
(with A. Postnikov)

S

n

: symmetri
 group on f1; 2; : : : ; ng

`(w) = #f(i; j) : i < j; w(i) > w(j)g

s

i

= (i; i+ 1) (adja
ent transposition)

W (S

n

): weak (Bruhat) order on S

n

,

with 
over relations:

u �

�

v if v = us

i

; `(v) = 1 + `(u)

S

n

: (strong) Bruhat order on S

n

,

with 
over relations:

u � v if v = u(i; j); `(v) = 1 + `(u)

1
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Let u �

�

us

i

in W (S

n

). De�ne

m

�

(u; us

i

) = i:

If

C : u

0

�

�

u

1

�

�

u

2

�

�

� � � �

�

u

k

in W (S

n

), then de�ne

m

�

C

= m

�

(u

0

; u

1

)m

�

(u

1

; u

2

) � � �m

�

(u

k�1

; u

k

):

Similarly let u � u(i; j) in S

n

, and de�ne

m(u; u(i; j)) = j � i:

If

C : u

0

� u

1

� u

2

� � � � � u

k

in S

n

, then de�ne

m

C

= m(u

0

; u

1

)m(u

1

; u

2

) � � �m(u

k�1

; u

k

):

3
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1

LetM(P ) denote the set of maximal 
hains

of the poset P . Thus

X

C2M(W (S

3

))

m

�

C

= 1 � 2 � 1 + 2 � 1 � 2

= 6

X

C2M(S

3

)

m

C

= 1 � 1 � 1 + 1 � 2 � 1

+1 � 2 � 1 + 1 � 1 � 1

= 6:
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Theorem. (a) (Ma
donald; Fomin &

RS)

X

C2M(W (S

n

))

m

�

C

=

�

n

2

�

!

(b) (Stembridge (expli
itly))

X

C2M(S

n

)

m

C

=

�

n

2

�

!

Open. A bije
tive proof of (a) or (b), or

a bije
tive proof that (a) = (b).
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Generalize the de�nition m(u; u(i; j)) to

m(u; u(i; j)) = �

i

� �

j

:

(Original de�nition 
orresponds to �

i

= �i.)

As before, if

C : u

0

� u

1

� u

2

� � � � � u

k

in S

n

, then de�ne

m

C

(�) = m(u

0

; u

1

)m(u

1

; u

2

) � � �m(u

k�1

; u

k

):

If u � v in S

n

, de�ne

D

u;v

(�) =

1

(`(v)� `(u))!

X

C

m

C

(�);

where C ranges over all saturated 
hains

from u to v in S

n

.

Set

D

w

(�) = D

id;w

(�):
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Write a = �

1

, b = �

2

, 
 = �

3

.

312

321

132213

231

123
b−c

a−b

a−c

a−c

b−c

b−c

a−b

a−b

u = 123 = id; v = 321 = w

0

D

321

(�) =

1

3!

((a� b)(b� 
)(a� b)

+(a� b)(a� 
)(b� 
)

+(b� 
)(a� 
)(a� b)

+(b� 
)(a� b)(b� 
))

=

1

2

(a� b)(a� 
)(b� 
)
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S
hubert polynomials. For w 2 S

n

let

S

w

2 Z [x

1

; x

2

; : : : ; x

n�1

℄

denote the S
hubert polynomial indexed

by w. Regard S

n

� S

n+1

via w(n + 1) =

n + 1 for w 2 S

n

. Let

S

1

=

[

S

n

;

the permutations of f1; 2; : : :gmoving �nitely

many letters. Then fS

w

: w 2 S

1

g is a

Z-basis for Z [x

1

; x

2

; : : :℄.

Monk's rule for (x

1

+ x

2

+ � � � + x

i

)S

w

gives:

(�

1

x

1

+�

2

x

2

+� � �)

k

S

u

= k!

X

`(v)=k+`(u)

D

u;v

(�)S

v

:
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Geometri
 interpretation ofD

w

(�).

Let � � h

�

denote the root latti
e for the

Lie algebra g = sl(n; C ) of G = SL(n; C ).

Let

� = f� 2 h� : h�; �

_

i 2 Z for any � 2 �g;

the weight latti
e of g. Let � 2 �

+

be a

dominant weight. Let

V

�

= �-weight spa
e

v

�

2 V

�

: highest weight ve
tor
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P(V

�

) = proje
tivization of V

�

e : G=B ! P(V

�

)

e(gB) = g(v

�

)

X

w

� G=B(S
hubert variety)

Thus e is a proje
tive embedding G=B ,!

P(V

�

). De�ne the �-degree of X

w

by:

deg

�

(X

w

) = #(e(X

w

) \ L);

whereL is a generi
 linear subspa
e of P(V

�

)

of 
omplex 
odimension `(w).

Theorem. deg

�

(X

w

) = `(w)!D

w

(�)
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An expression for D

u;v

(�).

Theorem. Let w 2 S

n

and

V

n

=

1

1! 2! � � � (n� 1)!

Y

1�i<j�n

(�

i

� �

j

):

Then

D

u;v

=

S

u

�

�

��

1

;

�

��

2

; : : :

�

S

w

0

v

�

�

��

1

;

�

��

2

; : : :

�

�V

n

:

In parti
ular,

D

w

= D

id;w

= S

w

0

w

�

�

��

1

;

�

��

2

; : : :

�

�V

n

:

D

w

0

= V

n

(: : :, Stembridge)
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Corollary. fD

w

: w 2 S

1

g is a Z-

basis for Z [�

1

; �

2

; : : :℄. Let

S

u

S

v

=

X

w




w

u;v

S

w

:

Then

D

u;w

=

X

v




w

u;v

D

v

:

Note. (1) fD

w

: w 2 S

n

g is a Z-

basis for Har

n

, the harmoni
 polynomials in

Z [x

1

; : : : ; x

n

℄.

(2) hS

u

;D

v

i = Æ

uv

under the \Fo
k pair-

ing"

hf; gi = f

�

�

�x

1

; : : :

�

g(x

1

; x

2

; : : :)

�

�

�

�

x

i

=0

:

12



Corollary. Let w 2 S

n

be 312-avoiding,

i.e.,

a < b < 
) not w(b) < w(
) < w(a):

Let 
ode(w

0

w) = (


1

; 


2

; : : :), where




i

= #fj : i < j; w(i) > w(j)g:

Then

D

w

= det

 

�

n�


i

�j

i

(n� 


i

� j)!

!

n

i;j=1

;

where �

k

=k! = 0 if k < 0.

Idea of proof.

w 312-avoiding ) w

0

w 132-avoiding

(dominant)

) S

w

0

w

= x




1

1

x




2

2

� � � ; et
.
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Other spe
ial values are interesting, e.g.,

D

41532

=

1

12

(f (5; 4; 2)� f (5; 4; 1)� f (5; 3; 2)

+f (5; 3; 1) + f (4; 3; 2)� f (4; 3; 1));

where

f(i; j; k) = (x

i

� x

j

)(x

i

� x

k

)(x

j

� x

k

):

Note that 
ode(4; 1; 5; 3; 2) = (3; 0; 2; 1; 0).

Further 
onne
tions:

� Demazure 
hara
ters (key polynomials)

� Gelfand-Tsetlin polytopes

� inverse \S
hubert Kostka" matrix
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