

h(Nx,Ny)/N → hlimit(x, y) (deterministic).

Limit shape has liquid region (non-extreme slope) and frozen
regions.

211

Figure 24.2 A typical tiling of a hexagon with a hole. Simulation by Leonid
Petrov.

expectation. Hence, the centered height function is the same at all points of a
frozen region. So picking a point on the outer boundary of the domain to have
centralized height 0, we have that the centralized height function on the outer
frozen region is 0, and the centralized height on the frozen region around the
hole is d , which is the same as the fluctuation h(B)1 of the height of the hole.
Using our GFF heuristic,

P(h(B) = d )⇡
ˆ

Wd

exp
✓
�p

2

¨

k—hk2
◆

, (24.1)

1 h(B) stays for “Height of Boundary”.

(figure from V. Gorin, Lectures on random lozenge tilings,

based on simulation by L. Petrov.) 9 / 33
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Some known results about limit shapes

Limit shape results: show for (x, y) ∈ D, rescaled height function
converges

h(Nx,Ny)

N
→ hlimit(x, y).

1 [Cohn-Kenyon-Propp ’00] proved a.s. convergence to certain
entropy-maximizers for uniformly random domino tilings of
simply connected domains in R2.

2 [Kenyon-Okounkov-Sheffield ’03] showed more generally
(weighted doubly periodic bipartite dimer models on simply
connected planar regions).

3 [Okounkov-Reshetikhin ’01] computed limit shape for qvol

ordinary plane partitions.
4 [Cerf-Kenyon ’01] Same limit shape for uniform measure on

plane partitions of given volume.
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Fluctuations for SRW

ZbsT c − E[ZbsT c]

const(γ)
√
T

→ Bs

where Bs, s ∈ [0, 1] is a standard Brownian bridge. In particular

Cov

(
ZbsT c − E[ZbsT c]

const(X/T )
√
T
,
Zbs′T c − E[Zbs′T c]

const(X/T )
√
T

)
→ Cov(Bs, Bs′).
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2.3

Since Z(t) is Lipschitz with constant 1, that is,
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4
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Fluctuations for SRW and Green’s functions

Cov(Bs, Bs′) = min(s, s′)(1−max(s, s′)) =: G(s, s′)

is the Green’s function for Laplacian ∆ = ∂2

∂s2
on [0, 1] with 0

Dirichlet boundary conditions, i.e.

∆f(s) = g(s) ⇐⇒ f(s) = −
∫ 1

0
G(s, s′)g(s′)ds′

for f ∈ L2([0, 1]) with f(0) = f(1) = 0.
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The Gaussian free field

On a (simply connected) domain D ⊂ C similarly have Laplacian
∆ = ∂2

∂x2
+ ∂2

∂y2
and Green’s function G(z, w).

Example
On upper half-plane H,

G(z, w) = − 1

2π
log

∣∣∣∣
z − w
z − w̄

∣∣∣∣

Note G(z, w) ≈ − 1
2π log |z − w| blows up as w → z.

“Definition”
Informally, the Gaussian free field Φ on D is the random Gaussian
“function” (actually, distribution) with

Cov(Φ(z),Φ(w)) = G(z, w).

13 / 33
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The Gaussian free field

“Definition”
Informally, the Gaussian free field Φ on D is the random Gaussian
“function” (actually, distribution) with

Cov(Φ(z),Φ(w)) = G(z, w).

Definition
The Gaussian free field Φ on D is the random distribution such that
pairings with test functions

∫
D fΦ are jointly Gaussian with

covariance

Cov

(∫

D
f1Φ,

∫

D
f2Φ

)
=

∫

D×D
f1(z)G(z, w)f2(w).
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Fluctuations for tilings

Conjecture (Kenyon-Okounkov ’05)

For tilings of simply connected planar regions, there exists map
ζ : L → H on liquid region so that

√
π(h(Nx,Ny)− E[h(Nx,Ny)])

N→∞−−−−→ Φ ◦ ζ(x, y)

where Φ is the GFF on H.

