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hyperplane arrangement A: finitely
many affine hyperplanes in R"

region of A: connected component
(cell) of R" —Upgea H

R(A): set of regions of A
d(R, R’), where R, R’ € R(A):
H of H € A separating R and R’

Ry: a fixed base region of A

distance enumerator of A (w.r.t.

Ry):

Dy(q)= Y ¢"FfoR)
RER(A)
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braid arrangement B3:

v, =x5 1<1<)<3

Dp.(q) = 1+2¢+2¢°+¢° = (1+¢)(1+q+4¢°)



Bp:xij=xj, 1<i<j<n

regions: Ry Ty(1) > " > Ty(n);
where w € &),

Ro: x1>--->xp (sow=12---n)

d(Ro, Rw) = #{(1,7) + 1 < J, w(t) > w(j)}
= f(w) =INV (w)
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Alternative labeling rule: Let

)\(Ro) =00---0e 2"

[/

e; =00---1---0€2Z"

R1

R MR)=AR)+e

ANR)






(¢1,...,cn) = code of w

0 n—1
D, () = o 3 gttt

0120 cn=>0
= 1+ g1 +qg+¢°)
...(1_|_q_|_..._|_qn_1)



Shi arrangement:

Sp ZIZZ'—ZE]':O,L I <i<g3<n

XX3=0 / XyX3=1

X1=X»=0

X-X3=0 * xx35=1



Ro: x1 > 29 > --

Labeling rule:

A Rg) = 00

R1

R MR)=AR)+e

ANR)
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R1
R MR)=AR)+e
MR)
Xi = X +1
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XX3=0 / XyX3=1

200 210
X=X5=1
100/ 110
X1~X»=0

120
020

XX3=0 * xX5=1

Ds,(q) = 1 + 3q + 6¢* + 6¢°
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Theorem. Let
a=(a,...,ap) € N,
TFAE:
e \(R) = « for some (unique) R €
R(Sn).

o [f Dy < ... < by is the increasing re-
arrangement of ay, ..., ap, then b; <
1 — 1.

e (v is a permutation of the coordinates
of some label of a region of B,,.

e(a;+1,...,an + 1) is a parking
function.
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Corollary (of the theory of parking
functions). Let

In(q) = Z QINV(F)a
F

where ' ranges over all rooted forests
on the vertices 1,...,n and

INV(F) = #{(i,j) : © > 7,1 lies on the
path from j to the root}
Then

Ds (q) = ¢\2)1,(1/q)
(0 #R(Sp) = (n+ 1) 1),
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S 7 3

Inversions: (5,4), (5,2), (12,4), (12,8)
(3,1), (10,1), (10,6), (10,9)
inv(F) =8
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nxn B ano q(ngl)%?

nl
n>0 " ZnZO C](2 n!

e asymptotics of coefficients of I,(q)?

e unimodality or log-concavity of coef-
ficients? (log-concave for n < 50)

e zeros of Iy (q)
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Let R, R € R(Sy). Define

di(R, R') = #{H € Sy :
H separates R and R/,
and H has the form z; = z;}

dy(R,R') = #{H € S, :
H separates R and R/,
and M has the form z; = x; + 1}.
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ANPl0123456
112 1
\"(0123 ? 336§2§
AP0 0 1121
2 155895
0 11 1 222
Ll N 3 6796
5 10 4 1565
5 133
6 |1

Problem 1. “Determine”

Dgn(q7 t) — Z qdl(ROaR>td2(R07R>
ReR(Sy)
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Now define the Bj,-Shi arrange-
ment by

SB: :Ciﬂ:ZCjZO,l

n
X :0,1.

