Positivity Problems and Conjectures in Algebraic Combinatorics

Richard P. Stanley^1 Department of Mathematics 2-375 Massachusetts Institute of Technology Cambridge, MA 02139

version of 24 September 1999

1 Introduction.

Algebraic combinatorics is concerned with the interaction between combinatorics and such other branches of mathematics as commutative algebra, algebraic geometry, algebraic topology, and representation theory. Many of the major open problems of algebraic combinatorics are related to positivity questions, i.e., showing that certain integers are nonnegative. The significance of positivity to algebraic combinatorics stems from the fact that a nonnegative integer can have both a combinatorial and an algebraic interpretation. The archetypal algebraic interpretation of a nonnegative integer is as the dimension of a vector space. Thus to show that a certain integer m is nonnegative, it suffices to find a vector space V_m of dimension m. Similarly to show that m ≤ n, it suffices to find an injective map V_m → V_n or surjective map V_n → V_m. Of course the inequality m ≤ n is equivalent to the positivity statement n − m ≥ 0, while the injectivity of the map φ : V_m → V_n is equivalent to the statement that n − m = dim coker(φ) (where coker(φ) denotes the cokernel V_n/φ(V_m) of φ). However, it is often more natural to deal with the inequality m ≤ n rather than with n − m ≥ 0.

We will attempt here an overview of the outstanding open problems in algebraic combinatorics related to positivity. Naturally our choice is subjective, and we do not claim to be comprehensive.

1Partially supported by NSF grant DMS-9500714

2 f-vectors

Many geometric objects Γ are defined in terms of simple objects, which we call faces, with well-defined dimensions. Examples (in increasing order of generality) include simplicial complexes, polyhedral complexes, regular CW complexes, and CW complexes. If Γ has dimension d − 1 and has f_i idimensional faces, then the vector f(Γ) = (f_0, f_1, . . . , f_{d−1}) is called the fvector of Γ and is a fundamental combinatorial invariant of Γ. (Unless Γ = ∅ one regards the empty set ∅ as a face of Γ of dimension −1, so f_{−1} = 1.)

Much of algebraic combinatorics is concerned with obtaining a complete characterization, or at least significant information, about the f-vector of various classes of geometric objects. A good summary of this area, together with a list of open problems, is given by Billera and Björner [9]. Quite sophisticated tools such as commutative algebra, exterior algebra, homological algebra, and toric varieties can be used to investigate f-vectors. One important result in the area, known as the g-theorem for simplicial polytopes, gives a complete characterization of the f-vector of a simplicial polytope P (i.e., a convex polytope all of whose proper faces are simplices). This result was conjectured by McMullen [66] in 1971. The sufficiency of McMullen’s conditions was proved by Billera and Lee [13][14], while the necessity was proved by Stanley [75] using the theory of toric varieties. Later McMullen [67][68] gave a new proof of necessity avoiding toric varieties. We will not state the full result here but will explain a corollary of it known as the Generalized Lower Bound Theorem (GLBT) for simplicial polytopes. Given any (d − 1)-dimensional (abstract or geometric) simplicial complex Δ with fvector (f_0, . . . , f_{d−1}), define the h-vector h(Δ) = (h_0, h_1, . . . , h_d) of Δ by the formula_d ∑ i=0 f_{i−1}(x − 1)^{d−i} = d∑ i=0 h_ix^{d−i}. If Δ is the boundary complex of a simplicial polytope, then the Dehn- Sommerville equations assert that h_i = h_{d−i}. The GLBT consists of the inequalities h_0 ≤ h_1 ≤ · · · ≤ h_{⌊d/2⌋}. The significance of the GLBT is that it gives the most general linear inequalities satisfied by f-vectors of simplicial polytopes.

It is natural to ask whether the Dehn-Sommerville equations, GLBT, and g-theorem can be extended to more general objects than simplicial polytopes. The most general objects that seem feasible for this purpose are the Gorenstein* complexes. These are simplicial complexes Δ such that for every face F ∈ Δ (including F = ∅) we have

H̃_i(link(F ); Q) ∼= { Q, if i = dim link(F ) 0, otherwise,

where link(F ) = {G ∈ Δ : F ∩ G = ∅, F ∪ G ∈ Δ}, the link of F in Δ, and where H̃ denotes reduced simplicial homology. It is not hard to see that the Dehn-Sommerville equations h_i = h_{d−i} continue to hold for Gorenstein* complexes.

Problem 1. Does the GLBT (or more generally the g-theorem) hold for Gorenstein* complexes?

Problem 1 is perhaps the main open problem in the subject of f-vectors. Special cases of Gorenstein* complexes for which the GLBT is also open include triangulations of spheres, PL-spheres, and complete simplicial fans. It was shown independently by Kalai [53] (using algebraic shifting) and Stanley [84, Cor. 2.4] (using Cohen-Macaulay rings) that the GLBT holds for the boundary Δ of a (d − 1)-dimensional ball that is a subcomplex of the boundary complex of a simplicial d-polytope. It does not seem to be known exactly which simplicial complexes occur in this way. (The techniques of Kalai and Stanley only establish the GLBT, and not the g-theorem, for the above complexes Δ.)

When P is an arbitrary (i.e., not necessarily simplicial) convex polytope, then the h-vector no longer has nice properties. For simplicial polytopes the number h_i is the 2ith Betti number of a certain toric variety X_P satisfying Poincaré duality, whence the Dehn-Sommerville equations h_i = h_{d−i}. For nonsimplicial polytopes, however, there is little connection between the homology of X_P and the f-vector of P. Moreover, X_P fails to satisfy Poincaré duality, and the Dehn-Sommerville equations fail to hold for the h-vector of P. This unfortunate state of affairs can be rectified by dealing with the (middle perversity) intersection homology IH_∗(X_P ; R) (or cohomology IH^∗(X_P ; R)) of X_P , which can be defined whenever P has rational vertices. We then have IH_{2i+1}(X_P ; R) = 0. Define h_i = dim_R IH_{2i}(X_P ; R). If dim P = d, then the vector h(P) = (h_0, h_1, . . . , h_d) is called the toric h-vector (formerly the generalized h-vector) of P. A purely combinatorial definition of the toric h-vector can be given that extends to nonrational polytopes [77] and even more general objects, the most general being Eulerian posets [86]. The toric h-vector depends only on the combinatorial type of P (not on how it is embedded into R^d ) and satisfies the Dehn-Sommerville equations h_i = h_{d−i}. However, the toric h-vector does not depend just on the f-vector of P, nor can f(P) be recovered from h(P). When P is simplicial, then the toric h-vector coincides with the usual h-vector. When P has rational vertices, the connection with toric varieties and intersection homology leads to a number of results concerning the toric h-vector of P, in particular the GLBT h_0 ≤ h_1 ≤ · · · ≤ h_{⌊d/2⌋}. For nonrational polytopes it is not known whether the GLBT and related results continue to hold. If P is a (finite) poset, then the order complex of P is the abstract simplicial complex Δ(P ) whose faces are the chains of P . We say that P has a certain topological property such as Gorenstein* if Δ(P ) has that property. Then the GLBT (or even just h_i ≥ 0) fails in general for Eulerian posets, but it remains open for Gorenstein* lattices (with bottom element ^0 and top element ^1 removed).

Problem 2. Let P be an arbitrary convex polytope, or even a Gorenstein* poset that is a lattice with ^0 and ^1 removed. Does the toric h-vector (h_0, h_1, . . . , h_d) of P satisfy the GLBT h_0 ≤ h_1 ≤ · · · ≤ h_{⌊d/2⌋}, or even just h_i ≥ 0?

Some related problems dealing with subdivisions of polytopes and other geometric objects appear in [83, Conjs. 4.11 and 5.4].

There are numerous additional conjectures concerning f-vectors. For instance, the f-vectors of centrally-symmetric simplicial polytopes are poorly understood (see [82] for some results in this area), and not even a conjecture analogous to the GLBT is known. Such a conjecture would give the most general linear inequalities satisfied by the f-vectors of centrally-symmetric simplicial d-polytopes. One simple problem for arbitrary centrally-symmetric polytopes, due to Kalai [52], is the following.

Problem 3. Let (f_0, f_1, . . . , f_{d−1}) be the f-vector of a centrally-symmetric d-polytope. Is it true that

1 + f_0 + f_1 + · · · + f_{d−1} ≥ 3^d?

One feature that makes this problem difficult is that there is more than one polytope that achieves this bound. We can extend Problem 3 somewhat as follows.

Problem 3^′. Let L be finite lattice of rank d + 1 such that L − {^0, ^1} is Gorenstein*. Suppose that L has a lattice automorphism σ that is an involution and that fixes only ^0 and ^1. Is it true that #L ≥ 3^d + 1?