At the level of covariances, this means

Cov
(
h̄(Nx1, Ny1), h̄(Nx2, Ny2)

)
→ G(ζ(x1, y1), ζ(x2, y2)).
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Fluctuations for tilings

Conjecture (Kenyon-Okounkov ’05)

For tilings of simply connected planar regions, there exists map
ζ : L → H on liquid region so that

√
π(h(Nx,Ny)− E[h(Nx,Ny)])

N→∞−−−−→ Φ ◦ ζ(x, y)

where Φ is the GFF on H.

For uniform tilings ζ(x, y) = z(x, y) is parametrized by limit shape:
Near each (x, y) ∈ L have local lozenge proportions
p ♦ + p♦ + p ♦ = 1 which determine z(x, y) via

z

0 1
16 / 33



Tilings, limit shapes, and the Gaussian free field The cylinder

Known cases

Gaussian free field convergence for tilings is known in some special
cases:

Certain polygonal domains (e.g. [Borodin-Ferrari ’08], [Petrov
’12]).
qvol plane partitions ([Ahn ’20]).
Certain domains with no frozen regions (e.g. [Kenyon ’01],
[Russkikh ’18])
Hexagon with a hole [Bufetov-Gorin ’17] (note: not simply
connected!).
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The cylinder
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qvol measure on cylinder

For 0 < q < 1 define measure on cylindric partitions π by

Pr(π) ∝ qvol(π).

Regime: Take cylinder width 2N and qN = t ∈ (0, 1), send
N →∞.

19 / 33
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Limit shape

Let qN = t ∈ (0, 1) and hN be the height function of a
qvol-distributed cylindric partition of width 2N .

Theorem (Ahn-Russkikh-VP ’21)

In the above setup

1

N
hN (Nτ,Ny)→





0 y ≤ log 2
log t

∫ y

log 2
log t

2 arctan
(√

4t−2u − 1
)

π
du y ≥ log 2

log t

in probability, uniformly on compact vertical intervals.

Note [Borodin ’07] showed result on local statistics which also
computes the limit shape; our only real input here is showing
concentration.
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Fluctuations

Let qN = t ∈ (0, 1) and hN be the height function of a
qvol-distributed cylindric partition of width 2N .

Theorem (Ahn-Russkikh-VP ’21)

The centered height function
√
π(h(Nτ,Ny)− E[h(Nτ,Ny)])

converges on the liquid region to the Gaussian free field Φ ◦ ζ in the
Kenyon-Okounkov complex structure.

21 / 33
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Notion of convergence

For any circumference coordinates τ1, . . . , τn ∈ (0, 1] and
k1, . . . , kn ∈ Z>0, the random vector

 1

2N

∑

y∈ 1
2N

(Z+ 1
2
)

(hN (b2Nτic, 2Ny)− E[hN (b2Nτic, 2Ny)]) tkiy




1≤i≤n

converges in distribution to the Gaussian random vector
(

1√
π

∫ ∞
log 2
log t

Φ(ζ(τi, y))tkiy dy

)

1≤i≤n

as N →∞.
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A more natural qvol measure

Every tiling which differs from the ‘empty room’ in finitely many
places is a plane partition.

23 / 33
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A more natural qvol measure

This is not true on the cylinder.

1 2 3 4 5 6 79 107 8 1 2 3 4 5 6 79 107 8

Also have vertical shifts of cylindric partitions! In fact,

{tilings* of cylinder} bijection←−−−−→ Z× {cylindric partitions}

*with boundary condtions matching empty room at ±∞.
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A more natural qvol measure

“Shift-mixed qvol measure” ([Borodin ’07]) on this larger set of
tilings (π, S):

Pr(π, S) ∝
(
uSqNS

2
)
qvol(π).

Here u ∈ R>0 is another parameter.
May view as sampling S and π independently.

Why natural? Comes from local dimer model, and horizontal
lozenges form determinantal point process (related).

FROM REPRESENTATION THEORY TO MACDONALD PROCESSES 5

(1) (2)

(3) (4)

Figure 2. Various interpretations of a lozenge tiling.

(2) As sets of nonintersecting Bernoulli paths following lozenges of two types ( and with
prescribed beginnings and ends.

(3) As stepped surfaces made of 1⇥ 1⇥ 1 cubes.
(4) As interlacing configurations of lattice points � centers of lozenges of one of the types,

say, , as on Fig. 2. Such configurations must have a prescribed number of points in each
horizontal section that may depend on the section.

