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REAL ZEROS AND THE

POSET CONJECTURE

Amultiindexed Sturm sequene of poly-

nomails and unimodality of ertain om-

binatorial sequenes, JCT(A) 36 (1984),

15{22. (From U. Penn. Ph.D. thesis.)

S

n

: symmetri group on 1; 2; : : : ; n

For w = a

1

� � � a

n

2 S

n

, de�ne

des(w) = #fi : a

i

> a

i+1

g:

E.g., des(4175236) = 3.

Eulerian polynomial:

A

n

(x) =

X

w2S

n

x

1+des(w)

:
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Theorem (Harper). All zeros of A

n

(x)

are real.

Generalize to multisets:

M = f1

m

1

; 2

m

2

; : : :g;

X

m

i

= n

S

M

= fpermutations of Mg

#S

M

=

�

n

m

1

;m

2

; : : :

�

:

For w = a

1

� � � a

n

2 S

M

de�ne as be-

fore

des(w) = #fi : a

i

> a

i+1

g

A

M

(x) =

X

w2S

M

x

1+des(w)

:

Theorem (Simion). All zeros of A

M

(x)

lie in [�1; 0℄. Moreover, A

M

(x) and

A

M[fjg

(x) have interlaed zeros.
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The Poset Conjeture (Neggers,

RPS, . 1970). Let P be a partial or-

dering of 1; : : : ; n. Let

L

P

= fw = w

1

� � �w

n

2 S

n

:

i

P

< j ) w

�1

(i) < w

�1

(j)

(i.e., i preedes j in w)g:

W

P

(x) =

X

w2L

P

x

des(w)

:

Note. Let a = a-element hain,

P = a

1

+ a

2

+ � � � :

Then W

P

(x) = A

M

(x)=x, where M =

fa

1

; a

2

; : : :g.
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1 4

2 3

w des(w)

1423 1

4123 1

1432 2

4132 2

1243 1

W

P

(x) = 3x + 2x

2

: all zeros real!

6



Poset Conjeture. For any poset

P on 1; : : : ; n, all zeros of W

P

(x) are

real. (True for jP j � 8. There are

431,723,379 8-element labelled posets.)

Let Q be a �nite poset.

hain polynomial:C

Q

(x) =

X

�

x

#�

;

where � ranges over all hains of Q.

Speial ase (open). Let L be a

�nite distributive lattie (a �nite olle-

tion of sets losed under [ and \, or-

dered by inlusion). Then all zeros of

C

L

(x) are real.
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abcd

abcabd

ab bc

ba

φ

C

L

(x) = (1+ 6x+10x

2

+5x

3

)(1 + x)

2

Also open: All zeros of C

L

(x) are

real if L is a �nite modular lattie.
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PATTERN-AVOIDING

PERMUTATIONS

Restrited permutations, Europ. J. Com-

binatoris 6 (1985), 383{406 (with F.

Shmidt).

Partially ordered sets assoiated with

permutations, Europ. J. Combinatoris

10 (1989), 375-391.
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Let u = a

1

a

2

� � � a

k

2 S

k

.

De�nition. w = b

1

b

2

� � � b

n

2 S

n

avoids u if no subsequene b

i

1

� � � b

i

k

is in the same relative order as u, i.e.,

a

r

< a

s

, b

i

r

< b

i

s

:

12 � � � k-avoiding: no inreasing subse-

quene of length k

S

n

(u) = fu-avoiding w 2 S

n

g

A

n

(u) = #S

n

(u)

S

n

(u; v) = S

n

(u) \ S

n

(v)

A

n

(u; v) = #(S

n

(u) \ S

n

(v))
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Hammersley (1972), Knuth (1973), Rotem

(1975), D. G. Rogers (1978):

A

n

(123) = C

n

=

1

n + 1

�

2n

n

�

Knuth (1968): A

n

(213) = C

n

Rotem (1981): A

n

(231; 312) = 2

n�1

Simion-Shmidt (1985): �rst system-

ati onsideration of pattern-avoidane

(for patterns in S

3

)
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� A

n

(X ) for any subset X � S

3

(in-

luding several nontrivial bijetions)

E.g, A

n

(123; 132; 213) = F

n+1

(Fi-

bonai number).

