Two Remarks on Skew Tableaux

Richard P. Stanley*

Department of Mathematics
Massachusetts Institute of Technology

Cambridge, MA 02139

rstan@math.mit.edu

Submitted: 2011; Accepted: 2011; Published: XX
Mathematics Subject Classification: 05E05

Abstract

This paper contains two results on the number f7/7 of standard skew Young
tableaux of shape o/7. The first concerns generating functions for certain classes
of “periodic” shapes related to work of Gessel-Viennot and Baryshnikov-Romik.
The second result gives an evaluation of the skew Schur function s),,(z) at x =
(1,1/2%,1/3% ...) for k = 1,2,3 in terms of f7/7 for a certain skew shape o/
depending on \/p.

1 Introduction

We assume familiarity with the basic theory of symmetric functions and tableaux from |6,
Chap. 7]. Baryshnikov and Romik [1] obtain explicit formulas for the number of standard
Young tableaux of certain skew shapes which they call diagonal strips. As the strips
become thicker, their formulas becomes more and more complicated. In the next section
we give simple generating functions for certain classes of diagonal strips of arbitrarily
large thickness. Our results are neither a subset nor superset of those of Baryshnikov and
Romik. Our results in Section 2 were also obtained in unpublished work of Gessel and
Viennot [3, §11], but our approach is more straightforward.

In Section 3 we obtain a formula for the evaluation of skew Schur functions sy, (z)
at z = (1,1/2% 1/3% ...) for k = 1,2,3. These formulas have the following form. Let
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n = |\/p| (the number of squares in the diagram of A/u), and choose m > A;. Then
sx/u(1,1/2% 1/3% ) = ¢(n, m) f7/" ",

where o /7 is a certain skew shape depending on A/p and m. Moreover, f7/™ denotes the
number of standard Young tableaux of shape o /7 and ¢(n, m) is a simple explicit function.
The special case o/7 = (1) (the unique partition of 1) gives the Riemann zeta function
evaluations ¢(2) = 72/6, ((4) = 7*/90, and ((6) = 7%/945. The main tool for our results
on both diagonal strips and s,,(1,1/2%%,1/3%",...) is the Jacobi-Trudi identity and its
dual version.

The computation of s, (1,1/22%,1/3%, .. .) for all X and p is equivalent to the com-
putation of certain multiple zeta values. As explained in Section 3, in principle there is
no problem in computing this very special case of multiple zeta values. Our contribution
is to give an explicit formula involving skew Schur functions when k£ = 1,2, 3.

Let us recall the Jacobi-Trudi identity and its connection with skew SYT. Write £(\)
for the length (number of parts) of A. If £(A) < m and p C A, then the Jacobi-Trudi
asserts that

Sh/p = det[h)\ifujfﬂrj]??j:l? (11)

where h, denotes a complete symmetric function (with hy = 1 and h, = 0 for r < 0).
Let |A\/pu| = n. It is an immediate consequence of the combinatorial definition of sy, [6,
Def. 7.10.1] that M is the coefficient of 2o - - -z, in sy/u- By taking the coefficient of
T1Tg - - - X, in equation (1.1), or equivalently by applying the exponential specialization
6, §7.8], we obtain the well-known formula [6, Cor. 7.16.3] of Aitken:

M= nldet[1/ (N — py — i+ ). (1.2)
Similarly for A; < m we have the dual Jacobi-Trudi identity
S)‘/M = det[eké—ug—i-f—j]?,ﬁbj:l? (]_3)

where e, denotes an elementary symmetric function (with ey = 1 and e, = 0 for r < 0)
and ' denotes the conjugate partition.

2 Diagonal strips

We begin with some connections between generating functions and determinants.

Lemma 2.1. Let a;, © € 7Z, be elements of some commutative ring with 1, with ag = 1
and a; = 0 fori < 0. Let f(k) = det[a;_i1]}. In particular, f(0) =1. Then

1
k)ak = :
Zf( )x 1—a1$+a2x2—---

k>0
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Proof. This is a well-known result, implicit in [5, Prop. 2.6]. The terms in the expansion
of the determinant coincide with those in the expansion of

1

1_a1$+a2x2_...:1+F($)+F(x)2+...’

where F(z) = a;x — apx® + - - -. ]

Corollary 2.2. Suppose that in Lemma 2.1 we drop the condition ag = 1, say ag = «.
Then

1
Z fk)z* = 1+ ZiZI(—l)ioﬂ—lami'

k>0

Proof. The case a = 0 is clear (and uninteresting), where we interpret 0° = 1 for the
summand indexed by i = 1, so assume o # 0. Let Ay = [a;_41)}, and let D be the
diagonal matrix diag(a, o?, ..., a*). Then D~YAD = [aa;_;,4]. Note that the (j+1, j)-
entry is equal to 1. Since det A = det D='AD), the proof follows from Lemma 2.1. |