A missing face of an abstract simplicial complex Δ is a set S of vertices of Δ such that S is not a face of Δ, but every proper subset of S is a face. A flag complex is a simplicial complex for which every missing face has two elements. For instance, order complexes of posets are flag complexes, as are Coxeter complexes of finite Coxeter groups. Flag complexes are the same as clique complexes or stable set complexes of graphs. There is a lot of interest in obtaining information about f-vectors of flag complexes. One of the most interesting open problems is known as the Charney-Davis conjecture [27][87, p. 100] and is a discrete analogue of a conjecture of H. Hopf on the Euler characteristic of a closed Riemannian manifold of nonpositive sectional curvature. (Charney and Davis made their conjecture originally for spherical flag complexes, but we have extended it to the Gorenstein* case.)

Problem 4. Let Δ be a 2e − 1-dimensional Gorenstein* flag complex with h-vector (h_0, h_1, . . . , h_{2e}). Is it true that

(−1)^e(h_0 − h_1 + h_2 − · · · + h_{2e}) ≥ 0?

For certain classes of simplicial complexes Δ whose f-vector satisfies certain linear inequalities, these linear inequalities can be “displayed” by a suitable decomposition (or partition) of the set of faces of Δ. For instance, suppose that Δ is acyclic (has vanishing reduced homology, say over Q). It was shown in [79] that there exists a partition Π of Δ into twoelement sets {F, F^′} such that (a) F ⊂ F^′ and |F^′ − F | = 1, and (b) the set

{F : {F, F^′} ∈ Π, F ⊂ F^′} is a subcomplex Γ of Δ. If follows that

(1 + x) ∑ i f_{i−1}(Γ)x^i = ∑ i f_{i−1}(Δ)x^i. If C(Γ) denotes the cone over Γ, then clearly C(Γ) is acyclic and

(1 + x) ∑ i f_{i−1}(Γ)x^i = ∑ i f_{i−1}(C(Γ))x^i. Hence f-vectors of acyclic simplicial complexes coincide with f-vectors of cones, which are relatively easy to characterize. Thus the existence of the decomposition Π leads to a characterization of f-vectors of acyclic simplicial complexes. (Similar decompositions appear in the work of R. Forman [31][32] on discrete Morse theory.) What other classes of simplicial complexes lend themselves to this technique? Duval [28] has extended the above argument to give a “decomposition-theoretic” proof of the characterization of pairs (f, β), where f is the f-vector and β the sequence of Betti numbers of a simplicial complex, originally due to Björner and Kalai [16][17]. A different generalization of the decomposition of acyclic complexes was conjectured by Stanley [79, Conj, 2.4] as follows.

Problem 5. Suppose that Δ is a (finite) abstract simplicial complex such that the link of every face F of Δ of dimension at most j (including link(∅) = Δ) is acyclic. Can Δ (regarded as a partially ordered set under set inclusion) be partitioned into intervals [F, F^′] such that (a) dim F^′ − dim F = j + 2, and (b) the bottom elements F of these intervals form a subcomplex of Δ?

A central role in the combinatorics of simplicial complexes is played by the Cohen-Macaulay complexes. A simplicial complex Δ is said to be Cohen- Macaulay (say over Q ) if for every F ∈ Δ (including as usual F = ∅) we have H̃_i(link(F ); Q) = 0, if i ≠ dim link(F ).

It can be proved algebraically (e.g., [87, Cor. II.3.2]) that if Δ is Cohen- Macaulay with h-vector (h_0, . . . , h_d), then h_i ≥ 0. On the other hand, a pure (i.e., all maximal faces have the same dimension) (d − 1)-dimensional simplicial complex Δ is called partitionable if it can be partitioned into intervals

[F, F^′] such that each F^′ is a facet (maximal face) of Δ. It is easy to see that if Π is a partition of Δ into such intervals, then ∑ [F,F^′]∈Π x^{1+dim F} = ∑ i h_ix^i. Hence h_i ≥ 0 if Δ is partitionable, and it is natural to ask if there is a connection between the Cohen-Macaulay property and partitionability. The simplicial complex with facets ab, ac, bc, de, df, ef has the partitioning Π = {[∅, ab], [c, bc], [ac, ac], [d, de], [e, ef], [f, df]} but is not Cohen-Macaulay. However, the converse question remains a central open problem concerning the combinatorics of simplicial complexes.

Problem 6. Is every Cohen-Macaulay complex partitionable?

For further information related to partitionability, see [87, §III.2].

We have mentioned the toric h-vector as an extension of the h-vector of a simplicial polytope. A different extension, which is much more natural from the combinatorial point of view and which conveys much more information, is the flag f-vector. It is most conveniently defined for graded posets, i.e., posets for which every maximal chain has the same length. Let P be a (finite) graded poset of rank n − 1, so every maximal chain of P has n elements. Define the rank function ρ : P → Z of P by letting k = ρ(t) be the number of elements in the longest chain t_1 < t_2 < · · · < t_k = t. If S is any subset of {1, 2, . . . , n}, then define the rank-selected subposet P_S = {t ∈ P : ρ(t) ∈ S}, and let α_P (S) be the number of maximal chains of P_S. The function α_P is called the flag f-vector of P . Thus α_P counts the number of chains C in P according to the ranks of the elements of C. The “flag-analogue” of the h-vector is the flag h-vector β_P , defined by either of the equivalent conditions

α_P (S) = ∑ T ⊆S β_P (T )

β_P (S) = ∑ T ⊆S (−1)^{#(S−T )}α_P (T ).

If Δ(P ) denotes the order complex of P , then the f-vector and h-vector of Δ(P ) are related to the flag f-vector α_P and flag h-vector β_P by

f_i(Δ(P )) = ∑ S⊆{1,...,n} #S=i+1 α_P (S)

h_i(Δ(P )) = ∑ S⊆{1,...,n} #S=i β_P (S).

We will mention here one central open problem in the theory of flag fvectors, viz., the problem of determining all linear inequalities satisfied by the flag f-vector of a Gorenstein* poset P . (Note for experts: According to the definitions given here, Gorenstein* posets do not have a ^0 and ^1. Thus for instance the face lattice of a convex polytope P, with the improper faces ∅ and P removed, is a Gorenstein* poset.) The corresponding problem for arbitrary graded posets was solved by Billera and Hetyei [12], while partial results were obtained for Eulerian posets by Bayer and Hetyei [5]. Let a and b be noncommuting variables. Given S ⊆ {1, 2, . . . , n}, define a noncommutative monomial u^S = u_1u_2 · · · u_n by setting u_i = a if i ∉ S and u_i = b if i ∈ S. If P is a graded poset of rank n − 1, then define a noncommutative polynomial

Ψ_P (a, b) = ∑ S⊆{1,...,n} β_P (S)u^S. Thus Ψ_P (a, b) is a noncommutative generating function for the flag h-vector β_P . Moreover, it follows immediately from the definitions of α_P and β_P that

Ψ_P (a, a + b) = ∑ S⊆{1,...,n} α_P (S)u^S. In the case when P is Gorenstein* (or even Eulerian), Bayer and Billera [4] determined the most general linear equalities that can hold among the numbers α_S (P ) (or equivalently β_S (P )). Fine (see [6, Prop. 2]) discovered an exceptionally elegant way to state these Bayer-Billera relations. Namely, there exists a polynomial Φ_P (c, d) in noncommutative variables c and d such that Ψ_P (a, b) = Φ_P (a + b, ab + ba).

The polynomial Φ(c, d) is called the cd-index of P . The main open problem concerning this polynomial is the following.

Problem 7. If P is a Gorenstein* poset, then are all coefficients of the cdindex Φ_P (c, d) nonnegative?

It was conjectured in [85, Conj. 2.1] that the answer to Problem 7 is affirmative. Moreover, it was shown in Theorem 2.1 of this reference that this result, if true, is best possible in the sense that any linear inequality satisfied by all flag f-vectors of Gorenstein* posets of rank n − 1 is a consequence of the nonnegativity of the coefficients of the cd-index. A special case of Problem 7, which includes face lattices of convex polytopes, was proved in [85, Thm. 2.2].

E. Babson observed (stated incorrectly in [87, p. 103] without the factor of 2^{−m}) that if P is a Gorenstein* poset of even rank 2m, then the coefficient of d^m in Φ_P (c, d) is given by

[d^m] Φ_P (c, d) = (−2)^{−m}(h_0 − h_1 + h_2 − · · · + h_{2m}),

where (h_0, h_1, . . . , h_{2m}) is the h-vector of the order complex of P . It follows that the Charney-Davis conjecture (Problem 4) for the special case of order complexes is a consequence of an affirmative answer to Problem 7.

