Macdonald’s formula. Part 2.

Ed Belk

November 7th, 2019

Let [ ={z € (C*): |x.(a"(wF)) < 1Va € Ry}.

Recall A is a maximal F-split torus with A% its positive part, a’t - - - a¢, j; >
>

W is the Weyl group with longest element wyg, with fixed representatives in K.
I is the Iwahori subgroup.

Recall the term appearing in Satake transform

E.(a) = /K fontha) dk = 3 d(w, k)64 (A)xuw=(a)

weW
,a€ AT
Recall also the proposition proved last time

Proposition. Let z € [ and let ¢(w) = [Iwl : I] and put Q = > .y q(w).
Then

d(wo, 2) = Q" J=p(n)dn.

woNwg

where f. p(a) = (6% x2)(a)
Proof. By the corollary

Ez(a) = Z /Ifz,B(ika) [Kdl I] .

keI\K
FACT : One was f,g(iwa) = f,p(iwaw™) = f, gliwa)(iw(a)) =
fz.8(w(a)) fz,5(w(a) tiw(a)).
Thus

E.(a) = ﬁ > e(w) /1 .. (iwa)di

weWw

where c(w) = [[w(N~ NK) : I].



Indeed,

/Ifz,B(w(a)*liw(a))dz':/Nm /Am /N_m fo.B(w(a) *nTan"w(a))dn"dzdz™.

:/ / / f.8(w(a)'nTw(a)w(a) zw(a)w(a) tn"w(a))dn " dedz ™.
NI JANT JN-nI

eEK eEK

Rewriting E, (a), we have E,(a) = ﬁ Y wew c(w)(&}gpxz (w(a))) [1nn foB(w(a) " zw(a))da.

Put Jy(q) = (N Nwa(I N N)a tw™)\(wa(I N N)a " w™t).
FACTS :

e Ifa € AT and w # wp then Xy, (a) "tx.(w(a)) is a “decreasing exponential”
as a — oo. This implies that d(wp, z) = limgeca+ 6119/2 (@) Xuwyz(a)TLE,(a),

a— oo

1
= 01 s @) gy D )05 ) wle) /J fon(a) da
= 1 im c(w a)" ! w(a a)dz
= 7] 3 (o) () /  fustayis

Note that I, (N~ N K) = Ly, (wolwy ') = Twy (wg = 1) so c(wp) = 1.

So

1 .
d(wo, z) = ﬂ aleH/?Jr ; fz.p(z)d.

a— 0o wo(a)

Observe that (woa)N(woa)™! = w0aNa ‘wy* = woNwy ' = N~
So N N (woa(I N N)a"twy ") = {1} hence Jyq) = woa(I N N)a" wy .
As a goes to oo, the conjugate woa(l N N)a’lwa1 expand to fill out N .

That is limge o+ Jup(a) = WoNwy ' = N~

a— oo

Thus

1 1
d(wo,z):m/ N 71fZ,B(x) dx:@/ . 71fz,3(:1c) dz

(K : 1] =) ,cw q(w) where q(w) = [Twl : I].
Theorem (Macdonald). Let p € X, (A)T, then



—1+(aV ,w(z))

() = Q Mn(a) Y s () [

— gfa¥,w(z))
weWw a>0 1 qO‘ .

Proof. B’ = AN~. From Thomas’s talk :

1— qf(lJr(av,z)) 1— q7(1+(av,z>)
/ N fo6(n) =Ip Bf:B(1) = H sz,B(l) = H g
wo wo

a>0 a>0 -4

_g—H(aY,z)
Thus d(wg, 2) = é [L.so %
From the computation for E,(a) we have d(w, z) = d(1,w(z)) for w € W.
So we now have a formula for all d(w, z) and thus also all E,(a) and all f.

Last piece : m(Ka,K) = dp(a,)~".