S

Dgpla) =1+3q+ 5¢° + 8¢° + 8¢
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Theorem (Shi, Headley).
UR(SE) = (2n+1)"

Problem 2. “Determine” D ¢p(q)
(and similarly for other root systems).
Is there a nice labeling of the regions?
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Combinatorics of real zeros

Let
P(x) =ap+ajz+---+apz’ € Rlz].
Set a_j. = 0for k < 0or k > n. Define
Ap = [aj—’i]i,jzl’
an infinite Toeplitz matrix.
Theorem (Aissen-Schoenberg-Whitney;,
1952) TFAE:

e Fvery minor of Ap 1s > 0, 1.e.,
Ap 15 totally nonnegative.

e Fuvery zero of P(x) is real and < 0.
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Culture: Edrei-Thoma generaliza-

tion (conjectured by Schoenberg). Let
P(x)=1+a1x+--- € R|[z]]. TFAE:

e Livery minor of A p is nonnegative.

1 .
o Plo) =TI
: 1

(4
¥, 1, 8; = 0, ZfrpLZsi < 00.

Note.

. where

e Ap easily seen to be t.n. for

P(x) = 14ax, a > 0, or P(x) =

e Apg = ApAg

mn
o’ — lim (1+ﬁ)

n—oo n
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Note. Total nonnegativity of Ap in-
volves infinitely many inequalities, even
for P(z) = ax’® + bz + ¢. There is also
a system of n — 1 inqualities equivalent
to every zero of P(x) = apx” + -+ +
a1x + ag (an # 0) being real.

Example. Every zero of z3 + ba? +

cx + d is real <
—927d?% + 18bed — 4¢3 — 4b3d + b2
b2 — 3¢

AVARAY,
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Rephrasing of A-S-W theorem.
Let P(x) € Rlz|, P(0) = 1. Define

Fp(x) = P(x1)P(x9) -,

a symmetric formal series in @ = (x1, 9, . . .

TFAE:

e Fvery zero of P(x) is real and < 0.

e F'p(x) is s-positive, i.e., a nonneg-
ative linear combination of Schur func-
tions s .

e F'p(x) is e-positive, i.e., a nonneg-
ative linear combination of elemen-
tary symmetric functions e .
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Example.
_ As(z)

X

— 14+2624+662°+262 2"

P(x)

Fp =14 206s1 + (6682 + 610811)

+ (2653 + 1690891 + 141708711) + - - -

= 1+ 26eq + (h44ey + 66eqq)

+ (12506€5 + 1638e91 + 26€111) + - - -

Eulerian polynomial:

An(z) = Z xdes(w)—l—l,
wesS,,

where

des(w) = #{i : w(i) > w(i+ 1)}.

26



Problem 3. (a) Let P(x) = Ap(z)/x.
Find a combinatorial interpretation for
the coefficients of the expansion of F'p(x)
in terms of s)’s or e)’s, thereby showing
they are nonnegative.

(b) Generalize to other polynomials

P(x).
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Let P be a partial orderingof 1, ..., n.
Let

Lp={w=w -wy€ Gy :

0 Ej = w (i) <w ()}

Wp(zx) = Z pdes(w),

welp
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* N
w

w | des(w)
1423 1
4123 1
1432 2

2
1

4132
1243

Wp(x) =3z +22° . all zeros reall
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Poset Conjecture. For any poset
P on 1,...,n, all zeros of Wp(x) are
real.

Let () be a finite poset.
chain polynomial: C(x) Zx#a

where o ranges over all chains of Q

Special case (open). Let L be a
finite distributive lattice. Then all zeros
of C(x) are real.

Also open: All zeros of Cp(x) are
real if L 1s a finite modular lattice.

Theorem (Gasharov, Skandera) Sup-
pose P has no induced 3 + 1. Then
every zero of Cp(x) is real.

30



Jack symmetric function:
Iy = Ia(z; o)
Ia(;1) = sy(x)

Example.

A
P(z) = W) 1 4 96+662+ 26070
X

4169 + 136
Fp = 1426J; + (66J2 LA Ofl )J11>
8

78(44a + 21)
200 4+ 1

+ (26J3 -+ Jo1

52(3380° + 8160r 4 481)
+ 1|+

(a4 1)(a+2)
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