In general the cd-index is a highly intractable object. It would be of great interest to find a natural algebraic or geometric description of the cd-index. For some further work related to the cd-index, see for instance [10][11] and the references given there.

The f-vectors of cubical complexes are much less well understood than those of simplicial complexes. We may regard a (finite) abstract cubical complex as a finite meet-semilattice such that every interval [^0, t] is isomorphic to the face lattice of a cube (whose dimension depends on t). An analogue of the h-vector of a simplicial complex was defined by R. Adin [1] for pure cubical complexes, i.e., cubical complexes such that every maximal face has the same dimension. Let L be a pure cubical complex of rank d (or dimension d − 1). Adin’s cubical h-vector h(L) = (h_0(L), h_1(L), . . . , h_d(L)) may be defined as follows. Let s be a vertex (element covering ^0) of L. The subposet {t ∈ L : t ≥ s} is the face poset of a simplicial complex Δ_s = link(s). Let h(Δ_s, x) = ∑_{d−1} i=0 h_i(Δ_s)x^i, where (h_0(Δ_s), . . . , h_{d−1}(Δ_s)) is the usual h-vector of Δ_s. We can now define h(L) by the equation d∑ i=0 h_i(L)x^i = 1 1 + x ( 2^{d−1} + x ∑ s h(Δ_s, x) + (−2)^{d−1} ~χ(L)x^{d+1} ) , (1)

where s ranges over all vertices of L and ~χ(L) = ∑ t∈L (−1)^{rank(t)−1},

the reduced Euler characteristic of L. It is not difficult to see that the righthand side of equation (1) is indeed a polynomial in x.

Problem 8. (a) Let L be a pure cubical complex of rank d. If L is a Cohen- Macaulay poset, then is h_i(L) ≥ 0 for all i?

(b) If L is in addition a Gorenstein* poset, then is it true that h_0(L) ≤ h_1(L) ≤ · · · ≤ h_{⌊d/2⌋}(L)? (Adin [1, §3] shows that h_i = h_{d−i}.)

Problem 8(a) was raised by Adin and solved by him when L is shellable [1, §5], while Problem 8(b) was raised by Adin in the special case that L is the face poset of the boundary of a cubical polytope [1, §5, Question 2]. It was shown in [3] that an affirmative answer to Problem 8(b) would be best possible, i.e., would give the tightest possible set of linear inequalities for the Adin h-vector of a cubical Gorenstein* poset (or even a cubical sphere).

3 Representation theory and symmetric functions.

The theory of symmetric functions is rife with positivity results and problems, stemming from the possibility of expanding a symmetric function in terms of a number of possible bases. If the coefficients in such an expansion are real numbers (respectively, polynomials with real coefficients), then we can ask whether they are nonnegative (respectively, have nonnegative coefficients).

Often these coefficients will have a representation-theoretic interpretation, such as the multiplicity of an irreducible representation within some larger representation. Sometimes the only known proof of positivity will be such an interpretation, and the problem will be to find a combinatorial proof. Occasionally the reverse situation will hold. Finally it may happen that positivity is only a conjecture, and we can try to find either an algebraic or combinatorial proof. We will assume for the remainder of this section a basic knowledge of the theory of symmetric functions as developed in [65, Ch. 1] or [89, Ch. 7]. In particular, we will be dealing with the following bases, indexed by partitions λ of n (denoted λ ⊢ n), for the Q -vector space Λ^n_Q of homogeneous symmetric functions of degree n in the variables x = (x_1, x_2, . . .):

• m_λ: monomial symmetric functions

• h_λ: complete symmetric functions

• e_λ: elementary symmetric functions

• p_λ: power sum symmetric functions

• s_λ: Schur functions.

If {u_λ} is a basis for the space Λ_Q of symmetric functions, then we say that f ∈ Λ is u-positive if the expansion of f as a linear combination of u_λ’s has nonnegative coefficients. If λ is a partition with a single part n, then we write u_n for u_λ.

The archetypal example of a successful positivity result in the theory of symmetric functions is the Littlewood-Richardson rule [65, §I.9][89, §A1.3] for multiplying Schur functions. The Littlewood-Richardson coefficient c^λ_{μν} is defined by the expansion s_μs_ν = ∑ λ c^λ_{μν} s_λ. The representation-theoretic interpretations of s_λ as an irreducible character of GL(n, C ) or as the (Frobenius) characteristic of an irreducible character of the symmetric group S_n make it clear that c^λ_{μν} ≥ 0. The celebrated Littlewood-Richardson rule gives a combinatorial interpretation of c^λ_{μν} , thereby giving a combinatorial proof of nonnegativity.

There are some variations of the multiplication of Schur functions that are not as well understood. The three most well-known are the following.

• Let f[g] denote the plethysm [65, §1.8][89, Def. A.2.6] (denoted f ∘ g in [65]) of the symmetric functions f and g. A simple representationtheoretic argument shows that the symmetric function s_m[s_n] (or more generally s_λ[s_μ]) is s-positive, namely, if S^k denotes the kth symmetric power, then the coefficient ⟨s_m[s_n], s_λ⟩ of s_λ in s_m[s_n] (when expanded in terms of Schur functions) is equal to the multiplicity of the irreducible character s_λ of GL(V ) (where V is a complex vector space of sufficiently large dimension) in S^n(S^mV ).

Problem 9. Find a combinatorial interpretation of the “plethysm coefficients” ⟨s_m[s_n], s_λ⟩, thereby combinatorially reproving that they are nonnegative.

A minor but still interesting conjecture related to the plethysm s_m[s_n] is the Foulkes plethysm conjecture [33, p. 206]: if n ≥ m then s_n[s_m] − s_m[s_n] is s-positive. The strongest results on this conjecture are due to Brion [23].

The Foulkes plethysm conjecture can be generalized as follows. Let X be an r-element set, and let λ = (λ_1, . . . , λ_l) be a partition of r into l parts (so λ_1 ≥ · · · ≥ λ_l > 0 and ∑ λ_i = r). Let Π_λ denote the set of all partitions π = {B_1, . . . , B_l} of X whose block sizes are λ_1, . . . , λ_l. A partition σ = {B^′_1, . . . , B^′_m} of X is orthogonal to π (denoted σ ⊥ π) if the block sizes of σ are λ^′_1, . . . , λ^′_m where (λ^′_1, . . . , λ^′_m) is the conjugate partition to λ, and if #(B_i ∩ B^′_j) ≤ 1 for all i, j. For any set S, let QS be the Q -vector space with basis S. Define a linear transformation φ_λ : Q Π_λ → Q Π_λ′ by

φ_λ(π) = ∑ σ⊥π σ, π ∈ Π_λ. Conjecture. If λ ≥ λ^′ in dominance order (i.e., λ_1 + · · · + λ_i ≥ λ^′_1 + · · · + λ^′_i for all i), then φ_λ is injective.

Using the well-known connection between plethysm and the representation theory of the symmetric group [65, p. 158][89, Thm. A2.8], the Foulkes plethysm conjecture follows from the case where λ has m parts equal to n [18]. Moreover, it can be shown that the above conjecture is true when λ is the “hook” with one part equal to k and j parts equal to 1, with k ≥ j + 1.

A further intriguing conjecture concerning the positivity of a plethysm is due to S. Sundaram [93, Conj. 2.7][94, Conj. 2.2]. She defines an action of S_n on a certain homology group (the top homology of the poset of all partitions of {1, 2, . . . , n} with an even number of blocks, with ^0 removed when n is even). Let R_n denote the Frobenius characteristic of this action. Sundaram shows [93, Thm. 2.1] that R_n is determined by the plethystic recurrence ∑ n≥0 (−1)^nR_{2n+1} = (h_1 − R_2 + R_4 − · · ·) [h_1 + h_2 + · · ·] ,

and she shows [93, Thm. 2.5] that R_{2n} is a polynomial in the symmetric functions h_1 and h_2. Sundaram’s conjecture is that when R_{2n} is written as a polynomial in h_1 and h_2, the coefficients are nonnegative. In other words, R_{2n} is h-positive.

• Let χ^λ and χ^μ be the irreducible characters of S_n indexed by the partitions λ and μ of n. The Kronecker product χ^λχ^μ is defined by (χ^λχ^μ)(w) = χ^λ(w)χ^μ(w). Let

χ^λχ^μ = ∑ ν g_{λμν} χ^ν , (2) the decomposition of χ^λχ^μ in terms of irreducible characters χ^ν . If M^λ is an S_n-module with character χ^λ, then the natural action of S_n on M^λ ⊗ M^μ has character χ^λχ^μ. It follows that g_{λμν} ≥ 0. We can define g_{λμν} purely in terms of symmetric functions by 1 ∏ i,j,k(1 − xiyjzk) = ∑ λ,μ,ν g_{λμν} s_λ(x)s_μ(y)s_ν(z). (3)

The product ∗ on symmetric functions defined by

s_λ ∗ s_μ = ∑ ν g_{λμν} s_ν (4)

is called the internal product. For further information see [65, pp. 115– 116][89, Exer. 7.78–7.87].

