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ABSTRACT. A sprout sequence is asequence R = (Ry = 1, Ry, Ra,...)
of symmetric functions in the variables @ = (x1, x2, .. .) over a field

K generated from a power series F(t) = 1+ ajt +ast®> +--- by the
rule Y7 o Rpt™ = [[;5, F(xit). The power series F(t) is called
the seed of 9. This concept originated in the work of Littlewood
and Richardson (though not with the name “sprout sequence”),
and numerous examples of sprout sequences have appeared in the
literature. They are related to chromatic Tutte polynomials of
complete graphs and complete hypergraphs, binomial posets, up-
per homogeneous (upho) posets, topological genera, etc.

We first develop the basic theory of sprout sequences and then
look at the special case F(t) = sec(y/t). We give five characteri-
zations of sprout sequences and consider the expansion of sprout
symmetric functions in terms of well-known symmetric function
bases. The Schur positivity, elementary symmetric function posi-
tivity, and complete homogeneous symmetric function positivity of
R,, for all n are completely characterized using the Edrei-Thoma
theorem from the theory of total positivity.

The seed F(t) = sec(y/t) is especially interesting. The expan-
sion of R, in the power sum or monomial basis is related to al-
ternating permutations. The Schur function expansion is related
to standard Young skew tableaux. The expansion in terms of the
complete symmetric functions has nonnegative integer coefficients,
but we don’t know a combinatorial interpretation. Finally we give
a formula for R, as a sum of chromatic symmetric functions of
interval orders.
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1. INTRODUCTION

We assume knowledge of symmetric functions as may be found in
Stanley [18, Ch. 7]. Let K be a field of characteristic 0, and let Ak
denote the K-algebra of symmetric functions in the indeterminates
x = (r1,22,...). Write A%, for the space of those elements of Ax that
are homogeneous of degree n. For any K-basis {by} of Ax and any
f € Ak let [by]f denote the coefficient of by in the b-expansion of f.
We will deal with K-bases whose elements are homogeneous. The basis
elements by for A% are indexed by partitions A of n, denoted A - n.

Now let F(t) = 1 + ajx + agz® + - -+ be a formal power series over
K with constant term 1. Define a sequence R = (Ro(x), Ri(x),...) of
symmetric functions R, (x) by

(1.1) > Ry(z)t" =[] F(xit).

n>0 i>1

Note that R, (x) is well-defined formally and is homogeneous of degree
n. Moreover, Ry(x) = 1 and Ri(x) = a1(x1 + 22+ --+) = aip1 ().
We call R the sprout sequence of symmetric functions generated by the
seed F(t). We also call the R, (x)’s sprout symmetric functions (with
respect to the seed F(t)). We will always use the notation (1.1) in
regard to a sprout sequence ‘R, as well as the following:

(1.2) log F(t) = ang

(The reason for the n in the denominator in the expansion of log F'(¢)
is explained by Theorem 2.1(d).)

The concept of sprout symmetric functions is due to D. E. Little-
wood and A.R. Richardson [10][11] (repeated in [12, pp. 99-100 and
Ch. VII]), though stated in a different form. Namely, Littlewood and
Richardson consider an arbitrary series F'(t) = 14+ at +---. They de-
fine the Schur function s§ of the series F, where X k- n, to be (in our
notation) the scalar product (R,,s,), i.e. (since the Schur functions
are self-dual), the coefficient of sy in the Schur expansion of R,,.
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For instance, if F'(t) = [[;(1 — y;t)~" then by the Cauchy identity
[18, Thm. 7.12.1] we have

(1.3) F(zyt)F(agt) - = H(l—aziyjt)_l
(1.4) = Y Y a@s)r

whence s§ = s)(y). In particular, if Fi(¢t) = [[;,(1 — ¢ ')~ then

$ = g
1_qn+c(u)
_ o Tiz e
V1] 1= g

UEA

where ¢(u) denotes the content and h(u) the hook length of the square u
(in the Young diagram of A) and b(A) = > (i—1)\; (see [18, Thm. 7.21.2]).
This formula was stated in a more complicated way by Littlewood and
Richardson since hook lengths had yet to be discovered. From this
formula Littlewood and Richardson obtain what is perhaps their nicest
result in this area, namely, let

Bt =] Loyt

0 1 —zq't
Then
e
uex

See also [18, Exer. 7.91(c)].

We now give some very easy or already known examples of sprout
symmetric functions.

Example 1.1. (a) Let F(t) = 14 t. Then directly from the def-
initions we get R, = e,. Similarly if F(¢t) = (1 —¢)~! then

R, =hy, .
(b) Let F(t) = 1££. Then
-

1

- (Zer) ().
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whence

n

Rn == Zekhn_k == Qn = 2Pn, n Z 1,
k=0

where @), is the Schur @Q-function and P, is the Schur P-
function indexed by the partition (n) [13, §IIL.8].