� E

n

(u)�O

n

(u) for all u 2 S

3

, where

E

n

(u) = #fw 2 S

n

(u) : w is eveng

O

n

(u) = #fw 2 S

n

(u) : w is oddg:

E.g.,E

n

(132)�O

n

(132) = C

(n�1)=2

.

� I

n

(u) for all u 2 S

3

, where

I

n

(u) = #fw 2 S

n

(u) : w

2

= idg:

E.g., I

n

(123) = I

n

(132) =

�

n

bn=2

�

,

I

n

(231) = 2

n�1

:
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� EI

n

(231)�OI

n

(231) =

7� 2

p

�7

28

�

n

+

7 + 3

p

�7

28

�

n

;

where

� =

1 +

p

�7

2

; � =

1�

p

�7

2

:

�

#fw 2 S

n

: w avoids no u 2 S

3

g =

n!�6C

n

+5�2

n

+4

�

n

2

�

�2F

n+1

�14n+20;

n � 5:
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NONCROSSING

PARTITIONS

Chains in the lattie of nonrossing par-

titions,Disrete Math. 126 (1994), 107{

119 (with P. Edelman).

Combinatorial statistis on non-rossing

partitions, J. Combinatorial Theory (A)

66 (1994), 270{301.

Nonrossing partitions, Disrete Math.

217 (2000), 367{409.

On the struture of the lattie of non-

rossing partitions, Disrete Math. 98

(1991), 193{206 (with D. Ullman).
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De�nition. Nonrossing parti-

tion of [n℄ = f1; 2; : : : ; ng: a partition

� 2 �

n

suh that for a < b <  < d,

a � ; b � d) a � b �  � d:

12

10

9

8

7 6

11

1

2

3

4

5
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NC

n

: set of nonrossing partitions

of [n℄, ordered by re�nement (a graded

lattie of rank n� 1)

12−34 14−23

1234

234134124

3424142313

123

12

1−2−3−4
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Sample properties:

� #NC

n

= C

n

� #f� 2 NC

n

: rank(�) = n� kg

=

1

n

�

n

k

��

n

k � 1

�

(Narayana number)

� #f

^

0 = �

0

� �

1

� � � � � �

k

=

^

1g

=

(kn)

n�1

n!

(zeta polynomial)

�

#f

^

0 < �

1

< � � � < �

k

<

^

1 : rk(�

i

) = m

i

g

=

1

n

�

n

m

1

��

n

m

2

�m

1

�

� � �

�

n

n� 1�m

k

�

(ag f-vetor)
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�

#f� 2 NC

n

: type(�) = (1

m

1

2

m

2

� � �)g

=

n(n� 1) � � � (n�

P

m

i

+ 2)

m

1

!m

2

! � � �

� �(

^

0;

^

1) = (�1)

n�1

C

n�1

� NC

n

is loally self-dual , i.e., ev-

ery interval is self-dual. (Order-reversing

involution due to Simion-Ullman.)
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De�nition. A symmetri hain

deomposition of a graded poset P

of rank n is a partitioning of P into

hains x

i

< x

i+1

< � � � < x

n�i

, where

rk(x

j

) = j.

12−34 14−23

1234

234134124

3424142313

123

12

1−2−3−4
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Note. If P has a symmetri hain de-

omposition, then P is rank-unimodal

and Sperner, i.e.,

max #(antihain) = max #P

i

= #P

bn=2

:

Theorem (Edelman-Simion). NC

n

admits a symmetri hain deompo-

sition for all n � 1.
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De�nition. Let P be graded of rank

n with

^

0 and

^

1. Let

E = f(s; t) 2 P � P : s <� tg:

AnR-labeling of P is a map � : E !