Problem 10. Find a combinatorial interpretation of the “Kronecker product coefficients” g_{λμν} , thereby combinatorially reproving that they are nonnegative.

For Problem 10 we should take equation (3) as the definition of g_{λμν} , or equivalently equation (2) with χ^λ defined combinatorially by the Murnaghan- Nakayama rule [65, Exam. I.7.5][89, §7.17], so that g_{λμν} is not a priori nonnegative. For some work related to Problem 10, see [96] and the references given there.

• Let w be a permutation of P = {1, 2, . . .} that fixes all but finitely many elements of P. Let S_w denote the Schubert polynomial indexed by w [64]. The Schubert polynomials S_w form a Z-basis for the polynomial ring Z[x_1, x_2, . . .]. If w fixes n + 1, n + 2, . . . (which we denote as w ∈ S_n) then in fact S_w ∈ Z[x_1, . . . , x_n]. If e_i denotes the ith elementary symmetric function in the variables x_1, . . . , x_n, then the quotient ring R_n = Z[x_1, . . . , x_n]/(e_1, . . . , e_n) is isomorphic to the cohomology ring H^∗(X; Z) of the flag variety X = GL(n, C )/B. Under this isomorphism the images of the Schubert polynomials S_w for w ∈ S_n form a Z-basis which correspond to the closed Schubert cells in X. It then follows from basic intersection theory [34] that the intersection coefficients c^w_{uv} defined by S_uS_v = ∑ w c^w_{uv}S_w are nonnegative.

Problem 11. Find a combinatorial interpretation of the “Schubert intersection coefficients” c^w_{uv}, thereby combinatorially reproving that they are nonnegative.

For some work on Problem 11, see [8]. A “quantum generalization” of Problem 11 is due to Fomin and Kirillov [29, Conj. 11][30, Conj. 8.1].

A further interesting positivity problem whose only known solution uses representation theory concerns the action of S_n on itself by conjugation, i.e., w ∈ S_n acts on S_n by w · u = wuw^{−1}. Let G be any finite group, and let ψ_G denote the character of the action of G on itself by conjugation. It is wellknown (e.g., [89, Exer. 7.71]) that the multiplicity of an irreducible character χ of G in ψ_G is given by ⟨ψ_G, χ⟩ = ∑ K χ(K), where K ranges over all conjugacy classes of G, and where χ(K) denotes χ(w) for any w ∈ K. Hence the “row sums” ∑ K χ(K) of the character table of G are nonnegative.

Problem 12. Give a combinatorial interpretation of the row sums of the character table of S_n, thereby combinatorially reproving that they are nonnegative.

For further information on this problem, see [89, Exer. 7.71]. For the column sums of the character table of S_n, see [65, Exam. 11, p. 120][89, Exer. 7.69(b)].

Let us turn to some positivity problems involving symmetric functions for which no proof is known. Undoubtedly the most important such problem concerns the (q, t)-Kostka polynomials K_{λμ}(q, t). The definition of these polynomials is at first sight rather obscure and will be omitted here. For readers familiar with the Macdonald symmetric functions P_μ(X; q, t) and plethystic notation, they can be defined by J_μ(x; q, t) = ∑ λ K_{λμ}(q, t)s_λ[X(1 − t)], where J_μ is a certain normalization of P_μ known as the integral form. For further details see [65, Ch. VI]. A priori the above definition of K_{λμ}(q, t) only shows that they are rational functions of q and t. It was not until recently that several separate proofs [39][56][57][59][70] were given that K_{λμ}(q, t) ∈ Z[q, t].

Problem 13. Show that the (q, t)-Kostka polynomial K_{λμ}(q, t) has nonnegative coefficients.

It follows readily from the definition of K_{λμ}(q, t) that K_{λμ}(1, 1) = f^λ, the number of standard Young tableaux of shape λ (see [65, Ch. VI, (8.16)]). Hence the coefficients of K_{λμ}(q, t) should count the number of standard Young tableaux of shape λ with some property, but not even a conjecture is known about what this property might be. When q = 0, we have that K_{λμ}(0, t) is the “ordinary” Kostka polynomial introduced by Foulkes (see [65, Ch. VI, (8.12)]). Here the coefficients have a combinatorial meaning discovered by Lascoux and Schützenberger [61][65, p. 242].

One reason why Problem 13 is so intriguing is that it has led to surprising properties of the Macdonald symmetric functions and to deep connections with representation theory and algebraic geometry. For some remarkable positivity conjectures related to Problem 13, see [7][37][38][39]. Garsia-Haiman [36] have a simple conjectured representation-theoretical interpretation of the coefficients of K_{λμ}(q, t) as the dimensions of certain vector spaces. Haiman [49] has given many equivalent forms of this conjecture and has shown (based on a suggestion of C. Procesi) that it is intimately connected with the Hilbert scheme of points in the plane and with the variety of commuting matrices.

A special case of Problem 13 is of particular interest. Let ∗ denote the internal product of symmetric functions, as defined in equation (4). It is known (see [89, Exer. 7.86]) that s_λ ∗ s_μ(1, q, q^2, . . .) = T_{λμ}(q) H_λ(q) , where T_{λμ}(q) ∈ Z[q], T_{λμ}(1) = f^μ, and H_λ(q) = ∏ u∈λ ( 1 − q^{h(u)} ) . Here u ranges over all squares of (the diagram of) λ and h(u) is the hook length of λ at u. It was conjectured by R. Brylinski and R. Stanley (see [76, Conj. 8.3]) that T_{λμ}(q) has nonnegative coefficients. It is shown in [65, Exam. VI.8.3, pp. 362–363] that T_{λμ}(q) = K_{μλ}(q, q). Hence the conjecture of Brylinski-Stanley follows from a positive answer to Problem 13. For some algebraic aspects of the Brylinski-Stanley conjecture, see [24][25].

The Macdonald symmetric functions P_λ(x; q, t) may be regarded as a generalization of the Hall-Littlewood symmetric functions P_λ(x; 0, t) [65, p. 324]. A different kind of generalization of the Hall-Littlewood symmetric functions is afforded by the “ribbon polynomials” H^{(k)}_{λ/μ}(x; q) of Lascoux, Leclerc, and Thibon [60]. They are defined when λ/μ is a skew shape that admits a tiling by k-ribbons (or k-border strips) by

H^{(k)}_{λ/μ}(x; q) = ∑ T q^{s(T )}x^T , summed over all ribbon tableaux T (also called border strip tableaux), as defined e.g. in [89, p. 346], of shape λ/μ with all ribbons (border strips) of size k. Here s(T ) denotes the spin of T , defined by

s(T ) = ∑ R h(R) − 1 2 , summed over all ribbons R appearing in T , where h(R) is the height (number of rows) of R. When μ = ∅ then λ has a k-quotient (as defined e.g. in [89, p. 517]) (μ^0, . . . , μ^{k−1}). The coefficients of H^{(k)}_λ (q) are then q-analogues of the Littlewood-Richardson coefficients obtained from the product s_μ0 · · · s_μk−1 . Lascoux et al. give a number of fascinating theorems and conjectures about H^{(k)}_{λ/μ}(x; q) and related polynomials. These theorems and (subsequently) conjectures have for the most part been proved using deep results from representation theory (in particular, quantum affine algebras). In particular, H^{(k)}_λ (x; q) is a symmetric function [60, Thm. VI.1]. It would nevertheless be desirable to have a combinatorial proof of this fundamental result. It is also shown in [60] that the coefficients of H^{(k)}_λ (q) (suitable normalized) are certain parabolic Kazhdan-Lusztig polynomials of affine type A. One of the conjectures of Lascoux et al. (Conjecture VI.3) asserts that when H^{(k)}_λ (x; q) is expanded in terms of Schur functions, the coefficients are polynomials in q with nonnegative integer coefficients. In [62, p. 2], Leclerc and Thibon mention that this conjecture would follow from some results in representation theory that experts think are probable (an analogue of the positivity of the coefficients of Kahzdan-Lusztig polynomials for affine Weyl groups). Positivity is proven combinatorially in the case k = 2 by Carré and Leclerc [26].

Problem 14. (a) Give a combinatorial proof that the polynomials H^{(k)}_λ (x; q) are symmetric functions.

(b) When H^{(k)}_λ (x; q) is expanded in terms of Schur functions, are the coefficients polynomials in q with nonnegative integer coefficients?