Let F(t) = e'. Then
tn
) — 2T n
HF(iEﬂf)—@ = iopln!,

_
whence R, = 7.

Let T,(x;v) denote the symmetric function generalization of
the Tutte polynomial of the complete graph K, as defined in

[16, §3.3]. From equation (14) of this reference it follows that

Ti(zv) To(zv)
1! ) 2!

seed ), (1 +v)(3)%
Let [d] ={1,2,...,d}. Define

Xy (®) =D eyTugz) -+

the sequence <1, ,) is a sprout sequence with

summed over all maps r: [d] — P such that #x71(i) < k for all
i. Xy, (x) is the chromatic symmetric function of the hyper-
graph H,, consisting of all k-element subsets of [d]. From [16,
eqn. (21)] it follows that the sequence

1 XHl,k (CL‘) XHQ,k (ZL‘)
’ I 20

. . k—1 ¢
is a sprout sequence with seed » . 2—, A common general-

ization of this item and the previous one is given by the last
displayed equation in [16].

The sprout sequence with seed

is essentially the A-genus of spin manifolds. More precisely, in
the paper [8, p. 4] of Hitchin, replacing p; in A; by the ele-
mentary symmetric function e; yields this sprout sequence. A
follow-up paper [1] by Amdeberhan, Griffin, and Ono includes
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a further example of this nature, namely, Hirzebruch’s L-genus
is essentially the sprout sequence with seed

W
)= tanh(v/#)

For the related seed F(t) = sec(v/t), see Sections 4-7 below.

(g) Let P be a binomial poset with factorial function B(n) [14][17,
§§3.18-3.19]. Let Ehr, denote the Ehrenborg quasisymmetric
function [5, Def. 4.1][18, Exer. 7.48] of an n-interval of P. Then
Ehr,, is in fact a symmetric function, and the sequence

is a sprout sequence with seed ano L Some examples will

B(n)
be given in Part 2 of this paper.

(h) Let P be an upho (upper homogeneous) poset, i.e., a graded
poset with finitely many elements of each rank such that for
all s € P, the principal filter V;, = {u € P : u > s} is iso-
morphic to P. Let R, be the homogeneous part of degree
n of the Ehrenborg quasisymmetric function of P. Then [6,
Lemma 2.2][19, (3.1)] R, is in fact a symmetric function, and
the sequence (Ro, Ry,...) is a sprout sequence whose seed is
the rank-generating function of P.

(i) Let F(t) = 1+ >, an%;, where a, counts structures on an
n-element set that are a disjoint union of their connected com-
ponents (such as posets and simple graphs) so that we are in the
situation of the exponential formula [18, Cor. 5.1.6]. Let A F n.
Then n! [p)| R, is equal to the number of structures on an n-set
such that the connected components have sizes Ai, A, . ...

In the next section we give three basic properties of sprout sequences,
namely, five equivalent conditions to be a sprout sequence, the behavior
of sprout sequences under the automorphism w, and conditions for s, e
and h-positivity. The conditions for s, e, h-positivity deal with the fol-
lowing question: if we expand R,, in terms of the bases s, (Schur func-
tions), e, (elementary symmetric functions), and h, (complete sym-
metric functions), then when are the coefficients nonnegative for all n?
The proof of the conditions for e and h-positivity is due to Vince Vat-
ter. In subsequent sections we discuss an example of a sprout sequence
(Ao, Aq,...) that arose originally from the problem of expressing a
certain theta function of Ramanujan in terms of Eisenstein series. A
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continuation of the present paper is devoted to generalizations of the
sprout sequence (Ag, Ay, ...).

2. BASIC PROPERTIES

We begin with five characterizations of sprout sequences, including
the original definition. Condition (e) arose from a conversation with
Jesse Kim.

Theorem 2.1. Let R = (Ro(x) = 1, Ri(x), Ra2(x),...) be a sequence
of symmetric functions, where R,(x) is homogeneous of degree n. Let
A(t) = >0 Bat™. The following five conditions are equivalent.

(a) R is a sprout sequence.
(b) There exist elements by, by, --- € K such that

t’n
(2.1) log A(t) = > _ bupn—.
Moreover, log F(t) = > b,
(c) There exist elements ag = 1,a1,aq,--- € K such that for all
n>1,

(2.2) R, (x) = Z ax,ay, - - my(x).
AFn
Moreover, F(t) = >, -, ant"™.