Our first goal is to match this combinatorial object with a basic representation theoretic one.

2.2. Representations of unitary groups. Denote by U(N) the (compact Lie) group of all
the unitary matrices1 of size N . A (finite-dimensional) representation of U(N) is a continuous
map

T : U(N)! GL(m, C)

(for some m = 1, 2, . . .) which respects the group structure: T (UV ) = T (U)T (V ), U, V 2 U(N).
A representation is called irreducible if it has no invariant subspaces E ⇢ Cm (E 6= 0 or Cm),
i.e., such that T (U(N))E ⇢ E.

The classification of irreducible representations of U(N) (equivalently, of GL(N, C) by ana-
lytic continuation � “unitary trick” of H. Weyl) is one of high points of the classical represen-
tation theory. It is due to Hermann Weyl in mid-1920’s. In order to understand how it works,
let us restrict T to the abelian subgroup of diagonal unitary matrices

HN :=
�
diag(ei'1 , . . . , ei'N ) : '1, . . . ,'N 2 R

 
.

1U⇤ = U�1, where U⇤ is the conjugate transpose.

Figure from Borodin-Petrov https://arxiv.org/pdf/1310.8007
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Fluctuations for shift-mixed measure

Let qN = t ∈ (0, 1), u > 0 and hN be the height function of a
shift-mixed qvol-distributed cylindric tiling of width 2N .

Theorem (Ahn-Russkikh-VP ’21)

The centered height function h̄(Nτ,Ny) converges on the liquid
region to

1√
π

Φ ◦ ζ − SH′(y)

where Φ is the Gaussian free field, H is the limit shape, and
S ∼ Ndiscrete

(
| log t|

2 , log ulog t

)
.

Here Ndiscrete(C,m) is the discrete Gaussian

Pr(x) ∝ e−C(x−m)2 for x ∈ Z.
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Holey hexagon

A domain topologically equivalent to the cylinder:

38 ANDREW AHN, MARIANNA RUSSKIKH, AND ROGER VAN PESKI

choice of this point does not matter, we will abuse terminology in referring to the height of a hole for general
multiply connected domains below.

Figure 6. The holey hexagon domain (left). If the height at the bottom of the domain is
taken to be 0, then the height of the hole for the two tilings (center) and (right) are 2 and 3
respectively.

The fact that the height of the hole may vary leads to two reasonable notions of random tilings on such
a domain, cf. [Gor19, Section 24]: one may either (A) consider a random tiling among all tilings with
probabilities given by some dimer weights, for example the uniform or qvol weights, or (B) fix some H0 2 Z
and condition the previous probability measure to live on those tilings for which the hole has height H0.

In (A), the measure is a dimer model, and the positions of lozenges have a determinantal structure [Ken01],
while fixing the height at the hole as in (B) destroys this structure. Fixing the height of the hole in this
setting is exactly analogous to fixing the shift S of a cylindric partition, and as we saw the unshifted periodic
Schur process similarly loses the determinantal structure of the shift-mixed one. This suggests to compare

unshifted cylindric partitions $ tilings of hexagon with hole height fixed

shift-mixed cylindric partitions $ tilings of hexagon with hole height unrestricted.

This analogy also holds at the level of the limit objects. The height fluctuations of the holey hexagon with
hole height fixed were shown to converge to the Gaussian free field in [BG19], analogous to our Theorem 1.4
for the unshifted qvol measure.

For tilings with the hole height unrestricted, which in the above analogy correspond to the shift-mixed
model, there is a precise conjecture concerning the height of the hole of a random tiling. The setup is similar
to the previous subsection: suppose DL is a sequence (in L) of tileable domains on the triangular lattice such
that 1

L@DL ! @D where D is some multiply connected domain in R2 with continuous boundary. We can

consider lozenge tilings in DL and define the uniform measure and the measure qvol on DL, where q = ec/L

depends on L and a fixed parameter c 2 R. The following conjecture was originally stated for uniform tilings,
but generalizes readily to qvol.

