(with A. Postnikov)

Sn : symmetric group on {1,2,...,n}
b(w) = ##{(4,5) = @ < jyw(i) > w(j)}
s; = (1,14 1) (adjacent transposition)

W (S5): weak (Bruhat) order on Sy,
with cover relations:
u <*vif v=us;, l(v)=1+L(u)
Sn: (strong) Bruhat order on 5y,
with cover relations:

u < vifv=u(i,j), {(v)=1+Ll(u)



231

213

312

132



Let u <* us; in W(Sy,). Define
m*(u, us;) = 1.
If
C:ug<"up < ug <"+ <Fuy
in W (Sy), then define
mg = m’*(up, up)m”(uy, ug) - - m* (ug_1, ug)-
Similarly let v < (7, j) in Sy, and define
m(u,u(i, 7)) =j — 1.
If
Crug<up <up < -+ < ug
in Sy, then define

mc = m(ug, up)m(ur, u2) - - mug_1, ug).



321 321

1 2 1 1
231 312 231 312
1 1
213 132 213 132
1 2 1 1
123 123

Let M (P) denote the set of maximal chains
of the poset P. Thus

> o omE=1-2-142-1-2

CEM(W(Ss))
=6
> me=1-1-1+1-2-1
CeM(53) +1-2-1+1-1-1

= 0.



Theorem. (a) (Macdonald; Fomin &

RS)
> me=(5)

CeM(W(Sn))
(b) (Stembridge (explicitly))

Open. A bijective proof of (a) or (b), or
a bijective proof that (a) = (b).



Generalize the definition m(u, u(z, 7)) to
m(u, u(i, j)) = A — Aj.

(Original definition corresponds to A; = —1.)
As before, if

Crug<up <up < -+ < ug
in .Sy, then define
me(A) = m(ug, up)mlug, ug) - - mug_q, ug).
If u<vin Sy, define

1
Puld) = o= g 2= "0

where C ranges over all saturated chains

from v to v in Sy,.

Set
Duw(A) = Dig u(A).



Write a = A, b = A9, ¢ = A\3.

uw=123=id, v =321



Schubert polynomials. For w € S,
let
Sw € Z[a:l, T, ... ,xn_l]
denote the Schubert polynomial indexed
by w. Regard S, C Spi1 viaw(n +1) =
n+ 1 for w € S),. Let

Soo = Usna

the permutations of {1,2, ...} moving finitely
many letters. Then {Gy, @ w € Sx} is a
Z-basis for Z|x1,x9, .. .|.

Monk’s rule for (x1 + z9 + -+ + ;) Sy
g1ves:

(Mz1+dozot )Gy =kl D Dyy(NG,.



Geometric interpretation of Dy, ().
Let @ C b* denote the root lattice for the
Lie algebra g = sl(n,C) of G = SL(n, C).
Let

A={)Nebx: (\aY)eZforanya € O},

the weight lattice of g. Let A € AT be a
dominant weight. Let

Vi = A-weight space

vy € V) : highest weight vector



P(Vy) = projectivization of Vy
(S G/B — P(V)\)
e(9B) = g(vy)

Xw C G/B(Schubert variety)

Thus e is a projective embedding G/B —
P(Vy). Define the A-degree of X, by:

deg(Xw) = #(e(Xy) N L),

where L is a generic linear subspace of P(V) )
of complex codimension £(w).

Theorem. deg)(Xy) = £(w)! Dy(A)

10



An expression for Dy, ().

Theorem. Let w € S,, and

1
T Ty [T 0i=2).

Then
Du,v —

o 0 o 0
Su (axl’aAQ’ )GW (8)\1’8)\2’ ) "

In particular,

o 0
Dy = Did,w — 6wow (a)\la (9)\2’ x ) - Vn.

Dy, = Vn (..., Stembridge)
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Corollary. {Dy, : w € Sx} is a Z-
basis for Z|\1, A, ...]. Let

GUGU — Z Cg’vsw.
w

Then
Du)w — Cg,fUD’U'

Note. (1) {Dy : w € Sp} is a Z-
basis for Hary,, the harmonic polynomials in
Zx1, ..., Tyl

(2) (&4, Dy) = 0y under the “Fock pair-
ing”

(f.9) = 1 (a% ) ) g(z1,72,..)

:IJZ':O
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Corollary. Letw € Sy, be 312-avoiding,
1.€.,

a <b<c=mnotw) <w()<w(a).
Let code(wqw) = (¢1, 9, . ..), where
c; =F#4{7 1 <g, w)>w(y)}
Then
)\n—ci—j n
Dw — det ! . 9
(n—c¢; =)

1,7=1

where o k! =0 if k < 0.

Idea of proof.

w 312-avoiding = wow 132-avoiding
(dominant)

= G’UJOUJ — 33?33;2 HER etc.
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Other special values are interesting, e.g.,

D41532 — 1_12(f<5747 2) o f(5747 1) o f<57 37 2)

+f(57 37 1) + f(47 37 2) o f(47 37 1))7

where
(2,5, k) = (z; — j)(w; — zp) (x5 — xp).
Note that code(4, 1,5, 3,2) = (3,0,2,1,0).

Further connections:

e Demazure characters (key polynomials)
e Gelfand-Tsetlin polytopes

e inverse “Schubert Kostka” matrix
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