(d) There exist elements by = 1,by,be, -+ € K such that for all
n>1,

(2.3) Ru(x) =Y 23 'baby, - pala).
AFn
Moreover, log F(t) = > byt

(e) For all f,g € Ak (the set of all symmetric formal power series
over K in the indeterminates x) we have

A(t) * (fg) = (A1)  F)(A(t) * g),

where x denotes internal (or Kronecker) product [18, Exer. 7.78].

Equivalently, the map A — A defined by f — f* A(t) is an
algebra homomorphism.
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Proof. (a) < (b). Assume (a). We have
log A(t) = > log F(x;t)

ntn
= DD burl

i n>1

tn
= anpn_7
n>1 n
so (b) holds. The steps are reversible, so (b) implies (a).
(a) & (c). Assume (a). Expanding [[, F(x;t) gives (c). The steps
are reversible, so (c) implies (a).
(b) < (d). Assume (b). Thus

A(t) = exp (anpn%>

n>1

tn
o (vt

n

Expand each exponential and multiply to get (d). The steps are re-
versible, so (d) implies (b).

(d) & (e). Assume (d). By bilinearity of * it suffices to prove
(e) for f = py and ¢ = p,. From the formula [18, Exer. 7.78(d)]
Da * Py = Ox u2aPx it follows that

[P JA() xpy = Gx0ba b,
Do) A) *py = 640D by -
o] A() * DDy = Oxauupbrbag =+ - b bpy -
It follows that (d) = (e). The steps are reversible, so (e) implies
(). O

Define the dimension dim f of f € A} by dim f = (f, p}?). If f is the
Frobenius characteristic ch x of a character x of the symmetric group
S, then dim f = dim y.

Corollary 2.2. Preserve the notation of Theorem 2.1. Then dim R,, =
b} = af.

Proof. In equation (2.3) take the scalar product with p} and use zjn =
(Pt pt) = nl. O

m

Note that by similar reasoning, if n = dm then (R, p7') = bJ".



8 T. AMDEBERHAN, J. SHARESHIAN, R. P. STANLEY

From Theorem 2.1(c) we can give a formula for the expansion of R,
in terms of any homogeneous basis for Ag. Let F(t) = > a,t" be a
seed. Let ¢: Ax — K be the K-algebra homomorphism defined by
o(hy) = ay.

Theorem 2.3. Let B = {by} be a homogeneous K-basis for Ax such
that if A = n, then degby = n. Let {bi} be the basis dual to B, so
<b,\, b;) = 5>\N' Then

R, = Z ©(b3)a

A-n

Proof. Let y = (y1,¥2,...) be a new set of indeterminates, and let ¢
act on y-variables only. Then by Theorem 2.1(c) we have

Ry(x) = > ayay-- my(z)

= Y olha(y))ma(@).

Since {m,} and {h,} are dual bases [18, eqn. (7.30)], it follows from
[18, Lemma 7.9.2] that

> ha(y)ma(m) = bi(y)ba().
A-n A-n
Applying ¢ (acting on the y-variables) completes the proof. U

Corollary 2.4. Let R = (Ro, Ry,...) be a sprout sequence with seed
F(t) =" ait?, and let X+ n. Then the coefficient of sy in R, is given
by the determinant

(2.4) (R, 51) = det [ay, i)

i,j=1"

where ((\) denotes the length (number of parts) of .

Proof. Apply ¢ to the Jacobi-Trudi identity sy = det[hy,_;+;] and note
that the Schur functions form a self-dual basis. O

Theorem 2.1 yields a simple proof of the following generalization
of Example 1.1(d). If k: [d] — P, then we define type(x) to be the
partition A = d whose parts are the numbers #x~ (1), #x71(2), ...
arranged in weakly decreasing order.

Proposition 2.5. Let S be a nonempty subset of P. Define Yg, =
Yo Tu()Tr(2) - - -, where the sum is over all maps k: [d] — P such that
the parts of the partition type(r) all belong to S. Then

<1EE )
L B
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tJ

is a sprout sequence with seed ZjeS 5

Proof. If all parts of A = type(k) belong to S, then an elementary
combinatorial argument shows that the coefficient of m, in the m-
expansion of Yg, is equal to the multinomial coefficient ( d ) =

Az,
4 Hence the condition of Theorem 2.1(c) holds with a; = 1/i! if

Al Aol

€S and a; =01if i € S, and the proof follows. O

Example 1.1(d) is the special case S = {1,2,...,k — 1} of Proposi-
tion 2.5.

It is easy to determine the effect of the involution w [18, §7.6] on
sprout sequences.