Corollary 2.3. Suppose that in Corollary 2.2 we let the first row of the matriz be arbi-
trary, i.e., let My = (my;)¥ be the k x k matriz defined by

mlj = bj

My = i1, © 2> 2,

where ag = a and a; =0 for i < 0. Let g(k) = det My. Then

Zg(k)ﬂfk > s (=1 el by

= 1+ (1) g

Proof. If we remove the first row and ith column from M, then we obtain a matrix
M — B C

e 0 An—k
the diagonal. Hence when we expand det M along the first row, we get

, where B is an upper triangular (i — 1) x (¢ — 1) matrix with a’s on

det M = by(det Ay_1) — aby(det Ap_5) + -+ -+ (—=1)F o b(det Ap).

The proof therefore follows from Corollary 2.2. 1

We now define the class of skew partitions of interest to us. For positive integers
a,b,c,n, define o(a, b, c,n) to be the skew partition whose Young diagram has a squares
in the first row, b squares in the other (nonempty) rows, and n rows in all. Moreover,
each row begins ¢ — 1 columns to the left of the row above, with b > ¢. For instance,
Figure 1 shows the shape 0(5,4,3,4). Thus s,(q,,n) denotes the Schur function of shape
o(a,b,c,n). As above, let h,, denote the mth complete symmetric function.
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Figure 1: The partition o (5,4, 3,4)

Theorem 2.4. Fix a,b,c with ¢ < b < 2c. Then

ZS (aben) " = Dot (1) A R (e
a(a,0,c,n - h—1Ln— e
n>1 1 - anl(_l) 1hb_c1hb+(n—1)c$

Proof. The Jacobi-Trudi matrix (1.1) has the form of Corollary 2.3 with mi; = hat(j—1y,
a; = hyy(i—1)e- In particular, o = ag = b — ¢. The condition b < 2c¢ is equivalent to a; = 0
for i < 0. Hence the proof follows from Corollary 2.3. 1

Applying the exponential specialization, or just using Aitken’s formula (1.2) directly,
yields the following corollary.

Corollary 2.5. Fiz a,b,c with ¢ < b < 2c. Then

1 (a+(n—1)b)! S 1- anl(_l)n_l (b—c)'(ain(nfl)c)! .

n 1y oz
Z fa(a,b,c,n) x anl( 1) (b—c)!(b+(n—1)c)!

For example, setting (a,b,c) = (5,4, 3) gives

"

-1
Z fa(5,4,3,n) z" _ anl(_l)n (Bn+2)!
n>1 (4n+1! 11— an(_l)n*l@f—:l)!

Note the curious appearance of the denominators (4n+1)!, (3n+2)!, and (3n+ 1)L It is
unusual to have exponential generating function identities with (an + b)! and (c¢n +d)! in
the denominators, where one of a and ¢ does not divide the other.

Note the special case 0(3,3,2,n). Corollary 2.5 can be written in the form

U(3,3,2,n)i_ z
dof i (2.1)

n sinz’
n>0

This case was known to Gessel and Viennot [3, §11]. The number f** is not affected by
conjugating (transposing) the shape. Baryshnikov and Romik [1, Thm. 1] consider the
conjugate shape (3, 3,2,n)’, and their result for this shape is equivalent to equation (2.1).
They state their generating function as z(cot(xz/2) — cot(x)), and not in the simpler form
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x/sin(x). Let us note, however, that the more general shapes considered by Baryshnikov
and Romik are not covered by our results. It would be interesting to find a common
generalization. In principle the technique of Baryshnikov and Romik applies to any shape
o(a,b,c,n), but the computations become very complicated.

3 A generalization of ((2),({(4) and ((6)

The Riemann zeta function is defined by ((s) = »_,-, n™° for R(s) > 1. It is well-known
that if k is a positive integer then

k+1 B2k(277)2k
2(2k)! 7

where B, denotes a Bernoulli number. Note that
C(2k) = py(1,1/2%% 1/3% ) = pp(1,1/2%,1/32,...),

where p; = fo, the jth power sum symmetric function. This formula suggests looking
at f(1,1/2%,1/3% .. .) for other symmetric functions f. In principle there is no problem:
expand f in terms of power sums, say f =, cxpa. Then

f(L 1/2Sa 1/387 s ) = Z CAC()\ls)C()\ZS) e C()\ES)>
A

((2k) = (1)

where A = (Aq,...,\) with \y > --- > X\, > 0. In particular, if f is homogeneous of
degree n then f(1,1/2%% 1/3% ...) = an®*" where o € Q. See Hoffman [4]. We may
ask, however, whether there is a simple description of « for a suitable choice of f. Here we
consider the case where f = s,/,, a skew Schur function. We will give a simple expression
for sy,(1,1/2%,1/3% ...) for k = 1,2, 3 in terms of the number f°/7 of SYT of a certain
skew shape o/7. The proof breaks down for £ > 4, and there does not seem to be an
analogous formula in this case.

