1

D. Voiculescu R. Speicher A. Nica P. Biane

Classical (commutative) probability: bi, i ∈ I random (complex) variables in a commutative C -algebra B with 1

{bi : i ∈ I} are independent if E(br^1i_1 · · · br^ni_n ) = E(br^1i_1 ) · · · E(br^ni_n ) (s.t.a.) ∀i1, . . . , in all distinct.

Equivalently, let Bi, i ∈ I be unital subalgebras, with E(1) = 1. Then Bi, i ∈ I are independent if E(b1 · · · bn) = 0 whenever E(bj) = 0 (1 ≤ j ≤ n) and bj ∈ Bi_j with i1, . . . , in all distinct.

Free (noncommutative) probability: A = C -algebra with 1; regard elements as random variables.

Ai, i ∈ I : unital subalgebras

φ : A → C linear (expectation) φ(1) = 1 The Ai’s are free if φ(a1 · · · an) = 0 whenever φ(aj) = 0 (1 ≤ j ≤ n) and aj ∈ Ai_j with ij ≠ ij+1 (1 ≤ j < n). Note. Does not reduce to classical case when A is commutative. E.g., independent a, b need not satisfy φ(aba) = 0.

Let B, C be free, b, bi ∈ B, etc. Formal computation gives: φ(bc) = φ(b)φ(c) φ(b1c1b2c2) = φ(b1b2)φ(c1)φ(c2) +φ(b1)φ(b2)φ(c1c2) −φ(b1)φ(b2)φ(c1)φ(c2), etc.

MOMENTS AND CUMULANTS

Classical case. Let x, y be independent random variables from the probability distributions (measures) μx, μy, say with compact support. Given the moments E(xn), E(yn), we want E((x + y)n). Let Fμ(t) = ∑ n≥0 E(xn) tn n! , essentially the Fourier transform of μ.

convolution: Classical convolution defined by μx+y = μx ∗ μy Then Fμ∗ν(t) = Fμ(t)Fν(t) log Fμ∗ν(t) = log Fμ(t) + log Fν(t). (log F linearizes ∗)

Hence if mn = E(xn) and Fμ(t) = ∑ n≥0 mn tn n! = exp ∑ n≥1 cn tn n! , then cn is a cumulant and cn(x + y) = cn(x) + cn(y) mn = ∑ {B1,...,Br}∈Πn c#B_1 · · · c#B_r.

Now let a, b be free. Define μa+b = μa+□μb the free convolution of μa and μb.

Cauchy transform: Gμ(z) = ∫ a z − a dμ(a) = z−1 + ∑ n≥1 φ(an)z−n−1 ∈ C [[1/z]], the ordinary generating function for the moments mn = φ(an).

Define the R-transform Rμ(z) by Rμ(z) + 1 z = Gμ(z)⟨−1⟩ (compositional inverse), so Gμ ( Rμ(z) + 1 z ) = z. Theorem. Rμ +□ ν = Rμ + Rν Set Rμ(z) = 1 z + ∑ n≥1 kn(a)z−n−1, so kn(a + b) = kn(a) + kn(b) when a, b are free. Call kn(a) a free cumulant of μ.

NCn: lattice of noncrossing partitions of {1, 2, . . . , n}.

11

#NCn = Cn = 1 n + 1 ( 2n n )

#(max. chains) = nn−2 μ(^0, ^1) = (−1)n−1Cn−1

φ(an) = mn = ∑ {B1,...,Br}∈NCn k#B_1 · · · k#B_r, where ki = ki(a).

13

RANDOM MATRICES

Let A be a random n × n hermitian matrix, chosen from the Gaussian unitary ensemble (GUE). Let θ1 > · · · > θn be the spectrum of A.

Choose w ∈ Sn uniformly, and let (λ1, . . . , λn) be the shape of w under the RSK algorithm.

Theorem. θi and λi have the same distribution (after rescaling) as n → ∞.

Let A, B, C be n × n hermitian matrices with eigenvalues α = (α1, . . . , αn), β = (β1, . . . , βn) and γ = (γ1, . . . , γn). Horn’s conjecture. Characterization of (α, β, γ) when A + B = C.

sμsν = ∑ λ cλμνsλ cλμν : Littlewood-Richardson coefficient Saturation conjecture. ckλkμ,kν ≠ 0 ⇒ cλμν ≠ 0 Klyachko. Saturation ⇒ Horn. Knutson-Tao. Saturation conjecture is true.

A = n × n hermitian matrix spectrum : θ1, . . . , θn ρA = “natural” measure on n × n hermitian matrices A′ with spec(A) = spec(A′) νA = 1 n n∑ j=1 δθ_j (mass 1/n at each eigenvalue).

An, Bn : n × n hermitian (s.t.a.) Let ν1, ν2 be probability measures with compact support on R such that νA_n → ν1, νB_n → ν2 (weakly).

Theorem. Choose A′n and B′n from ρA_n, ρB_n. Then νA′_n+B′_n → ν1 +□ ν2 (weakly, in probability) as n → ∞.

I.e., if we know spec(A) and spec(B) (n large) then we can bet with a good chance to win, that νA+B ≈ νA +□ νB. Thus spec(A) and spec(B) determine spec(A + B) almost surely as n → ∞.

Equivalently, A′n and B′n become free in the limit n → ∞ with respect to φ(·) = 1 n tr(·).

ASYMPTOTIC REPRESENTATION THEORY OF Sn Fix μ ⊢ k. Let λ ⊢ n, χλ = irred. char. of Sn indexed by λ χλ(μ) := χλ(μ1n−k), value at w ∈ Sn of cycle type (μ, 1n−k).

Asymptotics of χλ(μ) for μ fixed, n large?

19

|ω(u)−ω(v)| ≤ |u−v|, ω(u) = |u| for |u| >> 0 σ(u) = 1 2 (ω(u)−|u|) (compact support)

Gω(z) := 1 z exp ∫ R 1 x − z σ′(x)dx

Gω_λ = ∏ (z − yi) ∏ (z − xi) Gω(z) = 1 z + ∑ n≥1 an(ω)z−n−1

Kω(z) = Gω(z)⟨−1⟩ = 1 z ∑ n≥1 Cn(ω)zn−1 C1(ω) = 0 ∀ω, C2(ωλ) = |λ| an(ω) is a moment and Cn(ω) a free cumulant of some probability measure mω.

Consequences.

Theorem. Let λn ⊢ n and ω̂λn(u) = n−1/2ωλn(n1/2u) (so diagram of λ is rescaled to have area 1). Supppose that ω̂λn → ω (so C2(ω) = 1). Then χλ^n(ν, 1n−k)/f λ^n = ℓ∏ i=1 Cν_i+1(ω) n(k−ℓ)/2 ( 1 + O ( 1 n )) , where ν = (ν1, . . . , νℓ) ⊢ k f λ^n = χλ^n(1n) = # SYT of shape λn.

Theorem (asymptotic Littlewood-Rich-ardson rule). Let ω̂μn → ω, ω̂νn → ω′. Almost all shapes (counting multiplicity) appearing in sμnsνn are “near” a shape λn such that ω̂λn → ω +□ ω′, where Cn(ω +□ ω′) = Cn(ω) + Cn(ω′).