Theorem 2.6. Let R = (1, Ri(x), Ro(x),...) be a sprout sequence
with seed F'(t). Then (1,wRi(x),wRs(x),...) is a sprout sequence with
seed ﬁ

Proof. By Theorem 2.1(b) we can write

t’n
log A(t) = bopn—.

Now wp,, = (—1)""!p,. Since w is a homomorphism (even an involu-
tion) we have

logwA(t) = — Z bnpn#

= oz ().

and the proof follows.
O

There are some “specializations” of sprout symmetric functions that
have simple generating functions or formulas.

Theorem 2.7. (a) We have [s,|R,, = a,. Equivalently,

> [sulBut" = F(2).

n>0

Moreover, for any homogeneous symmetric function f of degree
n, [sn]f is equal to the sum of the coefficients in the h-expansion
of f.

(b) We have ano [s1n ] Rpt™ = F(l_t)'
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(¢) Fixk > 1. Then
E n kE

n>0

1

Y
big)bki, 1>1

where b; is defined in equation (1.2). In particular, [h,) R, = by.
(d) Ifi,j > 1 and i + j = n, then

bibj —bn, 1 F ]
[hihjlBn =, o
E(bi _'bn)a =7

(e) We have Y, .o Ra(1%)t" = F(t)*, where R,(1%) is short for
Rn(l‘1 === 1,051 = Tpq2 = "'20).
(f) (generalizes (a) and (b)) Let u be an indeterminate and write

F@) "
Floul) — ;Pn(u)t .

Then forn > 1, P,(u) is a polynomial in u of degree at most n
and divisible by 1 4+ u. Moreover,

f%(u) n—1 )
T+u ] Rau®) 7,
1+u g ([5(1kn—ry] Rnul®)
P,(u) ot )
= | Rk
1+u kz:% ([5<n 1k | R )
where the notation X = (1,22 .. .) indicates that X\ has m;

parts equal to i (so |A| = > im;). Equivalently,

ngt) =142 (Z([%—km] + [S<n—k+1,1k—1)])Rnuk> ",

n>1 \k=0

with the understanding that when k = 0 we set [s(,_gy115-1)] Ry =
0, and when k =n we set [s(,_j 15| Rn = 0.

Proof. (a) It is easy to see that for any f € A% we have [s,]f =
f(z1 =1,29g = 23 = --- = 0). Now make the substitution z; =
1,29 = x3 = --- = 0 in equation (1.1). The second statement
follows from the fact that for A = n we have [s,|hy = 1 (a simple
consequence of Pieri’s rule, for instance).
(b) Use (a), Theorem 2.6 and the fact that ws, = syn.

(c, d) It is easy to obtain, using the formula

Z%:exp (Zhn),

n>0 n>0
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the well-known formula

Py (-n™ ( aey )hA
no L= LN my,ma,...)
where A = (1™ 2™2 ...}, Make this substitution for 2= in
equation (2.1) and expand exp >_ b,p, & — into a power series. It
is routine to obtain the coefficients of hF and h;h;, completing
the proof.

NoOTE. This technique can be used to obtain a formula for
[hA| R, for any A F n, but it seems too complicated to be worth
stating explicitly.

Substitute r;1 = 29 = - = 1, = 1,251 = Tpyo = --- = 0 in
equation (1.1).

Let 1): /A\KM — K[u][[t]] be the continuous K|[[t]]-algebra ho-
momorphism defined by ¢ (p,) = 1 — (—u)", n > 0. (“Con-
tinuous” means that ¢ preserves infinite linear combinations.)
According to [18, Exer. 7.43] we have

W(sy) = uk(l—l—u) A=(n—Fk1%), 0<k<n-1
53 = 0, otherwise.

Apply ¢ to equation (2.1) and exponentiate to get

n

YA®) = ( > (- (-u) m%)

F(—ut)’

and the proof follows.
O

Our next result concerns s-positivity (or Schur positivity). For this

(1)

we need a celebrated result in the theory of total positivity, the Edrei-
Thoma theorem [4][20]. Let d = (dy = 1,d;,ds, . ..) be a real sequence.
Set d,

[dj—iJij>0-

= 01if n < 0. Let My denote the infinite (Toeplitz) matrix

Theorem 2.8 (Edrei-Thoma). The following two conditions are equiv-
alent.

FEvery minor of Mg is nonnegative, i.e., Mg is a totally noneg-
ative matriz.
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(2) We can write
1+ o t
2. dt™ = e d
23 S T

n>0 i>1

where v > 0 and the o ’s and 5 ’s are nonnegative real numbers
such that the sum 3_(c; + ;) is convergent.

Note that this is an analytic, not combinatorial, result. The product
in equation (2.5) is not defined formally; it depends on the notion of a
convergent sum.

