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� Is therea tiling?

� How many?

� About how many?

� Is a tiling easyto �nd?

� Is it easyto prove a tiling doesn'texist?

� Is it easyto convincesomeonethat atiling
doesn'texist?

� What is a \t ypical" tiling?

� Relationsamongdi�erent tilings

� Specialproperties,such assymmetry

� In�nite tilings
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Is there a tiling?

Tiles shouldbe \mathematicallyinterest-
ing."

12pentominos:
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Number of tilings of a 6 � 10 rectangle:
2339

Found by \brute force" computersearch
(uninteresting)
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Is thereatiling with 31dominos(ordimers)?
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colorthe chessboard:

Each dominocoversoneblack andonewhite
square,so31dominoscover31whitesquares
and 31 black squares.Thereare 32 white
squaresand 30 black squaresin all, so a
tiling doesnot exist.

Exampleof a coloring argumen t .
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What if we remove oneblack squareand
onewhite square?
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What if weremovetwo black squaresand
two white squares?
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Another coloring argumen t: can a
10� 10boardbe tiled with 1� 4 rectangles
(in any orientation)?
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Everytile coverseach coloraneven num-
ber (including0) of times. But the board
has25 tiles of each color,soa tiling is im-
possible.
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Coloringdoesn'twork:

T(1)
T(2)

T(3)
T(4)

n hexagonsoneach side(n(n+1)=2hexagons
in all)

CanT(n) be coveredby \trib ones"?
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Yesfor T(9):

Conway: Thetriangulararray T(n) canbe
tiledby tribonesif andonlyif n = 12k; 12k+
2; 12k + 9; 12k + 11for somek � 0.

Smallestvalues:0, 2, 9, 11,12,14,21,23,
24,26,33,35,: : :.

Cannotbe provedby a coloringargument
(involvesa nonab elian group)

15



How many tilings?

Thereare2339ways (up to symmetry)to
tile a 6� 10rectanglewith the 12pentomi-
nos. Foundby computersearch: not soin-
teresting.

First signi�cant resulton the enumeration
oftilingsdueto Kasteleyn,Fisher{Temperley
(independently, 1961):

The number of tilings of a 2m � 2n rect-
anglewith 2mn dominosis

4mn
mY

j =1

nY

k=1

�
cos2

j �
2m + 1

+ cos2
k�

2n + 1

�
:

� means\product." � = 180� . E.g.,

cos
2�
5

= cos72� = 0:3090169938� � �
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For instance,m = 2, n = 3:

46(cos236� +cos225:71� )(cos272� +cos225:71� )

� (cos236� +cos251:43� )(cos272� +cos251:43� )

� (cos236� +cos277:14� )(cos272� +cos277:14� )

= 46(1:4662)(:9072)(1:0432)(:4842)(:7040)(:1450)

= 281
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Aztec diamonds:

AZ(1)

AZ(2)

AZ(3)

AZ(7)
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Eight dominotilings of AZ(2), the Aztec
diamondof order2:
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Elkies-Kuperberg-Larsen-Propp(1992):The
number of dominotilings of AZ(n) is 2n(n+1)=2.

(four proofsoriginally, now around12)

1 2 3 4 5 6 7
2 8 64 1024327682097152268435456

Since2(n+2)(n+1)=2=2(n+1)n=2 = 2n+1, we
wouldliketo associate2n+1 Aztecdiamonds
of ordern + 1 with each Aztecdiamondof
ordern, sothat each Aztecdiamondoforder
n + 1 occursexactlyonce.This is doneby
domino shu�ing .
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Ab out how many tilings? AZ(n) isa
\skewed" n � n square.How dothenumber
of dominotilings of AZ(n) and an n � n
square(n even)compare?

If a regionwith N squareshasT tilings,
thenit has(looselyspeaking) Np T degrees
of freedom per square .