No discussion of positivity problems would be complete without mention of the Kazhdan-Lusztig polynomials P_{u,v}(q) associated with a Coxeter group W and a pair u ≤ v of elements in the Bruhat order of W . For a short exposition of the basic properties of these polynomials, see [51, Ch. 7]. When W is a finite or affine Weyl group then a deep result of Kazhdan and Lusztig [55] shows that the coefficients of P_{u,v}(q) are dimensions of certain intersection homology spaces and are therefore nonnegative. (A further class of Coxeter groups for which P_{u,v}(q) has nonnegative coefficients was considered by Haddad [45].) For the remaining finite Coxeter groups (types H_3, H_4, and I_p) it has been checked that P_{u,v}(q) always has nonnegative coefficients. Kazhdan and Lusztig [54, p. 166] conjectured an affirmative answer to the following problem.

Problem 15. Are the coefficients of P_{u,v}(q) nonnegative for any Coxeter group W and any u ≤ v in the Bruhat order of W ?

It was shown by M. Dyer (unpublished) and H. Tagawa [95] that the coefficient of q in P_{u,v}(q) is nonnegative. Even though the answer to Problem 15 is known to be positive for finite and affine Weyl groups, we can still ask for a combinatorial proof avoiding intersection homology theory. This problem is especially interesting for the symmetric group S_n since it is the Weyl group with the simplest and most tractable combinatorial properties.

Problem 16. Give a combinatorial interpretation of the coefficients of P_{u,v}(q) when W is a finite or affine Weyl group, especially W = S_n, thereby combinatorially reproving that they are nonnegative.

For some work related to Problem 16, see [20][22] and the references given there. There is a formal similarity between the previous problem and

Problem 2, stemming from the connection of both problems with intersection homology. For further details, see [83, Part II].

A host of open problems deal with the connection between symmetric functions and immanants. Let A = (a_{ij})^n_{i,j=1} be an n×n matrix (with entries in some commutative ring R), and let f : S_n → R. Define the f-immanant of A by Imm_f (A) = ∑ w∈S_n f(w)a_{1,w(1)}a_{2,w(2)} · · · a_{n,w(n)}. Hence if f(w) = sgn(w) then Imm_f (A) = det A, while if f(w) = 1 then Imm_f (A) = per A, the permanent of A. Immanants were probably first considered by Schur [71] when f is an irreducible character of S_n, although the term “immanant” was coined by D. E. Littlewood. A paper of Goulden and Jackson [43] initiated a flurry of activity related to combinatorial properties of immanants and has led to many conjectures. We do not have the space to discuss all these conjectures here but will give a few typical ones.

If f is a function on S_n (usually assumed to be a class function), then we define the characteristic ch f of f [65, p. 113][89, §7.18] by

ch f = 1 n! ∑ w∈S_n f(w)p_{ρ(w)}, where p_{ρ(w)} is the power sum symmetric function indexed by the cycle type ρ(w) of w. If f = χ^λ, the irreducible character of S_n indexed by the partition λ of n, then ch χ^λ = s_λ (a Schur function). We abbreviate Imm_χλ by Imm_λ. Let ϕ^λ denote the unique class function on S_n for which ch ϕ^λ = m_λ (a monomial symmetric function). Define a real matrix A to be totally nonnegative (sometimes called totally positive) if every minor of A is nonnegative. Stembridge [91] showed that if A is a totally nonnegative n × n matrix and λ ⊢ n, then Imm_λ(A) ≥ 0. (A different proof was later given by Kostant [58].) Stembridge conjectured the even stronger result that the answer to the following problem is affirmative.

Problem 17. If A is a totally nonnegative n × n matrix and λ ⊢ n, then is Imm_ϕλ (A) ≥ 0?

Problem 17 has the following equivalent formulation (see [89, Exer. 7.92]).

Problem 17^′. Let A = (a_{ij} ) be a totally nonnegative n × n real matrix. Define a symmetric function

F_A = ∑ w∈S_n a_{1,w(1)}a_{2,w(2)} · · · a_{n,w(n)}p_{ρ(w)}. Is F_A h-positive, where {h_λ} is the basis of complete symmetric functions?

Now let μ and ν be partitions where ν ⊆ μ, with ℓ(μ) ≤ n. Here ℓ(μ) denotes the length (number of nonzero parts) of μ. Define the Jacobi-Trudi matrix H_{μ/ν} = [ h_{μi−νj +j−i} ]_n i,j=1 . The Jacobi-Trudi identity [65, Ch. I, (3.4)][89, §7.16] states that det H_{μ/ν} = s_{μ/ν} , a skew Schur function. Goulden and Jackson [43] were the first to consider other immanants of H_{μ/ν} . They conjectured that Imm_λ(H_{μ/ν} ) is mpositive (where {m_λ} is the basis of monomial symmetric functions), which was proved by Greene [44]. Stembridge [92] made a series of conjectured strengthenings of this result. His Conjecture 4.2(a) asserts that Imm_λ(H_{μ/ν} ) is s-positive. A remarkable proof was given by Haiman [48] based on the theory of Kazhdan-Lusztig polynomials. Stembridge’s strongest conjecture (Conjecture 4.1) asserts that the answer to the following problem is affirmative.

Problem 18. If ℓ(μ) ≤ n, ν ⊆ μ, and λ ⊢ n, then is Imm_ϕλ (H_{μ/ν} ) s-postive?

Haiman has given in his paper mentioned above some intriguing conjectures relating the virtual characters ϕ^λ to the Kazhdan-Lusztig basis C^′_w of the Hecke algebra H_n(q) (of type A_{n−1}). We assume knowledge of Kazhdan- Lusztig theory in order to state Haiman’s conjecture. Since the irreducible characters of H_n(q) correspond to irreducible characters of S_n, it follows that the monomial (virtual) characters ϕ^λ of S_n have unique analogues for H_n(q). Haiman then conjectures an affirmative answer to the following question.

Problem 19. For every monomial character ϕ^λ of H_n(q) and every Kazhdan- Lusztig basis element C^′_w, is it true that ϕ^λ(q^{ℓ(w)/2}C^′_w) is a polynomial with nonnegative integer coefficients, and moreover that these coefficients are unimodal and symmetric about q^{ℓ(w)/2}?

Haiman also gives in his paper some interesting refinements of the above problem.

4 Real zeros and total positivity.

There are a number of open problems in algebraic combinatorics concerning whether certain polynomials have (only) real zeros. The connection between real zeros and positivity is given by the theory of total positivity, in particular the following fundamental result of Aissen, Schoenberg, and Whitney [2]. (A famous conjectured generalization due to Schoenberg was proved independently by Edrei and Thoma, and more recently Olshanskii and Okounkov. See [89, Exer. 7.91] for further discussion and references.)

Theorem 1. Let a_0, a_1, . . . , a_n ∈ R. Set a_i = 0 if i < 0 or i > n. Then every zero of the polynomial P (x) = a_0 + a_1x + · · · + a_nx^n is a nonpositive real number if and only if the infinite Toeplitz matrix A = (a_{j−i})_{i,j≥0} is totally nonnegative.

Note. The above theorem gives infinitely many conditions that have to be checked in order for P (x) to have only real zeros. Even for quadratic polynomials it does not suffice to check some finite subset of the minors of A. Nevertheless this theorem is a useful tool in showing that certain polynomials have only real zeros. Sometimes, for instance, it is possible to interpret the necessary determinants combinatorially by using the Gessel-Viennot nonintersecting lattice path method [42][81, §2.7]. See for instance Theorem 3 below. Gantmacher [35, Cor. on p. 203 of Vol. 2] was the first to explicitly state a set of n − 1 inequalities among the coefficients of a real polynomial P (x) of degree n that are necessary and sufficient for every zero of P (x) to be real. However, Gantmacher’s conditions have not (yet) been applied to any combinatorially defined polynomials.

The above theorem has an interesting formulation in terms of symmetric functions. This result was first explicitly stated in [88, Thm. 2.11], but it is easily seen to be equivalent to the Aissen-Schoenberg-Whitney theorem.

Theorem 2. Let P (t) ∈ R[t] with P (0) = 1. Let F_P (x) = ∏ i P (x_i), a symmetric formal power series in the variables x_i. The following three conditions are equivalent:

(a) Every zero of P (t) is real and negative.

(b) F_P (x) is s-positive.

(c) F_P (x) is e-positive, where {e_λ} is the basis of elementary symmetric functions.