Theorem 2.9. Let R = (1, Ry, Ry, ...) be a sprout sequence over R
with seed F'(t). Then each R, is s-positive if and only if we can write

(2.6) F(t) =e"

where v > 0 and the o;’s and B;’s are nonnegative real numbers such
that 3 _;(a; + ;) is convergent.

Proof. Let T' be the algebra of symmetric functions in the variables
Yy = (y1,Y2,...) whose coefficients lie in the R-algebra Ag(x) of sym-
metric functions with real coefficients in the variables x. Define a ring
homomorphism ¢: I' — Ag(x) by ¥(h,(y)) = a, and ¢(f) = f for
f € AR(CB)

It is a basic fact [18, Prop. 7.5.3 and Thm. 7.12.1] from the theory
of symmetric functions that

(2.7) > ma(@)ha(@)t = " sy(@)sa(y)t,

where A ranges over all partitions of all n > 0. Write ay = ay,ay, - -.
Apply ¥ to equation (2.7). The left-hand side becomes

Z axmy ()t = H (Z anx?t"> = A(t).

A 7 n>0
Thus for A - n, ¥(sx(y)) = (Rn, sx).

Write @ = (ao, a1,...), 0 Mg = [a;_]ij>0 (With a, = 0 for n <
0). If we replace each a, by h, in M,, obtaining the matrix Mjy,
then every minor of M, is either 0 or the Jacobi-Trudi matrix of a
skew Schur function s)/,, and conversely the Jacobi-Trudi matrix of
every skew Schur function occurs as a minor. Thus if N is a minor
of M} equal to sy, where A\ F n, then the corresponding minor of
M, is (R, sx). Moreover, every skew Schur function is a nonnegative
linear combination of ordinary Schur functions [18; eqn. (7.64) and
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Cor. 7.18.6]. It follows that R, is s-positive for all n if and only if every
minor of M, is nonnegative. The proof now follows from Theorem 2.8.
O

We turn to the question of the e-positivity and h-positivity of sprout
symmetric functions. The proof of the “if” part of Theorem 2.11 below
was provided by Vince Vatter, private communication, March 2026.
First we need a simple lemma.

Lemma 2.10. Let A\+=n. Then

[en]m _ I, A= (n)
LITEA 0, otherwise,
and
—-n, A= (n)
[eae] " 2my = I, A=(n—-1,1))

0. otherwise.

Proof. There are many proofs. One straightforward one is the follow-
ing. It can be seen by inspection that

{mn]eu:{ L p=(1")

0, otherwise,

and
n, p= (1"
[mnfl,l]eu = 17 n= <27 1n—2>
0, otherwise,
from which the proof follows easily. U

Theorem 2.11. (a) Every B; = 0 in equation (2.6) if and only if
each R, is e-positive.
(b) Every o = 0 in equation (2.6) if and only if each R, is h-
positive.

Proof. (a) Suppose that each §; = 0. Thus
Aty = JJe™ TIA+ ajmit)

i j
= et H H(l + ajx;t)
R
gret H Z a?ent”.

i n>0

When this is expanded as a power series in ¢, it is clear (since
v > 0 and each «; > 0) that for A - n the coefficient of e;t" is
nonnegative.
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Conversely, by (2.2) and the previous lemma we get
R, = aymy,+aiap_1mp_11+---
= ay(e} —nexe! P+ )+ agan_1(ege]F 4 ) 4o
= ane? + (a,_1 — nay,)ese) * + -
Hence if R,, is e-positive then a, < % Therefore

= n “amn-1)"  —al

It follows that F(t) = > a,t™ is an entire function. In order for
the product (2.6) to be entire we must have §; = 0 for all j.
This completes the proof of (a).

(b) Apply (a) to the seed 1/F(—t) and use Theorem 2.6.
U

We say that a sprout sequence R is Schur positive if every R, is
Schur positive. There are many known results (stated in the language
of Pélya frequency sequences) about operations preserving the Schur
positivity of sprout sequences. One that will be useful to us in Part 2
(under preparation) is the following.

Corollary 2.12. Let d be a positive integer. If the sprout sequence R
with seed F(t) = ant™ is Schur positive, then the sprout sequence Ry
with seed Y ag,t™ is Schur positive.

Proof. The matrix [aq(;—] is a submatrix of [a,_;]. Hence every minor
of [ag4(j—s) is also a minor of [a;_;]. The proof follows from Theorems 2.8
and 2.9. O

3. A SYMMETRIC FUNCTION ARISING FROM THE WORK OF
AMDEBERHAN-ONO-SINGH

In 2024 Amdeberhan, Ono, and Singh [2] considered the function ¢
defined on partitions A of n by

oo W (M)

k=1

where A = (1™ ..., n™") and By is a Bernoulli number. The original
motivation was to express a certain theta function of Ramanujan in
terms of Eisenstein series.

