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P = convex polytope in R"
integer polytope: vertices € Z"
V(P) = volume of P

If P is an integer polytope, let

V(P)=nlV(P) € Z,

the normalized volume of P.

0,1) (1,1

V(P) = 3/2
[ e \(P)=3
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A Refinement of Volume

Let P be an integer polytope and let
r > 1. Define

P ={rv:veP}

i(Pr)=#PNZ"),
the Ehrhart polynomial of P.

e i(P,r) is a polynomial in r
o i(P,0) =1
o [f r >0, then
i(P,—r) = (=) PL(int(rP)NZ")
oi(P,r)=V(P)r" +0O(r" 1)



e Let dim’P = n and

. ho+ hix + - + hpa”
ro_
ZZ(P, riz’ = o] .
r>0

Then hj e /., hj > (), and
Y hj=V(P).
J




Example. P = unit square:

0<z<1 0<y<ld

O—e—o—0—9




Example. P, = unit n-cube

~

i(Pp,r)=(r+1)", V(Py) =n!
If w=wjwsy:--w, € Gy, then define
d(w) =#{i : w; > wit1},

the number of descents of w. Let

An<3})= Z le—l—d(w)7

wesS,,
the nth Eulerian polynomial. E.g.,

As(z) = x4 4a° + 2°.
Then
A
Z(T 4 1)nxn _ n(il?)/:l?

_ \n+1°
r>0 (1 x)




Zonotopes

The Minkowski sum P+ Q of con-
vex polytopes P, @ C R" is defined by

P+O={a+p:aecP, €}

A zonotope is a Minkowski sum of
line segments.

g
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Let vq,...,v;. € R" and

Z(vl,...,vk) = [O,Ul]+°°°—|— [O,Uk].

Theorem. Ifvy,... v, € Z", then
i (Z(vg,...,0n),1r) =

( 7 X 4 minors of matrix) j
Z ocd r.

with rows v € §

lin. indep.
Corollary. V(Z(vy,...,vp)) =

Z |det(matrix with rows v € 5] .

SC{vy,...,v. }
S=basis for R



(1.2)

(0,1) r2+4r+1
(2,0)
matrix ged
matrix ged - L
— 20]
) 1 01
20 2 C T
20|,
01 1 12
192] 1 011
o 12




7
~1,0,...,0).
Zn = Z(ei+ejteni 1 1 <i<j<n)cR"™
Erdos-Gallai:

(dy,...,dpt1) € ZpNZ¥H

Example. Lete; = (0,...,0,

< d (simple) graph on 1,2, ..., n with
d;j =deg(j), 1<j<n

1
dn+1:§<d1—|—‘|—dn)
3

11/ g
A e (2,2,3,0,1, 4)
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Let f(n) = # distinct degree se-
quences (dy, ..., dy),so f(n) =(Zp, 1).

ot | ] X

n

Theorem. E f(n)x—':
n!
nz

DN | —
—_
+

(N)
N

S
= |

x [ 1= -1 | 41
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Catalan Numbers

L [2n
C —
" n+1(n>

e triangulations of a convex (n+2)-gon

into n triangles by n — 1 diagonals
that do not intersect in their interiors

N oV DO

e binary trees with n vertices

N <o
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e lattice paths from (0, 0) to (n, n) with
steps (0, 1) or (1, 0), never rising above
the line y = x

BRI S

e sequences of n 1’s and n —1’s such
that every partial sum 1s nonnega-
tive (with —1 denoted simply as —
below)

11— — — 1-1—— 11 ——1-
l—11—— l—1—-1-
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For 62 additional combinatorial inter-
pretations of C',, see Exercise 6.19 of R.
Stanley, Enumerative Combinatorics,

volume 2, Cambridge University Press,
1999
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The Catalanotope

Af ={ej—e; e R"M 1 1 <i < j < n+l}
Cn = conv(AT U{0}) ¢ R

€63 €-6
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Let T' be a tree with vertex set
{1,...,n+1}and edgeset . Let ¢;; =
e; — €. Define the simplex

op = conv ({e;; : i€ E, i < j}U{0}).

2
[ 6 ( 7
3
4 1 5

o = conv{eig, €25, €36, €46, €56, €57, 0}
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T is alternating if either every neigh-
bor of vertex ¢ is less than ¢ or every
neighbor is greater than 2.

T is noncrossing if there are not
edges ¢k and 50 where 1 < 7 < k < [.
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Theorem (A. Postnikov). The sim-
plices op, where T ranges over all
noncrossing alternating trees with ver-
tex set{1,...,n+1}, are the maximal
faces of a triangulation of Cy,.

€-€3 €-€;
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Lemma. The number of noncross-
ing alternating trees with vertexr set
{1,...,n+ 1} s the Catalan number
Ch.

Corollary. V(C,) = Ch.

19



Theorem.

| X ()G
;Z(Cna r)x : (01 _ x)nﬁl

Here %(?) ( jil) is a Narayana num-

ber.
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The Parking Function Polytope
(with J. Pitman)

T a,

2 1

Car C); prefers space a;. If a; is oc-
cupied, then Cj; takes the next available
space. We call (ay,...,an) a parking
function (of length n) if all cars can
park.

n=2:11 12 21
n=3: 111 112 121 211 113 131 311 122
212 221 123 132 213 231 312 321
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Theorem. A sequence (ay,...,an)
of positive integers is a parking func-
tion if and only if its increasing re-
arrangement by < --- < b, satisfies
b; < 1.

