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1. Characters.
Let Z[A] be a group ring on A. Explicitely, Z[A] = {Zle a;zi N < X € A}
Product z*z# = x A H.

Define R(g) be the representation ring with elements being isomorphism classes
of g-representations, with ring stucture given by direct sum and tensor product.

Define char : R(g) — Z[A] by char(V) = > dim(V))e(\) where V = @, V,.

Theorem. R(g) is a polynomial ring with variables Ty, , Topyy -+, Ty, -

R(g) ~ Z[A]"Y where W = Weyl group.

Back to sl,,(C) : V =C™.

Recall : Weyl construction : S\V = V&9 @¢g, W, d= [A]

Where V) is the Specht module associated to A.

e.g. So,..0V = Sym(V), trSym?(V) = hy = char(S,...,0)V), and
St 1000V = ANV, tr AV = eg = char(S1 1. 1,0.,0)V)-

Recall : Sym™ (V) @ --- ® Sym™ (V) = D,.<» KxuS,V.

By Young’s rule,

char <Sym’\1 (V)®--- @ Sym™ (V)) = char(Sym™ V) ---char(Sym™ V) = hy, ---hy, = hy = Z K8,
n<A

But also

char (Sym’\1 Ve - Sym’\"(V)> = Z K, char(S,V),
1A

which yields char(S,V) = s,.



dimS,V = s, (1,1, 1) =[], k‘j%

Prop. S,V is irrep of sl,,C, with highest weight >\, L;
So Fal,”' an—1 7 S(a1+'“+an71-,¢12+"'+an71,“' ,an7170)V'

Weyl Character formula :

In s0,,C, char(S\V) = sy = %

Note that

det[l,)\ﬂrnfi] _ Z Sgn(a) ij‘a(i)Jrn*U(i).

UeSn:WﬁlnC

Write p = (n — 1,n — 2,---,1,0) + Z?;llwi = %Zi<jLi_Lj’

det[zh =] =31 sgn(o)z7 (),
Write Ay =3, oy sen(o)zo™),

So det[z}+" =i = Ay, and

1/2 1/2
A, =det[z" 7Y = xz—z) = (I .. xn) 2 _J | =
p [ ] | |( J 1 I | (xl./Q x;/z II

1<J

2. Weyl character formula :

char(A,) = Aj‘—j”.

therefore

1/2
Ly

1/2
Tj

p1/2Li—1/2L;

Fact. A, =) cw sgnz®®) = [locrt (x/% — g=/2) = gP [locri(1—e7%) =

P [[peps (e =1).

Cor. dimI'y = HaeR+ (/\(:7231)'

Naively, dim "y = A*X :((117’}";'1')’1) = S:S;Jgi”(ll”;"’ll)) (in s1,C).

S0 Wy(A3) = Wa(4)) = Tlaeps (/2 = o= Co)/2r),

Expand in terms of ¢, we [[, € R"((A\ a)t + higher powers ot t) =

(Macn- (r.0y( @))tE" + 3 higher powers of .

So
\IJ(AA-HJ) o Ha€R+()\+p7 a)

\IIP(AP) B HaeR+ (p,a)

Then one can set ¢t = 0 and get the desired formula.

U, (charl'y) =

+ higher powers.
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/2L —1/2L;
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