It is not hard to see that ¢(\) € Z and

(3.1) > BN = Ean,

AFn
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an Euler number. The Euler numbers Fj, are defined by
tk
(3.2) sect +tant = ZE’“E

k>0

Moreover, Ej, is the number of alternating permutations' w € &y, i.e.,
w = ajag---a where a; > ay < az > a4 < ---. Equation (3.1)
suggests the question: what “nice” class of alternating permutations
in Gy, does |p(A)| count? This question was the original impetus for
the present paper.

We can find a combinatorial interpretation of |¢p(\)| without any
appeal to the theory of symmetric functions. After we do this, we will
define a symmetric function A, associated with the ¢(\)’s for A F n
and show that (Ag, A, ...) is a sprout sequence with seed sec(v/t). We
will then investigate further properties of A,.

Define 2, to be the set of alternating permutations in the group &,
so #U, = E,. If w = ajas---as, € As,, then define w to be the
sequence aiasds---as,_1. For notational convenience set b; = ag;_1,
S0 W = byby---b,. The record set rec(w) is the set of indices 1 <
i < n for which b; is a left-to-right maximum (or record) in w. In
other words, b; > b; for all 1 < j < 4. Thus always 1 € rec(w).
Suppose that the elements of rec(w) are 11 < 1y < --- < rj. Define
the record partition rp(w) of @ to be the partition of n with parts
Ty — 171,73 — T2, 74 — T3,...,n + 1 —r; arranged in weakly decreasing
order. Note that rp(w) - n.

Example 3.1. Let w — 7,2,5.4,8,3.10,6,9,5 € 2y,. Then o —
7,5,8,10,9, rec(w) = {1, 3,4}, and rp(w) = (2,2, 1).

We can now give a combinatorial interpretation of [¢(\)].
Theorem 3.2. We have |p(N)| = #{w € Ay, : rp(W) = A}.

Proof. 1t is known (see for example [9, (17), p. 259]) that

| Bog|
2k

Eo_q = 4F(4F — 1)

Therefore, if A\ = (11,22 .. .) then

33) ol = - TL - (Ft)

k=1

Do not confuse alternating permutations with even permutations, which are
permutations in the alternating group.
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The theorem will follow once we show that the right side of equation
(3.3) counts the number of alternating permutations w of length 2n
with record partition A\. So, we complete the proof by observing that
each such w is obtained exactly once through the following process.

First, choose a set partition

™ = {Pl,...,Pg}
of [2n] such that if A = (A,..., \¢) then |P;| = 2);. There are
2n
(2)\1,...,2)\4) o (2n)!

[T mi! TTie, mal(2k)me
ways to choose 7.

Second, for each j € [¢] let p; be the largest element of P; and reorder
the P; if necessary so that p; < ps <--- < py.

Third, for each j € [] choose an alternating permutation w’ of P;
in which p; appears first. Since one obtains such a permutation by
choosing a permutation ¢, ...qup,—1 of P; \ {p;} such that ¢ < g2 >

g3 < ---, the number of ways to choose all of the w’ is H§=1 Eoy, 1.

Finally, we obtain w by concatenating the w’ so that w’ appears
before w’*! for each j € [¢ — 1]. O

OPEN PROBLEM. We defined the record partition rp(w) to be cer-
tain numbers ro —7,73—72,...,n+1—1r; arranged in decreasing order.
If we keep them in their given order, then we obtain the record com-
position (ro —ry,rg —1ra,...,n+ 1 —r;). Can we refine Theorem 3.2
by replacing record partitions with record compositions? In the the-
ory of noncommutative symmetric functions [7] the role of partitions
is replaced by compositions, so perhaps noncommutative symmetric
functions arise in the putative refinement of Theorem 3.2.

4. THE SEED sec(v/1)

The form of equation (3.3) suggests to someone sufficiently versed
in the theory of symmetric functions that it might be worthwhile to
define the symmetric function

A, = Ay(x) = @Z 6] pa,

where p, is a power sum symmetric function.