Z suh that for all s < t there is a

unique saturated hain

s = s

0

<� s

1

<� � � � <� s

k

= t

satisfying

�(s

0

; s

1

) < �(s

1

; s

2

) < � � � < �(s

k�1

; s

k

):

Then, e.g., (�1)

n

�

P

(

^

0;

^

1) is the number

of maximal hains

^

0 = t

0

<� t

1

<� � � � <� t

n

=

^

1

satisfying

�(t

0

; t

1

) > �(t

1

; t

2

) > � � � > �(t

n�1

; t

n

):
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1−2−3−4

12−34 14−23

1234

234134124

3424142313

123

12 3

3

2
1

2

3

2
2
2

1

3

2
2

1

3

1

3 3

1

1 2

2

11

2

3
1

3

Bj�orner: NC

n

has anR-labeling. Namely,

let � be obtained from � by merging B

and B

0

. Let

�(�; �) = maxfminB;minB

0

g � 1:

Every maximal hain label is a permu-

tation of 1; 2; : : : ; n.
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Theorem (Edelman-Simion). The

number of maximal hains of NC

n

la-

belled by � 2 S

n�1

is the number of

nonrossing partitions of 1; : : : ; n�1,

eah of whose bloks is a dereasing

subsequene of �.

� = 3421: 1-2-3-4, 21-3-4, 1-32-4,

31-2-4, 1-42-3, 41-2-3, 41-32, 421-3 (not

31-42)

Sample orollary. In NC

n

there

are

�

b�a+2

2

�

� 1 maximal hains la-

belled by the transposition (a; b).
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SHUFFLE POSETS

Flag-symmetry of the poset of shu�es

and a loal ation of the symmetri group,

Disrete Math. 204 (1999), 369{396

(with RPS).
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A = fa

1

< � � � < a

m

g

B = fb

1

< � � � < b

n

g

(ordered alphabets)

De�nition (C. Greene).

W

mn

= fshu�es of subwords of A and Bg

E.g., b

2

a

4

a

5

b

3

a

8

b

5

b

6

a

9

and ;.

Let s <� t in W

mn

if t an be ob-

tained from s by removing an A-letter

or adding a B-letter.

W

m0

�

=

B

m

; W

0n

�

=

B

n

(boolean algebras)
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W

φ

12
a

ay ya

xya

xaax

x y axy xay

xy

W

mn

is graded of rank m + n, with

^

0 = A and

^

1 = B.
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Let P be a graded poset of rank n

with

^

0 and

^

1.

De�nition (R. Ehrenborg). F

P

=

X

^

0=t

0

�t

1

�����t

k�1

<t

k

=

^

1

x

rk(t

0

;t

1

)

1

x

rk(t

1

;t

2

)

2

� � � :

In general, F

P

is a \quasisymmetri

funtion." De�ne P to be loally rank-

symmetri if every interval [s; t℄ is rank-

symmetri, i.e.,

#fu 2 [s; t℄ : rk(s; u) = ig

= #fv 2 [s; t℄ : rk(v; t) = ig:
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Proposition. P loally rank-symmetri

) F

P

is a symmetri funtion. In

this ase

F

P

=

X

�`n

�

P

(�)m

�

;

where for � = (�

1

; : : : ; �

`

),

�

P

(�) = #f

^

0 < t

1

< � � � < t

`�1

<

^

1 :

rk(t

i

) = �

1

+ � � � + �

i

:

Observation (R. Simion). W

mn

is lo-

ally rank-symmetri (but not in gen-

eral loally self-dual).
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Theorem.

F

W

mn

=

X

k�0

�

m

k

��

n

k

�

e

k

2

e

m+n�2k

1

:

Corollary (C. Greene) (a)

#W

mn

=

X

k�0

�

m

k

��

n

k

�

2

m+n�2k

(b) #max. hains in W

mn

=

X

k�0

�

m

k

��

n

k

�

(m + n)!

2

k

() �

W

mn

(

^

0;

^

1) = (�1)

m+n

�

m + n

m

�

29



Two further results:

� ACL-labeling ofW

mn

whih indues

a \loal" ation ofS

m+n

on the max-

imal hains ofW

mn

with (Frobenius)

harateristi !F

W

mn

.

� An algebra of multipliative funtions

onW

mn

(as m;n!1) isomorphi

to fF 2 C [[x; y℄℄ : f (0; 0) = 1g,

under the operation F � G de�ned

by

1

F �G

=

1

~

FG

0

+

1

F

0

~

G

�

1

F

0

G

0

;

where

F

0

= F (x; 0); G

0

= G(0; y)

~

F (x; y) = F (x; yG

0

)

~

G(x; y) = G(xF

0

; y):
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