The previous theorem opens up the possibility of giving combinatorial proofs that certain polynomials P (t) (normalized so P (0) = 1) have real zeros. Namely, one can try to find a combinatorial interpretation of the coefficients in the expansion of F_P (x) in terms of Schur functions or elementary symmetric functions, thereby combinatorially proving that these coefficients are nonnegative. We will mention below (see Theorem 4) a situation for which this technique is successful, but in general it seems difficult to apply. For instance, it is well-known (e.g., [72]) that the Eulerian polynomial A_n(t) (defined below) has real zeros, but a combinatorial proof along the lines just mentioned is not known. (We should work with P_n(t) = A_n(t)/t, so P_n(0) = 1.)

An intriguing conjecture concerning real zeros is known as the Poset Conjecture. Let P be a partial ordering of 1, 2, . . . , n, with the order relation de-

noted^P≤. We say that P is natural if i < j (as integers) whenever i^P< j. Let L(P ) denote the set of all permutations a_1 · · · a_n of 1, . . . , n such that i < j if a_i^P< a_j . Such permutations are in an obvious one-to-one correspondence with the linear extensions of P . For a permutation w = a_1 · · · a_n of 1, . . . , n, define the number of descents d(w) of w by d(w) = #{i : a_i > a_{i+1}, 1 ≤ i ≤ n − 1}. Set W (P, x) = ∑ w∈L(P ) x^{d(w)}.

The polynomial W (P, x) plays an important role in the combinatorics of P , and many special cases have been considered independently. For instance, if P is an antichain (i.e., no two distinct elements are comparable) then L_P = S_n and xW (P, x) is the Eulerian polynomial A_n(x). For further information, see e.g. [74][81, §4.5].

The following problem (stated in a somewhat different form) was conjectured to have an affirmative answer by J. Neggers [69, p. 114] for natural posets, and was extended to arbitrary posets by Stanley. For some work on this conjecture, see [19][41][72][97]. It has been verified by Stembridge for #P ≤ 8.

Problem 20. Is every zero of W (P, x) real?

When P is natural it can be shown [19, Conj. 3] that Problem 20 is equivalent to the following. Let L be a finite distributive lattice, i.e., a finite lattice L whose lattice operations ∧ and ∨ satisfy the distributive laws x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z), x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z). Equivalently , L is isomorphic to a finite collection of sets, ordered by inclusion, and closed under the operations of union and intersection (see e.g. [81, Thm. 3.4.1]). For any finite poset P , let c_k = c_k(P ) denote the number of k-element chains in P (so in particular c_0 = 1, corresponding to the empty chain, and c_1 = #P ). Hence the sequence (c_1, c_2, . . .) is just the f-vector of the order complex of P . Define the chain polynomial C(P, t) = ∑ k c_kt^k. Problem 20^′. When L is a distributive lattice, is every zero of C(L, t) real?

The zeros of C(P, t) are of interest for posets other than distributive lattices. For instance, it is not known whether C(L, t) has only real zeros when L is a modular lattice.

There is a class of posets P for which C(P, t) can be shown to have real zeros using Theorem 2. Define a poset P to be (3 + 1)-free if P contains no induced subset isomorphic to the disjoint union of a three-element chain and a one-element chain. (A subposet Q of P is induced if it is obtained by choosing some subset of the elements of P and all relations on these elements that hold in P . An n-element poset has 2^n induced subposets.) The following result appears in [88, Cor. 2.9]. A proof avoiding symmetric functions was later found by M. Skandera [73].

Theorem 3. Let P be a (finite) (3 + 1)-free poset. Then all zeros of C(P, t) are real.

The proof consists of applying Theorem 2 to a result of Gasharov [40]. Gasharov’s result easily implies a combinatorial interpretation of the coefficients of the Schur function expansion of F_{C(P )}(x) = ∏ i C(P, x_i), thereby establishing their nonnegativity. Gasharov’s result suggests two further open problems, which we now discuss. Let G be a graph on the vertex set V = {v_1, . . . , v_n}, with no loops or multiple edges. A proper coloring of G is a map κ : V → {1, 2, . . .} such that κ(u) ≠ κ(v) whenever uv is an edge of G. Think of κ(v_j) as the “color” of vertex v_j . Define the chromatic symmetric function X_G(x) = X_G(x_1, x_2, . . .) of G by

X_G(x) = ∑ κ x^{a1(κ)}_1 x^{a2 (κ)}_2 · · · ,

summed over all proper colorings κ of G, where a_i(κ) = #κ^{−1}(i), the number of vertices of G colored i. Clearly X_G(x) is a homogeneous symmetric function of degree n in the variables x_1, x_2, . . .. Its basic properties are developed in [80][88]. If P is a finite poset, then let inc(P ) denote its incomparability graph, i.e., the vertices of inc(P ) are the elements of P , and uv is an edge of inc(P ) if and only if u and v are incomparable in P . The theorem of Gasharov mentioned above is the following.

Theorem 4. If P is a (3 + 1)-free poset and G = inc(P ), then X_G is spositive.

The following two problems are both strengthenings of Gasharov’s theorem. The first strengthens the conclusion, while the second weakens the hypothesis. The first problem is due (in an equivalent form) to Stanley and

Stembridge [90, Conj. 5.5] and is related to Problems 18 and 19, while the second is due to Gasharov and is stated in [88, Conj. 1.4].

Problem 21. If P is a (3 + 1)-free poset and G = inc(P ), then is X_G epositive?

Problem 22. Let G be a finite clawfree graph, i.e., G has no induced subgraph consisting of one vertex connected to three other vertices (and no further edges). Is X_G s-positive?

A special class of (3 + 1)-free posets for which Problem 21 is still open is the semiorders or unit interval orders, defined e.g. in [89, Exer. 6.30]. It is not hard to deduce from [90] that an affirmative answer to Problem 17 implies that Problem 21 has an affirmative answer for semiorders. Even the following very special case of Problem 21 is open (see [80, pp. 190–191]). Define F_n = ∑ i_1,...,i_n x_{i1} x_{i2} · · · x_{in} , where i_1, . . . , i_n ranges over all sequences of positive integers of length n for which any three consecutive terms are distinct. Is F_n e-positive?

Now let G be a graph and c_k the number of stable (or independent) k-element subsets S of vertices, i.e., no two vertices in S are adjacent in G. The stable set polynomial of G is defined by D(G, t) = ∑ k c_kt^k. In particular, if P is a poset then D(inc(P ), t) = C(P, t). Just as Theorems 2 and 4 imply Theorem 3, in exactly the same way an affirmative answer to Problem 22 implies an affirmative answer to the following problem, which was first raised by Hamidoune [50, p. 242].

Problem 23. Does the stable set polynomial D(G, t) of a clawfree graph G have only real zeros?

There is one further class of problems we wish to mention concerning polynomials with real zeros. These problems concern some polynomials that arise in the combinatorial subject of rook theory. We will simply state the most central of these problems, which is due to Haglund, Ono, and Wagner [47]. For further problems of this nature, see [46]. Recall from the previous section that the permanent of an n × n matrix A = (a_{ij}) is defined by

per A = ∑ w∈S_n a_{1,w(1)}a_{2,w(2)} · · · a_{n,w(n)}. Let J denote the n × n matrix of all 1’s.

Problem 24. Let A be an n×n real matrix for which every column is weakly increasing. Does the polynomial per(A + xJ) have only real zeros?

There are a number of conditions on a sequence a_0, a_1, . . . , a_n of real numbers that are weaker than being the coefficients of a polynomial with only real zeros, and that appear throughout combinatorics. The two best known of these conditions are unimodality and logarithmic concavity (or log-concavity for short). The sequence a_0, a_1, . . . , a_n is unimodal if a_1 ≤ a_2 ≤ · · · ≤ a_j ≥ a_{j+1} ≥ · · · ≥ a_n for some j, and log-concave if a^2_i ≥ a_{i−1}a_{i+1} for 1 ≤ i ≤ n − 1. Isaac Newton showed that if the polynomial ∑ a_ix^i has only real zeros, then the sequence a_0, . . . , a_n is log-concave. (Even more strongly, the sequence a_0/ (_n 0 ) , a_1/ (_n 1 ) , . . . , a_n/ (_n n ) is log-concave.) Moreover, it is easy to see that if a_0, . . . , a_n is a log-concave sequence of positive real numbers, then it is also unimodal. The subject of log-concave and unimodal sequences arising in algebra, combinatorics, and geometry is surveyed in [78], with a sequel in [21]. In particular, a vast number of sequences have been conjectured to be log-concave or unimodal. We will state here only a few of the most intriguing such sequences, to give a flavor for this subject.

Problem 25. Are the sequences below unimodal or log-concave?

(a) The absolute value of the coefficients of the chromatic polynomial of a graph, or more generally, the characteristic polynomial of a matroid.

(b) The number of i-edge spanning forests of a graph, or more generally, the number of i-element independent sets of a matroid.