111

112 121 211

122 212 221

113 131 311

123 132 213 231 312 321

Theorem. (Pyke, 1959; Konheim
& Weiss, 1966) The number of parking

n—1

functions of length n is (n + 1)
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Proof (Pollak, ¢. 1974). Add an ad-
ditional space n + 1, and arrange the
spaces in a circle. Allow n + 1 also as a
preferred space.

N N
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Now all cars can park, and there will
be one empty space. A is a parking
function it and only if the empty space
isn+1. If A= (ay,...,ayn) leads to
car C; parking at space p;, then (a1 +
Jyoyap + 7) (modulo n + 1) will lead
to car C; parking at space p; + 7. Hence
exactly one of the vectors

(@141, a9+t, . .., ap+i) (modulo n + 1)
1s a parking function, so

(n+1)"
fln) ="+

= (n+1)" L
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More generally, Let

a=(ag,...,ap), 0<a; < - <ay.

An a-parking function is a sequence
(ay,...,ap) € P" whose increasing re-
arrangement by < --- < b, satisfies
bz' < Q.

Eg,a=(1,3): 11 12 21 13 31
Ordinary parking functions:

a=(1,2,...,n)
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Let LL(«v) = number of a-parking func-
tlons

Theorem (Steck 1968, Gessel 1996):

NS
L((y):n' det < Z.—|—1)'
TR
Theorem. Let z; = «a; — a;j

(with ag = 0). Then
L(a) = Z Tj oo T,

parking functions
(]1 7777 ]’I’L)

Eg,a=(1,3), (x1,z9)=(1,2):

ZC% + x129 + TOT1 = O.
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Given x1,...,%n € R>(, define 7 =
Plxq,...,%xn) CR"by: (y1,...,yn) €
Py, it
yi =0, yitety; STt
for 1 <7 <n.

Theorem. (a) Let zy,...,z, € N.
Then

where a1 =1+ -+ Ty

(b) Let 1y = a, 29 = -+ =z, = b.
Then
Z<Pn7 1) —

1
—la+1)(a+nb+2)(a+nb+3) - - - (a+nbin)
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Flow Polytopes
(with A. Postnikov)

Let G a directed graph with vertices
0,1,...,m and edge set E such that if
v — 7 1s an edge, then 1 < 7. Call G a
flow graph. For simplicity we assume
that (0,7) is an edge for 1 < ¢ < m and
(7,m) is an edge for 0 < j < m — 1.
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Define the flow polytope Fq to be
the set of all f & R >0 satistying

Z f(0,7)=1

(0,J)eE

forl1 <j3<m—1.
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total flow out of 0 and into m is 1

flow into an internal vertex = flow out
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Triangulating F. Let
E*:{(z jJ)eFlE 1<i<j<m-—1}.

Let 2© H Tij.

(2,7)EE*

Continually apply the relations
TijTik = Tik(Tij + Tjg)

until unable to do so.
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Example.

T19713T14T23734
— w13(T12 + wo3)T14(713 + T34)T14
= 2 terms + (21312 + 51323)5’7%4%33334
— 2 terms + (21312 + 51323)5'3?{4(5’713 + 5’734)
= O terms + :U?f4x23x34
— 5 terms + 7 4294(x93 + 34)

— 7 terms.

Each monomial u corresponds to a sim-
plex oy, with V(o) = 1 in a triangula-
tion of Fg. Hence V(Fg) = number of
monomials.
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More generally, let
Tijip — CBZk<£L’Z] + Tk — 1)
until unable to do so. Then let x;; =
1/(1 —x) and divide by (1 —x)™ to get
ZTZO i(Fa, ).

Example. x19x93 — 213 (212 + x93 — 1)

1 1 2 _,
"l—z)l—z\1l—=

J R
(1—a)%
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Let d;(G) be the outdegree of vertex
i of G.

Theorem. ‘7(.7:@) is the number of
ways to write the vector

(di+- - +dpy—_o—m~+2,1—dy, ..., 1—dy,_9)
as a sum of vectors e; — e, where

(2—1,7—1)€ E(G) and j <m
(without regard to order).
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(d1—|—°°°+d3—3,1—d1,1—d2,1—d3)
= (3,—1,—1,—1)
= 3e19 + 2e93 + ey
= e19 + 2e13 + ey
= 2e19 + e13 + €93 + ey
= 2e19 + e14 + €93
= €12 + €13 + €14.
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Example. G,, =complete flow
graph on 0,1,...,m: E = {(1,7) :
0<i<j<m}

Chan-Robbins conjecture: ‘7(.7:Gm) =
C102- - Cp—a.

Equivalently: The number of ways to
write the vector

1
((m;— ),—m,—m—l—l,...,—l)

as a sum of vectors
e;—e; 1<i1<jy)y<m+L

is C1Cq - - - Oy, (Kostant’s partition
function).
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Corollary. Let CT denote the con-
stant term of a Laurent series. Then

V(Fa,) =
m
CT]J1—2) [ (xj—a)™"
i=1 1<i<g<m

Theorem (Morris).

m m
CTH(l—:BZ-)_aHxZ-_b H (xj—xi)_%
1=1 1=1

1<i<y<m

II a+b+(m—14j)c)l(c)
~m! - +]c (c+jeo)l'(b+je+1)

Corollary (Zeilberger) V(fgm) =C1---Cp2.

Simpler proof”?
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One Further Flow Graph

EG) ={(,i+1) :0<i<m—1}
U {(0,4) : 1<i<m—1}
U{(i,m):1<i<m-—1}

Theorem. V(Fg) = Cyp1.
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T12093%34 — 13(212 + T23) T34
— z14(z13 + 234) (212 + 723)
— T14T137T12 T T14T13T23

+214234%19 + 14294 (T03 + 234)

(five terms)
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