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Let P be a �nite graded poset of rank

n + 1 with

^

0 and

^

1, and with rank fun
tion

�. Thus �(

^

0) = 0 and �(

^

1) = n + 1.

4

3

2

1

00̂

= n

1̂
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Let S � [n℄ = f1; 2; : : : ; ng, say

S = fa

1

< a

2

< � � � < a

k

g:

De�ne the 
ag f-ve
tor

~

f(P ) : 2

[n℄

! N = f0; 1; : : :g

of P by

~

f

S

(P ) = #f

^

0 < t

1

< � � � < t

k

<

^

1 : �(t

i

) = a

i

g:

De�ne the 
ag h-ve
tor

~

h(P ) : 2

[n℄

! N

of P by

~

h

S

(P ) =

X

T�S

(�1)

#(S�T )

~

f

T

(P ):

Equivalently,

~

f

S

(P ) =

X

T�S

~

h

T

(P ):
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EXAMPLE: P = fa
e-latti
e of 3-
ube.

S

~

f

S

(P )

~

h

S

(P )

; 1 1

1 8 7

2 12 11

3 6 5

1; 2 24 5

1; 3 24 11

2; 3 24 7

1; 2; 3 48 1
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De�ne the order 
omplex �(P ) to be

the abstra
t simpli
ial 
omplex whose fa
es

are the 
hains of P � f

^

0;

^

1g. If P is the

fa
e poset of a regular CW-
omplex � (e.g.,

a polyhedral 
omplex) with

^

1 adjoined, then

�(P ) = sd(�), the �rst bary
entri
 subdi-

vision of �. Note:

n := rank(P )� 1 = dim(�(P )) + 1:
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b

a

c

a

b

c

b

a

c
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If � 6= ; is any (n�1)-dimensional simpli-


ial 
omplex, de�ne the f-ve
tor (f

0

; : : : ; f

n�1

)

(with f

�1

= 1) and h-ve
tor (h

0

; h

1

; : : : ; h

n

)

of � by

f

i

= #fF 2 � : dim(F ) = ig

n

X

i=0

f

i�1

(x� 1)

n�i

=

n

X

i=0

h

i

x

n�i

:

Then

f

i

(�(P )) =

X

#S=i+1

~

f

S

(P )

h

i

(�(P )) =

X

#S=i

~

h

S

(P ):
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Rank-sele
tion and homology. Given

S � [n℄, de�ne the rank-sele
ted sub-

poset P

S

� P by

P

S

= ft 2 P : t =

^

0;

^

1 or rank(t) 2 Sg:

Then

~

f

S

(P ) = # maximal 
hains of P

S

~

h

S

(P ) = ~�(�(P

S

));

where ~� denotes redu
ed Euler 
hara
teriti
.

Thus

~

h

S

(P ) 
an be investigated purely topo-

logi
ally, unlike h

i

.
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Let � be a simpli
ial 
omplex. If F 2 �,

de�ne the link

lk(F ) = fG 2 � : F\G = ;; F[G 2 �g;

so lk(;) = �.

De�nition. � is Cohen-Ma
aulay

(C-M) over the �eld K if

~

H

i

(lk(F );K) = 0; i < dim(lk(F ));

for all F 2 �. Equivalently, the fa
e ring

K[�℄ is a Cohen-Ma
aulay ring.

Theorem (rank-sele
tion). If P is C-M

and S � [n℄, then P

S

is C-M.

Corollary. If P is C-M and S � [n℄,

then

~

h

S

(P ) � 0.
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Examples of C-M P :

� semimodular latti
es (e.g., distributive,

modular, and geometri
 latti
es)

� fa
e latti
es of 
onvex polytopes (or of

regular CW-spheres and balls)
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Edge labelings and shellability: the

fundamental 
ombinatorial tool for proving

C-M.

1 2 3 3

2 1 3 2
2 1

3 1 22

3

3

Maximal 
hains: 123, 132, 213, 231,

321, 322, 332, 312

E-labeling: unique weakly in
reasing 
hain

between any s < t in P .

L-labeling: in addition, this 
hain is lex-

i
ographi
ally least among all 
hain from s

to t.
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Theorem. (a) If � is an E-labeling of

P , then

~

h

S

(P ) is the number of maximal


hains in P whose label (a

1

; a

2

; : : : ; a

n+1

)

satis�es a

i

> a

i+1

if and only if i 2 S.

(b) If � is an EL-labeling of P , then

ordering all maximal 
hains of P lexi
o-

graphi
ally by their labels gives a shelling

order. Hen
e P is C-M.
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Example. P = fa
e-latti
e of a square.

label des
ent set

123 ;

132 2

213 1

231 2

321 1,2

322 1

332 2

312 1

)

~

h

;

= 1;

~

h

1

= 3

~

h

2

= 3;

~

h

1;2

= 1:
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Re
all: If � is C-M simpli
ial 
omplex,

then 9 a multi
omplex � with f (�) =

h(�). I.e., � � N

k

,

(a

1

; : : : ; a

k

) 2 �; (b

1

; : : : ; b

k

) � (a

1

; : : : ; a

k

)

) (b

1

; : : : ; b

k

) 2 �;

h

i

(�) = #

n

(b

1

; : : : ; b

k

) 2 � :

X

b

j

= i

o

:

Example. � = �(simpli
ial 3-polytope

with 5 verti
es).

f (�) = (5; 9; 6)

h(�) = (1; 2; 2; 1)

� = f00; 10; 01; 11; 20; 30g:

Proved using K[�℄.
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What about

~

h(P ) for C-M P ?

