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A sequence aq, a9, ..., ap of distinct
integers is alternating it

ar > ap < az > ag < -+,
and reverse alternating if
a1 < ap > a3 << aq > ---.

E,, = #{w € &,, : w is alternating}.

F.o. Ey =5 2143, 3142, 3241, 4132,
4231
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n>0
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Theorem (D. André, 1879)

n
x
Y = E Fp— =secx +tanx
n!
n>0

(= combinatorial trigonometry)

Ey is an Euler number, F», a se-
cant number, £y, 1 atangent num-
ber.

Naive proof.
n
n
2En41 =Y (k> ELE, 1, n>1
k=0
= 2y =1+ y2, etc.



4 more sophisticated approaches.
E.g. let
fr(n) =#{w e &, : wir) <w(s) < k|r}
fa(n) =

Theorem.

ka

k>0

okn

I\/M



Some occurrences of Euler num-
bers:

1. F9y,—1 1s the number of complete in-

creasing binary trees on the vertex
set 2n+1 {1,2,. 2n+1}

1 1 1 1
3 3 2 2
4 55 4" 4 55 4
1 1 1 1
4 4 5 5
3 5 5 373 4" 4 3
1 1 1 1
2 2 3 3
4 55 4" 4 55 4

Slightly more complicated for Eo,,
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2. Let
Py, ={5 C[n] : #5 even},

ordered by inclusion. Adjoin 1 if n

1s odd.
1234

12 34

S

Theorem. ,upn((A), 1) =(-1)I"/?E,



3. S, acts on II,,, the lattice of parti-
tions of [n).

Theorem. The number of orbits
of maximal chains is F,_1.

—_
DO
|

123—4—-=5  1234-5
123—4—-5  123—-45
12—34—-5 125—-34
12—34—-5  12-345
12—34—=5  1234-5

—_
DO
|

—_
DO
|

—_
DO
CJJC)QCLDQOCJJ
%%»—L%hﬁ
CﬂCﬂJﬂCﬂCﬂ

—_
DO
|



Ulam’s problem. Let E(n) be
the expected length is(w) of the longest
increasing subsequence of w.

w = 5241736 = is(w) =3
Long story ...

E(n) ~2y/n
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Ulam’s problem. Let E(n) be
the expected length is(w) of the longest
increasing subsequence of w.

w = 5241736 = is(w) =3
Long story ...

E(n) ~2y/n

Probyce, (is(w) —2vn _ t) — F(t),

16

the Tracy-Widom distribution.
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What about alternating subsequences?’

as(w) = length longest alt. subseq. of w

1
E'(n) = p Z as(w) ~ 7
weB,

w = 56218347 = as(w) =5
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ap(n) = #Hw e G, : as(w) = k}

bi.(n) = ai(n) +as(n) + -+ ap(n)
i = #1{10 €6, as(w) <k}

13



ap(n) = #Hw e G, : as(w) = k}

bp(n) = ai1(n) + az(n) + - + ay(n)
= #{w € 6, : as(w) < k}.

MAIN LEMMA. Vw € G, 3 al-

ternating subsequence of maximal length
that contains n.

Z (a2r(j — 1) + agry1(j — 1)) as(n—j)

2r+s=k—1
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Let B(z,t) = Z bi(n)t*=—. Then

B(x,t)

1+ p+2telT 4 (1 — p)e?P”

T4 p—t2+(1—p—t2e

where p = V1 — t2.
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n
Let B(z,t) = Z bk(n)th—. Then

1+ p+2tel! + (1 — p)e?®
1+ p—t2+ (1 —p—t2)e2rt’

where p = V1 — t2.

B(x,t) =

(3" — 2n + 3)
(4™ — (2n — 4)2™)

S

oY
N N N N
~——~7 S\Jv
o= = =
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E'(n) = Expyeg, as(w) = N2 2
8 13
Vare, as(w) = TR, n > 4, etc.

THEOREM (Pemantle, Widom, (Wilf)).

as(w) — 2n/3
<
nh_)m()@ Probyes, ( T < t)

1 t\/ZT5/4 —82d
= — e S
I

(Gaussian)

18



ENUMERATION. Basic tool: sym-

metric functions.

skew shape:

A/p=4431/31, [N/ p|=n =38

skew Schur function:

Sh/p = S\/ul®1, 22, ..

19



S,, skew character:

X)‘/“:Gn—>Z

S\ /p = ChX)\/’u

1
== > XMWy

wes,,

dim XA/“ = #SY'T of shape \/u
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V4RS! 715
41 8 1
6|3 6|3
2 4|2
T g
5714362 57183624
dim x™ = E),

H. O. Foulkes: xy™(w) =0,+tFE,
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For a symmetric function f write

f[p19p27"°]
for f as a polynomial in py, po, ...
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For a symmetric function f write

f[p19p27"°]
for f as a polynomial in p{,po,....