(c) The number of elements of rank i of a geometric lattice.

Our own feeling is that these questions have negative answers, but that the counterexamples will be huge and difficult to construct. A similar phenomenon concerns the problem raised by T. S. Motzkin in 1961 and D. Welsh in 1972 whether the f-vector (f_0, f_1, . . . , f_{d−1}) of a d-dimensional convex polytope is unimodal. The first counterexamples were obtained by Björner [15] and Lee [63] (see also [14, §8]). Subsequently it was shown that the smallest d for which there exists a simplicial d-polytope with a nonunimodal f-vector is d = 20; the smallest such example known has f_0 ≈ 4.2 × 10^{12} vertices (see [98, p. 272]). All known examples are far too large to be found by any kind of search; they are instead obtained by the use of the g-theorem for simplicial polytopes or by the use of techniques for constructing large polytopes from smaller ones (see [98, Example 8.41]). (Only the sufficiency of the conditions characterizing f-vectors of simplicial polytopes is needed here to construct examples of f-vectors.) Unfortunately there are no analogous sufficient conditions or construction techniques known for the sequences appearing in Problem 25.

Acknowledgment. I am grateful to Louis Billera, Sara Billey, Anders Björner, Francesco Brenti, Adriano Garsia, and Mark Shimozono for a number of helpful suggestions.

References

[1] R. Adin, A new cubical h-vector, Discrete Math. 157 (1996), 3–14.

[2] M. Aissen, I. J. Schoenberg, and A. Whitney, On generating functions of totally positive sequences, I, J. Analyse Math. 2 (1952), 93–103.

[3] E. K. Babson, L. J. Billera, and C. S. Chan, Neighborly cubical spheres and a cubical lower bound conjecture, Israel J. Math. 102 (1997), 297– 315.

[4] M. M. Bayer and L. J. Billera, Generalized Dehn-Sommerville relations for polytopes, spheres and Eulerian partially ordered sets, Invent. math. 79 (1985), 143–157.

[5] M. M. Bayer and G. Hetyei, Flag vectors of Eulerian partially ordered sets, preprint, 1999, available electronically at math.CO/9907144.

[6] M. M. Bayer and A. Klapper, A new index for polytopes, Discrete Comput. Geom. 6 (1991), 33–47.

[7] F. Bergeron and A. M. Garsia, Science fiction and Macdonald polynomials, in Algebraic methods and q-special functions (R. Floreanini and L. Vinet, eds.), CRM Proceedings & Lecture Notes, American Mathematical Society, to appear.

[8] N. Bergeron and F. Sottile, Schubert polynomials, the Bruhat order, and the geometry of flag manifolds, Duke Math. J. 95 (1998), 373–423.

[9] L. J. Billera and A. Björner, Face numbers of polytopes and complexes, in Handbook of Discrete and Computational Geometry (J. E. Goodman and J. O’Rourke, eds.), CRC Press, Boca Raton/New York, 1997, pp. 291–310.

[10] L. J. Billera and R. Ehrenborg, Monotonicity of the cd-index for polytopes, Math. Z., to appear.

[11] L. J. Billera, R. Ehrenborg, and M. Readdy, The c-2d-index of oriented matroids, J. Combinatorial Theory (A) 80 (1997), 79–105.

[12] L. J. Billera and G. Hetyei, Linear inequalities for flags in graded partially ordered sets, J. Combinatorial Theory (A), to appear.

[13] L. J. Billera and C. W. Lee, Sufficiency of McMullen’s conditions for f-vectors of simplicial polytopes, Bull. Amer. Math. Soc. 2 (1980), 181– 185.

[14] L. J. Billera and C. W. Lee, A proof of the sufficiency of McMullen’s conditions for f-vectors of simplicial polytopes, J. Combinatorial Theory (A) 31 (1981), 237–255.

[15] A. Björner, The unimodality conjecture for convex polytopes, Bull.

Amer. Math. Soc. 4 (1981), 187–188.

[16] A. Björner and G. Kalai, An extended Euler-Poincaré theorem, Acta Math. 161 (1988), 279–303.

[17] A. Björner and G. Kalai, Extended Euler-Poincaré relations for cell complexes, in Applied Geometry and Discrete Mathematics: The Victor Klee Festschrift, DIMACS Series in Discrete Mathematics and Theoretical Computer Science (P. Gritzmann and B. Sturmfels, eds.), vol. 4, 1991, pp. 81–89.

[18] S. C. Black and R. J. List, A note on plethysm, European J. Combinatorics 10 (1989), 111–112.

[19] F. Brenti, Unimodal, log-concave and Pólya frequency sequences in combinatorics, Mem. Amer. Math. Soc., no. 413, 1989.

[20] F. Brenti, Lattice paths and Kazhdan-Lusztig polynomials, J. Amer.

Math. Soc., 11 (1998), 229–259.

[21] F. Brenti, Log-concave and unimodal sequences in algebra, combinatorics, and geometry: an update, in Jerusalem Combinatorics ’93, Contemp. Math. 178, American Mathematical Society, Providence, RI, 1994, pp. 71–89.

[22] F. Brenti and R. Simion, Enumerative aspects of Kazhdan-Lusztig polynomials, preprint.

[23] M. Brion, Stable properties of plethysm: on two conjectures of Foulkes, Manuscripta Math. 80 (1993), 347–371.

[24] R. K. Brylinski, Stable calculus of the mixed tensor character. I, in Séminaire d’Alg. Paul Dubreil et Marie-Paul Malliavin, 39ème Année (Paris, 1987/1988), Lecture Notes in Math., no. 1404, Springer, Berlin- New York, 1989, pp. 35–94.

[25] R. K. Brylinski, Matrix concomitants with the mixed tensor model, Advances in Math. 100 (1993), 28–52.

[26] C. Carré and C. Leclerc, Splitting the square of a Schur function into its symmetric and antisymmetric parts, J. Algebraic Combinatorics 4 (1995), 201–231.

[27] R. Charney and M. Davis, The Euler characteristic of a nonpositively curved, piecewise linear Euclidean manifold, Pacific J. Math. 171 (1995), 117–137.

[28] A. M. Duval, A combinatorial decomposition of simplicial complexes, Israel J. Math. 87 (1994), 77–87.

[29] S. Fomin, Lecture notes on quantum cohomology of the flag manifold, Publ. l’Inst. Math. (Belgrade), to appear.

[30] S. Fomin and A. N. Kirillov, Quadratic algebras, Dunkl elements, and Schubert calculus, in Advances in Geometry (J.-L. Brylinski, et al., eds.), Birkhäuser Boston, 1998, pp. 147–182.

[31] R. Forman, Morse theory for cell complexes, Advances in Math. 134 (1998), 90–145.

[32] R. Forman, Combinatorial differential topology and geometry, in New Perspectives in Algebraic Combinatorics (L. Billera, A. Björner, C. Greene, R. Simion, and R. Stanley, eds.), Cambridge University Press, to appear.

[33] H. O. Foulkes, Concomitants of the quintic and sextic up to degree four in the coefficients of the ground form, J. London Math. Soc. 25 (1950), 205–209.

[34] W. Fulton, Intersection Theory, second ed., Springer-Verlag, Berlin, 1998.

[35] F. R. Gantmacher, The Theory of Matrices, vols. 1 and 2, Chelsea, New York, 1959.

[36] A. M. Garsia and M. Haiman, A graded representation module for Macdonald’s polynomials, Proc. Natl. Acad. Sci. USA 90 (1993), 3607–3610.

[37] A. M. Garsia and M. Haiman, Factorizations of Pieri rules for Macdonald polynomials, Discrete Math. 139 (1995), 219–256.

[38] A. M. Garsia and M. Haiman, A remarkable q, t-Catalan sequence and q-Lagrange inversion, J. Algebraic Combinatorics 5 (1996), 191–244.

[39] A. M. Garsia and G. Tesler, Plethystic formulas for Macdonald q, t- Kostka coefficients, Advances in Math. 123 (1996), 144–222.

[40] V. Gasharov, Incomparability graphs of (3+1)-free posets are s-positive, Discrete Math. 157 (1996), 193–197.

[41] V. Gasharov, On the Neggers-Stanley conjecture and the Eulerian polynomials, J. Combinatorial Theory (A) 82 (1998), 134–146

[42] I. M. Gessel and G. X. Viennot, Binomial determinants, paths, and hook length formulae, Advances in Math. 58 (1985), 300–321.

[43] I. P. Goulden and D. M. Jackson, Immanants of combinatorial matrices, J. Algebra, 148 (1992), 305–324.

[44] C. Greene, Proof of a conjecture on immanants of the Jacobi-Trudi matrix, Linear Algebra Appl. 171 (1992), 65–79.