NumberoftilingsofAZ(n): T = 2n(n+1)=2

Number of squaresof AZ(n):

N = 2n(n + 1)

Number of degreesof freedomper square:
Np T = 4p 2 = 1:189207115 � � �
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Number of tilings of 2n � 2n square:

4n2
nY

j =1

nY

k=1

�
cos2

j �
2n + 1

+ cos2
k�

2n + 1

�
:

Theorem (Kasteleyn,et al.). The num-
ber of domino tilings of a 2n � 2n square
is about C4n2

, where

C = eG=�

= 1:338515152 � � �:

Moreover,

G = 1 �
1
32 +

1
52 �

1
72 + � � �

= 0:9159655941� � �

(Catalan's constan t ).

Thus the squareboard is \easier" to tile
than the Aztecdiamond(1:3385� � � degrees
of freedomper squarevs.1:189207115� � �).
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If a tiling existsthen it may bedi�cult to
�nd , but it is easyto demonstrate .

1
7

5
6 2

34
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2 3 4
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What if a tiling doesn't exist?Is it easy
to demonstratethat this is the case?

In general,no (evenfor 1 � 3 rectangular
tiles). But yes (!) for dominotilings.

16white squaresand16black squares

24



*
* *

* *

The six black squareswith � areadjacent
to a total of �v ewhitesquaresmarked� . No
tiling cancover all six black squaremarked
with � .

Philip Hall (1935): If a regioncannot
betiled with dominos,thenonecanalw ays
�nd such a demonstrationof impossibility.
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Tilings rectangles with rectangles:
two results

Cana 7� 10rectanglebe tiled with 2� 3
rectangles(in any orientation)?

Clearlyno: a2� 3rectanglehas6squares,
whilea 7� 10rectanglehas70squares(not
divisibleby 6).
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Cana 17� 28rectanglebetiled with 4� 7
rectangles?
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Cana 17� 28rectanglebetiled with 4� 7
rectangles?

No : thereis no way to cover the �rst col-
umn.

?
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Cana 10� 15rectanglebetiled with 1� 6
rectangles?
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de Bruijn-Klarner : anm� n rectangle
canbetiled with a� brectanglesif andonly
if:

� The�rst row and�rst columncanbecov-
ered.

� m or n is divisibleby a, and m or n is
divisibleby b.

Sinceneither10nor 15aredivisibleby 6,
the 10� 15rectanglecannot be tiled with
1 � 6 rectangles.

30



Let x > 0, such asx =
p

2. Cana square
be tiled with �nitely many rectanglesim-
ilar to a 1 � x rectangle(in any orienta-
tion)? In otherwords,cana squarebe tiled
with �nitely many rectanglesall of the form
a � ax (wherea may vary)?

1.5

1

2

4

p2

3p

3

6
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1 1

x = 2/3

2/3

2/3

x = 2=3

3x � 2 = 0
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1/5

.2764

.7236

1

x =
5+

p
5

10
= 0:7236067977� � �

5x2 � 5x + 1 = 0

Other root:
5 �

p
5

10
= 0:2763932023� � �
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1

x = .5698

.4302

.2451 .7549

x = 0:5698402910� � �

x3 � x2 + 2x � 1 = 0

Other roots:

0:215+ 1:307
p

� 1

0:215� 1:307
p

� 1
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Freiling-Rinne (1994),Laczk ovic hSzekeres
(1995): A squarecanbe tiled with �nitely
many rectanglessimilarto a 1� x rectangle
if andonly if:

� x is the root of a polynomialwith integer
coe�cients.