Umbral notation: evaluate as poly-
nomial in £, and replace EF by E. at
end.

(1+E%)3 = 1+3E*+3FE*+ E°
1 +3Ey +3E4+ Ey
14+3-1+3-5+61
— 80
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E E
1+0)F =1+ Et + (2>t2+ (3>t3+---
1
1+Et+§(E2—E)t2

1
+6(E3 —3E°+2E) 0 + -+

1
= 1+ Byt + (B - Bt

|
(B3 — 3By + 2EN + - -

13
— 1+t+6t N
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1
63[E707 _E] — _( ?_3p1p2+2p3)[E707 _E]

0
1, 3
— Z(E%—2E)
0
1
= 6(E3 — 2Fq)

=0
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Corollary (restatement of Foulkes).
n odd =

(f,sr) = f|[E,0,—FE,0,E,0,—E,0,...]

n even —
<f7 STn> — f[Eala_E;_lyE,l,_E,—l,. . }

(homomorphisms)
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Corollary (restatement of Foulkes).
n odd =

(f,sr) = f|[E,0,—FE,0,E,0,—E,0,...]

n even =
<f7 STn> — f[Ea 17 _Ep _1, E, 1, _E, —1, .. }
(homomorphisms)

Example.

1

2 2
531 = g( 4+ 2p2py — p5 — 2py)

1
<33177'4> = é(EZL + 2k — 1+ 2) =1
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a=(3,1,1,2,2) € Comp(9)

B31122

77 = B9991
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Gessel-Reutenauer: 3 (known) sym-
metric function Ly such that

<L)\a SBO) — #{w c 6, :
cycle type A\, D(w) = {aq, aj+ag+--- }},

where D(w) is the descent set of w.
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Gessel-Reutenauer: 3 (known) sym-
metric function Ly such that

<L)\7 STn> — #{w E Gn :
cycle type A\, D(w) = {aq, aj+ag+--- }},

where D(w) is the descent set of w.

Corollary. (Ly, s, )
= #{w € G, : cycle type A, alternating}
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— > uld)

d|n
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ZN n/d

d|n

Corollary. Let b(n) be the number
of alternating n-cycles in S,. Then

if nis odd,
b(n):L[EO—EO ]

:_Z“ [ d D/2p]" n/d
d|n

:_Z” dl/ZE/
dn

Combinatorial proof, especially if n is
prime?’
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Let f(mn) be the number of alternat-
ing fixed-point free involutions in Go,,.

n=3: 214365645231
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Let f(mn) be the number of alternat-
ing fixed-point free involutions in Go,,.

n =3 : 214365, 645321

= Theorem.
F(z) =) f(n)z"
n>0

(1 4 SIZ) (E2—|—1)/4

1l —x
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Theorem (Ramanujan, Berndt, im-
plicitly) As x — 0+,

> (1) - s

n>0 k>0
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Theorem (Ramanujan, Berndt, im-
plicitly) As x — 0+,

> (1) - s

n>0 k>0

Corollary (via Ramanujan, Andrews).

SRR S LS

’]’LZO p & j:l
l—x 2/3 -
where q = (H_x) , a formal iden-
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FIXED POINTS

di(n) = #{alt. w € &, : k fixed points}

Oy Z antn _ Z a2n+1t2n+1

Main result.

Z di.(2n + 1)¢" >
k.n>0

exp(E(tan~ ! gt — tan~1¢))
1 — Bt

Oy

(similar for dz.(2n))
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Sample applications:
Theorem. dy(n) = dy(n) forn >1

Combinatorial proot?
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Let H (n) be the expected number of
fixed points of an alternating permuta-

tion w € Gy,.

Let H*(n) be the expected number
of fixed points of a reverse alternating
permutation w € G,,.
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Let H (n) be the expected number of
fixed points of an alternating permuta-

tion w € Gy,.

Let H*(n) be the expected number
of fixed points of a reverse alternating
permutation w € G,,.

Theorem.
1

H(2n +1) = -——(Eop+1 — Ean—s
2n+1
4By — £ B)
1

H(Qn) = E—(EQn — 2E9, 9

2n

+2F9,_4+ -+ £ 2F9 F Ey).
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Theorem.

1
H(2n+1) = -——(Eap+1 — Eon—s
2n+1
+Eop—5 — + El)
1
H(2n) = E—(EQn — 2E9p9
2n

H*2n+1) = H2n +1)
H*(2n) = —— (B, — (—1)").

Combinatorial proot?
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For n odd,

1

Compare Dy, ~ —n'
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For n odd,

1
do(n) ~ —En.
e
Compare D, ~ %n!.
In fact,
1
1 1 13
= —| £ -E _o——F
e(n‘|‘3n2 90n4‘|‘ ),
where
1
Z a,ka:% = exp (1 — —tan~ ! a:) ,
k>0 L

Similar result for n even.
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