[45] Z. Haddad, A Coxeter group approach to Schubert varieties, in Infinitedimensional Groups with Applications (Berkeley, Calif., 1984), Math. Sci. Res. Inst. Publ. 4, Springer, New York/Berlin, 1985, pp. 157–165.

[46] J. Haglund, Further investigations involving rook polynomials with only real zeros, in Math. Appl. 467, Kluwer, Dordrecht, 1999, pp. 207–221.

[47] J. Haglund, K. Ono, and D. G. Wagner, Theorems and conjectures involving rook polynomials with real roots, in Proc. Topics in Number Theory and Combinatorics, State College, PA (1997), to appear.

[48] M. Haiman, Hecke algebra characters and immanant conjectures, J.

Amer. Math. Soc. 6 (1993), 569–595.

[49] M. Haiman, Macdonald polynomials and geometry, in New Perspectives in Algebraic Combinatorics, MSRI Publications, Cambridge University Press, Cambridge, 1999, to appear.

[50] Y. O. Hamidoune, On the number of independent k-sets in a claw free graph, J. Combinatorial Theory (B) 50 (1990), 241–244.

[51] J. E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge University Press, Cambridge, 1990.

[52] G. Kalai, On the number of faces of centrally-symmetric convex polytopes (research problem), Graphs and Combinatorics 5 (1989), 389–391.

[53] G. Kalai, The diameter of graphs of convex polytopes and f-vector theory, in Applied Geometry and Discrete Mathematics, DIMACS Ser. Discrete Math. Theoret. Comput. Sci. 4, American Mathematical Society, Providence, RI, 1991, pp. 387–411.

[54] D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53 (1979), 165–184.

[55] D. Kazhdan and G. Lusztig, Schubert varieties and Poincaré duality, in Geometry of the Laplace Operator, Proc. Sympos. Pure Math. 34, American Mathematical Society, Providence, RI, 1980, pp. 185–203.

[56] A. N. Kirillov and M. Noumi, Affine Hecke algebras and raising operators for Macdonald polynomials, Duke Math. J. 93 (1998), 1–39.

[57] F. Knop, Integrality of two variable Kostka functions, J. Reine Angew.

Math. 482 (1997), 177–189.

[58] B. Kostant, Immanant inequalities and 0-weight spaces, J. Amer. Math.

Soc. 8 (1995), 181–186.

[59] L. Lapointe and L. Vinet, Rodriguez formulas for the Macdonald polynomials, Advances in Math. 130 (1997), 261–279.

[60] A. Lascoux, B. Leclerc, and J.-Y. Thibon, Ribbon tableaux, Hall- Littlewood functions, quantum affine algebras and unipotent varieties, J. Math. Phys. 38 (1997), 1041–1068.

[61] A. Lascoux and M.-P. Schützenberger, Sur une conjecture de H. O.

Foulkes, C. R. Acad. Sci. Paris Sér. A–B 286 (1978), A323–A324.

[62] B. Leclerc and J.-Y. Thibon, Littlewood-Richardson coefficients and Kazhdan-Lusztig polynomials, preprint dated 25 November 1998, math.QA/9809122.

[63] C. W. Lee, Counting the faces of simplicial polytopes, Ph.D. thesis, Cornell University, 1981.

[64] I. G. Macdonald, Notes on Schubert Polynomials, Publications du LACIM 6, Université du Québec à Montréal, 1991.

[65] I. G. Macdonald, Symmetric Functions and Hall Polynomials, second ed., Oxford University Press, Oxford, 1995.

[66] P. McMullen, The numbers of faces of simplicial polytopes, Israel J.

Math. 9 (1971), 559–570.

[67] P. McMullen, On simple polytopes, Invent. Math. 113 (1993), 419–444.

[68] P. McMullen, Weights on polytopes, Discrete Comput. Geom. 15 (1996), 363–388.

[69] J. Neggers, Representations of finite partially ordered sets, J. Combinatorics, Information & System Sci. 3 (1978), 113–133.

[70] S. Sahi, Interpolation, integrality, and a generalization of Macdonald’s polynomials, Internat. Math. Res. Notices, no. 10 (1996), 457–471.

[71] I. Schur, Über endliche Gruppen und Hermitesche Formen, Math. Z. 1 (1918), 184–207.

[72] R. Simion, A multi-indexed Sturm sequence of polynomials and unimodality of certain combinatorial sequences, J. Combinatorial Theory (A) 36 (1984), 15–22.

[73] M. Skandera, A characterization of (3 + 1)-free posets, J. Combinatorial Theory (A), to appear.

[74] R. Stanley, Ordered structures and partitions, Mem. Amer. Math. Soc., no. 119 (1972), iii + 104 pages.

[75] R. Stanley, The number of faces of a simplicial convex polytope, Advances in Math. 35 (1980), 236–238.

[76] R. Stanley, The stable behavior of some characters of SL(n, C), Linear and Multilinear Algebra 16 (1984), 29–34.

[77] R. Stanley, Generalized h-vectors, intersection cohomology of toric varieties, and related results, in Commutative Algebra and Combinatorics (M. Nagata and H. Matsumura, eds.), Advanced Studies in Pure Mathematics 11, Kinokuniya, Tokyo, and North-Holland, Amsterdam/New York, 1987, pp. 187–213.

[78] R. Stanley, Unimodal and log-concave sequences in algebra, combinatorics, and geometry, in Graph Theory and Its Applications: East and West, Ann. New York Acad. Sci., vol. 576, 1989, pp. 500–535.

[79] R. Stanley, A combinatorial decomposition of acyclic simplicial complexes, Discrete Math. 120 (1993), 175–182.

[80] R. Stanley, A symmetric function generalization of the chromatic polynomial of a graph, Advances in Math. 111 (1995), 166–194.

[81] R. Stanley, Enumerative Combinatorics, vol. 1, Wadsworth and Brooks/Cole, Pacific Grove, CA, 1986, xi + 306 pages; second printing, Cambridge University Press, Cambridge, 1996.

[82] R. Stanley, On the number of faces of centrally-symmetric simplicial polytopes, Graphs and Combinatorics 3 (1987), 55–66.

[83] R. Stanley, Subdivisions and local h-vectors, J. Amer. Math. Soc. 5 (1992), 805–851.

[84] R. Stanley, A monotonicity property of h-vectors and h^∗-vectors, European J. Combinatorics 14 (1993), 251–258.

[85] R. Stanley, Flag f-vectors and the cd-index, Math. Z. 216 (1994), 483– 499.

[86] R. Stanley, A survey of Eulerian posets, in Polytopes: Abstract, Convex, and Computational (T. Bisztriczky, P. McMullen, R. Schneider, A. I. Weiss, eds.), NATO ASI Series C, vol. 440, Kluwer Academic Publishers, Dordrecht/Boston/London, 1994, pp. 301–333.

[87] R. Stanley, Combinatorics and Commutative Algebra, second edition, Progress in Mathematics, vol. 41, Birkhäuser, Boston/Basel/Stuttgart, 1996.

[88] R. Stanley, Graph colorings and related symmetric functions: ideas and applications, Discrete Math. 193 (1998), 267–286.

[89] R. Stanley, Enumerative Combinatorics, vol. 2, Cambridge University Press, New York/Cambridge, 1999.

[90] R. Stanley and J. R. Stembridge, On immanants of Jacobi-Trudi matrices and permutations with restricted position, J. Combinatorial Theory (A) 62 (1993), 261–279.

[91] J. R. Stembridge, Immanants of totally positive matrices are nonnegative, Bull. London Math. Soc. 23 (1991), 422–428.

[92] J. R. Stembridge, Some conjectures for immanants, Canad. J. Math. 44 (1992), 1079–1099.

[93] S. Sundaram, The homology of partitions with an even number of blocks, J. Algebraic Combinatorics 4 (1995), 69–92.

[94] S. Sundaram, Plethysm, partitions with an even number of blocks and Euler numbers, in DIMACS Series in Discrete Mathematics and Theoretical Computer Science 24, American Mathematical Society, Providence, RI, 1996, pp. 171-198.

[95] H. Tagawa, On the non-negativity of the first coefficient of Kazhdan- Lusztig polynomials, J. Algebra 177 (1995), 698–707.

[96] J.-Y. Thibon, Hopf algebras of symmetric functions and tensor products of symmetric group representations, Internat. J. Algebra Comput. 1 (1991), 207–221.

[97] D. G. Wagner, Enumeration of functions from posets to chains, European J. Combinatorics 13 (1992), 313–324.

[98] G. M. Ziegler, Lectures on Polytopes, Graduate Texts in Math. 152, Springer-Verlag, New York/Berlin, 1995.