� If a + b
p

� 1 is anotherroot of the poly-
nomialof leastdegreesatis�edby x, then
a > 0.
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Examples. x =
p

2. Thenx2 � 2 = 0.
Other root is �

p
2 < 0. Thus a square

cannot be tiled with �nitely many rectan-
glessimilarto a 1 �

p
2 rectangle.

x =
p

2 + 17
12. Then

144x2 � 408x + 1 = 0:

Other root is

�
p

2+
17
12

= 0:002453� � � > 0;

soa squarecan be tiled with �nitely many
rectanglessimilarto a 1� (

p
2+ 17

12) rectan-
gle.
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x = 3p 2. Thenx3 � 2 = 0. Other roots:

�
3p 2
2

�
3p 2

p
3

2

p
� 1:

Since�
3p 2
2 < 0, a squarecannot be tiled

with �nitely many rectanglessimilarto a1�
3p 2 rectangle.

Let r=s be a rational number and x =
r
s + 3p 2. Other roots:

 
r
s

�
3p 2
2

!

�
3p 2

p
3

2

p
� 1:

Thereforea squarecanbetiled with �nitely
many rectanglessimilar to a 1 � ( r

s + 3p 2)
rectangleif andonly if

r
s

>
3p 2
2

:
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What is a \t ypical" tiling?

A randomdominotiling ofa12� 12square:

No obviousstructure.
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A randomtiling of the Aztecdiamondof
order50:

\Regular" at the corners,chaotic in the
middle.

What is the region of regularit y?
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Arctic Circle Theorem (Jockusch-Propp-
Shor, 1995). For very large n, and for
\most" domino tilings of the Aztec dia-
mond AZ(n), the region of regularity \ap-
proaches" the outside of a circle tangent
to the four limiting sidesof AZn.

The tangent circleis the Arctic circle .
Outsidethis circlethe tiling is \frozen."
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Relations among tilings

Twodominotilingsofaregionin theplane:

A 
ip consistsof reversingtheorientation
of two dominosforminga 2 � 2 square.

Domino 
ipping theorem (Thurston,
etal.). If R hasno holes(simply-c onnected),
thenany dominotiling of R can be reached
from any other by a sequence of 
ips.
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Flipping theoremis false if holesare al-
lowed.
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Confron ting in�nit y:
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(1) A �nite (bounded)region, in�nitely
many tiles.

1

1/2 1/3
1/2 1/3

1/4
1/4

1/5
1/5

1/6 ...

1

1

Total area: 1
1�2 + 1

2�3 + 1
3�4 + � � � = 1

Canasquareofside1betiled with squares
of sides1=2; 1=6; 1=12; : : : (onceeach)?
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1

1/2

1/3

1/2

1/3

1/4

1/5

1/4

1/5
1/6

Unsolv ed (Meir & Moser,1968),but the

tileswill �t into a squareof side1+
1

350
(not

a tiling, sincethereis leftover space).
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Confron ting in�nit y: (2)Finitelymany
tiles,but an indeterminatelylargeregion.

Which polyominoscantile rectangles?

order 4

order 2
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The order of a polyomino is the least
number of copiesof it neededto tile some
rectangle.

No polyominohasorder3.

order 10
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Kno wn orders : 4; 8; 12; 16; : : : ; 4n; : : :

1; 2; 10; 18; 50; 138; 246; 270

order 270

order 468

order 246

Unkno wn : order6? odd order?
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no order

Cannottile a rectangle(orderdoesnot ex-
ist).

Deep result from mathematicallogic:
theredoesnot existanalgorithm(computer
program)to decidewhethera �nite set of
polyominostiles someregioncontaining a
givensquare.
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Consequence. Let LS(n) be the largest
sizesquarethat canbecovered by disjoint
copiesof somesetS of polynominoswith a
total of n squares,such that the polyominos
in S cannottile the wholeplane(soLS(n)
is �nite).
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If f (n) is any function that canbe com-
puted on a computer(with in�nite mem-
ory), such as

f (n) = nn; f (n) = nnn

f (n) = nn ...n
(n n's); : : : ;

then LS(n) > f (n) for largen. (Otherwise
a computercouldsimply check all possible
tilingssuch that each polyominoin thetiling
overlapsa givensquareof sidelengthk, for
all k � f (n).)
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Confronting in�nit y: (3) Tiling the plane
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