Theorem 4.1. The sequence A = (Ao, A1,...) is a sprout sequence
with seed F(t) = sec(V/t).
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Proof. Comparing equations (2.3) and (3.3), and using the definition

zy = 1™'mq! 2M2my! - - - shows that 2 is a sprout sequence with seed
Eop1t"
F(t) = — .
(t) = exp <Z )] )
n>1

By equation (3.2), we have

EQn_len—l B
Z W =tanwx.
n>1

Integrating both sides from 0 to ¢ gives

Eop_qt*"
(4.1) Z ol = log sec(t).
n>1 ’

Applying exp to both sides and substituting /¢ for ¢ gives F(t) =

sec(V/1). O

We can ask about the expansion of A,, in terms of bases for Ag other
than the power sums. Theorem 2.1(c) and equation (3.2) immediately
give the monomial expansion:

2n
@2n)! A, =) (2/\1 o, >E2)\1E2,\2 oMy,
Arn 0D

We can interpret this monomial expansion of (2n)!A,, combinatori-
ally as follows.

Theorem 4.2. Let A - n. Then (2n)! [my]A, is equal to the number
of permutations ¢y, ¢, ..., Con € Go, such that the first 2\; terms are
alternating, i.e., c; > co < €3 > -+ > Cay,, then the next 2)\g terms are
alternating, then the next 2\3 terms are alternating, etc.

Proof. First choose the sets {c1, 2, ..., caxn, b, {Can, 415 C2ny 425 - - - Con 1200 |

etc., in (2/\ 227/‘\ ) ways. Then arrange the elements of each set to be
1,4A2;5..

an alternating permutation in Fsy, Es),, ... ways. Thus the number of

permutations satisfying the conditions of the theorem is

2n
<2A1,2A2,...> 2T

which by Theorem 2.1(c) is equal to (2n)! [my]A,.
U

Example 4.3. The coefficient of ms;; in 10! A5 is the number of per-
mutations ¢y, ¢, ..., c19 € &1 satisfying ¢; > o < 3 > ¢4 < ¢5 > ¢,
c7 > cg, and cg > c¢19, namely, 76860.
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5. THE h-EXPANSION OF (2n)!A,
We turn to the h-expansion of A,,.

Theorem 5.1. The symmetric function (2n)!A,, is h-integral and h-
positive.
Proof. First, h-integrality is clear since (2n)!A,, is m-integral, and the
m-basis and h-basis are both integral bases (with respect to the lattice
Az> for AR.

The Weierstrass product formula for cos(t) asserts that

cos(t) = | [ (1 - ﬂ%ﬁ—l)?) .

k>1
Hence
At -
j=z1
It follows from Theorem 2.11(a) that A, is h-positive. O

Although Theorem 5.1 shows that (2n)!A,, is h-integral and h-positive,
it gives no idea what the coefficients are as integers in the h-expansion.
Here is a table of these expansions for 1 < n < 5.

2041 = hy

41 Ay = h? + 4hy

6! A3 = h? + 12hyhy + 48hs

814, = hi + 24hyh? + 256hsh, + 16h3 + 1088hy

10! A5 = A3 + 40hoh? 4 800hsh? + 80h3hy + 9280hsh,
+ 640hshse + 39680h;.
Problem. Find a combinatorial interpretation of the coefficients in

the h-expansion of (2n)! A,,. (Theorem 5.2(b) below suggests that the
coefficients should count some property of alternating permutations in

Sy,. This property should be indexed by partitions A of n.) Toward
this end we have the following result.

Theorem 5.2. Regarding the h-expansion of (2n)! A,,, we have:
(a) The coefficient of b is 1.
(b) The sum of the coefficients is Fa,.
(c) The coefficient of h,, is nFa, 1, the number of cyclically alter-
nating permutations w € Ao, t.€., W = a1ag - - - Ay, € Ao, and
Aop < A7.
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FIGURE 1. The skew shape p(5,3,1,1)

(d) Write El, = nFEs, 1. Then fori,j > 1 andn =i+ j,

2n\ v / : :
(hihy] (2n)1A,, = { 1 (22z)E21E2g Eon, 2 7&]
3 (CO(EL? — By,), i=j=n/2
Proof. (a) Immediate from the case k = 1 of Theorem 2.7 and the
formula ﬁ = ano (Qt—;),

(b) Use Theorem 2.7(a).

(c¢) Use Theorem 2.7(c). To see that nFEs, 1 is the number of cycli-
cally alternating permutations of [2n], take a reverse alternating
permutation w = ¢y, g, ..., Cop1 In Sgpy g (e, 3 < g >3 <
“++ > ¢9,-1) and adjoin 2n at the end. The resulting word has
n cyclic shifts that are cyclically alternating.

(d) Follows from Theorem 2.7(d).

6. THE SCHUR EXPANSION OF (2n)!4,

We now turn to the Schur expansion (or s-expansion) of A,. Given
AFn, let p=2XN, ie., take the conjugate partition \" to A and double
each part. Let p(\) be the skew partition (or skew shape) obtained
from X as follows: the row lengths of p(\) are the parts of u, and each
row of p(\) begins one square to the left of the row above. In symbols,
p(X) = o/1, where o; = 2\ + ¢(X) —i and 7; = () — j.

