Let A\,v F n. Let x(v) denote the ir-
reducible character XA of G, evaluated at a
permutation w € &, of cycle type v.

IfpukEk<nlet

(o, 1Ry = (1, 1,..., 1) F n.

N——
n—k 1’s
Normalized character:
k) = (n) Xi(ua 1"_]“)’
XA(1)
where

xX*M(1™) = dimx* =
(n)p=nn—-1)--(n—k+1).



Let p X g =1(q,...,q), and let k(w) de-

pq's

note the number of cycles of w € Gy.

Theorem. Let u = k and fiz a permu-
tation w,, € Sy, of cycle type ,u Then
RX, 1) = (1 3

U= w,LL

where the sum ranges over all k! pairs
(u,v) € &) x & satisfying uv = wy,.

Prootf based on Murnaghan-Nakayama rule:

X, 1778) =3 (=),

T
and on
Y Hysy(x)sy(y)sa(2)
)\I—k
Tk Z Pp(u) (0)Y)Pp(w)(2):
uvw=1

in Gk



Example.

p=0): g
p=102):  —pg+pg
p=(1,1): pglpqg—1)
=(3): a3’ +pg’ + pyg

v
p=(2,1): (—p*q+pe*)(pq—2)
p=(1,1,1): pg(pq — 1)(pq — 2)

=4  —p'q+6p’¢® — 6p*¢> + pg’
—5p%q + 5pg’

p=1(2,2): p'¢ =2°¢ +p7q" — 4’
+10p*q* — 4pq® — 2pq



Kerov’s character polynomial. Let
Par denote the set of all partitions of all
n > 0. There exist functions

R; : Par — Z
and polynomials
Zk<R27 IR Rk—l—l)a kE>1
such that for all partitions A = n > k,
Mk 177F) = Sp(Ro(N), - .., R (V).
b.g.

)

21 = Iy
2y = Ry
23 = R4+ Ry
24 = R+ 5R;5

Y5 = R+ 5R5 + 15R, + S8Ry
26 = R7+ 35RyR3 + 35 Ry 4 84 Rs.



What is R; : Par — Z7 Illustrated for
A= (5,3,3,2).

(1—22)(1 — 0z)(1 + 4a)
(1 —4x)(1 —2)(1 + 22)(1 + d5x)
— 14+ 132% — 425 + 2412* — 2802° + - - - |

F(z) =




(2 4 1323 — 4a* + 2412° + - - -)<—1>
x

r — 1323 + 4a* + 2662° + - - -
= 1+ 132° —42° — 972" + - -
Since e.g. Y3 = R4+ Ry, we get
03323 110y = 97 4 13 = —84,
SO
84 £(5:332)

(13)3
= —H07.

X(5,3,3,2> (37 110) —



Properties of 3.

Example:

26 = R7 + 35Ry R34+ 35R5 + 84 R5

e Let deg R; = 7. Then every term of >J;.
has degree = k + 1 (mod 2) (easy parity
argument).

® ;. = Ry + terms of lower order (fol-
lows from known character asymptotics).

e Conjecture. All coeflicients of XJ;. are
nonnegative.

e Conjecture (Biane). Let 2jy + 33 +
..« = k—1. The coefhicient of R%QR‘;)‘% e
in 2. 1s equal to

i(k;l) <J2+j2+---> TT6 - v

J2: 33 ) s



Note (added 8/11/03): Biane’s conjec-
ture was proved by Piotr Sniady;,
math.CO/0304275.



Theorem (Biane, RS). The coefficient
of R; in Xy 1is equal to the number of k-
cyclesw € &y such that (1,2, ..., k)w has
7 — 1 cycles.

Proof. It A = p X ¢, then one computes

directly that
J
Rilpx q) =Y (~1)'7'N(j = 1,0)p’ ¢
1=1
where

N(j—l’i)‘ﬁ<5:i><jzl>’

a Narayana number.

Now compare with
R, 177 YT

UV= wu

and
kAR = S1(Ro(N), - Ry (V). O
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Generalizations of rectangular shape.
Define the shape o by

G

pm

Im

Theorem (Katriel & RS). Fiz p F k.
Set n = |o| and
F,u(pla ceesPmsyqly .- qm) — SC\J(/% 1n—k).

Then F,LL(pla o3 Pm5 41, - - - 7qm) 1S a pOZy'
nomaial function of the p;’s and q;’s with

integer coefficients, satisfying

(—D)FFu(1,... =1, —=1) = (k+m—1);.
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Proof based on:
Lemma (Frobenius). Let
A= (A,..., A\r) Fn, and

= (1, py) = AN+r—=1, A+r—=2,..., \p).
Define o(x) = [[i_(x — ;). Then

A/q. n—k L1 @pele—k)
X (kvl ) — _E[I ]OO 80(33> )
where [z~ Yoo f() denotes the coefficient
of 1 in the expansion of f(x) in de-
scending powers of x (i.e., as a Taylor

series at x = 00).
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Example (m =2, p1 =p, q1 = q, p2 =
a, g = b):

—Fi(a,p; —b,—q) = ab+ pq

Fy(a,p; —b, —q) = a’b + ab® + 2apq + p2q
+pg°

—Fs(a,p; —b, —q) = a’b + 3a°b” + 3a’pq + ab’
+3abpq + Sapzq + 3apq2 — pgq — 3p2q2 + pq3

+ab + pq.

Conjecture. The coefficients of the poly-
nomial Fy(p1,...,pm;q1,---,qm) are non-
negative.
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Let GL(P1s+ -+ s Pm; Qs - - - s @m) denote
the leading terms of FL.(p1, ..., Pm;q1s-- -, qm),

i.e., the terms of degree m.

Theorem (Biane, RS). We have

1
E_FZGk(pl,...,pm;gl’...,Qm>xk:

k>0
1
m \ <_1>7
w (1= (g + pis1 +pico+ - + D))
i=1
m
H(1 —(gi +pi+piv1+ -+ pm)T)

\ =l /
where 1) denotes compositional inverse
with respect to x. In particular, the gen-

erating function kak s algebraic over
Q(p17 ¢t 7pm7Q17 ° ’7qm7'r)'
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Moreover, if

Sy = (=D)FGL(1, ..., 1:—1,...,—1),
then

S+ St -
- Qj —

- k

k>0 (1 ;’E((;—_:c)l)g =1

an algebraic function of degree two.

E.g,m=1= 5, = C} (Catalan num-
ber) and
k

(—1)"Gy(p;—q) = Y N(k,i)p"™ g,
1=1

[f m = 2 then S;. = r;. (big Schroder num-
ber).
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Theorem (Elizalde). The coefficients of

S are nonnegative and are given by an
explicit expression of the form

Laa (3 #s).
142

where & denotes a binomial coefficient.
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Computation of 3. Let

F(w) - 1-|—ZR7;ZIZi

1>1

G(z) = ——
YT D)

Then
Yp(Ro, .o Rpyp) =
|
Tl GG 1) - Gl

(deformation of Lagrange inversion).
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