Theorem. Let P be C-M. Then 9 a 
ol-

ored simpli
ial 
omplex �, i.e., ea
h

vertex v has a \
olor" 
(v) 2 P su
h that

no fa
e uses a 
olor more than on
e, and

~

h

S

(P ) = #fF 2 � : f
(v) : v 2 Fg = Sg:
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1

3

2 3

1 2

2

a

b

c

b

a

c

S

~

f

S

(P )

~

h

S

(P )

; 1 1

1 3 3

2 4 3

3 3 2

1; 2 8 2

1; 3 8 8

2; 3 8 2

1; 2; 3 16 1
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De�nition. A pure simpli
ial 
omplex of

dimension n� 1 is Eulerian if

~�(lk(F )) = (�1)

dimF

for allF 2 � (e.g., triangulations of spheres).

� is Gorenstein* if C-M and Eulerian,

i.e.,

~

H

i

(lk(F );K) =

(

K; i = dim(lk(F ))

0; otherwise:

Dehn-Sommerville equations: If �

is Eulerian then h

i

= h

n�i

.

GLBC: If � is Gorenstein* then in addi-

tion

1 = h

0

� h

1

� � � � � h

bn=2


:

(True for �(simpli
ial polytope).)
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\Naive" analogue of Dehn-Sommerville: if

P is Eulerian, then

~

h

S

(P ) =

~

h

[n℄�S

(P ):

These give 2

n�1

linear relations. But there

are more!

Theorem (Bayer-Billera). Let B

n

be the

subspa
e of the 2

n

dimensional spa
e of

fun
tions f : [n℄! R spanned by f

~

f (P ) :

P is Eulerian of rank n + 1g. Then

dimB

n

= F

n+1

;

where F

1

= F

2

= 1, F

n+1

= F

n

+ F

n�1

.

The 
d-index (a \seedy" area of math-

emati
s). Alternative formulation of Bayer-

Billera relations 
onje
tured by J. Fine, proved

by Bayer-Klapper.
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Given S � n de�ne u

S

= u

1

� � � u

n

by

u

i

=

(

a; if i 62 S

b; if i 2 S:

where a; b are non
ommutative indeter-

minates.

For any graded poset P of rank n + 1,

de�ne

�

P

(a; b) =

X

S�[n℄

~

f

S

(P )u

S

	

P

(a; b) =

X

S�[n℄

~

h

S

(P )u

S

:

Thus

	

P

(a; b) = �

P

(a; b� a)

�

P

(a; b) = 	

P

(a; a + b):
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Example. P = fa
e-latti
e of 3-
ube:

�

P

(a; b) = aaa + 8baa + 12aba + 6aab

+24bba + 24bab + 24abb + 48bbb

	

P

(a; b) = aaa + 7baa + 11aba + 5aab

= +5bba + 11bab + 7abb + bbb

= (a + b)

3

+ 6(ab + ba)(a + b)

+4(a + b)(ab + ba):
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Theorem. If P is Eulerian, then 9 a

polynomial �

P

(
; d), 
alled the 
d-index

of P , in the non
ommutative variables 
; d

su
h that

	

P

(a; b) = �

P

(a + b; ab + ba):

Even for P = B

n+1

(the fa
e latti
e of

an n-simplex), �

P

(
; d) is interesting. For

instan
e, if

E

n+1

= �

B

n+1

(1; 1);

then (Purtill)

X

n�0

E

n

x

n

n!

= se
 x + tanx:
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In general:

Proposition. We have

�

P

(1; 1) =

~

h

f1;3;5;:::g

(P )

=

~

h

f2;4;6;:::g

(P ):

Main open problem on 
d-index (analogue

of GLBC for Gorenstein* simpli
ial 
om-

plexes):

Conje
ture. Suppose P is Gorenstein*

(i.e, C-M and Eulerian). Then every 
oeÆ-


ient of �

P

(
; d) is nonnegative.

Is there a sensible 
onje
ture for a 
om-

plete 
hara
terization of 
ag f -ve
tors

of Gorenstein* posets (
ag analogue of M
-

Mullen's g-
onje
ture)?
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Theorem. The above 
onje
ture, if true,

gives all linear inequalities satis�ed by

the 
oeÆ
ients of �

P

(
; d) for all Goren-

stein* P of rank n + 1. Equivalently, the

above 
onje
ture determines the smallest

polyhedral 
one 
ontaining the 
ag f -ve
tors

of all Gorenstein* posets of rank n + 1.

Theorem. If P is the fa
e poset (with

^

1 adjoined) of a \shellable" regular CW-

sphere (e.g., the fa
e latti
e of a 
onvex

polytope), then every 
oeÆ
ient of �

P

(
; d)

is nonnegative.
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The Charney-Davis 
onje
ture. A


ag 
omplex is a simpli
ial 
omplex �

for whi
h every \missing fa
e" (minimal set

of verti
es not forming a fa
e) has two ele-

ments. E.g., �(P ) for any poset P .

Let � be an (n � 1)-dimensional Goren-

stein* 
ag 
omplex (e.g., �(P ) for a Goren-

stein* poset P ) with

h(�) = (h

0

; h

1

; : : : ; h

n

):

If n = 2m + 1, then

h

0

� h

1

+ h

2

� � � � � h

n

= 0;

sin
e h

i

= h

n�i

.
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Conje
ture. If n = 2m then

CD(�) := (�1)

m

(h

0

�h

1

+h

2

�� � �+h

n

) � 0:

If � = �(P ) then

CD(�) = [d

m

℄�

P

(
; d);

the 
oeÆ
ient of d

m

in �

P

(
; d). Hen
e:

Proposition. If �

P

x(
; d) has nonneg-

ative 
oeÆ
ients for Gorenstein* P , then

the Charney-Davis 
onje
ture is true for

(Gorenstein*) order 
omplexes.
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