Example 6.1. Let A = (5,3,1,1) - 10. Then X = (4,2,2,1,1), pp =
(8,4,4,2,2), and p(5,3,1,1) = (12,7,6,3,2)/(4,3,2,1), as illustrated
in Figure 1.

Theorem 6.2. For any A\ - n we have {(2n)!A,, 5y) = f*N, the num-
ber of standard Young tableauz of the skew shape p()\).

Proof. By Theorem 2.6 we have that (1,2lw(A;), 4lw(As), 6lw(As),...)
is a sprout sequence with seed

1 "
sec/—1 ; (2n)!”
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By Corollary 2.4,

((2n)lw(A,),51) = (2n)! det {(% - 212 n 2‘7')!}

ij=1
Hence
1 %%
2n)lA,, = (2n)ldet - -
(2n)idn, 1) = (2n)!de {(2A;—2z+2y)!Lj1
1 176%)
( ) ( ) (Ui—Tj_Z+])! i,j=1

By [18, Cor. 7.16.3], the right-hand side of equation (6.1) is equal to
7™ and the proof follows. O

7. A CONNECTION WITH CHROMATIC SYMMETRIC FUNCTIONS AND
INTERVAL ORDERS

To each perfect matching M on vertex set [2n| we associate a par-
tially ordered set Py, by declaring that {a, b} <p,, {c,d} if max{a, b} <
min{c,d}. The posets Py, are interval orders: identify each edge {a, b}
(a < b) with the closed interval [a,b] on the real line, and declare
{a,b} <{c,d} if [a,b] lies entirely to the left of [¢, d]. We write Inc(P)
for the incomparability graph of a poset P and X for the chromatic
symmetric function of a graph G (see [15]).

Theorem 7.1. Given a positive integer n, let M(2n) be the set of all
perfect matchings on the set [2n]. Then

(2%)'14” = Z wX|nC(pM).
MeM(2n)

Proof. Given M € M(2n), let Sy be the set of ordered lists o =
0109 ...0, of the elements of Py;. Each o € Sy has descent set
DES(o):={i€[n—1]:0; £p,, 0is1}

and ascent set ASC(o) := [n — 1] \ DES(0). Given T" C [n — 1],
we write Ly, for the associated fundamental quasisymmetric function
and My, for the associated monomial quasisymmetric function (see for
example [18, Section 7.19] for definitions). By [3, Corollary 2],

Xlnc(PM) - Z LDES(O’),TL

ceSnp

= 2. 2 M

ceSy DES(0)CTC[n—1]
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the second equality following from [18, Theorem 7.19.1].
By [18, Exercise 7.94],
WX ne(Pyy) = Z Z Mr,,.
oS ASC(0)CTC[n—1]
We define
L U Sy — G,

MeM(2n)
as follows. If 0 = 0y ...0, € Sy with 0; = {a;,b;} and a; < b; for each
i € [n], then
t(o) = arbiasbs . .. apby,.

Writing ASC(w) for the usual ascent set of w € Ss,, we observe
that

ASC(i(0)) ={1,3,5,...,2n — 1} U {25 : € ASC(0)}.

Moreover, ¢ is injective with image

vl U Su| ={we&y:{1,3,5. .. 2n—1} C ASC(w)}.

MeM(2n)

For a partition A = (A,..., ) of n and j € [¢ — 1], we set

(% (/\) = Z )\z

and define
T(A) :={vj(\) : 7 €[¢—1]}.

We observe now that the coefficient of m, in the monomial symmet-
ric expansion of MeM(2n) wXine(py,) 1s the same as the coefficient of
Mr(\),, in the monomial quasisymmetric expansion. We have shown
that this second coefficient is the number of w € &, satisfying

{1,3,5,...,2n—1} C ASC(w) C {1,3,5,...,2n—1}U{2v;(\) : j € [(—1]},
which is equal to the number of w € &,,, satisfying

{1,3,5,...,2n—1} C DES(w) C {1,3,5,...,2n—1}U{2v;()\) : j € [(—1]}.
The proof now follows from Theorem 4.2. O

We remark that even though ZMGM(%) wWXine(pPy) i h-positive, there
are M such that Xj,(p,,) is not Schur positive. One example is M =
{{1,8},{2,3},{4,5},{6,7}}, for which Py, is the complete bipartite
graph K 3. See [15, p. 186].
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Theorem 7.1 suggests the following general question: are there other
“Interesting” sums (or more generally, linear combinations) of chro-
matic symmetric functions that are e-positive?
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