The basic idea is to expand sy, as a polynomial in the elementary symmetric functions
ej, then to evaluate e;(1,1/2% 1/3% ...) and interpret the resulting expression in terms
of f7/7. The expansion of s, /u in terms of e;’s is given by the dual Jacobi-Trudi identity
(1.3), so we next turn to the evaluation of e;(1,1/22%,1/3%* ...) for k=1,2,3.

Lemma 3.6. We have:

(a)

2 2 m
(1,1/2°,1 )=
(b) 92j+1 4
J
(1,1/201/3, . )= "~
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(c)

6 - 20376

e;(1,1/20,1/3% ...) = CEER

Proof.  (a) The Weierstrass product for the function sin(7z)/mz takes the form
2

singz) Tl (1 B %) . (3.1)

k>1

Consider the Taylor series expansion at z = 0. On the one hand, the coefficient
of 2% in sin(nz)/7z is (—=1)77% /(2§ — 1)!. On the other hand, by equation (3.1)
this coefficient is (—1)7e;(1,1/2%,1/32,...), and the proof follows. This result was
known to Euler [2], with essentially the same proof (though without sufficient rigor).

(b) We have
() - () (0 5)

sin(7z) sin(?riz)

Tz iz
~cos((1 —d)mz) — cos((1+414)mz)
B 212422
gy
- _qyi¥tg 2
= (47 +2)!

from which the proof follows.

(c) Let w = e*/3. We have

ZG 22 wz2 w222
I(-5) - D0-5) (%) (%)
k>1 k>1

2

sin7z sin7wwz Sin Twz

T2 Wz Tw?z

1
— —m(sin@ﬁz) + sin(27wz) + sin(27w?z))
Tz

= ) (~1)6-2%x%

>0

67
(65 + 3)V
from which the proof follows.
|

Let A and p be partitions of length at most m. Let §,, = (m —1,m —2,...,0) and
Ym = (1™), the partition with m parts equal to 1. For instance, if A = (2,2,1) and
= (1,0,0) then 4\ + 2v9 + 363 = (16, 13,6) and 4u + 363 = (10, 3,0). The diagram of
the skew shape (4\ + 23 + 303) /(4 + 303) is shown in Figure 2.
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Figure 2: The skew shape (4(2,2,1) + 23 + 3d3)/(4(1,0,0) + 303)
Theorem 3.7. For any skew shape \/p where A\ < m and |\/p| = n, the following
formulas hold.

2n f(2>\/+wm+5m)/ (21" +6m)

(2n +m)!

(a) sa/u(1,1/2%,1/3%,...) =

2m+2nﬂ.4nf AN 427 +38m) /(4 +36m)

(
(b) sau(1,1/24,1/3%,..) (

4n + 2m)!

6m26n,n.6nf(6)\’+3'ym+56m)/(6u’+56m)
1,1/25,1/35 ...) =
(C) SA/M( ) / / ) (6n+3m)'

Proof.  (a) By equation (1.3) and Lemma 3.6(a) we have

sip(1,1/2%,1/3%,.00) = detlen v iq;(1,1/2%,1/3%, )],
— det['/TQ()‘;_”;'_i-i—j)/(Q()\; — /L; —1 +]) + 1)']?3:1
= " det[1/(2(N, — pf — i+ j) + DI,

Now

2N — i)+l = N -2+ 14+ (m—d) —(m—j))—i+]
= (2)‘/ A+ Ym + Om)i — (2,“/ + 6m)j — i+ 7,

and the proof follows from equation (1.2).
(b) Similarly to (a) we have

syu(1,1/241/3000) = det[eA;,M;,i+j(1,1/24,1/34,--~)];j”;.:1
_ det[22(A;fu;fi+j)+1ﬁ4(%fu;fz‘+j) /

(4N = w5 =i+ ) + 25
= 22 det[1/ (AN, — i — i + 5) + 217y
Now

AN =y —i+)+2 = (AN —4u;+2+3(m—i)=3(m—j) —i+]

and the proof follows from equation (1.2).
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(¢) Analogous to (b).

It is natural to ask about k > 4, i.e., the evaluation of sy/,(1,1/2%,1/3% ...) for

k > 4. Our method appears to break down. The trigonometric identities needed for
k = 2,3 do not seem to have an analogue for k& > 4. Indeed, e;(1,1/2%,1/3%,...) does not
have the form a(7)7!'% where a(j) is a rational number whose numerator and denominator
can be factored into small primes. Also a problem is the case ey (1,1/2%,1/3%% ...), since
in general there is no simple formula for Bernoulli numbers. We can still ask, however,
whether there is a simple combinatorial interpretation of sy, (1,1/2%,1/3% .. .) after
suitable normalization.
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