Conjecture 7.3 ([Gor19, Conjecture 24.1]). Let D be a bounded domain in R2 with a single hole, DL be

as above, and H
(L)
hole be the height of the hole of a qvol random tiling of DL. Then there is a sequence of

integer shifts µL such that H
(L)
hole � µL converges in distribution to a discrete Gaussian Ndiscrete(C, m) (see

Definition 1.6), where m 2 [0, 1) is some constant and C is given by the Dirichlet energy

C =
⇡

2

Z

⇣(L)

krgk2 dx dy.

Here L is the liquid region, ⇣ : L ! C is the complex coordinate of the GFF as in Conjecture 7.1, and g is
the unique harmonic function on ⇣(L) which is 0 on the outer boundary and 1 on the inner boundary.

A heuristic argument for this conjecture is given in [Gor19, Section 24], a proof for certain domains is
expected to appear in [BGG], and a generalization of the conjecture to domains with multiple holes is given
in [Gor19, Conjecture 24.2].

Height of hole depends on tiling.

To choose random tiling either
A allow hole height to vary.
B condition random tiling on fixed hole height.

Analogy:

unrestricted tilings of cylinder ↔ tilings of holey hexagon
unshifted cylindric partitions ↔ tilings w/ fixed hole height
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Holey hexagon

Theorem (Bufetov-Gorin ’17)

The uniform measure on tilings of the holey hexagon conditioned
on fixed hole height has Gaussian free field fluctuations in
Kenyon-Okounkov complex structure.

211

Figure 24.2 A typical tiling of a hexagon with a hole. Simulation by Leonid
Petrov.

expectation. Hence, the centered height function is the same at all points of a
frozen region. So picking a point on the outer boundary of the domain to have
centralized height 0, we have that the centralized height function on the outer
frozen region is 0, and the centralized height on the frozen region around the
hole is d , which is the same as the fluctuation h(B)1 of the height of the hole.
Using our GFF heuristic,

P(h(B) = d )⇡
ˆ

Wd

exp
✓
�p

2

¨

k—hk2
◆

, (24.1)

1 h(B) stays for “Height of Boundary”.

(figure from V. Gorin, Lectures on random lozenge tilings,

based on simulation by L. Petrov.)
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Discrete Gaussian conjecture

Conjecture (Gorin ’19)

For a general planar domain with a hole, the limiting fluctuations of
the hole height are discrete Gaussian Ndiscrete(C,m). Furthermore

C =
π

2

∫

ζ(L)
‖∇g‖2 dx dy (Dirichlet energy)

of unique harmonic function g which is 0 on outer boundary, 1 on
inner boundary.

Proved for many domains in [Borot-Gorin-Guionnet, in preparation].
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Discrete Gaussians on cylinder

For shift-mixed qvol recall independent shift S has

Pr(S = x) ∝ uxqNx2 .

Equivalently (recall t = qN )

S ∼ Ndiscrete

( | log t|
2

,
log u

log t

)

and
C =

| log t|
2

is exactly the Dirichlet energy in previous conjecture for our case!
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A word on proofs

View plane or cylindric partition as sequence of integer partitions:
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Schur process

qvol plane partitions are distributed as a certain Schur process
[Okounkov-Reshetikhin ’01].
(shift-mixed) qvol cylindric partitions are a certain
(shift-mixed) periodic Schur process [Borodin ’07].

Yields tractable formulas for joint moments of “Laplace transforms”

1

2N

∑

y∈ 1
2N

(Z+ 1
2
)

(hN (b2Nτic, 2Ny)− E[hN (b2Nτic, 2Ny)]) tkiy

Similar methods for Gaussian free field convergence for random
matrices and random tilings used in e.g. [Borodin-Gorin ’15], [Ahn
’20].
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Recap

Kenyon-Okounkov conjecture predicts GFF with correlations
determined by limit shape/local lozenge proportions.
Gorin discrete Gaussian conjecture predicts discrete hole height
fluctuations using KO complex structure.

Unshifted qvol measure on cylindric partitions yields GFF in
KO coordinates.
Shift-mixed qvol measure has built-in discrete Gaussian shift, in
limit yields GFF plus this shift.
These show how to interpret/verify above conjectures on
example of nonplanar, non simply connected domain.

Thanks for listening!
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