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1. Chinese Remainder Theorem, Adeles, Idéles, and ap-
proximation.

Let S be a finite set of finite places of Q. Given integers a,,, v € S and a real
number €, > 0 there exists a € Q such that

o —ayly <&, Yv€ES

lal, <1 Vo finite.

Let F' denote a number field. Let V; = V(F) denote its set of finite places, and
Voo the set of infinite places (this is a finite set). For a place v let F,, denote its
completion at v.

The adéles ring Af is defined as the product

/
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where the left term is the restricted product with respect to Huevf O, i.e. the
subset of elements of the product with all but finitely many entries in the integer
ring O,.

A base of open neighborhoods of Ag looks like
H U, x Huvx HO“’
V€V vES vgS
where U, C F), is an open subset and S C V; is finite.

Theorem. One has

AF:F+ HFUXHOU 9

vEV ’UEVf

so the embedding F — A given by z — (x,z,x,---) is discrete and cocompact.



Proof. Case ' = Q. We have Ag = Q + (R x [[,Z,).
Discreteness : ((—1,1) x [[,, Z,) N Q = {0}.
WEAK APPROXIMATION : F — [[, g F, is dense (S finite).

STRONG APPROXIMATION : F + F,, is dense in Ap for any place vp.
Equivalently F' is dense in Ap ¢ (finite adeles) if and only if |F\Ap/K| =1 (only
contains the identity element).

Idéles : The group Ip = A} is called the idéle group.
Theorem. The image of F'* in I is discrete.

By this theorem we can consider Ip/F*, this is called the idéle class group,
denoted CL(F).

There is a canonical surjection d : ZTp — Rxo, & = (2y)y — [], |00

Recall the product formula J] . [z[, = 1 where z € F*. Note that for each
place, we have to choose the right scaling of the absolute value so that we get

a Haar measure on the completion (take |x|, = £~ where ¢ is the order of the
residue field).

Let It = Ker(d) D F*.
FACT.

o The group Irp/F* is not compact (image under the norm d is surjective,
thanks to prod formula)

¢ The group IL/F* is compact.

There is a surjection
CUF)— CI(F)

a= (av)v — Hmvm(Om)~
RY

Theorem. (Finiteness of the class group) Let K = []
open in Iy = G,,(Ap) then

X
vev; Ky be compact

F*Ip /K is finite

The set I ¢ denotes only the finite ideles (without the infinite places). Note
that F>X\Ip ¢ = F* x ([1,o F2)'\IL is compact.

v|oo T v

We have K, =1 —1—‘431(,%) COf CFy.

In the additive case, F\Ap is also compact, and F\Ag/K, is always a singleton,
hence strong approximation, but for the case of G,, we only have that it is
finite. Similarly, if our group is the orthogonal group, this gives us groups of
isomophisms over local fields, and F', and it tells us that only finitely many



equivalence classes over F' are contained in any isomorphism class over local
fields.

The map det : GL,, - GL; = G,,, gives us am injective map

L (FN\NGLn(Ap, )/ Kp — F*\GL1(Ay)/ det(Ky)

Theoreml 1. Let K =[]
then for v € V¢

vev; K, be a compact open subgroup of SLs(Ar)

SLy(Ap) = SLa(F (H SLa(F, ><Kf>

vEV,

Equivalently, there is a correspondence
Ti,\ [] SLa(F.) = SLo(F)\SLa(A)/K,,
vEVa
where I'x, = SLo(F) N K.
examples. Let F' = Q, we have Vo, = {o0}.
1. Take Ky =[], SL2(Zp). Then ', = SL(Z).

2. Let K(N) = H (1 +pvp( )MQ( )) N SLQ( ) Hother SLQ(ZP)
pIN

[1,{9€SL2(Z,)g=I( mod N)}

3. Ko(N) = II,{g € GL2(Z,)lg = (g :) (mod N)}. We have Ko(N) N

GL2(Q) = Lo(N).
SLa(F)\SL2(A)/Ky = T' \SLa(Fy). in general (ex) :

G(F)\G(A)/Ks = 11 Ty, g0
l9£1EG(F\G(Af)/ K¢
where I'x, = G(F) N K.
Fact. GLy(F)\GL2(Af)/Ko(N) — CL(F) is independent of N.
Recalling that SLs — Sp,, we extend the theorem 1 to

Theorem 1A. Let G = Spy, with g > 1 and let K; = Hvevf K, be a com-

pact open subgroup of G(Ar). Let T'x = G(K) N K then there is a bijective
homeomorphism

G(F)\G(Ap)/K = Tk\ [[ G(F).

vEV



We can quotient on the right by SO3(R) = U(1)

SL2(Z)\SLa(R) % SLa(Q)\SLa(4)/ [[ SL2(Z,).
H,—/ »

(1)

L(1)\H = T'(1)\(SL2(R/SO2(R)) = SL(Z)\SL2(R)/SO2(R) = SL»(Q)\SL2(Ag)/ Keo Ky,
where Koo =U(1) = SO2(R) and Ky =[], SL2(Z,).
We have H¥sel =~ Sp, (R) /U (g)

e, \HYE 55 Spyy (Q)\Spyg(Ag)/Koc Ky
Functions on T'\HY can become functions on the quotient . Starting with

f:T\HY — C: f(I'z) = f(2) we build F : Sp,,(Q)\Spy,(Ag)/ Ko Ky — C by
l9] = f(g acting on ily).

Starting with F': G(F)\G(A)/K« Ky — C given z € H write z = goi for some
goo € G(Fso) set

f(2) = F(lge; 1]) 1 € G(Af)
Starting with f : I'\H — C given X € G(F)\G(A4)/K«x Ky, we can write
X = [95.9s]- G(Ay) = G(F)Ky so gy = vky. So X = [y 'gee;1]. Set
F(z) = f(y7 9o01).-
2. Eisenstein series

Recall the Eisenstein series (for I'(1))

E2k(z):% Z m: Z (v, 2) 72",

(c,d)=1 YET\I'(1)

1 x ((a b
whereFoo{<O 1>|x€Z},andg(<c d>,zcz+d>.

If £ > 1 then this is good and satisfies

Ea(v2) = j(v,2)"*F Eap(z) for y € SLy(Z).

Replace —2k with arbitrary s € C, we still get this for Re(s) >> 0,

E_y(v2) = j(7,2) E_, (2).



We have an isomorphism I';,\I'(1) ++ B(Q)\G(Q) where G = SL, and B =

o 2

We can write

E_ = Z j(752)57

1€B(Q\G(Q)
satisfying the same property.
I'N)={geT(1)lg=1mod N}.

g; - 00 = Ty

E{ (2 N) = S o)
YETo(N\I(N)

In general, for v = {A B] € Spy,(Z), define j(v,7) = C7+C, where T € [ Siegel

C D
We have
E(r) = (detj(v,7))"*

Y

the sum taken over the set of representations for GL,(Z)\Spy,(Z).
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